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NOTATION 

E 
s 

sporadic E laye r or patches. 

VI vertica l ionosonde . 

BS backscatter sounder . 

h'E 
s 

virtual heights of Es patches measured from ionogram. 

h E 
r s 

real height of Es patches . 

h' vir tua l height of reflection of r adio wave. 

h r 
r ea l height of r eflection of radio wave. 

D distanc e between the backscatter sounder and ground back-

scattering area. 

~0 incident angle . 

¢w' ~ T incident angles of the oblique incident waves from Wakkanai 

and Tokyo, respecti ve ly. 

~· k 
T 

correction factors in the secant law for the curved ionosphere , 

from the directions of Wa kkanai and Tokyo, respectively. 

f E 
0 s 

critical frequencies of E s measured from VI ionogram. 

f E 
b s 

blanketing frequencies of Es measured from VI ionogram. 

f 
X 

fixed frequency used by Wakkanai and Tokyo backscatter 

sounders (27 . 7 MHz). 

f 
v 

frequencies of ve rtica l incidence wave. 



NOTATION (Continued) 

equivalent oblique frequencies from Wakkanai and Tokyo, 

respectively, corresponding to f
0

Es measured over Akita. 

f
0
w = ~ (f

0
Es) sec ~w 

f T = k (f E ) sec th 
o ·~ o s 't'T 

equivalent frequencies similar to f
0
W and f oT, but corresponding 



ABSTRACT 

A Study of The Secant Law for Sporadic E 

by 

Ruey-Yuan Han, Master of Science 

Utah State University, 1970 

Major Professor: Dr. Ronney D. Harris 
Department: Electrical Engineering 

The secant law is the relationship between the frequencies of a vertically 

incident wave and an obliquely incident wave tha t are reflected from the same 

level (i.e., density) of a str atifi ed ionosphere. This thesi s investigates the 

vali dity of the secant l aw applied to sporadic E. 

Sporadic E data from two backsca tter sounders and one vertical incidence 

ionosonde lo cated in Japan were studied to test the vali dity of the secant l aw. 

The B-scan photos of the backscatter sounders were searched for Es patches 

which were then compared with the sporadic E parameters defined for vertical 

incidence ionogr ams . 

Finally, two theoreti cal density models of Es were analyzed to predict the 

type of returns expected from the signals of backscatter sounder and vertical 

incidence ionosonde. These model s included the partial reflection and scatter-

ing mechanisms that might be appropriate for sporadic E . 

(62 pages) 



CHAPTER I 

INTRODUCTION 

Objective and scope 

Two backscatter sounders at Wakkanai and Tokyo, Japan , and one 

vertical ionosonde at Akita surveyed simu ltaneously a common area of the 

ionosphere. Four months of sporadic E(Es) data from these three ionospheric 

sounders were analyzed. The purpose of this ana lysis was to determine whether 

the secant law is valid for sporadic E. 

In Chapter I the vertical inctdent ionosonde and the backscatter 

sounder are described. The derivation of the secant law is developed in 

Chapter II for the cases of both flat and curved ionosphere and ground. The 

results are used in Chapter III to analyze and compare the backscatter a nd 

vertical incidence data. The "visibili ty of Es" is defined for BS sounders , 

and then the backscatter a nd vertical incidence data are compared to obtain the 

reliability of application of the secant law to sporadic E. Chapter IV discusses 

theoretically the va lidity of the secant law for two different sporadic E models. 

Chapter V summarizes the results of the study and indicates possible further 

investigation. 

Description of vertical ionosonde a nd backscatter sounder 

The vertical incidence ionosonde, VI, is the most common type of 

radio sounder used to measure the parameters of the ionosphere. It utilizes 



a variable exploring frequency (1-25 MHz), and is designed to measure the total 

travel time of a pulse of radio energy that has been reflected from the ionosphere. 

A picture of the echo versus frequency is called an ionogram, and is illustrated 

in Figure 1. This plot can be analyzed by means of the magnetoionic theory to 

give a profile of electron density versus height . 

foF2 fxF2 
I 

E 
-" 

3 4 5 6 8 10 

Mc:/s 

Figure 1. Ionogram of ve rtical ionosonde. 

The rotating backscatter sounder, BS, is a radar device of fixed 

frequency which transmits r adio pulses obliquely to the ionosphere. Over-

dense electron patches cause the wave to be reflected back towards the earth. 

The irregular ground terrain backscatters some of the energy back a long the 

same pa th to the BS sounder. The resulting echo is displayed on an oscilloscope, 

usually B-scan, with the ordinate corresponding to az imutha l position of the 
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antenna and the abscissa corresponding to range in kilometers, as shown in 

Figure 2. A sporadic E patch thus appears on the backscatter indicator just 

like a target on a typical radar receiver. 

