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All tensors of contravariant rank two which are divergence-free on one index, concomitants of a spinor
field o,y together with its first two partial derivatives, and scalars under spin transformations are
constructed. The Einstein and metric tensors are the only candidates.

1. INTRODUCTION

It is usually assumed that the field equations govern-
ing the interaction of the gravitational field with any
other field (the latter having associated with it an
energy—momentum tensor T#) are of the form

Al = Tt (1.1)

where A% are the components of a type (2,0) tensor
which is constructed only from those field variables
characterizing the gravitational field. Furthermore,
it is customary to demand that the choice of A¥ be re-
stricted by the identity

AY =0, (1.2)
in order that, as a consequence of (1.1}, we have
T'flj =0,
Typically, if it is assumed that

(i) the gravitational field is characterized by a sym-
metric metric tensor g ,, and

(ii) the quantities A¥ are constructed from g, and its
first two partial derivatives, i.e.,

AV = AV g 8ap,ci8up,ca)s 1.3)
then it is known that,' in a four-dimensional space,
(1.2) and (1. 3) imply that

Al = gGii + bgil (1.4)

where a, b are constants, and G¥ is the Einstein tensor.

In this case (1.4) and (1.1) give rise to the usual
Einstein field equations, where 7% now satisfy

T4 = 71, (1.5)

However, it has been claimed by some, %% that T#
should be nonsymmetric, in which case, as has been
pointed out by Ehlers,? in order to accommodate this
possibility, the assumptions (i) and (ii) would have to
be changed. The purpose of this note is to discuss the
consequence of adopting one possible alternative to (i)
and (ii).

It is known that the gravitational field can be charac-
terized in terms of a spinor field 0,,,. or a tetrad field

hi (=1, ...,4), these two characterizations being
{a)
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equivalent by virtue of the relations

Opaxe = 1 Oppxes
(o)t
the o, ,, being the conventional Pauli spin matrices.
These quantities are related to the metric by

AB_X*'Y’ _

— AX*
g”—'O,AXrOjB}':E € [s3 .

— Y§AX' 7§ (1' 6)
Guided by these observations, and (1. 3), we shall
thevefore seek all tensors AV satisfying (1.2) and for

which

A‘j:A”(UMX';UaAX',b:UuAX',bC)’ (1.7)

wheve AY ave also assumed to be invariant under avbi-
trary (unimodulay) spin transformations.

This problem is equivalent to finding all tensors A#/
satisfying (1.2) and
A —A¥( p .k

H ’
(@) (a)®'? (q)erde

(1.8)

where A¥ are scalars under arbitrary proper Lorentz
transformations. Skew-symmetric tensors satisfying
(1.2) and (1. 8) are known:® however they are not scalars
under arbitrary proper Lorentz transformations,

It is clear from (1. 6) that every spin—tensor which
is a concomitant of g;; and its partial derivatives is
always a concomitant of 0,,. and its partial derivatives.
If the converse to this were valid, then the above prob-
lem, viz. (1.2) and (1.7) would immediately reduce to
(1.2) and (1. 3), and so, without further calculation (1.4)
would follow. Unfortunately a proof of the converse does
not seem to exist in the literature.

The spinor notation which we adopt here is essentially
that of Pirani.® From (1. 6) it can be shown that the
following is an identity (Schmutzer’):

QAT ¥, gOBX" — 1( gabgeAX’ 4 gheqaAX”

— gPOgHAX 4 l'eabcdo,dAX'). {(1.9)
If we define $°%, 2 and 5°%,, by
Set, B— oo, ., 0*BY b, 00BX (1.10)
S8 Y = 0P, OO 0, 0%AT (1.11)
then repeated application of (1.9) gives rise to
Copyright © 1976 American Institute of Physics 1001
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OrpysS* B + 04y 1S, ¥ =2(8%0° , 4, — 530%,,0). {1.12)

2. CHARACTERIZATION OF A™

Because the A% are assumed o satisfy (1.7) and to
be the components of a type (2,0) tensor under arbitrary
coordinate transformations, certain invariance identi-
ties® must be satisfied, one of which is

A'rs;aAX'.bc+Ars;cAX',ub+Ars;bAX',oa___0 2.1)

where ArsiedX’sbe—Ars/3g , ., .. iS a spin—tensor sym-
metric in bc.

The invariance of A¥ under spinor transformations
also gives rise to invariance identities,® two of which
are

A"S;tAX' 'Cdo'tBXl :%534478; tcx"dctcx' » (2 2)
and
ArsifAXiedg, o LpX ATSitAZ g, (2.3)
If we define the spin—tensor A7siab:d 1y
Arsiabiod _ ArsicAX’ .cdgb (2.4)
then (2.1) gives rise to
Arsiabsed 4 Arsidbac . ArSichda — (), (2.5)

If we multiply (2.2) by 5272, (2.3) by $¢%,,¥ and add
the resulting equations we find, by virtue of (1.12),

Arsiabicd - Arsidaacd (2.6)
From (2.5) and (2. 6) it is easily seen that
Ars;ab,cd :Ars:cd.ab. (2. 7)

Up to the present, no use has been made of (1,2),
which in view of (1.7) can be expressed in the form
ArsicAX* ol (2.8)

caAX' +O (G AX" anl b' GQAX',bc):O‘

Differentiation of (2. 8) with respect to 0,,  thus
yields
Ars;aAX‘.cd 4+ Ard; aAX’,sc+ Arc;aAX',ds — 0,

which, by (2.4), is equivalent to

Arsiabsod  Ardiabssc 4 Arciabeds — () (2 ., 9)

If we define A7siobicditiskl 1y

Arsiabscdiif ki _ (aArs;ab,cd/ao-wY‘ ,hz)quY' s (2.10)

and note (2. 4), we see that

Ars:ab,cd:‘lj 1) :Ars:ij ,kl;ab.cd'

