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ABSTRACT 

 

Evaluating Process- and Constraint-Based Approaches for Modeling Macroecological Patterns 

 

by 

 

Xiao Xiao, Doctor of Philosophy 

Utah State University, 2014 

 

Major Professor: Ethan P. White 

Department: Biology 

 

Ecological systems are characterized by a plethora of macroecological patterns observed 

across ecosystems and taxonomic groups. Explanations proposed for the patterns belong to two 

major categories – the process-based approaches, which characterize the structure of ecological 

systems by directly modeling a few key processes; and the constraint-based approaches, where 

macroecological patterns are viewed as emergent statistical properties that arise independent of 

the details of the processes.  

  Models that successfully reproduce the shape of a pattern do not necessarily reveal its 

true mechanism. Indeed, multiple models with different assumptions on mechanisms often make 

equivalent predictions for a single pattern. Patterns observed across systems regulated by 

different underlying processes are more likely to be statistical in nature. For example, here I show 

how one such pattern, Taylor’s Law (the power-law relationship between the mean and the 

variance of one or more populations), can be explained without invoking biological processes. 

Two inherent constraints on the system, the number of individuals and the number of groups they 

belong to, force most possible configurations of the system to match the empirically observed 

relationship. 
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While it is possible that some macroecological patterns are emergent statistical patterns, 

insights regarding mechanisms based on examining a single pattern are typically weak when there 

are multiple models that make similar predictions. Stronger inference is made possible by 

conducting tests that evaluate multiple patterns simultaneously. I evaluate the performance of two 

of the most comprehensive models of biodiversity and energy use: the size-structured neutral 

theory (SSNT; a process-based approach) and the Maximum Entropy Theory of Ecology (METE; 

a constraint-based approach). SSNT provides a better general characterization of empirical data, 

capturing the central tendency in the allocation of different-sized individuals among species 

(though with considerable scatter) while METE fails. The direct comparison between meaningful 

alternative models, instead of comparing single models to a null hypothesis, provides the 

strongest level of inference possible when comparing models to their empirical predictions. The 

results of this comparison suggest that demographic processes contain ecologically meaningful 

information not fully encapsulated in the current set of METE constraints, which help shape 

patterns of biodiversity and energy use. 

 (111 pages) 
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PUBLIC ABSTRACT 

 

Evaluating Process- and Constraint-Based Approaches for Modeling Macroecological Patterns 

 

by 

 

Xiao Xiao, Doctor of Philosophy 

Utah State University, 2014 

 

Major Professor: Ethan P. White 

Department: Biology 

 

 Macroecological patterns, such as the highly uneven distribution of individuals among 

species and the monotonic increase of species richness with area, exist across ecological systems 

despite major differences in the biology of different species and locations. These patterns capture 

the general structure of ecological communities, and allow relatively accurate predictions to be 

made with limited information for under-studied systems. This is particularly important given 

ongoing climate change and loss of biodiversity. Understanding the mechanisms behind these 

patterns has both scientific and practical merits.  

 I explore two conceptually different approaches that have been proposed as explanations 

for ecological patterns – the process-based approaches, which directly model key ecological 

processes such as birth, death, competition, and dispersal; and the constraint-based approaches, 

which view the patterns as the most likely state when the system is constrained in certain ways 

(e.g., the system has a fixed number of 100 individuals among five species, but the distribution 

may vary). While the process-based approaches directly link patterns to processes, the constraint-

based approaches do not rely on the operation of specific processes and thus can be more broadly 

applied. I develop a new constraint-based approach to one of the most well established patterns in 

ecology, the power-law relationship between the mean and variance of a population. This pattern 
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has been widely observed and adopted as characterization of population stability. I find that the 

shape of the pattern can be well explained with two numerical constraints on the system, lending 

support to the idea that some macroecological patterns may not arise from specific processes but 

be statistical in nature instead. 

 I further examine the performance of the process- and constraint-based approaches for 

patterns of biodiversity and energy use, which are among the most essential as well as most well-

studied aspects of community structure. Candidate models from both categories are able to 

partially capture the patterns across 60 globally distributed forest communities, however the 

process-based model is shown to provide a better general characterization of community structure 

than the constraint-base model in all communities. Thus the constraint-based approaches in their 

current forms do not fully encapsulate the effect of processes, which also contribute to the shape 

of the macroecological patterns of biodiversity and body size in addition to the constraints. 
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CHAPTER 1  

INTRODUCTION 

 Ecological systems are intrinsically complex (Darwin 1859). Individuals belonging to 

different taxonomic groups with varying life history traits go through demographic processes 

such as birth and death while interacting with each other through competition, predation, and 

mutualism. They are also influence by the environment through processes such as environmental 

filtering, environmental stochasticity, and the influence of the environment on demography and 

species interactions. Despite the different configurations different systems have in both their 

components and their associated processes, general patterns that are consistent across systems 

commonly occur (Brown 1995). These macroecological patterns, such as the highly uneven 

distribution of individuals among species (the species abundance distribution; Fisher et al. 1943; 

McGill et al. 2007) and the increase of species richness with area (the species-area relationship; 

Arrhenius 1921; Rosenzweig 1995), serve as general characterizations of community structure 

that can be universally applied across taxonomic groups and ecosystems. 

 Understanding the mechanisms underlying macroecological patterns is desirable both for 

advancing scientific knowledge (Brown 1999; Lawton 1999) and for extrapolating predictions of 

community structure to previously unobserved scenarios (McGill and Nekola 2010). Explanations 

proposed for these patterns belong primarily to two conceptual categories: one based on processes 

and the other on constraints. 

Process-based approaches attempt to identify the few processes that are key for a given 

pattern, among the numerous processes simultaneously operating in a system. General patterns 

would result from processes that operate in a consistent way across systems. Examples in this 
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category include the Theory of Island Biogeography (MacArthur and Wilson 1967), where 

species richness on islands is explained by the equilibrium between species dispersal and 

extinction, and the neutral theory (Hubbell 2001), where community-level patterns of biodiversity 

arise from individual-level processes of birth, death, speciation, and dispersal.  

 Constraint-based approaches do not directly model the biological processes, but instead 

view macroecological patterns as emergent statistical properties arising from specific ways that 

systems are constrained (e.g., Dewar and Porté 2008; Harte 2011; Locey and White 2013). The 

constraints are often descriptive statistics of the system (e.g., species richness, total abundance, 

etc.), and biological processes are assumed to act only indirectly on the patterns through their 

effects on the constraints. Free from assumptions about specific processes and their associated 

parameter values, constraint-based approaches can potentially be applied to any system, making 

them particularly suitable as explanations for patterns that are observed across systems governed 

by different processes.  

I developed a new constraint-based approach to one of the most general patterns in 

ecology, Taylor’s Law (Taylor 1961; Taylor and Woiwod 1980), which describes the power-law 

relationship between the mean and the variance of a population across space and time. This 

pattern has been widely documented both in ecological (e.g., Taylor et al. 1978; Taylor and 

Woiwod 1980) and non-ecological systems (e.g., Anderson and May 1988; Azevedo and Leroi 

2001; de Menezes and Barabási 2004), strongly suggesting that its true mechanism cannot be 

processes specific to any field of study. The constraint-based approach thus serves as a more 

parsimonious explanation for the pattern than the numerous process-based models that have been 

proposed. 

 I also compared process-based and constraint-based theories for patterns of biodiversity 

and body size; two of the essential aspects of community structure. These patterns are some of the 

most well-studied of all macroecological patterns, and there are numerous existing models 
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proposed to explain them (e.g., see McGill et al. 2007 for a review of over 20 models for the 

SAD). Since examination of a single pattern can rarely help distinguish models that make similar 

or identical predictions, I employed the stronger inference that can be gained by evaluating 

multiple predictions of a model simultaneously (McGill 2003; McGill et al. 2006).  

I evaluated one constraint-based model, the Maximum Entropy Theory of Ecology 

(METE; Harte 2011), and one process-based model, the size-structured neutral theory (SSNT; 

O’Dwyer et al. 2009), to determine their ability to characterize ecological community structure. 