750 1500 2250 3000 G 

GroJnd Backs catte r Range Amplitt.:.de C ~de 

· (km) 

Figure 2. B-scan photo of backscatter sounder. 
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CHAPTER II 

DEVELOPMENT OF THE SECANT LAW 

The ionosphere is a pa rti ally ionized gas of sufficient density to bend 

HF radio waves. At frequencies above approxim ately 1 me the heavy ions are 

incapable of responding to the electromagnetic fi e ld; therefore, any coupling 

between th e wave and the plasm a takes place through the electrons. The net 

i nfluence of the e lectrons in the plasma can be described by an equivalent 

dielectr ic polarization 

-
Ne

2 
P = E 

mLJ 2 

in which 

N = the electron density , 

e = the electronic charge, 

m = the electronic mass, 

E = the electric field, 

U = the frequency of the wave , 

The corr esponding electric displacem ent field can be written 

in which E'
0 

is the permitivity of free space, and/-' is the refractive index 

given by 

(2-1) 



The p lasma frequency is defined by fN =l 
4JT2 f m 

0 

lf the ionosphere is stratified into homogeneou s hori zonta l layers , 

Sne ll' s law of refraction can be applied a t each boundary to determine the 

refraction of radio waves between each two homogeneous layers. For a flat 

ionosphere, the form of Snell's law is 

r sin rh = u sin th 
n 't'n ' n + 1 \fn + 1 

(2-2) 

where ¢is the ray dir ection with respect to the nor ma l of the layer . The sub

scripts refer to the layers . Application of Equation (2-2) at each boundary 

between the free space at which flo = 1, and the level of reflection at whi ch 

~ = l[, yields n + 1 equations. Intermediate values of u and ,./,can be 
n + 1 2 1 't' 

e liminated from these equations to give 

(2-3) 

where ~ 
0 

is the incident angle a t the lower boundary. Usually the subscript 

of)' in Equa tion (2 -3) is dropped with the understanding th at)' is the value of 

the refractive index at the leve l of reflection. Substituting Equation (2-1) 

into Equation (2-3) gives the equa tion, 

f = f sec ,j, 
N 'l o (2-4) 

Equation (2-4) has the interpretation that if ¢
0 

is the incidence ang le 

and fN is the electron density (plasma frequency) at some a ltitude , f is the 
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radio wave frequency that will be reflected at that leve l. If ~0 = 0, fN = fv' 

which is the frequency of r e flection at vertical incide nce . If ~0 -1 0, Equation 

(2-4} shows th at the opera ting f can be greater than fv. The relationship 

between the oblique f and fv is called the secant law or 

f = f sec rh 
v 'f'o (2-5} 

The secant law of Equation (2-5) was derived in the absence of any 

magnetic field . The earth ' s ionosphere is, however , permeated by the geomagnetic 

field . If the influence of the magnetic field is considered in the description of the 

ionospheric plasma, two wave solutions are obtai ned , each solution corresponding 

to a different va lue of the refractive index. Equation (2-6} gives the values of 

the two refractive indices as functions of electron density and magnetic field Q.) . 

-~~=======-]1/2 2X(l- X! 

2 .... / 4 ? 2 
2(1 -X) - YT 2: v YT + 4(1 -X( Y L 

X 

eBT 
y = --

T mW 

eBL 
y =-

L mLJ 

(2-6) 

The quantities BLand BT a r e, respective ly, the longitudinal and transverse 

components of the geomagnetic field with respect to the direction of wave 



propagation. Equation (2-6) reduced to Equation (2-1) when BT = BL = 0. 

At each leve l , two values of 11 are obtained by inserting the electron density 

of tha t level into Equation (2 - 6) . These two refractive indices in turn corre spond 

to two r ay paths , which a re ca lled the ordinary wave (ray) and the extraordinary 

wave (ray). There are two values of electron density for which I" = sin cPo • one 

for each ray. This means that the two rays are reflected at different electron 

densities or at different leve ls, as illustrated by the solid curves in Figure 3 . 

Sporadic E usually appears to have a very sharp vertica l gradient of 

electron density. Thus the reflection levels of the ordinary and extraordinary 

r ays are approximately a t the same height. For radio frequencies close to the 

maximum Es critica l frequency, the ordinary and extraordinary rays are almost 

coincident. This phenomenon is illustrated by the dotted curves in Figure 3. 

For this reason the influence of the geomagnetic field is often neglected in the 

application of the secant law to E s . 

The geometry of an obliquely reflected radio wave is shown in Figure 4 . 

The a ngle ~0 is obtained from the triangle ABT, in which 

sec th = BT y h ,2 + d2 
't'o BA h ' 

In this case, both the ground and the ionosphere are taken as parallel infinite 

p lanes, which is approximately true for short transmission distances . For 

greater accuracy, the curvature of the ear th and the ionosphere must be taken 

into consideration, especially whe n the transmission distance, D, is large. 



X 

Horizontal distance Electron density 

(a) ray paths of oblique reflection (b) electron profile 

Nx: the e lectron density at which tlx (the refractive index of 

extraordinary wave) = sin¢ 
0 

N
0

: the e l ectron density at which f!o (the refractive index of 

ordinary wave) = sin <j> 
0 

Figure 3 . Reflection of ordinary ray (0) and extraordinary ray (x) 
from different l evels of various electron densities. 

8 



Figure 4. Ray path of oblique incidence for both plane 
earth and ionosphere. 

Reflection 
level 

Lower 
boundary of 
ionosphere 

Earth 

Figure 5. Ray path of oblique incidence for both curved 
earth and ionosphere . 
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In the case of both curved ionosphere and ground, Snell's law takes 

the form 

(2-7) 

where )I· r, ex are the index of refraction, radius from the center of earth and 

the angle between the ray path and the radius, respectively. See Figure 5. 

