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Compared to Fig. 3.11 for the collision dominated regime, contours of the distribution

function are slanted and suggest a nonlocal aspect to the transport. The tilt suggests the

particles carrying heat in opposite directions at a given time past a local point are not

exactally opposite to each other in velocity space. That is there is an asymmetery in the

distribution of the particles due to the nonlocal behavior of the transport which cannot be

accounted for in the local, collisional expression given in Eq. (3.4).

FIG. 3.11. Contours of the distribution function at s = 5 in the collisionl regime with
Lν/Ls = 10−3. The variation in X = L/Lmax is due to the sinusoidally varying heat source.
The up-down asymmetry in v||/v indicates the local diffusive nature of transport down the
local T gradient.
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3.4.3 Nearly collisionless regime

Fig. 3.13 shows the contours of the distribution function in the high-temperature regime

with Lν/Ls ≥ 101. Here the tilted nature of the contours is even more evident than in the

intermediate-collisionality regime. The contours suggest the nonlocal effects are critical

in this regime. In the absence of collisions, the particles move freely along field lines and

the distribution of particles in velocity space can develop small scales in velocity space

[28]. Note the distribution function does not vanish in the region where the gradient in

temperature is 0, that is F 6= 0 even where ∂LT = 0, hence in the steady-state this effect must

be due to the advective term in our kinetic equation. Also, electrons with small v||/v seem

to be responsible for the transport. This makes sense if we consider them moving slowly

along field lines between regions of different T and hence, having time to irreversibly

deliver heat via collisions.
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FIG. 3.12. Contours of the distribution function at s = 5, in the regime of intermediate
collisionality with Lν/Ls = 10−2. Here we interpret the displaced asymmetry in v||/v as an
indication of nondiffusive, nonlocal transport arising from the v|| ·∇F term in our kinetic
equation.
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FIG. 3.13. Contours of the distribution function in the nearly collisionless regime with
Lν/Ls = 10. Evidence of nonlocality is apparent in the fact that F does not vanish where
the temperature gradient is zero near X = 0,0.5 and 0.1.
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CHAPTER 4

RESULTS WITH MAGNETIC WELLS

This dissertation focuses on the effect of an inhomogeneous magnetic field on parallel

electron heat flow and temperature equilibration along magnetic field lines. In this chap-

ter, the parallel electron heat flow in an inhomogeneous magnetic field is calculated for

arbitrary collisionality and compared to the results without magnetic wells presented in

Chapter 3. In order to quantify heat transport, we again compute the standard deviation

in the steady-state temperature with the term ∂LlnB acting in the F and T equations, Eqs.

(2.22) and (2.23), respectively. Section 4 reports on the steady-state temperature distribu-

tion along field lines in different collisionality regimes as we vary the magnetic well depth.

The results are obtained using the convergent values obtained in the first part of Chapter 3

with the number of Legendre polynomials, N = 16, and the number of speed points, ns = 5.

The term representing magnetic wells in the F and T equations is of much importance in

this work due to the fact variations in magnetic field strength lead to a population of trapped

particles in velocity space and have a squeezing effect on the heat flow. The sinusoidal

magnetic wells are defined as

B(L) = B0 +Bc cos(
2πL
LB

). (4.1)

Using the above definition of magnetic wells, the ∂LlnB term referred to as mod-B (|B|)

in our F and T equations becomes

∂LlnB =
1

B(L)
∂LB' 1

B0
∂LB =−Bc

B0

(
2π

LB

)
sin
(

2πL
LB

)
. (4.2)

Here LB is the magnetic field scale length. We define the magnetic well depth as δB =

Bc/B0 and from now onwards will refer to the approximation in Eq. (4.2) as a linear mod-B

case, since it uses B0 as opposed to B(L) in the denominator. The phenomenon of trapping
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may be illustrated by considering a particle’s pitch angle when it is at the minimum in the

magnetic field (L = nLB/2) where

v||
v

(
LB

2

)
=±

√
1− µBmin

w
, (4.3)

and n ranges from 1 to the number of magnetic wells in our domain. Here µ = 1
2mv2

⊥/B(L)

is the approximately conserved magnetic moment, w = 1
2mv2 is the approximately con-

served kinetic energy and Bmin = B0−Bc. As they travel away from a minimum in B,

particles with constant µ

w = 1
B(L) for Lε[0,Lmax] will have v||/v go to zero and be reflected.

