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Abstract

In this paper we present a spacecraft control for
rigid fleet rotations. This is done by creating a
fleet template which is slowly rotated to generate
desired trajectories for each individual spacecraft.
By rotating the template slow enough each space-
craft is able to track these trajectories to within
a given tolerance in the presence of actuator satu-
ration. Simulations for a three spacecraft fleet are
given.

1 Introduction

Travel to neighboring galaxies would require
space voyages lasting thousands of years. As a
result further space exploration can only be practi-
cally achieved by indirect observation of astronom-
ical objects by means of spectral analysis. Much
can be determined about an astronomical object
from the light that the object emits. To make such
delicate observations a space based interferometer
with baselines on the order of one to ten of kilo-
meters have been proposed.

In [Decou, 1991a] and [Decou, 1991b] a free-
flying multiple spacecraft interferometer is pro-
posed. The simplest free-flying multiple spacecraft
interferometer would consist of three spacecraft.
These would be used to sample the light from an
astronomical source striking the U-V plane which
is the plane perpendicular to the direction of in-
coming light from an astronomical source. The
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Figure 1: A Three Spacecraft Free-Flying Inter-
ferometer In The U-V plane

three spacecraft would be oriented in a rigid tri-
angular formation. Two spacecraft, positioned
within the U-V plane, would collect light from the
distant astronomical source (see Figure 1). The
light would then be reflected from each spacecraft
to the third spacecraft where the interference pat-
tern would be observed. The fleet must then be
moved to another position and orientation in the
U-V plane to make another measurement until
a sufficient portion of the light striking the U-V
plane in sampled.

Each fleet member will have its sensors locked



on a neighboring spacecraft while conducting each
measurement. In is necessary for spectral in-
terferometry to maintain the relative distance
and relative alignment between spacecraft to very
fine tolerances. If sensor lock is lost then the
costly process of formation re-initialization must
be done before proceeding with another measure-
ment [Wang et al., 1997].

The main result of this paper is to rigidly rotate
the fleet given actuator saturation constraints. We
provide control laws for each spacecraft to move it
from its initial position to the desired final posi-
tion. Spacecraft attitude control will be consid-
ered in another paper.

Preliminary work on fleet formation control for
free-flying multiple spacecraft interferometry was
done in [Wang and Hadaegh, 1996], where the au-
thors developed a fleet hierarchy which classified
some spacecraft as leaders and others as follow-
ers. Given trajectories for the leaders, desired tra-
jectories for the followers were derived. Further-
more, control laws were derived such that each
follower would follow its desired trajectory. In
[Beard and Hadaegh, 1998] a non-hierarchical ap-
proach is considered, this extending prior work by
developing trajectories for every member of the
fleet. The authors treated the fleet as if it were a
rigid body. A pseudo-torque was applied to this
body which generated trajectories for each space-
craft to follow. Then control laws were derived
such that each spacecraft would track its desired
trajectory. Our paper builds on the work done in
the second paper, while taking actuator saturation
constraints into account.

The paper is organized as follows. In Section
2 we develop spacecraft trajectories for each fleet
member. In Section 3 we present an adaptive sat-
urated control to track the desired trajectories.
In Section 4 we apply our controller to the three
spacecraft free-flying interferometer. Then in Sec-
tion 5 we give our conclusions.

2 Trajectory Generation

To derive trajectories for each spacecraft such
that the fleet will rotate as if it were a rigid body,
we will treat the fleet as if it were one a giant com-
posite mass. We will refer to this fictitious body
as the fleet template. A virtual torque is applied
to the fleet template and the resultant template
trajectory generates the desired spacecraft trajec-
tories. By designing control laws to track these
trajectories within a fine tolerance we will cause

the entire fleet to rotate as if it were rigidly con-
nected.

To set up the fleet rotation problem, we will
choose the unit quaternion to measure the fleet
orientation, which we represent as ¢ = § + qq,
where § and g4 are the vector and scalar compo-
nents of the quaternion respectively. Without loss
of generality, we may assign ¢ = 1 to be the initial
attitude of the fleet orientation. The desired final
orientation of the fleet will be

. 8 8
G = sm(?d)v + cos(—;-).

