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Spacetime dimension from a variational principle
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(Received 14 September 1990)

We consider spacetime as having an a priori arbitrary, possibly fractional dimension p>0 and
propose a new variational principle for actions defined on p-dimensional spaces. Demanding that
the action be stationary with respect to variations in p leads to a constraint equation whose solution
yields an explicit determination of the dimension at the classical level. We illustrate these concepts
by analyzing a model which reduces to free scalar field theory when p is any positive integer.

One of the most fundamental concepts in physics is the
very notion of the dimension of spacetime. We are accus-
tomed to taking for granted that we inhabit a four-
dimensional world—one time and three spatial
dimensions—insofar as this is what we perceive from our
limited observations. When we do envision the possibili-
ty that the world is other than four dimensional, we in-
variably have in mind some specific integer value for its
dimensionality. For example, the general Kaluza-Klein
scheme for unifying the elementary interactions via the
introduction of extra spatial dimensions tacitly assumes
the precompactified space to have an integer dimen-
sionality. Determining what value this integer should
have is outside the scope of these types of unification pro-
grams, although within the context of Kaluza-Klein su-
pergravity, the allowed (integer) range for p is necessarily
bounded above: p <11.! A notable exception is provided
by superstring theory, where the internal consistency of
the theory demands that p=10.2 Yet even here one is
faced with the nontrivial task of dynamically justifying
the compactification of the extra six spatial dimensions
which must take place a posteriori in order that we be left
over with an effective four-dimensional spacetime. Given
the present status of string theory, however, we have as
yet no proof that the preferred vacuum locally takes the
form M®F, where M corresponds to our (apparent)
four-dimensional Minkowski spacetime and # is some
suitable compact six-dimensional manifold. Clearly, if
strings are to provide a theory of everything, we must ex-
pect the dimensionality of our low-energy world J/ to be
a derivable consequence of string dynamics, and not
merely a rigid number which is put in by hand as another
working assumption.

In this paper we shall regard the dimensionality of
spacetime as a dynamical property of the fundamental in-
teractions, to be determined from a well-defined varia-
tional principle. In other words, we assert that the topol-
ogy we ascribe to spacetime, the arena within which all
acts of observation and measurement take place, is itself
determined by the fundamental interactions. Any act of
measurement presupposes the existence of such interac-
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tions. Some vivid examples of the intimate linkage be-
tween interaction and topology are provided by string dy-
namics and Brownian motion. In the former case, the
world-sheet topology is governed by the string-string in-
teractions: in type-I closed-string theory, the one-loop
“diagram” is topologically equivalent to a Klein bottle,
whereas in type-II theories, it is a torus. In the latter
case, the (Hausdorff) dimension of the trajectory of the
Brownian particle is p =2. What leads to this particular
value are the detailed collisions between the particle and
the surrounding molecules. One can imagine that fluc-
tuations in these interactions can lead to fluctuations in
the dimension. The dimension is itself a fundamental to-
pological property of a space. Here we mean topology in
the most general (weakest) sense: a topology of a space ()
is the collection of all open sets in (2, satisfying the usual
axioms.” When Q is endowed with a metric, or distance,
function, we can define the corresponding Hausdorff di-
mension, for which the nature of these open sets plays a
crucial role. With the concept of Hausdorff dimension,
we can speak meaningfully of two spaces having nearby
dimensions, and thereby formulate a variational principle
involving the response of an action to continuous changes
in dimension. Demanding that this variation vanish
yields a constraint equation whose solution in certain
cases provides specific values for p. These values are then
interpreted as the preferred dimensions of space that the
given interactions (as described by the action) determine.
In general, we may expect noninteger, or fractional,
values of dimensionality to result from this approach.
This poses no conceptual problem; indeed, calculations
based on quite a distinct line of reasoning suggest that the
dimension of our world may be somewhat less than four.*
Much of the mathematical machinery needed to deal
with fractional dimension spaces was developed long ago
by Hausdorff.> Let (Q,d) denote a metric space (Q is a
set of points and d is a metric, or distance, function on
Q). Take O to be the family of all open sets in ) and put

O0.={U€EO0|8(U)<¢}

where
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8(U)=sup{d (x,y)|x,y €U}

is the diameter of U. For E CQ and U, a countable open

cover of E, define

w(E,e)=inf| ¥ 8(U,¥|U,EO0_EC UlUn . (1)
n=

n=1

The infimum is over all countable open covers of E.
Then the Hausdorff p-dimensional measure on E is

pP(E)= lim p?(E,€) , 2)

e—0
and the Hausdorff dimension is given by

dim(E)=sup{p Z0|uP(E)=+ o} . (3)