This is what it means to be trapped.

A spatially varying heat source, S, is turned on and the temperature in the system starts

evolving with time. Fig. 4.1 shows the variation of S (dashed curve) and B(L) (solid curve),

defined in Eq. (4.1), with a source scale length, Ls = 100m, in the moderate collisionality

regime, Lν

Ls
= 10−1. Here the heat source is defined as

S = S0 cos
(

2πL
Ls

)
. (4.4)

For this case δB = 0.2, the source strength, S0 = 50, and again the sinusoidally varying

heat source satisfies
´ Lmax

0
dL S = 0. The source strength is kept the same for all the results

obtained in the following sections.

4.1 q|| in the presence of magnetic wells for various collisonality regimes

In this work, it is shown the steady-state temperature variations along magnetic field

lines in an inhomogeneous magnetic field are enhanced by the presence of magnetic wells.

In lower collisionality regimes, this may be attributed to the fact the trapped population does

not contribute to heat flow over gradient scale lengths in temperature longer than mod-B

well lengths. Compared to the previous theory, where LB was ordered small compared to

the temperature gradient scale length, LT = (∂LlnT )−1, in this work the ordering of LB is
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independent of LT (or Ls), thus making the results more general.
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FIG. 4.1. Plot shows variation in B and the spatially varying heat source, S, with a scale
length of 100m. The magnetic well scale length LB = 20m. For this moderately collisional
plasma, Lν/Ls = 10−1 and the well depth is δB = 0.2.

4.1.1 Temperature in the presence of magnetic wells

In a typical magnetized laboratory plasma, such as tokamaks, temperature can be a very

complicated function of distance along the magnetic field line. Fig. 4.2 shows the variation

in normalized temperature in the presence of magnetic wells with varying well depths. The

dashed-dot curve shows the variation in normalized T in the absence of |B| effects. This

curve is similar to the dashed-dot curve in Fig. 3.9 for the moderate collisionality regime

with Lν/Ls = 10−1. The dashed curve and the solid curve represent the variation in T for

magnetic well depth 0.2 and 0.4, respectively. The dotted curve shows mod-B as a function

of L. The source and gradient in magnetic field is same as shown in Fig. 4.1 and LB is
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comparable to the collision length, Lν = 10m, an ordering that is not possible in bounce-

averaged theories [11]. In this regime the presence of magnetic wells fundamentally alters

the temperature distribution along magnetic field lines.

In the absence of the magnetic wells, the fluctuations in temperature are more effec-

tively smoothed out because all electrons are passing and can carry heat along the field

line. With the presence of magnetic wells, particles get trapped and are unable to carry heat

over longer-scale lengths. This leads to larger temperature fluctuations. As we increase the

well depth, more and more particles get trapped and local perturbations in the temperature

are visible. From the curve with δB = 0.4, it seems the temperature profile has features

that are tied to the minima and maxima in B.
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FIG. 4.2. This plot shows the effect of the ∂LlnB term on temperature in the moderately
collisional regime. The magnetic well depths are δB =0.0, 0.2 and 0.4. The variance in
temperature increases as the magnetic well depth increases.
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4.1.2 σT increases with increasing well depth

As shown in Fig. 4.2, with increasing magnetic well depth the variance in temperature

increases and some distortion in the temperature profile occurs due to |B| effects. The local

effect of ∂LlnB determines the form for the temperature distribution along the field line

based on collisionality and trapped/passing effects. With increasing δB, more and more

particles get trapped in magnetic wells.

