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typical exchange as students worked with tutorial virtual manipulatives. Here, Brandon 

and Bonnie are working with the tutorial virtual manipulative, adding fractions, to solve 

1/10 + 1/2 (see Figure 35).  

89 Brandon One-tenth plus one-half.  
90 Bonnie So that's 2. That's 10.  
91 Brandon That's 5. 
92 Bonnie Wait! It's 20. 
93 Brandon No it's not. Look, 2 can go into 10. 
94 Bonnie Oh, ok. That's 10 and that's 5. 
   (VM feedback: try a different numerator) 
95 Brandon Oh, this should be 1. 
   (VM feedback: correct) 
 
In this example, Brandon and Bonnie’s discourse consisted of short statements 

aimed at solving the given addition problem. Neither student supplied any reasoning for 

their answers. Even when a mistake was made (typing 2/10 instead of 1/10), Brandon 

simply corrected the error and moved on without commenting on why it was incorrect 

(line 95). This short exchange illustrates the tendency for students, when working with 

 

 
Figure 35. Brandon and Bonnie working with adding fractions, episode T3B. 
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tutorial virtual manipulatives, to solve the problem presented to them, and then move on 

to the next problem without providing explanations or justifications for what they are 

doing or generalizing to other contexts.  

 Students’ discussions when using tutorial virtual manipulatives were marked with 

declarations of boredom and complaints of how effort much was required of them. The 

following excerpt from episode T3A of Aaron and Callie working with the Adding 

Fractions virtual manipulative demonstrates this sentiment (see Figure 36).  

131 Aaron How many are we supposed to do? …20. No, 30. 
132 Callie It says until teacher says it's time. 
133 Aaron That's a bunch! Ok. Let's just quickly do this. (Clicks arrow 

repeatedly to change denominator) …This should make it 
easier. This should make it easy because it's really six and this 
one's five. 

134 Callie Six and five. 
135 Aaron That's nice! So we already know the answer. Like, off the bat, 

is 11. Eleven-thirtieths 
   (VM feedback: correct) 

 
 

 
Figure 36. Aaron and Callie working with adding fractions, episode T3A. 
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136 Aaron (Clicks ‘New Problem’) Whoa! We haven't dragged the circle 
ones. Oh, that's cool. Wait, does it go on the… Ok. So one-
sixth plus one-fifth equals… Oh, we need to write… 

   (VM feedback: correct) 
137 Aaron (Waiting for Callie to finish writing)…Next. 
 
. 
. 
. 

158 Callie So… 
159 Aaron I'll start on this real quick. I don't really see the point of us 

needing to talk through this 'cause it's kind of…simple. 
 
As shown by this example, Aaron did not “see the point” of discussing these 

problems with his partner (line 159). This attitude was evident in his desire to do the 

problem on his own. This particular tutorial virtual manipulative gave frequent feedback 

to students as it guided them through each step of the process. Therefore, most of the 

students’ interactions occurred with the virtual manipulative itself, and not with each 

other.  

In summary, the results of this study identified three distinct partner dispositions: 

fast-paced, minimal, and executive. These partner dispositions influenced how the 

students’ collaborated with each other, but did not influence differences in students’ 

levels of generalization and justification. 

The results of the study showed that the use of different virtual manipulative types 

influenced the nature of students’ mathematical discourse. When working with combined 

virtual manipulatives, students’ discussions reflected higher levels of generalization, 

justification, and collaboration. This shows that the affordances of combined virtual 

manipulatives typically encouraged and enhanced student interaction. When working 

with tutorial virtual manipulatives, students’ discussions reflected lower levels of 
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generalization, justification, and collaboration. This shows that the affordances of tutorial 

virtual manipulatives typically constrained student interaction. Further analysis indicated 

that collaboration took place consistently throughout all discussions, regardless of virtual 

manipulative type. However, high levels of generalization and justification occurred less 

frequently. Unsolicited high levels of justification occurred when using all virtual 

manipulative types. However, unsolicited high levels of generalization did not occur 

when using tutorial virtual manipulatives. Virtual manipulative type did not have a 

statistically significant influence on the amount of mathematical discussion, but it did 

have an influence on the quality of the discussion.  
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CHAPTER V 