It is worthwhile to illustrate these definitions with a
concrete example. Consider the Cantor set C obtained
from the unit interval by successive deletions of middle
thirds. So, Q=[0,1], d(x,y)=|x—y|, and put
F,=Q—(4,2) so that F| is [0,1] with the middle third
removed Similarly, delete the open intervals (9, %) and
(Z,%) from F1 and call this F,. Continuing in this way,
we delete 2" ~! open intervals of diameter 3" at the nth
stage, and QDF D -+ DF,. Then C=Ng_,F, is the
Cantor set.® Let €>37", then {F,;[1<j<2"} is an €
covering of C, where F,; denotes an open set of diameter
€ barely containing the jth segment of diameter 37"
remaining at the nth stage of deletion. Since there are 2"
such segments, we have

27!
'up(C,e)zinfi S [8(F,)P (=2"377"
i=1
Thus,
0, 2<37,
wP(C)= lim L P(C,e)= lim (2/3°)"= {1, 2=3%,
o e tow, 2537,
(4)
The measure is nonzero and finite only when
1

P
PPE) _ fim inf| 3

ap e—+0+ n=1

and this is divergent. This should not be surprising in
view of how the Hausdorff dimension is defined, Eq. (3).
The point is that, for a given E CQ, there is only one
value of p for which u?(E) is finite and nonzero. Thus,
when we vary (6) with respect to p, the change in the
measure must be accompanied by a corresponding
change of the integration domain E, in such a way that
the resulting new measure (over the new domain) be finite
(and nonzero). But this is what we should expect from a
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In(2)
In(3)

and this is the dimension of the Cantor set as well:
indeed, for 0<p <p, (and € < 1),

P =Pc.=

=0.63093...,

uf(C,€) —mfl S 8(U, ¥|8(U,)<€eCC UU

n=1

>é p”mfl § S(U, Y |8(U,) <

So, u’(C,e)= € Pep’(C)—+ 0 as e—0*.
dimension of the Cantor set

Thus, the

dim(E)=sup{p >0|p”(C)=+w}=p, .

Integration of functions f over p-dimensional spaces is
defined as

P
S dun
= Iim+inf > f*(x,)8(U, Y|U,€0_EC u v,
e—0 n=1 n=1
where

f*(x,)=sup{f(x)|x€U,} . (5)

Note that f gdWf=pP(E). For the applications we are
interested in, we shall be integrating Lagrangian densities
L over these spaces thereby defining the corresponding
actions. The action S, in addition to being a functional of
the fields, is also now a function of p. This latter depen-
dence comes from the explicit dependence in the measure
[see (1) and (2)] as well as from the p dependence of the
Lagrangian density .L:

S[@1p)= [ L(®,80;p)dp” . ©6)

The fields ® are just functions over E (®:E—R), and 3
stands for the p-dimensional generalization of derivation,
which is given by the usual limiting procedure.

To proceed with the formulation of our variational
principal for S, let us first consider the response of the
measure to changes in p: from (1) and (2) we see that

In[8(U,)]8(U, PIU,€0,EC QlUn

dimensional variation. Thus, to effect this variation, we
must first consider the set of topological spaces over
which the variation takes place. We may imagine organ-
izing the totality of fractional dimensional subspaces of
some space (,d) into equivalence classes of subspaces
(Qp,dp) of Q all of which have the same Hausdorff di-
mension p. Here d, is the restriction of d to Q,CQ.
Given a domain of integration E C (), we integrate over
the p-dimensional set E,=E NQ,,.
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However, such domains are unsatisfactory since the
values of a function ®:E, —R are unrelated for different
elements of the same equivalence class. For example,
with Q=[0,1] let Q, be the usual Cantor set defined
above and let ), be the set of the same dimension ob-
tained by beginning with the interval [1,2] and deleting
middle thirds. Then the range ®((}.) is totally unrelated
to the range ®(Q;).

As a second attempt we may choose a single space for
each value of p. Define the uniform Cantor set C, of di-
mension p to be the limit as n— o of r, intervals of

length s, spaced uniformly in [0, 1], where

lim
n—o (s,

Then, for an arbitrary integer N, let @ =R" and redefine
Q,=RFIXC,_,;, 0Sp=N.