It can be observed from Fig. 4.3 that, in the collisional regime, the increase in σT with

increasing δB is purely a fluid effect. This case corresponds to the collisional result A as

shown in Fig. 4.5 for δB = 0.4. The red dashed curve in Fig. 4.3 is obtained by considering

the presence of the |B| term only in the temperature evolution equation. This corresponds

to adding the q||∂LlnB term in the T equation, which has a squeezing effect on the heat

flow, but not including the ∂LlnB term in our kinetic equation. With the |B| term in the

F equation, as well (green dash-dot curve) we see little change in σT from the previous

case. This implies trapped particles do not contribute to the transport. Here trapped is a

misnomer since collisional particles are unable to execute bounce orbits. In the collisional

regime, particles undergo frequent collisions and the transport is predominantly diffusive.

To obtain these results, the depth of the wells is taken only up to δB = 0.4, since further

increasing the well depth causes a sudden increase in σT . The sudden increase in σT is

partially due to the fact that in obtaining the following results, we treated ∂LlnB linearly.

The difference here between linear versus nonlinear is we used the constant B0 instead of

the full B(L) in the denominator of Eq. (4.2). It can also be observed from Fig. 4.3 there is

a slight effect of the |B| term in the F equation for well depth in the range 0.1 < δB < 0.3.

The δB scan in Fig. 4.4 is done in the moderately collisional to nearly collisionless

regime, point B in Fig. 4.5. In this case, the |B| term reduces heat flow parallel to magnetic

field due to more particles getting trapped in the wells. This in turn causes more variance in

temperature. When the |B| term is not used in the F equation, then the heat flow is mainly
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due to particles free streaming along the magnetic field lines. Here also the dashed red

curve in Fig. 4.4 shows the standard deviation in temperature when the |B| term is not used

in the F equation and is present only in the T equation.

δB

σ Τx
10

-3

0 0.1 0.2 0.3 0.4
3

4

5

6

7

8

no |B| in F eq.
|B| in F eq.

A

FIG. 4.3. The standard deviation in temperature, σT , versus change in magnetic well depth,
δB, is plotted. This scan was done for the collisional case shown as A in Figure (4.5). The
fact that there is little difference between the cases with and without |B| in our kinetic
equation indicates that the transport is diffusive.

In the moderately collisional to collisionless regime, increasing magnetic well depth

again increases the standard deviation in temperature. Additionally, the presence of |B| in

our kinetic equation also increases σT unlike in the collisional regime where the |B|-in-F

and no-|B|-in-F cases were similar. We attribute the increase in σT when going from the

no-|B|-in-F case to the |B|-in-F case to the purely kinetic effect of particle trapping.



50

δB

σ Τ

0.1 0.2 0.3 0.4

9E-05

0.0001

0.00011

0.00012

no |B| in F eq.
|B| in F eq.

B

FIG. 4.4. The standard deviation in temperature, σT , versus change in magnetic well depth,
δB, is plotted. Point B here corresponds to the point B in Figure 4.5. The entire scan is
done in the moderately collisional to collisionless regime. The dashed red curve shows the
standard deviation in temperature when |B| is not used in the F equation, but is present only
in the T equation. The green curve is the true result indicating particle trapping reduces
heat flow parallel to the magnetic field.

4.1.3 Effect of |B| on the σT for different collisionality regimes

Fig. 4.5 shows the plot of σT for varying collisionality with and without the |B| effect.

Here with |B| means the |B| terms are present in the F and T equations and without |B|

means no magnetic wells, as presented in Chapter 3. It is observed irrespective of the pres-

ence of magnetic wells, the standard deviation in temperature decreases for less collisional
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regimes because the fluctuations in temperature are more efficiently smoothed out by the

hotter electrons responsible for heat flow parallel to the magnetic field. In the presence of

magnetic wells, however, we see an increase in the fluctuation due to two effects: (i) the

squeezing effect caused by the q||∂LlnB term in the T equation and (ii) the particle trapping

effect due to F∂LlnB in the F equation. With Ls = 100m and LB = 20m, we estimate effect

(i) is dominant for Lν/Ls < 10−1 and effect (ii) becomes important for Lν/Ls > 10−1.

