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NOTATION

" 2
A: crossectional area (cm™)
A: also general symbol for cation species

a,, Q%: activity of cation A and B, respectively

A

B: general symbol for cation species

C: concentration in general (me/ml)

CA’ CB, Ci: cation concentration for cation species A, B, and i,
respectively (me/ml)

CO: total cation concentration (me/ml)

c: a constant involved in exchange function

D: fluid dispersion coefficient (cmz/hr)

5 functional symbol

f': derivative of the function f

fA, fB: activity coefficient of ion species A and B, respectively

3 40 functional symbol

g: functional symbol

i general symbol for cation species

s £ also the subscript for depth increment; usually appears along
with j

3= subscript for time increment

K: equilibrium constant

A
KB.

K'Y, K'Y constants involved in exchange function

selectivity coefficient



kl, k2: rate constants

L column length (cm)

N: subscript for the last depth increment where z = L

pA, pB: parameters related to the statistical thermodynamics

properties of the cation species A and B

cation concentration per unit length of the exchanger phase

ql:
(me/cm)

q: cation concentration per unit weight of exchanger (me/g)

dps dps 9y¢ cation concentration for cation species A, B, and i,
respectively, per unit weight of the exchanger (me/g)

Q: cation exchange capacity per unit weight of the exchanger (me/g)

Ql: cation exchange capacity per unit length of the exchanger

50 equilibrium parameter for ion exchange, r = 1/K

R: a symbol for cation exchanger

st column-capacity parameter

S : slope of the breakthrough curve at C/Co = 0.5

S, : the separation factor

t: time (hr)

At: time increment

Vi bulk volume of the column (cm3)

Vi volume of input solution or volume of the effluent solution at
time t (ml)

Vo: pore volume or effluent volume when C/CO = 0.5 (ml)

Vs average interstitial flow velocity (em/hr)

XB’ Xi: relative concentration for cation species A, B, and i,

respectively, in solution (dimensionless)



X3 relative concentration of cation in solution in general

n . . th . .
X': relative concentration of the n iteration

X{z5t)n relative cation concentration function in the solution
phase
YA’ YB, Yi: relative concentration of cation in the exchanger phase

for cation species A, B, and i, respectively

¥: relative concentration of cation in the exchanger phase in general
fiz,t) relative concentration function of the exchanger phase
Z1s depth of the column (cm)

Az: depth increment (cm)

a: pore fraction

€: tolerance limit, a very small value
/H function symbol

0: function symbol

¢: function symbol

Az concentration ratio parameter

p:  bulk density (g/cmB)

YA’YB’Yi: valency of the cation species A, B, and i, respectively

e solution-capacity parameter

w: concentration ratio parameter for the exchanger phase



TABLE OF CONTENTS

INTRODUCTION . . . . . . . . . .
Background . . . . . ; . . 3
Objectives . : . . . 1
Definitions . . . . . . . . .
LITERATURE REVIEW . . . . . . . . .
Ion Exchange Chromatography ; . 3 5 .
Kinetic approach . 5 o C . 5 .
Equilibrium approach . . . . . .
Dispersion and chromatography . . .

Ion Exchange Equilibrium in Soil . 5 2 5
"Regular' system . > . P

"Irregular" system . . v ’
THEORETICAL DEVELOPMENT . . . . . . .
Mathematical Treatment . . . . . .

Derivation of the material balance equation
Transformation of Equation [33] to a working

equation . . . .
The initial conditlon and the boundary
conditions & o 5 ;
The initial condition . . o

The boundary conditions . . - x

Cation exchange function . v .
Longitudinal dispersion . 5 5 . 4

Numerical Solution and Computation . . .
The explicit method . . ‘ .

The implicit method (predlctor corrector
technique) § « a g § : :

v

1

11
e

15
15
15
18
20

20
20

21
25

26
26

29



TABLE OF CONTENTS (Continued)

RESEARCH PLAN . . . . . . . . . .

Experiment 1. Study of Numerical Methods . .
Experiment 2. Study of the Effect of Cation
Exchange Equilibria on the Cation Transport
Experiment 3. Comparative Study of the Linear
Exchange Model and the Non-linear Exchange
Model 5 3 . > > C . a 5 5
Experiment 4. Experimental Verification of the
Model for Mg>Ca Exchange in Soil Columns. .
Experiment 5. Experimental Verification of the
Model for Na>Ca Exchange in Soil Columns. v

MATERIAL AND METHODS s s > > o s o <
Materials . . . . s . . S - .
Soils . . . . . . . . . .

Chemical solutions s ¢ d ¢ i 3

Column Setup . ¥ ‘ 5 5 ¢ 7 .
Laboratory Experimen g .

Column experiment . . . . . . .

Determination of the average interstitial flow

velocity and the dispersion coefficient
Chemical analyses . 5 . . s § 5
Exchange isotherm . 4 3 ¢ 5
Cation concentration profiles , . -

Computer Experiment . . . . . . .

The program for the explicit method 5
The program for the implicit method

RESULTS AND DISCUSSION . . . . . . B .

Experiment 1. Study of Numerical Methods . .

The explicit method 5 . . . 5 .
The implicit method o . . ,

Experiment 2. Study of the Effect of the Cation
Exchange Equilibria on the Cation Transport .

Exchange function and exchange isotherm :
Concentration functions X(z,t) and Y(z,t) .

vidid

Page
32
32

32

33
33
33
34
34

34
38

35
35

35
37
38
40
40
40

41

46
46
48
48
50

50
50



TABLE OF CONTENTS

Type 1 &
Type II .
Type III .
Type IV

Type V .

Summary of Experiment 2

(Continued)

Experiment 3. Comparative Study of the Linear
Exchange Model and the Non-linear Exchange Model

Experiment 4. Experimental Verification of the
Model for Mg»Ca Exchange in Soil Columns . .

Nibley clay loam
Hanford sandy loam

Experiment 5. Verification of the Model for the
Na*>Ca Exchange in Soil Columns . . . : .

SUMMARY . . . . .

CONCLUSIONS AND APPLICATIONS

Conclusions .
Applications . .

LITERATURE CITED . .

APPENDIXES . . . .

VITA

Appendix A. FORTRAN Programs

Appendix B. Derivation of Equation . 3 5

Appendix C. Tables

. . .

ix

Page

bl
51
53
56
56

58

60
65
65
71
75
85
88

88
89

90
92
93
105
108

128



Table

10.

11.

12,

135

14.

15.

16.

17.

18.

LIST OF TABLES

The basic column and soil parameters used in Experiment 1

and Experiment 2 . . . . . . n o s
The basic column and soil parameters for Experiment 3
The basic column and soil parameters for Experiment 4
The basic column and soil parameters for Experiment 4
The basic column and soil parameters for Experiment 5
Chloride breakthrough curve data for Experiment 3
Chloride breakthrough curve data for Experiment 4
Chloride breakthrough curve data for Experiment &
Chloride breakthrough curve data for Experiment 5

The cation concentration profiles of Mg++ determined
from column experiment 3-I, Yolo fine sandy loam .

++
The cation concentration profiles of Mg determined
from column experiment 3-II, Yolo fine sandy loam

4=t
The cation concentration profiles of Mg  determined
from column experiment 3-II1I, Yolo fine sandy loam

++
The cation concentration profiles of Mg determined
from column experiment 4-I, Nibley clay loam . 3

The cation concentration profiles of Mg++ determined
from column experiment 4-II, Nibley clay loam

The cation concentration profiles of Mg++ determined
from column experiment 4-II1, Nibley clay loam .

++
The cation concentration profiles of Mg = determined
from column experiment 4-I, Hanford sandy loam

The cation concentration profiles of Mg++ determined
from column experiment 4-II, Hanford sandy loam .

+H
The cation concentration profiles of Mg  determined
from column experiment 4-III, Hanford sandy loam .

Page

46
61
66
72
76
108
109
110

111

12

112

114

114

115

116



Table

19.

20.

21.

22.

23.

24.

25,

26,

275,

28.

29,

30.

31

LIST OF TABLES (Continued)

+
The cation concentration profiles of Na determined
from column experiment 5-I, Yolo fine sandy loam .

+
The cation concentration profiles of Na determined
from column experiment 5-II1, Yolo fine sandy loam

+
The cation concentration profiles of Na determined
from column experiment 5-III, Yolo fine sandy loam .

The concentration function X(z,t) computed for
Experiment 2 for Type I isotherm . g . . .

The concentration function X(z,t) computed for
Experiment 2 for Type II isotherm . . ¢ . .

The concentration function X(z,t) computed for
Experiment 2 for Type III isotherm . - = . v

The concentration function X(z,t) computed for
Experiment 2 for Type IV isotherm . . v . .

The concentration function X(z,t) computed for
Experiment 2 for Type V isotherm . v . 4 v

The concentration profiles computed by the non-
linear method for Experiment 3 . . o 5 s .

The concentration profiles computed by the linear
method for Experiment 3 . . - . . 5 .

The concentration profiles computed for
Experiment 4, Nibley clay loam v “ :

The concentration profiles computed for
Experiment 4, Hanford sandy loam 7 B 7 ; ¥

The concentration profiles computed for
Experiment 5 for Yolo fine sandy loam . . .

xi

Page

L1

117

118

119

120

124

125

126



Figure

§ 1

3a.

3b.

10a.

10b.

1la.

LIST OF FIGURES

A schematic representation of the one dimensional
miscible displacement flow for a finite section of

the column . . . . . . . .

A diagram showing the relationship between the

exchange isotherm and the separation factor.

separation factor Sﬁ is represented by the ratio

of areas I and II 5 5 . . .

A grid network showing the relationship of the four
finite elements of Equation [54]. The three elements
encircled are known. The value in the cross is

evaluated by the three in the circles

A grid network showing the relationship of the four
finite elements of Equation [57]. The three elements
in the crosses are evaluated by the one in the circle

A sideview diagram showing the physical structure of

the soil column used in this study .

A typical c1 breakthrough curve used for calculating

dispersion coefficient i § . B .

The flow diagram for the explicit method of
computation . . . . . o . 5

The flow diagram for the implicit method of
computation . . . . 3 . .

Five different types of the idealized
isotherm used in Experiment 1 and Experiment

Concentration profiles computed from the
explicit method and implicit method

Concentration profiles X(z,t) computed from
the Type I isotherm . v . . . .

Concentration profiles Y(z,t) computed from
the Type I isotherm . . . . . .

Concentration profiles X(z,t) computed from
the Type II isotherm . . . 5 4 v

Page

16

22

28

28

36

39

42

44

47

49

52

52

54



Figure

11b.

12.

13a.

13b.

l4a.

14b.

15.

l6a.

16b.

18a.

LIST OF FIGURES (Continued)

Concentration profiles Y(z,t) computed from
the Type II isotherm . : 5 o v & 5 5

Concentration profiles X(z,t) and Y(z,t) computed
from the Type III isotherm . . s . . . i "

Concentration profiles X(z,t) computed from
the Type IV isotherm - 3 - o 5 = . . .

Concentration profiles Y(z,t) computed from
the Type IV isotherm . 3 5 ‘ 3 . s 5

Concentration profiles X(z,t) computed from
the Type V isotherm . . . . . . . . .

Concentration profiles Y(z,t) computed from
the Type V isotherm . . 5 . . . . . .

The cation exchange isotherm for the exchange of

Mg»>Ca in Yolo fine sandy loam soil. Experimental values
are represented by spots. The broken line is the linear
regression line. The solid line shows the Kielland ex-
change function . . . . . . . . . 5
Concentration profiles X(z,t) for Mg++ include
experimental values shown by the spots, and

theoretical computation. The broken lines

show the values computed from the linear method.

The solid lines show the values computed from

the non-linear method . . . . . . . . .

Concentration profiles Y(z,t) for Mg++ include
experimental values shown by the spots, and

theoretical computation. The broken lines are

computed from the linear method. The solid

lines are computed from the non-linear method . . i

The Kielland cation exchange isotherm for the
exchange of Mg*Ca in Nibley clay loam soil

shown by the solid line along with experimental
data from three column experiments represented

by the spots 5 s 5 6 A . . § . .

The concentration profiles X(z,t) from three

column experiments for Nibley clay loam soil

as shown by the spots, with theoretically

computed values shown by the solid line . - -

xiii

Page

54

55

57

5

59

59

62

63

63

68

69



LIST OF FIGURES (Continued)

Figure

18b. The concentration profiles Y(z,t) from three
column experiments for Nibley clay loam soil,
as shown by the spots, with theoretically
computed values shown by the solid line .

19. The Kielland cation exchange isotherm for the
exchange Mg»*Ca in Hanford sandy loam soil,
along with the experimental data from three
column experiments . s . . . . 5 .

20a. The concentration profiles X(z,t) from three
column experiments for Hanford sandy loam with
the theoretically computed values shown by the
solid lines . . . ¢ . . 5 .

20b. The concentration profiles Y(z,t) from three
column experiments for Hanford sandy loam with
the theoretically computed values shown by the
solid lines . 5 . v . v . .

21, The Na*Ca exchange isotherm for Yolo fine sandy
loam with data from three column experiments,
represented by spots, and two theoretical plots.
The broken line is a plot from Equation [44] and
the solid line is a plot from Equation [45]

22, The cation concentration profiles X(z,t) for the
Na+Ca exchange for (a) column 5-I, (b) column 5-II,
and (c) column 5-III. The solid lines are the
computed values, the circles are the experimental
values . % 2 e y . : - .

235 The cation concentration profiles Y(z,t) for the
Na»Ca exchange for (a) column 5-I, (b) column 5-1I,
and (¢) column 5-III. The dotted lines are the
computed values, the circles are experimental

values . . . . s =
24, The change of flow rate vs time for the three
column experiments (a) column 5-1, (b) column
5-11, and (c) column 5-III . > : . »
255 The cation concentration profiles X(z,t) for

column experiment 5-III. The broken lines show
the profiles computed from using the average flow
velocity. The solid lines show the profiles com-
puted from using the actual flow velocity as a
function of time

Page

69

73

74

74

77

79

80

82

83



XV

ABSTRACT
Cation Exchange and Transport
in Soil Columns Undergoing
Miscible Displacement
by
Sung-ho Lai, Doctor of Philosophy
Utah State University, 1970

Major Professor: Dr. J. J. Jurinak
Department: Soils and Meteorology

A mathematical model was developed to predict the exchange of one
cation by another in a soil column undergoing one dimensional cation
solution displacement under steady state flow conditions. The model
allowed prediction of both the solution and exchanger phase concentra-
tion of the cation in question.

The model consistsof a material balance equation which is a
parabolic type partial differential equation. The assumption was made
that equilibrium was reached instantaneously between the cations in the
solution phase and the exchanger phase. This assumption reduced the
material balance equation to a form that allowed numerical solution
providing the data concerning the cation exchange isotherm and the
initial and boundary conditions are available.

FORTRAN programs were written for the numerical computation of the

problem involved. The computation was done on a digital computer.

The model was verified by comparing the theoretically computed cation

concentration profile with data from actual soil column experiments.



xvi

The cation exchange of Mg»*Ca was tested on Yolo fine sandy loam,
Nibley clay loam and Hanford sandy loam columns. The exchange of
Na»Ca was also tested on Yolo fine sandy loam. Satisfactory agree-
ment between the column experiment values and the theoretically
computed values was obtained.

( 144 pages)



INTRODUCTION

Background

The transport of chemical identities through a soil body is a
subject of concern not only to the agriculturalist and environmental
scientist, but also to the people in the fields of water quality,
civil engineering, and chemistry.

This writer is particularly interested in the study of one
dimensional transport of cations through an isotropic soil column
during the miscible displacement of two different cation solutions in
a steady flow condition. This subject was first studied by Rible and
Davis (1955) and then by Bower et al. (1957). Both studies ignore
the effect of fluid dispersion which was shown to be operative to a
significant extent by Lapidus and Amundson (1952). The model proposed
by Lapidus and Amundson was applicable to a certain extent in the cation
transport in soil. Their study was limited to the cation exchange or
adsorption processes which had a linear isotherm or a linear kinetics
of cation exchange or adsorption. Since a great deal of evidence
suggests that the cation exchange isotherm in soils is non-linear, a
non-linear approach is necessary to deal with the problem. Fortunately,
with the great invention of digital computers and their widespread
use in recent years, numerical mathematics has been revived and is
advancing at a very fast pace. Now, there are methods to handle the

model that was proposed by Lapidus and Amundson involving a non-linear

isotherm.