Both models attempt to capture the species abundance distribution as well as distributions of body 

size both within and across species, making them the most powerful models among the 

constraint- and process-based approaches for patterns of diversity and body size. By comparing 

the performance of METE and SSNT using data from 60 forest communities, my study represents 

the first attempt to scrutinize models of macroecological patterns by directly comparing two 

meaningful models simultaneously on multiple predictions using data from a diverse array of 

ecosystems. Such an evaluation not only assesses the ability of each theory to characterize 

community structure, but also provides a direct evaluation of the current status of the process- and 

constraint-based approaches. 
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CHAPTER 2 

A PROCESS-INDEPENDENT EXPLANATION FOR THE GENERAL FORM OF TAYLOR’S 

LAW * 

 

Abstract 

Taylor’s Law (TL) describes the scaling relationship between the mean and variance of 

one or more populations as a power-law. TL is widely observed in ecological systems across 

space and time with exponents varying largely between 1 and 2. Many ecological explanations 

have been proposed for TL but it is also commonly observed outside ecology. We propose that 

TL arises from the constraining influence of two primary variables: the number of individuals and 

the number of censuses or sites. We show that most possible configurations of individuals among 

censuses or sites produce the power-law form of TL with exponents between 1 and 2. This 

“feasible set” approach suggests that TL is a statistical pattern driven by two constraints; 

providing an a priori explanation for this ubiquitous pattern. However, the exact form of any 

specific mean-variance relationship cannot be predicted by the constraints, suggesting that TL 

may still contain ecological information.       

 

 

 

 

 

 

 

 

*Coauthored by: Xiao, X., K. J. Locey, and E. P. White.  
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Introduction 

 One of the most basic goals of ecology is to understand how ecological systems change 

across scales. Scaling relationships such as Kleiber’s Law (Kleiber 1932; Brown et al. 2004) and 

the species-area relationship (Rosenzweig 1995) have been intensively studied for decades and 

serve as both useful tools for extrapolation and empirical targets for ecological theories. One of 

the most general scaling relationships is Taylor’s Law (TL; Taylor 1961). TL proposes that the 

relationship between the variance (s2) and the mean density (m) of one or more populations is a 

power-law, which can be expressed mathematically as s2 = amb, where a and b are constants. The 

exponent b, which measures the magnitude of fluctuation with respect to the mean, is generally 

bounded between 1 and 2 (Taylor and Woiwod 1982). TL has been confirmed as an adequate 

description of population fluctuations both spatially (Taylor 1961; Taylor and Taylor 1977; 

Taylor et al. 1978; He and Gaston 2003; Kaltz et al. 2012) and temporally (Taylor and Woiwod 

1980; Anderson et al. 1982; Perry 1994) across thousands of studies from a diverse array of 

taxonomic groups (Taylor et al. 1978; Taylor and Woiwod 1980; Taylor et al. 1983), making it 

one of the most widely-documented patterns in ecology. 

 A number of different models based on distinct ecological processes have been proposed 

to explain Taylor’s Law. Explanations for the spatial TL include density-dependent population 

growth (Perry 1994), density-independent population growth (Cohen et al. 2013), random walks 

of individuals in space (Hanski 1980), and simultaneous attraction and repulsion among 

conspecific individuals (Taylor 1981a; Taylor 1981b). Similarly, the temporal TL has been 

argued to arise from environmental and demographic stochasticity (Ballantyne 2005; Ballantyne 

and Kerkhoff 2007), interspecific competition (Kilpatrick and Ives 2003), and even sampling 

error (Kalyuzhny et al. 2014). However, similar power-law mean-variance relationships with 

exponents between 1 and 2 have recently been documented in a number of non-ecological 

systems, ranging from the distribution of genes on a chromosome (Kendal 2003) and the number 
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of cells in individuals (Azevedo and Leroi 2001) to fluctuations in the stock market (Eisler and 

Kertész 2006) and traffic flow (de Menezes and Barabási 2004) (see Eisler et al. 2008 for a 

review). This suggests that the mechanism underlying the pattern may not be specific to 

ecological systems but may instead be purely statistical. 

 An alternative explanation to process-based models is that TL describes the mean-

variance scaling relationship of most possible states of a system where individuals are divided 

among groups (such as censuses or plots). This constraint-based view has been explored for 

another common pattern, the species-abundance distribution, using the set of all possible 

configurations of the pattern given some constraints (the feasible set; Locey and White 2013) to 

determine if the general shape of the pattern simply reflects that of the majority of possible 

outcomes. This kind of reasoning would suggest that TL is not generated by any particular set of 

processes, but emerges because many different combinations of processes result in the same 

general pattern (Harte 2011; White et al. 2012; Frank 2014).  

To investigate this possibility for TL, we begin by recognizing that the form of TL is 

necessarily influenced by two values: the total number (quantity) of individuals (Q), and the 

number of groups (N; e.g., plots in spatial TL, censuses in temporal TL) among which those 

individuals are distributed, for each point in the mean-variance relationship. Given these 

constraints we ask whether most possible mean-variance relationships take a roughly power-law 

form. We adopt the concept of the feasible set (Haegeman and Loreau 2008; Locey and White 

2013), which provides a general context under which the observed patterns can be examined. By 

comparing the empirical TLs to mean-variance relationships created from randomly sampling the 

set of all possible relationships constrained by Q and N, we find that both the form of the power-

law and the exponent b between 1 and 2 are expected to occur for most possible configurations of 

the system; though the exact shape of each individual relationship cannot be accurately 

characterized without additional information. 
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Methods 

 

1. The feasible set approach 

 The feasible set is the set of all possible configurations of a system (Haegeman and 

Loreau 2008; Locey and White 2013). This concept can be applied with different sets of 

constraints and configurations (e.g. ordered vectors of labeled individuals, unordered vectors of 

unlabeled individuals, etc.). Since each pair of (mi, si
2) in a TL relationship results from 

distributing Qi individuals into Ni groups (i.e., plots in the spatial TL and censuses in the temporal 

TL), we adopted (Qi, Ni) as a minimal set of constraints that naturally defines the system. It 

follows that mi is fully determined by Qi and Ni as mi ≡ Qi / Ni. In contrast, the value of si
2 

depends on how the individuals are distributed, with a minimal value of 0 (assuming that 

individuals can be evenly distributed among groups) and a maximal value of Qi
2 / Ni (where all 

individuals are aggregated in a single group with zeroes everywhere else).  

 We used two different combinatorial approaches to define configurations that may give 

rise to TL – integer partitions, where each configuration is a unique set of unordered non-negative 

integers (expressed in non-increasing order), and integer compositions, where each configuration 

is a unique (i.e., ordered) vector of non-negative integers (Bona 2006). Technically, these 

configurations are referred to as “weak” because they allow zeros (Severs and White 2010). For 

example, the feasible set of integer partitions for Qi = 4 and Ni = 2 is: (4, 0), (3, 1), (2, 2). Here, 

differently ordered configurations having the same integer values, e.g., (4, 0) and (0, 4), represent 

the same integer partition (4, 0) but different integer compositions. The difference between 

partitions and compositions is analogous to the difference between combinations and 

permutations, where each combination (unordered) can potentially arise from many permutations 

(ordered). 

 The relationship between partitions and compositions is also equivalent to that between 
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microstates and macrostates in statistical mechanics and the application of the Maximum Entropy 

Principle (MaxEnt; Jaynes 2003) in ecology (e.g., Shipley et al. 2006; Dewar and Porté 2008; 

Harte 2011), where the most likely macrostate of a system is inferred as that with the greatest 

number of microstates. Unlike MaxEnt, the feasible set attempts to understand the full 

distribution of macrostates, rather than choosing the macrostate that is the most common (Locey 

and White 2013). However, as with predictions based on a maximum entropy framework, where 

the form of the prediction changes greatly with the decisions made about state variables, 

constraints, and prior distributions (Haegeman and Etienne 2010), the appearance of the feasible 

set (i.e. distribution of statistical features within it) will depend on the configuration used.  

