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A decomposed Fourier series solution to Prandtl’s classical lifting-line theory is used to
predict the lift, induced-thrust, and power coefficients developed by a flapping wing. A
significant advantage of this quasi-steady analytical solution over commonly used numerical
methods is the utility provided for optimizing wing flapping cycles. The analytical solution
involves five time-dependent functions that could all be optimized to maximize thrust,
propulsive efficiency, and/or other performance measures. Results show that by optimizing
only two of these five functions, propulsive efficiencies exceeding 97% can be obtained.
Results are presented for untwisted rectangular wings in pure plunging, rectangular wings
with linear washout and the minimum-power washout magnitude, and rectangular wings
with the minimum-power washout distribution and magnitude.

Nomenclature
Ay = Fourier coefficients in the series solution to the lifting-line equation
a, = planform coefficients in the decomposed Fourier series solution to the lifting-line equation
b = wingspan
b, = washout coefficients in the decomposed Fourier series solution to the lifting-line equation
Cp; = instantaneous wing induced-drag coefficient
o = mean wing induced-drag coefficient averaged over a complete flapping cycle
Cp, = wing parasitic-drag coefficient
Cy = instantaneous wing lift coefficient
C, = mean wing lift coefficient averaged over a complete flapping cycle
Cr = sinusoidal amplitude for the wing lift coefficient
Cra = wing lift slope, Eq. (15)
C La = airfoil-section lift slope
C P, = mean available-power coefficient averaged over a complete flapping cycle
Cp, = instantaneous flapping-power coefficient required to support the flapping rate p
C P = mean flapping-power coefficient averaged over a complete flapping cycle
Co—C> = optimization coefficients, Egs. (53)—(55)
c = local wing section chord length
D = wing drag
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d, = plunging coefficients in the decomposed Fourier series solution to the lifting-line equation
E, = plunging coefficients in the Fourier series solution for induced drag, Eq. (8)

en = plunging coefficients in the Fourier series solution for induced drag, Eq. (22)

L = local section lift

M = number of control points used to define a numerical twist distribution function

N = number of terms retained in a truncated infinite series

Py = instantaneous power required to support the instantaneous flapping rate p

p = angular wingtip rotation rate about the midspan resulting from wing flapping

D = dimensionless angular wingtip rotation rate about the midspan resulting from wing flapping, pb/(2 V)
Prms = root mean square of the dimensionless flapping rate averaged over a complete flapping cycle
Ry = wing aspect ratio

Ro = optimization ratio, Eq. (51)

S = wing planform area

ff = mean induced thrust developed by wing flapping

t = time

v, = y component of relative wind resulting from airfoil-section plunging

Vi = freestream airspeed

w = weight

x,y,z = streamwise, upward normal, and spanwise coordinates relative to the quarter chord midspan
Vac = y coordinate of the airfoil-section aerodynamic center located at the spanwise coordinate z
a = geometric angle of attack

aro = zero-lift angle of attack

r = wing section circulation

Ve = strength of the trailing vortex sheet per unit span

Aay = spanwise variation in local angle of attack increment resulting from wing section plunging
Ny = mean propulsive efficiency averaged over a complete flapping cycle

0 = change of variables for the spanwise coordinate, Eq. (3)

K, = planform coefficient in the lifting-line relation for required power, Eq. (24)

Kp = washout coefficient in the lifting-line relation for required power, Eq. (25)

Kp = planform coefficient in the lifting-line relation for induced drag, Eq. (16)

KpL = washout-lift coefficient in the lifting-line relation for induced drag, Eq. (17)

Kpo = washout coefficient in the lifting-line relation for induced drag, Eq. (18)

Kq = plunging coefficient in the lifting-line relation for required power, Eq. (26)

Kip = plunging-lift coefficient in the lifting-line relation for induced drag, Eq. (19)

Ky = plunging coefficient in the lifting-line relation for induced drag, Eq. (21)

Kop = plunging—washout coefficient in the lifting-line relation for induced drag, Eq. (20)

P = air density

T = sinusoidal period

= instantaneous flapping dihedral angle

&4 = sinusoidal amplitude for the flapping dihedral angle

v = spanwise twist distribution function resulting from airfoil-section plunging
0 = total symmetric wing washout angle, geometric plus aerodynamic

Qi = optimum total symmetric wing washout angle, geometric plus aecrodynamic
w = spanwise twist distribution function resulting from symmetric wing washout
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I. Introduction

RANDTL’S classical lifting-line theory!? can be used to obtain a solution for the spanwise distribution of

section lift and induced drag generated on a finite wing. If the circulation about any spanwise section of the
wing is /(z) and the strength of the trailing vortex sheet per unit span is y:(z), as shown in Fig. 1, then Helmholtz’s
vortex theorem and the Kutta—Joukowski law** produce the fundamental lifting-line equation, i.e.,

2r(x) , Cra "¢ _1 (d_l"

Voc(2) - 47V C=fb/2z_§ dz l_gd{ = Crala(2)~aw (@) (1)

In Eq. (1) @ and ay are allowed to vary with the spanwise coordinate z to account for wing twist, control surface
deflection, and airfoil-section plunging that may vary along the span. Neglecting the effects of sweep and dihedral,
an analytical solution to Prandtl’s lifting-line equation for a finite wing can be obtained in terms of a Fourier sine
series. For a given wing geometry with a known spanwise distribution of relative wind, the planform shape, c(z),
the geometric angle of attack, a(z), and the zero-lift angle of attack, azz0(z), are all known functions of the spanwise
coordinate. The circulation distribution is written as a Fourier series, the series is truncated to a finite number of
terms (/V), and the Fourier coefficients are determined by forcing the lifting-line equation to be satisfied at N specific
sections along the span of the wing. From this solution the circulation distribution is given by

o) = 2bVw§An sin(n6) ©)

n=1

where 6 is a change of variables for the spanwise coordinate defined as
0 = cos™' (-2z/b) (3)