DISCUSSION 

 
 The use of technology in current classrooms necessitates a reconsideration of how 

to leverage technology, such as virtual manipulatives, to most effectively enhance student 

learning and classroom discourse. This study focused on the influence of different virtual 

manipulative types on the nature of students’ TMD. TMD is defined as discourse in 

which students use technological representations (e.g., virtual manipulatives) to mediate 

discussion while engaging in mathematical tasks (see Figure 2). Technology has the 

potential to enhance and limit communication of mathematical ideas by enabling or 

restricting access to multiple modalities of mathematical representations (e.g., numeric, 

pictorial). The overall nature of students’ TMD is influenced by the affordances of the 

technology tools in use, the quality of the mathematical tasks in which the students are 

engaged, and the broader discourse environment and socio-mathematical norms present 

in the classroom. The TMD framework provides a means for examining classroom 

mathematical discourse in light of technology tools available in the classroom. 

The purpose of this study was to (a) describe and categorize the nature of students’ 

mathematical discourse as they worked with various virtual manipulative types and (b) to 

develop theory on the interactions among student-led discourse, virtual manipulatives, 

and mathematical tasks. This discussion of the results has five sections. The first section 

describes three distinct partner dispositions identified in this study. The second section 

describes trends and patterns of variations in students’ mathematical discourse when 

working with each virtual manipulative type. These patterns and trends are used to 
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develop theory on how classroom discourse, technology tools, and mathematical tasks 

influence TMD. The third section discusses this study’s implications for educators. The 

last two sections identify limitations of the study and suggestions for future research, 

respectively. 

 
Partner Dispositions 

 Three distinct partner dispositions were identified in this study that reflect unique 

characteristics impacting the overall quality of the discourse of each student pair. First, 

Aaron and Abbie’s discussions were characterized by fast-paced and enthusiastic 

comments. Although they eventually succeeded in completing the assigned tasks, this 

student pair frequently diverged from the task at hand to talk about topics not related to 

the assigned tasks. Second, Brandon and Bonnie’s discussions were characterized by 

minimal conversation. They frequently disengaged from what the other was saying and 

wanted to complete the assigned task as quickly as possible. Third, Colton and Callie’s 

discussions were characterized by task-oriented and executive exchanges that resulted in 

high levels of collaboration. 

 The diversity of dispositions identified in these student pairs reflects the 

complexity of classroom mathematical discourse—even among partners. Many possible 

explanations exist for the observed differences in these partner dispositions: differences 

in individuals’ personalities, differences in how the students view themselves as learners 

(Sinclair, 2005), how they view each other (Kotsopoulos, 2010), differences in students’ 

level of academic achievement (Iiskala et al., 2011), or differences in classroom socio-
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mathematical norms (Cobb et al., 1993). Any of these factors could have an impact on the 

working disposition of a student pair. In theory, various partner dispositions (including 

those identified in this study) are possible depending on the unique combination of 

students’ characteristics. The presence of multiple partner dispositions during 

mathematics instruction presents a challenge to teachers as they work to ensure that all 

students develop understanding of mathematical concepts.  

 
Influence of Virtual Manipulative Types 

 One overarching research question with four subquestions guided this study. The 

main research question was: In what ways do different virtual manipulative types 

influence the nature of students’ mathematical discourse? Specific dimensions of 

discourse—generalization, justification, collaboration, and gestures—were identified by 

the subquestions. The following sections address the influence of three virtual 

manipulative types—combined, pictorial, and tutorial—on each dimension of discourse. 

 
Influence of Combined Virtual Manipulatives 

Overall, when working with the combined virtual manipulative type, students’ 

discussions reflected statistically significant higher levels of generalization, justification, 

and collaboration than when working with the other virtual manipulative types. In 

addition, the students’ physical gestures when using the combined virtual manipulative 

type reflected a balance between beat (i.e., emphasis) and deictic (i.e., pointing). This 

indicated that affordances of the combined virtual manipulative type enhanced students’ 

mathematical discourse. It has been suggested that the simultaneous linking of 
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representations, as present in the combined virtual manipulative type, supports students in 

connecting ideas and generalizing concepts (Moyer-Packenham & Westenskow, 2013). 

For example, when students observe multiple representations of equivalent fractions 

change in conjunction with each other (e.g., pictorial image, number line model, and 

numeric symbols) and all representing the same concept, they make comparisons and see 

patterns more readily.  

The multiple representations of mathematics concepts also provide more tools for 

students to use when justifying and explaining their thinking. For example, while 

justifying his or her solution for finding the volume of a rectangular prism, a student may 

point to and comment on the pictorial and numeric representations on a computer screen. 

