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Abstract

Lie symmetry reduction is typically viewed as an integration
method for differential systems of finite type, that is, systems of
ordinary differential equations.

In this talk | shall present two new, recent applications of Lie
symmetry reduction to the study of partial differential equations.

The first gives a remarkably simple method for constructing
Backlund transformations.

The second also gives a simple, very general method for
constructing Darboux integrable equations.

The combination of these result in a new method for constructing
Backlund transformations for Darboux integrable equations.

The utility of this group theoretic approach will be illustrated by
a variety of novel examples.
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Example

The Backlund transformation between z,, = 0 and the Liouville
equation u,, = exp(u) is the first order system of PDE:

zZ—U

zx+uX:—\f2exp 5 zy—uy:\@expﬂ

If we treat u as given, then:

z4+u

zX:—uX—\@exngiu, z, = uy+\@exp

If we treat z as given, then:

zZ—U

uX:—zX—\fZexp 5 uy:zy—\@expz+u

To formalize the notion of a Backlund transformation within the
context of differential systems theory, we recall the definition of
an integrable extension.
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Integrable Extensions
Let Z be an EDS on M.

An EDS £ on N is an integral extension of Z if:
p: N— M and a Pfaffian system J on N

with
E=(p"(Z) +S(J))alg-

We also require that

rank J = dim N — dim M,
and that J is transverse:

ann(J) Nker (p.) =0,
If T =< 0" >, then & =< p*(0'),(? > and

d¢®=0 mod {p*(6), ¢}
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Backlund Transformations

Differential systems Z; and Z, are related by a Backlund
transformation if there exists a system B which is
simultaneously an integrable extension for both Z; and Z,

(B,N)

VN

(T, My) (Z2, Ms)
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The Method of Darboux

The method of Darboux arose from the methods of:

— Laplace

— Lagrange-Charpit

— Jacobi-Mayer Method
— Ampere
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The Method of Darboux

The method of Darboux arose from the methods of:
— Laplace

— Lagrange-Charpit

— Jacobi-Mayer Method

— Ampere

It is a theory of compatibility —

Add more and more equations to a given system
until the result is Frobenius
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The Method of Darboux

The method of Darboux arose from the methods of:
— Laplace

— Lagrange-Charpit

— Jacobi-Mayer Method

— Ampere

It is a theory of compatibility —

Add more and more equations to a given system
until the result is Frobenius

Systems are Darboux integrable if the general solution can be
found in this way.
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Precise Definition in the Classical Setting
A hyperbolic PDE in the plane
F(X5y7u7p7q’r)s’t) :0

determines a rank 3 Pfaffian system | = {6° 6%, 6%} on a 7
manifold.
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Precise Definition in the Classical Setting
A hyperbolic PDE in the plane
F(X5y7u7p7q’r)s’t) :0

determines a rank 3 Pfaffian system | = {6° 6%, 6%} on a 7
manifold. The structure equations are ( mod /)

d® =0, do'=ntAn? dO%? =o' Ao
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Precise Definition in the Classical Setting
A hyperbolic PDE in the plane
F(X5y7u7p7q7r)s’t) :O

determines a rank 3 Pfaffian system | = {6° 6%, 6%} on a 7
manifold. The structure equations are ( mod /)

d® =0, do'=ntAn? dO%? =o' Ao
The {singular, Monge, characteristics} systems are
Vi =1{6°60,6° 7', 7%} Vo ={0°6' 6% " 0%}

A PDE in the plane is Darboux integrable if there are
functions Iy, b, J1, J» with

d/l7 dh € V; dJl, d) € Vs.

I,k — Darboux Invariants, Intermediate Integrals,
First Integrals of the Characteristic Systems

At

i

Abstract
References

I. Backlund
Transformations

— Example, Part 1
— Integrable Extensions
— Definition of BT
— Example, Part 2

I1. Reduction of
Differential Systems

— Symmetry Reduction
— Theorem 1
III. AT by Reductions
—~Theorem 2
— Example, Part 3
IV. Darboux Integrability
— Classical Definition
— Example, Part 4
— Generalizations
— Application to AT
V. Examples

VI. Summary



Example Part 4
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LIOUVILLE EQUATION: u,, = e

I ={0" = du—pdx—qdy, 0> = dp—rdx—e" dy, 0° = dg—e" dx—q dy}
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Example Part 4

LIOUVILLE EQUATION: u,, = e

I ={0" = du—pdx—qdy, 6> = dp—r dx—e" dy, 0° = dg—e" dx—q dy

Vi = {0, 62, 03, dx, dr — pe“ dy}
Vo, = {6, 6%, 63, dy, dt — ge" dx}.
First integrals for Vi: I' = x, 12 = r — p?/2.
First integrals for Vo: J1 =y, J2 =t — ¢?/2.
The method of Darboux:

1
~u +g(y)

1
uXX:§u§+f(x), Uy, = €, Uy = 5
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Example Part 4

LIOUVILLE EQUATION: u,, = e

| = {0* = du—pdx—qdy, 6> = dp—r dx—e" dy, 6°

Vi = {0, 62, 63, dx, dr — pe’dy}
Vo, = {6, 6%, 63, dy, dt — ge" dx}.

