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species s at constant pressure to that at constant volume. This is determined by the number of
degrees of freedom as s = %, where f is the number of degrees of freedom, thus v5 = 5/3 for
f = 3. With these four equations, one can substitute the first, third, and last into the second and

pull out the remaining common factor n., to get
Ne, [—w? + k*7.C2 + wi,] = 0. (178)

Solving for the frequency of this electron plasma wave and using wp.Ape = C., where the Debye

Conjb

egez

length is defined as Ap, = gives the following dispersion relation

w? = %275(1 + YA E?) . (179)

If the temperature is very low, the Debye length is small and the frequency follows the plasma
frequency. In contrast, if the temperature gets very large the phase velocity follows the thermal

velocity as

w YerTe
gy : 180
’ e (180)

To demonstrate the results of this test, Table [2| shows the comparison of the analytical values to
that of the numerical results. The results are also presented as a graph of w versus k. When the
wave number approaches one over the Debye length, k = 1/Ap., the frequency follows the thermal
velocity relationship shown above. This is shown in Fig. where the numerical results curve away

from the line ,/”j:—TE toward the plasma frequency in the limit of no temperature/pressure effects.

4.5. Grid refinement

In doing finite element analysis, the representation of the solution may be refined using different
methods: h-type, p-type, or a combination of both. The h-type refinement is a grid refinement that
reduces the size of the grid cells, whereas the p-type increases the order of the polynomials in the
underlying representation. In general p-type refinement leads to faster convergence. In addition, we
have observed with our code, using p-type refinement does not slow the computation time down as
much as h-type. For the simple case of an acoustic wave perturbation, Fig. shows the acoustic
mode dispersion relation is well represented by several different grid sizes and polynomial degrees.

Tables [3] and [d] show convergence to analytical results. Table [3] shows results for h-type grid
refinement with bi-linear FE basis functions. Table [d] shows results for p-type refinement. Note how

the p-type refinement converges much more quickly. Both h- and p-type grid refinements had a time
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Table 2. Comparison of analytical and numerical results of pressure effects on acoustic mode fre-
quency with percent error.

Wave number Analytical w, Numerical w, Percent Error
1x10°1 8.9802070460 x 1010 8.9801813151 x 100 | 2.87 x 1074 %
1x107H 8.9830897681 x 1010 8.9830506077 x 1010 | 4.36 x 107* %
1x10713 9.0118630377 x 1010 9.0116938990 x 10'° | 1.88 x 1072 %
1 %1012 9.2936636163 x 1010 9.2933064182 x 1010 | 3.84 x 1072 %
5x 10712 1.04589519956 x 101" | 1.04540235871 x 10" | 4.71 x 1072 %
1x 10711 1.17542737544 x 10™ | 1.17452929814 x 10™ | 7.64 x 1072 %
5x 1071 1.91924242523 x 10! | 1.91677522857 x 101! 0.129 %
1x 10710 2.56140956818 x 10! | 2.55785544032 x 10! 0.139 %
1x107° 7.63859498610 x 10! | 7.62747886967 x 10! 0.146 %
1x1078 2.40056589067 x 10'2 | 2.397017110946 x 10'2 0.148 %
1x10°7 7.586475544878 x 102 | 7.575053140397 x 10'2 0.151 %
1x107¢ 2.398902993387 x 103 | 2.395457926161 x 10'3 0.144 %
1x1074 2.398886358593 x 1014 | 2.395406466287 x 10'4 0.145 %
1x1072 2.398886192245 x 10'° | 2.395338979054 x 10'° 0.149 %

1 2.398886190582 x 10'¢ | 2.395338977393 x 106 0.148 %

Table 3. Convergence to the analytical solution by refining the grid size, namely, h-type refinement.
Grid size 8§ x8 16 x 16 24 x 24 32 x 32
Poly Deg 1 1 1 1
Solution | 2.55602 x 10*! | 2.56111 x 10! | 2.5613636 x 10! | 2.561399 x 10!
Error 1.996 x 107! 1.199 x 10~2 1.1999 x 1073 2.307 x 104

step that is 0.001 % of the analytic frequency, so it would be resolved in time, as well as in space.
For comparison, this case has an analytic frequency of 2.56141483772 x 10! with 6 = 0.5 centering

for added accuracy.

4.6. Electromagnetic wave test
As another test, we set number density very low in order to initialize electromagnetic waves
propagating through free space. As expected, the observed speed of the counter propagating electric

and magnetic fields making up the standing waves is found to be the speed of light. The results of
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Fig. 12. Graphical representation of Table Note the slope of this line is ,/%Tﬂ, which is

proportional to the thermal speed. For high wave numbers, the numerical data scales as /T, as
expected.

Table 4. Convergence to the analytical solution by refining the polynomial degree, namely, p-type
refinement.

Grid size 8 x 8 8 x 8 8 x 8 8 x 8

Poly Deg 1 2 3 4

Solution | 2.55602 x 10! | 2.5612196 x 10! | 2.56141483 x 10 | 2.5614148379 x 10!

Error 1.996 x 107! 7.99 x 1073 7.068 x 1078 9.047 x 1079

adjusting the wave number and monitoring the change in the frequency are shown in Fig. The

slope of the w versus k curve is the speed of light, w/k = c.

4.7. Whistler waves
In Chapter 2 we derived the dispersion relationship for the whistler mode. Reproducing this

dispersion relationship is a good test of the code’s ability to reproduce both high- and low-frequency
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Fig. 13. A blown up portion of the acoustic mode dispersion relation to highlight the effect of
temperature on plasma frequency. Note all of the various FE representations match the analytical
value remarkably well.

effects in the two species model. Recall the dispersion relations for the L and R waves

w2w

w? — k2= L wave (181)
W — Wee
2122 Wpet
w? — k% = —2— | R wave (182)
W+ Wee

A particular region of the dispersion relation for the R wave is commonly known as the Whistler
mode. A convenient way of viewing these dispersion relations is by defining the index of refraction

asn = % Making this substitution and considering electrons, the index of refraction is found to be

w2

2 pe
n=1-—-———. (183)
w(w = |weel)

Note, the frequency exhibits a cutoff value where n = 0:

Wee Wee \ 2
Weutof f = | 9 |+ ( 9 ) +W%e . (184)
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Fig. 14. Angular frequency, w, verses wave number, k, for light waves. With numerical results
(diamonds) plotted over the analytical dispersion curve (line). Note the slope of the line is the speed
of light, w/k = c.