The red dashed curve in Fig. 4.5 represents σT without the presence of magnetic wells

and is the same as the red bold curve in Fig. 3.10. The green solid curve shows the effect

of |B| on σT . Here points A and B corresponds to the points A and B in the collisional

and low collisionality regimes shown in Figs. 4.3 and 4.4, respectively. The results in this

figure are obtained for the well depth, δB = 0.4.

4.2 Distribution function in different collisionality regimes with |B| effects

In the presence of magnetic wells, some electrons get trapped, while others are passing

and contribute to the heat flow along the magnetic field lines. However, the contribution to

temperature equilibration along magnetic field lines comes not only from the free streaming

of untrapped electrons in the F equation, but also from the ∂LlnB term in the steady-state

temperature equation, namely,

∂Lq|| = S+q||∂LlnB. (4.5)

In the collisional regime with collision length Lν=0.12 m, particles cannot execute

bounce orbits and transport can be understood in terms of a simple diffusion process. Con-

tours of the distribution function in steady state in this regime are plotted in Fig. 4.6 for

s = 5. It is observed, for the most part, in this short mean-free path regime, F is not affected

by the presence of magnetic wells and there are equal number of particles moving in oppo-

site directions. Because collisions are frequent, particles cannot get trapped in the magnetic
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wells. In the collisional regime, trapping applies only to high-energy (high s) electrons

whose bounce frequency in magnetic wells is higher than their collision frequency. Al-

though this is still possible in the collisional regime because of the 1/s3 dependence in the

collision frequency and the s dependence in the bounce frequency, the only slight distortion

in the contours suggests for s = 5, collisions are still dominant. We have chosen the well

depth, δB = 0.4 in this case, which corresponds to point A in Fig. 4.3.
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FIG. 4.5. Standard deviation in temperature in various collisionality regimes, with and
without the |B| term in the F and T equations. As the temperature increases the standard
deviation in T decreases. The presence of magnetic wells, |B| term, causes more fluctua-
tions in T . Here δB = 0.4 and LB = 20m. Points A in the collisional regime and B in the
moderately collisional to collisionless regime, corresponds to points A and B in Figs. 4.3
and 4.4, respectively.

In the moderate collisionality regime, with collision length Lν=10 m, the effect of |B| is
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more easily observed in the distribution function. This arises from the terms Mv(∂LlnB)F

in Eq. (2.22) and q||∂LlnB in Eq. (2.17). Compared to Fig. 3.12 the presence of magnetic

wells distorts the F contours more. The nonlocal behavior of the transport, as shown in

Fig. 4.7, is still evident as in Fig. 3.12.
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FIG. 4.6. Contours of the distribution function in the presence of magnetic wells with
δB = 0.4 in the collisional regime, Lν/Ls = 10−3. The variation in X = L/Lmax is due to
the sinusoidally varying heat source. The up-down asymmetry in v||/v indicates the local
diffusive nature of transport down the local T gradient. Compared to the case without the
|B| effects in Figure 3.11, we see a slight distortion in the contours here.

In the nearly collisionless regime with collision length Lν=800 m, the |B| effects are

even more apparent in the heat flow and temperature curves. When collisions are infre-

quent, Lν � LB, particles execute bounce orbits and get trapped in the magnetic wells.