Objectives

It is the objective of this study to modify the model that was
proposed by Lapidus and Amundson and to solve it numerically for the
cation exchange reaction that occurs in a soil system; and to investi-
gate the effect of different types of exchange isotherms on cation
transport processes. The theoretical solution is then verified by
conducting column experiments under specified conditions.

This type of study gives insight into how different types of
exchange reactions influence the transport of cations through a soil
column, how the cation composition of the fluid and the soil exchanger
changes through the soil body. This information is useful in many
phases of agriculture including irrigation, land drainage, water quality,
and waste disposal management. This study also offers a broader per-
spective toward the study of the transport of the other types of
chemical identities such as anion transport and transport of organic
and inorganic molecules through an adsorbent bed. All of these subjects
are so vital to the conservation of the quality of the environment

that it merits thorough investigation.

Definitions

The exchanging cation is the cation in solution which exchanges
with the cation which was adsorbed by the cation exchanger. The cation
exchanger is the solid material which possesses the net negative elec-
tric charge which adsorbs cations.

The exchange isotherm shows the ionic composition of the cation

exchanger as a function of the ionic composition of the solution at



equilibrium and at constant temperature, In this study, the equivalent
ionic fraction YA of the exchanging ion A in the cation exchanger is

plotted as a function of the equivalent fraction X, in the solution.

A

The equivalent ionic fraction in solution is defined by

(2]
>

X\ % 3c, (1]
x

[ng)

where CA is the concentration of the cation A in terms of me/l in
solution. The equivalent fraction in the exchanger phase is defined

by

Y= = [2]

where a is expressed in me per gram of the exchanger.

The exchange function is the functional relation which expresses
YA in terms of XA' This term is sometimes used interchangeably with
the term exchange isotherm.

A concentration profile expresses the concentration of the cation
as a function of depth usually at a given time. It can be for the
solution phase X(x,t) or for the exchanger phase Y(z,t), both expressed
at a given time t.

The separation factor expresses the preference of the ion ex-—

changer for one of the two counter ions. It is written as

(o) = — [3]

If the ion A is preferred, the factor SA

B is larger than unity.



The rational selectivity coefficient is defined as

Y ¥
YA B XB A

K = 4]

—_;____V_
YB A XA B

The essential difference between the separation factor and the selectiv-
ity coefficient is that the latter contains the ionic valances as

exponents. It can be considered as the uncorrected equilibrium constant.



LITERATURE REVIEW

Ion Exchange Chromatography

The foundation of ion exchange cromatography is based on the con-
cepts of material conservation. That is to say, the change in the
material flux within a section of column Az is equal to the sum of the
rate of change in the concentration of the solution phase and the rate
of change in the concentration of the exchanger phase within the sec-
tion.

Two different approaches can be identified in the literature
according to the treatment of the rate of ion exchange. The one that
was developed by Thomas (1944) was based on a second order kinetics.
The second one developed by DeVault (1943) was based on the assumption
that an instantaneous equilibrium between solution phase and exchange
phase exists. The historical development of these two different schools
will be reviewed separately in the following sections. An additional

model which includes the fluid dispersion effect will also be reviewed.

Kinetic approach
The model developed by Thomas (1944) was based on the condition

of the conservation of the exchanging ions. It required that within
a finite section of the column, the change in solute flux must be
accounted for by the rate of change of the solution concentration and

the rate of change of the concentration of the exchanger phase. This



|

is more vividly depicted by Equation [5] which is written in terms of

the notation defined in this paper

3c
9z

&

Ve + 22+ g—‘tl=0 [5]

Q)
Qo

t

where C is the concentration of the cation in solution, q is the amount
of cation adsorbed per unit weight of the adsorbent, z is the depth of
the column, t is time, V is the interstitial flow velocity, p is the bulk
density of the soil column and o is the pore fraction of the column. The
characteristic of Thomas' study is the treatment of the reaction rate of
the cation exchange. A second order reaction kinetic was used for a

univalent cation exchange reaction on zeolite such as

At + R > ar + 8" [6]

2 - ke - @) - ke, - 0 (7]
where A and B are cations R is the exchanger, Q is the cation exchange
capacity, Co is the total concentration of the cations, and kl and k2
are the rate constants.
Equations [5] and [7] were solved by providing the initial and the boun-
dary conditions.

This approach was further extended by Hiester and Vermeulen (1952)
by rewriting Equation [5] as

ac|  _ ) oC
), - o) o6 (8]
v

v

and by slightly modifying the kinetic Equation [7] to



gﬂ=kﬂNQ-®-%qwo-®] (9]

where v is the bulk volume of the column, V is the volume of the input

solution and K = Elu They further defined a solution capacity parameter
2

T, a column capacity parameter s, and the equilibrium parameter r, to

reduce Equation [8] to

3(q/Q)| _ [8(c/Co)
[BT]—[BSOJ (10]
S T
and Equation [9] to
[t - e, - 0@ - raa - c/c) [11]

The solutions C/Co and q/Q were obtained by a numerical curve matching
method referring to the three parameters T, s, and r. This paper by
Hiester and Vermeulen is recognized as one of the classic treatments in
the field of chromatography. It also includes the study of chromato-
graphy involving physical adsorption. For further details, this paper
should be consulted.

Application of this model in the field of soil science was done by
Bower, Gardner, and Goertzen (1957). Their work is essentially a test
of the validity of the Hiester-Vermeulen approach to the cation exchange
reaction in soil columns. They further define two parameters namely A,
the concentration ratio parameter for the solution, and w, the concentra-
tion ratio parameter for the exchanger phase. Equations [10] and [11]

were reduced to



[Bm] B [axJ [12]
ot (3s
s T

[gﬂs = AL - w) - rw(l - ) [13]

The solution of these equations was provided graphically by Hiester
and Vermeulen (1952). The experimental results were in good agreement

with the theoretical prediction in this particular study.

Equilibrium approach

The model developed by DeVault (1943) for single solute chroma-
tography was also based on the same conditions of solute conservation
in the column process and is described by an equation similar to that of

Equation [5]

aC aC acll _
Eiﬂawi'év—— 0 [14]

where q is the cation adsorbed per unit length of the exchanger.

The characteristic of this model is that DeVault assumed an instantaneous
equilibrium between the solute in solution and that in the exchanger.

The equilibrium relationship between the solute exchanged and solute in
solution is defined as an isotherm and is expressed as a function of
concentration f = £(C) and £(C) = ql/Ql, where Ql is the cation exchange
capacity per unit length of the exchanger. Thus, the rate of exchange

is now a function of the rate of solution concentration change and the

slope of the exchange isotherm



%1 _ 3f(c) _ . [df)ac
v - Qv - Ulacfav (13]
Equation [14] is simplified to
ac vey19C -
5 T [o + Qf (C)]av =0 [16]
This equation is further simplified to
0 [N '
[az] o+ Q' (C) [17]
(5
and with
(2)) u o = F(O
the solution of z as a function of C and V is
[18]

z = F(C) +m
This approach is mathematically less involved. The applicability
of this model was tested for soil system by Rible and Davis (1955) with
a certain degree of success. However, critical examination of their
experimental results indicated a decided tendency for the concentration
profiles to spread whereas the theoretical model predicts a sharp

profile.

Dispersion and chromatography

Neither the kinetic nor the equilibrium approaches of the previous

section considered the fluid dispersion effect. Fluid dispersion is



10

another factor that can cause the spreading of the fluid from the

idealized piston flow in a column. Lapidus and Amundson (1952) developed

a model which takes into account the dispersion in addition to the mass
flow in the flux term of the material balance equation. The equation is

written as

2
9°C _ o€  3C _ pag
P 2 VT Tane (18]

where D is the fluid dispersion coefficient. They treated the rate of
exchange or adsorption in two separate cases. One of the cases involved

instantaneous equilibrium. Thus,

= klc * k2 [20]

In another case, they used a linear kinetics approach to describe the

rate of exchange or adsorption
L e G — kg (2]

In both cases, the solution was obtained analytically and are mathe-
matically complicated, involving functions which are usually tabulated
in a mathematical handbook.

The analytical solution of Equations [19] and [21] was also
obtained by Ogata (1964) using the Laplace transformation. The work
was purely mathematical and its applicability was not tested experi-

mentally.
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A comparative study of the three models, DeVault's equilibrium
model, Thomas-Hiester and Vermeulen's kinetic model, and the Lapidus
and Amundson's model was reported by Bigger and Nielsen (1963) using
Oakley sand. According to their report, none of these models strictly
agree with the experimental value. The lack of agreement was attributed
to factors such as inadequate description of exchange, the use of the
average value for the flow velocity, and the dispersion coefficient. It
was concluded that the Lapidus and Amundson model was qualitatively the

best model of the three in predicting experimental data.

Ion Exchange Equilibrium in Soil

In treating ion exchange equilibria of zeolite, Helfferich (1962)
classified the exchange equilibria into two groups depending on the
behavior of the exchange isotherm it possesses. The two groups are
the "regular" system and the "irregular" system. These two groups of
the exchange equilibria will be reviewed, since it appears to be a

reasonable approach to exchange equilibria.

1

'Regular" system

The "regular" system includes the exchange reaction which shows a
constant selectivity coefficient. The early development of the theory
of cation exchange in soil science was based mainly on the mass action
approach such as that of Vanselow and Gapon as cited by Babcock (1963).

For the exchange reaction

5
YBA(ad) i YAB S5 YBA + YAB(ad) [22]
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with Y, and Y, representing the valancy of cation A and B, respectively.
' B P y

The equilibrium is expressed as

¥ Y
g A CA B

K [23]

— = B
¥ Y A
a4y B CB A

where the selectivity coefficient Ki is a constant. This type of
approach follows the thermodynamics reasoning of chemical equilibrium
and is applicable mainly to a homogenous solid exchanger.

Clark and Turner (1965) used the equivalent fraction for both the

solution phase and the exchanger phase and obtained the following

expression
-y x,'B £ ¥a
A A B
Y A 7R [24]
'8 a-xp¥ac’s-Ta £,

where fA and fB are the activity coefficient for cation A and B,
respectively. This expression includes the total ionic concentration
of the solution Cc in the selectivity coefficient when it involves
heterovalent exchange. The activity coefficient was evaluated by
using the limiting law of Debye-Huckel when the total ionic concentra-

tion was dilute.

"Irregular' system

The "irregular" system includes all the cation exchange reactions

that show a non-constant selectivity coefficient. Throughout the
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historical development of the theory of cation exchange equilibria, ex-
perimental results have indicated that the selectivity coefficient may

not always be constant. Research has been directed toward the theoreti-
cal interpretation of the non-constant selectivity coefficient.
Krishnamoorthy and Overstreet (1949) applied a statistical thermodynamic
approach to derive an equation which describes the non-constant selecti-

vity coefficient for heterovalent reactions as shown in Equation [25].

o .
(@8 @)

Yo T W BT
(ppa, + Pydp) B A Y K [25]
(@)'s

(ap)Ta
where Py and py are the parameters depending on the valency of the ions.
The value of Py equals 1, 1 1/2, and 2 for mono-valent, divalent, and
trivalent ions, respectively, and (IA’(lB are the activity of cations
A and B, respectively. Eriksson (1952) introduced the concept of charge
volume of the exchanger phase and arrived at Equation [26] which is very
similar to the one by Krishnamoorthy and Overstreet for Na+ vs Ca++ ex-

change.

(a0 (cg )0

3 =K [26]
(4g,) (Cy) (o, + 2 qp,)

Both Equations [25] and [26] depict the possible non-constant selec-—
tivity for heterovalent exchange. However, evidence of non-constant
selectivity for homovalent exchange required further theoretical

development. Barrer and Falconer (1956) interpretated the irregular
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behavior of the homovalent exchange as a result from the fact that the
occupancy of an exchange site by an A or B ion affects the relative
affinities of the adjacent sites for these ions. They were able to give
a more fundamental interpretation to the equation which was obtained by
Kielland semi-empirically. The equation is written as

as’a

In
CZAYB

= In K+ c(l - 2v,) [27]

in which K is the rational equilibrium constant as defined by Helfferich
(1962) and c is a constant. This equation is applicable for both the
"irregular'" and the ''regular" systems. For a '"regular" system, ¢ = 0.
For an "irregular" system, ¢ # 0. A more detailed description of this
approach can be found in Helfferich (1962).

To use any of the derived exchange isotherms presented above, they
must be presented in the form Y = f(X) in order to be used in the solu-
tion of the material balance equation. This will be described in the

section entitled theoretical development.
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THEORETICAL DEVELOPMENT

Mathematical Treatment

Derivation of the material

balance equation

The material balance equation discussed in the literature review
appeared in several forms that were derived essentially by using the
concept of mass conservation. The equation will be derived here, based
on the one dimensional model in the hope that its derivation will give
a better insight and understanding of the problem at hand.

A finite section of a packed soil column, which had a steady one
dimensional flow established, was taken between z and z + Az as shown
in Figure 1. According to the mass conservation concept, the difference
in the flux of cations across the area at z and that at z + Az should be
equal to the rate of change of the cation concentration in the solu-
tion phase plus the rate of change of the cation concentration in the
adsorbed phase within this particular section of the soil. Thus, we
can establish a balance formula such as

rate of change
net change rate of cation
N = of + [28]
of ion flux : exchange

solution conc.

In the flow system, the flux consists of the transport due to the mass
fluid flow and the fluid dispersion or

aC,

= _-p 21 7
Flux = D e + VCi [29]
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Flux in

Area A

Az

z + Az 'l

C(z)

Flux out

Figure 1. A schematic representation of the one-dimensional miscible
displacement flow for a finite section of the column.
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The two rate terms are defined as

[}

T rate of change of Ci

3¢ - rate of change of a4y

Equation [28] is now written as

e, 3C,
(A*a)[(- D 5z ok Vci)z - (-D T + VCi)z 5 Az] =
aci qu
(Arardz) —= + (Atdz*p) —¢ [30]

Dividing both sides by (A*Az*a), we have

aC oC,

4: = i =
D =W ), e * B - VR, B ody
Az 3t 3 ot

[31]

Since the left hand side of Equation [31] is the partial derivative

of flux with respect to z, we have

aC
p) e
22 R L T

(5
O
%
@
el
e

Q ib

[32]

@
ot
-5
(a3

For constant D and V, Equation [32] can be further reduced to

2
9 Ci _ BCi BCi o qu

N S PR T T (a3l
¥4

Equation [33] is similar to the material balance equation used by

Lapidus and Amundson (Equation [19]).



Transformation of Equation [33]
to a working equation

18

Equation [33] is not immediately applicable to the method that will

be used later in this study. It is desirable to transform this equation

into a form such that the dependent variables reduced to dimensionless

values and vary between 0.0 and

1.0. For a cation exchange reaction

taking place in a constant total concentration, this is done easily by

setting
Co = CA + CB
[34]
Q =%+
and defining Xi and Yi so that
Ci = COXi
[35]
9 =
i QYi

For the cation exchange reaction
solution and a constant exchange

can obtain the following partial

of constant total concentration in
capacity, Co and Q are constant. We

differential forms

aC 39X
B R o
at o ot
9C, X,
N S
9z o 09z [36]
2 2
e SRR
Bzz = 322
ot at
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Substituting Equation [36] into Equation [33], we obtain a reduced form

of the material balance equation

D 1 _g_i__1,.p0 "1 [37]

The assumption is made that an instantaneous equilibrium exists
between the solution phase and the exchanger phase. If this assumption
is true, we have a unique function that relates Xi and Yi which is

called an exchange isotherm or exchange function such as
i) = f(xi) [38]
By using the chain rule, we can write

BYi g df(Xi) ?ﬁl

ot aX t
or [39]

where f' is the slope of the exchange isotherm. Substituting Equation
[39] into Equation [37] and dropping the subscript i understanding
that we are dealing with the exchanging ion, we have a simplified

equation

0L F e B gy 22 [40]

Equation [40] can be solved numerically regardless of the form of f(X),
provided f(X) is known and the initial condition and the boundary con-

ditions are given.
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The initial condition and
the boundary conditions

The initial condition. The initial condition involved in this

problem could be either a uniform or a non-uniform one. Thus, the

initial condition could be

X(z,0) = ¥(z) [41]

where | is either a constant or a function of z. In the cation dis-
placement experiment, the column is saturated with one kind of cation.
Thus, at the initial time, the column is without the exchanging cation.
In this case, we have Y = 0 as the initial condition. Information
about Y(z,0) is not necessary at this time because the equilibrium
relation relates Y to X.

