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18. The Electromagnetic Wave Equation.
Let us now see how the Maxwell equations (17.2)–(17.5) predict the existence of electromagnetic waves. For simplicity we will consider a region of space and time in which
there are no sources (i.e., we consider the propagation of electromagnetic waves in vacuum). Thus we set ⇢ = 0 = j in our space-time region of interest. Now all the Maxwell
equations are linear, homogeneous.
Begin by taking the curl of (17.4) to find (exercise)
1
@E
r⇥
= 0.
c
@t

r ⇥ (r ⇥ B)

(18.1)

Of course we assume that the components of the electromagnetic field are at least twice
continuously di↵erentiable functions of space and time. We are therefore allowed to assume
that partial derivatives commute and we have, using the identity (16.19), (exercise)
r(r · B)

r2 B

1@
r ⇥ E = 0.
c @t

(18.2)

Next we use the fact that (i) the magnetic field is divergence-free (see (17.3)) and (ii) the
equation (17.5) to find (exercise)
1 @ 2B
r2 B + 2 2 = 0.
c @t

(18.3)

Thus (each component of) B satisfies the wave equation with wave velocity c! As a
homework problem you will play an analogous game with the electric field to show
1 @ 2E
r2 E + 2 2 = 0.
c @t

(18.4)

So, each component of E and B satisfies a wave equation, i.e., we can have traveling wave
disturbances in the electromagnetic field. As you know, such disturbances correspond to
light waves, radio waves, microwaves, etc.
From our computations above it is tempting to think that electromagnetic fields satisfying the Maxwell equations are really just 6 copies of the waves we have been studying all
along, one for each component of E and B. In particular it appears that each component
of the electric and magnetic fields goes its own way, independently of the others. This is
not true. What we have shown is that, given an E and B solving the (source-free) Maxwell
equations, the electric and magnetic fields necessarily satisfy uncoupled wave equations.
What we have not shown (and is not true) is that, given electric and magnetic fields solving
uncoupled wave equations (18.3) and (18.4), we obtain solutions to the Maxwell equations.
Put di↵erently, that E and B solve the wave equation is necessary but not sufficient for
them to solve the source-free Maxwell equations. We will now show how to use the solutions to (18.3) and (18.4) to build bona fide solutions to the Maxwell equations in the form
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of electromagnetic waves. For simplicity, we will restrict our attention to electromagnetic
plane waves. (More general waves can be obtained by superposition in the usual way.)
The strategy is to take a plane wave solution to (18.4), restrict it to satisfy (17.2) (with
⇢ = 0) and then define the magnetic field so that the remaining Maxwell equations are
satisfied. Here are the details.
Because each component of E satisfies the wave equations, we can consider a plane
wave electric field of the form:
E(r, t) = E0 cos(k · r

!t + ).

(18.5)

Here the constant vector field E0 determines the amplitude and (constant) direction of the
electric field, and the phase is a constant. You can check that (18.5) is a solution to
(18.4) if and only if the dispersion relation is (exercise)
! = kc.

(18.6)

Of course we could also use a sine function, or take the real part of an exponential, or
take linear combinations (the source-free Maxwell equations are linear homogeneous), but
this is good enough for our discussion. We emphasize that (18.5) does not yet necessarily
define a solution to the Maxwell equations — they still need to be imposed. To begin with,
let us impose r · E = 0. You can easily check that this equation means we have to choose
the wave vector and the amplitude vector orthogonally (good exercise):
k · E0 = 0.

(18.7)

Thus the direction of the electric field in the electromagnetic plane wave is always perpendicuar to the direction of propagation of the wave.
The remaining Maxwell equations still need to be imposed, and they involve the magnetic field. We can build a divergence-free (r · B = 0) magnetic field plane wave just as
we did for E, but we must keep in mind the other 2 Maxwell equations
1 @E
=0
c @t
1 @B
r⇥E+
= 0.
c @t
r⇥B

(18.8)
(18.9)

Let us first look at (18.8). From (18.5) the time derivative of E yields a sine function, and
this is to be equated to a curl of B, which involves first spatial derivatives. This suggests
we should also try a cosine for the magnetic field:
B = B0 cos(k 0 · r
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! 0 t + ).

(18.10)

To satisfy the wave equation we need the dispersion relation (exercise)
! 0 = k 0 c.

(18.11)

Because we want r · B = 0, we have to choose the wave vector and amplitude such that
k 0 · B0 = 0.

(18.12)

It is easy to check that (exercise)
r⇥B=

⇥
B0 ⇥ r cos(k0 · r

= (B0 ⇥ k0 ) sin(k0 · r

Next, we compute

1 @E
!
= E0 sin(k · r
c @t
c

!0t + )
! 0 t + ).

⇤

!t + ).

(18.13)

(18.14)

Thus (18.8) reduces to
!
E sin(k · r
c 0

!t + ) = B0 ⇥ k0 sin(k0 · r

! 0 t + ).

Since this must hold at each location and time, it follows (exercise) that
= ,

(18.15)

k0 = k,

(18.16)

and

!
E = k ⇥ B0 .
c 0
Let n be the unit vector in the direction of wave propagation:
n=

k
,
k

(18.17)

(18.18)

then we can write (exercise)
E0 =

n ⇥ B0 .

(18.19)

Thus we see that the electric and magnetic fields must have the same wavelengths
( = 2⇡/k) and propagation directions kk . Furthermore, from (18.19) and the dispersion
relation (18.6) it follows that:
(1) The magnitudes of the electric and magnetic fields are equal (exercise),
E0 = B 0 .
(2) E and B are orthogonal (perpendicular), E · B = 0 (exercise).
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(18.20)

(3) Each field is orthogonal to the propagation direction, E · n = 0 = B · n (exercise).
Note that when E0 and B0 satisfy (18.19), they automatically satisfy (18.7) and (18.12).
Recall that, thus far, we have only dealt with (18.8). As an exercise you can show that
the other evolution equation (18.9) gives identical information except we find that
B0 = n ⇥ E 0 .

(18.21)

However, this is equivalent to our earlier relation (18.19). To see this we first note that,
given that E0 and n are orthogonal (as follows from (18.7)), the relation (18.21) above
says that: (1) (18.20) holds and (2) B0 is perpendicular to both E0 and n and has a
direction given by the right-hand rule. The relation (18.19) also implies (18.20) and that
the three vectors (E0 , B0 , n) are mutually orthogonal; the only thing to check is that the
right hand rule gives the same relation among the three vectors—which you can check. It
is also possible to massage (18.21) directly into (18.19) using some vector identities; this
will be explored in the homework.
At this point we have taken care of all the Maxwell equations. Let us gather all our
results together. We can build a plane wave solution to Maxwell equations by the following
procedure:
(i) Pick a wave propagation direction n and a wavelength ; then define
k=

2⇡

n.

(18.22)

(ii) Pick an electric field amplitude E0 , which is any (constant) vector (field) such that
E0 · n = 0.
(iii) Set ! = kc and define
E(r, t) = E0 cos(k · r

!t + ),

B(r, t) = (n ⇥ E0 ) cos(k · r

!t + ).

(18.23)
(18.24)

Equations (18.23) and (18.24) give the electric and magnetic fields arising in a plane
electromagnetic wave. This wave is linearly polarized (see §20). It can be shown that the
general solution to the source-free Maxwell equations can be expressed as a superposition
of these plane wave solutions over all possible values of the amplitude, phase, propagation
direction, and wave-number.
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