With respect to developing theory, the findings of this study indicate that the multiple 

representations displayed by the virtual manipulatives enabled the students to generalize 

and justify mathematics concepts effectively in their communications. This is especially 

evident as levels of justification in students’ discussions increased from the beginning to 

the end of each episode when using combined virtual manipulatives. The linked 

representations quickly enabled students to justify their solutions in an effective manner. 

This pattern is similar to findings of Ares and colleagues (2008) who noted that collective 

representations encouraged students to interact with each other and comment on each 

other’s solutions.  

 
Influence of Pictorial Virtual Manipulatives 

 Overall, when working with the pictorial virtual manipulative type, students’ 

discussions reflected slightly greater quantities of discourse than when working with the 
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other virtual manipulative types. Students also displayed the highest frequency of 

gestures (physical and computer based) when working with this virtual manipulative 

type. This indicated that there was a greater need for the students to communicate the 

meaning of the representations with each other. The meaning of the representation was 

not as explicit as with the combined virtual manipulatives. Therefore, the students had to 

assume responsibility for making connections for themselves. Sometimes, students were 

successful in making these connections. At other times, they struggled to communicate 

the mathematical meaning of the manipulative.  

Another possible theory for this pattern is that the pictorial virtual manipulative 

type offered more opportunities for creative variation in how students could interpret the 

mathematical representations (Moyer-Packenham & Westenskow, 2013). For example, 

when working with the Base 10 Blocks virtual manipulative, students demonstrated 

multiple methods for dividing 6.4 into four equal groups. One student pair broke each 

whole (10 by 10 block) into 10 pieces, and then equally distributed the 64 tenths into four 

groups. Another student pair first positioned one whole in each corner of the workspace, 

broke the remaining two wholes into tenths, and then equally distributed the remaining 24 

tenths. Both student pairs correctly arrived at the same answer of 1.6. Typically, when 

engaging in discourse, students’ levels of generalization and justification were not as high 

with the pictorial virtual manipulative type as with the combined virtual manipulative 

type. The quartile analysis revealed that students’ discussions focused on describing their 

actions with the virtual manipulatives, and that they rarely commented on why they had 

chosen a certain method or why that method led to a correct answer. However, levels of 
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generalization in students’ discussions tended to increase toward the end of the episodes. 

This indicates that a certain amount of time may be required for students to start to make 

high-level generalizations when working with pictorial virtual manipulatives. Although 

the pictorial virtual manipulatives elicited slightly more discussion, the discussion 

reflected mostly middle to lower levels of discourse.  

 
Influence of Tutorial Virtual Manipulatives 

 Overall, when working with the tutorial virtual manipulative type, students’ 

discussions reflected the lowest levels of generalization, justification, and collaboration 

than when working with the other virtual manipulative types. Students also displayed the 

lowest frequency of gestures (physical and computer based) when working with the 

tutorial virtual manipulative type. This indicated that features in the tutorial virtual 

manipulatives discouraged students’ mathematical discourse. Tutorial virtual 

manipulatives are characterized by structured environments that guide students step-by-

step toward an understanding of mathematical processes and/or concepts. Oftentimes, 

they include multiple linked representations of mathematics concepts, and students 

receive audio or written feedback on their responses throughout their work. As discussed 

previously, other studies point toward the effectiveness of multiple linked representations 

in instruction. Prior research shows that the direct feedback provided by tutorial virtual 

manipulative types is valuable and effective in helping students to learn (Reimer & 

Moyer, 2005; Steen et al., 2006; Suh & Moyer, 2007). But in these prior studies, the 

students worked individually and did not work with a partner, so there was no need for 

discussion.  
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Despite the positive affordances of tutorial virtual manipulatives when students 

work alone (i.e., simultaneous linking of representations, direct feedback), the student 

pairs’ discussions in this study reflected lower levels of discourse when using tutorial 

virtual manipulatives. This pattern remained constant throughout the course of each 

episode. One possible theory is that the students assumed a more passive role because the 

tutorial was guiding them through the mathematical processes. Due to the extremely 

structured nature of the tutorials, students did not feel the need to generalize or justify 

their answers with each other—nor did they tend to collaborate and build on each other’s 

ideas as much as when working with other virtual manipulative types. Instead, their focus 

was on responding to the tutorials’ direct feedback. Interaction with their partner was 

secondary to their interaction with the tutorial virtual manipulative. Another possible 

theory is that the tasks presented by the tutorial virtual manipulatives were not as 

cognitively demanding as the tasks presented with the other virtual manipulative types 

(Smith & Stein, 1998). In each tutorial, students were guided through the steps of how to 

solve the problems. The tasks required little to no need for problem solving—as 

illustrated by Aaron’s comment, “I don't really see the point of us needing to talk through 

this 'cause it's kind of…simple” (episode T3A, line 159). This means that, theoretically, 

the type of mathematical task posed by each virtual manipulative may be more influential 

than the affordances it offers when students work in pairs. 