When the lower boundary of the ionosphere is the reference level, 

Po= 1, r
0 

= R + h
0 

(R is the radius of earth, 6371 km, and h
0 

is the height of 

the lower boundary) Equation (2-7) can be written 

At the rea l height of reflection , hr, ()( = ~ , r = R + hr. Substituting into 

Equation (2-8) 

(
R + h ) 

p. = R + h o sin (X o 
r 

Accord ing to the law of sines , the triangle OSQ of Figure 5 yie lds 

R 

~ 
a nd from the triangle OSP, 

_R __ 

si~ 

R + h' 

sin ("[ +d) 

R + h 
0 

sin ( 7[ + /':, ) 

R + h' 
cos /':, 

R + h 
0 

~OS /':, 

(2-8) 

(2 - 9) 

(2-10) 

(2-11) 



Angle 6 is the elevation angle of the r ay path . Eliminating cos /j, from 

E qua tions (2- 10) and (2 - 11) , sin (X 
0 

is given by 

(R + h' ) sin ()( = ---
o R + h 

0 

sin th 't'o 

11 

(2-12) 

where ¢
0 

is the vertex angle of the straight ray path to the virtual height of 

reflection. When Equations (2 - 1) and (2-12) are combined with Equation (2-9) 

or 

f =fj1-(R +h') 2 
N R + h 

r 

. 2 ~ sm 
0 

(2-13) 

For vertical incidence, ~ = 0 , f = f and fN = f . If these condipons are 
Y'o v v 

inserted into Equation (2 - 13), the equivalent formula of the secant law for 

curved earth and ionosphere is given by 

(2 - 14) 

. 2 ¢ sm 
0 

This formu la is not practical since\ is not measurab le by the usual methods, 

and its value is dependent upon the shape of the e lectron profile. Equation (2-14) 

can be used , however, as the starting point for a usab le and practical approxi

mation. The factor [ (R + h ' ) I (R + hr) ]
2 

can be written 



(~)2 R + h 
r 

( h' -hr )2 
1 •--R+h 

r 

12 

In most cases, h'- hr<< R + hr ' as shown in Figure 5. The squared term is 

smaller than the linear term, therefore 

(2 -15) 

When Equation (2-15) is used, Equation (2-14) ean be rewritten 

f = ' (h'-h 
V 1-2 R+<) (2-16) 

Equations (2 - 16) and (2-5) differ only by the factor 1/ h'- h ) 2 , 
1- 2J ___ r tan y 

\R + hr o 

which has been called the "correction factor," k. 

k = 

(
h'-hr ) 2 • 

1 - 2 R + ~ tan <p 0 

(2-17) 

The behavior of k is made explicit by using some typical values of both h' and hr 
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and calculating k as a function of ¢
0

• The value of sec ¢o can be obtained 

from Figure 5. Simple geometry yields the expression , 

sec ,h = -f;;(R+h') [1-cos(d/R)]+ h'
2 

1!-'o h' + R [1- cos(d/Rli 
(2 - 18) 

which shows that ~0 is a function of transmission distance. Thus k increases 

with the transmission distance, if h' and hr are kept constant. The correction 

factor k is plotted versus transmission distance in Figure 6. Sporadic E trans-

mission is typically not greater than 1500 km, and a realistic value of k for 

sporadic E is between l. 000 and 1. 042 . 
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1. 040 

-'< 
... 
2 
u 

"' ..... 
c: 
~ 

I. 020 u 
" ... ... 
0 
u 

Distance (km) 

Figure 6 . Variation of correction fac>or k with distanc e . 
[.?_, p. 17Ql 
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CHAPTER Ill 

DATA ANALYSIS 

It is necessary to calculate the equivalent E s parameters, as observed 

from Tokyo and Wakkanai, to determine whether each Es patch can be theoretically 

seen by the backscatter sounders. This a nalysis is accomplished by calculating 

the equivalent oblique frequencies corresponding to f
0
Es and fbEs. The critical 

frequency, f
0
Es, is the frequency difference, fEs - fH/2, where fEs is the top 

reflection frequency from Es and fH is the gyrofrequency. Usually fH is small 

and f
0

E s is essentially the highest frequency that will be reflected from E s ' The 

blanketing frequency, fbEs, is the highest Es frequency below which no echos 

from higher altitude ionization can be seen. For f > fb E s the E s patch becomes 

partially transparent. The value of f
0
E s is always greater than or equal to 

fb E s . Accordingly, the following frequencies are defined: 

f
0

W = ~(f0Es) sec ¢w 

fbW = ~1(fbEs) sec ¢w 

f
0

T = ~(f0Es) sec ~T 

fbT = ~(fbEs) sec¢T 

where~ W and ¢T are the incident angles from Wakkanai and Tokyo, and ~ 

and~ are the correction factors for Wakkanai and Tokyo, respectively . The 
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locations of the three ionospheric sounders, Wakkana i, Tokyo, and Akita, in 

Japan, are shown in Figur e 7. All of the sounders survey the common a r ea 

shown over Akita. The circular area observed by the Akita VI has the appea r 

ance of a rectangle , 300 km in r ange and 20 degrees in azimuth on the B-scan 

BS photos. For purposes of ana lysis, whenever one-fourth or more of this 

area was covered by a BS E s echo, sporadic E was assumed to be located over 

Akita. In other words , the BS sounder could see an Es patch over Akita. The 

frequencies, foW' fbW' foT' and fbT' a r e calculated from the Akita VI data, 

and compared with the operating frequencies of the BS sounders a t Tokyo and 

Wakkanai. 

Data samp le 

The data analyzed consisted of BS records from Wakkanai and Tokyo, 

taken every half hour , and sporadic E par a meters deduced from VI da ta recorded 

hourly at Akita. Data were analyzed for only the summer months, July and 

August of 1963 and June and July of 1964. These months were periods of 

intense Es activity when a la rge percentage of useful data was available from 

the three stations . Table 1 shows the availability of useful data . 