First integrals for Vi: I' = x, 12 = r — p?/2.
First integrals for Vo: J1 =y, J2 =t — ¢?/2.
The method of Darboux:

Usx = §u>2< + f(X)7 qu = eu’ u)’y = 2

Question: What kind of ODE are these?

1
~u +g(y)

Ab:
= dg—e" dx—q dy
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Example Part 4

LIOUVILLE EQUATION: u,, = e

| = {0* = du—pdx—qdy, 6> = dp—r dx—e" dy, 6°

Vi = {0, 62, 63, dx, dr — pe’dy}
Vo, = {6, 6%, 63, dy, dt — ge" dx}.

First integrals for Vi: I' = x, 12 = r — p?/2.
First integrals for Vo: J1 =y, J2 =t — ¢?/2.
The method of Darboux:

Usx = §u>2< + f(X)7 qu = eu’ u)’y = 2

Question: What kind of ODE are these?
Answer: (Vessiot)

1
~u +g(y)

Ab:
= dg—e" dx—q dy
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Generalizations

The classical definition of Darboux integrability can be
generalized to a broad class of EDS

A Pfaffian system | = {63,0?,05} is Darboux integrable if
The structure equations are, mod /

d§=0, doy=Pir' And, do§= Q0" Aok
and if the associated systems
Vi ={603,0°,057'} Vo ={03,0°05 0"}

have enough first integrals.
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Generalizations

The classical definition of Darboux integrability can be
generalized to a broad class of EDS

A Pfaffian system | = {63,0?,05} is Darboux integrable if
The structure equations are, mod /

d§=0, doy=Pir' And, do§= Q0" Aok
and if the associated systems
Vi = {03,00,05} Vs = {03,0°,05, 0"}
have enough first integrals.

THEOREM. An integrable extension of a Darboux integrable
system is Darboux integrable.
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Darboux Integrability and Symmetry Reduction

Worsts

]
~

— Let/C; and Ky be EDS on manifolds M; and M, with

1yoo _
(Ka ) B { 0} Abstract
— Let G a symmetry group of K; and Ky, acting transversally etz
I. Backlund
— Let G act freely Transformations
— Example, Part 1
— Let Gaiag be the diagonal action on My x M, acting regularly ~ Integrable Extensions

— Definition of BT
— Example, Part 2

I1. Reduction of
Differential Systems

— Symmetry Reduction
— Theorem 1
III. AT by Reductions
—~Theorem 2
— Example, Part 3
IV. Darboux Integrability
— Classical Definition
— Example, Part 4
— Generalizations
— Application to AT
V. Examples

VI. Summary



Darboux Integrability and Symmetry Reduction

Worsts

]
~

— Let/C; and Ky be EDS on manifolds M; and M, with

1\yoo _
(Ka )OO - { 0} Abstract
— Let G a symmetry group of KC; and Ky, acting transversally ez
I. Backlund
— Let G act freely Transformations
— Example, Part 1
— Let Gaiag be the diagonal action on My x M, acting regularly _ Integrable Extensions
— Definition of BT
THEOREM A: — (K1 + K3)/ Gaiag is Darboux integrable EDS ~ Example, Part 2

I1. Reduction of
Differential Systems

— Symmetry Reduction
— Theorem 1
III. AT by Reductions
—~Theorem 2
— Example, Part 3
IV. Darboux Integrability
— Classical Definition
— Example, Part 4
— Generalizations
— Application to AT
V. Examples

VI. Summary



Darboux Integrability and Symmetry Reduction
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— LetKC; and K5 be EDS on manifolds M; and Ms, with S
1\yoo _
(Ka )OO - { 0} Abstract
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Darboux Integrability and Symmetry Reduction

— Let/C; and Ky be EDS on manifolds M; and M, with
(K3)>*={o0}.

— Let G a symmetry group of C; and K5, acting transversally
— Let G act freely

— Let Gaiag be the diagonal action on My x M, acting regularly
THEOREM A: — (K1 + K3)/ Gaiag is Darboux integrable EDS

THEOREM B: — If Z is Darboux integrable then

Ty = (K1 4+ K2)/ Gioc,diag

The structure constants for the Lie algebra of G are read-off
from the structure equations of Z after a series of co-frame
adaptations.

These theorems give a new interpretation to the work of Vessiot.
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Darboux Integrability and Symmetry Reduction

— Let/C; and Ky be EDS on manifolds M; and M, with
(K3)>*={o0}.

— Let G a symmetry group of C; and K5, acting transversally
— Let G act freely

— Let Gaiag be the diagonal action on My x M, acting regularly
THEOREM A: — (K1 + K3)/ Gaiag is Darboux integrable EDS

THEOREM B: — If Z is Darboux integrable then

Ty = (K1 4+ K2)/ Gioc,diag

The structure constants for the Lie algebra of G are read-off
from the structure equations of Z after a series of co-frame
adaptations.

These theorems give a new interpretation to the work of Vessiot.

