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Gauge transformations of the biconformal connection

James T. Wheeler

jim.wheeler@usu.edu USU Department of physics, 4415 Old Main Hill, Logan, UT
84322-4415

Abstract

We study the changes of the biconformal gauge fields under the local rotational and dilatational gauge
transformations. We find two tensors built from the symmetric parts ot the connection and the Weyl
vector.

1 Definitions
In the conformally orthonormal frame our structure equations are

dωab = ωcbω
a
c + ∆ah

gb ηhje
jeg −∆ah

gb η
gifhfi + 2∆ah

gbΞgijhfie
j + Ωa

b

dea = ebΘac
dbτ

d
c +

1
2
ηcbdηaceb +

1
2
Dηaefe + Ta

dfa = Θbc
daτ

d
cfb +

1
2
ηbcdηabfc −

1
2
Dηacec + Sa

dω = eafa + Ω

where the ec components of Dηab become

Dηab = dηab + ηcbαac + ηacαbc − 2Wcecηab

= dηab + ηcb (σac + µac) + ηac
(
σbc + µbc

)
− 2Wcecηab

= dηab +
(
ηcbσac + ηacσbc

)
+ ηcbµac + ηacµbc − 2Wcecηab

= dηab + 2ηacµbc − 2Wcecηab

2 Lorentz transformations
We compute the gauge transformation properties of the different pieces of the connection. Notice first that
we have the antisymmetry of the inhomogeneous part, Λ̄be∂

dΛec, of the transformation. Using the relations

ηab = ηefΛeaΛfb
δcb = ηcaηefΛeaΛfb

δcbΛ̄
b
d = ηcaηefΛeaΛfbΛ̄

b
d

Λ̄cd = ηcaηdeΛea
ηacη

deΛ̄cd = Λea
ηdeΛ̄cd = ηcdΛed
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we have

Λ̄be∂
dΛec = Λ̄be∂

d
(
ηefηcgΛ̄

g
f

)
= ηefηcgΛ̄be∂

dΛ̄gf
= ηebηcgΛfe∂

dΛ̄gf
Λ̄be∂

dΛec = −ηebηcgΛ̄gf∂
dΛfe

δbgδ
e
c Λ̄

g
f∂

dΛfe + ηebηcgΛ̄
g
f∂

dΛfe = 0

Ξebcg
(

Λ̄gf∂
dΛfe

)
= 0

or equivalently,
Θeb
cg

(
Λ̄gf∂

dΛfe
)

= Λ̄bf∂
dΛfc

Now consider the basis equation (dropping the involution terms):

dea = ebΘac
dbτ

d
c +

1
2
ηcbdηaceb +

1
2
Dηaefe + Ta

d(x)ea + d(y)ea = eb (σab + γab) +
1
2
ηcb

(
d(x)η

ac + d(y)η
ac

)
eb +

1
2

(
d(x)η

ab + 2ηacµbc − 2Wcecηab
)
fb

+T abcfbe
c +

1
2
T abce

bec

so we have two pieces,

d(x)ea = ebσab +
1
2
ηcb

(
d(x)η

ac
)
eb +

1
2
T abce

bec

d(y)ea =
(
−γa b

c +
1
2
ηcd∂

bηad − 1
2
∂cη

ab − ηadµbdc +Wcη
ab + T abc

)
fbec

If we choose a different orthonormal basis, ẽa = Λabe
b, η̃ab = ηab, and fb = Λ̄cbfc, the first piece becomes

d(x)

(
Λabe

b
)

=
(
Λbce

c
)
σ̃ab +

1
2
ηcb

(
d(x)η

ac
) (

Λbde
d
)

+
1
2
T abcΛ

b
dΛ

c
ee
dee

Λabd(x)eb = Λbce
c
(
σ̃ab + Λ̄dbd(x)Λad

)
+

1
2
ηcb

(
d(x)η

ac
)

Λbde
d +

1
2
T abcΛ

b
dΛ

c
ee
dee

Λab

(
ecσbc +

1
2
ηdc

(
d(x)η

bd
)
ec +

1
2
T bcde

ced
)

= Λbce
c
(
σ̃ab + Λ̄dbd(x)Λad

)
+

1
2
ηcb

(
d(x)η

ac
)