Table l. Percentage of total da ta that was useful 

Month Akita Wakkanai Tokyo 

July (1963) 95 51 97 

August (19 63) 99 87 76 

June (1964 ) 93 94 96 
--~--~-------------------------------------
July (1964) 96 73 94 
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0 100 250 km 

Figure 7. The sounder locations and the sky area under obs e rvation. 
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Data reduction errors 

The accuracy of this analysis depends upon the accuracy of the 

sporadic E data. A number of features which effect data accuracy, are: 

(1) Ground distance vs slant distance: The range of the E s patches is 

assumed to be the ground distance from the transmitter to a point under the 

patch. In fact, the slant distance to the Es patch over Akita, assuming 110 km 

height, exceeds the ground distance by 1. 24 percent from Wakkanai and 2. 64 

percent from Tokyo . Normally these errors are negligible. 

(2) Patch lengthening: An E patch is lengthened in r ange on the B-scan 
s 

photo at the far edge because of the pu lse duration. In the present ana lysis the 

usual pulse duration was 1 ms, which resu lted in an apparent patch elongation of 

150 km . The far range of Es patches was reduced by 150 km to minimize this 

error. 

(3) Antenna widening: The wide hori zontal beam of the BS antennas 

causes the Es patch to appea r wide r than its actual size. Although this phenomenon 

is a source of considerable error, no method for estimating the magnitude of this 

effect is available. Sporadic E patches are power-sensitive and the actual 

widening depends on both the power intensities incident onEs layers and the 

e lectron densities of the patches. It is impossible to know or calcu late the 

relative proportions of these two effects for a particular patch. 

(4) Errors in reading sizes and positions of Es patches: Errors of 

judgment associated with the reduction of sizes and positions of Es patches 

from the BS photos to numerica l form a r e app roximately 50 km in range and 
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7 . 5 degrees in azimuth from Wakkanai. The same errors on the photos from 

Tokyo are estimated to be 50 km a nd 5 degrees . 

(5) Correction factor kin the secant law: The values of the correction 

factor , k , in Equation (2-17) are~= 1. 034 for Wakkanai and ~= 1. 017 for 

Tokyo, corresponding to 1290 km and 910 km ground transmission distances, 

respectively. 

(6) Accuracy for published sounder data: All Es parameters recorded 

by the Akita VI sounder are subject to the errors;± 2. 5 km fo r h'Es, ± 0. 05 MHz 

for f
0

Es ' and :!::_ 0. 05 MHz for fbE
8

• Substitution of these VI errors into the secant 

relationship gave values of± 1 MHz for foW' foT' fbW' a nd fbT' 

(7) Probab le VI antenna pattern: The ha lf-power beamwidth of the VI 

antenna is approximately 30 degrees. If the medium value of h'Es' 110 km, 

is taken as a usual height, the sky area observed by Akita would be a circle with 

a radius of a bout 30 km. 

The possible data errors in the equivalent oblique frequencies provide 

a technique to test the secant law. For examp le, whenever 

(f
0
W- 1) > 27. 7 MHz (the BS frequency) 

the BS sounder at Wakkanai theoretically shou ld be ab le to see an E s patch over 

Akita. On the other ha nd , whenever 

(f
0
W+ 1)<27.7 MHz 

Es should not be seen, at least theoretically , by the Wakkanai BS sounder. 
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Similarly when 

(f
0

T - 1) > 27 . 7 MHz 

Es over Akita should be seen by Tokyo while if 

(f
0

T +1)< 27. 7 MJ-lz 

the Tokyo BS should not be able to see an Es patch over Akita. The secant law 

was considered reliable in the application toEs layer if any of the above con-

ditions were satisfied and E was in fact recorded as assumed. The secant 
s 

law was considered unre liable for those cases in which the above relationships 

were met but Es was not recorded as anticipated. 

It is difficult to compare fbW and fbT with 27. 7 MJ-lz since fbW and fbT' 

except in rare cases, were normally much lower than 27. 7 MHz . 

Visibili ty of sporadic E by backscatter sounder 

"Visibi lity" is a measure of the abi lity of a BS sounder to observe an 

E s patch when this patch is in the area surveyed by the sounder . There is 

amp le evidence CD that the two BS sounders observing the same Es patch do 

not see the same thing . It is desirable, therefore , to note a nd discuss some 

of the features which wi ll effect the recording of sporadic E. These features 

are: 

the sensitivity of the BS sounder receiver; 

the power density incident onEs patches , which depends upon the 

distances between sounder and patches and the transmitted power; 
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the equivalent oblique frequency , which includes the effect of sounder

patch distances and a possible ti lt angle of the Es patch ; and 

the ground scattering coefficient, whi ch depends upon terrain type and 

profile . 

The backscatter sounders at Wakkanai and Tokyo are identical equipment 

and both BS stations are so located geographically relative to Akita that their 

respective backscattering areas are composed of half portions of land and sea. 

Four individual areas under simultaneous survey of both BS sounders 

are shown in Figu re 8. The symmetry of this geometry accentuates any differ

ences in sounder performances. These four c ircula r areas, with radii of 80 km 

each a nd located at points equidistant from the Wakkanai and Tokyo BS stations, 

appeared as approximately four rectangular areas on the B-scan pho tos of 

each BS sounder. Each rectang le was approximate ly 25 degrees in azimuth 

and 400 km in range. An Es patch was assumed to be loca ted in one of the 

areas whenever one-fourth or more of the corresponding B-scan rectangular 

area was covered by E s return. The Es returns received by Wakkanai from 

areas A, B, C and D, are designated AW, BW, CW and DW, r espective ly , and 

AT, BT, CT and DT designa te Es returns r eceived by Tokyo in Table 2. 

