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Gauge transformations of the biconformal connection

James T. Wheeler

jim.wheeler@usu.edu USU Department of physics, 4415 Old Main Hill, Logan, UT
84322-4415

Abstract

We study the changes of the biconformal gauge fields under the local rotational and dilatational gauge
transformations. We find two tensors built from the symmetric parts ot the connection and the Weyl
vector.

1 Definitions

In the conformally orthonormal frame our structure equations are

dwq = wiw®+ Aggnhjejeg — Ag{,‘ngifhfi + 2Agl}}5%fiej + Q9
1 1
de® = eO%re + §ncbdnaceb + §D17“efe + 7T
1 1
df, = OF T+ 50" dnafe — SDnece” + S,
dw = ef,+Q

where the e® components of Dn? become
Dt = dn® 4+ tad + necat, — 2W,en
= Ay + 0 (0% + pt) + 1% (o', + p') - 2Weesy
dn® + (ncbo,ac n naco,bc) ol b — 2Weetnt
= dy® 4 2 b — 2W,ec

2 Lorentz transformations

We compute the gauge transformation properties of the different pieces of the connection. Notice first that
we have the antisymmetry of the inhomogeneous part, A%, d?A¢,, of the transformation. Using the relations

Nab =  TNef AeaAJ;
8 = 0 nesAGAY
5§/_\bd = UcaﬁefAeaAfb/_\bd
Acd = ncandeA’ea
nacnde]xcd _ Aea
nde]\cd — nched



we have

AbeadAec = Abead (nefnchgf)
= 9, ALoRY
_ nebnchfeadAgf
[_\beadAec _ _nebncg/_ngadAfe
So0c A% 0N, + g A% 0N, = 0
=i (A50°0%) = 0

or equivalently,
eb (A9 adAf\ _ Ab adAf
oc (Agfa Ae) — Ab0%AT,
Now consider the basis equation (dropping the involution terms):
a byac .d 1 ac b 1 ae a
de® = e’037%+ §ncbdn e’ + §Dn fo+T
a a a a 1 ac ac 1 ac C,.,a
dape” +dge’ = e (0% +%) + Snen (™ +diyn™) e + 5 (dan™ + 27’ — 2Ween™) £,
1
+T% fre¢ + §T“bcebec

so we have two pieces,

a a 1 ac 1 a
d(x)e = eb0' p T 57765 (d(ac)n ) eb -+ inc b

a a 1 a 1 a a a a C
de’ = <—70 by incdabn d_ 3 .n —n d,ubdc + W +T bc> fye

If we choose a different orthonormal basis, €% = A“beb, Nab = Nab, and f, = Acbfc, the first piece becomes

o 1 e .
di (A%e”) = (A%e) % + 2 (dyn™) (Abe?) + T4 A% A%e
abd(z)eb — Ab (o- by + Ad »d m)A ) + %ncb (d(x)ntZC) A ded + 7T A ' ACe
A% (eCO'bC + %ndc (d(x)nb )et+ 1dee e > = Ale (6% + /ded(x)A“d) + %ncb (dyn™) Abed + T AN e

The second is

1 1
diye’ = (_Vac b+ 577cdab77ad - §ac7]ab ="l + Wen™ + Tabc) fre€

1.
55 (M) (A%e)

+ (_ﬁac b ﬁafﬁb + ﬁach + Tabc) (A%}fd) (Aceee)

dz) (A%e”) +dgy) (A%e") = (A%e%) a5 +

Aiela® + d(x)A“beb + d(y)A“beb e’

o
+(—a‘z — i ity +n”W T, ) A et
1

_2 ale;de el + (Aa d + A nbeﬂ’dec AabndeC _ AabdeC) £,e°



so that
~ ¢ a A e 1 Ta c a e
0 = e (U bAbc — A% (ch - Abed(I)A C)) + B} ( bcAbdA e leZie> e’e
0 = ((_:}/Cé b]\dbAec _ adAaC + Aab,ybc d) + Aabnbe (:U'dec _ ﬂgfh]\dgAhcAfe)> £,e¢
(RGN = AW + (T RN = AGT™, ) ) faef

and therefore,

oYy = abo'bcj\cd - abAbed(I)Aec*/_\Cd
((l)C = %JTZGA%)AeL
;5/0;3 bAdbAec = Aab’ybc ¢ - 8(1Aac
~g xd AR d
Mgth gA cAfe = 2 ec
W.AS, = W.
TabeAdbAec _ Aaz)dec
Solving for the new objects,
&ad = Aaba'bcf_\cd — d(z)Aac/_\cd
T%c = aleZleAdbAec
~a.q = ab'ybcACg - Aqud(y)Aac
i = pl andAebAJl
W, = WAL,
Tabc — adAberefAfc
For the co-solder form,
1
dawfs +dfy = ¥4fa + 59 ek

+Gabfa + naepebea - nabWCfcea + Sb ¢ dfced

Therefore,

0 = —(d@ (M%) +dg) (A%f))
3, (858 + 350 () (Mo )
+6°, (ASE.) + 74P, (A%eC) — napyWe (ASf.) (Abe)
+5,¢ 4 (M%) (A%e))