Using integer compositions as configurations to explore TL is equivalent to shifting the 

weights of the partitions, i.e. making some macrostates more likely to arise due to the differences 

in the number of compositions (microstates) each partition (macrostate) has. Rearranging the 

order of numbers within a configuration (e.g. partition, composition) does not change its variance, 

meaning that the variance of a composition is always equal to the variance of its corresponding 

partition. In the above example of Qi = 4 and Ni = 2, the partition (4, 0) has the same frequency as 

(2, 2) in the feasible set of partitions, but twice the frequency in the feasible set of compositions 

where (0, 4) is also a unique configuration that corresponds to the partition (4, 0). Therefore the 

two applications of the feasible set approach may yield different results given the same set of 

constraints (Qi, Ni). We examined the application of both partitions and compositions to TL 

because it is unclear whether it is best to focus solely on the macroscopic property of interest (i.e., 

variance), consider the number of different ways each macrostate can arise, or examine both to 

obtain a more complete context for understanding the constraining influence of Q and N. 

 

2. Data 

 To explore whether the feasible set could generate realistic empirical patterns, we 
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compiled TL relationships from the literature by surveying all papers that cited Taylor (1961) on 

Google Scholar to which we had access. We collected all empirical relationships that directly 

reported the values of (mi, si
2) and (Qi, Ni) pairs, or contained enough information for these values 

to be calculated. Due to the limited number of available non-ecological TL relationships, we 

focused exclusively on ecological TLs describing spatial or temporal fluctuations of population 

abundances. This approach to data compilation resulted in an imbalance between the spatial and 

the temporal TLs, with 90 spatial relationships and only four temporal ones. To offset this 

imbalance, we added a compilation of community-level time-series data (Yenni 2013) to our 

analysis, boosting the number of temporal TLs to 113 in total. 

 All relationships were put through additional screening before analysis. We removed (mi, 

si
2) pairs where the corresponding Ni was less than 3 to ensure that the variance si

2 was properly 

defined among at least three numbers, as well as pairs where the corresponding Qi was less than 5 

so that the shape of TL would not be distorted by these zero-inflated, over-constrained 

configurations (Taylor and Woiwod 1982). We then excluded those relationships with less than 

five pairs of (mi, si
2) remaining, leaving 73 spatial TLs and 106 temporal TLs. Due to the 

computationally intensive nature of the algorithm of generating partitions (Locey and White 

2013), we further dropped TL relationships that contained any (Qi, Ni) pairs that individually 

would take 2 hours or more to analyze (see 3. Analyses below). Overall our study encompassed 

115 TL relationships, where 45 were spatial and 70 were temporal (see Appendix C for detailed 

characteristics of each relationship).   

 

3. Analyses 

 In order to examine whether most possible mean-variance relationships exhibit TL like 

behavior, we need to define a range of scenarios to explore. To avoid selecting arbitrary, and 

potentially unrealistic, values of Qi and Ni (and the distributions of those values within individual 
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datasets), we followed Xiao et al. (2011) and used empirical data to define the range of values 

explored. We constructed the feasible set of partitions and the feasible set of compositions for 

each pair of (Qi, Ni) in each empirical TL relationship that we compiled. Given the large size of 

the feasible set for large values of (Qi, Ni) (Locey and White 2013), we drew 1000 random 

configurations from the feasible set in each case as a representation of the full set using the 

algorithms from Locey and McGlinn (2013). Each sampled configuration yielded one sij
2 (with j 

ranging from 1 to 1000), leading to 1000 sij
2’s for each originally observed si

2, as well as 1000 

sets of (mi, sij
2) pairs for each empirical relationship. For each of these sets generated from the 

feasible set, we determined whether the relationship between mi’s and sij
2’s was well 

characterized by a power-law with an exponent between 1 and 2 using OLS regression on log-

transformed data, which is the standard approach to assessing TL relationships. We evaluated the 

significance and the value of the slope (which is an estimate of the exponent b), goodness-of-fit 

of the regression line (quantified with R2), and deviation from the power-law (quantified as 

curvature on logarithmic scale, or the significance of a quadratic term fit to the relationship). We 

examined the 95% (2.5% to 97.5%) quantile of the 1000 sij
2’s for each (Qi, Ni) pair, as well as the 

full distribution of sij
2 values for a few randomly selected (Qi, Ni) pairs, to see if the variance for 

configurations within the feasible set was aggregated with most configurations having similar 

variance values.  

 We then compared the mean-variance relationships obtained from sampling the feasible 

set to the empirical TL relationships with the same vectors of Qi and Ni. We fit power-law 

relationships to each set of (mi, si
2) (i.e., the empirical mean-variance relationship) using OLS 

regression on log-transformed data, and compared the fitted relationship to those obtained from 

fitting each set of (mi, sij
2), both in goodness-of-fit and in the estimated value of the exponent b, 

which is often taken to be characteristic of a given species or system. Finally, we compared each 

empirical si
2 to its 1000 corresponding sij

2’s from the feasible set. All comparative analyses were 



13 

 

 

conducted separately for samples from the feasible set of partitions and those from the feasible set 

of compositions.  

 

Results 

 Mean-variance relationships generated with randomly sampled configurations from the 

feasible set are well characterized by power-laws, with an average R2 of 0.88 for relationships 

from the feasible set of partitions and 0.93 for those from the feasible set of compositions, though 

the latter show significant curvature (i.e., significant quadratic terms) in a non-negligible 

proportion of cases (27.8%, Table 2 – 1). The exponent b estimated for the simulated 

relationships largely falls between 1 and 2 (85.1% for partitions, 75.0% for compositions), 

consistent with results from empirical studies (e.g., Taylor and Woiwod 1982). See Table 2 – 1 

for a summary of the results, and Fig. 2 – 1 for the full distributions of the statistics.  

 Examination of values of sij
2’s for individual (Qi, Ni) pairs shows that considerable 

variation exist for at least some combinations of Qi and Ni, leading to distributions of sij
2’s that are 

dispersed without a sharp peak where most configurations are aggregated (Appendix D, Fig. D – 

1, top panel). This is particularly true for partitions. Consequently, the exponent b varies fairly 

broadly among the mean-variance relationships constructed for the same set of (Qi, Ni) pairs (Fig. 

D – 1, bottom panel). Therefore, while most possible mean-variance relationships are well 

characterized by power-laws, the precise form of the power-law for a particular set of (Qi, Ni) is 

not strongly constrained by the feasible set. 

 Most of the empirical datasets in our compilation have a significant power-law 

relationship between the mean and the variance, with little curvature, high R2, and b largely 

between 1 and 2 (Table 2 – 1). Comparison between empirical TLs and those constructed from 

the feasible set shows general agreement both in fit (p-values and R2) and in the values of b 

(Table 2 – 1, Fig. 2 – 1). Specifically, relationships constructed from the feasible set of partitions 
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provide a surprisingly good match to empirical observations in the distribution of all statistics, 

while those from the feasible set of compositions exhibit deviations with higher proportions of 

significant curvature and exponents shifted towards higher values (Fig. 2 – 1). On the other hand, 

comparison between individual empirical si
2’s and those calculated for configurations in the 

feasible set show that a high percentage of si
2’s fall outside of the 95% quantile of the feasible set 

values for both spatial TLs (43.3% for partitions, 73.0% for compositions) and temporal TLs 

(26.5% for partitions, 41.9% for compositions) (Fig. 2 – 2, top panels). Similarly, the exponent b 

estimated for empirical TLs falls outside of the 95% quantile of those estimated from the feasible 

set in 40.0% of spatial TLs and 28.6% of temporal TLs for partitions (73.3% and 60.0% for 

compositions; Fig. 2 – 2, bottom panels). Consistent with the results for the distribution of 

variances and b values within the feasible set, these results suggest that neither feasible set 

approach is able to accurately characterize the variance of individual observations, or the exact 

shape of individual mean-variance relationships. 