 
Implications for Educators 

 A major goal of educational research is to inform classroom practice. Patterns and 



  117 
 
trends emerging from the results of this study indicate that different virtual manipulative 

types may be best suited for different stages of learning and instruction or for different 

instructional arrangements (e.g., partners versus individual learners). Therefore, if further 

research on TMD continues to find similar patterns and trends, generalizing to multiple 

populations, educators may use this information in the planning of curriculum and 

instruction. 

 Findings from this study suggest that pictorial virtual manipulatives may be more 

useful as students are starting to develop their understanding of a mathematics concept. 

This virtual manipulative type offers more flexibility than the other virtual manipulative 

types and lends itself to an open exploration of mathematical ideas. The lack of 

simultaneous linking of representations makes it necessary for the teacher to support and 

scaffold students’ learning experiences in such a way to highlight important concepts—

an instructional technique appropriate to the early stages of a learning cycle (Hendrickson 

et al., 2010). 

 Likewise, findings from this study suggest that combined virtual manipulatives 

may be best suited for when students are in the process of solidifying and making 

connections between mathematics concepts and representations, particularly if they are 

working together in pairs. In this study, students’ discussions when using this virtual 

manipulative type typically reflected higher levels of generalization, justification, and 

collaboration. Through such robust discussion, students are more likely to learn 

mathematics in a meaningful way (Imm & Stylianou, 2012; Mueller, 2009; Piccolo et al., 

2008; Sfard, 2007). This virtual manipulative type has the affordance of simultaneous 
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linking of representations, which explicitly supports students in making connections 

among mathematical representations. This linking of representations is critical as students 

engage in mathematics and as they solidify their understanding (Cobb, Gravemeijer, 

Yackel, McClain, & Whitenack, 1997; Hendrickson et al., 2010). 

 Lastly, findings from this study suggest that tutorial virtual manipulatives are 

most advantageous for the practice of concepts and skills. Tutorials are designed to walk 

a student through a concept at his or her own pace. In this study, students’ discussions 

when using this virtual manipulative type typically reflected lower levels of 

generalization, justification, and collaboration. Although the structured nature of the 

tutorial virtual manipulative type effectively guided the students through the 

mathematical concepts, it did not encourage discussion between students. Therefore, if a 

teacher’s goal is to engage students in mathematical discourse, tutorial virtual 

manipulative types may not be an effective instructional strategy; they would be more 

effective for individualized instruction or practice.  

 
Limitations 

 As with all studies, there were limitations that affect the generalizability of these 

results. The two main limitations were sample characteristics and the broader classroom 

environment. 

 This study was designed as an exploratory study of the nature of students’ TMD. 

At the time of this study, the construct of TMD was beginning to emerge and research on 

it was in initial stages. Therefore, the purpose of this research was to identify and 
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characterize the construct (Lesh & Lovitts, 2000). The sample size was small and limited 

to six fifth-grade students. With so few participating students, the variations in students’ 

characteristics can have a profound effect on comparison results. These students were 

accustomed to working with technology on a regular basis. In addition, the participating 

students were all from the same school that served a white middle-class population with 

limited diversity. It is possible that findings may differ with other populations such as 

students of different ages, ethnic groups, or socio-economic status. Other factors that may 

have influenced the results of this study include students’ achievement, students’ 

familiarity with the virtual manipulatives, and students’ perceptions of the virtual 

manipulative types. However, these factors were beyond the scope of this study. 

The broader classroom environment may also have been a contributing factor in 

the results of this study. Because the student pairs came from three different classrooms, 

it is possible that differences in classroom culture related to the sharing of ideas may have 

influenced how students interacted with each other in partner situations. The role of the 

teacher in influencing the nature of classroom discourse was not addressed in this study. 