In the region below this cutoff frequency, the index of refraction is found to be negative. This
indicates the wave cannot propagate and becomes evanescent. Above the cutoff frequency, the wave
behaves like it is in free space and the index of refraction tends to one. Finally, as the frequency
drops below the electron cyclotron frequency, it leaves the evanescent region and becomes what is
commonly known as a Whistler mode. The frequency dips down to 1 and then rises to the Alfvén

index of refraction given by

2
w,
nh=1+)_ 2. (185)
s CcS

To initialize the whistler mode, the electric field is perturbed in a right-handed sense with respect
to the background magnetic field, such that E, = E,cos(kzt) and E, = E,sin(kzt), with z being the
direction of propagation. As was mentioned, low frequencies yield a result that the index of refraction
approaches the Alfvén limit. This only happens when the plasma is electrically neutral and at low
frequencies, i.e., when the plasma species oscillate in an MHD fashion. To insure this behavior, the

perturbation of the plasma using the electric field needs to be balanced with the magnetic field,
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B: =k x E; /w. Thus By = k/wE,cos(kzt) and B, = —k/wE,sin(kzt). This produces the desired

results, which are demonstrated in Fig. Fig. [16] shows a close up near the electron cyclotron
resonance, w = wq. Notice the result of the wave frequency, w, at the electron cyclotron frequency,
as well as the evanescent region from wee < w < weuttof s, and finally as the frequency increases, the

refractive index tends to one.

4.8. MHD waves more general

As noted, the whistler wave is only one of a many waves that can be found in a plasma. The
theory section described other MHD-type waves: transverse, fast, and slow magnetosonic. Instead
of finding the exact initialization of each of these waves, which requires knowing the solution to the
coupled partial differential equations before it is computed, a Fourier analysis is used to find the
dispersion curves of each of these types of waves. How we accomplish this is the subject of the next
section.

First, we note the analytical relationships for these waves. In the limit of low temperatures,

the fast magnetosonic mode corresponds to the whistler mode or the R mode noted in the previous
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Fig. 15. The index of refraction versus the oscillation frequency, n%, vs. w. Due to the range in
frequencies, it does not show details near w = w,.. Note the code (squares) accurately reproduces
the dispersion relation over six decades of frequency.
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1.3E+11 ZE+11
w

Fig. 16. The whistler mode shows a close-up view of the evanescent region, wee < W < Weutoff,
the electron cyclotron resonance, w = w,., and the free space electromagnetic propagation behavior,
w > Weutof f-

section and the transverse wave corresponds to the L mode. These waves are based upon the

relationship between the Alfvén velocity and the speed of sound:

By
\/ HoToMo ’

Tt
Vs = /=2, (187)
mo

where By, Ty, and ng are the background magnetic field strength, temperature, and number density,

V= (186)

respectively. Also pg is the permeability of free space and mg is the average species mass. Finally,
~ is the index that is tied to the number of degrees of freedom. In the case of an adiabatic pressure
response, y = 5/3.

Depending on the orientation of the wave vector, k, and the background magnetic field, Bg, the

different MHD waves have phase velocities V4, Vs, \/V3 + Vg, or 0.
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4.9. Fourier analysis

The previous sections have shown specific waves can be excited by specifying initial conditions
consistent with the individual modes. In another approach, a large number of modes with different
frequencies can be generated simultaneously in a single simulation. This is done by initializing a
spatially localized perturbation, and then performing a Fourier analysis to determine the different
frequencies and wave numbers that arise. These are associated with the various plasma modes we
have discussed to this point. The perturbation was chosen as a spatially localized Gaussian function
in the ion and electron velocity. Fig. shows the progression of the perturbation through the

plasma. Note the periodic boundary conditions. Fig. shows the same wave proceeding through
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Fig. 17. The initiation and the progression of a sharp Gaussian function, which initializes many
different plasma waves evolving in time. The timeline of these graphs goes from left to right, top to
bottom.
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Fig. 18. The same Gaussian function perturbation as in Fig. |17]in a three-dimensional representa-
tion. The wave is initialized on the left side of the graph and it proceeds to the right. For ease of
viewing, this wave shows fewer time steps than the previous set of figures.

the plasma as a 3D graph. In both figures one is able to see the initial perturbation excites a number
of different waves with varying frequencies. The longer the wave is allowed to oscillate, the more
apparent the many different modes present in the system become.

A two-dimensional Fourier analysis of these waves and their associated frequencies and wave
numbers shows various dispersion relationships in the plasma. Fig. [I9]shows the Fourier spectrum
with high power in the red regions and low power in the blue. Overlaying Fig. [I9] are the an-
alytic results of different dispersion relations. The different modes shown here correspond to the

magnetosonic, acoustic, Alfvén, and whistler waves. Each wave is listed, in the caption for Fig.

4.10. Waves in periodic cylinder geometry

Each of the previous tests was done in slab geometry, with one direction modeled by a Fourier
series, and the other two directions having periodic boundary conditions. Agreement with analytic

dispersion relations was excellent, and this provides confidence in the model to be used for stability

calculations later on.