Λbde
d +

1
2
T abcΛ

b
dΛ

c
ee
dee

The second is

d(y)ea =
(
−γa b

c +
1
2
ηcd∂

bηad − 1
2
∂cη

ab − ηadµbdc +Wcη
ab + T abc

)
fbec

d(x)

(
Λabe

b
)

+ d(y)

(
Λabe

b
)

=
(
Λbce

c
)
σ̃ab +

1
2
T̃ abc

(
Λbde

d
)

(Λcee
e)

+
(
−γ̃a b

c − η̃af µ̃bfc + η̃abW̃c + T̃ abc

) (
Λ̄dbfd

)
(Λcee

e)

Λabe
cσbc + d(x)Λabe

b + d(y)Λabe
b = ecσ̃abΛ

b
c +

1
2
T̃ abcΛ

b
dΛ

c
ee
dee

+
(
−γ̃a b

c − η̃af µ̃bfc + η̃abW̃c + T̃ abc

)
Λ̄dbΛ

c
efde

e

−1
2

ΛabT
b
cde

ced +
(
Λabγ

b d
c + Λabη

beµdec − Λabη
bdWc − ΛabT

bd
c

)
fdec
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so that

0 = ec
(
σ̃abΛ

b
c − Λab

(
σbc − Λ̄bed(x)Λec

))
+

1
2

(
T̃ abcΛ

b
dΛ

c
e − ΛabT

b
de

)
edee

0 =
((
−γ̃a b

e Λ̄dbΛ
e
c − ∂dΛac + Λabγ

b d
c

)
+ Λabη

be
(
µdec − µ̃

g
fhΛ̄dgΛ

h
cΛ

f
e

))
fdec

+
((
η̃abW̃eΛ̄dbΛ

e
c − Λabη

bdWc

)
+

(
T̃ abeΛ̄

d
bΛ

e
c − ΛabT

bd
c

))
fdec

and therefore,

σ̃ad = Λabσ
b
cΛ̄

c
d − ΛabΛ̄

b
ed(x)ΛecΛ̄

c
d

T̃ abc = ΛabT
b
deΛ̄

d
bΛ̄

e
c

γ̃a b
e Λ̄dbΛ

e
c = Λabγ

b d
c − ∂dΛac

µ̃gfhΛ̄dgΛ
h
cΛ

f
e = µdec

W̃eΛec = Wc

T̃ abeΛ̄
d
bΛ

e
c = ΛabT

bd
c

Solving for the new objects,

σ̃ad = Λabσ
b
cΛ̄

c
d − d(x)ΛacΛ̄

c
d

T̃ abc = ΛabT
b
deΛ̄

d
bΛ̄

e
c

γ̃ag = Λabγ
b
cΛ̄

c
g − Λ̄cgd(y)Λac

µ̃abc = µdefΛadΛ̄
e
bΛ̄

f
c

W̃a = WbΛ̄ba
T̃ abc = ΛadΛ

b
eT

de
f Λ̄fc

For the co-solder form,

d(x)fb + d(y)fb = γabfa +
1
2
S cd
b fcfd

+σabfa + ηaeρ
e
be
a − ηabW cfcea + S c

b dfce
d

Therefore,

0 = −
(
d(x)

(
Λ̄bafb

)
+ d(y)

(
Λ̄bafb

))
γ̃ba

(
Λ̄cbfc

)
+

1
2
S̃ cd
a

(
Λ̄ecfe

) (
Λ̄fdff

)
+σ̃ba

(
Λ̄cbfc

)
+ η̃deρ̃

e
a

(
Λdce

c
)
− ηabW̃ c

(
Λ̄ecfe

) (
Λbde

d
)

+S̃ c
a d

(
Λ̄ecfe

) (
Λdfe

f
)