After substituting the circulation distribution specified by Eq. (2) into the lifting-line equation given by Eq. (1), the
Fourier coefficients, 4,, are obtained from the relation

= +
CL,a C(‘9)

n=1

4 4b n .
ZA{ Sin(g)}sm(né’) = a(0)-aLo(0) 4)

AN

s
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Yi(z

Figure 1. Prandtl’s model for the section circulation and trailing vortex sheet generated by a finite wing.
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Even in the presence of airfoil-section plunging that varies along the wingspan, the lift coefficient predicted by
lifting-line theory can be obtained from the relation®

CL = 7Z'RAA1 (5)

where R, = bz/ S is the wing aspect ratio. Airfoil-section plunging and wing twist that vary along the span of the
wing can have a very significant effect on the induced drag predicted by lifting-line theory. The lifting-line relation
developed by Phillips® for predicting the induced-drag coefficient in the presence of airfoil-section plunging can be
written as

N N
Cp, = 7R4 Y. ndy R4 AE, (6)
n=l1 n=1
or after applying Eq. (5)
c? N N
CD, = L + 7Ry ZHA,%—HRAZAnEn (7)
”RA n=2 n=1

where the coefficients £, are obtained from

E, =2~ ], Vo0 Gon0)sin(0)a0 (®)
Tl Ve

and ¥, () is the y component of relative wind resulting from airfoil-section plunging at the spanwise coordinate 6.

To prevent boundary layer separation, the local section geometric angle of attack must remain small at all
spanwise sections of the wing. So in the absence of stall, the component of relative wind normal to the flight path
that results from airfoil-section plunging must remain small compared to the freestream airspeed. Boundary layer
separation must be avoided to maintain high lift-to-drag ratios in forward flight. Furthermore, within the small-
angle approximation, wing dihedral has no effect on either lift or induced drag. Hence, for the flapping wings of
some birds in high-speed forward flight and other flight phases where aerodynamic efficiency and endurance are of
paramount importance, the lifting-line solution given by Egs. (2)—(8) could be used.

During wing flapping the lift developed on the wing and the vorticity shed from the wing typically change
periodically with time. Because the vortex sheet trailing aft of a lifting wing contains a time history of the vorticity
shed from the wing, the strength of this trailing vortex sheet is not typically constant during wing flapping. Hence,
because the trailing vortex sheet has a significant effect on the aerodynamic lift and drag, periodic variations in lift
can have a significant effect on these forces as well. Because shed vorticity is carried away from the wing at the
freestream airspeed, the effect of unsteady lift can be typically neglected during wing flapping when the freestream
airspeed is large compared with the product of the wing chord length and the flapping frequency. A two-
dimensional analytical solution first obtained by Theodorsen® for small-amplitude sinusoidal plunging of an airfoil
shows that the two-dimensional effects of unsteady lift can be neglected when the product of the airfoil chord length
and the plunging frequency divided by the freestream airspeed is on the order of 0.1 or less. Because the lifting-line
solutions presented here are quasi-steady solutions, the flapping frequency must be low enough and the freestream
airspeed must be high enough so that this condition is satisfied.

For a finite wing with geometric and/or aerodynamic twist, the lifting-line solution expressed in the form of
Egs. (2)—(8) is cumbersome for the evaluation of traditional wing properties, because the Fourier coefficients
depend on angle of attack and must be reevaluated for each operating condition studied. A more useful form of the
lifting-line solution has been presented.” ' For flapping wings in the absence of control surface deflection, this
lifting-line solution is based on decomposing the Fourier coefficients, 4, using the simple change of variables®

A, = ay, (a_aLO)root —b,,.(2+dnf? )

The three components on the right-hand side of Eq. (9) are, respectively, the contributions from the wing planform,
geometric and/or aerodynamic washout, and airfoil-section rotation about the midspan resulting from wing flapping.
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To satisfy Eq. (4) with the change of variables given in Eq. (9), the decomposed Fourier coefficients, an, b,, and d,,
are evaluated from

N " ' B

; {CLQC(H) sm(@)}m(ng) =1 (10)
ib 4 sin(n0) = w(0) (11)
o Crac(®) @)
%d b +— " lsin(n0) = w(0) (12)
T | Crac(d) sin(9)

where the functions w(6) and () are the spanwise variations in local section aerodynamic angle of attack resulting
from unit amounts of wing washout and dimensionless rotation about the midspan, respectively. Similarly, the
scalar variables (& —a10)ro0t, £2, and p are, respectively, the magnitudes of the root section aerodynamic angle of
attack, wing washout, and dimensionless rotation rate about the wing midspan resulting from wing flapping. The
variables (& —aro)ror and 2 are deflection angles in radians, and p is a dimensionless angular rate defined as
p =pb/(2V.), where p is the magnitude of the wingtip rotation rate about the wing midspan. The function @(6) is
called the washout distribution function!® and the function /() is referred to as the plunging distribution function.’