50
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Fig. 19. Contours of the Fourier spectrum from a spatially localized perturbation, which then

evolved into a suite of normal mode oscillations. Various dispersion relationships are represented
simultaneously.
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Fig. 20. The Fourier spectrum with analytical dispersion relation results overlaying the numerical
contours, which indicate normal modes excited in the plasma. The plasma frequency is shown as the
white dashed horizontal line. The dotted black line is the R-mode or the fast magnetosonic mode,

the dashed black line is the L-mode or the acoustic mode, the solid black line is the transverse Alfvén
mode, and the dot-dash line is the whistler mode.
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The next step was to test plasma wave behavior in a cylindrical domain. As mentioned before,

two different methods were used: a rectangular grid with an azimuthal Fourier expansion and a
circular grid with an axial Fourier expansion. These grids were shown in Figs. [f] and

To make these different methods comparable, similar perturbations were needed. A simple axially
propagating acoustic wave was initialized for each of these geometries (see Figs. and .

Specifically, the ion and electron velocities were perturbed in a compressional manner, and all
other quantities evolved from homogeneous initial conditions. The left of Fig. shows the pertur-
bation using a rectangular grid in the R, Z plane. Bessel functions were used to initialize the radial
dependence of the flow perturbations. This allowed a compressional acoustic wave to be generated in
the center of the column, which satisfied homogeneous boundary conditions at the plasma boundary.
Fig. [2T] also shows the same perturbation on the right, using a circular logical grid in the R, Z plane
with the Fourier expansion in ¢. Bessel functions were used to create the radial dependence of the
perturbation. Fig. [22] shows the comparrison of these two cylindrical perturbations along with a
rectangular slab geometry. Finally, Table [5] shows the results for the three geometries compared to

the analytical solution.

Table 5. Comparison of analytical and numerical results of acoustic mode dispersion relations
between the three different geometries we tested. The first frequency is the analytic solution. The
next case is a rectangular slab geometry, followed by the cylindrical cases. The fourth column is the
case using a rectangular logical grid with the Fourier expansion in the azimuthal direction. Finally,
the last column is with a circular grid and the Fourier expansion in the axial direction.

Wave number | Analytical w, | Rectangular w, | Azimuthal w, Axial w,
1x107° 8.98620 x 10'° | 8.98018 x 10'° | 8.98018 x 10'° | 8.97981 x 10'°
1x10°% 8.98309 x 10 | 8.98307 x 100 | 8.98307 x 10'° | 8.98270 x 10'°
1x1077 9.01186 x 10%° | 9.01185 x 101 | 9.01185 x 10'° | 9.01154 x 10'°
1x1076 9.29471 x 10'° | 9.29601 x 10'° | 9.29601 x 10'° | 9.29521 x 10'°
1x1075 1.17548 x 101 | 1.16803 x 10! | 1.16803 x 10! | 1.17457 x 10!
1x1074 2.56141 x 10! | 2.56160 x 10*! | 2.56910 x 10! | 2.56141 x 10*!
1x1072 2.40057 x 10'2 | 2.40931 x 10'2 | 2.43901 x 10'2 | 2.40057 x 10'2
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Fig. 21. The graph on the left shows the initial perturbation of the electron velocity in the Z direction.
It is a case with rectangular, logical grid and azimuthal Fourier representation (geometry of Fig. .
Note, because of the Jy(R) Bessel function used for the radial dependence, the perturbation vanishes
at the plasma boundary. The graph on the right shows the same initial perturbation of the electron
velocity in the @ direction for a case with circular logical grid. This also constitutes a cylindrical
case, but the Fourier expansion is in the periodic, axial direction ®.

Fig. 22. The initial perturbations for all three cases, this time in a 3-D format for rectangular linear,
rectangular toroidal, and circular linear geometry.
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CHAPTER 5
LINEAR STABILITY TESTS

5.1. Resistive tearing modes in cylindrical geometry

In the paper done by Holmes et al. [16], the stability of resistive tearing modes using the full
MHD and reduced MHD models were compared. To test our code against the results of that paper,
we set up a similar configuration with the two species model by adding a resistivity term. It appears
in the momentum equations and involves the difference of the electron and ion flows. For the case
considered in this study, the momentum moment of the collision operator is defined specifically for

species s colliding with species ¢ as

msnsyst(ut - us) . (188)
Using the definition of conductivity,
1 . €2
gL = = e (189)
n VeiTle
the collisional friction term becomes
e, e*ne(u; —uy) | (190)

where o, is the perpendicular conductivity, n is the resistivity, and v,; is the electron-ion collision
frequency. We insert these terms into the momentum equations defined previously, remembering
to divide through by nyms, as has been done for every term in these equations. Ultimately, this

resistivity takes the individual forms of

2

%(ui —u.), and (191)
nneoe2 Te

B n—(uz -u.), (192)
7 7

for the electron and ion flow equations, respectively. With these terms added into the velocity
advances, our algorithm can represent resistive MHD type plasmas, with the additional two species
physics effects.

Before moving on to the implementation of the collisional friction terms, we need to dedimension-

alize them. In the NIMROD, code resistivity is defined as: 77 = pyClejecq, Where Cejecq is an electrical
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diffusivity with units of m?/s. Noting ¢ = 1/ju.¢€, and writing resistivity as 7 = Cejeca/c?€o, We

write the nondimensional electron and ion frictional collision terms as

E<%)2Celecdneo (Vi - Ve) , and (193)
C C

To ,Wpe Ne

?( z )QCelecdneo;(Vi - Ve) . (194)

In the Holmes [16] paper, the equilibrium is set by using the MHD force balance, Vp = J x B.
In addition, all quantities are cylindrically symmetric. The equilibrium was calculated by specifying
the safety factor profile (which describes the pitch of the magnetic field) as q(r) = go[1 + (%)2)‘]1/*.
This also specifies the pressure profile as B,peq(r) = 262le dr’%%%. With these and the toroidal
magnetic field set to one, B¢, (r) = 1, all the information needed to calculate the equilibrium fields
is given. Also important to list is the current density, J¢(r) = 24 (rBy, ), where ( is the toroidal
direction and By, is the azimuthal component of the magnetic field. We also note the requirement
that By, (r) = err/q with ¢ as the safety factor and €7 as the inverse aspect ratio. Fig. shows
the azimuthal symmetry in the magnetic field in the azimuthal direction, the current density in both
the azimuthal and the axial direction, as well as the pressure are plotted.