To ensure that all spacecraft remain in the U-
V plan, we wish to rotate the fleet about a fixed
axis. Thus the attitude trajectory of the fleet will
be given by :

ar = sin(Fyv+eos(L), (1)

where 87(0) = 0 and 87 — 84 as t — co. We will
refer to @7 as the template angle. This kind of
rotation about a fixed axis is called an eigenaxis
rotation. An eigenaxis rotation has been studied
for a single spacecraft [Wie et al., 1989]. When
considering a fleet eigenaxis rotation the results
simplify somewhat.

Since we have chosen to use the unit quater-
nion representation of attitude we must also give
a kinematic relationship between the unit quater-
nion, gr, and the angular velocity wy. This is
given by

r(®) = gr(t) X 4r() + garaor()

ira®) = ~ (e wr )

In [Wie et al., 1989)] it is shown that a necessary
and sufficient condition for an eigenaxis rotation
is that wr(t) and §r(t) are parallel. This implies
that wr = (v. Substitution of wr = f2v in to the
kinematic relationship results in @ = #y. There-
fore the kinematic relationship for an eigenaxis ro-
tation is

wr = brv. (2)

To arrive at a desired trajectory for the system,
suppose that the fleet template is connected to a
torsional spring such that the equilibrium orienta-
tion is ¢4. Assuming the fleet template starts at
rest the fleet template dynamics may be modeled
by

b7 + drbr + kr(@r —64) =0
é7(0) =0 (3)
0r(0) =0,




where dr and kr are the systems damping and
spring constants respectively. Since equation (3)
is a second order differential equation with positive
coefficients the eigenvalues are stable and 8r — 8,.

The trajectory generated by equation (3) may
be used to give trajectories for the desired coordi-
nates of each spacecraft.

ria(t) = grria(O)gr
Fia(t) = 0pv X rig(t)
Faal®) = Orv x 1ia(t) + brv x (brv x rig(8)) D)

where r;4 is the desired position of the ith space-
craft with respect to an inertial reference frame
with origin at the center of the fleet template. The
first equation is simply a vector rotation of the ini-
tial desired position by the current attitude of the
rigid body. The other two equations come from
standard expressions for the velocity and acceler-
ation of rotating vectors.

It is imperative to carefully choose our control
gains kr and dr such that the resultant trajecto-
ries as given in equation (4) are tractable given
spacecraft actuator constraints. Theorem 2.1 will
give bounds on ||F;4|| for the ith spacecraft in terms
of the control gains k7 and d7. These bounds will
be useful to ensure that the fleet template is rotat-
ing slow enough that each spacecraft will be able
to track their desired trajectories. Before present-
ing Theorem 2.1 two lemmas will be derived to
help obtain the desired result.

Lemma 2.1 We may place the following bounds
on the template dynamics

167} < Vkr|64)

|07 — 04] < |04] ®)

Proof:
First observe that if we define our state vector
T = [BT,BT]T then

1. 1
V(z) = 56F + kr5(6r —6a)”

is a Lyapunov function. To see this we may take
the time derivative of V(z)

V(2) = bp(Br + kr(Br — 04))
= —dpb},

where the last line follows from equation (3). Since
V(z(t)) is negative semi-definite then V (x(t)) <

V(x(0)). The first bound in equation (5) follows:
r(t)* < O7(t) + kr(0r(t) ~ 64)°
=2V (x(t))
<2V(z(0))
= krél.
The last line is true since #7(0) = 67(0) = 0.

Similarly, the second bound in equation (5) is
established since

Or —64)* < —‘T-éT(t)‘z + (Br(t) - 62

- & V(a(t)
< =V (0)
2
:

Lemma 2.2 Given equation (4), if riy is decom-
posed into its components parallel and perpendic-
ular to v

Tid = Tid)|V + TidL Wi(t), (6)

where wi(t) is an appropriately chosen unit vector
perpendicular to v then

1Fiallz = riar /63 + 64
Recall from equation (4) that
Fua(t) = O7v x rig(t) + 07(t)v x (Or(t)v X ria(t)).

Upon substituting equation (8) for ri4, 7i4(t) sim-
plifies to

Fia(t) = rig (Or(vxwi(£))+07(8)>v x (v x wi(t)).

since (vxwj(t)) and vx (v x wi(t)) are orthogonal

IFia(®)ll2 = riavy/ 6r(t)2 + 6r(t)%.