 

Discussion 

 Taylor’s Law, or the power-law relationship between the mean and the variance of one or 

more populations, is a general pattern that has been widely observed in both ecological and non-

ecological systems (Eisler et al. 2008). While numerous processes have been proposed as 

explanations for this pattern (e.g., Taylor 1981a; Kilpatrick and Ives 2003; Ballantyne and 

Kerkhoff 2007; Cohen et al. 2013), our study shows that TL can arise from numerical constraints 

on the system without explicitly or implicitly invoking processes. By sampling the set of all 

possible mean-variance scaling relationships we find that the form of the power-law relationship 

is exceptionally robust (Table 2 – 1, Fig. 2 – 1) with distributions of the exponent b closely 

matching those estimated from the empirical relationships (Fig. 2 – 1D), despite the relatively 

high observable variation for variance values among the configurations (Fig. 2 – 2, Fig. D – 1). 
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Thus the feasible set provides a general explanation for the ubiquity of TL in nature and helps 

explain why the pattern can be produced by models based on different underlying processes.   

Our study is not the first to suggest that TL may be statistical in nature. By applying the 

Maximum Entropy Principle, Fronczak and Fronczak (2010) proposed that TL is the most likely 

macrostate associated with the largest number of microstates. However, their approach was later 

criticized for its reliance on physical quantities such as free energy and an external field, which 

lack analogues in biological systems (Kendal and Jørgensen 2011). Kendal and Jørgensen (2011) 

suggested instead that TL is associated with the Tweedie distribution family (Tweedie 1984), 

which by definition is characterized by a strict power-law relationship between the variance and 

the mean. While it has been argued that many statistical systems converge to distributions in the 

Tweedie family as limiting cases (Tweedie convergence theorem; Jørgensen et al. 1994), it is not 

clear how such convergence is achieved in nature. 

Our approach shows that most of the possible macrostates for dividing individuals among 

groups result in TL-like mean-variance scaling relationships. This approach is unique in that it is 

built upon the concept of the feasible set, which can be unambiguously defined and applied to any 

system. With the feasible set approach, Locey and White (2013) showed that the majority of the 

configurations constrained by total abundance N and total species richness S conform to a hollow-

curve similar in shape to empirically observed species-abundance distributions (SAD). Our study 

shows similar results for a second general pattern, TL, illustrating again that patterns can arise 

simply as the aggregated central tendency within a feasible set. This further emphasizes the 

importance of examining empirical patterns in terms of how primary constraints determine 

observable variation. 

The feasible set approach is part of a more general framework to understanding 

macroecological patterns that has been emerging over the last decade. These approaches, which 

also include applications of the Maximum Entropy Principle, propose that some empirical 
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patterns are emergent statistical properties constrained by numerical inputs (state variables), while 

the ecological processes operate only indirectly through their effects on the constraints 

themselves (Harte 2011; Supp et al. 2012; Locey and White 2013; Frank 2014). The constraints, 

which are usually descriptive statistics of the system (i.e., state variables or moments of the 

distributions), either strictly limit the possible configurations that a system can take (“hard” 

constraints; e.g., there are a limited number of ways to allocate 100 individuals into 5 groups) or 

limit the expected characteristics of the system (“soft” constraints”; e.g., 20 individuals are 

expected on average for each group but the observed values may vary; see Haegeman and Etienne 

2010). In our study the system is hard-constrained by the total number of individuals observed 

(Qi) and the number of groups they belong to (Ni), which forces the mean of configurations in the 

feasible set to match the mean of empirical data. The power-law relationship between the mean 

and the variance then arises for most possible configurations. 

 While the application of the feasible set approach is independent of assumptions about 

processes, the distribution of possible states of the system (in our case, variance) may shift with 

different definitions of what constitutes a unique configuration. This can be seen by the 

differences between the feasible set of partitions and the feasible set of compositions (Fig. 2 – 2, 

Fig. D – 1).  Locey and White (2013) used partitions for the SAD with the goal of focusing only 

on the possible forms of the macrostates for a pattern that is characterized by an unordered list of 

species abundances with no information on species identity. In the case of TL, we have expanded 

our consideration by also considering integer compositions, which is the same as simultaneously 

choosing quantities of individuals at random to be assigned to specific sites or surveys.  These 

two choices makes intuitive sense because we are interested in patterns that are related to how 

entire populations of individuals are distributed across space and through time, not the specific 

location of individual organisms. There are two other configurations that we did not consider, 

both of which focus on the distribution of individual organisms. One is the equivalent of 
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randomly selecting the location of each of a set of known individuals among sites or years 

(known as surjections in combinatorics); e.g., the composition (1, 1) can be expanded into two 

configurations (A, B) and (B, A), where A and B represent labeled individuals. The other is the 

case where elements of the configuration are labeled but the order/arrangement of their bins is not 

accounted for; e.g., knowing that individual A and B are in the same site but not which site they 

are located in.  

While there is a reasonable justification for choosing to focus on how populations are 

distributed rather than how individuals are distributed, both partition- and composition-based 

approaches satisfy this consideration. In equivalent discussions on how to set up maximum 

entropy based models, it has been argued that these choices must be made on the basis of 

comparisons to empirical data (Haegeman and Etienne 2010). Our study shows that the feasible 

set of partitions provides a more adequate characterization for our compilation of ecological TL 

relationships both in the fit of the power-law form (Table 2 – 1) and in the distribution of the 

exponent (Fig. 2 – 1D), however it remains to be seen if this statement holds more broadly, 

especially in non-ecological systems. 

 The constraint-based explanation for the general form of Taylor’s Law is robust, with 

both feasible sets yielding mean-variance relationships that are well-characterized by power-laws, 

with high R2 values and exponents falling within the range expected from empirical relationships. 

In combination with the observation of TL patterns in non-ecological systems, this suggests that 

the power-law form of TL as well as the general bound between 1 and 2 for the exponent may be 

explained with a simple set of constraints on Qi and Ni. It remains to be determined which 

combinatorial approach is the most appropriate or whether this depends on the system. Moreover, 

a broad-stroke explanation, such as expecting empirical patterns to be generally similar to the 

majority of possible outcomes does not preclude the influence of other processes and constraints, 

be they ecological or statistical. Specifically, we find that neither the variance for a given (Qi, Ni) 
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pair nor the exponent for a particular relationship can be accurately estimated by merely 

examining the central tendency of the feasible set defined by (Qi, Ni) alone (Fig. 2 – 2). This 

suggests that more information is required to understand the detailed form of individual mean-

variance relationships, either through direct operation of ecological processes (e.g., density-

dependent growth, dispersal limitation, etc.) or through their indirect effects on additional 

constraints.  

 

References 

 

Anderson, R. M., D. M. Gordon, M. J. Crawley, and M. P. Hassell. 1982. Variability in the 

abundance of animal and plant species. Nature 296:245–248.  

 

Azevedo, R. B., and A. M. Leroi. 2001. A power law for cells. Proceedings of the National 

Academy of Sciences of the United States of America 98:5699–5704.  

 

Ballantyne, F. 2005. The upper limit for the exponent of Taylor’ s power law is a consequence of 

deterministic population growth. Evolutionary Ecology Research 7:1213–1220.  

 

Ballantyne, F., and A. J. Kerkhoff. 2007. The observed range for temporal mean-variance scaling 

exponents can be explained by reproductive correlation. Oikos 116:174–180.  

 

Bona, M. 2006. A walk through combinatorics: an introduction to enumeration and graph theory 

(2nd ed.). World Scientific Publishing Company, New Jersey.  

 

Brown, J. H., J. F. Gillooly, A. P. Allen, V. M. Savage, and G. B. West. 2004. Towards a 

metabolic theory of ecology. Ecology 85:1771–1789.  

 

Cohen, J. E., M. Xu, and W. S. F. Schuster. 2013. Stochastic multiplicative population growth 

predicts and interprets Taylor’s power law of fluctuation scaling. Proceedings of the Royal 

Society B: Biological Sciences 280:20122955.  

 

de Menezes, M. A., and A.-L. Barabási. 2004. Fluctuations in network dynamics. Physical 

Review Letters 92:028701–028704.  

 

Dewar, R. C., and A. Porté. 2008. Statistical mechanics unifies different ecological patterns. 

Journal of Theoretical Biology 251:389–403.  