Domains of integration are still given by E,=E N, so
if we consider continuous functions ®:E — R, the values
of ®(x€E,) and P(y GEP,) will be close whenever
d(x,y) is small. Now, as we vary p, the domain of in-
tegration in (6) shall run over the E, and the above finite-
ness condition will automatically be satisfied since
O0<wpP(E,) < . In other words, we define the dimension-
al difference of S to be

Ap’p,SEprL(CD,a(D;p Yd uP— fE;L(Q),a(I);p')dy" .
¥

The variational principle states that the action shall be
stationary with respect to change in the dimension

A S
lim —2£—=0. (8)
p—p'P TP
This limit, when it exists, is a function of p whose zeros
yield specific values for p corresponding to the (classical-
ly) stable spacetime dimensions singled out by the theory
whose action is S.

While the definitions presented here are straightfor-
ward, and the nature of the variation is clear, it turns out
that the class of functions given by simple restriction
misses crucial elements of dimensional dependence.
Thus, for this class and a simple scalar field Lagrangian,
the variation given in Eq. (8) vanishes identically. How-
ever, it is clear that .£ must have nontrivial p dependence,
and that this dependence will be most important in the
derivative terms. For example, consider the most general
solution of Laplace’s equation Of =0, in p =1 and 2
dimensions, respectively. In the former -case,
f(x)=a +bx —a simple linear function in one variable.
But for the latter dimensionality,

f(x,y)=h(x—y)+g(x+y),

where / and g are twice differentiable but otherwise arbi-
trary functions of their respective arguments. This sug-
gests the need for a different generalization of dimension
since the richness of solutions to higher-dimensional La-

2619

place equations stems from the vector space nature of the
Laplace equation. Our treatment so far has been restrict-
ed to variations of the Hausdorff dimension of space,
which, loosely speaking, counts the number of points in a
given space. As our example below shows, it may be
more fruitful to consider variation of the topological di-
mension, as characterized by the number of basis ele-
ments of a vector space.

To this end, we comment on the possible forms one can
write down for L. We recall that, for standard, integer-
dimensional spaces, the search is guided by the usual
spacetime symmetries, elegantly summarized by the Poin-
caré and Lorentz groups. We then classify the fields ac-
cording to the group representation they carry. This al-
lows us to speak of vectors, tensors, spinors, etc. The
points of conventional spacetime transform as vectors,
and the entire edifice of its linear transformation theory
rests on its possessing a basis, in the linear algebraic sense
of the term. The fractional dimension spaces, in general,
will not have bases (in this sense), and it may be difficult
to see what symmetry, if any, they possess. Nonetheless,
absence of a basis shall present no real obstacle. We will
take advantage of the lack of a basis by generalizing the
notion of coordinates. Thus, while x;, j=1,...,n,
denote coordinate variables for standard integer dimen-
sion spaces labeled by some discrete index set (in this
case, the integers), we shall introduce a continuous index
set and make the replacement x;—x(z). The new index
set may be chosen to be the real or complex numbers.
For each value z, x (z) is an independent coordinate, i.e.,

(x(2)|x(z"))=8(z—z") .

Given this generalization, we are lead to make the follow-
ing obvious transcriptions as well: ®(x)—>®[x (z)],

3/(3x;)—5/[8x(2)]

and

> — f dz p(z) .

J
In words, we replace fields by functionals, partial by func-
tional derivatives, and discrete summation by integration
with some density or weight function p(z). The only con-
ditions that p must satisfy are that p = f dz p(z) and that
the weighted integral reduces to a discrete summation
whenever p is integer valued. This constraint still leaves
much freedom in the possible choices for p.

Note that this particular prescription for making the
transition from integer to fractional dimensions means
that the action is now a functional integral instead of the
p-dimensional integral defined in Eq. (6):

S=f[$x(z)]£ @[x],“ss%;P )

Nevertheless, this will prove useful for exploring different
extensions of .£ into fractional dimensional spaces. With
S as given here, the dimensional variation is now only
sensitive to the p dependence in .£ since the measure in
(9) is a functional, not Hausdorff, measure. We now illus-
trate these concepts by constructing a p-dimensional
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model which reduces to a theory of a free scalar field in
integer dimensions. Recall the Lagrangian in the case
when p =n is given by

oP(x)
ax

J

n

2

j=1

The basic task at hand is to generalize this expression em-
ploying the above transcriptions. In addition, a choice
for the density p must be made. For concreteness, we
will make the arbitrary, but explicit, choice

ﬁ dz | 8P[x]
n,l 27i 7 Tz —n | 8x(2)
2
.1 dz | 8®[x]
— [ g2 |22lx] 1
+£T(1) 2mi frez-—p &x(z) |’ (19

where the only condition to be imposed on x(z) is that
the functional derivatives be analytic functions. Here [p]
is the largest integer <p, I is a closed contour enclosing
the first [p] integers, and v is a semicircular contour of
radius € centered at p subtending the angle 27 (p —[p]).
The contour I" can be deformed into [p] simple contours,
each one encircling the simple pole at each integer
1 =n =[p], which allows immediate evaluation of the first
term on the right-hand side of (10). This, together with

the change of variable z =p +e€e'® in the second term,

gives
_ [p] SP[x]
8x(n)
1 poatp—(pD 8P[x]
+ 27 fo a0 8x (p)
2
Bl ] 8e[x] SP[x]
= +(p — o21x] 11
,,gl [ (n) (P —lp)) x (p) an