The boundary conditions. The top boundary in this study is a

Dirichlet type as referred by Berg and McGregor (1966). It is ex-

pressed as
X(0,t) = 6(t) [42]

Here 8(t) can either be a function of time or a constant. In this
study, we maintained the top boundary with pure exchanging cation
throughout the experiment. Thus, 6 = 1.0.
The bottom boundary is the Neumann type which is expressed as
LDy [43]
Here again the ¢ can either be a function of time or a constant. For

the cation displacement column study, the concentration gradient at
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the effluent end was set to zero. Thus, ¢ = 0. This type of treatment

was proposed and discussed by Danckwerts (1953) and Brenner (1962).

Cation exchange function

The cation exchange function expresses Y as a function of X. This
is graphically shown by the cation exchange isotherm plotted in terms
of Y and X (see Figure 2).

In general, the equations of the cation exchange equilibria that
were cited in the literature review section involve terms that are
raised to the power of the valency of the cation concerned. This makes
it rather complicated to arrive at an equation which will explicitly
express Y in terms of X. Some of the exchange equations also contain
the activity coefficients which cannot be calculated accurately in the
concentration range used in this study.

In this study, we are not overly concerned about the theoretical
interpretation of the cation exchange equilibria. Of major interest
is finding a functional expression of Y in terms of X. This can be
done by either using the experimental data to fit a regression equation
or by finding out the functional relationship between the separation
factor S? and the concentration X and then arriving at an explicit
expression of Y in terms of X.

It has been pointed out by Helfferich (1962) that the separation
factor is a convenient quantity for the practical application of cation

exchange such as the evaluation of the exchange column performance.
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Figure 2. A diagram showing the relationship between the exchange
isotherm and the separation factor. The separation
factor S% is represented by the ratio of areas I and II
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The physical significance of the separation factor is that it
represents the preference of the ion exchanger for one of the two
counter ions. For Sg>l, the exchanger prefers ion A, while for
Sg<l, the exchanger prefers ion B. For Sg = 1, the exchanger has no
preference for either ion.

A schematic representation of the relationship between the
separation factor and the exchange isotherm was adopted from Helfferich
and is shown in Figure 2. In this diagram, the separation factor for
any ionic composition equals the ratio of the two rectangular areas I
and II which touch one another at the corresponding point on the
isotherm.

The exchange function of the cation exchange reaction that shows
a constant separation factor with respect to the ionic composition can

be derived readily. Take the following example
A+ + BR = AR + B+ [6]

the separation factor is expressed as

o= =L [3]

Replacing XB and YB by (1 - XA) and (1 - YA), respectively, we obtain

an expression of Y, in terms of XA such as

A
X

A
Y, = e e [44]
A XA + (1 XA)K

where K' equals l/Sg.
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For the cation exchange of Na*Ca in Yolo fine sandy loam soil,
Equation [44] slightly deviated from the actual value measured. A
modification was used such that

s

A B R K el - X1

Y [45]
This equation is based on the premise that the separation factor is

a function of the ionic composition of the solution such as

A ik

Sy = X" F ol = X
BT KT+ ¢ - X))

[46]

The applicability of this approach is tested in the experiment.
Another type of exchange function that is used in this study

also involves a variable separation factor. The derivation of this

function is based on Equation [27]. Equation [27] is now written in

a slightly different form so that the Y, on the right hand side is

B

replaced by XB.

1p = BUE )uiw el - %) [47]
YBXA B

where K includes both the rational thermodynamic equilibrium con-
stant and the ratio of the activity coefficient fA/fB. By replacing
XA and Y, by (1 - XB) and (1 - YB), respectively, and by rearranging

the terms, we obtain the exchange function

X5

B XB + (1 - XB) Exp[ln K + ¢(1 - ZXB)]

Y [48]

The similarity of Equation [45] to Equation [48] is easily seen. The

applicability of Equation [48] will be discussed later.
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Longitudinal dispersion

The spreading of a solute due to dispersion in the fluid moving

through a porous media can be described by the equation

- R (491

The solution of this equation was written by Rifai, Kaufman, and Todd

(1956) as
EE— = % 1 + erf @iz VE [50]
o 2vDt
where the sign is "+" for z<Vt and "-" for z>Vt.

The dispersion coefficient is calculated from Equation [50] by
knowing the value of C/Co on a breakthrough curve of a non-reacting
solute when z = L.

An improved method of calculating D was developed by Rifai et al. They
differentiated Equation [50] with respect to the effluent volume V and

defined So as :
d(C/Co)
e e B 00

S
o

This resulted in the equation

[51]

4V S

<ie
I

o N

o N

where Vo is the effluent volume at C/C0 = 0.5 and So is the slope of
the breakthrough curve at C/CO = 0.5. The details of the derivation

of Equation [51] from Equation [50] are shown in Appendix B.
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Numerical Solution and Computation

The equations which require mathematical solution are Equation

[40] through Equation [43]. They are summarized below:

89X G 9X mn 9X
Digs R (Lantil) o [40]

02 o
X(z,0) = 0 [41]
X(0,t) = 1.0 [42]
9X(L,t) _
= =0 [43]

where f' = %%.

The partial differential equation (PDE) can be solved numerically
by the explicit method or by the implicit method, both outlined by
Ames (1965) and Carnahan, Luther, and Wilkes (1969). In this study,

the explicit method and the implicit method were both used and compared.

The explicit method

The finite difference schemes for the PDE are as follows:

X X

BX |, 41T 4L
ot At
2 X, o = 2X, e 6 A
g_é oAl 1 | diet £~ 1,d [52]
822 Az2
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where i is now a subscript for the depth increment and j is a subscript

for the time increment. Since f' is a function of X alone, we let

. 09
g®) = 1+ 8 fr)
° [53]

R

0
~
>
~

g(X)

Substituting Equations [52] and [53] into Equation [40], and rearranging

the terms, we obtain

X BB [@ll_ e .i_) X = (22_ = Eﬁfl;izo X +
i, + 1 g(Xi,j) A22 2nz" "1 + 1.3 Az2 At 153
D v
(Z_Z = R R (54
z
The initial condition is
Xi,O =0
The boundary conditions are
Xn 5 = 1.0
OiJ
i RS0 U B D U RN faa1
20z
or
X = X

N L3 N - 153

where N is the subscript for the last depth increment. A grid
network is constructed to represent the problem in the z and t

coordinates (see Figure 3a). The computation scheme represented by



28

1‘ |
] | [ '
I
==
|
t '
-=-
|
| |
T+l t ——
4 j 5 :
& g o 4 4 ! =)
i © s O : ;
| |
. sl
i=-1 14 141 N- TN N+ 1
kpzA z ——

Figure 3a. A grid network showing the relationship of the four finite
elements of Equation [54]. The three elements encircled
are known. The value in the cross is evaluated by the
three in the circles.

At |
ac =l

o
A4
I
|
|

kpp T

Figure 3b. A grid network showing the relationship of the four finite
elements of Equation [57]. The three elements in the
crosses are evaluated by the one in the circle.
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Equation [54] is also presented in Figure 3a. The computation of

, and X,

involves values of X, _ 105 Xi,j 14 159"

Xi,j 1 After every
value of X in the j + 1 row is computed, this row becomes the initial
value for the calculation of X in the next row. The computation continues
until the values of X of the desired time increment are computed.

In order to have a stable and converged solution from this method,
it is necessary to set the depth increment Az and the time increment
At so that
A 1

0 < <
%~

The implicit method
(predictor-corrector technique)

The finite difference schemes for the implicit method used in this
study are slightly different from those used for the explicit method.

They are listed as follows:

éﬁ.: Xi, i Xl -1
at At
SZX L Xl + 1,4 2X1,J xi = 14
322 Az
[56]
B r g %
9z Az

Substituting Equation [53] and Equation [56] into Equation [40], we
obtain

(DAt - VeAzeAt)X,

= 2
1% 1 - (2D*At - VeAz-At + g(Xi,j)Az )X

1,9 7

2
(D = - -
e T E R T Ll K [57]
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Equation [57] can be expressed as

+ =
AR g g BX o FCX L = Ey [58]

where

A = DeAt

C = DeAt - VeAz-At

= 2
L == . = FepseAt .
B, (2D*At - VeAz-At g(xi,j) Az")
2

By o= - g%y )rheeXy o

Here, the value of Xi =1 is known. For each value of i, we can
>

write one equation in the form of Equation [58]. For i =1 to i = N,
there are N equations and we need to compute N values of X. The N

equations can be written in the matrix form as

B, C 0 - - X E,
A By € 0 - X, E,
R e BT R - B3 [59]
. ) | A BN XN EN

Equation [59] is solved by an implicit method described by Ames (1965)

for Xi (i = 1,N). In this equation, since Xi i is not known at the
3 s

i’

time of computation, g(Xi j) cannot be evaluated before the computation.
:

However, this can be determined by the predictor-corrector technique

described below.
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1. The g(X, .) is first approximated by g(X, . ) and the
i,j i,j -1
solution of matrix [59] is made. This solution yields Xi i for
3
i = 1,N. The superscript represents the number of iteration.
2. The Xi j now is used to evaluate g(Xi j) and the solution
’ td

of matrix [59] is made again. This yields a better approximation of

X. . which is denoted as X? o

1,] 1,7
3. This process of iteration is continued until the sum of
(Xg i Xz-i)zfp where € is a tolerance limit. (€ was set at 10—5).
3 o
4. The values X? i are now the converged solution Xi p at time
3 3

increment j. The computation of Xi is done by repeating steps

o Bl
1 through 4. A computation scheme for this method is shown in Figure
3b. This method is stable for a wide range of At/Azz, but the round-

off error increases with decreasing Az.

Some results will be compared between the two methods.
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RESEARCH PLAN

The total study is divided into five experiments. The first two
involve only theoretical and numerical study. The last three experi-
ments involve both theoretical computation and experimental verification
of the model.

Experiment 1
Study of the Numerical Methods

FORTRAN 1V programs were written for the explicit method and for
the implicit method and are described in the section of Materials and
Methods. These programs are presented in Appendix A. The same set of
parameters and exchange function were used to compute the concentration
function X(z,t) by the implicit method and by the explicit method. The
purpose of this computation was to compare the results and the effi-
ciency of the two methods.

Experiment 2
Study of the Effect of the Cation

Exchange Equilibria on the Cation Transport

Five selected exchange isotherms were used in the solution of
material balance equation. The concentration functions X(z,t) and
Y(z,t) that were obtained from each different exchange function were
compared. This study was to examine the effect of the shape of the

exchange isotherm on the pattern of ion transport.
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Experiment 3
Comparative Study of the Linear Exchange

Model and the Non-linear Exchange Model

The Mg>Ca exchange reaction in Yolo fine sandy loam soil column
was studied. The theoretical computation with a linear approach was
compared to the one with a non-linear approach with respect to the
exchange isotherm. This study was conducted to show that a proper
description of the exchange function is essential for a good theore-
tical computation of the concentration function.

Experiment 4

Experimental Verification of the Model
for Mg»Ca Exchange in Soil Columns

The concentration functions X(z,t) and Y(z,t) were obtained
experimentally and theoretically. These results were compared to
prove that the model developed was applicable. The soils used were
Hanford sandy loam and Nibley clay loam.

Experiment 5
Experimental Verification of the Model

for Na*Ca Exchange in Soil Columns

The Na*Ca exchange reaction in a Yolo fine sandy loam soil
column was also studied. This study was conducted to observe the
effect of isotherm shape on the exchange column performance. The
Mg*Ca and the Na*Ca exchange differ greatly in their exchange function

and consequently their concentration function X(z,t) and Y(z,t).
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MATERIALS AND METHODS

The methods employed to evaluate cation exchange properties of
the soils, the exchange isotherm, and the concentrations X(z,t) and
Y(z,t) are described here. The parameters involved in Equation [40]
which were evaluated are the soil properties Q, p, and &; the solution
property Co; and the flow parameters V and D. The exchange isotherm
in the form of Y = £(X) was also evaluated experimentally. To verify
the applicability of the theoretical model, the laboratory experiment
was conducted to determine the experimental values of X(z,t) and Y(z,t).
The theoretical computation of X(z,t) and Y(z,t) from both the implicit
and explicit methods were obtained from the results of the computer

program.

Materials

Soils
Three different soils were used in the study, namely the Yolo fine
sandy loam, Hanford sandy loam, and the Nibley clay loam. The Yolo soil
was collected from the University of California farm at Davis, California.
The Hanford soil was collected from the Kerney field station of the
University of California near Fresno, California. The Nibley soil was
collected from Utah State University's experimental farm, Providence,
Utah. The soil properties for each column experiment will be presented

in the results and discussion section of the dissertation.
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Chemical solution
The chemical solution used in this study were 0.1 N CaClz,
0.1 N MgClz, and 0.1 N NaCl.

Column Setup

The physical structure of the column used in this study is
shown in Figure 4. It consists of eleven lucite rings with an inner
diameter of 7.6 cm and an outer diameter of 9.0 cm. The top ring is
4.5 cm in depth, whereas, the other ten rings are 2 cm in depth. The
rings are put together by placing rubber gaskets between each ring.
The bottom plate consists of a porous glass plate imbedded into a 1.3
cm thick lucite plate. There is an outlet at the center of this
bottom plate. The whole column is bolted together by three threaded

brass bars.

Laboratory Experiment

Column experiment

Soil was packed into the column uniformly to a depth of about
23 to 25 em. The soil column was first saturated with Ca++ cation
by establishing a steady flow of 0.1 N CaCl2 solution. When satura-
tion was attained, the column was used for the determination of the
dispersion coefficient. This was done as following. The column was
first flushed with a saturated CaSO4 solution. Then the original
CaCl, solution was reintroduced and the Cl breakthrough curve (BIC)

2

obtained. The dispersion coefficient was calculated from the (o
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Figure 4. A sideview diagram showing the physical structure of
the soil column used in this study.
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BTC according to Equation [51]. Details will be shown in the next
section. After the dispersion coefficient was determined and the
column completely restored to the original concentration of 0.1 N

CaCl the cation exchange experiment was started by introducing

20

an input (exchanging) solution of either 0.1 N MgCl, or 0.1 N NaCl

2
without altering the steady state flow. After a predetermined
quantity of the exchanging solution was introduced, the time was re-
corded and the flow was stopped. The column was immediately sectioned
at the ring joints into eleven parts. The solution phase in each
section was extracted under suction in a Buchner funnel. The soil was
air-dried. The chemical composition of the solution extract and the
exchangeable cations of the air-dried soil from each'section was de-
termined. The results obtained were X(z,t) for the solution phase

and Y(z,t) for the exchanger phase.

Determination of the average interstitial
flow velocity and the dispersion coefficient

The average interstitial flow velocity was obtained from the

equation

= v
V- ra A

where V is the total volume of the solution passed through the column
in the time period of t hours.

The dispersion coefficent was obtained by running a non-reactive
anion through the steady state column and by obtaining the BTC. This

process was described by Nielsen and Biggar (1961). A typical ¢l* BTC
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is shown in Figure 5. The effluent volume at which the C/C0 of
Ccl™ is 0.5 was designated as pore volume Vo. The slope of the BTC
at the one pore volume point was designated as So and the dispersion

coefficient was calculated from Equation [51].

Chemical analyses

The solution extract was diluted and the cation analyzed by an
atomic absorption spectrophotometer (Perkin Elmer, Model -303). For
the calcium and magnesium analyses, a Ca-Mg combination cathode tube
was used and the wavelengths were set at 4227; and 2852;, respectively.
For the sodium analysis, a Na cathode tube was used at the wavelength
of 58702.

The process for analyzing exchangeable cations is described briefly
here. A 20-25 g soil sample was placed in a small leaching funnel and
washed with 350 ml of 95 percent alcohol until it was free of Cl™. The
exchangeable cations were then extracted by leaching 450 ml of 1 N
CHBCOONH4 through. The leachate was collected and diluted for analysis
of the cation on an atomic absorption spectrophotometer as was described
previously.

The chloride concentration was determined by the potentiometric
titration with 0.01 N AgNO3 as the titrating solution. The Corning
Model 12 pH meter with an expanded scale was used. The electrodes used
are a glass electrode as a reference and the silver billet electrode as
the indicator electrode. The titration was carried out under a con-

stant acidic condition.
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Exchange isotherm

The exchange isotherm was obtained by plotting the value of Y
against its corresponding X value obtained from the same section of the

column.