 

Eisler, Z., I. Bartos, and J. Kertész. 2008. Fluctuation scaling in complex systems: Taylor’s law 

and beyond. Advances in Physics 57:89–142.  

 

Eisler, Z., and J. Kertész. 2006. Scaling theory of temporal correlations and size-dependent 

fluctuations in the traded value of stocks. Physical Review E 73:046109.  

 



19 

 

 

Frank, S. A. 2014. Generative models versus underlying symmetries to explain biological pattern. 

Journal of Evolutionary Biology 27:1172–1178.  

 

Fronczak, A., and P. Fronczak. 2010. Origins of Taylor’s power law for fluctuation scaling in 

complex systems. Physical Review E 81:066112.  

 

Haegeman, B., and R. S. Etienne. 2010. Entropy maximization and the spatial distribution of 

species. The American Naturalist 175:E74–E90.  

 

Haegeman, B., and M. Loreau. 2008. Limitations of entropy maximization in ecology. Oikos 

117:1700–1710.  

 

Hanski, I. 1980. Spatial patterns and movements in Coprophagous beetles. Oikos 34:293–310.  

 

Harte, J. 2011. Maximum entropy and ecology: a theory of abundance, distribution, and 

energetics. Oxford University Press, Oxford.  

 

He, F., and K. J. Gaston. 2003. Occupancy, spatial variance, and the abundance of species. The 

American Naturalist 162:366–375.  

 

Jaynes, E. T. 2003. Probability theory: the logic of science. Cambridge University Press, 

Cambridge.  

 

Jørgensen, B., J. R. Martínez, and M. Tsao. 1994. Asymptotic behaviour of the variance function. 

Scandinavian Journal of Statistics 21:223–243.  

 

Kaltz, O., P. Escobar-Páramo, M. E. Hochberg, and J. E. Cohen. 2012. Bacterial microcosms 

obey Taylor’s law: effects of abiotic and biotic stress and genetics on mean and variance of 

population density. Ecological Processes 1:5.  

 

Kalyuzhny, M., Y. Schreiber, R. Chocron, C. H. Flather, R. Kadmon, D. A. Kessler, and N. M. 

Shnerb. 2014. Temporal fluctuation scaling in populations and communities. Ecology 95:1701–

1709.  

 

Kendal, W. S. 2003. An exponential dispersion model for the distribution of human single 

nucleotide polymorphisms. Molecular Biology and Evolution 20:579–590.  

 

Kendal, W. S., and B. Jørgensen. 2011. Taylor’s power law and fluctuation scaling explained by a 

central-limit-like convergence. Physical Review E 83:066115.  

 

Kilpatrick, A. M., and A. R. Ives. 2003. Species interactions can explain Taylor’s power law for 

ecological time series. Nature 422:65–68.  

 

Kleiber, M. 1932. Body size and metabolism. Hilgardia 6:315–351.  

 

Locey, K. J., and D. J. McGlinn. 2013. Efficient algorithms for sampling feasible sets of 

macroecological patterns. PeerJ PrePrints 1:e78v1.  

 

Locey, K. J., and E. P. White. 2013. How species richness and total abundance constrain the 



20 

 

 

distribution of abundance. Ecology letters 16:1177–1185.  

 

Perry, J. N. 1994. Chaotic dynamics can generate Taylor’s power law. Proceedings of the Royal 

Society B: Biological Sciences 257:221–226.  

 

Rosenzweig, M. L. 1995. Species diversity in space and time. Cambridge University Press, 

Cambridge.  

 

Severs, C., and J. A. White. 2010. On the homology of the real complement of the k-parabolic 

subspace arrangement. arXiv: 1012.3387 [math.CO].  

 

Shipley, B., D. Vile, and E. Garnier. 2006. From plant traits to plant communities: a statistical 

mechanistic approach to biodiversity. Science 314:812–814.  

 

Supp, S. R., X. Xiao, S. K. M. Ernest, and E. P. White. 2012. An experimental test of the 

response of macroecological patterns to altered species interactions. Ecology 93:2505–2511.  

 

Taylor, L. R. 1961. Aggregation, variance and the mean. Nature 189:732–735.  

 

Taylor, L. R., and R. A. J. Taylor. 1977. Aggregation, migration and population mechanics. 

Nature 265:415–421.  

 

Taylor, L. R., R. A. J. Taylor, I. P. Woiwod, and J. N. Perry. 1983. Behavioural dynamics. Nature 

303:801–804.  

 

Taylor, L. R., and I. P. Woiwod. 1980. Temporal stability as a density-dependent species 

characteristic. Journal of Animal Ecology 49:209–224.  

 

Taylor, L. R., and I. P. Woiwod. 1982. Comparative synoptic dynamics. I. Relationships between 

inter- and intra-specific spatial and temporal variance/mean population parameters. Journal of 

Animal Ecology 51:879–906.  

 

Taylor, L. R., I. P. Woiwod, and J. N. Perry. 1978. The density-dependence of spatial behaviour 

and the rarity of randomness. Journal of Animal Ecology 47:383–406.  

 

Taylor, R. A. J. 1981a. The behavioural basis of redistribution. II. Simulations of the Δ-model. 

Journal of Animal Ecology 50:587–604.  

 

Taylor, R. A. J. 1981b. The behavioural basis of redistribution I. The Δ-model concept. Journal of 

Animal Ecology 50:573–586.  

 

Tweedie, M. C. K. 1984. An index which distinguishes between some important exponential 

families. Pages 579–604 in J. K. Ghosh & J. Roy, eds., Statistics: Applications and New 

directions. Proceedings of the Indian Statistical Institute Golden Jubilee International Conference. 

Indian Statistical Institute, Calcutta.  

 

White, E. P., K. M. Thibault, and X. Xiao. 2012. Characterizing species abundance distributions 

across taxa and ecosystems using a simple maximum entropy model. Ecology 93:1772–1778.  

 



21 

 

 

Xiao, X., E. P. White, M. B. Hooten, and S. L. Durham. 2011. On the use of log-transformation 

vs. nonlinear regression for analyzing biological power laws. Ecology 92:1887–1894.  

 

Yenni, G. M. 2013. Self-limitation as an explanation for species’ relative abundances and the 

long-term persistence of rare species. All Graduate Theses and Dissertations. Paper 1958.   



22 

 

 

Table 2 – 1. Summary of the mean-variance relationships constructed from sampling the feasible 

sets of partitions or compositions, as well as empirical TL relationships.  

 Significance 

at α = 0.05 

Curvature 

at α = 0.05 

Average 

R2 

Proportion of b 

between 1 and 2 

Relationships from partitions 95.2% 8.49% 0.88 85.1% 

Relationships from compositions 98.0% 27.8% 0.93 75.0% 

Empirical TLs (spatial) 86.7% 11.1% 0.80 77.8% 

Empirical TLs (temporal) 97.1% 4.29% 0.86 88.6% 
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Figure 2 – 1. Density distribution of statistics. (A) p-values for the exponent b (B) p-values for 

the quadratic term (C) R2 of the power-law relationship on logarithmic scale (D) values of the 

exponent b. Empirical results from the spatial TLs and the temporal TLs are not qualitatively 

different and are thus pooled. The dashed vertical lines in (A) and (B) represent the significance 

level of 0.05. 
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Figure 2 – 2. Observed values plotted against average values from the feasible sets. Top panels: 

The observed variance in each (mi, si
2) pair from each empirical TL relationship plotted against 

the average value of the 1000 sij
2’s. Bottom panels: The exponent b estimated for each empirical 

TL relationship, plotted against the average among the estimates of b for the 1000 sets of (mi, sij
2) 

for each empirical relationship. Results are presented separately for partitions and for 

compositions. Pink shade in each subplot represents the 95% quantile. The diagonal lines are the 

1-to-1 line. Note that in the top panels the lower (2.5%) quantile of some (mi, si
2) pairs equals 

zero, which cannot be displayed on logarithmic scale and thus is replaced with the smallest value 

above zero among the sij
2’s (0.01565) for visualition purpose. 