Since the ground scattering areas are both at sea, the ratios CT / CW and DT / DW 

indicate that the visibility of Es from Tokyo was much better than tha t of 

Wakkanai. This fact implies that the gain of the Tokyo system was greater 

or that pe rhaps the Es patches were tilted upward to the north . 



Figur e 8. Four areas simultaneously observed by Wakkanai and Tokyo BS S01.mders and their respective 
back scatte ring areas. "" "" 
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Table 2. E returns received by BS stations during June and Ju ly of 1964 
fr~m areas A, B, C, D of Figure 8 

No. of E s 
returns received 
by T(Tokyo) and AT AW BT BW CT CW DT DW 
W(Wakkanai) from 
areas A, B , C, D 266 273 759 309 863 407 571 107 

AT / AW BT/BW CT / CW DT / DW 

Ratio 1:1 2. 5:1 2. 1:1 5. 3:1 

Because areas B and Care closer to the BS stations than areas A and D, 

the power densities should be stronger at B and C and more E s echos could be 

expected from B and C than from A and D. On the other hand, the incidence 

angle is greater at A and D, hence according to the secant law, if it holds for 

E s' more Es from A and Dare expected. The percentages of Es returns from 

each area a re shown in Figure 9. Since E returns to each sounder from B a nd C 
s 

exceed the returns from A and D, it is concluded that the visibility of Es by 

backscatter sounder is heavi ly dependent on the power density incident onEs 

patch . 

The comparison of observations of BS sounders 
a nd measurements of VI sounder 

With the factors that effect BS visibility of E s patches in mind, the 

results of the 1963 and 1964 data can now be examined. Comparisons between 

VI and BS were possible only when Akita VI recorded an Es patch, since the BS 
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Total numbers of E returns from A, B, C, D to each sounder 
s 

Wakkanai: 1096 
Tokyo: 2459 
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sounder could not possibly see an E s patch over Akita unless sufficient 

ionization was present. It must be recognized at the outset that considerably 

more Es was "seen" by the VI than the BS sounders. Furthermore , the 

comparison could be made only when VI was " comparable" with at least one 

BS. To be "comparable," the following two conditions had to be satisfied 

simultaneously; (1) a clear, readable, operational B-scan photo from the BS 

station had to be available at the particular hour, and (2) the fixed frequency 

of BS, f = 27.7 MHz, should be either greater than f 
1
, W + 1 or less than 

X 0 , 0 

f T W - 1. Cases in which f T ow- 1< f <f W + 1 are indeterminate 
o , o o , x oT, o 

owing to reading error of the VI ionograms. 

The values for the Wakkanai and Tokyo BS sounders for July of 1963 

are given in the first two rows of Table 3 a nd will be discussed in detail to show 

the results of the comparison srudy. Values for the other months are similar. 

In Co lumn 1 the value, 337, represents the total number of hours in the month 

when the Akita VI recorded an Es patch overhead and the VI was "comparab le" 

with Wakkanai BS. There were 26 hours (Column 2) of a possible 337 , when 

Wakkanai saw the Es patch over Akita . "Visi bility" of Wakkanai BS , the 

quotient (26 /337 ), was very poor--7. 71 percent, as shown in Column 3. 

The reason for the poor "visibility" was that the fixed frequency , 27. 7 MHz, 

used by the Wakkanai BS was too high to be reflected by most of the Es patches 

(f
0

W + 1< fx). This fact is reflected by the values in Columns 6 and 7. Sporadic 

E densities theoretically strong enough to reflect BS signals are given in 

Columns 4 and 5. The percentage in Column 8 represents theoretica lly predicted 



Table 3. Comparison of Es observations from \Vakkana i (W) or Tokyo (T) BS, and Akita VI 

(4) (5) (6) (7) 
N o. of No. of No. of No. of 

(1) (2) (3) hours (Es hours (E s hours (E s hours (E s 
T otal No . T otal No. Real seen not seen seen not seen 
of hours of hours v is ibility by BS) by BS) by BS) by BS) 

Mont h (E s een (E s e e n of BS 
whe n r - J.>f when roW, oT+1<fx (year ) BS b~ VI) b~ BS) (%) oW, oT x 

July 
w 337 26 7. 71 12 55 14 256 

(1963) 
T 668 138 20 . 7 59 18 79 512 

Au gus t 
w 595 11 1. 85 8 98 3 486 

(1963) 
T 519 40 7.7 1 26 20 14 459 

June 
w 623 87 14 . 0 77 133 10 4 03 

(196 4) 
T 633 228 36 . 0 118 8 110 397 

July 
w 500 25 5. 0 21 114 4 36 1 

(1964) 
T 6 55 19 5 29.8 95 8 100 452 

(8) 
T heo-
r e t ical 

v is ibil ity 
o f BS 
(%) 

19 .9 

11. 5 

17 . 8 

8.87 

33.7 

19.9 

27 .0 

15.7 

(9) 
Reliabilitv 
of secant 

law 
(%) 

79. 5 

85.4 

83.0 

88 . 4 

77 . 0 

81. 3 

76 . 4 

83.5 

"' 0> 
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"visibilities" obtained by dividing Columns 4 and 5, the number of hours when 

f
0

W - l > fx' by the total number of data , as shown in Column 1. Theoretical 

"visibt lities" were somewhat different from the real "visibilities" shown in 

Column 3. For Wakkanai the theoretical vis ibili ty was greater than the real 

visibili ty while for Tokyo the situa tion was reversed . Similar results were 

found in all months, except for Tokyo in August of 1963. A possible reason 

that Wakkana i saw fewer E s patches over Akita while Tokyo saw more E s 

patches than were theoretically predicted by the secant law might be a tilt in the 

Es layer upward to the north . This situation reduces the effective incident angle 

from Wakkanai and decrea ses the probability that E s will be seen from Wakkanai. 