For the small-angle wing flapping required to prevent stall in forward flight, the instantaneous lift and induced-
drag coefficients can be predicted using Egs. (5) and (7), and after applying Eq. (9) and rearranging we obtain’

Cr = nR [ar(a —aro)root —D12+d p] (13)
Cr = (1+xp)CE —KkprCrCr o2+ Kpa(CLa2)? Jr(—KLpCL +K0pCr,a2-K,Crop)CrapD (14)
Dy 7Z'RA 7Z'RA
Cro = 7Ry (15)
N2
Kp = Zn—’; (16)
n=2 a
b ul a, (b,, anj
Kpr =2 n—2| =L =1 17
DL a1n§ e (17)
2N 2
— bl) [bn an)
Kpo = | — n| 24— 18
- [al Sl - (18)
d1 N e d, a
= En oy &n _dn 19
KLP Cl] (11 z |:d1 n( dl a ):| ( )
bl dl bn an dn ap
=4 On_Gn |\ €n _ppfGn _ An 20
Ky ay a) 2 z(bl a j{ d n(dl a H (20)
d, t¥(d, a e d, a
= | 4L Gn _Gn || En _, @n _ Gn 21
K (dlj ,,Z:; i a ) d " i a @1
2 VA
en== [w(6)sin(n6)sin(0)d6 (22)
6=0
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The flapping-power coefficient is defined to be the required power input Py divided by %pVo?)S , and for spanwise
symmetric wings, the instantaneous flapping-power coefficient required to support the instantaneous symmetric
flapping rate p as predicted by lifting-line theory is®

Py o s

Cp, =+ = 4(kuCL ~K4CLa 2+ KaCra )P (23)

2PVaS
I T B 0 Vi (24)

3z s n2_4 @ for n odd
K = bS M(b_n_a_nj (25)
a n=3 I’l2 -4 bl 4 for n odd

(26)

— dl v (_1)(n+1)/2 (dn anj
Ke=——2———|5F -
mai i ont -4 \dia

for n odd

In its most general form, the periodic motion associated with wing flapping can be extremely complex. We
know from slow-motion video that the wing flapping cycle of many birds can involve time-dependent spanwise
variations in both twist and sweep, which are coordinated with the periodic flapping motion. Furthermore, because
the wings of a bird are multi-jointed, the angular flapping rate may be different across different sections of the same
semispan, and because the bones and wingtip feathers of a bird’s wing are not rigid, the angular rate could vary
continuously across each wing semispan’

In addition to the wing planform shape c(z), the lifting-line solution in Eqgs. (10)—(26) depends on five separate
time-dependent functions that describe the details of the flapping cycle, i.e., @(z,t), w(z,t), Cr(t), £2(f), and p(¢).
Any or all of these five time-dependent functions could be varied to improve or optimize some measure of flight
performance.

One advantage of the lifting-line solution presented in Eqgs. (10)—(26) is that it allows us to decompose and
examine separately the contributing factors associated with the lift, drag, and power coefficients, even when the
wing flapping motion is very complex. However, to gain insight into the three-dimensional production of induced
thrust along the span of a flapping wing it is convenient to commence with simple motion and progress to the more
complex. Here we start by considering simple rigid-semispan flapping of an untwisted wing in pure plunging.

Because wing flapping is periodic, the mean value of the flapping rate averaged over a complete flapping cycle
is always zero. Hence, if the decomposed Fourier coefficients, root aerodynamic angle of attack, and washout
remain fixed over the flapping cycle, the mean lift coefficient is found from Eq. (13) to be

Cr = nR4[a1(a = aL0)root —b1£2] 27)
and the instantaneous lift coefficient given by Eq. (13) can be written equivalently as
Cy = CL+7Rydip (28)

where the decomposed Fourier coefficient d; is obtained from Eq. (12). This instantaneous lift coefficient is greater
than the mean value during the downstroke when p is defined to be positive, and it is less than the mean during the
upstroke when p is negative. This type of wing flapping is referred to as pure plunging, because the airfoil sections
of the wing are not rotating in pitch during the flapping cycle. Using Eqgs. (15) and (28) in Eqgs. (14) and (23) for the
case of an untwisted wing yields

_ (1+K‘D)5L2_KLP _2(1+KD)(dl/al)6LCLaﬁ_Kp + K1 (dyJa) —(1+Kp)d [ar)*

Cp,
D TRy TRy ’ R4

(Crap)* (29

Cp, = 4[K,Cp +(kq +Kady/a))Croplp (30)
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To obtain numerical results from Egs. (29) and (30), the plunging distribution function y(¢) must be known. If
the semispans are rigid, there can be no bending of either semispan, and the angular rate is constant across each
semispan. As shown schematically in Fig. 2, if the flapping rate is spanwise symmetric about the midspan, the
plunging distribution function i for small-angle flapping with no semispan bending is given by’

3 —ZZ/b, z<0 0y — 0 a1
VO =1 g aag O VO =[eos0) (31)

Using Eq. (31) in Eq. (22) yields a closed-form relation for the coefficients e, for the special case of small-angle
flapping with no semispan bending;’ i.c.,

_1\(nt1)/2
(12—4, for n odd
en =9 (n"-Hrx (32)

0, for n even

The plunging distribution function given in Eq. (31) is based on defining the magnitude of the flapping rate, p, to be
positive when the wingtips are moving downward relative to the wing root. To account for the wing joints and
elastic deformation of some particular bird’s wing, a more complex function would be required for y.