25 

 

 

CHAPTER 3 

A STRONG TEST OF THE MAXIMUM ENTROPY THEORY OF ECOLOGY * 

 

Abstract 

 

The Maximum Entropy Theory of Ecology (METE) is a unified theory of biodiversity 

that predicts a large number of macroecological patterns using only information on the species 

richness, total abundance, and total metabolic rate of the community. We evaluated four major 

predictions of METE simultaneously at an unprecedented scale using data from 60 globally 

distributed forest communities including over 300,000 individuals and nearly 2000 species. 

METE successfully captured 96% and 89% of the variation in the rank distribution of species 

abundance and individual size, but performed poorly when characterizing the size-density 

relationship and intraspecific distribution of individual size. Specifically, METE predicted a 

negative correlation between size and species abundance, which is weak in natural communities. 

By evaluating multiple predictions with large quantities of data, our study not only identifies a 

mismatch between abundance and body size in METE, but also demonstrates the importance of 

conducting strong tests of ecological theories. 

 

 

 

 

 

 

 

 

*Coauthored by: Xiao, X., D. J. McGlinn, and E. P. White. (2014) A strong test of the Maximum 

Entropy Theory of Ecology. The American Naturalist in press.  
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Introduction 

 The structure of ecological communities can be quantified using a variety of 

relationships, including many of the most well-studied patterns in ecology such as the distribution 

of individuals among species (the species abundance distribution or SAD), the increase of species 

richness with area (the species area relationship or SAR), and the distributions of energy 

consumption and body size (Brown 1995; Rosenzweig 1995; McGill et al. 2007; White et al. 

2007). With the increasing consensus that these patterns are not fully independent, a growing 

number of unified theories have been proposed to identify links between the patterns and unite 

them under a single framework (e.g., Hanski and Gyllenberg 1997; Hubbell 2001; Harte 2011; 

see McGill 2010 for a review). Among these unified theories there are generally two different 

approaches, one based on processes and the other based on constraints. With the process-based 

approach, characteristics of the community are captured by explicitly modeling a few key 

ecological processes (e.g., Hanski and Gyllenberg 1997; Hubbell 2001). While this approach has 

the potential to directly establish connection between patterns and processes, it has been found 

that the same empirical patterns can result from different processes (Cohen 1968; Pielou 1975), 

and process-specific parameters are often hard to obtain (Hubbell 2001; Jones and Muller-Landau 

2008). Alternatively, the constraint-based approach suggests that many macroecological patterns 

are emergent statistical properties arising from general constraints on the system, while processes 

are only indirectly incorporated through their effect on the constraints (e.g., Harte 2011; Locey 

and White 2013). This approach attempts to provide a general explanation of the observed 

patterns that does not rely on specific processes, which allows predictions to be made with little 

detailed information about the system. 

One of the newest and most parsimonious constraint-based approaches is the Maximum 

Entropy Theory of Ecology (METE; Harte et al. 2008; Harte et al. 2009; Harte 2011). METE 

adopts the Maximum Entropy Principle from information theory, which identifies the most likely 
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(least biased) state of a system given a set of constraints (Jaynes 2003). Assuming that the 

allocation of individuals and energy consumption within a community is constrained by three 

state variables (total species richness, total number of individuals, and total energy consumption), 

METE makes predictions for the SAD as well as multiple patterns related to energy use. Spatial 

patterns such as the SAR and the endemics area relationship can also be predicted with an 

additional constraint on the area sampled (Harte et al. 2008; Harte et al. 2009; Harte 2011). 

METE is one of the growing number of theoretical approaches that attempt to synthesize 

traditionally distinct areas of macroecology dealing with the distributions of individuals and the 

distributions of energy and biomass (Dewar and Porté 2008; Morlon et al. 2009; O’Dwyer et al. 

2009), and thus provides a very general characterization of the structure of ecological systems. 

With no specific assumptions about biological processes, it can potentially be applied to any 

community where the values of the state variables can be obtained.  

 Previous studies have evaluated the performance of METE with separate datasets for 

different patterns and have shown that METE generally provides good characterizations of these 

patterns across geographical locations and taxonomic groups (Harte et al. 2008; Harte et al. 2009; 

Harte 2011; White et al. 2012a; McGlinn et al. 2013). However, these tests are relatively weak as 

they focus on one pattern at a time (McGill 2003). As a unified theory with multiple predictions, 

METE allows stronger tests to be made by testing the ability of the theory to characterize multiple 

patterns simultaneously for the same data (McGill 2003; McGill et al. 2006). In this study, we 

conduct a strong test of the non-spatial predictions of METE using data from 60 globally 

distributed forest communities to simultaneously evaluate four predictions of the theory (Fig. 3 – 

1) including the SAD (the distribution of individuals among species) and energetic analogs of  the 

individual size distribution (ISD; the distribution of body size among individuals regardless of 

their species identity) (Enquist and Niklas 2001; Muller-Landau et al. 2006), the size-density 

relationship (SDR; the correlation between species abundance and average individual size within 
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species) (Cotgreave 1993), and the intraspecific individual size distribution (iISD; the distribution 

of body size among individuals within a species) (Gouws et al. 2011). Our analysis shows mixed 

support for METE across its four predictions, with METE successfully capturing the variation in 

some patterns while failing to do so for other. We discuss the ecological implications of our 

findings, as well as the importance of conducting strong multi-pattern tests in the evaluation of 

ecological theories.  

 

Materials and Methods 

 

1. Predicted patterns of METE 

 METE assumes that allocation of individuals and energy consumption within a 

community is constrained by three state variables: species richness (S0), total number of 

individuals (N0), and total metabolic rate summed over all individuals in the community (E0) 

(Harte et al. 2008; Harte et al. 2009; Harte 2011). Define R(n, ε) as the joint probability that a 

species randomly picked from the community has abundance n and an individual randomly 

picked from such a species has metabolic rate between (ε, ε +Δε), two constraints are then 

established on the ratio between the state variables:  

∑ ∫ 𝑑𝜀 ∙ 𝑛𝑅(𝑛, 𝜀) =
𝐸0

𝜀=1

𝑁0
𝑛=1

𝑁0

𝑆0
                    (1) 

which represents the average abundance per species, and  

∑ ∫ 𝑑𝜀 ∙ 𝑛𝜀𝑅(𝑛, 𝜀) =
𝐸0

𝜀=1

𝑁0
𝑛=1

𝐸0

𝑆0
                (2) 

which represents the average total metabolic rate per species. Note that the lower limit of 

individual metabolic rate is set to be 1, and all measures of metabolic rate are rescaled 

accordingly. 

The forms of the four macroecological patterns that METE predicts can then be derived 

from R(n, ε) (see Harte 2011 and Appendix E for detailed derivation) and are given by the 
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following four equations. SAD takes the form  

Φ(𝑛) ≈
1

𝐶𝑛
𝑒−(𝜆1+𝜆2)𝑛              (3) 

which is an upper-truncated Fisher’s log-series distribution. Here λ1 and λ2 are Lagrange 

multipliers obtained by applying the Maximum Entropy Principle with respect to the constraints, 

and C is the proper normalization constant. The Individual-level Energy Distribution (which is 

the energetic equivalent of the ISD) takes the form 

Ψ(𝜀) =
𝑆0

𝑁0𝑍
∙

𝑒−𝛾

(1−𝑒−𝛾)2 ∙ (1 − (𝑁0 + 1)𝑒−𝛾𝑁0 + 𝑁0𝑒−𝛾(𝑁0+1))      (4) 

where γ = λ1+ λ2∙ε. Conditioned on abundance n, the Species-level Energy Distribution (which is 

the energetic equivalent of the iISD) is given by  

Θ(𝜀|𝑛) =
𝑛𝜆2𝑒−𝜆2𝑛𝜀

𝑒−𝜆2𝑛−𝑒−𝜆2𝑛𝐸0
         (5) 

which is an exponential distribution with parameter λ2n. The expected value of the iISD Θ(ε|n) 

then gives the Average Species Energy Distribution (which is the energetic equivalent of the 

SDR), i.e., the expected average metabolic rate (size) for individuals within a species with 

abundance n: 

𝜀(̅𝑛) =
1

𝑛𝜆2(𝑒−𝜆2𝑛−𝑒−𝜆2𝑛𝐸0)
∙ [𝑒−𝜆2𝑛(𝜆2𝑛 + 1) − 𝑒−𝜆2𝑛𝐸0(𝜆2𝑛𝐸0 + 1)]       (6) 

It should be noted that this derivation shows that the iISD and the SDR are closely related to one 

another since the SDR is the expectation of the iISD. As a result, the two patterns are expected to 

yield similar fits to the theory and provide similar insights into its performance. 

