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Journal of the
HYDRAULICS DIVISION

Proceedings of the American Society of Civil Engineers

ANALYSIS# OF SUBMERGENCE IN FLOW MEASURING FLUMES

By Gaylord V. Skogerboe,! A. M. ASCE and M. Leon Hyatt ? A M, ASCE

INTRODUCTION

Submerged flow exists in a measuring flume when a change in flow depth
downstream from the flume causes a change in flow depth upstream for any
particular constant value of discharge. When a change in tailwater depth does
not affect the upstream depth, free flow exists. To evaluafe the discharge
under free-flow conditions, it is necesgary to measure only a flow depth up-
stream from the contracted section (throat) of the flume, whereas two flow
depths must be measured to evaluate the discharge under submerged-flow
conditions. The two flow depths normally measured when submerged flow
exists consist of the same upstream depth used forfree flow and a depth mea-
sufed in the throaf, although this need not be the case as will be shown later.

Most of the earlier investigations regarding measuring flumes have em-
phasized the development of free-flow calibrations or ratings for varicus
flume geometries. Notable free flow investigations have been made by V. M,
Cone,® Parghall,® Engel,® Khafagi,® Robinson and Chamberlain,” and Ackers

Note.—Discussion open until December 1,1967. Toextendthe closing date one month,
a written request must be filed with the Executive Secretary, ASCE., This paper is part
of the copyrighted Journal of the Hydraalics Division, Proceedings of the American
Boclety of Civil Engineers, Vol. 93, No, HY4, July, 1967. Manuscript was submitted for
review for possible publication on June 24, 1966.
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pp- 841-851.
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der Versuchsanstalt fur Wasserbau und Erdbau an der Eidgenossischer Technischen
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and Harrison,® to mention a few. Various methods of analyzing submerged
flow have been presented by Parshall,® Khafagi,® Villemonte and Gunaji,®
Robinson and Chamberlain,” and Robinson.t

Parameters describing submergence in flow-measuring flumes will be de-
veloped from dimensional analysis. A combination of empiricism and dimen-
sional analysis will be used to develop a submerged flow discharge equation.
The resulting discharge equation will be compared with the theoretical
submerged-flow equation developed from momentam relationships. A rectan-
gular flat-bottomed flow measuring flume was used to generaie datanecessary
for establishing the parameters describing submerged flow. The form of the
dischargeequation describing submerged flow in a rectangular flume has been
verified for a trapezoidal flat-bottomed flume,® a rectangular flat-bottomed
flume,® and a Parshall flume.l

MOMENTUM THEORY

A theoretical submerged flow discharge equation will be developed for the
flat-bottomed rectangular flume shown in Fig. 1. The momentum equation can
be written between sections 1 and 2 for the control volume in Fig. 2 to arrive
at a general submerged-flow equation for rectangular flumes. The momentum
equation can be written in the direction of flow as

FymFym Py~ Fp=Qep B Vo= B Vy) oo, (1)

in which F, and F, = the resultant forces of the pressure distributions at the
two flow cross sections, (Fu)y = the component of force in the direction of
flow acting on the control volume of fluid due to the flume walls, Fr = the
friction or drag force acting on the surface of the control volume, §; = the
theoretical discharge, p = the density of the fluid, B, and 8, = momentum co-
efficients for the two flow sections, and V, and ¥V, = the average velocity at
sections 1 and 2. When uniform velocity distribution is assuymed and the fric-
tion force is neglected

FimFom By =@ p (Vo = Vi) eee . e (2)

8 Ackers, P,, and Harrison, A. J. M., “Criticai-Depth Flumes for Flow Measurement
in Open Channels,” Hydraulics Research Paper No. 5, Hydraulics Research Station,
Department of Scienfific and Indusirial Research, Wallingford, Berks., England, 1963,

9 Parshail, R. L., “Measuring Water in Irrigation Channels with Parshzll Flumes
end Small Weirs,” Circular No, 843, Soil Conservation Service, U. 3. Dept. of Agri-
culture, Washington, D. C., May, 1950.

18 Vitlemonte, J. R., and Gunaji, V. N., “Equationfor Submerged Sharp-Crested Weirs
Found Applicable to 6-inch Parshali Flume,” Civil Engineering, Vol. 28, No. 6, June,
1953, pp. 406-407.

i1 Robinson, A. R., “Simplified Flow Corrections for Parshall Flumes Under Sub-
merged Conditions,” Civil Engineering, Vol. 35, No. 9, Sept., 1965, p. 5.