Cation concentration profiles

For the cation concentration profile of the solution phase, the X
value was plotted against the mid-point depth of the corresponding
section from which X was determined. For the cation concentration
profile of the exchanger phase the Y value was plotted against the mid-

point depth of the corresponding section from which the Y was determined.

Computer Experiment

The digital computer used for this study was a Univac Model 1108,
located at the Computer Center of the University of Utah, Salt Lake City.
The FORTRAN programs were run via a remote terminal at the Engineering
building, Utah State University. The remote terminal consists of a card
reader and a printer which handles the Input/Output of the computing
process.

Two major programs were written for this study. They are the
program for the explicit method and the program for the implicit method.
These methods were described in the theoretical development section.

The outlines of each program are described in the following sections.
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The program for the explicit method

1. Input: Read in the parameters D, V, p, Q, o, and Co for
each column experiment.

2. Set the initial condition Xi 0= 0 for (i = 1,n) where i
k]

is the depth increment.

3. Set the boundary condition X0 4 = 1.0 for j = 1,m, where m

is the last time increment.

4. Begin the computation of X for the time period 1 using

i,1
the computation scheme presented in Equation [54].
5. Evaluate the bottom boundary value Xn +1,1 = Xn B

6. Output: Print out the values Xi,l'
7. Repeat steps 4 to 6 to compute X of the subsequent time
increment.
8. End the computation.

The flow diagram of this program is shown in Figure 6. The actual

program is presented in Appendix A.

The program for the implicit method

1. Input: Read in the parameters D, G, P, Q, @, and Co for
each column experiment.

2. Set the initial condition Xi 0" 0 for i = 1,n.
s

3. Set the boundary condition X, . = 1.0 for j = 1,m, where m

0,]

is the last time increment.

4. Start the computation of X,

1)j

a) Evaluate the coefficient matrix of Equation [58].

at this time period.

b) Follow the predictor-corrector method described on

page 31 to solve the matrix of Equation [59].
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t <« t+ At

End @

Figure 6. The flow diagram for the explicit method of computation.
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5. Output: Print out the converged value of X, ..
s
6. To compute X for the next time increment, repeat the procedure
from step 4 to step 6.
7. End the computation.

The flow diagram of this computer program is presented in Figure 7.

The actual program used is presented in Appendix A.
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RESULTS AND DISCUSSION

Experiment 1
Study of Numerical Methods

The purpose of this experiment was to compare the mathematical
solution of the same cation transport problem obtained from two dif-
ferent methods, the explicit method and the implicit method.

The isotherm selected for this experiment is shown in Figure 8d.

The exchange function has the form

. X
Y=x7 (1 - X) Exp[c(l - 2X)] (61]
where ¢ = =1, The selected properties of the soil exchanger, the

solution, and the flow parameters are listed in Table 1.

Table 1. The basic column and soil parameters used in Experiment 1
and Experiment 2

Flow velocity cm/hr. 1.50
Dispersion coefficient cmz/hr. 1.50
Bulk density g/cm3 1.30
Pore fraction 0.45
Cation exchange capacity me/g 0.25
Column length cm 30.00
Pore volume ml 612.5

Total Cation concentration me/ml 010




47

- (c)

Type III

<5

X

Figure 8. Five different types of the

idealized isotherm used
Experiment 1 and Experiment 2.

in



48

The explicit method

In using the explicit method, it is necessary that 0<At/AzZ§}/2.
This condition restricts the choice of the values for At and Az. In
this study, At was set at 0.1 hour and Az at 0.5 cm. The solution of
X(z,t) is presented in Figure 9 as a X vs z plot with time as a para-

meter.

The implicit method

The applicability of this method was not restricted by the value
of At/Azz. The convenient values of At = 0.5 hour and Az = 0.2 cm
were used. The solution X(z,t) is presented in Figure 9 along with
the results obtained from the explicit method,

It is clear from Figure 9 that the solution obtained from these
two methods are almost identical despite the different values of At
and Az used. Thus, accuracy is not a factor in considering the
superiority of the two methods. However, the practical factors of
computer time and the storage requirement used in the computation are
quite different for the two methods.

For the explicit method, the computer execution time for solving
this problem was approximately 6 seconds. On the other hand, the
implicit method took approximately 24 seconds. The storage require-
ment for the explicit method was approximately 3 to 5 times less
than that of the implicit method. These differences are due to the
fact that the implicit method involved solving a tridiagonal matrix
with two vectors consisting of variable coefficients which needed to

be stored before the system could be solved. Futhermore, the implicit
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method requires two arrays of working area to store the solution during

the iteration process in order to provide a test of convergence.
Considering the two factors of computer time and storage require-

ment, it was less expensive to use the explicit method while still

preserving the accuracy of the solution. Thus, the explicit method

was used throughout the study.

Experiment 2
Study of the Effect of the Cation Exchange

Equilibria on the Cation Transport

Exchange function and

exchange isotherm

Five selected cation exchange isotherms were studied. These
isotherms are designated as Type I, 1I, III, IV, and V as shown in
Figure 8 a, b, ¢, d, e, respectively. The first three types belong
to the "regular" system. Their exchange functions are expressed by
Equation [44] with Sg equal to 10, 0.1, and 1, respectively. Types
IV and V belong to the "irregular' system. Their exchange functions
are represented by Equation [48] with the value of ln K equal to 0
for both types and the value of c equal to -1.0 and 1.2, respectively.

Concentration functions
X(z,t) and Y(z,t)

In Equations [53] and [54] the solution of the concentration
function X(z,t) involved the term g(X) which contains f'(X). The
term f£'(X) denotes the slope of the exchange isotherm. For each
type of the isotherms shown, a set of solutions for X(z,t) and Y(z,t)

was obtained. Discussion of the functions X(z,t) and Y(z,t) obtained
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from the five different types of isotherms are presented separately

in the following sections.

Type I. The characteristic of the Type I isotherm is that it pos-

sesses a large separation factor (K' = 0.1 or Sg = 10). Within the
entire concentration range of 0 to 1 that was studied, the tendency
for the cation to be adsorbed was stronger than the tendency of it
to remain in the solution. This effect is also manifested in the
functions X(z,t) and Y(z,t). Careful examination of Figure 10 (a,b)
reveals that the advancement of the concentration function Y(z,t) is
always ahead of the function X(z,t) within the entire concentration
range. At a particular depth of the column, when the concentration of
the solution X reaches 0.5, the concentration of the exchanger Y is
approximately 0.92. Another characteristic of the concentration
functions X(z,t) and Y(z,t) is that they possess a sharp boundary.

These two characteristics tend to make the '"cation filtration"
effect very efficient. This point will be more apparent when the
results of the other types of cation exchange are examined later. A
practical example of this type of reaction occurring in a soil system
is the Ca»Na exchange. The softening of hard water by ion exchange
is another practical example of Type I.

Type II. The character of the isotherm of this type (which is
shown in Figure 8b) is that it possesses a weak separation factor
(K' = 10 or Sg = 0.1). Thus, the tendency of the cation to remain
in the solution phase is stronger than the tendency of the cation to

be adsorbed. This effect is also carried onto the concentration



32

Figure 10a.

15
Depth (cm)

Concentration profiles X(z,t)
isotherm.

computed from the Type I

Figure 10b.

15
Depth (cm)

Concentration profiles Y(z,t)
isotherm.

computed from the Type I
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functions X(z,t) and Y(z,t). Examination of Figures 1lla and 1lb reveal
that the concentration profile of X(z,t) stays ahead of that of Y(z,t)
at all times and in the entire concentration range. It is also noticed
that the boundaries of the concentration profiles are very diffused.
All these behavior patterns are much different from those resulted from
the Type I isotherm.

A Type II exchange reaction is considered to be '"leaky." It is
very inefficient in the cation saturation operation. In other words,
it will take a great deal of cation solution to pass through the
column in order to obtain saturation with the exchanging cation. A
practial example for this type of reaction is that of the exchange
Na»*Ca. Because of the low selectivity coefficient of Na+ against
CaH or MgH, much of the Na+ was carried out of the soil system
before it could be adsorbed on the soil exchanger. From the agricul-
tural standpoint, this is a rather fortunate fact since accumulation
of Na+ in the soil system makes the soil properties deteriorate and
is not desirable for the growth of a normal plant.

Type III. The characteristic of this type of exchange isotherm
which is shown in Figure 8c is that it has a unit separation factor
(Sg = 1). Therefore, the tendency of the cation to be adsorbed is
identical to the tendency for it to remain in the solution. This
unique situation is reflected in the result of the concentration
functions X(z,t) and Y(z,t). It is noticed that the concentration
profiles presented in Figure 12 are for both X(z,t) and Y(z,t) be-
cause at any time and depth, they are identical. These profiles

take a smooth S-shaped curve.
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Figure 1lla.
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Depth (cm)

Concentration profiles X(z,t) computed from the Type II
isotherm.

i

T

Figure 11b.
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Depth (cm)

Concentration profiles Y(z,t) computed from the Type II
isotherm.
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In reality, this type of isotherm is rather rare. One example
of this type is the isotopic exchange. The reason for treating this
type of reaction here is mainly to make it a reference in comparing
other types of cation exchange reactions.

Type IV. The character of this type of isotherm which is shown
in Figure 8d is that it possesses a non-constant separation factor
and rather, the separation factor is a function of the sclution con-
centration. Qualitatively, the value of the separation factor is
greater than 1 in the region 0<X<0.5, and is less than 1 in the region
0.5<X<1.0. The effect of the characteristics of the isctherm on the
result of concentration functions is noted in Figures 13a and 13b.

The concentration profile can be divided into two parts according
to their shapes. In the region X<0.5, the shape of the profiles re-
semble that of Type I. 1In the region X »0.5, the shape of the profiles
resemble that of Type II. It is alsc noticed that in the region of
X <0.5, Y(z,t) advances ahead of X(z,t). On the contrary, in the
in the region X>0.5, Y(z,t) lags behind of X(z,t). These consequences
are the results of the change in the value of the separaticn factor
with the concentration.

The exchange reaction cof Mg*Ca in some soils belongs to this type-
Examples will be studied in Experiment III and IV. A more detailed
discussion of these examples will be delayed until the corresponding

experiments are treated.

Type V. The characteristics of the isotherm of Type V are

qualitatively reverse of that of Type IV. The separation factoer
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15 30
Depth (cm)
Figure 13a. Concentration profiles X(z,t) computed from the Type IV
isotherm.
L I
15 30

Depth (cm)

Figure 13b. Concentration profiles Y(z,t) computed from the Type IV

isotherm.
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varies with concentration. In the region of X<0.5, the separaticn
factor is less thanone. Whereas, in the region of X>0.5, the separation
factor is greater than one.

It is shown in Figures l4a and 14b that the concentration profiles
behave like Type I in the region of X?0.5 and behave like Type II in
the region X<0.5. This behavior is a reverse of that of Type IV. That
is, the concentration boundary is sharp when X>0.5 and is diffused
when X<0.5. Another consequence of the varying separation factor is
that the concentration profile X(z,t) advances ahead of Y(z,t) when
X<0.5 and the opposite is true for X>0.5.

An example of this type was found by Peterson et al. (1965) in

the exchange of Mg»Ca in a vermiculite.

Summary of Experiment II

What has been shown in this experiment can be summarized as follows:
1. The shape of the concentration functions X(z,t) and Y(z,t) is
influenced by the separation factor in such a way that for

Sg>l, these functions X(z,t) and Y(z,t) show a sharp boundary
compared to those for S; = 1 (Type III). On the contrary,
for Sg<1, the opposite is true.

2. The relative advancement of the profile X(z,t) and Y(z,t)
is governed by Sg in such a way that for Sg>1, X(z,t) will
lag behind Y(z,t) and for Sg<l, X(z,t) will advance ahead
of Y{z,t).

3. With Sg = 1, the value of X(z,t) and Y(z,t) are identical,

and they exhibit a smooth S-shaped curve.
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Figure lé4a.

15
Depth (cm)

Concentration profiles X(z,t) computed from the Type V
isotherm.

t = 100

Figure 14b.

15 20 25
Depth (cm)

Concentration profiles Y(z,t) computed from the Type V
isotherm.
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Experiment 3

Comparative Study of the Linear Exchange
Model and the Non-linear Exchange Model

This experiment was intended to compare the linear approach of the
Lapidus and Amundson model with the non-linear approach pursued in this
study. Column experiments were conducted for the cation exchange of
Yolo fine sandy loam soil. The three sets of experimental column data
were then compared with the theoretical computaticn from the linear
approach and from the non-linear approach.

The parameters involved in the three column experiments are listed
in Table 2. The three column treatments differed mainly in the total
input (exchanging) volume and hence the depth of miscible displacement.
These data were used for the input data in the theoretical computation.
The cation exchange isotherm for the Mg»Ca is presented in Figure 15.
In each section of the columns, a value of X was associated with a
corresponding value Y and the isotherm was constructed by plotting Y
against X. The X and Y values from the experiment were fitted into a
linear regression equation for the theoretical computation of the

linear method. The linear regression equaticn is as follows:
Y = 0.04 + 0.92X

The same values were used to obtain the constants involved in

Equation [48] as feollows:

. X [48]
"X+ (1 -X) Exp [In K+ c(1 - 2X)]

¥
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Table 2. The basic column and scil parameters for Experiment 3

Soil: Yolo fine sandy loam

TEetis Column

3=1 3-1IT 3-11I1
Flow velocity cm/hr 3.936 4.712 3.688
Dispersion coefficient cmZ/hr 1.875 2.245 1,757
Bulk density g/cm3 1.284 1.295 1.303
Pore fraction 0.406 0.406 0.441
Cation exchange capacity me/g 0.257 0.262 0.274
Total concentration me /ml 0.105 0.104 0.105
Column length cm 24.7 24.7 23.6
Total time hr 14. 25. 40.
Pore volume ml 455. 455. 472.
Total input volume ml 1015. 21705 2950.
Total input volume (pore volume) 20423710 4.7700 6.2481

where the value of 1n K and ¢ were found to be 0.0855 and -0.475,
respectively. The later Kielland exchange function (Equaticn [48]),
which was referred to by Helfferich (1962), was used in the theoretical
computation of the non-linear method.

The cation concentration profiles X(z,t) and Y(z,t) from the cclumn
experiments are presented in Figures 16a and 16b, respectively. The
same graphs also contain the concentration profiles computed from the

linear and non-linear methods.
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Figure 15. The cation exchange isotherm for the exchange of Mg»Ca in
Yolo fine sandy loam soil. Experimental values are repre-
sented by spots. The broken line is the linear regression
line. The solid line shows the Kielland exchange function.
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Depth (cm)

Figure l6a. Concentration profiles X(z,t) for Mg++ include experimental

values shown by the spots and theoretical computation. The
broken lines show the values computed from the linear
method. The solid lines show the values computed from the
non-linear method.

Depth (cm)

s ++ ]
Figure 16b. Concentration profiles Y(z,t) for Mg include experimental

values shown by the spots and theoretical computation. The
broken lines are computed from the linear method. The solid
lines are computed from the non-linear method.
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From Figures 16a and 16b, it is noted that the concentration pro-
files computed from the non-linear model (represented by the solid
lines) agree with the experimental profiles better than the ones from
the linear model (represented by the broken line) both in the shape of
the profiles and in the actual position of the profiles. This trend
is most apparently shown on the higher concentration part of the pro-
files.

A reference of the exchange isotherm in Figure 15 shews that the
non-linear fit of the isotherm represents the actual experimental
values more closely than the one from the linear model. This is more
so in the concentration range of 0.4 to 1.0.

At first glance, it was rather surprising to see the improvement
of the theoretical computation of X(z,t) and Y(z,t) resulting from such
a slight adjustment of the isotherm from the linear one to the non-
linear one considering the very slight difference in the actual posi-
tion of the two isotherms. A more careful examination of the therocetical
development revealed that the theoretical calculation involved the
slope of the isotherm rather than the actual position of the isotherm.
Thus the difference in the shape of the concentration profiles X(z,t)
and Y(z,t) is justified considering the apparent differences of the
slope of the isotherm between the linear one and the non-linear one,
especially at the higher concentration portion of the profiles.