 

2. Data 

 METE predicts the iISD to be an exponential distribution (Eqn 5; also see Fig. 3 – 1D) 

where the smallest size class is the most abundant, regardless of species identity or abundance. 

However, most animal species exhibit interior modes of adult body size (e.g., Koons et al. 2009; 

Gouws et al. 2011; but see Harte 2011) and large variation in minimum (and maximum) body 
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size among species associated with these modal values (Gouws et al. 2011). In other words, the 

body sizes of conspecifics are clustered around some intermediate value, while individuals that 

are much larger or smaller are rare. Consequently, assembling all individuals across species in 

such communities often yields multimodal ISD (Thibault et al. 2011), as opposed to the 

monotonically decreasing relationship predicted by METE (Eqn 4; also see Fig. 3 – 1B). Thus 

animal communities are expected a priori to violate two of the predictions of METE. Therefore, 

to ensure that the performance of METE was not trivially rejected because of the life history trait 

of determinate growth, in our analysis we focused exclusively on trees, which are known to have 

iISDs (Condit et al. 1998b) and ISDs (Enquist and Niklas 2001; Muller-Landau et al. 2006) that 

are well characterized by monotonically declining distributions and which arguably have the 

greatest prevalence of high quality individual level size data among indeterminately growing 

taxonomic groups. 

We compiled forest plot data from previous publications, publicly available databases, 

and data obtained through personal communication (Table 3 – 1). All plots have been fully 

surveyed with size measurement for all individuals above plot-specific minimum thresholds. For 

those plots where surveys have been conducted multiple times, we adopted data from the most 

recent one unless otherwise specified (see Table 3 – 1). We excluded records of ferns, palms, and 

herbs, if they existed. Individuals that were dead, not identified to species/morphospecies, and/or 

missing size measurements were excluded. Individuals with size measurements below or equal to 

the designated minimum thresholds were excluded as well, because it is unclear whether these 

size classes were thoroughly surveyed. Overall our analysis encompassed 60 plots that were at 

least 1 ha in size and had a richness of at least 14 (Table 3 – 1), with 1943 species/morphospecies 

and 379022 individuals in total.   
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3. Analyses 

The scaling relationship between diameter and metabolic rate can be described with good 

approximation by metabolic theory as 𝐵 ∝ 𝐷2 ∙ 𝑒−𝐸/𝑘𝑇, where B is metabolic rate, D is diameter, 

T is temperature, E is the activation energy, and k is the Boltzmann’s constant (West et al. 1999; 

Gillooly et al. 2001). Assuming that E is constant across species and T is constant within a 

community, the temperature-dependent term e-E/kT is constant within a community, and can be 

dropped when the metabolic rate of individuals are rescaled. We thus used (D/Dmin)2 as the 

surrogate for individual metabolic rate, where Dmin is the diameter of the smallest individual in 

the community, which sets the minimal individual metabolic rate to be 1 following METE’s 

assumption (see Eqn 2). For individuals with multiple stems, we adopted the pipe model to 

combine the records, i.e., 𝐷 = √∑ 𝑑𝑖
2, where di’s were diameter of individual stems (Ernest et al. 

2009). Since metabolic rate scales as D2, the pipe model preserves the total area as well as the 

total metabolic rate for all stems combined. 

 We obtained the Lagrange multipliers λ1 and λ2 in each community with inputs S0, N0, and 

E0 (i.e., the sum over the rescaled individual metabolic rates) (see Appendix E). Predictions for 

the four ecological patterns were obtained from Eqns 3-6 and further transformed to facilitate 

comparison with observations. For the SAD and the ISD, we converted the predicted probability 

distributions (Eqns 3 & 4) to rank distributions of abundance (i.e., abundance at each rank from 

the most abundant species to the least abundant species) and size (i.e., scaled metabolic rate at 

each rank from the largest individual to the smallest individual across all species) (Harte et al. 

2008; Harte 2011; White et al. 2012a), which were compared with the empirical rank 

distributions of abundance and size. For the SDR, predicted average metabolic rate was obtained 

from Eqn 6 for species with abundance n, which was compared to the observed average metabolic 

rate for that species. For the iISD, we converted the predicted exponential distribution (Eqn 5) 
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into a rank distribution of individual size for each species, and compared the scaled metabolic rate 

predicted at each rank to the observed value. 

The explanatory power of METE for each pattern was quantified using the coefficient of 

determination R2, which was calculated as  

𝑅2 = 1 − ∑ [log10(𝑜𝑏𝑠𝑖) − log10(𝑝𝑟𝑒𝑑𝑖)]2
𝑖 / ∑ [log10(𝑜𝑏𝑠𝑖) − log10(𝑜𝑏𝑠𝑖)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅]2

𝑖                (7) 

where obsi and predi were the ith observed value and METE’s prediction, respectively. Both 

observed and predicted values were log-transformed for homoscedasticity. Note that R2 measures 

the proportion of variation in the observation explained by the prediction; it is based on the 1:1 

line when the observed values are plotted against the predicted values, not the regression line. 

Thus it is possible for R2 to be negative, which is an indication that the prediction is worse than 

taking the average of the observation.  

While R2 between predicted and observed values provides an intuitive measure of the 

predictive power of the theory, it ignores the variation that can arise from random sampling even 

when the predicted distribution is valid. To address this issue, we conducted a bootstrap analysis, 

where we drew 500 random samples from the predicted distribution for each pattern (Eqn 3 for 

SAD, Eqn 4 for ISD, Eqn 5 for SDR and iISD), and examined the fit of the theory to the 

bootstrap samples using both R2 and the Kolmogorov-Smirnov (K-S) statistic (see Appendix F for 

details). If METE fits the empirical data as well as it fits the bootstrap samples, then the theory 

matches the data and the residual variation is consistent with random sampling. If instead METE 

fits the bootstrap samples better than the empirical data, it indicates that there are meaningful 

deviations of empirical data from the theory’s predictions. By comparing the fits to empirical data 

to those from data simulated from the theory, this analysis provides additional insights into 

patterns like the SAD that are expected to be well fit by many theories (Connolly et al. 2009; 

Locey and White 2013) and into patterns like the iISD where large amounts of variation about the 

predicted values may be expected due to sampling.  
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 Python code to replicate our analyses together with a processed subset of datasets is 

deposited in the Dryad Digital Repository: http://dx.doi.org/10.5061/dryad.5fn46 (Xiao et al. 

2014). Data included in the deposit are specifically designed for the replication of our analyses, 

and may lack spatial/temporal components or other useful information in the original data. 

Readers interested in using the data for purposes other than replicating our analyses are advised to 

obtain the raw data from the original sources.   

 

Results 

 The results for all forest plots combined are summarized in Fig. 4 – 2, with observations 

plotted against predictions for each macroecological pattern. METE provides excellent 

predictions for the SAD (R2 = 0.96) and the ISD (R2 = 0.89), though the largest size classes 

deviate slightly but consistently in the ISD. However, the SDR (R2 = -2.24) and the iISD (R2 = 

0.15) are not well characterized by the theory. 