Fig. 4.8 shows contours of the distribution function in the presence of magnetic wells

with δB = 0.4. Compared to Fig. 3.13, here we see a distribution of particles near the
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trapped/passing boundary (black horizontal lines at v||/v = ±

√
1−δB = ±0.77). A pop-

ulation of trapped particles is visible for |v||/v| < 0.5. Taking into account the large tem-

perature gradient regions shown in Fig. 4.9, we interpret the effect of magnetic wells as, in

part, localizing transport along the field line making it diffusive in nature, i.e., proportional

to the strong, local temperature gradient.
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FIG. 4.7. As the frequency of collisions decreases with Lν/Ls = 10−1, the effect of |B|
can be observed in the contours of the distribution function for s = 5. The plot shows that
in the presence of magnetic wells of depth δB = 0.4, the contours get distorted because
of the nondiffusive, nonlocal transport arising from the free streaming, as well as from the
trapping, in our kinetic equation.

Fig. 4.9 shows the temperature in the nearly collisionless regime with δB = 0.4. Con-

sidering Fig. 4.8 with this plot, it can be seen the distribution of particles is negligable in

the regions where temperature gradient is 0 and is maximum where the absolute value of

the gradient in T is maximum. Trapped particles do not contribute to the heat flow parallel
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to the magnetic field lines over the longest scale lengths. The contours in Fig. 4.8 also

show some particle distribution near the trapped/passing boundaries. To get more insight,

we have plotted the distribution function weighted by v|| in Fig. 4.10.

X

v ||/
v

0 0.2 0.4 0.6 0.8 1
-1

-0.5

0

0.5

1

F

1.8E-07
1.6E-07
1.4E-07
1.2E-07
1E-07
8E-08
6E-08
4E-08
2E-08
0

-2E-08
-4E-08
-6E-08
-8E-08
-1E-07
-1.2E-07
-1.4E-07
-1.6E-07

FIG. 4.8. Contours of the distribution function at s = 5 in the nearly collisionless regime
with Lν/Ls = 10 in the presence of magnetic wells of well depth δB = 0.4. Here the hor-
izontal lines represent the trapped/passing boundary. In comparision with the contours in
Figure 3.13, there is a distribution of particles near the trapped/passing boundaries, but not
where v||/v= 0. We also see a distribution of trapped particles with |v||/v|< 0.5 responding
to the local temperature gradient.

Recall that q|| = −T
´

dvv‖L
3/2
1 F , hence the integrand of the parallel heat flow mo-

ment goes as v‖F . The contours of the distribution function (see Fig. 4.10) weighted by

v|| indicate a similar contribution to the heat flow from particles near the trapped/passing

|v||/v|= 0.77 and from a distribution of trapped particles near |v||/v|= 0.3. A final popu-

lation near |v||/v|= 1.0 is also apparent.
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FIG. 4.9. Plot shows gradient of temperature in presence of magnetic well with δB = 0.4
in the nearly collisionless regime. A bump is observed in the temperature profile because
of |B| effects. Also, T variations are larger over the Ls = 100m scale length because only
the small fraction of passing particles can carry heat over the entire domain.

4.3 Comparison of linear vs. nonlinear |B| results

Recall in evaluating ∂LlnB in our kinetic and temperature equations, we used the ap-

proximate form with B0 in the denominator of Eq. (4.2). In this section, we want to check

whether using ∂LB/B(L) instead leads to substantially different predictions for σT . Fig.

4.11 shows a plot of σT in the moderate collisionality regime as affected by the magnetic

well depth.
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FIG. 4.10. Plot shows distribution function weighted by v|| in the nearly collisionless
regime. The q‖moment has v‖F in the integrand. Here we see several populations in
pitch-angle space contributing to the heat flow at s = 5.

Here the ∂LlnB term is treated using the full B(L) in the denominator, represented in

the red solid curve and pink dashed curve. Again, as magnetic well depth increases, the

fluctuation in temperature increases. Furthermore, σT is larger for the case where ∂LlnB

term is used in the F equation [Eq. (2.22)] indicating particles get trapped in the magnetic

wells, which affects the heat flow transport parallel to the magnetic field line and ultimately

the steady-state temperature. Using the full nonlinear representation of ∂LlnB term slightly

increases the fluctuations in the temperature and brings into question the linearized ∂LlnB

treatment when δB≥ 0.4. For the result presented in this work, however, the linear approx-

imation to ∂LlnB is accurate.
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FIG. 4.11. Plot of standard deviation in temperature in moderate collisionality regime ver-
sus magnetic well depth with and without the affect of ∂LlnB term in our kinetic equation.
In the red solid curve and pink dashed curve, the full B dependence is used in evaluating
the denominator of ∂LlnB with red corresponding to |B| in the F and T equations and pink
to |B| in the T equation only. Note the full B(L) dependence in the denominator leads to
slightly larger T variation along field lines.
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