The opposite situation simultaneously occurs at Tokyo. Some evidence similar 

lo th at shown in Figure 10 supports a hyp othesis of a 2 degree tilt to the north. 

On the other hand it has a lready been seen and surmised that the r e flection 

of a r adio wave from an Es patch is heavily dependent on the incident power, and 

the Tokyo BS sounder has greater system gai n , therefore it records more E
8

; 

a lthough it is difficult to explain more Es than theory predicts, as shown in 

Co lumn 6 . 

The values in Columns 4 and 7 a re those hour s in which the observed 

resu Its from Wakkanai BS are in accor dance with the secant law prediction. 

Column 9 r eflects this data by estimating the reliability of the secant law, 

i.e. , the percentage of time the seca nt law is not invalid . The reliab ility 

of the secant law is over 75 percent for a ll data, wi th the Tokyo figures gene rally 

5 percent greater than the corresponding Wakkanai values. 



28 

140 h(High) 

130 

6 
~ 

::=: 
bJ) 

"<i 120 ..c 
-' 

c(Cusp ) 

"' .B ... 
"> 

<Jl 

(ii 11 0 
c 

"' " ::s 

100 

Yamagawa Kokubunji Akita Wakkanai 

30 32 34 36 38 40 

Latitud e (degree ) 

F i gur e I 0. Mean h'E vs. latitude for temperate E
5 

types July, 

1962. [5~ p. v 



29 

Two items which have an effect on the reliability of the secant law 

a re : (l) the power ga in of the sounder system, and (2) a scattering phenomenon 

which c a n take place , especially when a sporadic E event is just commencing 

or ending. The Wa kkanai values in Column 5 are uniformly much larger tha n 

the corresponding Tokyo values. Since it has been shown tha t the Tokyo BS 

sounde r had a higher system gain and Tokyo values are lower in Column 5, 

it is logica l to a ttribute a large percentage of Column 5 to lack of transmitter 

power or s ystem ga in. The situation can be described by presuming that the 

transmitted energy was reflected from the Es patch but that the resulting echo 

was too weak to be detected. 

Theoretically, no cases of sporadic E shonld be recorded in Column 6 

but in fact, Tokyo BS recorded a lStrge number of Es patches. Since the theory 

perta ins to specular reflection and does not hold for inhomogeneous plasmas, 

it is a ttr active to attribute the occurrences represented by Column 6 to a 

strong Es scattering phenomena. If the values of Columns 5 and 6 could be 

reduced by appealing to arguments similar to those above, the reliability of 

the secant law wou ld have an even higher va lue. Only f
0
Es was considered in 

the Es occurrence statistics presented in Table 3. 

In Figures 11 and 12 , the reliability of the secant law is plotted against 

the difference of f
0
Es - fbEs. These figures show that fo r both BS stations the 

secant law is more reliable for the small values of f
0 
E s - fb E s and is less 

reliable with the increase of f
0
Es - fbEs . 
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Figures 13 , 14 , 15, and 16 illustrate the statistical distribution of 

VI data plotted as the number of occurrences of each class of f
0

Es - fbEs for 

Ju ly and August of 1963 and June and July of 1964 . Only VI data tha t was 

"comparab le" with BS sounder, were used. These figures indicate that most 

Es patches had small values of the difference of f
0
Es - fbEs. Note that the 

histograms are in the form of a decreasing exponential function. 
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CHAPTER IV 

SPORADIC E MODELS 

T wo sporadic E models were suggested by Reddy to exp la in the Es 

frequency characteristics @). 

37 

This mode l supposes an Es layer with uniform horizontal e lectron 

density . A radio wave wi th frequency below the maximum plasma frequency of 

the laye r will be tota lly reflected . The reflection wi 11 obey the secant law, as 

shown already in Chapter II. At frequencies above the maximum plas ma freque nc y 

the wave can penetrate through the Es patch . If the electron density gradient is 

sufficiently sharp , some energy can be r e flected. This phenomenon is ca lled 

partial reflection. The maximum plasma frequency in this mode l is called 

fbEs and f
0
Es is the top frequency detected by the receiver due to the partial 

r e flection mechanism. Four model layers which might be used for sporadic 

E to permit the calculation of partia l r e flection are shown in Figure 17. The 

r e flection coefficient is de fined as the ratio of the signal strength of a reflected 

wave to tha t of an incident wave . The coefficients of partial reflection for 

vertical and oblique incidences can be shown to be the same if the oblique and 

vertica l frequencies are re lated by the secant law. According to Budden@) , 

the magnitude of the reflection coefficient for the linear electron profile in 

(a) of Figure 17 is given below: 
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(b) Symmetrica l double linear 

profile 

I 
(z - z )2 

N=N [l-~] 
m 2 

a 

L---------------~~~N 
m 

(d ) Parabolic profi l e 

Figure l 7. Four profiles o f e lectron density of Mode l I. 



where 

iuq2Ai(Sz ) + A;( S2) 

iuqlAi( S l) + Aj(S l) 

iuqz\(S z) + A;(S z) 

- iuq1Ai( ( ) + A;( S
1

) 

ql2 = cos2~0 -( (~/r 
q2 2 = cos2~0 -( ~2r 

iuq2Bi( S 2) + B:(Sz) 
I 

iuqlBi(S l) + B;(S l) 

c =ve locity of light in free space, 
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(4 - 1) 

LJ
1

, LJ 
2 

= the angular plasma frequencies corresponding to the 

electron densities N
2 

and N
1

, respectively, 

LJ = the angular frequency of the incident radio wave, 

I 
Ai, Bi' Ai a nd Bi = the Ai r y functions and their respective 

derivatives, 

¢o = ineident angle . 
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The reflection coefficients for vertical and oblique incidences will be 

the s ame if uq
1 

and uq
2 

for both vertical and oblique incidences are equal. 