To specify the MHD equilibrium, only two of three fields, pressure, current, and magnetic field,
need to be specified for force balance, and then the remaining term is computed. In a like manner,
the two fluid equilibrium study uses force balance to specify the pressures, flows, and magnetic field.

In equilibrium we have

Ve Me
E e B = —— Vei(Ue — Uyg) 195
(B -+ x B)+ 2 = =T (. —w) (195)
for electrons, and
Vp; m; Me
E iXB* = - ie\Ue — W) = — ei\Ue — Ui ), 196
(B4, xB) = 20 = T, — ) = = v (u, —w) (196)

for ions, where in the last equality, we have used v;. = %Vei, which is true for this case because the
equilibrium number densities are taken to be equal n., = n;, = n,. We can solve for the specific
components of the flow velocities by considering the components of the momentum equation that
are parallel and perpendicular to the magnetic field. In this way the cross product in these equations

can be simplified.
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Fig. 23. The magnetic field in the azimuthal direction, the current density in the azimuthal, and
axial directions, and pressure. This is shown here to compare against our codes two fluid equilibrium
values.

Considering the parallel parts of the flow, we write
Me
E| = —?uei(ue” -u), (197)

where V| ps = 0 arises from rapid equilibration of pressure along the magnetic field. This equality
defines the parallel part of the electric field once the flows are specified. To do this, we use the
definition of the current density to relate the equilibrium flows to the specified current density for

the Holmes equilibrium as follows:

J” = eno(uiu — ue“) . (198)

As this is underspecified, we use the relationship given by conservation of momentum to solve for
the two flows, namely, meue, = m;u; . This gives the two equations for the parallel flow velocities

as
1

Uey = eno[(2=) — 1]

JH s and (199)



57

—)u, . (200)

The parallel electron and ion flows are shown in Fig. [24] as well as the ion pressure and electric field
in the axial direction. Note, the pressure was divided evenly between the ion and electron species,
and is set to be the same for both ions and electrons.

To solve for the perpendicular flow velocities we add and subtract the equilibrium momentum

. . L. _ Vbpe Vi — Vp. _ Vs
equations. In doing this, it is helpful to define four terms, p; = e T oen s P— = o e
u; = u. +u;, and u_ = u, — u; giving
MeVej
p.+(2E+u, xB)=-2—"“u_, (201)
e
p++ (u-xB)=0. (202)
N
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Fig. 24. Equilibrium electric field in the axial direction, the axial components of the ion and electron
flows, and the ion pressure, which equals the electron pressure.
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Now cross the magnetic field with both of these equations to solve for the components of flow

perpendicular to the magnetic field.

Melei

Bxp_ +2BxE)+B%u;, =2 Bxu_, (203)

Bxp,+B*u_,=0. (204)

From Eq. (204), a direct solution for u_; can be found by dividing through by the magnetic field

magnitude, namely,

1
u_, = 53(Bxps). (205)

Rearranging Eq. (202)) yields, B x u_ = p,, which can be substituted into the right side of Eq.
(203) giving

MelVej

Bxp_ +2BxE)+B*u,, =2 (206)

Solving for u | yields

Melei

uy e B2 P+

BxE)-2

1 2
L= Bxp — o (207)

Finally, based on our previous definitions, we have the following solution for the perpendicular

parts of the ion and electron flow velocities,

1

ueizé(uJu—&—u,L), (208)
1

u;, = §(u+J_ - u—J_) : (209)

These have been specified and loaded in as the initial conditions in the two fluid study. The per-
pendicular (azimuthal) flows, as well as the azimuthal component of the magnetic and the electric
fields are shown in Fig. 25

Lastly before the full conversion from the Holmes MHD to the current two fluid study, we mention
we have added a viscosity term for numerical smoothing of velocity fluctuations. While this term
may be derived as part of the small kinematic viscosity in such plasmas, here the coefficient is
exaggerated and the term is used to eliminate the small, quick oscillations that arise in a two species

study. This allows the slower oscillations inherent in the MHD approximation to arise in the plasma
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Fig. 25. The azimuthal magnetic field is the same as the MHD case; also, note the azimuthal electric
field is shown here. Also the current density has been split into ion and electron flows, shown here
for the azimuthal directions. Note the azimuthal symmetry is still the same as the MHD case.

even when faster oscillations are present. The form we use is
Chise V2, (210)

for both ions and electrons. In the finite element approach with C° basis functions, an integration

by parts is needed after multiplication by the test functions:
/ dV a - CpiseViu, = — / dx CyiscVa -Vu, + / dS Cyiseee - Vuy , (211)
Q Q s

where the last surface integral goes to zero given our boundary conditions. The term that survives
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is a vector dotted into a rank two tensor as follows

~ 9 A~ o~ X A0 X
$9 52 50 0| 40, & A0 & 5. &
T+ U+ Zaza} TozUylY  Yg,Uyly 25 Uyy (212)
~ 9 A~ A d A~ 20 o
I%UZZ y@uzz ZEUZZ

To dedimensionalize this term, remember that nsms has been divided through and note C,;s. has

units of m?/s such that

ro C 2. 1 9
jjcviscv s = acviscv ug . (213)

ctrg

The ratio of the coefficient for this viscosity and the conductivity term define the Prandtl number:
P = % We mention this term is specified in the Holmes paper and is a good term to provide

guidance for numerical dissipation in our resistive tearing mode simulation.

We have also added a diffusion term to the continuity equation, namely,
DyiseVns (214)

to smooth out small scale fluctuations in density. Again, while the term does not belong in the
fundamental equations, we use it to provide numerical stability. It is important to test that the
physical results are not tied to the values for Dy;s. and Ci;sc.