In this chapter we focus on summarizing the key results obtained in this work, as well

as on the research path to follow in the future. The focus of this work was to incorporate

kinetic physics via a closure for the parallel electron heat flow into the evolution of electron

temperature. A Fortran code was written to solve the coupled kinetic/temperature PDE

system in an efficient manner. Computational studies were completed to understand parallel

heat transport in different collisionality regimes for magnetized plasmas.

A hybrid fluid-kinetic approach was used and the Chapman-Enskog Ansatz was ap-

plied to derive the lowest-order, time-dependent CEL drift kinetic equation (CEL-DKE).

The CEL-DKE was then simplified to address the coupled kinetic/temperature system and

the kinetic distortion, F , was expanded in Legendre polynomials parameterized by v||/v.

The temperature evolution equation was coupled to the F equation and the system was

solved for the kinetic distortion, whose velocity moment was taken to obtain the general-

ized parallel electron heat flow closure, q||. In this work, the Lorentz collision operator was

used, and results were obtained for various collisionality regimes. The analytical model

was then implemented in a Fortran code for studying the effects of collisionality and par-

ticle trapping on the heat flow along magnetic field lines. Results presented in Chapters 3

and 4 show the dependence of the steady-state temperature on collisionality and magnetic

well depths.

5.1 Summary of the results

The results obtained in this work can be divided into three important parts. One part is

comprised of convergence studies, which are important in order to obtain computationally

accurate results. Another part (Chapter 3) contains a study of the effect of collisionality on

heat transport and the steady-state temperature variations along magnetic field lines. The
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final part (Chapter 4) explored the effect of magnetic wells and particle trapping on the

steady-state distribution function and temperature.

The accuracy of the computationally obtained results relies on numerical convergence

of our treatment of the coupled kinetic/temperature system. In this work we check for con-

vergence of the truncated Legendre polynomial expansion for F which included N terms

and convergence in the number of speed points, ns, which were assigned to separate pro-

cessors in order to quickly reach the steady state. We check for convergence by studying

the effect of these parameters on temperature fluctuations in various collisionality regimes.

The key results obtained in achieving numerical convergence and in studying the effects of

collisionality and particle trapping are stated below.

• The number of terms in the expansion of F depends on the number of Legendre

polynomials, N. In collisional regimes, fewer Legendre polynomials are required

and convergence of the standard deviation in temperature, σT , is achieved even with

N = 2. This result agrees with previous work present in the literature. In nearly

collisionless regimes, σT decreases with increasing number of Legendre polynomials

and converges for N = 16. More Legendre polynomials are required for the nearly

collisionless case because the structure in pitch angle, v||/v , becomes more complex.

This is due to the fact details in pitch-angle are not destroyed completely by the weak

pitch-angle scattering process.

• In order to cut down on computational time for scans in the number of speed grid

points, ns, separate processors are assigned their own s value. Convergence in speed

points is checked by studying the behavior of σT as nS is increased for various col-

lisionality regimes. In the collisional regime, convergence is rapidly achieved for

nS = 5. In the nearly collisionless regime, it is difficult to show uniform conver-

gence, since at high temperature, it is difficult to achieve a true steady-state without

fluctuations in time. We speculate an improved collision operator with speed dif-



61
fusion and drag effects might aid convergence studies in ns in nearly collisionless

plasmas.