Because the mean value of p is zero for periodic flapping, from Egs. (29) and (30) the mean induced-drag and
flapping-power coefficients for flapping of an untwisted wing in pure plunging are

_ _ d -1 d z A
Ty = (1+KD)CL2—KP+KLp( 1/a)—(+xp)d/ar) (CL’apl_ms)Z (33)
7Z'R,4 7Z'R,4
6P/ = 4(xy +K, dl/al)CL,aﬁrzms (34)

where Py is the root mean square (rms) dimensionless flapping rate. The first term on the right-hand side of
Eq. (33) is the induced drag for the same wing geometry with no wing flapping. The aerodynamic force associated

Figure 2. Change in the local section geometric angle of attack on a bird’s wing resulting from the plunging
motion associated with wing flapping.
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with the second term on the right-hand side of Eq. (33) is always aligned with the direction of flight. This is the
mean induced thrust, which is developed by the flapping of an untwisted wing in pure plunging;’ i.c.,

_ K, +K1,(d/a)—(+xp)dy/ar)? .
(I Y e 1/ IERA p)di/a (CraPrms)’ (35)

The mean available propulsive power developed by this wing flapping is simply the product of the mean induced
thrust and the airspeed’ Hence, from Eq. (35), the mean available-power coefficient for flapping of an untwisted
wing in pure plunging is

_ TV K, + K7, (d/a)—(+xp)d) /ar)? .
Cp = 15— = 22 IL XAa) () p)? (36)
2 PVaS 7R 4

The ideal propulsive efficiency’® for flapping of an untwisted wing in pure plunging is the mean available-power
coefficient from Eq. (36) divided by the required mean flapping-power coefficient from Eq. (34), i.e.,

n, = pr _ Kpalz+KLpa1d1_(1+KD)d12 (37)
’ Cp, AKqa1 +K,dy)

To maintain steady periodic motion, the mean induced thrust obtained from the second term on the right-hand
side of Eq. (33) must balance the induced-drag component that is obtained from the first term on the right-hand side
of Eq. (33) combined with the mean parasitic drag. Thus, from Eq. (33), steady periodic flapping of an untwisted
wing in pure plunging with a constant parasitic-drag coefficient of Cp, requires

A 1 7Z'R,4 l: (1+K'D)—2:|
B = Cp, + LKD) 2 (38)
CL,a\/Kp+KLp(d]/al)—(l+KD)(d1/a1)2 7Ry

To maintain constant altitude the mean lift must support the weight, i.e.,

= w

C, = (39)
b Lpris
and the total drag for this untwisted wing in the absence of wing flapping can be written as
l+kp) = Cp, (+xp)=
D = 1 og ( D 2| _ it 40
2PV S|:CDP TR, Ci w C, Ly CL (40)

Hence, constant-altitude flight of an untwisted wing at a forward speed equal to the minimum-drag airspeed

without flapping requires
— 7Z'RA CD
C, = |———=r 41
L \/ I+xp 1)

Wing-flapping cycles are often assumed to be sinusoidal. With this arbitrary assumption, the instantaneous
dimensionless flapping rate is easily related to the rms dimensionless flapping rate to give

P = V2pmssinQat/7) (42)

Applying Egs. (38) and (42) to Egs. (28)—(30) yields the instantaneous lift, induced-drag, and flapping-power coef-
ficients for steady sinusoidal flapping of an untwisted wing in pure plunging. For example, the lift coefficient is

8
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C, = Ty + Rt 2R+ . [CDF 44+ %p) 53} sin(271/7) (43)
Kp+Kpp(di/a)—A+xp)di/ar) 7R 4

As an example of steady sinusoidal flapping in pure plunging, consider an untwisted rectangular wing of aspect
ratio 14 with an airfoil section lift slope of 27. Using b/c=14.0, C; ,=27, and y(0) specified by Eq. (31), the
decomposed Fourier coefficients, a,, d,, and e,, are obtained from Eqs. (10), (12), and (32), respectively. Applying
the results to Egs. (15), (16), (19), (21), (24), and (26), yields

Cro=53154, Kkp=01191, K;,=3.6067, «,=03357, k,=01171, Kk;=0.01545
For these computations, we assume a reasonable parasitic-drag coefficient of 0.01 and a flight speed equal to the
minimum-drag airspeed without flapping. To maintain airspeed and altitude with sinusoidal flapping, Eq. (38)
requires ps=0.1323, and Egs. (41)—(43) yield
p = 0.1871sin(27t/7)
C, = 0.6269 +0.4656 sin(27t/7)
Results obtained from Egs. (28)—(30) for this untwisted rectangular wing are shown in Fig. 3. The ideal propulsive

efficiency obtained from Eq. (37) for this flapping cycle is 76.5%.
From the definition of p combined with Egs. (39) and (42), the sinusoidal flapping rate can be written as

_ V8 pumsVe
b

4Prms | _W_
b pSCt

sin(27t/7) = sin(27t/7) (44)

This same sinusoidal flapping motion can be defined by expressing the instantaneous flapping dihedral angle, ¢, in
terms of its sinusoidal amplitude, ¢4, i.e.,

¢ = ¢acos(2xt]7) 45)

Because p is the angular rate at which the dihedral angle is decreasing, from Eq. (45) we obtain

! |
1.2 |- ]
i C;, Eq. (28) Cp,, Eq. (29) -| 0.02

1.0 0.00
mean Cp,;=-0.01000

0.8 -0.02

R A

mean C; =0.6269

0.6 0.04

0.4 -0.06

Lift and Power Coefficient
Induced-Drag Coefficient

0.2 Cp,, Eq. (30) -0.08

mean Cp=0.02614
0.0 = . . . . . L TR T L o0
| | | |

0.0 0.2 0.4 0.6 0.8 1.0
t/t

Figure 3. Variations in lift, induced-drag, and flapping-power coefficients as predicted by Eqs. (28)—(30) for
sinusoidal flapping of an untwisted rectangular wing of aspect ratio 14.
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p= —% - @sm(zm/r) (46)
Combining Egs. (44) and (46), the flapping period required to maintain airspeed at constant altitude with sinusoidal
flapping can be written as

T4 [~ b
= — C
‘ 2 Prms t \/W/(pS)

(47)