These equalities can be written as 

[ 1 _ (~1)2r/2 
l.Jv 

[ 1 _ b2)zp/z 
v 

where lJ
0

,lJv = the angular frequencies of oblique and vertical incidences. 

(4- 2) 

Either equation of (4-2) can be reduced directly to the form of the secant law, 

f = f sec th . In a similar way, the secant law can also be proved true for 
o v l..flo 

the symmetrica l double linear profile , the exponential profile, and the parabolic 

profile of Figure 17 . 

Figu re 18 shows the coefficient of partial reflection versus frequency 

for the linear electron profile . Note the simila rity between this figure and the 

distributions of Es occurrences versus f
0
Es- fbEs in Figures 13 through 16 . 

Model II 

This Es model is not homogeneous as is the previous case, but has 

irregularities in the ionization in the horizontal and vertical directions. Two 

subcases might be considered: One, the irregularities a re so great and r andom 

that there is no formula which can describe the feature of the Es layer . The 

secant law will probably not hold true in this case. 



~ 

-~ 
u 
~ 
"' ... 

] 
... 
"' 0. ..., 
0 

-;; 
- ~ 
.;! 
:::: 
"' 0 
u 

0.3 

0.2 

0. 1 

0.0 
2 . 0 
3. 0 

2 . 1 
3. 1 

Semi-thickness 0. 5 km 

fbEs =3. 0 MC/s 

fbEs =2 . 0 MC/s 

2 . 2 
3. 2 

2.3 
3. 3 

Freque ncy (MC Is) 

Figure 18. Coefficient of partia 1 reflection vs. 
frequency (f >fbE

8
). 

41 



42 

The values of fb E s and f 
0
E s correspond respectively to the lowest 

ove r a ll va lue of e lectron density and the peak electron densi ty found m the 

ionospheric volume under observa tion . The area surveyed by a VI sounder 

migh t be composed of "holes" with less densities and " blobs" with greater 

de nsities . The blanketing frequency (fbEs) will be reflected from both holes 

and blobs, (i.e . , complete re flection from the Es laye r). As the frequency is 

increased above fb E s , part of the wave energy passes through some of the holes 

producing echoes from the F region. When the frequency is increased so that 

the wave is nowhere reflected from the ionization, its value is f
0

E s. 

In the other case , the irregula rities are small-scale, i.e., they have 

a fr actiona l deviation of only 5 to 10 percent from the a mbient average e lectron 

concentration. The sca le si ze of these irregu larities is 10 to 100 meters. The 

phenomenon of scattering exists for any frequency. The blanketing frequency, 

fbEs, corresponds to the plasma frequency of maximum ambient average electron 

concentration. The critical frequency, f
0

Es ' is approximately the top frequency 

of the returned signal due to scattering. 

The volume scattering due to small-scale irregularities can be handled 

by a theory formu la ted by Booker OJ . The scattering coefficient is defined as the 

r atio of the power scattered per unit solid a ngle in some direction under con

side ration to the incident power density . Under the assumption that the magnetic 

field is unimportant and the irregulariti es a re anisotropic , the scattering 

coefficients are given as 



and 

3/ 2 2 2 0
1 

= (2 1T) r e ( !'J. n) · sin x · (abc) 

exp { -[21T~~J [ a2 (11- 12)2 + b2 (m1- m2)2 

+ c2 (n1 - n2)2] } 
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(4 -3) 

(4-4) 

corresponding to the spatial auto-correlation functions 

l 2 2 2 
p1(x, y, z) ex exp [- ~ (~ + y_ + \ll 

2a2 b2 c_j 

and 

2 2 2 1/2] 
p2(x, y, z)(Xexp [- (x2 +~ + z2) 

a b c 
respectively, 

where 

r e = the classical radius of the electron, 

<!'J. n) 2 =the mean square departure of electron density, 

x = the angle between the direction of scattering and the direction of 

the electric field at the scattering point, here assumed to be TT/2 , 

a, b , c = the scale lengths of the irregularities in three directions, 

x , y, and z respectively , 

A. = the mean wavelength of the radio wave in the medium, 
m 

(1
1

, m
1

, n
1

) =the direction numbers of the incident direction, 

(1
2

, m
2

, n
2

) =the direction numbers of the scattering direction under 

consideration. 
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A geometry of vertica I and oblique incidences and the r espec ti ve s catte ring 

geometry are shown in Figure 19. 

If the scattering coefficient for the vertical incidence cf v and tha t 

for the oblique incidence cf
0 

are set equal , the equation cf
0 

= cfv , by using 

e ither ~ of Equation (4-3) or cf
2 

of Equation (4-4) on both sides , can be 

reduced to the simple form 

where 

__ 1_ cos ~ = 1 
., 0 ~ 

l tmo 1\ mv 

~ = the incident angle , 
0 

(4-5) 

A •A = the mean wave lengths in the medium, of the vertical and ob lique 
mv mo 

incidences , respective ly. 