To make this term dimensionless, we proceed in a similar fashion to the viscosity term, noting

the division by cng/r, which yields

To N, 1
2 %Dviscvzns = 7Dviscvzns . (215)
cng 12 cro

Having converted the initial conditions for the Holmes MHD case, which were derived by force
balance, into the corresponding two fluid initializations, it is good to readdress the idea of force
balance. This is done by not initializing perturbations and advancing the equations given our
cylindrical, two fluid equilibrium. This would require the use of a rather small grid size to properly
resolve each of the forces and accurately demonstrate force balance. Currently, this has only been
explored on a small personal laptop that was unable to run the algorithm for a long enough time
to adequately address this issue of having force balance. What was observed is the forces were
balanced very well in the azimuthal and axial directions, but the radial direction appeared to have

some evolution, indicating complete force balance was not obtained. This leads us to inquire about
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the ion and electron flows perpendicular to the background magnetic field.

To test this concept of force balance, the original algorithm needed to be modified so as to run
in a nonlinear fashion (for more information, see Appendix A). As such a separate subroutine was
made to address nonlinearities and produce a matrix preconditioning step for our Newton Krylov
method. The NIMROD code has a routine to perform this in an iterative manner for the MHD
equations it uses. This same principle was followed in the two species algorithm. A preconditioning
matrix is produced in such a way the solution vector can be converged upon more efficiently. The
concept of this GMRES operation follows the same principles as outlined in Iterative Methods for
Sparse Linear Systems [29].

As we look further at studying the stability of the two fluid Holmes case, we note some special
considerations. Because the electrons and ions are allowed to advance separately, the electrons tend
to require a smaller time step to adequately refine their motion. In this manner, the rapid oscillations
of the electrons are resolved. This motion does not limit the overall characteristics of the plasma,
but simply requires a long run for the two fluid code. In the Homes MHD case, a time step of
At = 1 x 10775 was adequate, while in the two fluid case, a time step of At = 1 x 10715 was
needed. In the MHD case, the code needed to run on the order of 10 time steps to reach 100 us,
and a converged growth rate. If the same final time was needed for the two fluid case, we would need
to evolve on the order of 10'® time steps. This was an inconceivably large amount of computational
time.

As a first attempt to compare these results, we ran the Homes MHD case at a similarly small
time step and compared its results to the two fluid model. It is not clear the recombination of the ion
and electron flows is able to recover the current density predicted by MHD. More time and thought
are needed to further verify this case. However, while running the two species model for an extended
time, on the order of days, it appeared the growth rate was converging to a fixed value. This is a

good beginning for future study and investigation.

5.2. Minimum energy equilibrium

Having considered an initial study of the stability of the Holmes equilibrium, we move on to the
study of stability for the minimum energy state described by Edwards and Held [19]. This study
focused on the minimization of a confined two species collisionless plasma. The steady-state fluid
equations that describe this stationary plasma are the equations of state, momentum equations,

Poisson’s and Ampere’s Laws, and continuity equations as follows
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ps = Csn] , (216)

nsMsUs - Vg = gsns(E 4+ ug X B) — Vpg | (217)
anS

vV-E=S & 218

V x B = pg qunsus , (219)

V- nsus, =0. (220)

In addition, the plasma was assumed to be symmetric in two directions (azimuthal and axial),
but varying in the third (radial). Because of this, the above equations are under determined, thus

opening an avenue for minimizing energy. To do this the total energy of the system is considered

€ 1 Nem 1
= [ dV[2E?>+ —B? S+ ——p, 221
U= [aVIGE s 5 B T ), (221)

and then is varied with the additional constraints of V-B = 0 and V x E = 0 with the equation of
state ps = Csn] used to eliminate ps. This yields a set of partial differential equations that become
ordinary differential equations, assuming symmetry in two directions, with the resultant ordinary
differential equations solved numerically. Fig. shows the profiles of the number densities and the
electric field for one of the cylindrically symmetric, minimum energy equilibria discussed in Ref. [19].
Note, this equilibrium is balanced for both species. For the electrons, the electric and magnetic fields
balance out the pressure through the Lorentz force. The effect of the magnetic field is negligible for
the ions and it is the electric field only that balances out the pressure.

Here, we are interested in the stability of these minimum energy, equilibrium solutions. Equilib-
rium data files from Dr. Edwards’ code were read into NIMROD and an interpolation scheme was
used to take data from one grid to the others. Fourth-order interpolation was used. Figs. 7] and
[2§8 show the profiles provided by Dr. Edwards for a case similar to that shown in Fig. 26

As was considered in the Holmes case, an initial exploration of force balance was conducted.
Because the values of number density are so large, small interpolation errors in the ion and elec-
tron species can lead to large electric fields. Consider, for example, the computation of the radial

component of the electric field in cylindrical geometry given by Poisson’s equation,

anS
V-E=) o (222)
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Fig. 26. The ion and electron number densities and electric field profiles. The radial direction is
scaled by the electron skin depth, L, = ¢/w,..

Using the values from the data files for number density and approximating the divergence of the

electric field in the radial direction using second order FD

Ek:+1 _ Elcfl Ek: i oM
r r 777,7((]714‘(]71):517 (223)
2Ar rk €0

the resultant error, £, can be calculated. When this was done, significant error was found in the
data that was initially read in. A subroutine was written that calculated this difference between the
divergence of the electric field and the sum of the charge densities. NIMROD results showed the
initial error from the provided data was relatively large, but as the two fluid equations advanced,
this error shrunk, but did not vanish completely. Initial differences may be due to the size of the grid
and the large number density terms. As seen in the Holmes’ case, errors in the equilibrium profiles
lead to additional waves and instabilities in the plasma. Further care in preparing the equations is
necessary before these important stability calculations may be carried out.