0 =
(
Λbdγ

d
cΛ̄

c
a − Λ̄cad(y)Λbc

)
Λ̄ebfe +

1
2
S̃ cd
a Λ̄ecΛ̄

f
dfeff

+S̃ c
a dΛ̄

e
cΛ

d
f fee

f − d(x)Λ̄bafb − d(y)Λ̄bafb

−Λ̄ba

(
γcbfc +

1
2
S cd
b fcfd + σcbfc + ηceρ

e
be
c − ηbdW cfced + S c

b dfce
d

)
+

(
Λbdσ

d
cΛ̄

c
a − d(x)ΛbcΛ̄

c
a

)
Λ̄ebfe + η̃deρ̃

e
a

(
Λdce

c
)
− ηabW̃ cΛ̄ecΛ

b
dfee

d

=
1
2
S̃ cd
a Λ̄ecΛ̄

f
dfeff −

1
2

Λ̄baS
ef
b feff + S̃ c

a dΛ̄
e
cΛ

d
f fee

f − Λ̄baS
c
b dfce

d

+
(
Λ̄deρ̃

e
a − Λ̄baρ

d
b

)
ηcdec +

(
Λ̄baηbdW

c − ηabΛbd
(
W̃ eΛ̄ce

))
fced
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Then

S̃ cd
a = Λ̄baS

ef
b ΛceΛ

d
f

S̃ c
a d = Λ̄baS

e
b fΛceΛ̄

f
d

ρ̃da = Λdeρ
e
bΛ̄

b
a

W̃ a = W bΛab

In conclusion, we have the Lorentz (rotational) connections

σ̃ad = Λabσ
b
cΛ̄

c
d − d(x)ΛacΛ̄

c
d

γ̃ag = Λabγ
b
cΛ̄

c
g − Λ̄cgd(y)Λac

and the tensors

T̃ abc = ΛadΛ
b
eT

de
f Λ̄fc

T̃ abc = ΛabT
b
deΛ̄

d
bΛ̄

e
c

S̃ cd
a = Λ̄baS

ef
b ΛceΛ

d
f

S̃ c
a d = Λ̄baS

e
b fΛceΛ̄

f
d

µ̃abc = µdefΛadΛ̄
e
bΛ̄

f
c

ρ̃da = Λdeρ
e
bΛ̄

b
a

W̃a = WbΛ̄ba
W̃ a = W bΛab

3 Dilatations
Once again, the structure equations in the new basis are

dωab = ωcbω
a
c + ∆ah

gb ηhje
jeg −∆ah

gb η
gifhfi + 2∆ah

gbΞgijhfie
j + Ωa

b

dea = ebΘac
dbτ

d
c +

1
2
ηcbdηaceb +

1
2
Dηaefe + Ta

dfa = Θbc
daτ

d
cfb +

1
2
ηbcdηabfc −

1
2
Dηacec + Sa

dω = eafa + Ω

where

Dηab = dηab + ηcbτ ac + ηacτ bc − 2ωηab

= dηab + ηcb (αac + βac) + ηac
(
αbc + βbc

)
− 2ωηab

= dηab + ηcbαac + ηacαbc + ηcbβac + ηacβbc − 2ωηab

= dηab + 2ηacβbc − 2ωηab

Under conformal transformation, the covariant derivative gives

Dη̃ab = d
(
e2φηab

)
+ 2

(
e2φηac

)
β̃
b

c − 2 (ω + dφ)
(
e2φηab

)
= e2φdηab + 2e2φηabdφ+ 2e2φηacβ̃

b

c − 2e2φηabω − 2e2φηabdφ

= e2φ
(
dηab + 2ηacβ̃

b

c − 2ηabω
)

= e2φDηab
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as long as β̃
b

c = βbc.
Now look at the solder form equation before and after a dilatation,

dea = ebΘac
dbτ

d
c +

1
2
ηcbdηaceb +

1
2
Dηaefe + Ta

d
(
eφea

)
=

(
eφeb

)
Θac
dbτ̃

d
c +

1
2
e−2φηcbd

(
e2φηac

)
eφeb +

1
2
e2φ (Dηae) e−φfe + eφTa

Subtracting eφ times the first from the second,

d
(
eφea

)
− eφdea = eφebΘac

dbτ̃
d
c +

1
2
e−2φηcbd

(
e2φηac

)
eφeb +

1
2
e2φ (Dηae) e−φfe + eφTa

−eφebΘac
dbτ

d
c −

1
2
eφηcbdηaceb −

1
2
eφDηaefe − eφTa

0 = eφebΘac
dbτ̃

d
c + eφeadφ− eφebΘac

dbτ
d
c +

1
2
ηcb (2ηacdφ+ dηac) eφeb − 1

2
eφηcbdηaceb

= eφeb
(

Θac
dbτ̃

d
c −Θac

dbτ
d
c

)
+ eφeadφ+ dφeφea +

1
2
eφηcbdηaceb −

1
2
eφηcbdηaceb

= eφebΘac
db

(
τ̃ dc − τ dc

)
so the equation is satisfied with the connection invariant under dilatations.