It was mentioned in the literature review that the study by
Bigger and Nielsen (1963) pointed out that one of the reasons for the

disagreement of the Lapidus and Amundson model from the experimental
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data could be due to an inadequate description of the exchange function.
This experiment gives evidence to support their reasoning that an
improvement of the exchange function improves the theoretical model.

Experiment 4
Experimental Verification of the Model

for Mg>Ca Exchange in Soil Columns

This experiment deals with the Mg+Ca exchange in soil columns
undergoing miscible displacement in a steady flow condition. Two
different soils were used to study and test the applicability of the
theoretical model developed in this study. Three column experiments
were conducted with each soil, each with an increasing amount of ex-—
changing solution input.

From the column experiments, three types of data were obtained,
namely:

1. The basic parameters describing soil properties, solution

compositions, and flow characteristics.

2. The catioq exchange isotherms.

3. The cation concentration profiles for the solution phase and

the exchanger phase.

The results will be presented and discussed separately with re-

spect to the two different soils.

Nibley clay loam

The experimentally determined values of the basic parameters from
the three column experiments are listed in Table 3. The cation exchange

isotherm in terms of the equivalent fraction is shown in Figure 17. The
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Table 3. The basic column and soil parameters for Experiment 4

Soil: Nibley clay loam

Items Unit Columns
4-1 4-11 4-111

Flow velocity cm/hr 1.0428 1.2269 1.9739
Dispersion coefficient cmz/hr 1.2680 1.4919 1.4706
Bulk. density e 1.3320 1.3320 1.3073
Pore fraction 0.4456 0.4456 0.4670
Cation exchange capacity me/g 0.2662 0.2845 0.3080
Total concentration me/ml 0.1069 0.1106 0.1111
Column length cm 23:5 23.5 23.6
Total time hr 20. 50. 50.
Pore volume ml 475. 475. 500.
Total input volume ml 430. 1240. 2090,
Total input volume (pore volume) 0.9053 2.6108 4.1800

experimental values were fitted into a curve in the form of Equation [48]
where the value of 1n K and c were 0.4048 and -0.92, respectively for
Nibley clay loam. The concentration profiles data from the column ex-
periments and from the theoretical computation are presented in Figures
18a and 18b for X(z,t) and Y(z,t), respectively.

It is clearly seen from Figure 17, that the exchange isotherm is
non-linear. However, one could argue that a linear regression line
could be fitted just as well as a non-linear one. However, the linear

regression line will not pass the two diagonal points with X and Y
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Figure 17. The Kielland cation exchange isotherm for the exchange of

Mg>Ca in Nibley clay loam soil shown by the solid line,
along with experimental data from three column experiments
represented by the spots.



69

Figure 18a.

5 10 15 20 25
Depth (cm)

The concentration profiles X(z,t) from three column experi-
ments for Nibley clay loam soil, as shown by the spots,
with theoretically computed values shown by the solid line.

Figure 18b.

3 10 15 20 25
Depth (cm)

The concentration profiles Y(z,t) from three column experi-
ments for Nibley clay loam soil,as shown by the spots,
with theoretically computed values shown by the solid line.
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having coordinates of (0,0) and (1,1). 1In this particular case, this
is not allowed by the theory of cation exchange. Therefore, a linear
approach is not adequate. This point was demonstrated in Experiment
2,

Examination of Figures 18a and 18b reveals that the theoretical
model actually does predict the column experiment data in both the shape
of the profiles and in the extent of the cation penetration. It should
be noted, however, that the slightly over-predicted profile could
probably be attributed to the slight deviation of the theoretical ex-
change function from the actual one. In Figure 17, the theoretical
exchange function lies below the actual data in the range of 0.3<X<0.9.
Therefore, the theoretical model actually allows more of the exchanging
cation (Mg) to move down the column without exchanging with Ca.

In the deeper part of the profiles, it is also noted that the
theoretical values lag behind that of the actual cnes. This descre-
pancy could be caused by several possible factors. First, the equili-
brium condition may not be approached completely and uniformly before
the solution passes onto the deeper depth. This effect which is some-
times called ''channeling'" effect could cause more spreading in the
concentration profiles. Second, the value of the dispersion coefficient
which was determined experimentally with the non-reactive anion may not
be the same as that was operative during the cation displacement experi-
ment. An underestimated dispersion coefficient could make the theoreti-
cally computed profiles sharper than that of the experimental ones.
Other possible sources of error such as the one in the chemical analysis

and the one caused in the numerical computation cannot be ruled out.
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Hanford sandy loam

The data listed in Table 4 are parameters determined from the three
column experiments for the Hanford sandy loam. The experimental values
of the exchange isotherm and the theoretically fitted exchange function
are presented in Figure 19. The values of 1n K and c¢ for this exchange
are 0.377 and -0.725, respectively. The cation concentration profiles
for the solution phase and for the exchanger phase are presented in
Figure 20a and Figure 20b, respectively.

The non-linear behavior of the exchange function is once again
clearly shown in Figure 19. The data points from the three column
experiments plotted in this figure follow a similar pattern. However,
it is felt that too few data points were obtained at the lower concen-—
tration range of the isotherm.

The concentration profiles shown in Figure 20a and Figure 20b
appear to be in general agreement between the theoretically calculated
values and those experimentally determined. The slight discrepancy
could be due to the deviation of the exchange function from the actual
one at the lower concentration range since not enough data points
were obtained. Other possible causes of the discrepancy were discussed
in the previous section.

In this experiment, several things were noted. First, the cation
exchange isotherms for the exchange reaction Mg*Ca at the total con-
centration of 0.1 N were not linear for the soils studied. The isotherms
of this experiment qualitatively resembled those of Type IV of Experi-
ment 2. Second, the model proposed in this study, in general, predicts

the cation transport in soil column with reasonable accuracy. The
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Table 4. The basic column and soil parameters for Experiment 4.
Soil: Hanford sandy loam

Items Unit 1 Coif?? I-111
Flow velocity cm/hr 1.2840 1.3024 1.4521
Dispersion coefficient cmzlhr 0.3160 0.3272 0.4807
Bulk density et 1.6019 1.6043 1.5905
Pore fraction 0.3582 0.3509 0.3784
Cation exchange capacity me/g 0.0568 0.0586 0.0629
Total concentration me/ml 0.1077 0.1084 0.1068
Column length cm 24.0 24.5 22.6
Total time hr 15. 30. 43.
Pore volume ml 390. 390. 388.
Total input volume ml 313. 622. 1072
Total input volume (pore volume) 0.8025 1.5948 2.7632

concentration profiles are similar to that of Type IV of Experiment 2.

Third, the equilibrium assumption may not strictly hold due to the

possible '"channeling" effect of the exchanging cation solution.

For an

overall prediction of the cation transport, the equilibrium assumption

is, however, practical provided that the interstitial flow velocity of

the cation solution is not extremely fast compared to the rate of cation

exchange and that it is allowed to approach the equilibrium between the
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Figure 19. The Kielland cation exchange isotherm for the exchange
Mg*Ca in Hanford sandy loam soil, along with the experi-
mental data from three column experiments.



74

]

5 10 15 20 25
Depth (cm)

Figure 20a. The concentraticn profiles X(z,t) from three column experi-
ments for Hanford sandy loam, with the theoretically
computed values shown by the solid lines.

e
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Figure 20b. The concentration profiles Y(z,t) from three column experi-
ments for Hanford sandy loam, with the theoretically
computed values shown by the solid lines.



75

solution phase and the exchanger phase. This situation usually pre-
vails in cation movement through a soil body.

Experiment 5

Verification of the Model for the
Na*Ca Exchange in Soil Columns

This experiment was set up to verify the model of cation trans-
port for the Type II exchange isotherm discussed in Experiment 2.

The experimental parameters are listed in Table 5. The Yolc fine sandy
loam soil was used in this experiment.

The experimentally determined isotherm for this experiment obtained
from three soil column runs are presented in Figure 21. This isotherm
appears to be very similar to the example treated in Experiment 2, Type
I1. Therefore, a '"regular" exchange function was fitted as shown by the
dotted line in Figure 21. This exchange function is written in the

following equation

X

T+ ad-% K [44]
where K' = 9. A careful examination of this function shows that the

theoretical function overestimates Y in the concentration range of
0.7<X<1.0 while it underestimates Y in the concentration range of
0<X<0.5. A modification of the '"regular'" model was attempted and

this yielded an exchange function that is expressed as:

- X
T - DK+ =] [45]

where K" and c were found to be 8.0 and -4.0, respectively, in this

particular case. The modified exchange function is plotted as a solid
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Table 5. The basic cclumn and soil parameters for Experiment 5
Soil: Yolo fine sandy loam
Items Unit Lol

5=1 =TT 5-I11
Flow velocity cm/hr 7.3730 3.7319 5.3434
Dispersion coefficient cmz/hr 0.9498 0.2863 0.7967
Bulk density g/cm3 1.3060 1.3119 1.3023
Pore fraction 0.4696 0.4914 0.4600
Cation exchange capacity me/g 0.2483 0.2501 0.2406
Total concentration me /ml 0.1055 0.1049 0.1054
Column length cm 23.0 23,1 2340
Total time hr 4. 10. 10.
Pore volume ml 490. 515, 480.
Total input volume ml 628.3 832, 1121.4
Total input volume (pore volume) 1.2822 1.6155 2,3362

line in Figure 21.

points.

The modification improved the fit of the actual data

The similarity between Equation [45] and Equation [48] can be noted.

Actually, this is a modification that changes the function from one with

a constant separation factor to one that has a non-constant separation

factor and, thus, an "irregular'" type of exchange function.
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Figure 21.The Na*Ca exchange isotherm for Yolo fine sandy loam with
data from three column experiments represented by spots,
and two theoretical plots. The broken line is a plot from
Equation [44] and the solid line is a plot from Equation
[45].
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The modified exchange function was used in solving the material
balance equation. The solution of the latter equation in terms of
X(z,t) is presented in Figure 22a, b, and c along with the concentra-
tion profiles obtained from the three column experiments, respectively.
The same data for Y(z,t) are presented in Figure 23a, b, and c. The
concentration profiles shown in Figure 22 and Figure 23 resemble
qualitatively the results shown in Figure lla and Figure 11b of Experi-
ment 2.

Comparing the theoretically computed values of this experiment
to those obtained from Experiment 2, the qualitative difference appears
to be the rather sharp decrease of the concentration X at the front of
the profiles. (Figure 22a,b.) This is attributed to the rather high
average flow velocity combined with a very small dispersion coefficient
found in these columns.

The sharp drop of concentration X at the profile front that was
predicted by the theoretical computation did not show in the actual
data obtained experimentally. Again, this can be due to the possi-
bility that an actual equilibrium was not approached uniformly hence,
the cation was allowed to travel further down the profile before it
reached equilibrium with the exchanger phase and thus resulted in
flatter profiles at the advancing front of the solute.

Although the deviation between the theoretical and experimental
values appear at the front of the solution concentration profiles,
it does not show to a significant extent in the profiles of the

exchanger phase. This is due to the fact that in this concentration
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(a) 5-1

(¢) 5-III
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The cation concentration profiles X(z,t) for the Na*Ca ex-
change for (a) column 5-I, (b) column 5-II, and (c) column
5-III. The solid lines are the computed values, the circles
are the experimental values.
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Figure 23, The cation concentration profiles Y(z,t) for the Na>Ca ex-
change for (a) column 5-I, (b) column 5-II, and (c) column
5-III. The dotted lines are the computed values, the circles
are experimental values.
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range, Y values are relatively small and change little with X. Thus,
examination of Figure 23a, b, and c reveals a remarkably good agree-
ment between the theoretical values and the experimental values.

In the column experiments, it was noticed that the flow velocity
decreased with the amount of Na+ solution introduced into the column.
In Figure 24, the flow rate is plotted against time during the Na>Ca
miscible displacement. It is noticed that Figure 24b shows a sharper
decrease in the flow rate and it appears to be an exponential decrease
while the flow rate in Figure 24a, and ¢ show less intensive decrease
with a nearly linear pattern. The actual reason for the difference
in the patterns of the decrease in flow rate is not obvious. It was,
however, noticed during the experiment that the top portion of column
5-11 was disturbed and compacted before the miscible displacement
was started.

In the theoretical computation, the overall average flow velocity
was used. Those data presented in Figure 22 a, b, and c, and Figure 23
a, b, and ¢ are from the computation with the average values of V and
D. However, a computer experiment was also conducted to examine the
effect of changing V with respect to the solution X(z,t). The data
for column 5-III was used and a computer program was developed to let
V be a function of t while maintaining the D/V ratio as constant. The
result is shown in Figure 25. It is seen that at the ten-hour period
in which the experiment was conducted, the final result obtained from
the use of average velocity is the same as the one using the actual

decreasing velocity while maintaining the constant D/V ratio. However,
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during the intermediate time period, the profiles calculated from the
decreasing velocity advances ahead of the ones from the average veloc-
ity. Thus, it can be concluded that use of average flow velocity is
applicable only if the final result is desired. It would be in error
to use the average flow velocity to predict the intermediate profiles.

This experiment shows a typical example of cation transport of
the Type II isotherm which was discussed in Experiment 2.

In general, the model does describe the actual cation transport
of this type. Some extent of discrepancy can be caused by the few
things that were discussed earlier in Experiment 4. These are the
possibilities of not having a complete equilibrium established
uniformly in the column during the cation flow, the inadequate value
of the dispersion coefficient, and those errors that could be caused

by the chemical analysis and the numerical computation.
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SUMMARY

A mathematical model was developed to predict the solution and
| the exchanger phase cation concentrations X(z,t) and Y(z,t), respec-
tively in a one-dimensional cation solution displacement under a
steady state flow condition.
The model consists of a parabolic partial differential equation

and the initial and boundary conditions,

2
X = 9X _ o] vy OX
1)——2-v§-z~-(1+0L—§:’-—f)at [40]
9z o
X(2,0) = 0 [41]
X(0,t) = 1.0 [42]
HL.8) [43]

| where f' is the slope of the cation exchange isotherm f = f(X) The
sclutions, X(z,t) and Y(z,t), are obtained by using numerical methods
conducted on a digital computer to solve the above equations.

Equation [40] is the material balance equation written in a partial
differential form. The equation was derived from the mass conserva-
tion concept. It states that the change of the cation flux within a
finite section of the soil column is equal to the rate of change of the
cation concentration in solution phase plus the rate of change of the

cation concentration in the exchanger phase. An assumption was made
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that the cation concentration in the exchanger phase is in equilibrium

with the cation concentration in the solution phase. Thus, the rate of
change of the cation concentration in the exchanger phase was expressed
by the slope of the cation exchange isotherm and the rate of change of

concentration in the solution phase.

The parameters involved in Equation [40], D, V, p, &, Q, and Co’
are determined experimentally.

The total study includes five experiments. Experiment 1 compared
two numerical methods which were both capable of solving the mathematical
problem in this study. It was found in this study that the two methods
gave identical results while the explicit method was superior to the
implicit one with a shorter computer run time and less computer stcrage
requirement.

Experiment 2 involved a comparative study of the effect of the
different characters of the exchange isotherms upon the behavior of the
cation transport through the soil column. In this study, five different
idealized isotherms were adopted in the solution of Equation [40] for
X(z,t) and Y(z,t). It was shown that the character of the isotherm is
reflected onto the cation concentration functions X(z,t) and Y(z,t).

For an exchanging cation of strong separation factor, the resulted cation
profiles are sharp with a strong "filtering effect." The function

Y(z,t) stays ahead of X(z,t). For an exchanging cation of low separa-—
tion factor, the opposite is true.

Experiment 3 was set up to compare two theoretical models, one
proposed by Lapidus and Amundson (1952) with a linear iscotherm, and the

other proposed in this study with a non-linear isotherm. The Yolo fine
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sandy loam was used for the column experiments. The experimentally
determined isotherm was fitted into (a) a linear regression function,
and (b) the Kielland exchange function (non-linear). The theoretically
computed X(z,t) and Y(z,t) were compared. Though the two different
theoretically fitted isotherms did not differ a great deal, the non-
linear approach was found to be superior to the linear one.

Experiment 4 included the experimental verification of the model
dealing with the Mg>Ca exchange. Two soils were used, namely the
Nibley clay loam and the Hanford sandy loam. The agreement between
the experimental value and the predicted value was good.

Experiment 5 involved the experimental verification of the
model dealing with the Na*Ca exchange. Even with a fast flow rate,
agreement between the theoretical prediction and the experimental
value was satisfactory.