In an initial attempt to resolve some of the force balance issues, grid packing was used. The

forces at the region near the center of the plasma column balanced out very well. The greatest
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Fig. 27. The ion and electron number densities and electric field profiles, as provided by Dr. Edwards.
The ion and electron number densities are shown with the axis to the left, and the electric field is
on the right.

separation of ions and electrons occur towards the edge of the plasma column. This creates a large
change in the computed electric field at the plasma column boundaries. As such, grid packing was
used to put more grid points where the largest changes take place. To some degree, this helped
to decrease the errors in the force balance, but it did not appear to make them all disappear. It
would be beneficial to look at a separate set of data that could be tested and considered before
three-dimensional stability calculations are conducted.

Figs. [29]and [30| show the growth starts at the plasma boundary and moves into the center of the
plasma. Fig. shows the perturbations in the radial electron velocity, which propagate from the
outer column toward the center. This causes similar perturbations in other fields such as number
density and magnetic field. Fig. shows the evolution of the axial electric field. Note, it starts
out at zero and the perturbation grows until it oscillates between two values as if an alternating
source on axis were moving particles back and forth. This initial observation leads us to believe the
forces at the very edge of the plasma are not balanced, and this imbalance is causing waves to move
through the plasma.

In a similar manner the initial data given for the force balance leads to a nonnegligible elec-
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Fig. 28. The ion and electron equilibrium velocity profiles, as well as the equilibrium magnetic field
in the azimuthal direction, as provided by Dr. Edwards. The electron (dashed) and ion (solid)
velocities are shown with the axes to the left, and the magnetic field (dotted) on the right. It is
noted the velocities are similar to each other given a factor of the mass ratio. As well, the velocities
and magnetic field strengths balance out the force from the electric field and pressure terms.

tric fields and ion and electron flows in the axial direction. If we consider the axial (z subscript)

component of the momentum equation, we have

D e = 2 (B g, By —uy, By) — 2

o, —Ug. = — D . 224
Us- 0z Us- My 8zp‘ (224)

From the initialization, u, and ug are both zero, and there is no initial variation in the axial direction,

% = 0, for any quantity in both species. This should, therefore, give E, = 0, which is what we see
in the initial quantities. But at the next time step, Fig. shows that E, is evolving.

The two most likely sources for this imbalance in Eq. are either change in the radial flow
or axial electric field. We suggest these two sources because the symmetry in the axial direction
causes the gradient of pressure term and the convective derivative term to be zero. In addition there

is no radial magnetic field nor azimuthal flows. Let us look first at the electric field advance which

we take from the displacement current in Ampere’s Law. The steady state given by Ampere’s Law
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moves to the inside and causes oscillations in its wake as the wave progresses.
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is

V xB = pg qunsuS . (225)

Considering only the axial directions with our initial conditions gives

10
;E(TB@ = poe(ni;, — nete,) - (226)
As was done before, we can calculate an error associated with this equation as

1 rkHBiH B rk—1Bg—1 Bf;
rk 2Ar

+ 7“7 — K€ (niuiz — neuez) = 52 . (227)

Errors in this equation will give rise to an electric field in the axial direction (E,) after taking a
small time step. When we calculate & from the initial data arrays, we find it is much smaller and
nearly constant in value, unlike the errors inherent in Poisson’s equation. Thus, we claim the forces
were adequately balanced in this axial direction.

It is conceivable this small difference will begin to cause some small growth in F,, which could
add into Eq. and drive axial flow. But let us now look first at the velocity advance in the
radial direction,

0 up 0 ﬁ _ 4 (

U+ Up 7 Up + Uy U + — 77U

0
ot or 0z r 0 T Mg By +u.By —uyB.) — orPs - (228)

Here, all the convective derivative terms will disappear, as well as the additional cylindrical coordi-
nate term (ui/r) and part of the cross product term (ugB.). But, the E,, u. By and the %ps terms
could give a contribution to the flow velocity in the radial direction, if the remaining terms do not

balance in this manner:
mg O

E, = —u,By+ (229)

gons or'
If this imbalance is the cause, then the resulting differences will be added into the advance of the
radial velocities and in Eq. the u, Byterm will become finite, giving rise to a nonnegligible
axial flow.

Again we compute the force balance from Eq. by considering both species pressures and

solving for the force balance difference as &3:

Bk o k+1 k-1 k+1 _ k-1
Ef 9 (uk . uk ) . <mz me) <pz D; + De De ) _ 53 ) (230)

2e 2A7r n¥ 2Ar nk
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This &3 then is directly proportional to the time advanced radial flow velocities as shown in Eq.

([228). Fig. shows this is exactly what we see as the initial conditions are allowed to advance in
time. Here we have taken the &5 values at each data point given as a function of radius, and compared
that to the radial component of the velocity advance we obtained by testing our force balance. Note,
although the values are different, the behavior is the same suggesting this nonnegligible axial electric
field production is tied to this apparent inaccuracy in the force balance of Eq. .

This initial study of the minimum energy states for two fluid plasmas suggests before moving

on to three-dimensional stability calculations, it is necessary to address the initial imbalance. Only

O — 0
= \ i
5 \‘
o \ B
@ -2000 |- 9 !
iz [ \
5L % ;
- - S, -
2 4000 B I
U [~ 6 £
o I N, i
L L :
T i s
= -6000 | Ny L
T % ;
c ¢ e Farce Balance LY I -2
— - o l‘_
3 .8000 Radial Velocity % !
o g i Ik
L ! |
- 1 \ I &
10000 L
i R o[
- = -I |
vt b b b b b N
0 1 2 <) 4 5 b

Fig. 31. The results of Eq. in a graphical form as the dotted line. It also shows the radial
velocity after the first time step as the dashed line. Although the scale is not the same the shape
of the curves is. The correspondence suggests errors in radial force balance from the initial data set
drives the evolution shown in Figs. 29| and
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then does it make sense to perturb the equilibrium and do full stability calculations. As we have

looked at the many different waves that persist in a two species plasma, it is necessary to discuss
and understand their sources. Our preliminary stability studies must satisfy force balance. If the
forces are not balanced, plasma waves are immediately generated and the initial state moves away
from the equilibrium we are testing.