 
Suggestions for Future Research 

In this study, TMD was examined in relation to variations in technology tools. 

Figure 37 identifies elements of the TMD Framework that were the focus of this study. 

The study focused on an in-depth analysis of students classroom discourse (i.e., 

generalization, justification, collaboration, and gestures) as influenced by different virtual 

manipulative types (i.e., combined, pictorial, and tutorial). In this study there was a  
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Figure 37. Elements of TMD examined in the current study. 

limited focus on the influence of variations of the mathematical tasks in which students 

engaged.  

The present study represents one possible variation of study related to TMD. 

Other variations need further investigation. For example, future research could focus on 

other factors related to technology tools, such as students’ familiarity with the technology 

tools, students’ perceptions of the technology, or differences in platform (e.g., mouse-

controlled versus touch-screen devices). This study did not focus on factors of the 

broader classroom environment related to classroom discourse. Future research could be 

conducted on these factors, such as the role of the teacher or varying levels of student 

achievement. This study examined students’ discussions during division, geometry, and 

fractions units. Future research could examine the influence of variations in mathematical 

tasks, such as procedural versus conceptual tasks, specific mathematical domains (e.g., 

fractions, integers, or place value), or lesson formats (e.g., inquiry- versus direct-

instruction). Investigation of these factors was beyond the scope of this study. However, 

their examination could deepen understanding of how students interact with each other 

Variations in virtual 
manipulative types 
 Combined 
 Pictorial 
 Tutorial  

Analysis of dimensions 
of discourse 
 Generalization 
 Justification 
 Collaboration 
 Gestures 

Limited focus 
in this study  
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when engaging in mathematical tasks through the use of technology. 

This was an exploratory study, designed to identify the characteristics of TMD. In 

order to progress the development of the TMD Framework, more investigations are 

needed to determine its generalizability and robustness. Similar studies with more diverse 

populations and larger sample sizes could help to determine if the results of this study 

were unique to these students or if interactions with these virtual manipulative types are 

common in the larger population. The comparison of students’ discourse with and 

without technology could also aid in refining the TMD Framework. 

 
Conclusion 

 This study represents an intersection of two aspects of instruction: the nature of 

mathematical discourse and the use of virtual manipulatives in the classroom. Extensive 

research on the former aspect, discourse, reveals that the creation of meaningful discourse 

in mathematics classrooms is a complex and delicate activity (Walshaw & Anthony, 

2008). Yet, few studies have examined the impact of technology on classroom discourse 

practices. The purpose of the present study was to describe, categorize, and interpret 

students’ discussions as they worked with different virtual manipulative types. This study 

was built on the premise (a) that mathematics learning occurs when students 

communicate ideas and discuss mathematics concepts one with another, (b) that virtual 

manipulatives offer unique affordances that support students’ learning of mathematics, 

and (c) that meaningful discourse takes place when students engage in cognitively 

demanding tasks.  
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The results of this study indicated statistically significant differences in levels of 

student discourse when using different virtual manipulative types. When working with 

the combined virtual manipulative type, students’ discourse reflected considerably higher 

frequencies of physical and computer-based gestures, and statistically significant higher 

levels of generalization, justification, and collaboration. When working with the tutorial 

virtual manipulative type, students’ discussions reflected consistently lower frequencies 

of gestures and lower levels of discourse. When working with the pictorial virtual 

manipulative type, students’ discussions reflected lower levels of discourse as well. 

However, pictorial virtual manipulatives were associated with the largest amount of 

discussion among student pairs and the highest quantity of gesture use. One explanation 

of these variations is that unique affordances of each virtual manipulative type had a 

direct influence on how students discussed and communicated their mathematical ideas. 

Most notably, the simultaneous linking of representations present in the combined virtual 

manipulatives seemed to support students’ ability to generalize concepts and justify 

solutions. However, even though the tutorial virtual manipulative type linked 

representations simultaneously, its structured manner of presenting learning activities 

actually discouraged student-student interactions. 

The results of this study suggest that in order to encourage meaningful TMD, 

teachers should choose technology tools (e.g., virtual manipulatives) that combine 

multiple representations and provide the opportunity to engage in cognitively demanding 

tasks. Tutorial technology tools have been shown to be effective learning instruments. 

However, the results of this study indicate that tutorial virtual manipulatives did not 
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encourage meaningful mathematical discourse with these student pairs. This means that 

the tutorial virtual manipulative type may be better suited for the practice of mathematics 

concepts or for individual learning.  