This local canonical quotient representation of Darboux
integrable systems has been computed for many examples.
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Backlund Transformations for Darboux Integrable Systems

— Let Z be a Darboux integrable with quotient representation
(/Cl X K2)/Gdiag-
— Let L C G x G be a subgroup, let Hgiag = L N Ggiag.
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Backlund Transformations for Darboux Integrable Systems

— Let Z be a Darboux integrable with quotient representation
(/Cl X K2)/Gdiag-
— Let L C G x G be a subgroup, let Hgiag = L N Ggiag.

(Kl X IC2)

qGdiag

1 >
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Backlund Transformations for Darboux Integrable Systems

— Let Z be a Darboux integrable with quotient representation
(/Cl X K2)/Gdiag-
— Let L C G x G be a subgroup, let Hgiag = L N Ggiag.

(Kl X IC2)

qGdiag

B= (ICl X ICQ)/Hdiag

1 >

b
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Example 1
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SOME CLASSICAL EXAMPLE’S FROM GOURSAT’S LIST:
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Example 2
We calculate Backlund transformations from
ul — F(VII) yl _ G(ZII)
X1 = 8V, Xo = Sav + 6\,/, X3 = au,
Y1 =0, Yo=t0,+0y Y3= 8y,
Li=X1—Xe, L=Xo+Y2, Z3=X3—Ya

du — F(vg)ds, dv—wvyds, dvy —vads
dy — G(z2) dt, dz — z1 dt, dz — 2o dt

i{ Zy, Zo}
B = dzs — x5 dzy + 24 dzo
{X1,Y1, 2} 62 = dxg — Fdzsy, B° = dzy — Gdxy {21, 25, 2>}
B* = dzg — x5 dxy + z4(z1 + x2) dao

'71 = dry — x3dry + v4day
32 = dag — Gdxy — Fdas
7 = dzg — x5dr; + z4(z1 + x2)dxs

al = dxs — x3dry + x4 dxs,
a? = dxg — Fdxs, o = der — Gday
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For the Hilbert-Cartan equations

this yields

3UxxUdy +1=0

NoON MONGE-AMPERE EXAMPLE
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Example 3
THE GOURSAT EQUATION:
A Backlund transformation between

~2(n=1)\/VV, and U :2n~/UXUy

A X+y X+y

(VG - vy + B

Xty

VU + /Uy = =/ Vi + U
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Example 3
THE GOURSAT EQUATION:
A Backlund transformation between

~2(n=1)\/VV, and U :2n~/UXUy

A X+y X+y

(VG - vy + B

Xty
VU + VT =~V + VT

(An example of an equation integrable at higher orders)
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Example 4

THE A, TODA LATTICE

{T, 23,24 }

Wl

AN INTERESTING CONJECTURE?
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Example 5

The equation

V31—u2 /1 —u2

sinu

Usy =
has so(3) as its Vessiot algebra.

It cannot be real Backlund equivalent (with one-dimensional
fiber) to the wave equation.
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Example 5

The equation

V31—u2 /1 —u2

sinu

Uy =
has so(3) as its Vessiot algebra.

It cannot be real Backlund equivalent (with one-dimensional
fiber) to the wave equation.

IDEA:

— The differential system B defining the Backlund transformation
is DI with 2 dim. Vessiot alg.

— By a uniqueness theorem, B must come from the
group-theoretical construction discussed here.

— The Vessiot algebra of B is a 2-dimensional sub-algebra of
so(3).
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Example 5

The equation

V31—u2 /1 —u2

sinu

Uy =
has so(3) as its Vessiot algebra.

It cannot be real Backlund equivalent (with one-dimensional
fiber) to the wave equation.

IDEA:

— The differential system B defining the Backlund transformation
is DI with 2 dim. Vessiot alg.

— By a uniqueness theorem, B must come from the
group-theoretical construction discussed here.

— The Vessiot algebra of B is a 2-dimensional sub-algebra of
so(3).

This is at odds with a result of Clelland-Ivey.
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Example 6

The sine-Gordon equation is not Darboux integrable at any order
of prolongation (a direct proof was given by Lie).
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Example 6

The sine-Gordon equation is not Darboux integrable at any order
of prolongation (a direct proof was given by Lie).

We are working on a new (shorter?) proof using the fact that the
sine-Gordon equation has an auto-Backlund transformation
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Summary

In the geometric theory of differential equations, one likes to
study

symmetries (and generalized symmetries)

conservation laws (and characteristic cohomology)

transformation theory (for example, Bécklund transformations)

equivalence problems

— solution methods
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Summary

In the geometric theory of differential equations, one likes to
study

symmetries (and generalized symmetries)

conservation laws (and characteristic cohomology)

transformation theory (for example, Bécklund transformations)

equivalence problems
— solution methods

In all these subjects Darboux integrable equations naturally arise
as very special equations.
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Summary

In the geometric theory of differential equations, one likes to
study

symmetries (and generalized symmetries)

conservation laws (and characteristic cohomology)

transformation theory (for example, Bécklund transformations)

equivalence problems
— solution methods

In all these subjects Darboux integrable equations naturally arise
as very special equations.

Thank-you !
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