Using the wing planform area and weight of a large golden eagle, with an assumed sinusoidal flapping amplitude of
+15° (157/180), a 6-ft* wing area, and a weight of 9 Ibf, the flapping cycle shown in Fig. 3 requires a flapping
period at standard sea level of 0.90 s and an airspeed of 45 ft/s. This rectangular wing has a chord length of 0.65 ft,
so the product of the chord length and the flapping frequency divided by the airspeed is about 0.10, which is
consistent with the quasi-steady solution.b

II. Optimizing Wing Twist for Maximum Propulsive Efficiency

To gain insight into the effects of wing twist on the performance of a flapping wing in forward flight, we shall
now relax the assumptions of no twist and pure plunging. However, to isolate the effects of wing twist, we will
retain the assumptions of sinusoidal flapping and no bending of the wing semispans. Hence, we shall continue to
use the time-independent plunging distribution function y/(z) that is given by Eq. (31). In addition, we will continue
to use the sinusoidal flapping rate p(f) as given by Eq. (42), and we will maintain a sinusoidal variation in the wing
lift coefficient Cy(f), which is in phase with the flapping rate, i.e.,

C, = Cp +Cprysin2rt/7) (48)

To maintain this sinusoidal variation in wing lift coefficient for arbitrary variations in the washout functions w(z,f)
and £2(%), Eqgs. (13) and (15) require that the root aerodynamic angle of attack must be varied over the flapping cycle
to maintain the relation

d

G b di; (49)
Cra a a

(0{ —aLo )root =

A bird or ornithopter could accomplish this in flight by rotating the wing semispans and/or coordinating a periodic
motion of the tail with that of the wing.

The instantaneous induced-drag coefficient predicted by lifting-line theory during small-angle wing flapping
can be evaluated from Eq. (14), and the instantaneous flapping-power coefficient required to support small-angle
flapping of spanwise symmetric wings is obtained from Eq. (23). Hence, when the induced drag produced by wing
flapping is negative, the instantaneous power input per unit induced thrust could be minimized by minimizing the
negative dimensionless ratio that is given by

Cp _ (1+xp)CE —Kk1,CrCrap—Kp(Crap)? +Kpo(CrLa)* —(kprCr —KapCra P)Cral?

Cpf 472'RA(K'aCL—KbCLjaQ+KdCL,aﬁ)ﬁ

(50)

For example, the instantaneous washout magnitude £2(7) that requires minimum power input per unit induced thrust
for any given values of @(z,f), w(z,f), Ci(¢), and p(¢) can be obtained by differentiating the ratio defined in Eq. (50)
with respect to £2, setting the result to zero, and solving for 2. However, p is always zero at two instants during a
flapping cycle, and the denominator on the right-hand side of Eq. (50) is always zero when p is zero, independent
of w(z,f), (), w(zt), and Cr(f). This is not a problem for the optimization with respect to €2(f), because this
optimization can be carried out analytically. On the other hand, for numerical optimization with respect to @(z,f), it
is more convenient to define a slightly different dimensionless optimization ratio.

For the purpose of either analytical or numerical optimization of wing twist, when computing derivatives of the
right-hand side of Eq. (50) with respect to the wing twist parameters, p and C are held constant. Hence, the
instantaneous power input per unit induced thrust can be minimized equivalently by minimizing the dimensionless
ratio that is defined by multiplying Eq. (50) through by 47R,p/Cy, i.e.,

10
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. N2 2 .
CL, p CL7 p CL, Q0 CL, p CL, Q0
1+Kp —Kip CZ —K'p[ Cj +Kpo Cj ~| Kpr —Kap CZ Cj

CL,O{‘Q CL,O:]A7
K C, + Ky C,

Ro = (51

Kq —

The instantaneous washout magnitude €2(¢) that requires minimum power input per unit induced thrust for any given
values of w(z,), w(z,t), Ci(f), and p(f) could be obtained by differentiating either the ratio defined in Eq. (50) or that
defined in Eq. (51) with respect to €2, setting the result to zero, and solving for £2. However, notice that in addition
to the wing coefficients defined in Egs. (15)—(21) and (24)—(26), the ratio that is defined in Eq. (50) depends on
three time-dependent operating parameters, €2(f), Cr(¢), and p(z). On the other hand, the ratio defined in Eq. (51)
depends on only the wing coefficients and two operating parameters, C;, , (2 / Cpand Cpap / C;. Hence, from the
ratio defined in Eq. (51), the instantaneous operating parameter C; ,£2/C that requires minimum power input per
unit induced thrust for any given values of @(z,?), y(z,1), and C; , p/C; can be obtained from

. . N2
CrLaopt K. kg CLaD Crop Crap
Shalfop _ Ke | Ka ZlaP ooy o Slel | o) SL 52

Cr Kb+Kb Cr orH Cr T Cr (52)

where

_l+xp +K,f _ KuKDL

Co « (53)
Kpo Kk, KoKpo
| = KGKQP +2KaKd _ KLP _ KaKpL (54)
KyKpo k; Kpe KvKpo
KiKo, K2 K
C, = e R (55)

KpKpn Klf Kpo

Depending on c(z), @(z,t), w(z,t), Ci(t), and p(¢), either of the two roots obtained from Eq. (52) could be the one of
interest, which produces net mean thrust and minimizes the required power input per unit induced thrust. The root
that is not of interest for this purpose may correspond to a power generation mode, which yields negative power
input and positive induced drag. Because thrust generation yields negative induced drag and positive power input,
both roots could result in negative values of the ratio defined in Eq. (50). Furthermore, the power generation mode
can result in a negative value of this ratio that is less than that associated with the thrust generation mode. Hence,
the sign preceding the square root in Eq. (52) must be chosen carefully.