As this work progresses, a next step would be to consider a different minimum energy equation, a
different z pinch or a screw pinch, or possibly the one shown in Fig. where the number densities of
the ions smoothly go to zero at the edge of the plasma column. It is conceivable this would improve
the force balance at the very edge of the plasma making 3-D stability tests of these systems possible.

In conclusion, we have made a study of two species plasmas, evolving the number density, flow ve-
locity, and temperature equations coupled to Maxwell’s electric and magnetic field equations, making
special note of the inclusion of the displacement current. Analyzing and considering these coupled
equations led to the discussion of normal modes in cold and hot plasmas, as represented by dispersion
relations resulting from a linear analysis of the two fluid equations. In doing so, we addressed the
numerical theory in relation to the ideas of geometry, temporal and spatial discretization, lineariza-
tion of the fluid equations, and the NIMROD expansion using the finite element approach. This
naturally led to the demonstration of numerical results generated by this algorithm in comparison
to analytical results and other published material. Specifically, we discussed the numerical results
of electrostatics, acoustic waves, temperature effects on acoustic waves, 6-centered time advances,
electromagnetic waves, whistler waves, MHD waves, and a Fourier analysis of many different plasma
waves. A final consideration was given to stability calculations, focusing on the force balance of
the initial conditions in a resistive MHD mode and a static minimum energy plasma state. Initial

observations were stated, as well as guidance for future work to be considered.
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Nonlinear Time-Discretization Analysis

Before rewriting all of the equations, a simplification of notation is used below by writing AA =

AR+l _ AR The time-discretized equations are

AE — At CQ(VXAB)—Z%

€0

k. k
— At [02 (VxB*) - e“'”ﬁg“] , (231)

S S

AB + AtV x AE = —AtV x EF | (232)

Aug + AL {(Aus V) Au, + V(Aps)  es

Angms  ms (AE+ Au, x AB)} N

k
~ At {(u’;.v) uk VP —i—es(Ek—f—u’;thk)} . (233)

nkms  mg
Ang + 0ALVY - (AnsAu,) = —AtV - nfut | (234)
AT, + 0At {(Aus V) AT, + ;ATS (V- Aus)] = At {(u’; V) TF - ng (V- uf)} . (235)

There is a bit of difficulty in treating nonlinear terms that have two perturbed variables multiplying
each other, V- (AnsAuy) for instance. To demonstrate the specifics of these terms, we consider the
divergence term in the continuity equation. We start by separating it into implicit and explicit parts

0[V-(nittalt)] = —(1-0)V - (nkul) . (236)

s s

Next, substituting in A**1 = AA 4+ AF for both the number density and flow velocity gives
0V (An,Au,) + V- (Anguf) + V- (nFAu) + V- (nfub)] = -1 -0)V - (niul) . (237)

This leaves four terms on the left side. The last three are linear, having either the previous solution
to a field variable multiplied by a perturbed quantity, or the sum of two previous solutions. However,
the first term is higher order, specifically the product of two perturbed quantities, An, and Aus.
Taking only Newton-like steps (where vectors are evaluated using Taylor series expansions) keeping
only linear terms (where higher-order terms are ignored)[28], and canceling like terms gives

0[V- (Ansuf) + V- (nfAu)] = -V (nkuf) . (238)

S S
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Before implementing this Newton-like step for the dual perturbed variables, we consider a term

Vn:Ts
Ng

with three variables, . First, we use the product rule to simplify this down to a gradient of

single terms, V’TllisT

=VT;+ %. Now looking only at the second part and writing this in implicit

and explicit parts gives

TEHITnk+L TEVnk

Using AF*1 = AA + A* as before gives

(AT, + TF) V (An, +nk)

0 (Ang + nk)

= —(1-)="s (240)

Using a Taylor expansion for the denominator and factoring the numerator leads to

ko, k
TIVng
ntk

oL (1 - A’,:) (AT, VAn, + TPV Ang + AT, Vnk + TFVRY) = —(1-0) (241)
n

k
ng s

Taking only Newton-like steps, thus getting rid of quadratic or triplet perturbed terms and canceling

like terms on both sides gives

TFVAn, AT, VnE  (TFVRE)Ang|  TFVRE

0 (242)

nk nk (nk)? - ok

With these two substitutions and similar ones for the terms gsnsus, us - Vug, us X B, T,V - ug, and
u, - VT a Newton-like advance of the full nonlinear equations in time that can handle fully implicit,

fully explicit, or anything in between is shown below:

’; + n’jAuS)

S A S
AE — 9AL |2 (V x AB) — (VA -3 (Anu

€0

ki k
& (V x BY) = (2VoF -y % . (243)

At

S

AB +0At[(V x AE) + EVA] = —At [(V x EF) — ¢VeH] | (244)
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Au, + 0At[(u§ V) Aug + (Aug - V) u”

— 52 (AE +u* x AB + Au, x B¥)
mS
N VAT, N TEVAn, AT VnE  (T)Vn) Uns] B
ms msnlg msn’; Mg (n§)2 B
Tk Tk k
S T v Y ) L S R ka)} . (245)
Mg Mgne Mg

Ang + AL [V - (n?Aus + Ansu’;)] = —AtV -nFul (246)

AT, + 0At | (uf - V) AT, + (Au, - V) TF + %Tf (V- Au,) + ;ATS (V- uf)} =

— At {(u’;.v) T - ng (V~uf)} . (247)

In addition, the time-discretized form of the corrective potential for the hyperbolic versions of

Maxwell’s equations is given as

A+ OAL C(V-AE)_CZ%O”S

— A [g(v BN+ CY e:k] , (248)

Ap + OALEPY - AB = —Atéc?V - B (249)
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e Numerical methods, finite element and finite differences schemes.

RESEARCH EXPERIENCE

Graduate Research Assistant, Department of Physics, Utah State University.
Computational analysis of numerical modeling of minimum energy states, derivation
and modeling of equations governing state, July 2008 - June 2009, January 2001 - July 2011.