(2.11)

Elsewhere! it has been shown that, in a four -dimen-
sional space, if AvSiebicdiliskl j5 any quantity which has
the properties (2.5), (2.6), (2.7), (2.9), and (2.11) then

Arsiabyediif okl (. (2.12)

[An alternative proof of (2.12), which readily suggests
generalizations to higher dimensional spaces, is
presented in the Appendix. ]

A comparison of (2,12) and (2. 10) establishes that
Atiiabiod jg independent of 0,4y, ,,, Which, in turn, im-
plies that A¥ie®:e? ig also independent of 0,5, ,,° i.e.,

1002 J. Math. Phys., Vol. 17, No. 6, June 1976

Arswabred Braabcd(o-mxl)’ (2. 13)

where Breebed ig 3 gpin—tensor with the same symmetry
properties as Arsfebed viz, (2.5), (2.6), (2.7), and
(2.9).

From (2.4) and (2, 13) we thus find

rs;aAX’ yod sabed oy AXY
Arsiafiiicd . greabedg AL

which, upon integration, yields
ATs Brmbcdo- AX* UaAX' Cd+C"‘ (q AT uAX',b) (2.14)
From (1.6) we see that

AX* AX'
[ + c, UMX'

8ab,ca = %ax’,ca% + Ogpea(Oraxe 01axe )-

When this is taken together with (2. 14), it gives rise to
Ars =g Braubedg ot DO 103050 0),

which can be reexpressed!® in the form

1
ArS =3 BTYIR Gy + B (O u 50 1 Opne )

where B"® is now a spin—tensor, which is therefore
independent of ¢_, 4. ;, i.e.,

Ars:%BrsabcdRmM,;_st(omx,)‘ (2.15)

All spin—tensors B'S = Brs(q,,,) have been constructed’
the result being

:bgrs’

where b is a real constant.

(2.16)

Consequently, the problem of determining A" has re-
duced to the evaluation of the spin—tensor Brsebed where
Breabed _ prsaved(g, , ..} and where Br®*** satisfies (2.5),
(2.86), (2.7, and (2.9). To do this we proceed somewhat
indirectly, as follows,

It is easily seen that, because of the symmetry prop-
erties of Brésbed

Brtaicj 5sbd

from which we obtain

2(Brsabcd 4 Brbades | Brdascb)

Briafes 5shd + privics psad + Br:n¢a/5sbc+ Brivias 5sac 19 Brsabod
(2.17

If we define
ﬁalc:_éennBﬂuici’ (2.18)

and recall that

03 =~ ey,

we see that (2. 17) reads

Brsabed — Esbdlﬁralc + Gs“d'ﬁrb,c +¢5 bclﬁ”,d + esaczBrbld. (2.19)
Consequently a knowledge of ¢,° determines Brsebed,

From {2.18) we note that

gec=ge. (0, ) (2.20)
and
gre o= -gres (2.21)
gal=0 (2.22)
We now define
I.M. Anderson and D. Lovelock 1002
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— 3 C
Bapcoxtyrzrw = %eax Ounyr Oocz Cpwe %% (2.23)

in which case (2.21) and (2, 22) imply
(2.24)

Bagpcpxryrzrw =~ Bacapxrzevrwe s
and

(s 4
BD Y* W

(2.25)

€ Bapcpxryrziw =0,

respectively. From arguments similar to those
presented in Lemma A3 of Ref. 9, we find by virtue of
(2.24) and (2.25)

Bancoxsyrzew = iclepctap Exe prézop +exogibyrp)
—€yezeExomn (€anéop +eacenn)],

where ¢ is a real constant. The latter is substituted in

(2.23) which is then solved for g°, (1.9) being used

repeatedly in the process, this giving rise to
Bralc:%aeracmglm’ (2.26)

where a is a real constant. Equations (2.16), (2.19),
and (2. 26) are now substituted in (2. 15) to yield

ATS..__.aG’rS + bgfs.
We thus have the following theorem,

Theovem: If A" =A™(0 4 4,104 %0 4} 0,ax0,0) £ @ Spin—
tensor and

then
AT$=aG"* + bg"®
wheve a, b are constants.

Consequently, we see that, even in this case, the
symmetry of A [and hence of 77¢ by (1.1)] is again an
inevitable consequence,

APPENDIX

The purpose of this appendix is to outline an alterna-
tive derivation of Eq. (2.12) which explicitly exhibits
the role played by the dimensionality of the space. We
begin by introducing quantities a,, and B8, B which are both
assumed to be symmetric in their indices but are other-
wise arbitrary, and consider the expression

riyiad ol 341, hi 58 b d i b
R IR R O ST WY
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By expanding the Kronecker delta and by repeatedly
invoking the symmetries of Arsiedieditishk yiz (2,5),
(2.6), (2.7, and (2.9), as well as the symmetries in-
duced by the expression @,,a.,8,.8,, a lengthy, but
nevertheless straightforward calculation, shows that

ri jatsict il hi g8 b d ik
Artyiataictgilahis by it ot at s Xav X odBis B

(A1)

This equation holds irrespective of the dimension of
the underlying space. However, for n=4, the left-hand
side of (Al) vanishes identically in which case it is
easily seen, on account of the arbitrary nature of the
a,, and 8, that

— %[4Ars:ab.cd;u shk 4 A7SH ab,ij;cd,lk] aabachUBhk'

8Ars;ab,cd;i,l shR Arsiab, i shk,cd + Ars;ab,hk;cd,lj — 0. (AZ)
By successively interchanging the pairs (cd), (i), and
(hk) in (A2), it thus follows that

Arsiabsediismk —

as required,
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