0 = (AU - ASdgAY) RS, + LSS L
+5,¢ JA%A%fel —d)A%f, — d(,)ALf,
—A® (7bec + %Sdefcfd + % F. + NeepSye’ — mpaWefe? + S, ¢ dfced>
+ (A% A, — d(yA%AS) ASE. + Taep’, (A%e®) — nap WA AL f e

= %S‘;dﬁiﬂfdfeff - %Z\basbef ffy +5,° AN fel — AL S, fe

n (/_\deﬁea _ /_\bapdb) Tea€ + (/_\banbdwc _ ﬁabAbd (We/_\ce)) f e



Then

Svacd — [_\ba SbefAceAdf
Sac d = ]\baSbe fACeAfd
Z)da = AdepebAba
Wa _ WbAab

In conclusion, we have the Lorentz (rotational) connections

and the tensors

3 Dilatations

% = A% A% —duALAY
iag — abvbc]\cg o [\ng(y)Aac
Tabc _ AadAberef[—\fc

be L0 AAY,
gacd _ ]\ba Sbef Ace Adf
Sac d = AbaSbe fAce]\fd
(1%, = :udeand A eb*/_vf:
pl = ALpGAY,
W, = WAL
We — WbAab

Once again, the structure equations in the new basis are

dw?
de*

df,
dw

where

D??ab

wiw?, + A;I’}nhjejeg — A;l’}ngifhfi +2A
1 1

eb@ggrdc + incbdnaceb + iDn“fe +T®
1 1

ek rif, + iandnabfc — 5D7ace” + 8,

e’f, + Q

cb__a ac,.b

dn® + 0T + n°r’, — 2wn®®

d?’]ab + 2,'7a¢:ﬁbc _ 2wnab

Under conformal transformation, the covariant derivative gives

Dﬁab

ah:gi
gb—jh

fiej + Qab

dn® + 1 (a® + B%) +n* (o/’c + ﬂbc) — 2wn®

d’l]ab + 77cbaaC + nacabc + ncbﬁrt: + naCﬁbc _ 2w77“b

d (62¢>77ab) +9 (e2¢nac) Bbc 2w+ dqﬁ) (e2¢,’7ab)
25 dn® 4 2620790d¢ + 2€2¢nacBbc — 2620ty — 2620904

6245 (dnab + 2nacBbc _ 2nabw>
62¢Dnab



~b
as long as B, = ,Bbc.
Now look at the solder form equation before and after a dilatation,

1 1
'O T + Gnedn e’ + SDy* f, + T

de* =
d(e%e”) = (e%e’) o%Fd + ; “nepd (e29%¢) e®e” + %ew (Dn¢) e~ f, + T

Subtracting e? times the first from the second,

1 1
d (e%e”) — e?de” = e?et@icrd + - 5¢ “2nepd (€297°) e?e’ + §e2¢ (D7) e~ f, + T
1
—e¢eb@357'd e¢ncbdnaceb — fe‘z’Dn“ef T¢
1 1
0 = e?e0%7? +e?e?dg — e?e?@%Td + 5 leb (2n*¢d¢ + dn®) e?e’ — 56 Pnepdn®©e’

1 1
= e’ (@%Td 6357‘d> + e?e?d¢ + dpe’e” + 56 nepdn®ce’ — 3¢ nepdn®e’
= efebOl (~ _ _,_d)

so the equation is satisfied with the connection invariant under dilatations.
A corresponding result holds for the co-solder form. Writing the structure equation before and after
dilatation,

df, = o%rif, + andnabf Dnacec +8,
1 1 N
e ?df, — dge ?f, = O TFle ?f, + n ¢ (—2dgpe > nap, + e *Pdnay) . — 56’2¢Dnace¢ec +8S,
so subtracting,
be _d 1 be 1 c
df, = @daT cfb + 777 dnabfc - iDnace + S,
1 1 s
etdf, — dpe 0f, — e tdf, = (T - OlTl)f + S Anave ™ f = 5e” 2 Diee’e” + 8,

1 1
fnbcdqbnabe*‘i’fc - ie*‘i’nbcdnabfc + i(fasDnacec —e %S,
_dge—?f, — (@bc . @ggfdc) f, — dge*f, + (s - e—¢sa)
(@bc - OlTl)

Now consider the e and f. components of the structure equations separately,

0

3.1 Configuration submanifold

Consider the subparts of the solder form structure equation,
1
de® = eo%rd + incbdnac e + Dn“ef + T
a a b __a b.a 1 ac ac
de” +dye” = €0+ ey + gne (dan™ +d)n™)e