12 Hyait, M. L., “Design, Calibration, and Evaluation of & Trapezoidal Measuring
Flume by Model Study,” thesis presented to Utah State University, at Logan, Utah, in
1965, in partial fulfilment of the requirements for the degree of Master of Science in
Civil Engineering,

18 Skogerboe, G. V., Walker, W. R., and Robingon, L. R.,“Design, Cperation, and
Calibration of the Canal A Submerged Rectangular Measuring Flume,” Report PR-
WG24-3, Utah Water Research Laboratory, College of Engineering, Utah State Universi-
ty, Logan, Utah, Mar., 1965.
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in a Two-Faoot Parshall Flume,” Report PR-WR6-2, Utah Water Research Laboratory,
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By assuming hydrostatic pressure distribution

Y b yE
F1=-~§~3’-1 .................................... (3)
_Yyb v
and F, = ) e e et e e e (4)

in which ¥ = the specific weight of the fluid, », and b, = the width of the
flume at sections 1 and 2, and y, and y, = the depths of flow at the two sec-
tions. The force of the flume walls on the control volume acting in the direc-
tion of flow occurs in the converging inlet section. The flow depth throughout
the converging inlet gection is decreasing. A fair approximation, however, of
the average flow depth in the section under submerged flow conditions c¢an be
assumed as vy, , hence

2

Fady =7 by = b)) % oo (5)

The momentum equation in the direction of flow can now be written as

YO vi ¥bhay: ryi(h-by)_ @y (V- V) ©)
3 2 5 ran R

in which g = the acceleration of gravity. By assuming steady flow, the con-
tinuity equation, €, = AV, can be used.

Qt =b1 y1Vl=b23)2 Vz ..... F S (7)

Substituting the continuity equation into Eq. 6 and solving for the discharge
gives

Qf _ {g/z)uz b, (3’1 - yz)lfz (8)

T T
By v (91 + ¥,)

Let the constriction ratio, b, /b,, be represented by B and the submergence,
v,/%,, by §. The denominator of the discharge equation can be made dimen-
sionless by multiplying the numerator and denominator by y, - ¥, so that

1/2 /2
@ = &AL W (9)

{(1 - BS) (v, -v, )" ¥}
Yo (V1 + 35 ¥

or @ = ARG owR (10)
J(l - BS)Y(1 - §)?
S(l + S)

Forany particular flume geometry, b, and B become constants and the dis-
charge (Eq. 10) is a function of {y, - ¥,)¥% and §. If the submergence isheld
constant, the discharge becomes a function of (v, - 9,)%% alone. This sug-
gests that a logarithmic plot of § against y, - v, would yield a2 family of
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Stilling wells were used to measure y, and y; (Fig. 6). A point gage was
used to measure y,, since section s is not stationary. The measurement of
Y 18 quite difficult because of the fluctuation of the water surface. The av-
erage between the fluctuations of the water surface at section m was used in
arriving at the value of v, . The fluctuation was small at low Froude numbers
(high submergence), but was pronounced as the Froude number at section m,
which will be designated by F,,, approached one.

The free-flow calibration for the reciangular {lumeis shown in Fig. 8. The
free-flow discharge equation ag obtained from Fig. 8 ig

O = 28T B e e (13)

Dimensional analysis can be used to develop dimensionless parameters
describing submerged-flow discharge. Applying such an analysis to the par-

3 3

§-0 §-0
N T
15'-0"
PLAN VIEW
13) {m} {1
i i ]
| |
1 —'_____———_%" =
= [ |
l’; Piezometer Piezometer
opening '™ opening
i e
SECTION

FIG. 7.—DETAILS OF EXPERIMENTAL FLAT-BOTTOMED FLUME

ticular flume geometry under study allows the omission of any geometric
terms since they are constant. The variables involved can be written as

R T (14)
With five independent quantities and two dimensions, three pi-terms are
necessary.

COne of the desired pi-terms is the Froude number, F,,. For a rectangular
section, F,, can be expressed by

- - v _ Q
T Fon = Ty T TG gUIGTE et (15)

in which b, = the throat width of the flume.
The second desired pi-term is the submergence, yS/yl, which will be des-
ignated by S.
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Mo = 8 = /L o e, (18)

The submergence is definedas the ratio of a downstream flow depth to an up-
stream flow depth, where the downstream measurement is the depth of flow
above the flume floor at the point of the upstream measurement. In actuality,
the ratio of any flow depth measured downstream from y,, to any flow depth
measured upstream from y,, can be used as the submergence, S.