• In the absence of magnetic wells, frequent collisions lead to heat flow proportional

to the local parallel gradient of temperature with the direction of q‖ down the lo-

cal temperature gradient. As the background temperature increases, variations in T

are reduced since more energetic electrons are able to smooth out temperature per-

turbations along the field lines. As the background temperature approaches 1Kev,

reduction in σT slows due to the flux-limited transport effect. In the presence of

magnetic wells, temperature variations increase. Recall in this work, no constraint

is applied to order the scale length of magnetic wells compared to temperature scale

lengths. Temperature variations increase for deeper magnetic wells due to both the

squeezing effect of heat flow in the T equation and due to the trapping of electrons

in local magnetic wells.

• As the collisionality decreases, σT decreases. However, σT increases with increasing

magnetic well depth, since more particles are trapped in magnetic wells. In the colli-

sional regime, a purely fluid effect is observed with q‖ being squeezed by variations

in |B|. In moderately collisional to collisionless regimes, passing/trapped particles

are influenced by magnetic wells, i.e, the |B| term, as evidenced by the v‖-weighted

contours in Fig. 4.10 at the end of Chapter 4.

• We have solved the coupled system of the CEL-DKE and temperature evolution

equations and studied the steady-state distribution function, F . Several contour plots

were presented to better understand the dynamics in our 2D velocity space. In the

collisional regime, there are equal number of particles moving in opposite directions

at a given time. Transport is mainly diffusive in nature and does not get affected

much by the presence of magnetic wells. In moderate collisionality regimes, nonlo-

cal transport comes into play, and the presence of magnetic wells becomes important.
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In this regime, particles carrying heat in opposite directions are not exactly opposite

to each other in space. In the high-temperature regime, a reduced population of pass-

ing particles move freely along field lines, while a larger population of particles are

trapped in magnetic wells.

• We have also determined using the full, nonlinear ∂LlnB in our kinetic and tempera-

ture equations increases σT in comparison to the linear cases which used the constant

B0 in the denominator. While this effect was slight for δB < 0.4, we note for cases

with δB > 0.4, it would be necessary to include the full B(L) in the denominator.

5.2 Future work

5.2.1 Improved collision operator for electrons

The physical effects of collisions of particles in ionized fusion plasmas are best treated

using the full Coulomb collision operator as opposed to the simplified Lorentz form. In our

work, the physics of particle diffusion in pitch-angle space is represented by the Lorentz

pitch-angle scattering operator defined in Eq. (2.5). As an important extension to our

work, we suggest including the speed diffusion and drag portions of the Coulomb collision

operator.

A form of the linearized, Coulomb collision operator that assumes a small mass ratio

(me/mi << 1) is the following moment form:

C(1)
e = ∑

a
[
−νLea

2

N

∑
n=1

n(n+1)Pn

(v||
v

)
Fn + ∑

k≥1

fMa

σ1
k

P1

(v||
v

)
M1k
||aν

1k
ea ]

+ fMa

νei

s2
e

P1

(v||
v

)
(V||i−V||e). (5.1)

Here, (V||i−V||e) is the difference in the parallel ion and electron flows, each normalized

to their respective thermal speeds. The k = 1 moment, M1k
||a, is related to the parallel heat

flow closure, q||. This form allows for speed diffusion and drag, as well as momentum

exchange, between flowing electron and ion species. Note the first term is the Lorentz
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operator used in this work. Implementation of this electron collision operator in our code

would be tedious but straightforward.

5.2.2 Full (nonlinear) temperature

In this research, we have normalized temperature to a constant background tempera-

ture, T0, in solving our system of coupled equations for q||. Future research could target

incorporating the full temperature into our equations. Full temperature means using T (L)

everywhere as opposed to just in the thermodynamic drive term, ∂LT . In section 2 temper-

ature is defined as

T = T0 +
mmax

∑
m>0

(Tmeimφ +T ∗me−imφ ).