1 1
+5 D"t + §T‘f,cebec + T f,e°



yielding the two pieces

1 1
d(w)ea = e 0’ b —|— 2’[’)(/bd(1)77 e + 2Tb(/e e

1
dyye’ = ey + Snadyn e’ + QDn“efe+T“”cfbeC

where any f,f. part vanishes separately by involution. After gauging,
d(e?e”) = (e%e’) 0%rd + %e “nepd (€271 e?e” + %e% (Dn¢) e~ f, + T
e?di)e” +e?d et = e?e’a +e?e’yY — e?d(y e — d(y)de’e
—l—%e Neb (2d $)¢62¢ e 3 eQd’d(w)n“C + Zd(y)¢€2¢ ac 4 €2¢d( Wi ) eb
—|—%e¢ (Dn*) fe + %e‘z’Tbce e’ +e?T fiec
This also gives two pieces:
e¢d(z)e“ = e¢eb&ab +

e¢ncb (d(az)n{w) + ied)Tbce e’

~ 1
cdye’ = 'Y+ S (diyn™) e + S (D) fo + €T fre

|
e?dye’ —efdme” = e’e’ah+ Selng (dwn™) e’ + 5 Loty ele
1
—e?ela — §e¢ncbd(x)77 e’ — fe‘ﬁT‘f,ce e’
0 = e%e (69 —09)
o 1 e 1 e " .
e?dye” —efdye’ = e’y + gefn (diyn*) e + g (D) fe + P T fre

1 1
—e¢eb'y“b - §e¢ncbd(y)naceb - §e¢Dnaefe - e‘z’T“bcfbec
= % (Y% = 7%)

Again we find the components of the spin connection unaltered by dilatation.

3.2 Co-solder structure equation

Repeating for the co-solder equation,

df, = o%rif, + ancdnabf Dnacec +8,
dipfe +doyfs = % +45%6 + and () Tabfe + 77 “d(y)Mabfe — Dnacec+Sa
with pieces
b 1 be 1 c b c
d(x)fa = o afb + 577 d(w)nabfc - iDnace + Sa cfbe
1 1
dyf. = ’Ybafb + inbcd(y)nabfc + isabcfbfc



and after gauging,

d(zy (e %fa) +dy) (e

with independent parts,
—d(ype f, + e Pdpf, =
e ?dpyf, =
—d( e %f, +e ?dyf, =
e dyfa =
so the differences give:

e ?df, — e ?d ) fa

and

1 )
_‘bfa) = e_¢&bafb + 'S/bae_d’fb + §e2¢nb°d(z) (e_2¢nab) e ?f,

1 1 -
+562¢nbcd(y) (e_2¢nab) e f, — 56_‘1’DnaceC + S,

1 1 -
e_‘z’&bafb — §;d(m)¢e_¢fc + §nbcd(m)nab6_¢f6 — §e_¢Dnacec + SabcfbeC
1 1 -
e_¢6'bafb + 56_¢nbcd(z)nabfc — 56_¢Dnacec + Sabcfbec
- _ 1 _ 1~
e 4" 8, — e ?d(y)of, + 5€ *nbedyynavfe + §Sa”cfbfc

- 1 4 e 150
8_¢’7bafb + 56 ¢’r]b‘d(y)77abfc + §Sab‘fbfc

1 1 ~
= e_d’&bafb + §e_¢nbcd(x)77abfc — 56_¢Dnacec + Sabcfbec
1 1
—e_¢abafb — 56_¢nbcd(z)nabfc + Ee_‘lsDnaceC — e_¢SabCfbec

= ¢ ® (&ba - o'ba) f, + (Sabc — €7¢Sabc> f,e¢

- - —¢x I _ c L c
e ¢d(y)fa — e ¢d(y)fa = € ¢’7bafb + 56 ¢77b d(y)nabfc + iSab fbfc

— 1 — C 1 - C
—e ¢7bafb — 3¢ Ppb d(y)Nafe — 3¢ ¢Sab f,f.

0 = (56 + % (S0 = e7250°) £k,

so the spin connection is unchanged and the co-torsion dilates as a weight —1 tensor.

4 Summary of gauge transformations

The metric and Weyl vector transform according to

gt = (&%)
= ¢ (e ")
_ e2¢nab

b = € *nap

W, = W,+0.¢

Vo = & " (Wu+0,0)

e %e, M (W, +0,0)
e (Wa + 9a0)
WH+ 0"
We = &, “(WF+0"9)

= " (W*+0%)

%tz
|



Under Lorentz transformations, we have the connections

oy = abch]\Cd - d(x)Aac]\Cd
,;/ag = ab’ybc‘/_xc:q - Acgd(y)Aac
and the tensors
Tabc _ AadAberef‘/_\fc

~(I]‘)c = (Il)TZeAdbAec
St = A,STAANY
S.¢a = ALS," AN,

A = Mdeand A A,
i)da = Aipeb]xba

W, = WAL

Wa — WbAab

The dilatational gauge transformations are given by:

[y, = e °T4,
Fob  — tTeb
Gl = et
Sy a4 = €795,
and
54, = e ? (0‘},64—2@2{?&1@5)
i = e %u,
[, = e ul,
Ve ' o= et (1 " +2000%)
phC = e
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