This automatically reduces to Euclidean free scalar field
theory whenever p is an integer. The corresponding
equation of motion is

82d[x] _
8x (p)?
The choice of p(z) made here gives a graphic interpreta-

tion of noninteger dimensions in terms of poles and con-
tours in the complex plane. The amount by which p devi-

J

Vi®[x]+(p —[p]) (12)

f [Dx]x %exp

‘%LﬁSﬁuﬁu—~ —[p]xp)]=

The integrations over x (s) for s¥p just give an overall p-
independent constant, the only relevant integration
occurring when s =p; hence,

T ~x272
fdxpxje P —4p —
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ates from being an integer is represented by the failure of
the final contour ¥, to completely close around the singu-
lar point z =p. The limit indicated in (8) is easy to com-
pute for the action given by (9) and (11). As the function-
al measure is independent of p, then

lim —22— = [[Dx]2-L
por' P =D f xa
o,
2
as _ 3 | |82 2l | 5@
op f[ ]ap Sx ( [])+n§1 ox (n) J
2
50
= [ (Dx] +@-w1 ™~
=0. (13)

As one would hope, the derivatives at the nondis-
tinguished point [p] cancel. With the explicit form for L
given above, we can now obtain the equation of motion
and investigate the constraint Eq. (13) for this model. To
solve Eq. (12), we appeal to linearity and construct the
most general solution by superposing plane waves. Thus,
we take the functional Fourier transform

®[x])= [ [DK]A[K]exp

i[lds Ksix(s) |, a4

where A [K] is the envelope of the wave packet. This is a
solution provided that

[p]
S K:+(p—[pDK (p)*=
n=1

which is just the mass-shell condition for the field ®. To
be even more concrete, take a Gaussian envelope for the
wave packet:

A[K]=exp

[ [ds ds'k (s)8(s —s’)K(s’)] .

Then we have that (for 0 <t <p)

8P[x] _
&x (1)
up to an irrelevant overall constant. The constraint equa-

tion is now easy to evaluate. Substituting this expression
into the above functional integral Eq. (13), we obtain

—1x (1) expl fpdsx ] s

(15)

[

so the allowed dimensions are solutions to

P —[p]=l/—3—2-=0.47140. .. (16)

The zeros of this simple equation are at

=v2/3,1+V2/3,...,.n+V2/3,... .
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Some comments regarding the example developed in
(9)—(15) are in order. The functional measure, with its
“spectral” function p, takes into account the varying di-
mension by interpolating smoothly between integer di-
mensions. Our explicit realization of p as a continuously
deforming contour in the complex plane (space of dimen-
sions) is but one way to model this. However, the physi-
cal connection between our functional approach and frac-
tional dimension is clear: it is well known that it is the
nondifferentiable, fractal paths which make the most im-
portant contributions to a path integral.” The functional
integral samples all paths, having all possible fractional
dimensions. Since these paths are defined in dimension
space (as modeled above), an Euler-Lagrange-type varia-
tion yields preferred values for the dimension.

This example is by no means intended to represent a
fundamental theory of spacetime. For that, we would
like to have a putative, consistent quantum theory of
gravity. There, the quantum fluctuations in the metric
could be related to fluctuations in the dimension of the
underlying spacetime. However, the model-independent
feature we can abstract from this is the origin of the
metric fluctuations: namely, the changing microscopic
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topology of the spacetime. This can perhaps be made
even more vivid if one thinks of a pregeometric spacetime
foam, characterized by wildly fluctuating topological
features. It is unlikely that the foam could have a single,
well-defined value for its dimension. Yet, it evolves into a
Riemannian manifold of dimension four, so the chal-
lenge, among other things, is to explain this particular
dimensionality.

In conclusion, we have proposed that the spacetime di-
mension be treated at a fundamental level on par with the
elementary interactions by promoting its status to that of
a dynamical variable. Thus, dimension is a computable
number, determined by a new variational principle which
involves being able to continuously vary the dimension.
In practice, this has necessitated the use of either Haus-
dorff or functional measure, concepts which have already
enjoyed extensive application in other areas of physics.®
An explicit calculation has been presented illustrating
how specific values of dimension p, emerge from the vari-
ational principle.
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