Undergraduate Research Assistant, Department of Physics, Utah State University.
Assisted in developing models to describe large, stochastic fluctuations in water flow through
fractured rock layers, December 2000 - August 2002.

TEACHING EXPERIENCE

Instructor
Brigham Young University Idaho, Rexburg, ID.
Designed course curriculum to help students prepare, teach one another, and ponder/prove
ideas through: preparation assessment, group teaching assignments, quizzes, homework,
exams. Also utilized laboratory, visual and online materials to aid in learning.
e “Introductory Applied Physics 1” (PH 105) and associated labs. Fall 2011, Winter 2012,
Fall 2012 (2 sections each), Winter 2013, Spring 2013 (4 sections each).

e “Introductory Applied Physics 2” (PH 106) and associated labs. Spring 2012 (2 sec-
tions).

e “Principles of Physics 17 (PH 121) Fall 2011, Winter 2012.

e “Science Foundations” (FDSCI 101) Winter 2012, Spring 2012 (3 sections), Fall 2012 (3
sections).

Utah State University, Logan, UT.
Developed class curriculum focusing on learning through: homework assessments, quizzes,
laboratories, exams, lectures, and other online materials.
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e “Elements of Mechanics” (Phys 2200) Summers of 2007, 2008, 2009, 2010.

e “General Physics - Science and Engineering” (Phys 2210) Summers of 2007, 2008, 2009,
2010.

e “General Physics - Life Science II” (Phys 2120) Spring 2010.
e “Rock Climbing: Basic” (PE 1640) Fall 2001- Fall 2005.

Recitation Teacher
Utah State University, Logan, UT.
Managed grade book, organized online homework, taught weekly recitation classes, and
taught lectures for professors when needed.
e “General Physics - Life Science I & II (Phys 2110 & 2120) 2004-2005, 2010-2011.

e “Elements of Mechanics” (Phys 2200) 2006-2008.

e “General Physics - Science and Engineering I & II” (Phys 2210 & 2220) 2006-2008 and
Fall 2009.

Laboratory Teacher
Utah State University, Logan, UT.
Set up weekly labs with initial lecture, demonstration, and quizzes.
e “Elements of Mechanics” (Phys 2200) 2000-2003 and 2006-2008.

e “General Physics - Science and Engineering I & II” (Phys 2210 & 2220) 2000-2003,
2006-2008, and Fall 2009.

o “General Physics - Life Science I & II” (Phys 2110 & 2120) 2010-2011.

e Rewrote laboratory manuals for Phys 2110, 2120, 2200, 2210, and 2220. Focusing
on exploratory questions, ease of reading design and integrating in new data analysis
system. Summer 2003.

Tutor
Utah State University, Logan, UT.
Held weekly learning center hours. 2006-2008, Fall 2009 and 2010.

Tutor.com, New York, NY.
Tutored high-school and first year college students on topics of calculus and physics,
Summer and Fall 2008.

SCHOLARSHIPS AND AWARDS

Nominated for Utah State University Graduate Teacher of the Year 2011.

Utah State University, College of Science Graduate Teacher of the Year 2011.

Farrell and Ann Edwards Endowment, for commitment to research and teaching 2010.
Utah State University, Physics Department Teaching Assistant of the Year 2008.

Utah State University, College of Graduate Studies Presidential Fellowship 2005.

Utah State University, Physics Department undergraduate Departmental Scholarship 2002.
Utah State University, Alpha Epsilon Delta Service Award and Scholarship, 2002.

Utah State University, College of Science Tuition waiver Scholarship 2001.

Utah State University, Honors at Entrance Scholarship 1-year tuition waiver, 1997.
Brigham Young University, University Scholar, 1-year tuition waiver (rejected) 1997.
University of Utah, Alumni Achievement Scholarship, 1-year tuition waiver (rejected) 1997.
Science and Mathematics Deseret News Sterling Scholar, 1997.

AP Scholar with Honors, 1997.
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SKILLS

Computer: VI editing, FORTRAN, Maple, Mathematica, Excel.
CONFERENCE PRESENTATIONS

e Richard F Datwyler, “Fusion, Plasma, and Computation,” Idaho State University, Col-
loquium speaker, Pocatello, ID, March 2013.

e Richard F Datwyler, “Fusion, Plasma, and Computation,” Brigham Young University
Idaho, Colloquium speaker, Rexburg, ID, January 2013.

e Richard F Datwyler, “Two species plasma fluid tests with 2D Fourier transform analy-
sis,” NIMROD Annual Team Meeting, Logan, UT 2011.

e Richard F Datwyler, Nels J. Rasmussen, Paul D. Simonson, David Peak, “Giant Fluc-
tuations in Water Flow Through a Fractured Rock Medium,” National Council for
Undergraduate Research 2002, U. Wisconsin-Whitewater, April 26, 2002.

e Richard Datwyler, Paul Simonson, David Peak, Thomas R. Wood, Daphne Stoner,
Thomas M. Stoops, “Giant Fluctuations in Water Flow Through a Fractured Rock
Medium,” Council for Undergraduate Research Posters on the Hill, Washington, D.C.,
April 18, 2002.

e Richard Datwyler, Nels Rasmussen, Paul Simonson, and David Peak, “Giant Fluctu-
ations in Water Flow Through a Fractured Rock Medium,” Utah Posters on the Hill,
Utah State Capitol, Salt Lake City, UT, 2002.

e D. Peak, R. Datwyler, N. Rasmussen, P. Simonson, T.R. Wood, and T.M. Stoops,
“Giant Fluctuations in Flow Through Fractured Media: A Stochastic, Self-Organized
Dynamics Model,” The International Conference for Chaos and Nonlinear Dynamics:
Dynamics Days 2002, Baltimore, MD, January 4-7, 2002.

e Richard Datwyler, Nels Rasmussen, Paul Simonson, and David Peak, “Colossal Fluctu-
ations in Water Flow Through a Fractured Rock Medium,” USU Presidential Research
Showcase, Utah State University, Logan, UT, November 2001.