Theorem 2.1 (Acceleration Bounds) Let
ridL = ||ria x V|2

(i.e. the component of riq perpendicular to v),
then we may establish the following bound on the
desired acceleration of the ith spacecraft:

Wialla < riasy/(drv/Er + kr)263 + K363
(7



Proof:
From Lemma 2.2

“Fid”z =TidlL \/ 0:} + 02
=Tidl \/(dTéT(t) + kr (01 — 64))? + g}

< Pidy \/(dT‘\/ kr + kr)?62 + k%63,

where the last line follows from Lemma 2.1.
[ ]

3 Spacecraft Control

In applications of spectral interferometry, it is
necessary to maintain the fleet in a very rigid for-
mation to within a small tolerance. This may be
accomplished by requiring that each spacecraft re-
main within some tolerance ¢ of its desired space-
craft position as defined by the fleet template.
This is especially challenging given a spacecraft
actuator constraint

Iul < Umaz-

To complicate the problem further, during space
flight the exact mass of the spacecraft may become
uncertain.

To solve the mass uncertainty problem, we im-
plement an adaptive control law which continu-
ously updates the estimated spacecraft mass while
applying the controller. To solve the actuator con-
straint problem, we will place bounds on control
gains to keep the spacecraft thrusters from go-
ing into saturation. The first problem will be ad-
dressed by Theorem 3.1 and the second problem
will be addressed by Theorem 3.2. In both theo-
rems we will assume that the spacecraft dynamics
may be modeled by

mifi = u;

[{us}s] < tmas; ®)
where {u;}; is the jth component of u;.
Theorem 3.1 presents an adaptive controller
with sufficient conditions on the spacecraft con-
trol gains such that the spacecraft will track the
desired trajectories from Section 2 within a toler-
ance of ||Fi(t)||2 <e.
Theorem 3.1 [Adaptive Spacecraft Control]

Given the adaptive control law u; defined by

u; = miv;,

Vi = Fig — Ypfi — Yoy

2 T 9
mi = —TmV; Ti ©
- Mg + My

hi(0) = —5—

where
L 0<m, <m; <my

2. m; is the approrimate mass of the ith space-

craft
3 Fi=ri—r1y
4. Ypr Yo > 0 are control gains
3. ¥m > 0 is an adaption gain,
if
ri(0)=0
F(0)<d<e

[{hivi}] € Umaz
thenVt >0
“fi(t)liz T < (10)
[i7: ()Ml < Ape (11)
Imi(t)l < AMi(¥p,Ym), (12)
'ﬁli(t) <mp + AMi(')'pv'Ym) (13)

where m; = M; — m; and

My — Mg )2
AM(7p,¥m) = \/ Fm YpMsd? + M.

1
1 .. 1
Vi(z) = omif 7o + LmfTF + —id,

where m; = fit; —m; and the state vector is defined
z = [f; ,#T,;]7. By taking the time derivative
of Vi(z) it can be verified that it is a Lyapunov
function. Since ; = M; = —7m1':.-Tv,-,

- T o - ~

Fi (mufy + Ypmf; — ;)

T - " . .

i (mify — mifiq + ypmafs — ;)
T

Vi(z)

]
2.

=f; (u; ~mv; — YoMyt — mv;)

T

=% (u; — yomifi — i) (15)

2T
=~y Ti.

I |




To verify equation (10) note that since Vi{z(t))
is negative semi-definite, V;(z(t)) < Vi(z(0)). We
know that

1 . 1 .
FONE < W0+ —I7:)I2 + mi
I7:()llz < lIF: ()|l %II illz op—
2
= V(t)
miYp
2
< V(0)
miYp
1 .
< —|lF )2 + IFF (0)|2 + 3 (0
< %ll i(0)lz + lIF (0)l2 popp— i(

Since #:(0) = 0, ||7:(0)]| < & and || < (my —
ma)/2
2
. 2 < 2 (mb _ma)
IR0l < 82 + e
< 62,

where the last line follows from the hypothesis.
This shows equation (10) it true. By an analogous
argument

IFill < —V(z(0)
2

miYp
2
S 'Ype L)

=(——V(2(0)))

which establishes equation (11).
Now to verify equation (12).
Vi(z(t)) < Vi(=(0)).