For the case of wing flapping with linear washout and no semispan bending, both the washout distribution
function @ and the plunging distribution function  are time independent and equal®

—ZZ/b, z<0

a(z) = y(z) = { 22/b, 250 or w(@) =w(0) = |cos(9)| (56)

Applying Eq. (56) to Egs. (11) and (12) yields
b, = d, (57)
and using Egs. (57), (17)—(21), and (24)—(26) in Egs. (54) and (55) results in
C=C =0 (58)
Hence, after applying Egs. (53), (57), and (58) to Eq. (52), we find that for the special case of wing flapping with
linear washout and no semispan bending, the instantaneous amount of wing washout CL’O,Q/ C; that requires

minimum power input per unit induced thrust for any given value of C; , p/C;, can be obtained from
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Crafop _ &+\/1+KD +K_§_ KaKpL +CL,al3 (59)

Cr Ky \ kpe x; Kekpe  Cio
If both the lift coefficient and the flapping rate are sinusoidal and in phase, p(f) and Ci(¢) can be obtained from
Egs. (42) and (48), respectively. Using these relations and Eq. (52) in Eq. (14), with the minimum-power washout
magnitude maintained over the flapping cycle, the instantaneous induced-drag coefficient can be computed at
each instant in the flapping cycle for any given values of w(z,?), w(z,f), EL, Cr4, and pp.. The mean induced-drag
coefficient is computed from numerical integration of the results obtained from Eq. (14), and p.p; is obtained by
numerically finding the value that gives a),:—CDp. The mean flapping-power coefficient is then computed from
numerical integration of the results obtained from Eq. (23).
Using the time-independent linear washout and plunging distribution functions @ and y as specified by Eq. (56)
combined with the same wing planform and sinusoidal lift coefficient that were used to obtain the results shown in
Fig. 3 produces

Cp=52.209, (=00, (C,=0.0,

CL,a Qopt _ n CL,ai)

and the results shown in Fig. 4. Notice that by maintaining the minimum-power washout magnitude at each instant
during the flapping cycle, we have reduced the required mean flapping-power coefficient from 0.02614 to 0.02194.
This reduction in required power results from a substantial reduction in torque with only a slight reduction in
induced thrust for a given value of p.,. To maintain airspeed and altitude with sinusoidal flapping, the rms
flapping rate is increased slightly from ps=0.1323 to prys=0.1492, which reduces the flapping period at standard
sea level from 0.90 s to 0.80 s. The net result is an increase in the ideal propulsive efficiency for this flapping cycle
from 76.5% to 91.2%.

The periodic motion associated with the flapping cycle shown in Fig. 3 is pure plunging, i.e., the airfoil sections
of the wing are not rotating in pitch during the flapping cycle. On the other hand, the flapping cycle shown in Fig. 4
is composed of a combination of periodic plunging and pitching motion. As the airfoil sections of this wing plunge
and heave periodically at a rate that depends on both the spanwise coordinate and time, these sections are also
rotating in pitch at a rate that varies with z and 7. The instantaneous angle that the zero-lift line for each airfoil

1.2 | ! 1
0.02

Cpy» Eq. (29)

1.0

0.00
mean Cp,=-0.01000

0.8 -0.02

R A

mean C; =0.6269

0.6 0.04

0.4 -0.06

Lift and Power Coefficient
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Figure 4. Lift, induced-drag, and flapping-power coefficients for a rectangular wing of aspect ratio 14 with
sinusoidal flapping, linear washout, and the minimum-power washout magnitude.
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section makes with the freestream is the local aerodynamic angle of attack, which is the root aerodynamic angle of
attack less the product of the washout distribution function and the washout magnitude, i.e., (& — a@r0)root — @€2. For
the wing flapping cycle shown in Fig. 4, the root aerodynamic angle of attack is specified by Eq. (49), the washout
distribution function is given by Eq. (56), and the washout magnitude is obtained from Eq. (59).

The easiest way to visualize the combined plunging—pitching motion associated with the flapping cycle shown
in Fig. 4 is from slow-motion video. However, some insight into this complex motion can be gained by examining
the plunging and pitching separately. The section plunging motion can be described simply in terms of the variation
with time ¢ of the y coordinate of the airfoil-section aerodynamic center located at the spanwise coordinate z.
Within the small angle approximation, this section plunging varies linearly with z and is sinusoidal in ¢, i.e.,

Vac(z,8) = | z| s cos(2rt/7) (60)

For small dihedral amplitudes, the local angle of attack increment that results from this plunging motion is also
approximated as a linear function of z and a sinusoidal function of ¢, i.e.,

Actp(2,1) = 8 prms | 2/b | sin(271/7) (61)

This is the angle between the freestream and the instantaneous local relative wind, at the spanwise coordinate z and
time ¢. The variation in this plunging angle of attack increment with z and ¢ is shown in Fig. 5.

The section pitching motion that is superimposed on this plunging motion depends on z and ¢ as shown in Fig. 6.
The curve in the right-hand view of this figure, which is labeled “wing root” and corresponds to z/b=0.00, shows
how the root aerodynamic angle of attack specified by Eq. (49) varies with time. The difference between this root
aerodynamic angle of attack and that for any other wing section is the local section twist, which is shown in Fig. 7.
Notice in Fig. 6 that the local aerodynamic angle of attack is less than that for the root over the entire downstroke.
Because washout is defined traditionally to be positive twist, the instantaneous wing twist shown in Fig. 7 is positive
whenever the local aerodynamic angle of attack is less than that for the root. Therefore, we see from both Fig. 6 and
Fig. 7 that the washout is positive over the entire downstroke and negative over much of the upstroke. The wingtip
curve in the right-hand view of Fig. 7 that corresponds to z/b=0.50 is the washout magnitude (2(¢) obtained from
Eq. (59).