In both Experiments 4 and 5, some discrepancy between the
theoretical and the experimental value of the concentration profiles
was noted at the front ends of the profiles. Several possible factors
could contribute to this discrepancy. Among them are the lack of
complete equilibrium, the inadequate dispersion coefficient, and the
experimental error from the chemical analysis and the numerical compu-

tation.
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CONCLUSIONS AND APPLICATIONS

Conclusions

1.

The cation exchange equilibria for the Mg»Ca reaction and the
Na>Ca reaction studied do not show a constant separation fac-
tor.

The cation exchange isotherm involving the Mg*Ca reaction are
described successfully by a modified Kielland function,

The use of a dimensionless relative concentration as the depen-
dent variables make the computation and the programming easier.
A comparison of the linear and the non-linear approach of
handling the cation exchange function for the Mg>Ca exchange
in Yolo fine sandy loam soil column yielded the conclusion
that the non-linear approach is superior to the linear one.

The separation factor of the cation exchange revealed the
characteristics of cation transport through the soil column.
The model proposed in this study including Equations [40]

to [43] was found to be capable of predicting the cation
transport process in the one-dimensional steady displacement
through the soil column.

A slight discrepancy between the theoretically predicted

value and the experimental value at the front of the cation
profiles was attributed to the possible lack of the perfect

equilibrium between the cation in solution phase and the one
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in the exchanger phase, the inadequate dispersion coefficient
or the experimental error in the chemical analysis and compu-
tation. The first two factors may be the major causes.

The model proposed is capable of handling the problem involving

the variable flow velocity.

Applications

1,

This model provides a working method that can handle all dif-
ferent types of cation exchange isotherms for predicting the
cation transport process involving miscible displacement.
This study provides a framework for solving problems that
involve water quality in respect to the cation composition
when different types of water are applied onto the soil
system.

This study also introduces a philosophy pertaining to the
solution of problems such as anion movement through the
adsorbent bed, and the other inorganic and organic chemical
movement through the adsorbent beds.

For chemical reactions occurring with a slow rate compared
to the fluid flow rate, a kinetic approach should replace
the equilibrium approach. Recommendations should be made
for this type of study since it covers a wide range of
problems in the adsorption of chemical onto the solid sur-

faces.
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Appendix A
FORTRAN Programs

I. The FORTRAN program to solve the Equations [40] through [43], by
the explicit method with a "Kielland" type exchange function.

€ o 0 o albriomionnioisiois s o5 o 8 8 8 8 & 0B 0NN 0 8 80 8 8 S0 imIN IS NS0 8 8 8 @0 88 eiel0Nie w0l o

a
C  PURPOSE

c TO SOLVE THE MATERIAL BALANCE EQUATION, WHICH IS THE INITIAL
c BOUNDARY VALUE PROBLEM THAT GOVERNS THE CATION TRANSPORT
c PROCESS IN THE STEADY DISPLACEMENT FLOW.

c

C  DESCRIPTION OF PARAMETERS

G IDSET NUMBER OF DATA SET

c SIGN DATA SET IDENTIFICATION AN ALPHANUMERIC
C ARRAY

¢ D DISPERSION COEFFICIENT

c v INTERSTITIAL FLOW VELOCITY

c RO BULK DENSITY

c Q CATION EXCHANGE CAPACITY

G ALF PORE FRACTION

@ co TOTAL CONCENTRATION

c HZ DEPTH INCREMENT

¢ HT TIME INCREMENT

c IT OUTPUT CONTROL NUMBER

c 1z OUTPUT CONTROL NUMBER

c N TOTAL NUMBER OF THE DEPTH INCREMENT
c MT TOTAL NUMBER OF THE TIME INCREMENT
G a CONSTANT IN KIELLAND FUNCTTON

6 ALNK CONSTANT IN KIELLAND FUNCTION

c T TIME

c X SOLUTION CONCENTRATION AN ARRAY

c YOX EXCHANGER CONCENTRATION AN ARRAY

c

Cc  INPUT

c SIGN

c D,V,R0,Q,ALF,CO

g HZ,HT,MT,N, IT,1Z

C C,ALNK

c

C  OUTPUT

c SIGN

c D,V,R0,Q,ALF,CO

c HZ,HT

c C,ALNK

5 T,X(I)

c YOX(T)
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SUBROUTINE REQUIRED
EXFCN

METHOD
AN EXPLICIT METHOD DESCRIBED IN THE TEXT

AL SSRGS 0O E N SR NRITEIEE 6 88§ e eeere e aneTelme & a6 6 8 e s el e

MAIN PROGRAM

DIMENSION X(100), Y(100), YOX(100), SIGN(11l)
IDSET = 2

DO 10 ID = 1, IDSET

INPUT OF BASIC DATA

READ(5,99) (SIGN(I), I = 1,11)
WRITE(6,199) (SIGN(I), I = 1,11)
READ(5,100) D,V,R0,Q,ALF,CO
READ(5,101) HZ,HT,MT,N,IT,IZ
WRITE(6,200) D,V,R0,Q,ALF,CO
WRITE(6,201) HZ,HT

NP1 = N+ 1
NML = N - 1
DZ2 = D/(HZ*HZ)

VZ = V/(2.%HZ)

RQAC = (RO*Q)/ (ALF*CO)
READ(5,102)C, ALNK
WRITE(6,202)C, ALNK

SET THE TOP BOUNDARY AND INITIAL CONDITIONS

X(1)
DO 1
1 X(I)
KN =
T= 0.0

.0
2, NP1
0

(=2 |
(=2 =

BEGIN THE COMPUTATION OF X(I)

DO 20 IIT = 1, MT

DO 30 I =2, N

EOX = EXP(ALNK + C*(1l. - 2.*X(I)))

FOX = ((1. + 2.*C*X(I)*(1. - X(I)))*EOX)/((X(1) +
&(1l. = X(I))*EOX)**2)

FT = (1. + RQAC*FOX)/HT

Y(I) = ((DZ2 - VZ)*X(I + 1) - (2.*DZ2 - FT)*X(I) +
&(DZ2 + VZ)*X(I - 1))/FT

30 CONTINUE
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EVALUATE THE BOTTOM BOUNDARY

Y(NP1) = Y(NM1)
DO 40 J = 2, NP1
40 X(J) = Y(WJ)
+ .1
T = T 4+ HT
IF(KN.NE.IT) GO TO 20

OUTPUT X(I)

WRITE(6,203) T, (X(I), I = 1, N, I1Z)
COMPUTE YOX(I) IN SUBROUTINE EXFCN

CALL EXFCN(X, C, ALNK, N, YOX)
OUTPUT YOX(I)

WRITE(6,204) (YOX(I), I = 1, N)
KN = 0

20 CONTINUE

10 CONTINUE

99 FORMAT (11A4)

100 FORMAT (6F10.4)

101 FORMAT(2F10.4, 4I5)

102 FORMAT(2F10.5)

199 FORMAT(1H1, 10X, 11A4)

200 FORMAT(1H1, 14X, 'DISPERSION COEFFICIENT', F15.6/15X,
&'FLOW VELOCITY',F15.6/15X,"BULK DENSITY', F15.6/15X,
&'EXCHANGE CAPACITY', F15.6/15X, 'PORE FRACTION', F15.6
&/15X, 'TOTAL CONCENTRATION', F15.6)

201 FORMAT (//14X, 'DEPTH INTERVAL',F15.6, 10X, 'TIME
&INTERVAL', F15.6)

202 FORMAT(1H1, 13X, 'CONSTANT C IS', F10.6, 'CONSTANT
&LN K IS', F10.6//)

203 FORMAT(1H , 14X, 'TIME IS', F10.2//(10F13.7))

204 FORMAT(//(10F13.7))

STOP
END
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SUBROUTINE EXFCN

PURPOSE
TO EVALUATE Y(I) AS A FUNCTION OF X(I)

USAGE
CALL EXFCN(X, C, ALNK, N, YOX)

SUBROUTINE EXFCN(X, C, ALNK, N, YOX)
DIMENSION X(100), YOX(100)
DO1I=1,N

1 YOX(I) = X(I)/(X(I) + (1. - X(I))*EXP(ALNK + C*(l. -
&2.%X(1))))
RETURN
END
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The FORTRAN program to solve the Equations [40] through [43] by
the implicit method with the predictor-corrector techniques.
The exchange function is a Kielland type one.

PURPOSE
TO SOLVE THE MATERIAL BALANCE EQUATION WHICH IS THE INITIAL
BOUNDARY VALUE PROBLEM GOVERNS THE CATION TRANSPORT PROCESS
IN A STEADY DISPLACEMENT FLOW

DESCRIPTION OF PARAMETERS

D DISPERSION COEFFICIENT

v FLOW VELOCITY

RO BULK DENSITY

Q CATION EXCHANGE CAPACITY

ALF PORE FRACTION

co TOTAL CONCENTRATION

HZ DEPTH INCREMENT

HT TIME INCREMENT

T TIME

MT NUMBER OF TIME INCREMENT

N NUMBER OF DEPTH INCREMENT

X SOLUTION CONCENTRATION

FOX EXCHANGER CONCENTRATION

C CONSTANT IN EXCHANGE FUNCTION
INPUT

D, v, RO, Q, ALF, CO
HZ, HT, MT, N, IT, IZ
c

OUTPUT
b, v, RO, Q, ALF, CO
HZ, HT
c
SUM, KK
Ty X(T)
FOX(I)

SUBROUTINE REQUIRED
TDMX

METHOD
THE IMPLICIT METHOD DESCRIBED IN THE TEXT

L T T R R S S P I S
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(6 MAIN PROGRAM
DIMENSION X(160), Y(160), Y1(160), B1(160), D1(160),
&G0X (160), FOX(160)

100 FORMAT (6F10.4)

101 FORMAT(2F10.4, 415)

102 FORMAT (F10.4)

200 FORMAT(1H1, 14X, 'DISPERSION COEFFICIENT', F15.6/15X,
&'FLOW VELOCITY',F15.6/15X, 'BULK DENSITY', F15.6/15X,
&'EXCHANGE CAPACITY', F15.6/15X, 'PORE FRACTION', F15.6
&/15X, "TOTAL CONCENTRATION', F15.6)

201 FORMAT(//14X, 'DEPTH INTERVAL', F15.6, 10X, 'TIME', F15.6)

202 FORMAT(1H1, 13X, 'EXCHANGE CONSTANT IS', F10.4//)

203 FORMAT(1H , 14X, 'TIME IS', F10.2//(10F13.7))

204 FORMAT(//(10F13.7))

205 FORMAT(//'SUM = ', E15.7, 'NO OF ITERATION = ', I5)

c INPUT BASIC DATA

READ(5,100) D, V, RO, Q, ALF, CO
READ(5,101) HZ, HT, MT, N, IT, IZ
WRITE(6,200) D, V, RO, Q, ALF, CO
WRITE(6,201) HZ, HT

EPSI = 0.0001

NP1 = N+ 1

NML = N - 1

Al = D*HT

VZT = VXHZ*HT

Cl = Al - VzT

BO = 2.%Al - VZT

HZZ = HZ*HZ

RQAC = (RO*Q)/(ALF*CO)
READ(5,102) C

WRITE(6,202) C

c SET THE BOUNDARY AND THE INITIAL CONDITIONS

X(1) = 1.
Y1) = 1.
Yi(1) = 1
DO11-=
X(I) = 0.
Y(1) = 0

1 Y1(I) = 0.0

(o]

C BEGIN THE COMPUTATION
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DO 20 IIT = 1, MT
KK = 0
3D02J=1, NP1
EOX = EXP(C*(1. - 2.*Y(J)))
FPOX = ((1. + 2.%C*Y(J)*(1. - Y(J)))*EOX)/((Y(J) +
&(1. = Y(J))*EOX**2)
GOX(J) = (1. + RQAC*FPOX)
B1(J) = -(BO + GOX(J)*HZZ)
2 D1(J) = -GOX(J)*HZZ*X(J)

SOLVE THE TRIDIAGONAL MATRIX BY SUBROUTINE TDMX

CALL TDMX(Al, B1, Cl, D1, Y1, N)

SUM = 0.0
DO 5 I =2, NP1
DIF = Y1(I) - Y(I)

5 SUM = SUM + ABS(DIF)
TEST THE CONVERGENCY

IF (SUM.LT.EPSI.OR.KK.GT.10) GO TO 11
DO 6 I = 2, NP1

6 Y(I) = Y1(I)
KK = KK + 1
GO TO 3
11 T = T + HT
DO 8 T = 2, NP1
X(I) = Y1(I)
8 Y(I) = YI(I)
KN = KN + 1

IF (KN.NE.IT) GO TO 20
OUTPUT OF THE ANSWER

WRITE(6,205) SUM, KK
WRITE(6,203) T, (X(I), I = 1, NP1, 1Z)
DO 12 I = 1,NP1, IZ
12 FOX(I) = X(I)/(X(I) + (1. - X(I))*EXP(C*(1l. - 2.*
&X(1))))
WRITE(6,204) (FOX(I), I = 1, NP1, IZ)
KN =0
20 CONTINUE
STOP
END
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SUBROUTINE TDMX

PURPOSE

TO SOLVE THE TRIDIAGONAL MATRIX

DESCRIPTION OF PARAMETERS

AT, BT, CT ELEMENTS OF THE COEFFICIENT MATRIX
DT THE RIGHT HAND SIDE VECTOR

METHOD

FIRST, THE ELIMINATION OF THE LOWER DIAGONAL OF THE
MATRIX. THEN THE X(I) ARE SOLVED BY BACK SUBSTITUTION

USAGE

100

10

CALL TDMX(Al, Bl, Cl, D1, Y1, N)

I I T T T S NP serseesecsaanaan farease

SUBROUTINE TDMX (AT, BT, CT, DT, X, N)
DIMENSION BT(160), X(160), GCT(160), DDT(160)
CCT(2) = CT/BT(2)

DDT(2) = (DT(2) - AT)/BT(2)

NPL = N + 1

DO 100 I = 3, N

TEMPO = (BT(I) - AT*CCT(I - 1))

CCT(I) = CT/TEMPO

DDT(I) = (DT(I) - AT*DDT(I - 1))/TEMPO
CONTINUE

DDT(NPL) = (DT(NP1) - AT*DDT(N))/(BT(NP1) + CT - AT*
&COT(N))

X(NP1) = DDT(NP1)

J = NP1

J=J-1

X(J) = DDT(J) - CCT(I)*X(J + 1)

IF(J.NE.2) GO TO 10

RETURN

END

100
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with a linear exchange isotherm in Experiment 3.