A corresponding result holds for the co-solder form. Writing the structure equation before and after
dilatation,

dfa = Θbc
daτ

d
cfb +

1
2
ηbcdηabfc −

1
2
Dηacec + Sa

e−φdfa − dφe−φfa = Θbc
daτ̃

d
ce
−φfb +

1
2
ηbc

(
−2dφe−2φηab + e−2φdηab

)
fc −

1
2
e−2φDηaceφec + S̃a

so subtracting,

dfa = Θbc
daτ

d
cfb +

1
2
ηbcdηabfc −

1
2
Dηacec + Sa

e−φdfa − dφe−φfa − e−φdfa = e−φ
(

Θbc
daτ̃

d
c −Θbc

daτ
d
c

)
fb +

1
2
ηbcdηabe−φfc −

1
2
e−2φDηaceφec + S̃a

−ηbcdφηabe−φfc −
1
2
e−φηbcdηabfc +

1
2
e−φDηacec − e−φSa

−dφe−φfa = e−φ
(

Θbc
daτ̃

d
c −Θbc

daτ
d
c

)
fb − dφe−φfa +

(
S̃a − e−φSa

)
0 =

(
Θbc
daτ̃

d
c −Θbc

daτ
d
c

)
fb

Now consider the ec and fc components of the structure equations separately,

3.1 Configuration submanifold
Consider the subparts of the solder form structure equation,

dea = ebΘac
dbτ

d
c +

1
2
ηcbdηaceb +

1
2
Dηaefe + Ta

d(x)ea + d(y)ea = ebσab + ebγab +
1
2
ηcb

(
d(x)η

ac + d(y)η
ac

)
eb

+
1
2
Dηaefe +

1
2
T abce

bec + T abcfbe
c

5



yielding the two pieces

d(x)ea = ebσab +
1
2
ηcbd(x)η

aceb +
1
2
T abce

bec

d(y)ea = ebγab +
1
2
ηcbd(y)η

aceb +
1
2
Dηaefe + T abcfbe

c

where any fbfc part vanishes separately by involution. After gauging,

d
(
eφea

)
=

(
eφeb

)
Θac
dbτ̃

d
c +

1
2
e−2φηcbd

(
e2φηac

)
eφeb +

1
2
e2φ (Dηae) e−φfe + eφTa

eφd(x)ea + eφd(y)ea = eφebσ̃ab + eφebγ̃ab − eφd(x)φea − d(y)φe
φea

+
1
2
e−φηcb

(
2d(x)φe

2φηac + e2φd(x)η
ac + 2d(y)φe

2φηac + e2φd(y)η
ac

)
eb

+
1
2
eφ (Dηae) fe +

1
2
eφT abce

bec + eφT abcfbe
c

This also gives two pieces:

eφd(x)ea = eφebσ̃ab +
1
2
eφηcb

(
d(x)η

ac
)
eb +

1
2
eφT abce

bec

eφd(y)ea = eφebγ̃ab +
1
2
eφηcb

(
d(y)η

ac
)
eb +

1
2
eφ (Dηae) fe + eφT abcfbe

c

and taking the difference of the corresponding pieces, we have

eφd(x)ea − eφd(x)ea = eφebσ̃ab +
1
2
eφηcb

(
d(x)η

ac
)
eb +

1
2
eφT abce

bec

−eφebσab −
1
2
eφηcbd(x)η

aceb − 1
2
eφT abce

bec

0 = eφeb (σ̃ab − σab)

eφd(y)ea − eφd(y)ea = eφebγ̃ab +
1
2
eφηcb

(
d(y)η

ac
)
eb +

1
2
eφ (Dηae) fe + eφT abcfbe

c

−eφebγab −
1
2
eφηcbd(y)η

aceb − 1
2
eφDηaefe − eφT abcfbec

= eφeb (γ̃ab − γab)

Again we find the components of the spin connection unaltered by dilatation.