The relative section angle of attack shown in Fig. 8 is defined here to be the instantaneous angle that the zero-
lift line for each airfoil section makes with the local section relative wind. This is an effective aerodynamic angle of
attack for each airfoil section, which is obtained simply by adding the plunging angle of attack increment that is
shown in Fig. 5 to the freestream aerodynamic angle of attack that is shown in Fig. 6. Notice from the results shown
in Fig. 8 that this effective aerodynamic angle of attack is always greatest at the wing root and decreases linearly
from the root to the wingtip.
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Figure 5. Plunging angle of attack increment for a rectangular wing of aspect ratio 14 with sinusoidal
flapping, linear washout, and the minimum-power washout magnitude.
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Figure 6. Pitching motion for a rectangular wing of aspect ratio 14 with sinusoidal flapping, linear washout,
and the minimum-power washout magnitude.
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Figure 7. Instantaneous wing twist for a rectangular wing of aspect ratio 14 with sinusoidal flapping, linear
washout, and the minimum-power washout magnitude.

_15 ‘ 15 — —
g - 1 - z/b = 0.00, wing root 1
::n 0.10, 0.40 | z/b=0.10 g
< z/bb: 0.20
= i zIb =0.30 ]
% . X\\\ 2l =040 ]
= /b = 0.50, wingti
£ 10 10 | Z >, Wingup -
£ , N\ ,
S
¢ L_0.00,0.50,1.00 ]
) |
=
< ]
=
g sp 0.55,0.95 1 st
- [ . | ]
@ 0.60, 0.90
4 I i
2 . | ]
< | 0.65,0.8570.70, 0.80” /7 = 0.75 1 } ]
I | | T 0 | | | |

0.0 0.1 0.2 0.3 0.4 0.5 0.0 0.2 0.4 0.6 0.8 1.0

z/b t/t

Figure 8. Relative section angle of attack for a rectangular wing of aspect ratio 14 with sinusoidal flapping,
linear washout, and the minimum-power washout magnitude.
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If the washout magnitude €2(¢) is varied over the flapping cycle such that Eq. (52) is always satisfied using the
appropriate root, the resulting flapping cycle will produce maximum possible propulsive efficiency for any arbitrary
set of the functions c(z), @(z,f), w(z.t), Ci(¢), and p(f). However, it should be noted that this maximum is not
necessarily a global maximum unless the functions w(z,t), w(z,t), Cr(f), and p(¢) are also optimized for maximum
propulsive efficiency. For example, it is possible to improve the propulsive efficiency over that obtained for the
flapping cycle shown in Figs. 4—8 by optimizing the product w(z,)£2(¢) to minimize the ratio defined in Eq. (51).

To demonstrate how the product @(z,f)€2(f) can be optimized for minimum required power per unit induced
thrust, a variable twist distribution was defined using M control points spaced along the span of the wing. With M
always chosen to be odd, one control point was placed at each wingtip, another at the midspan, and the intermediate
control points were spaced uniformly in 8. The control-point values used for the twist distribution w(z,t)€2(f) were
constrained to be spanwise symmetric and 0.0 at the midspan. The (M—1)/2 unknown values of @(z,£)€2() at the
remaining control points were treated as independent scalar variables, to be evaluated from numerical optimization.
The values used for the o(z,£)2(¢) product between control points were evaluated using linear interpolation in 6. At
each instant in time during the flapping cycle, the (M—1)/2 unknown control-point values of the w(z,1)€2(¢) product
were found using a computer optimization algorithm.!"'> This optimization software minimizes a single fitness
parameter, which in this case was chosen to be the ratio defined in Eq. (51). The optimization software used to find
the control-point values of the @(z,£)€2(¢) product implements the BFGS algorithm, named after the work of
Broyden,'? Fletcher,'* Goldfarb,'® and Shanno.'¢

To assure that the numerical solutions were grid resolved, independent solutions were obtained using coarse and
fine grids. The coarse-grid solutions used M=19 and N=39. For the fine-grid solutions M=39 and N=199 were
used. Over the range of parameters studied, the coarse-grid solutions for propulsive efficiency were found to agree
with the fine-grid solutions to within 0.03%. For the temporal variations, both 50 and 100 time steps per cycle were
used with second-order trapezoidal numerical integration. Over the range of parameters studied, the 50 time-step
solutions for propulsive efficiency were found to agree with the 100 time-step solutions to within 5x1071°%,

Using this numerical optimization with sinusoidal flapping and the plunging distribution function w(z) for no
semispan bending given by Eq. (31), combined with the same wing planform and sinusoidal lift coefficient that were
used to obtain the results shown in Figs. 3 and 4, produces the results shown in Figs. 9-13. Comparing the flapping
cycle shown in Fig. 4 with that shown in Fig. 9, we find that by maintaining the minimum-power twist distribution—
magnitude product m(z,f)€2(¢) at each instant during the flapping cycle, we have gained a small additional reduction
in the required mean flapping-power coefficient from 0.02194 to 0.02174. To maintain airspeed and altitude with
sinusoidal flapping, the rms flapping rate is decreased slightly from p;;s=0.1492 to p;s=0.1467. The net result is
a slight increase in the ideal propulsive efficiency for this flapping cycle from 91.2% to 92.0%.
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Figure 9. Lift, induced-drag, and flapping-power coefficients for a rectangular wing of aspect ratio 14 with
sinusoidal flapping and the minimum-power twist distribution—-magnitude product.
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Figure 10. Plunging angle of attack increment for a rectangular wing of aspect ratio 14 with sinusoidal
flapping and the minimum-power twist distribution-magnitude product.
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Figure 11. Pitching motion for a rectangular wing of aspect ratio 14 with sinusoidal flapping and the
minimum-power twist distribution—magnitude product.
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Figure 12. Instantaneous wing twist for a rectangular wing of aspect ratio 14 with sinusoidal flapping and the
minimum-power twist distribution—magnitude product.
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Figure 13. Relative section angle of attack for a rectangular wing of aspect ratio 14 with sinusoidal flapping
and the minimum-power twist distribution—-magnitude product.