The patterns and trends identified in this study contribute to the existing literature 

on the complex issues that surround mathematical discourse and the use of technology in 

the classroom. While this exploratory study aimed to develop the construct of TMD by 

examining the interactions among partner discourse, virtual manipulatives, and 

mathematical tasks, further studies with broader, more diverse populations will contribute 

to its generalizability. 
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Table B1 

Order of Virtual Manipulatives Used in Study 

Order 
Cycle 1  
Division 

Cycle 2 
Geometry 

Cycle 3 
Fractions 

First Combined 
Rectangle division 

Pictorial 
Shape sorter 

Combined 
Equivalent fractions 

Second Pictorial 
Base 10 blocks 

Tutorial 
Coordinate geometry math 
Interactive 

Pictorial 
Fraction pieces 

Third Tutorial 
Dividing decimals 

Combined 
Cubes 

Tutorial 
Fractions – adding 

 

 
Table B2 

Combined Virtual Manipulatives Used in Study 

Name URL Domain CCSSM 

Rectangle 
division 

http://nlvm.usu.edu/en/nav/frames_asid_193_g_2_t_1.html?fro
m=category_g_2_t_1.html 

Division 5.NBT.6 

Cubes http://illuminations.nctm.org/Activity.aspx?id=4095 Geometry 5.MD.5b 

Equivalent 
fractions 

http://illuminations.nctm.org/ActivityDetail.aspx?ID=80 Fractions 5.NF.1 

 

 
Table B3 

Pictorial Virtual Manipulatives Used in Study 

Name URL Domain CCSSM 

Base 10 blocks http://www.glencoe.com/sites/common_assets/mathema
tics/ebook_assets/vmf/VMF-Interface.html  

Division 5.NBT.7 

Shape sorter http://illuminations.nctm.org/ActivityDetail.aspx?ID=34 Geometry 5.G.3,4 

Fraction pieces http://nlvm.usu.edu/en/nav/frames_asid_274_g_2_t_1.ht
ml  

Fractions 5.NF 
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Table B4 

Tutorial Virtual Manipulatives Used in Study 

Name URL Domain CCSSM 

Dividing decimals http://www.glencoe.com/sites/common_assets/mathe
matics/im1/concepts_in_motion/interactive_labs/M1_
05/M1_05_dev_100.html 

Division 5.NBT.7 

Coordinate geometry 
math interactive 

http://edcar-
cdn.pbs.org/u/pr/KAET/Coordinate%20Geometry%2
0Math%20Interactive_f1a70291-8992-4aae-8c53-
879a879dcda3/interface.swf  

Geometry 5.G.1 

Fractions – adding http://nlvm.usu.edu/en/nav/frames_asid_106_g_2_t_1
.html?from=topic_t_1.html 

Fractions 5.NF.1,2 
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Classroom Demographic Questionnaire 
Technology Use in the Classroom 

Teacher:   Number of Years Taught:   

Number of Students (2013-14):   

Part I: Please respond to the following questions. 

1. Approximately what percentage of mathematics instructional time do your students 
spend: 
a. Listening to lecture/teacher demonstrations and taking notes?  % 

b. Working collectively as a whole class  % 

c. Working in small groups?  % 

d. Working individually and independently?  % 
 (total 100%) 

Part II: Please circle your best response for each question. 

2. How often do your students use computers for instructional activities? 

Every day A few days a week Once a week Once a month 

3. How often do your students use computers for mathematics activities? 

Every day A few days a week Once a week Once a month 

4. When engaged in mathematics activities, how often do your students: 

a. use the computer to work with virtual manipulatives?  

Every day A few days a week Once a week Once a month 

b. use the computer for fluency practice (drill activities)? 

Every day A few days a week Once a week Once a month 

c. use the computer for assessment purposes? 

Every day A few days a week Once a week Once a month
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Lesson Observation Protocol 
 

Date:   VM type:   
Grade:   Teacher:   
Student 1:   Student 2:   
 

Exploration 
Segment 

Gestures Used 
Teacher 

Interactions & 
Expectations 

Affective 
Factors 

Other 

Part A     

Part B     
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Equivalent Fractions 

Subject/Strand/Topic 
Fractions 

Grade(s) 
5th 

Common Core Expectations 
5.NF.1 

Key Concepts  
The numerators and denominators of equivalent fractions are proportional to each other. 
Multiplying the numerator and the denominator of any fraction by the same number will result 
in an equivalent fraction. Equivalent fractions occupy the same location on a number line. 