20 | T T

4.0

FIG. 8.—FREE FLOW CALIBRATION FOR EXPERI-
MENTAL FLUME

The third pi-term was developed by trial and error from the trapezoidal
flume study.** The dimensionless parameter finally developed was

M= = L e e e (1)
8 Ym

From the submerged-flow data, the logarithm of 7, has been plotted against
g in Fig. 9. The curve must pass through the point 0, 0 because as the sub-
mergence approaches 100% {log § = 0), the difference in water surface eleva-
tion, y; - ¥, will approach zero. The relationship between 7, and 7, dictates
the distribution of the lines of constant submergence in the submerged-flow
calibration plot. The relationship in Fig. 9 can be approximated by a straight
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lineover 2 large range of submergence with some sacrifice in accuracy of the
submerged-flow calibration plot. Such an approximation is of value in gaining
further insight info the characteristics of submerged flow. The dashed line in
Fig. 9 is described by the equation

log§ = -0.274 W1 =33 00045 ... ..., e (18)

m
A logarithmic plot of 7, against 7, will yield a straight line relationship
which can be combined with Eq. 18 to yield an approximate submerged-flow
discharge equation. The resulting equafion contains the term (v, - y,)¥?

-0.08 T T T ; 7 T
L A
-0.04 | 4 -
[ ]
>_"' »,
~ - -
el
=
=] .
-9 ~
-0.02 - i
%
L s, a
s
L~
1 } | | i
0.004 L L J
(o] = ~
& e S

(y| = Y3)/Ym

FIG. 9.—RELATIONSHIP BETWEEN Ty AND 7,4

rather than {y, - ¥4)'-** because the definition of F,, containg y3/*, To cir-
cumvent thig situation, Fig. 10 has been prepared with y,, plotted against
¥; - ¥gon logarithmic paper with @ as the third variable. An equation relat-
ing the three variables hag been developed by plotting the value of y,, when
¥, - ¥y is equal to one for each line of constant discharge. These intercepts,
designated C,,, have been plotted against @ in Fig. 11. The empirical equation
resulting from Fig. 10 is

= el
Y = (9, — pq)05
The empirical equation resulting from Fig. 11 is
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Q@ = 12.6 C3,™
Egs. 19 and 20 are combined to yield
@ = 126 T (3, - v (21)

An approximate submerged-flow discharge equation can be obtained by
combining Eqg. 18 and 21.

_ 3.15 (yy - yg)t %
Q“{_(10g3+10_00345)]1-"? T T S (22)

The dashed lines in Fig, 12 have been obtained from Eg. 22.
The actual submerged-flow calibration plot (solid lines in Fig. 12) can be
obtained by combining Eq.21 with the curve (solid line) in Fig. 9. Comparing

30

7.7 0585
L 10,70 0850 _
12.48 0.9%0 y Cm

( - 0.425
0.4 1 1 ) ] ) 1 yl y3|) | 1
3 g 8 9 8 ]
o < =3 o S =]
Yi-Ys, ft

FIG. 10.—PLOT OF MINIMUM FLOW DEPTH, CHANGE IN WATER
SURFACE ELEVATION, AND DISCHARGE

the actual calibration plot (solid lines) with the approximate calibration plot
(dashed lines) in Fig. 12 indicates the approximate solution (dashed lines) will
produce satisfactory resulis for practical use when the submergence ratio is
less than 96%.

The value of submergence at which the transition from free flow to sub-
merged flow oceurs can be estimated by equating the free-flow equation and




194 July, 1967 HY 4

15 T T T T T T 1
ol
Bl
6_
£ af
[&]
0 -
Q=126 5”7
2 N
) 1 1 1 1 1 1 11
ol 0.2 0.4 06 08 10

Cm

FIG, 11.—DEVELOPMENT OF RELATIONSHIP BE-
TWEEN MINIMUM FLOW DEPTH, CHANGE IN WA~
TER SURFACE ELEVATION, AND DISCHARGE

7o -~~~ Actual calibrotion
—« Approximate calibration
1 1 1

0.30

&
(=]
Y, - ¥z, fL

FIG, 12.~3UBMERGED FLOW CALIBRATION CURVES FOR EX-
PERIMENTAL FLUME
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the approximate submerged-flow equation. For the rectangular flume studied,
Egs. 13 and 22 are set equal to one another.