Again since

g (8) < Ymma(IF ()3 + wlIF:()T113) + i (t)?
= 27mvl'(-'5(t))
< 29 Vi(2(0))
= mitm Y lIFi(0)13 + M*(0)

(mb - ma)2

< My Ympl® + 1

It follows directly that
[i(t)] £ AM(1p, Vm)-

Now to proof equation (13) we apply the defini-
tion of 7 to show that

s — m;| < AM{(%p,Ym)-

Now if we add m; to both sides and apply the
triangle inequality we derive the desired result

m; <m;+ AM(')'pa 7m)
<mip + AM(')’p, Ym)-

S

This verifies equation (13).

Theorem 3.1 requires that the spacecraft
thruster are not saturated. Theorem 3.2 will place
sufficient conditions on the spacecraft and fleet
template gains to keep the spacecraft thrusters
from saturating.

Theorem 3.2 Given control law (9), if v, Yo,
kr and dp are chosen such that

B; < umaa,
where
B; = (AM(7p, Ym) + ™)
(riay \/ (dr/kr + k1) + k264
+ €(vo /e + p))-

then |{ivi};| < Ymaz-

Proof:
From Theorem 3.1

H{mavi};| = Ihil|{vi} ;]
< (AM(¥p, Ym) + mp)||vill2
< (AM('Yps Trm) + M)
x (|IFiallz + YollFillz + YlI#ill2)
< (AM(vp, Ym) + ms)
X ([Fsallz + Yo/ Pp€ + Yp€)
= (AM('YP’ Ym) + M)
X ([IFiall2 + (o /T + 7p))-

Application of Theorem 2.1 results in
l{rivi}ill < (AM (75, ¥m) + M)

(riav/ (drv/Fr + kr)263 + k364

+ 5('71:\/% + %))
= B;.

The required stability condition follows directly
from the hypothesis of the Theorem 3.2. W

To summarize the results of this section, Theorem
3.1 egtablishes sufficient conditions to allow each
spacecraft to track the fleet template within a tol-
erance of € as long as the spacecraft thrusters are
not saturated. Theorem 3.2 establishes sufficient
conditions to ensure that the spacecraft thrusters
do not saturate.

4 Example

We will apply Theorem 3.2 to a three space-
craft free-flying interferometer as shown in Fig-
ure 1. Consider three identical spacecraft with
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Figure 2: Trajectory of Template Angle 81

me = 5, mpy = 10 and ez = 256. Let us further
assume that the initial conditions on each space-
craft satisfy 7;(0) < 6 < 0.1 and max; r;¢; < 5.
We wish to rotate the fleet about the eigenaxis
from ér = 0 to a final desired angle 84 = %. Fur-
thermore, we would like to impose an error toler-
ance of 7;(t) < € < 0.2 on each spacecraft.

We will first apply Theorem 3.1. This will make
certain that the spacecraft control gains are large
enough to track the desired trajectory. Choosing
¥m = 7Yp = 10 will satisfy the conditions of Theo-
rem 3.1, given € = 0.1 and § = 0.2.

Now we will apply Theorem 3.2. This will en-
sure that the fleet template and spacecraft gains
are small enough to avoid saturation. By choosing
v = 1, kr = 0.44 and dr = 0.5, direct substi-
tution of the control gains into the conditions of
Theorem 3.2 ensures that the theorem holds.

The results of the simulation are given below.
Figure 2 plots the trajectory of the fleet angle, 8r,
versus time. Figure 3, Figure 4 and Figure 5 give
plots of the time history of the mean square space-
craft tracking error for each of the three space-
ships.

5 Conclusion

In this paper we have develop spacecraft con-
trols for rigid formation flying in the presence of
actuator constraints. Previous attempts at fleet
formation control did not take into account space-
craft actuator saturation.
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Figure 4: Evolution of Spacecraft 2 Position Error
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Figure 5: Evolution of Spacecraft 3 Position Error

To take saturation into account it is necessary to
move the fleet slow enough to allow each spacecraft
to track their desired fleet positions with in a fine
tolerance. This was done by creating a fleet tem-
plate attached to a fictitious torsional spring. The
desired spacecraft trajectories for each spacecraft
are generated from the fleet template trajectory.
By adjusting the spring constants, we guarantee
that the template is moving slow enough to allow
each spacecraft to track its desired trajectory in
the presence of actuator constraints. We derived
several condition on the template and spacecraft
gains to ensure spacecraft tracking.
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