By substituting the full T (L) into the F and T equations, we can write the dedimen-

sionalized CEL-DKE as

[I∂t̄ +
νL

2(v0/L0)
Γ]F+

√
T̄ s[A∂L̄ +M∂LlnB]F = δl1L

3
2
1

e−s2

π
3
2

s
v||
v

∂LT̄
T̄ 2 . (5.2)

The temperature evolution equation becomes

∂t̄ T̄ =
8π

9
T̄ 3[

ˆ
dss3L

3
2
1 [∂L̄ +∂L̄lnB]F1 + S̄, (5.3)

where ∂t̄ =
L0
v0

∂t , ∂L̄ = ∂L/L0 , and F =
v3

0
n F with normalized temperature T̄ = T

T0
.

With this definition of temperature we can write the full (nonlinear) temperature term

∂LT/T 2 in our F equation as

∂LT /T 2
=

1

T 2
(L)

∂LT =
∑

mmax
m>0

(
im2π

LT

)
(T meimφ −T ∗me−imφ )

(1+∑
mmax
m>0(T meimφ +T ∗me−imφ ))2

. (5.4)

By not using the full temperature dependence in our research, it has been hard to get

results in the nearly collisionless case for magnetic well depths δB > 0.4. Use of the full
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temperature would allow studies of more extreme δB (on the order of, but less than 1) with

stronger heat sources in higher-temperature plasmas. Preliminary work on such studies is

underway.
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APPENDIX
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A.1 Properties of Legendre polynomials

Legendre polynomials are solutions to Legendre’s differential equation :

d
dx

[
(1− x2)

d
dx

Pn(x)
]
+n(n+1)Pn(x) = 0. (5.5)

An important property of the Legendre polynomials is their orthogonality on the inter-

val −1≤ x≤ 1 :

1ˆ

−1

Pm(x)Pn(x)dx =
2

2n+1
δmn. (5.6)

Here δmn =


0 i f m 6= n

1 i f m = n
is the Kronecker delta.

Additional properties of the Legendre polynomials used in this research (Chapter 2) are

the following recurrence relations :

(x2−1)
d
dx

Pn(x) = nxPn(x)−nPn−1(x), (5.7)

and

(n+1)Pn+1(x) = (2n+1)xPn(x)−nPn−1(x). (5.8)

A.2 Definition of Laguerre polynomials

Laguerre polynomials are defined either by the series representation :

Lα
n (x) =

(−x)mΓ(n+α +1)
m!(n−m)!Γ(m+α +1)

, (5.9)

or by Rodrigue’s representation :
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Lα
n (x) =

1
n!

exx−α dn

dxn (e
−xxn+α). (5.10)

The first three lowest-order Laguerre polynomials are :

Lα
0 (x) = 1,

Lα
1 (x) = α +1− x,

and

Lα
2 (x) =

(α+1)(α+2)
2 − (α +2)x+ x2

2 .

A.3 Derivation of |B| coupling terms

Given the definition
v||(L)

v =±
√

1− µB(L)
w , we compute

d
dL

P(
v||(L)

v
) =

d
dL

(
v||(L)

v

)
d

dL
P
(

v||(L)
v

)
=± 1

2
√

1− µB(x)
w

(−µB
w

)(∂LlnB)P
′

d
dL

(
v||(L)

v

)
=

d
dL

[
±
√

1− µB(L)
w

]
(5.11)

d
dL

(
v||(L)

v

)
=± 1

2
√

1− µB(L)
w

(−µB
w

)(∂LlnB)

d
dL

(
v||(L)

v

)
=− 1

2
(

v||
v

) [(v||
v

)2
−1
]
(∂LlnB)
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1ˆ

−1

d(
v||
v
)Pm

(v||
v

)[
n
(v||

v

)
Pn−nPn−1

]
=

[
n(n+1)

(2n+1)(2n+3)
δm,n+1−

n(n+1)
(2n+1)(2n−1)

δm,n−1

]
.

This term leads to coupling of our expansion coefficients for the Legendre polynomials.

Physically, it contains the effects of trapped and passing particles in velocity space.
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