Virtual Manipulative 
Equivalent Fractions (combined) http://illuminations.nctm.org/Activity.aspx?id=3510 

Materials 
Student Task Sheet, Pencils, 1 computer per 2 students 

Introduction (10 min) 
1. Introduce topic  

a. Activate prior knowledge by having students identify fractions from picture models 
(square and circle)  

b. Define numerator (top: how many pieces you have) and denominator (bottom: 
how many equal-sized pieces are in the whole). 

c. How do you know if two fractions are equivalent? Invite a few student 
responses (full understanding not required at this time). 

2. Introduce virtual manipulative. 
a. Provide a brief instruction on features/aspects of the virtual manipulative. 

i. Goal: create a blue and a green fraction equivalent to the red fraction. 
ii. Square/Circle: switches between different models.  
iii. Sliders: change the denominator, change the numerator—can also click on 

the sections to select them.  
iv. Checkmark: if fractions are correct, they will be added to the chart to the 

right. If they are incorrect, students should fix the error. 
v. Automatic/Build Your Own:  

3. Briefly go over the structure of the task sheet. Part A orients the students to the 
features of the virtual manipulative. Part B guides them through an exploration of the 
mathematical concepts, and contains partner discussion questions. 

Exploration (20-30 min) 
1. Students will work in pairs—each pair at one computer. 
2. Instruct students to open Safari and go to the TMD Study website and navigate to the 

Equivalent Fractions: Illuminations link. 
3. Students should spend about 10 minutes on Part A and 10-20 minutes on Part B. 
4. Circulate around the room encouraging students to talk with their partners about the 

mathematics. Remind students of time constraints and encourage them to finish. 

Conclusion (20 min) 
1. Have a whole-class discussion/sharing of answers on task sheet & what they learned. 

Discuss relationships in sets of equivalent fractions. Use questions such as the 
following to guide the discussion. 

a. How do you know if two fractions are equivalent? 
b. How can you make equivalent fractions? 
c. Is there a limit to the number of equivalent fractions for any fraction? 

2. Check for understanding: Write a fraction on the board. Have students identify new 
equivalent fractions.  
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Equivalent Fractions 

Name:   Date:    

Teacher:   

 
Link:  
http://illuminations.nctm.org/Activity.aspx?id=3510  
Instructions: Complete the task sheet as you work with the virtual manipulative. 
Remember to talk with your partner about what you observe happening on the 
virtual manipulative. 
 
Part A 

 
1. Select Build Your Own. Select Circle.  

a. Set the denominator of the red circle to 2. Highlight 1 red section. What 
fraction does this represent? Where is it on the number line? Talk to your 
partner and record your answer. 

 
 

b. Set the denominator of the blue circle to 10. Highlight enough blue 
sections to represent the same amount as the red fraction. What fraction 
does this represent? Where is it on the number line? Talk to your partner 
and record your answer. 

 
 

c. Set the denominator of the green circle to 6. Highlight enough green 
sections to represent the same amount as the red fraction. What fraction 
does this represent? Where is it on the number line? Talk to your partner 
and record your answer. 
 

 
d. Click on the checkmark. What happened? 

 
 

e. Draw and label the models of each fraction and locate each fraction on the 
number line below. 

 
 

 
 
 
 
 

 
0 1 
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= 

= 

= 

Part B  
 
2. Click Reset Table. Select Automatic. Find equivalent blue and green 

fractions for 3 different red fractions. Be sure to check your answers each 
time. Talk to your partner and record your sets of fractions. (Hint: click New 
Fraction to get a new red fraction) 

 
 Blue Fraction Red Fraction Green Fraction 
1    

2    

3    

 
a. Choose one set of equivalent fractions to draw and label. 

 
 
 
 
 
 

 
 

b. How are the numerators and denominators related to each other in each 
set of equivalent fractions? Talk to your partner and record your answer. 

 
 

3. Click Reset Table. Select Build Your Own. Use the virtual manipulative to 
find 2 equivalent fractions for each of the following fractions. Talk to your 
partner and record your answers. 
a. 3 

4 
 

b. 2 
3 
 

c. 5 
7 

 
4. If you have extra time, experiment with the Square fraction models. 

Remember to talk to your partner as you experiment!  
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