Equation (4-5) can be rewritten a s 

by using 

where 

A _ A. o 
mo - (()1/ 2 

0 

' ;\ v 
1\ mv = (( )l/ 2 

v 

(4-6) 

A , A =the wavelengths in free space, of the vertically and obliquely 
v 0 

incident waves, respectively , 

(v ' (
0 

=the permittivities in the medium , of the vertically a nd ob liquely 

incident waves, respectively. 
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waves and their respective scattering directions under 
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Equation (4-6) has one more factor, (~fl~ compared with the secant law 
to 

f = f sec til . This factor is approximately unity only when both the 
o v 't'o 
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frequencies of ve rtically a nd obliquely incident waves are much greater than 

the plasma frequency of the medium. For the case of sporadic E under con-

sideration, this condition is not true. Therefore, the secant law does not hold 

in the case of small-scale irregularities for frequencies near the plasma 

frequency . 
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CHAPTER V 

SUMMARY AND CONCLUSION 

The results of the data analysts can be summarized as follows: 

1. The secant law for sporadic E was not invalid 75 percent of the 

time that the VI and BS data were comparable . This negative conclusion is 

necessitated by the fact that a great number of sporadic E occurrences were 

not sufficiently dense to be recorded on t.he 27 . 7 MHz backscatter so11nders. 

Most of the time 27 . 7 MHz was greater than the oblique equivalent critical 

frequency calculated by the secant law. 

2. The secant law was more reliable for prediction of Es echos when 

the va lues of the differences of f
0
Es - fbEs are small. This fact seems to 

imply tha t the smaller the values of f
0
Es - fbEs • the more regular the Es layer. 

Approximately 75 percent of the sporadic E occurrences had f
0
Es - fbEs less 

than 2 MH z. 

3. The statistical distribution of the E occurrences versus f E 
s 0 s 

fbEs showed some simi larity to the curve of the partial reflection coefficient 

versus frequencies above fb E s . This similarity might provide support for the 

contention that the partial reflection is responsible for f
0

E s. 

Sporadic E Model I discussed in Chapter N , supposes a uniform 

hori zontal strata of electrons. It was shown that for this model, the secant 

law was valid for total reflection, the radio wave frequency f< fb Es. and the 
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parttal reflection, f>fbEs , where fbEs corresponds to the maximum plasma 

frequency Sporadic E Model l1 had ver tical and hori zontal irregularities like 

lumpy pudding. The secant law was shown theoretically to fail for this model. 

Therefore, in a rigorous experimental verification of the secant law for 

sporadic E, e ffort should be made to distinguish between the Es echos 

predicted by Mode Is I and II. 

The blanketing frequency , fbEs , corresponds to the maximum p las ma 

frequency and it should be used to verify the validity of the secant law for total 

reflection. Since it seems impossible for a BS sounder to measure accurately 

the oblique blanketing frequency or to distinguish the Es echos of total reflection 

from those of partial reflection, an oblique ionosonde is suggested to replace 

the BS sounder . The two ionosondes, one vertical and the other oblique , are 

oreinted to survey a common area of sky simultaneously , as shown in Figure 20. 

The validi ty of the secant law for total reflection cou ld then be determined by 

comparing the oblique blanketing frequency measured by the oblique ionosonde 

with the blanketing frequency measured by the vertical ionosonde. 

The reflection coefficient for f> fbEs can be calculated by measurement 

of Es at three different frequenci es. The signal strength of a radio wave will 

depend primarily on three factors (;!) , which are : 

(1) spatial spreading and defocusing which vary as the inverse squared 

relationship~ , where c is a constant determined by the beam pattern of 
s 

the radiation ~nd S is the effective dista nce . 
e 
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(2) Non-deviativeabsorptlonintheDl'egion, e , where s ~ray 

path of propagation, and 

K- NV 
- CK(.J2 /) 2 

+ 

in which 

N =electron density, 

I =collision frequenc y , 

(.J = frequency of the radio wave, 

CK = a constant. 
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(3) The partial reflection in an Es layer with the ma;;-nitude of reflection 

coefficient represented by R. 

Factor (1) is a lmost independent of the frequency variation of the 

radio wave, but factors (2) and (3) wi ll change with the frequency. If ET and 

EH designate the field strengths of a radio wave at the transmitting antenna and 

the receiving antenna, respectively, ER can be expressed in terms of ET by 

-lKds e s (5-1) 

where the subscripts b and a represent, respectively, the parts of factor (1) 

before and after the reflection of Es layer. 

Three radio waves will be transmitted with the same signa l strength ET 

The three corresponding signals received a t the receiving antenna will be 

recorded as ERl' ER2 and ER3. Note that for a frequency less than fbEs' 

R is theoretically unity . By using Equation (5-1) to calculate ER
1

, ER
2 

and ER
3 

and then forming the ratios ER/ER1 and ER/ER
2

, the coefficient of partial 

reflection at the frequency f
3 

can be expressed in the following form 

ER3 f ? 2 f 2 E 
R = -- exp [- (_1._) ~ ( f3 - 2 )In ( R2 >] 

ER2 f3 f 2 - f 2 ER1 
2 1 

(5-2) 

The two ionosondes in Figure 20 can be arranged to perform this measurement. 

When these ionosondes measure the same reflection coefficient, the comparison 

of their corresponding frequencies will yield a verification of the validity of the 
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secant law for partial reflection from the Es layer of Model I. 

These mea surements a re based on frequencies which a re sufficiently 

high that the earth's magnetic field can be neglected . If this condition is not 

valid , one must treat both the ordinary and extraordinary waves that exist in 

a magnetoionic plasma. 
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