For the results shown in Fig. 4, the time-independent linear washout distribution function specified by Eq. (56)
was used with the minimum-power washout magnitude obtained from Eq. (52). The results shown in Fig. 9 were
obtained using the time-varying minimum-power twist distribution—-magnitude product w(z,f)€2(f), which is shown
in Fig. 12. As was the case for the flapping cycle used to obtain the results shown in Fig. 4, the small-angle section
plunging motion with no semispan bending as described by Eqgs. (60) and (61) was used to obtain the results shown
in Fig. 9. The section pitching motion that was superimposed on this plunging motion varies with z and ¢ as shown
in Fig. 11, and the relative section angle of attack for this flapping cycle is shown in Fig. 13.

Results similar to those shown in Figs. 9-13 were obtained for 13 rectangular wings with aspect ratios ranging
from 8.0 to 20.0 in steps of 1.0. Figure 14 shows the ideal propulsive efficiency for these 13 numerically optimized
wings compared with the analytical solutions obtained for pure plunging and for linear washout with the minimum-
power washout magnitude. At an aspect ratio of 20, the numerically optimized solution predicts an ideal propulsive
efficiency in excess of 97%. For aspect ratios of 12 and above, ideal propulsive efficiencies of 90% or more are
predicted for the numerically optimized solutions, and efficiencies of 95% or more are predicted for aspect ratios of
17 and higher.
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Figure 14. Propulsive efficiency as a function of aspect ratio for rectangular wings with sinusoidal flapping.
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III. Conclusions

The periodic flapping motion of a bird’s wing can be very complex, incorporating time-dependent spanwise
variations in both twist and sweep, which are coordinated with the periodic flapping motion. Moreover, because the
wing of a bird is multi-jointed and the bones and wingtip feathers are not rigid, the angular flapping rate can vary
significantly across the wing semispans. Although a simple two-dimensional model is commonly used to describe
the production of thrust by wing flapping, negative lift predicted during the wing upstroke has been of significant
concern to many who have attempted to explain the physics associated with the flapping flight of birds in the
Earth’s atmosphere. One common explanation is that birds must retract their wings slightly or separate their
feathers on the upstroke to reduce the detrimental effects of this negative lift. The lifting-line solutions presented
here have shown that such complex flapping cycles are unnecessary for the efficient production of thrust in forward
flight. For high-speed sustained flight and other flight phases where aerodynamic efficiency and endurance are of
paramount importance, lifting-line theory shows that high propulsive efficiencies can be attained even with a very
simple pure-plunging flapping cycle. Furthermore, the lifting-line relation for predicting the induced drag and thrust
developed by wing flapping can be used for more complex flapping cycles.

One advantage of the decomposed lifting-line solution presented here is that it allows us to examine separately
each of the contributing factors associated with the lift, drag, and power coefficients, even when the wing flapping
motion is very complex. Another significant advantage of this quasi-steady analytical solution over commonly used
numerical methods is the utility provided for optimizing wing flapping cycles. The decomposed lifting-line solution
involves five time-dependent functions that could all be optimized to maximize propulsive efficiency, thrust, and/or
other performance measures. The optimization study presented here was limited to the optimization of wing twist
for maximum propulsive efficiency, within the constraints of sinusoidal flapping and no semispan bending.

The decomposed lifting-line solutions that are presented here show that the propulsive efficiency associated
with wing flapping can be very competitive with traditional methods of aircraft propulsion. Using a pure-plunging
sinusoidal flapping cycle for untwisted rectangular wings with no semispan bending, the lifting-line solution predicts
ideal propulsive efficiencies in excess of 80% for wing aspect ratios near 20. It has been shown here that this
propulsive efficiency can be significantly increased by using a flapping cycle composed of a combination of
periodic plunging and pitching motion. For the case of time-independent plunging and twist distribution functions,
a closed-form analytical solution is presented for the instantaneous amount of wing twist that requires minimum
power input per unit induced thrust. Within the constraints of sinusoidal flapping, no semispan bending, and linear
twist, this plunging—pitching motion increases the propulsive efficiency for a rectangular wing of aspect ratio 14
from 76.5% to 91.2%, relative to pure plunging. For this same wing planform, a further increase in ideal propulsive
efficiency to 92.0% was obtained from numerical optimization of the wing twist distribution—magnitude product at
each instant in time during the flapping cycle. For a rectangular wing of aspect ratio 20, this twist-optimized
flapping cycle produced an ideal propulsive efficiency in excess of 97%.

The application of lifting-line theory to flapping wings is not limited to sinusoidal flapping with no semispan
bending. It is likely that by allowing the angular flapping rate as well as the wing twist to vary along the wing
semispan and with time during the flapping cycle, propulsive efficiencies in excess of those presented here could be
attained. The decomposed lifting-line solution method presented here could be used to analyze and optimize these
more complex flapping cycles. Furthermore, by using numerical lifting-line solutions, the effects of variable sweep
on propulsive efficiency could be investigated as well.
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