PURPOSE

TO SOLVE THE MATERIAL BALANCE EQUATION THAT GOVERNS

THE CATION TRANSPORT WITH A LINEAR CATION EXCHANGE

FUNCTION
DESCRIPTION OF PARAMETERS
D DISPERSION COEFFICIENT
\ FLOW VELOCITY
RO BULK DENSITY
Q EXCHANGE CAPACITY
ALF PORE FRACTION
co TOTAL CONCENTRATION
HZ DEPTH INCREMENT
HT TIME INCREMENT
MT NUMBER OF TIME INCREMENT
N NUMBER OF THE DEPTH INCREMENT
SLOPE THE CONSTANT OF THE EXCHANGE FUNCTION
AINCP THE CONSTANT OF THE EXCHANGE FUNCTION
X SOLUTION CONCENTRATION
T TIME
FOX EXCHANGER CONCENTRATION
INPUT
D, V, RO, Q, ALF, CO
HZ, HT, MT, N, IT, 1IZ
SLOPE, AINCP
OUTPUT
D, V, RO, Q, ALF, CO
HZ, HT
SLOPE, AINCP
T, X(1)
FOX(I)
METHOD

THE EXPLICIT METHOD DESCRIBED IN THE TEXT WITH A LINEAR

EXCHANGE FUNCTION

MAIN PROGRAM
DIMENSION X(100), Y(100), FOX(100)

INPUT BASIC DATA

101

The FORTRAN program to solve the Equations [40] through [43]
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40

50

20
100
101
102
200

SET THE

READ(5,100) D, V, RO, Q, ALF, CO
READ(5,101) HZ, HT, MT, N, IT, IZ
WRITE(6,200) D, V, RO, Q, ALF, CO
WRITE(6,201) HZ, HT

READ(5,102) SLOPE, AINCP
WRITE(6,204) SLOPE, AINCP

NP1 = N+ 1

NML = N -1

DZ2 = D/(HZ*HZ)

VZ = V/(2.%HZ)

RQAC = (RO*Q*SLOPE)/ (ALF*CO)

FT = (1. + RQAC)/HT

X(1)
DO 1
X(1)
KN =
T = 0.0

, NP1

SN =N
o
ono

BEGIN THE COMPUTATION OF X(I)

DO 20 IIT = 1, MT
DO 30 T =2, N

Y(I) = ((DZ2 - VZ)*X(I + 1) - (2.%DZ2 - FT)*X(I) +

&(DZ2 + VZ)*X(I - 1))/FT
CONTINUE
Y(NPL1) = Y(NM1)
DO 40 J = 2, NP1
X(J) = Y(I)
KN = KN + 1
P P B
IF(KN.NE.IT) GO TO 20

OUTPUT OF X(I) AND FOX(I)

WRITE(6,203) T, (X(I), I = 1, N, IZ)
DO 50 I=1, N

FOX(I) = AINCP + X(I)*SLOPE
WRITE(6,205) (FOX(I), I = 1, N, IZ)
KN = 0

CONTINUE

FORMAT (6F10. 4)

FORMAT (2F10. 4 ,415)

FORMAT (2F10. 5)

FORMAT (1H1, 14X, 'DISPERSION COEFFICIENT', F15.6/15X,
&FLOW VELOCITY', F15.6/15X, 'BULK DENSITY', F15.6/

BOUNDARY AND THE INITIAL CONDITIONS

102
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&15X, 'EXCHANGE CAPACITY', F15.6/15X, 'PORE FRACTION',
&F15.6/15X, 'TOTAL CONCENTRATION', F15.6)
201 FORMAT(//14X, 'DEPTH INTERVAL', F15.6, 10X, 'TIME
&INTERVAL', F15.6)
203 FORMAT(1H , 14X, 'TIME IS', F10.2//(10F13.7))
204 FORMAT(1H1, 'SLOPE OF THE EXCHANGE FUNCTION IS', F10.6,
&' INTERCEPT IS', F10.6)
205 FORMAT(//(10F13.7))
STOP
END
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Appendix B

Derivation of Equation

The derivation of Equation [51] from Equation [50] was done by
Rifai et al. (1956). The details of the development will be treated
here for reference.

Equation [50] is restated here setting z = L.

o es &5 [50]
o 2V Dt

This equation is first altered into a form where the independent

variable V is put in place of t, applying the relationship

J ¥
v L
o
= _J'L
V= 7 [c-11
(o]
o Taebe, oV -
vVt = Jt T W L [e-2]
o o
N R
Vv J

where J is the flux. Equation [50] is now transformed into

v -V
i L / 3
%_ =5 [L=erf Go= D ]
o o v v
— y -y
=1 - 1 VL o
= [1 - erf (2 )]

BV; A [e-3]
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The error function in Equation [c-3] is now written into an

infinite integral

[c-4]

nlo
i
S
=
I
—_—
®
|
Q
[N
o
Q
il

where

el
2

Recalling that our objective here is to find an expression for
D in terms of the measurable quantity from the characteristics of the
whole breakthrough curve. We now differentiate Equation [c-4] with

respect to the effluent volume V at V = Vo.

d(C/Co) d_ 1 2 —az
& "ol — e dal
i

1 ot 1 StV
= e W = S ) [c-5]
4y m o VvV

Defining
" ace/e)
o dv vV = Vo

where SO is the slope of the BTC at V = Vo’

-
<1
o

1
vt - A fe-
o]
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Thus,
e )
2y o
or
o
¥ oums v ? L
o o]

This completes the derivation of Equation [51].
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Appendix C

Tables

6. Chloride breakthrough curve data for Experiment 3

108

Soil: Yolo fine sandy loam
Column 3-I Column 3-III

T e

(ml) (ml)

5.1 .005 97.9 0.003
96.9 .003 200.9 0.005
147.9 .005 252.4 0005
198.9 .005 303.9 0.005
249.'9 .006 355. 4 0.005
300.9 .008 406.9 0.083
351.9 .052 427.5 0.170
402.9 2243 448.1 0.286
423.3 . 349 468.7 0.419
443.7 .445 489.3 0.576
464.1 .538 509.9 0.709
484.5 .613 561.4 0922
504.9 .693 612.9 0.980
555.9 -809 664.4 1.003
606.9 . 889 7L549 0.997
657.9 .943 818.9 1.005
708.9 .969 921.9 1.003
759.9 .990
810.9 .985

0.09675 me/ml C_ = 0.09975 me/ml

(% =
o



109

Table 7. Chloride breakthrough curve data for Experiment 4

Soil: Nibley clay loam

Column 4-I Column 4-I1 Column 4-IIT
Effluent Effluent Effluent
Volume C/Co Volume C/Co Volume C/Co
(m1) (ml) (ml)
Bl 0.00 15.3 0.00 5.20 0.005
96.9 0.00 96,9 0.00 97.90 0.005
198.9 0.00 198.9 0.00 200.9 0.00
25244 0.00
249.9 .041 249.9 0.003 303.9 0.012
300.9 0.145 300.9 0.031 355.4 0.060
382.5 0.237 321.3 0.062 386.3 0.119
406.9 0.171
413:1 0323 341.7 0.106 427.5 0233
443.7 0.416 36210 0.158 448.1 0.305
468.7 0.382
459.0 0.457 382.5 0.224 489.3 0.452
474.3 0.501 402.9 0.293 509.9 0.528
494.7 0.552 423.3 0.355 5305 0.588
5511 0.658
5250 3 0.609 443.7 0.420 5717 0.709
586.5 0.699 464.1 0.472 592.3 0.752
484.5 0.526 612.9 0.802
6174 0.751 504.9 0.578 664.4 0.878
657.9 0.813 525.3 0.617 715519 0.908
5661 0.692 767.4 0.958
708.9 0.852 606.9 0.749 818.9 0.970
759.9 0.893 647.7 0.803 870.4 0.985
861.9 0.952 688.5 L8472 973.4 0.995
963.9 0.9781 739.5 .9041

Co = 0.09675 me/ml e = 0.0965 me/ml C0 = 0.0995 me/ml
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Table 8. Chloride breakthrough curve data for Experiment 4
Soil: Hanford sandy loam
Column 4-1 Column 4-11 Column 4-III
B (g o e e e
(ml) (ml) (m1)
249.9 0.0 198.9 .003 97.8 .001
i 300.9 0.015 249.9 .005 149.4 0.00
i 331.5 0.113 300.9 .005 200.9 0.00
; 351.9 0.229 331.5 .065 252.4 0.00
372:3 0.369 251.9 .182 303.9 0.002
382.5 0.448 372.3 347 334.8 0.058
392.7 0.818 382.5 430 355.4 0.190
402.7 0.572 392.7 .505 365.7 0.289
413.1 0.635 402.9 .573 375.9 0.390
433.5 0.732 413.1 .641 386.4 .484
453.9 0.793 433.5 ¥735 396.6 0.583
484.5 0.857 453.9 .805 406.9 0.648
525.3 0.928 484.5 .886 417.2 0.704
555.9 0.956 525.3 937 427.5 0.747
606.9 0.985 535.9 -966 448.1 0.827
657.9 0.989 606.9 . 985 468.7 0.884
708.9 1.009 557.9 -996 489.3 0.908
759.5 1.000 698.7 .002 530.5 0.986
612.9 1.00
C, = 0.0953 me/ml C, = 0.0958 me/ml ¢, = 0.1036 me /ml
|




Table 9. Chloride breakthrough curve data for Experiment 5

Soil: Yolo fine sandy loam

Column 5-1 Column 5-II Column 5-IIT
A o, B e e,
(ml) (ml) (ml)

542 995 5.2 .960 5.2 .940
97.9 1.005 97:9 1.000 87.9 1.000
200.9 +995 200.9 1.000 200.85 +995
252.4 «990 252.4 +995 252.4 .995
303.9 1.000 303.9 1.025 303.9 1.010
355.4 1.000 355.4 1.000 355.4 1.005
406.9 .990 406.9 .985 406.9 <965
437.8 .890 427.5 1.020 427.5 .870
458.4 .750 468.7 .884 448.1 .710
479.0 0.580 489.3 744 468.7 355
499.6 .410 509.9 +558 489.3 .405
509.9 .340 530.5 .342 509.9 275
530.5 .230 L .181 530.5 175
561.4 .140 602.6 0.025 561.4 .082
612.9 .075 664.4 0.00 612.9 .025
715.9 .005

CO = 0.100 me/ml Co = 0.0995 me/ml Co = 0.100 me/ml
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Table 10. The cation concentration profiles of Mg determined from
column experiment 3-1I, Yolo fine sandy loam

Depth CD Q xmg Ymg
(cm) (ia/al) (me/20g)
iy -1111 5.266 L9774 .9526
3.4 .1085 5.199 .9020 . 8620
545 .1056 5.087 .6387 .6566
146 .1068 4.890 L2746 .2984
9,7 .1028 4.849 .0638 L1123
11.8 1027 4.821 .0139 .0490
13.9 .1029 4.873 .0099 .0400
16.0 .1098 4.834 .0149 .0404
18.:2 .0981 4.894 .0125 L0440
203 .1040 4.834 .0148 0425
23.2 .1057 4.854 .0243 .0592

Table 11. The cation concentration profiles of MgH determined from
column experiment 3-II, Yolo fine sandy loam

Depth C‘J Q xmg Ymg
(cm) (e a1y (me/20g)
1.5 .1053 5.307 .9881 . 9646
3.6 .1061 5.298 .9788 .9410
5.7 .1063 5.352 .9636 .9124
7.8 «1052 5+312 .9228 .8611
9.9 . 1044 5.299 .8387 . 7759
12.0 .1039 5.205 .7022 .6517
14.1 .1038 5.059 L4772 .4835
16.2 .1016 4.825 .2631 .2875
18.3 .0987 4.674 «1.395 <1495
20.4 .1018 4.596 .0242 .0738
23,2 .1015 4.591 .0202 .0402
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Table 12. The cation concentration profiles of Mg = determined from
column experiment 3-I1I, Yolo fine sandy loam

Depth c Q
(o) (mec/’ml) fuinf 20s) Xmg Ymg
1.4 .1092 5.578 .9942 «9731
8l .1070 5.542 .9912 .9572
5.8 .1047 5.700 .9821 .9343
79 .1078 54557 .9652 .9101
10.0 .1066 5.663 .9297 .8567
1251 .1050 5.536 .8455 .7835
14.2 .1097 5.336 7497 .6935
1653 .1049 5.383 .6430 .6035
18.4 .1066 5.366 .5786 .5057
20.5 .1049 5.331 .3996 .4088
22.6 .1066 5.327 .3703 + 2971

Table 13. The cation concentration profiles of Mg++ determined from
column experiment 4-I, Nibley clay loam

Depth c, Q
(cm) e /an) (me/20g) xmg Ymg
.6 + 1155 6.378 .9168 . 7897
2.6 .1143 5.838 .5632 .4102
4.8 .1088 5. 16 .2777 .2285
6.9 .1072 5.502 .0806 .1158
9.0 .1065 5.321 .0039 .0329
132! .10065 5.072 .0039 «0223
13.2 .1052 5,103 .0039 <0221
552 .1027 4.927 .0039 .0189
L7.5 .1040 4.947 .0039 .0166
19.6 . 1021 4.916 .0039 .0167
22.3 .1033 4.854 .0039 .0169
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Table 14. The cation concentration profiles of MgH determined from
column experiment 4-II, Nibley clay loam

Depth Co Q
(cm) (e /arl) (me/20g) Xmg Ymg
) .1229 6.030 .9929 .9070
246 «1175 6.687 «9713 .7378
4.8 L1149 6.121 .8025 .6515
6.9 .1099 5.982 #7150 .5465
9.0 1112 5.864 .5288 .4628
11,1 .1078 5.655 .3336 .3381
18.2 .1087 Sa517 .1626 +2199
15.3 .1059 5.237 .0699 .0472
7.5 .1060 5.286 .0175 .0972
19.6 L1064 a2 .0095 .0201
22.3 .1052 5.103 .0098 .0161

Table 15. The cation concentration profiles of MgH determined from
column experiment 4-III, Nibley clay loam

Depth Co Q
(em) (e fwil) (me/20g) Xmg Ymg
1.2 .1067 5.446 .9787 +9059
3:5 .1075 5.618 .9258 .8124
5.7 .1053 5.724 9135 .7362
7.8 .1162 5.966 .8529 .6753
9.9 ~L143 6.134 . 7408 .6100
12,0 »1119 6.378 +6539 »5222
14.1 «1176 6.511 .4964 .4357
16.2 .1045 6.499 .3187 .3384
18.3 .1102 6.616 .2611 .2423
20.4 .1149 6.558 .1324 .1661
22,5 S 2 6.313 029 .0977
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Table 16. The cation concentration profiles of MgH— determined from
column experiment 4-1, Hanford sandy loam

Depth C, Q
(cm) Cuie /i) (me/25g) xmg Ymg
.8 .1091 1.533 .9900 .9290
2.6 .1084 1.472 .9390 .7950
8.7 .1098 1.400 .7120 .5890
649 .1069 1.373 .2350 .2450
9.0 L1047 1.328 .0100 .0020
11.1 .1032 1.350 .00 .00
13.2 .1018 1.374 .00 .00
15,4 .1006 1.344 .00 .00
17.5 .0975 1.364 .00 .00
19.6 .0968 1.354 .00 .00
22.8 .0968 1320 .00 .00

++
Table 17. The cation concentration profiles of Mg determined from
column experiment 4-11, Hanford sandy lecam

Depth <, Q
(cm) (e /al) (me/25g) Xmg Ymg
Tl .1087 1.598 .9950 .9590
3tk .1099 1.554 .9850 .9080
LIS .1099 1.480 .9550 . 8480
7.6 .1084 1.474 .8950 . 7500
97 .1095 1.479 .7580 ,6260

119 o i i 1.408 .5910 . 4680

14.0 .1061 1.387 .2220 .2430

161, .1039 1.344 .0198 .0610

182 .1018 1.350 .00 .00

20.4 .1018 1.363 .00 .00

23.2 «1057, 1.363 .00 .00
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Table 18. The cation concentration profiles of Mg  determined from
column experiment 4-II1, Hanford sandy loam

Depth Co Q
(cm) (me finl) (me/25g) Xmg Ymg
1.0 L1162 1.625 .9978 .9539
259 .1072 1592 +9977 29452
5.0 «1073 1.568 .9768 9125
ol .1094 1.573 .9772 .8731
9.2 .1086 1.589 L9541 .8257
113 .1062 1.581 .9178 .7696
13.4 +1059 1.589 .8539 ,6908
155 .1046 1.578 L7544 .5810
17.6 .1050 La531 6342 .4915
19.7 .1054 1.552 .5266 4134
21.9 .1080 1.509 4340 .3352

Table 19. The cation concentration profiles of Na+ determined from
column experiment 5-I, Yolo fine sandy loam

Depth Co Q
(cm) oot (me/20g) xNa v
1.0 .1095 5.008 9430 .6014
350 .1063 5.106 .8591 .3598
51 -1080 5.036 .7690 2569
72 .1067 5.050 .6726 .2045
9.4 .1075 5.024 5403 -1385
B 21 0% -1055 4.926 .3853 .0882
13.6 .1043 4,869 .2105 -0468
G 25 1 L1041 4,901 -0459 .0199
178 L1034 4.920 .0105 .0110
20.0 .1034 4.920 .0105 .0110
22.0 .1014 4.864 .0085 .0022
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lable 20. The cation concentration profiles of Na determined from
column experiment 5-I1, Yole fine sandy loam

Depth c

Q
o y

(cm) e lal) (me/20g) XNa &Na
.9 1126 5.071 .9556 .6432
3.0 <1103 5.051 .8913 .3874
5.0 .1065 5.095 .8267 «2923
7.1 .1041 4.968 .7580 L2341
9.2 .1056 5011 .6692 .1909
11.3 .1075 5.015 .5705 1507
13.4 .1038 4.972 4713 .1093
15585 .1023 4.984 L3612 .0763
77 .1018 4.896 2157 L0444
19.8 .1008 4.974 .0690 .0218
2240 .0984 4.982 .0110 .0109