3.15 () - 3)t%%

- 1.525
[~ (log S + 0.0045)] 7% 2879158 L e e (23)
By trial and error
S =0893..... ... e e e e e e (24)

If thefree-flow equation (Eq. 13}is equated against the actual submerged-flow
calibration (Fig. 9 and Eq. 21), the transition submergence obtained by trial

Y- ¥s, feet
2] o+ 0 m o < ]
< o < o = ] m
C? = [+ o [=) [=] o]
T T

cfs.
»,

Q,
ro » o
T T T T
8,
95
s
s,

Free flow equation

|
K] 1.0 2.6

y,, feet

FIG. 13.—FREE FLOW AND SUBMERGED FLOW CALIBRATION FOR EX-
PERIMENTAL FLUME

and error is 0.896. Hence, free flow exists when the submergence is less than
89.6%, and submerged flow exists for submergences greater than §9.6%. A
slight change in the coefficients or powers of the iree-flow or submerged-flow
© equation will have a marked effeet on the computation of the transition
submergence,
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The form of the [ree-flow and submerged-flow equations allows the cali-
bration curves for both types of flow fo be placed on a single chart such as
Fig. 13, which constitutes the calibration curves for the rectangular flume
studied.

COMPARISONS

The general empirical form of the approximate submerged-flow discharge
equation can be obtained from Eqg. 22, as’

1
Q= SREY) RIS e o (25)
[- Qog 8 + C,)f @

in which Ay is ihe change in water surface elevation beiween a section up-
stream and one downstream from section . An appraisal of Egs. 10 and 25

discloses some similarities. For a particular rectangular flume with speci-
fied dimensions, the contraction ratio, B, and throat width, b,, are constants.

200 T TTT i

100

Om(S)

1
50 100 200

fls)e,-0

FIG. 14,.—RELATIONSHIP BETWEEN ¢ (5} AND 7 (5) C =0
g =
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Consequently, the theoretical discharge, €y, becomes a function of ( Yy - yz)”‘/z
and S, which is quite similar to the results cbtained empirically where the

discharge is a function of (y, - yz)n1 and S. The value of n, for rectangular
flumes is greater than 3/2 as indicated by Eq. 13, and the n, values for all
Parshall flumes* are slightly in excess of 3/2, ranging in value from 1.52 to
1.60. '

The similarity between the denominators of Eqs. 10 and 25 can be shown
by letting

b (S) = l . e (26)

(1 - BS)1 - 8¢
S(1 +8)
. o 1
and yi») = :-m L T T T T T T

The value of C, in Egs. 25 and 27 can be obtained from Fig. 9 by drawing
a line tangent to the distribution curve for a given submergence value, and

3 T 1 T T T T T .
Submergence, yz /¥, % 3, %
—__—_ﬂ_—__ﬂ—_—_—__]sn
2_ —]
e e f |-
o
- T .,90
i I 1 1 ! [ | .
004 o0 0.40
y| = Y3 2 ff

FIG. 15.—COEFFICIENT OF DISCHARGE FOR EXPERIMENTAL FLUME

reading the intercept from the ordinate. The value of C, decreases to zero as
the submergence ratio increases to one. When C, does equal zero, Eq. 27 can
be writien as *

B 1
f(S)ngo—_—lo—g—S. ........ e et e e N -1

The relationbetween ¢, (S) and F (5)¢,=o is bounded by the constriction ratios

0.0 and 1.0 as shown in Fig. 14. The slope of each line of constant constric-
tion ratio, which is the exponent n,, ranges in value from 1.0 to 1.5 for cor-
regponding B values of 0.0 and 1.0, respectively. The nomenclatyre Mg 15 used
to signify the value of n, derived by comparison with the pressure-momentum
equation (Eq. 10) where £(S) is evaluated for C, = 0. The curves depicted in
Fig. 14 can be written in equation form as
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6. (S} = Cq f(S)Sjio = b (29)
I~ {log §)] #

The relation between ¢,,(S) and f (S)CZF,J is not quite so simple for constric-

tion ratios other than 0.0 and 1.0since the lines of constant constriction ratio
show a slight curvature in Fig. 14.

A common method forutilizing a theoretical discharge equationto fitactual
data is to use a coefficient of discharge, C4, which is defined as the ratio of
the actual discharge to the theoretical discharge,

Ca = . A(30)

The submerged flow calibration plot for the experimental rectangular flume
(Fig. 12) has been used in conjunction with the theoretical submerged flow
discharge equation (Eq. 10) todevelop the coefficient of discharge relation for
the experimental flume (Fig. 15). For any flume, Cyz is a function of both Ay
and S. Because finite values of both Ay and S result in a unigue solution of
both flow depths, C; varies as the flow depths vary. The coefficient of dis-
charge for any flume becomes a three-dimensional plot similar in form to the
submerged-flow calibration curves. The slope of the lines of constant sub-
mergence in theplot of Cz isn, - 3/2. For example, the slope of thelines in
Fig. 15 is 0.025 {1.525 - 3/2).