3.2 Co-solder structure equation
Repeating for the co-solder equation,

dfa = Θbc
daτ

d
cfb +

1
2
ηbcdηabfc −

1
2
Dηacec + Sa

d(x)fa + d(y)fa = σbafb + γbafb +
1
2
ηbcd(x)ηabfc +

1
2
ηbcd(y)ηabfc −

1
2
Dηacec + Sa

with pieces

d(x)fa = σbafb +
1
2
ηbcd(x)ηabfc −

1
2
Dηacec + S b

a cfbe
c

d(y)fa = γbafb +
1
2
ηbcd(y)ηabfc +

1
2
S bc
a fbfc

6



and after gauging,

d(x)

(
e−φfa

)
+ d(y)

(
e−φfa

)
= e−φσ̃bafb + γ̃bae

−φfb +
1
2
e2φηbcd(x)

(
e−2φηab

)
e−φfc

+
1
2
e2φηbcd(y)

(
e−2φηab

)
e−φfc −

1
2
e−φDηacec + S̃a

with independent parts,

−d(x)φe
−φfa + e−φd(x)fa = e−φσ̃bafb − δcad(x)φe

−φfc +
1
2
ηbcd(x)ηabe

−φfc −
1
2
e−φDηacec + S̃ b

a cfbe
c

e−φd(x)fa = e−φσ̃bafb +
1
2
e−φηbcd(x)ηabfc −

1
2
e−φDηacec + S̃ b

a cfbe
c

−d(y)φe
−φfa + e−φd(y)fa = e−φγ̃bafb − e−φd(y)φfa +

1
2
e−φηbcd(y)ηabfc +

1
2
S̃ bc
a fbfc

e−φd(y)fa = e−φγ̃bafb +
1
2
e−φηbcd(y)ηabfc +

1
2
S̃ bc
a fbfc

so the differences give:

e−φd(x)fa − e−φd(x)fa = e−φσ̃bafb +
1
2
e−φηbcd(x)ηabfc −

1
2
e−φDηacec + S̃ b

a cfbe
c

−e−φσbafb −
1
2
e−φηbcd(x)ηabfc +

1
2
e−φDηacec − e−φS b

a cfbe
c

0 = e−φ
(
σ̃ba − σba

)
fb +

(
S̃ b
a c − e−φS b

a c

)
fbec

and

e−φd(y)fa − e−φd(y)fa = e−φγ̃bafb +
1
2
e−φηbcd(y)ηabfc +

1
2
S̃ bc
a fbfc

−e−φγbafb −
1
2
e−φηbcd(y)ηabfc −

1
2
e−φS bc

a fbfc

0 = e−φ
(
γ̃ba − γba

)
fb +

1
2

(
S̃ bc
a − e−φS bc

a

)
fbfc

so the spin connection is unchanged and the co-torsion dilates as a weight −1 tensor.

4 Summary of gauge transformations
The metric and Weyl vector transform according to

η̃ab =
〈
ẽa, ẽb

〉
= e2φ

〈
ea, eb

〉
= e2φηab

η̃ab = e−2φηab

W̃µ = Wµ + ∂µφ

W̃a = ẽ µ
a (Wµ + ∂µφ)

= e−φe µ
a (Wµ + ∂µφ)

= e−φ (Wa + ∂aφ)
W̃µ = Wµ + ∂µφ

W̃ a = ẽ a
µ (Wµ + ∂µφ)

= eφ (W a + ∂aφ)

7



Under Lorentz transformations, we have the connections

σ̃ad = Λabσ
b
cΛ̄

c
d − d(x)ΛacΛ̄

c
d

γ̃ag = Λabγ
b
cΛ̄

c
g − Λ̄cgd(y)Λac

and the tensors

T̃ abc = ΛadΛ
b
eT

de
f Λ̄fc

T̃ abc = ΛabT
b
deΛ̄

d
bΛ̄

e
c

S̃ cd
a = Λ̄baS

ef
b ΛceΛ

d
f

S̃ c
a d = Λ̄baS

e
b fΛceΛ̄

f
d

µ̃abc = µdefΛadΛ̄
e
bΛ̄

f
c

ρ̃da = Λdeρ
e
bΛ̄

b
a

W̃a = WbΛ̄ba
W̃ a = W bΛab

The dilatational gauge transformations are given by:

T̃ abc = e−φT abc

T̃ abc = eφT abc

S̃ cd
b = eφS cd

b

S̃ c
b d = e−φS c

b d

and

σ̃abc = e−φ
(
σabc + 2Θad

cb ∂dφ
)

µ̃ace = e−φµace

µ̃abc = e−φµabc

γ̃a b
c = eφ

(
γa b
c + 2Θab

ec∂
eφ

)
ρ̃d c
b = eφρd c

b
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