3 +
lable 21. The cation concentration profiles of Na
column experiment 5-III, Yolo fine sandy

determined from

loam

Depth c, Q
(em) e ah (me/20g) X Yya
-9 .1103 5.017 .9819 .6892
2.8 .1067 4.950 19415 .4833
4.9 .1048 4.938 .9048 .3810
10 .1083 4.883 .8479 <3229
9l .1004 4.837 .8013 .2675
V] .1028 4.768 .7450 .2281
18.3 .1055 4.946 .6806 1979
15.4 .1056 4.685 .6054 .1532
17.5 L1044 4.690 L5414 +1275
19,7 .1063 4.661 .4952 .1167
21.9 .1048 4.572 . 4047 .0832
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Table 22. The concentration function X(z,t) computed for Experiment
2 for Type I isotherm

PepEh 10 20 e 80 100
(cm)
0 1.0000 .0000 .0000 1.0000 1.0000 1.0000
1 .8650 L9744 .9987 .9999 1.0000 1.0000
2 .5477 .9116 +9955 .9998 1.0000 1.0000
3 .0436 .7664 .9880 .9994 1.0000 1.0000
4 .0003 .4531 .9707 .9984 <9999 1.0000
5 .0000 .0314 .9314 »9963 .9998 1.0000
6 .0003 .8435 .9914 9995 1.0000
7 .0000 .6515 -9805 .9989 +9999
8 2337 .9559 .9976 -9999
9 .0062 .9009 .9946 +9997
10 .0001 <1793 .9877 +9993
11 .0000 .5219 L9724 .9985
12 .0806 .9380 .9966
13 .0010 .8614 L9924
14 .0000 .6946 .9828
15 .3542 -9614
16 .0139 L9134
17 .0001 .8074
18 .0000 .5794
19 L1485
20 .0021
21 .0000
22

23

24

25

26

27

28

29

30
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Table 23. The concentration function X(z,t) computed for Experiment
2 for Type 11 isotherm

Pegsh 10 20 el 80 100
(cm)

0 1.0000 .0000 .0000 1.0000 .0000 1.0000
1 .8948 19431 +9731 .9841 .9896 .9928
2 .7976 . 8842 .9404 .9625 I7h3 .9815
3 .7094 .8294 .9076 <9394 .9569 .9679
4 .6272 .7781 .8762 L9164 .9388 ¥9533
5 .5494 .7296 . 8464 .8941 .9210 .9385
6 L4752 .6832 . 8179 .8726 .9036 .9239
7 L4046 .6384 . 7906 .8520 .8868 .9096
8 «3379 .5947 L7642 .8321 .8705 .8956
9 +2759 .5520 .7386 .8129 .8547 .8821
10 .2194 .5100 .7136 L7942 .8394 .8690
11 21691 . 4689 .6892 7761 . 8245 .8562
12 .1260 .4285 .6652 .7583 8099 .8437
13 .0902 .3889 .6416 . 7409 .7958 .8316
14 .0618 .3503 .6183 .7238 L7819 .8197
15 .0404 +3128 +5952 .7070 .7683 .8080
16 .0251 «2765 L5724 .6905 . 7549 .7966
L7 .0147 .2418 .5497 L6741 L7418 . 7854
18 .0081 .2089 «5271 .6579 .7288 7743
19 .0042 .1781 5047 .6419 .7160 .7635
20 .0020 .1496 L4824 .6260 » 7033 .7527
21 .0009 +1237 - 4602 6102 .6908 7422
22 .0004 . 1004 .4381 .5945 .6784 4317
23 .0002 .0799 L4161 .5789 .6661 L7214
24 .0001 L0624 .3943 .5634 .6539 Al la
25 .0000 .0476 .3726 . 5480 6418 .7010
26 +0355 +3513 +5327 .6299 .6910
T .0258 .3304 3077 .6183 .6813
28 .0184 .3108 .5035 .6072 .6722
29 .0132 L2941 L4915 -5979 6644
30 .0108 .2857 .4853 .5931 6604
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Table 24. The concentration function X(z,t) computed for Experiment
2 for Type III isotherm

Time (hours)

Depth 10 20 %0 60 80 100
(cm)
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1 .8561 .9528 .9912 .9978 .9994 .9998
2 .6299 .8643 .9729 .9932 .9981 .9994
3 .3851 .7336 .9409 .9846 .9956 .9986
4 .1919 .5740 .8913 .9700 .9911 .9973
5 L0772 .4091 .8220 L9474 .9839 .9949
6 .0250 .2635 .7338 .9145 .9726 .9911
7 .0065 .1524 .6304 .8699 .9560 .9851
8 .0014 .0789 .5189 .8126 .9327 .9764
9 .0002 .0365 .4076 .7432 .9016 .9640
10 .0000 .0151 .3045 6634 .8617 L9469
11 .0055 .2158 .5765 .8125 .9243
12 .0018 .1448 .4864 L7544 .8952
13 .0005 .0918 .3977 .6883 .8593
14 .0001 .0550 .3146 .6160 .8160
15 .0000 L0311 .2403 .5399 .7657
16 L0166 .1770 4627 .7088
17 .0083 .1257 .3872 .6466
18 .0039 .0859 .3161 .5804
19 .0018 .0565 .2514 .5121
20 .0007 .0358 .1947 L4437
21 .0003 .0217 .1466 .3772
22 .0001 .0127 .1074 .3143
23 .0000 .0071 .0764 2565
24 .0038 .0528 .2049
25 .0020 .0355 .1602
26 .0010 ,0231 .1225
27 .0005 .0146 .0916
28 .0002 .0090 .0673
29 .0001 .0055 .0498

.0000 L0041 .0417

w
o
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Table 25. The concentration function X(z,t) computed for Experiment
2 for Type IV isotherm

Time (hours)

DSPES 10 20 ) %0 80 100
(em)
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1 .8715 .9514 .9863 .9946 .9975 .9967
2 .6890 .8791 .9631 .9847 .9928 .9901
3 .4358 .7874 .9320 .9701 .9852 .9794
4 .1339 .6682 .8946 .9514 .9749 .9644
5 .0119 .5049 .8511 .9294 .9619 L9454
6 .0006 .2834 .8004 .9044 .9468 .9236
7 .0000 .0745 .7393 .8768 .9297 .8998
8 .0088 .6615 .8461 L9111 .8751
9 .0008 .5569 .8117 .8910 .8504
10 .0001 .4108 .7719 .8694 .8259
11 .0000 .2215 L7242 8459 .8021
12 L0618 .6640 .8202 .7790
13 .0096 .5840 .7913 .7565
424 .0012 L4727 .7580 7344
15 .0001 .3193 .7182 L7127
16 .0000 L1426 .6683 .6910
17 .0332 .6026 .6688
18 .0053 .5121 6456
19 .0008 .3850 .6206
20 .0001 .2204 .5928
21 .0000 .0731 .5603
22 .0142 5203
23 .0023 4660
2 .0003 .3805
25 .0001 .2315
26 ,0000 .0733
27 .0140
28 .0023
29 .0004

.0001

w
o
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Table 26. The concentration function X(z,t) computed for Experiment
2 for Type V isotherm

Time (hours)

Depth 10 20 70 60 80 100
(cm)
0 1.0000  1.0000  1.0000  1.0000  1.0000  1.0000
v .8470 .9556 .9947 .9993 .9999  1.0000
2 .5814 .8556 .9819 .9977 .9997  1.0000
3 .3668 .6830 .9540 .9940 .9992 .9999
4 .2408 4987 .8973 .9860 .9982 .9998
5 .1617 .3669 .7962 .9696 .9961 .9995
6 .1080 .2788 .6560 .9368 .9916 .9989
7 .0704 .2164 .5205 .8758 .9827 .9978
8 .0440 .1696 .4185 .7761 .9648 .9955
9 .0260 .1329 .3455 .6492 .9303 .9909
10 .0143 .1036 .2912 .5313 .8684 .9816
11 .0072 .0798 2489 L4419 .7709 .9635
12 .0033 .0605 .2146 .3766 6509 .9291
13 .0014 .0449 .1859 .3276 .5410 .8681
14 .0005 .0324 .1614 2889 4574 7734
15 .0002 .0228 .1402 .2573 .3963 .6575
16 .0001 .0154 .1215 .2307 .3503 .5512
17 .0000 .0100 .1050 .2077 .3140 .4702
18 .0063 .0903 .1875 2844 L4111
19 .0037 L0772 .1695 .2594 .3667
20 .0021 .0655 .1533 .2378 .3320
21 .0011 .0552 .1387 .2187 .3036
22 .0006 .0460 .1253 .2016 .2798
23 .0003 .0379 .1130 .1862 .2592
24 .0001 .0308 .1017 .1722 .2411
25 .0000 .0247 .0912 .1593 .2249
26 .0196 .0816 1474 .2103
27 .0152 .0729 .1365 .1971
28 .0117 .0650 .1267 .1854
29 .0091 .0587 .1187 .1760

.0078 .0555 1147 .1712

w
o
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Table 27. The concentration profiles computed by the non-linear
method for Experiment 3
Depth Column 3-1 Column 3-1I Column 3-III
X'Mg YMg ng YMg XMg YMg
(cm)
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1 .9929 9877 +9997 .9994 .9998 <9996
2 +9721 +9533 .9984 «9972 -9991 .9984
3 .9332 .8948 . 9952 +9917 -9976 .9958
4 .8757 .8190 .9888 .9807 -9946 .9907
5 .7988 .7329 9777 19624 .9896 .9821
6 .6982 .6376 L9613 .9364 .9819 .9692
7 .5637 .5276 .9394 .9037 .9710 .9516
8 .3850 .3906 -9122 .8657 .9569 .9296
9 .1869 22112 .8797 .8240 .9394 .9036
10 .0571 .0781 L8417 71792 .9186 8744
11 .0126 .0183 «7973 .7314 .8947 .8428
12 .0023 .0034 . 7448 .6798 .8676 .8093
13 .0004 .0006 .6807 .6224 .8370 «7739
14 .0000 .0001 .5997 .5558 .8026 7369
15 .0000 .0000 L4941 4741 .7635 .6977
16 .3580 . 3694 L7184 .6556
17 .2051 .2387 .6654 .6095
18 0850 1124 .6019 .5575
19 .0270 .0384 .5242 4971
20 .0074 .0108 L4292 L4247
21 .0019 .0028 «3179 <3371
22 . 0004 .0007 .2046 .2382
23 .0001 .0003 L1361 .1697
24 .0000 .0001
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Table 28. The concentraticn profiles computed by the linear method
for Experiment 3

Depth Column 3-[Y Column 3-IT Column 3-ITI
ng Mg ng YMg ng YMg
(cm)
0 1.0000 .9600 1.0000 .9600 1.0000 . 9600
1 .9976 .9578 +9999 «9599 1.0000 .9600
2 .9887 19496 .9999 <9599 -9999 <9599
3 .9646 .9274 <9995 .9596 +9998 +9598
4 L9134 . 8803 .9987 .9588 -9994 +9595
5 .8247 .7988 9966 .9568 .9987 .9588
6 .6970 .6812 .9920 <9526 .9973 <9575
7 .5420 .5386 .9831 9444 <9947 «9551
8 .3827 <3921 .9669 29295 <9901 .9509
9 .2428 .2634 .9401 . 9049 .9825 .9439
10 <1376 .1666 .8991 8671 .9706 +9329
11 .0692 .1037 .8412 . 8139 .9527 29165
12 .0309 L0684 .7654 L7442 .9273 .8931
13 .0122 0512 .6737 .6598 -8928 .8614
14 .0043 L0439 .5705 .5649 . 8480 .8202
15 .0013 L0412 L4627 L4657 +7926 +7692
16 .0004 .0406 .3580 .3694 L7270 . 7089
17 .0001 .0403 .2634 .2824 .6528 6406
18 .0000 L0401 .1838 .2091 »5725 5667
19 .0000 .0400 L1214 .1517 4893 -4902
20 .0000 .0400 .0757 .1097 . 4069 <4143
21 .0000 .0400 L0446 .0810 +3291 .3428
22 .0000 .0400 .0247 .0628 .2619 .2809
23 .0000 .0400 .0130 .0520 £2236 .2458
24 .0000 .0400 .0077 L0471
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Table 29. The concentration profiles computed for Experiment &,
Nibley clay loam

Depth Column 4-1 Column 4-TI Column 4-I11
ng YMg XMg YMg XMg YMg
(cm)
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1 .9123 L7647 .9801 .9313 .9926 .9732
2 .8022 -6080 -9510 . 8495 .9799 .9310
3 <6727 .4995 .9160 L7718 .9627 .8802
4 .5169 4090 .8770 .7039 .9422 .8281
S .3328 «3116 .8347 16454 .9194 .7787
6 -1512 .1842 . 7886 .5941 .8951 «7334
7 .0418 .0634 + 7375 .5476 . 8694 .6924
8 .0080 0131 .6792 .5039 L8425 .6552
9 .0012 .0021 .6108 4606 8140 <6209
10 .0002 .0003 +5285 .4150 . 7834 5889
11 .0000 ,0001 .+ 4286 .3633 L7501 +5583
12 .0000 .0000 3110 .2989 «7129 .5282
i3 .1877 +2150 .6700 4977
14 .0873 .1200 6191 4655
15 .0314 .0488 .5564 .4300
16 .0096 .0156 4774 .3885
17 .0026 .0044 +3776 .3364
18 .0007 .0011 .2586 .2662
19 .0002 .0003 - 1397 1737
20 .0000 .0001 .0563 .0826
21 .0o00 .0000 .0181 .0290
22 -0062 .0087
23 .0021 .0035
24

25
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Table 30. The concentration profiles computed for Experiment 4,
Hanford sandy loam

Depth Column 4'1Y Column 4-1I Column 4-II1I
XMg Mg XMg YMg XMS YMg
(cm)
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1 .9939 .9819 +9999 +9996 1.0000 1.0000
2 .9665 .9095 .9981 L9944 .9999 +9999
3 +9193 .8098 +9910 +9737 1.0000 1.0000
4 . 8584 »712D .9760 #9333 1.0000 1.0000
5 .7821 .6206 .9543 .8810 .9981 9944
6 .6773 .5268 .9278 . 8257 .9920 .9766
7 .5016 L4078 .8978 7720 .9813 « 9471
8 .2119 .2188 .8650 «7213 .9670 .9108
9 .0369 .0489 . 8288 .6734 .9505 .8726
10 .0043 .0060 .7881 .6269 £9324 . 8349
73 .0004 .0006 - 7402 5797 .9134 .7990
12 .0000 .0001 .6790 .5282 .8936 .7650
13 .0000 .0000 .5893 .4637 .8731 « 2331
14 4317 . 3652 .8517 .7028
15 . 1859 .1981 .8293 .6739
16 .0381 .0504 .8056 .6460
17 .0066 .0079 . 7800 .6184
L8 .0008 .0011 .7518 .5905
19 .0001 .0001 .7188 -5607
20 .0000 .0000 «6755 5254
21 .0000 .0000 #5932 L4663
22 .2813 .2693
23
24
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Table 31. The concentraticn profiles computed for Experiment 5
for Yolo fine sandy loam

Depth : Column 5—;_ xColumn 5—1; xColumh 5-IYII
Na Na Na Na Na Na
(cm)
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
1 19496 .6191 9599 ,6721 ,9751 .7687
2 .8967 14373 .9138 .4838 .9408 -5798
3 . 8497 . 3437 .8727 .3843 .9088 L4683
4 .8066 .2852 .8352 +3218 .8794 .3980
5 .7658 . 2441 .8000 .27178 -8521 .3475
& . 7263 +2190 . 7662 <2445 .8262 . 3094
.6874 .1880 .7332 «2179 . 8013 .2793
8 .6488 .1674 7004 1958 AT02 2545
9 .6109 .1502 6674 .1769 « 1535 .2336
10 L5740 +1356 .6339 .1603 . 7300 .2156
11 .5204 1173 05994 .1454 . 7066 «1997
12 .3260 .0682 .5639 « k319 .6831 1855
13 L0613 .0143 .5269 L1194 6593 W72
14 .0484 .0012 4839 .1065 .6351 .1608
15 .0000 .0000 .4039 .0857 .6102 .1498
16 «2257 .0478 .5844 -1395
17 .0611 .0143 50575 -1296
18 .0103 .0025 5289 .1200
19 0014 -0003 -4982 .1106
20 .0002 .0000 <4642 .1010
21 . 0000 .0000 14243 0906
22 +3735 0786
23
24
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