CONCLUSIONS

The general form of the free-flow calibration equation for a flume can be
written as

The analysis of data for a rectangular flume has led to the development of an
approximate submerged-flow equation which can be written in general form as

1
Clay) e {25)
[- (Qog§ + C)] *

The use of Egq. 25 has been found to be valid for a trapezoidal flat-bottomed
flume,? a rectangular flat-bottomed flume,'® and a Parshall flume.*¢ Of par-
ticular significance iz that the exponent, n,, appears both in the free-flow
equation and the submerged-flow equation. Because of this, the free-flow and
submerged-flow equations developed for any particular flume geometry can be
set egual to one another, and the solution will yield the value of submergence
at which the transition from free flow to submerged flow occurs. Also, since
7, appears in both equations, calibration curves for both types of flow can be
placed on a single graph.

The submerged-flow equation developed from momentum relationships for

a rectangular flume is
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Qt = (g/z).‘l/z bz (yl - yg)S/z
1 - BS)(1 - 3¢

(
J S(1+89)
When Eqs. 25 and 10 are compared for a rectangular flume, the exponent, 7y,
in Eq. 25 ig found fo exceed the theoretical value of 3/2. The denominators of
the two equations are compatible if C, equals zero. The empirical analysis
does show that C, approaches zero as the submergence, §, approaches one.
The comparison of the denominators of the two equations showed that n, var-
ies between 1.0 and 1.5.

P e e e e N 6 )]
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APPENDIX.—NOTATION

The following symbols are used in this paper:

A = cross-sectional area of flow;
A; = cross-sectional area at entrance of flume;
A, = cross-sectional area at throat of flume;
A,n = minimum cross-sectional flow area in the throat;
B = constriction ratio, b,/b;;
b = bottom width of trapezoidal flume throat;
b; = bottom width at entrance of rectangular flume;
b; = bottom width at throat of rectangular flume;
C = coefficient in the free flow equation;
C, = coetficient in the numerator of the submerged flow equation;
C; = coefficient in the denominator of the submerged flow equalion;
C; = coeificient relating ¢,,(S) and 7(S);
Cg = coefficient of discharge;
C,u = coefficient relating discharge, minimum flow depth in throat, and
change in water surface elevation;
F, = hydrostatic force at section 1;
F, = hydrostatic force at section 2;
Fy = frictional or drag force; '
Fi = maximum Froude number in the throat;
Fy, = hydrostatie force on flume walls in entrance section;
(Fy)y = hydrostatic force on flume walls in entrance section acting in the

direction of flow;
f = function;
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acceleration of gravity;

flow depth in entrance gection of Parshall flume;

flow depth in throat of Parghall flume;

power of ¥, in the free flow equation;

power of the submergence term in the denominator of the submerged
flow equation;

value of n, derived from relationship between ¢,,{S) and 1 (S);

flow rate or discharge;

theoretical discharge;

submergence; ratio of a downstream flow depth to an upsiream flow
depth, where the downstream measurement is the depth of flow above
the flume floor at the point of upstream measurement;

average velocity;

average velocity at seciion 1;

average velocity af section 2;

flow depth at section 1;

flow depth at gection 2;

flow depth in exit section of experimental rectangular flat-bottomed
flume; '

minimum depth of flow in flume throat, which varies in location
longitudinally;

change in water surface elevation between a section upstream and
one downstream from section m;

m

H
AY/vy;

momentum correction coefficient;

specific weight of fluid;

density of fluid;

defined by 1/(- log S); and

defined by 1/[(1 ~ BSY1 - S)/S(1 + §)]¥2.
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KEY WORDS: channels (waterways); flow measurement; fluid flow; hydrau-
lies; subcritical flow; submerged flow

ABSTRACT: The calibration curves which describe submergence in flow~measuring
flumes are developed by = combination of dimensional analysis and empiricism, The
parameters developed in this mammer are further verified by the theoretical sub-
merged flow equation developed from momentum relationships. A flat-bottomed
rectangular measuring flume was used to generate data necessary for establishing

the parameters describing submerged flow. The resnlting form of the discharge equa-
tion has been verified for a trapezoidal flat-hottomed flume and a Parshail flume.

For any particular flume geometry, both the free flow and submerged flow equations
can be placed on a single graph,
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