 Further examination of the four macroecological patterns within each community 

confirms METE’s ability to consistently characterize the SAD (all R2 values > 0.60, 59/60 R2 

values > 0.8) and the ISD (all R2 values > 0.48, 49/60 R2 values > 0.8), as well as its inadequacy 

in characterizing the SDR (all R2 values below zero) and the iISD (maximal R2 = 0.30, 49/60 R2 

values < 0). Results from bootstrap analysis (Appendix F) are also largely consistent with the 

direct interpretation of the goodness of fit statistics. METE provides comparable characterization 

for the empirical and the bootstrap SADs in most communities, while its fit is consistently worse 

to the empirical SDRs and the iISDs than to the bootstrap samples (Fig. F – 2). For the ISD, 

however, the analysis reveals that METE characterizes bootstrap samples consistently better than 

its fit to empirical data (Fig. F – 2), which implies that the empirical ISD significantly deviates 

from METE’s prediction despite the theory’s ability to capture the general shape of the pattern 

(Fig. 4 – 2B). This is consistent with model comparison in Appendix G where we show that 

http://dx.doi.org/10.5061/dryad.5fn46
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alternative models provide a better fit to the distribution (Table G – 1).   

  

Discussion 

 Macroecological theories increasingly attempt to make predictions across numerous 

ecological patterns (McGill 2010), by either directly modeling ecological processes or imposing 

constraints on the system. Among the constraint-based theories, METE is unique in that it makes 

simultaneous predictions for two distinct sets of ecological patterns, synthesizing traditionally 

separate areas of macroecology dealing with distributions of individuals and distributions related 

to body size and energy use (see also Dewar and Porté 2008; Morlon et al. 2009; O’Dwyer et al. 

2009). Using only information on the species richness, total abundance, and total energy use as 

inputs, METE attempts to characterize various aspects of community structure without additional 

tunable parameters or assumptions, making it one of the most parsimonious of the current unified 

theories.   

Our analysis shows that METE accurately captures the general shape of the SAD 

(allocation of individuals among species) and ISD (allocation of energy/biomass among 

individuals) within and among 60 forest communities (Fig. 4 – 2A, B). The SAD and the ISD are 

among the most well-studied patterns in ecology, and numerous models exist for both patterns. 

For instance, with metabolic theory and demographic equilibrium models, Muller-Landau et al. 

(2006) identified four possible predictions for the ISD under different assumptions of growth and 

mortality rates. For the SAD more than twenty models have been proposed (Marquet et al. 2003; 

McGill et al. 2007), ranging from purely statistical to mechanistic.  

Our study demonstrates METE’s high predictive power for these two patterns, but it does 

not imply that it is the best model when each pattern is considered independently. Indeed, our 

results reveal a consistent departure of individuals in the largest size class from the ISD predicted 

by METE (Fig. 4 – 2B), which may result from mortality unrelated to energy use (Muller-Landau 
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et al. 2006). Bootstrap analysis (Appendix F) further confirms that such deviation is more severe 

than expected from the effect of random sampling alone. The discrepancy between the high R2 of 

the ISD both within and across communities, and the seemingly poor fit of the pattern revealed by 

bootstrapping, results from the two different ways that goodness of fit is evaluated by the two 

analyses. While METE is able to predict the rank size of individuals (Fig. 4 – 2B) with high 

accuracy (illustrated by the high R2 between predicted and observed values), the empirical ISDs 

are still significantly different from the predicted distribution (illustrated by higher deviation of 

empirical data from the predicted form when compared to bootstrap samples). Indeed, while 

METE has been shown to frequently outperform the most common model of the SAD (the 

lognormal) for a variety of taxonomic groups including plants (White et al. 2012a), model 

comparisons for the ISD using AIC suggest that the maximum likelihood Weibull distribution 

(one of the distributions for tree diameter in Muller-Landau et al. 2006) almost always 

outperforms METE (though METE’s performance is comparable to that of the other two 

distributions, the exponential and the Pareto; see Appendix G). Quantitatively comparing theories 

that make multiple predictions is challenging and there is no general approach for properly 

comparing models that make different numbers of predictions. When comparing general theories 

to single prediction models with multiple tunable parameters it is not surprising that theories such 

as METE fail to provide the best quantitative fit (White et al. 2012b). However, as a constraint-

based unified theory, METE’s strength lies in its ability to link together ecological phenomena 

that were previously considered distinct, and to make predictions based on first principles with 

minimal inputs. The general agreement between METE’s predictions and the observed SAD and 

ISD (as measured by the R2 for the rank distributions) supports the notion that the majority of 

variation in these macroecological patterns can be characterized by variation in the state variables 

S0, N0, and E0 alone (Harte 2011; Supp et al. 2012; White et al. 2012a).  

 While METE performs well in characterizing the SAD and ISD, it performs poorly when 
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predicting the distribution of energy at the species level (Fig. 4 – 2C, D). This is not that 

surprising given that the iISD and the SDR (which is the expectation of the iISD) provide a more 

detailed perspective on the community structure by examining the intercorrelation of abundance 

and size. The deviations of the empirical patterns from the predictions reveal a mismatch between 

the predicted metabolic rate of individuals and their species’ abundances. METE predicts a 

monotonically decreasing relationship between species abundance and average intraspecific 

metabolic rate, i.e., species with higher abundance are also smaller in size on average and are 

more likely to contain smaller individuals (Eqns 5, 6, Fig. 4 – 1C). Evaluating the total (instead of 

average) intraspecific metabolic rate, this relationship translates roughly into Damuth’s energetic 

equivalence rule (Damuth 1981), where the total energy consumption within a species does not 

depend on species identity or abundance (Harte et al. 2008; Harte 2011). While Damuth’s rule 

has been argued to apply at global scales (Damuth 1981; White et al. 2007), our results indicate 

that it does not hold locally, in concordance with a number of previous studies (Brown and 

Maurer 1987; Blackburn and Gaston 1997; White et al. 2007).  

The consistency of our results across 60 forest communities (as well as confirmative 

evidence from a concurrent study of a single herbaceous plant community; Newman et al. 2014) 

provides strong evidence for METE’s mixed performance among the four macroecological 

patterns. However, several limitations of the study are worth noting. First, we only analyzed a 

single taxonomic group (trees). This was in part because individual level size data collected in 

standardized ways is available for a large number of tree communities, and in part based on a 

prior knowledge that the form of the ISD and the iISD (Condit et al. 1998; Enquist and Niklas 

2001; Muller-Landau et al. 2006) had a reasonable chance of being well characterized by the 

theory (see Methods). While we know that the SAD predictions of the theory perform well in 

general (White et al. 2012a), further tests are necessary to determine if the simultaneous good fit 

of the ISD predictions is supported in other taxonomic groups. There is some evidence that this 
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result holds in invertebrate communities (Harte 2011). Second, we estimated the metabolic rate of 

individuals based on predictions of metabolic theory rather than direct measurement. It is possible 

that directly measured metabolic rates could result in different fits to the theory (but see Newman 

et al. 2014, which adopts a different method to obtain metabolic rate yet reaches similar 

conclusions).  

Models and theories can be evaluated at multiple levels which yield different strengths of 

inference (McGill 2003; McGill et al. 2006), progressing from matching theory to empirical 

observations on a single pattern, to testing against a null hypothesis, to evaluating multiple a 

priori predictions, to eventually comparing between multiple competing models. With 

quantitative predictions on various ecological patterns, METE and other unified theories allow for 

simultaneous examination of multiple predictions, which provides a much stronger test compared 

to curve-fitting for a single pattern and can often reveal important insight into theories that are 

otherwise overlooked by single pattern tests (e.g., Adler 2004). As a comprehensive analysis on 

the performance of METE in predicting abundance and energy distributions in the same datasets, 

our study demonstrates the importance of moving towards stronger tests in ecology, especially 

when multiple intercorrelated predictions are available; while previous studies have shown that 

METE does an impressive job characterizing a single pattern (White et al. 2012a; McGlinn et al. 

2013), concurrently evaluating all predictions of the theory identifies a slight yet consistent 

discrepancy between the observed and the predicted size distribution, as well as a mismatch 

between species’ abundance and individual size. 

The fact that METE fails to provide good characterization of all four patterns of 

community structure and performs more poorly than alternative models in some cases can be 

interpreted in two ways. First, the aspects of community structure that are poorly characterized by 

the theory may be more adequately characterized by explicitly modeling ecological processes. 

For example, O’Dwyer et al. (2009) has developed a model that incorporates individual 
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demographic rates of birth, death, and growth, which likewise yields predictions of abundance 

and body size distributions. It is worth noting, however, that the process-based approach and the 

constraint-based approach do not have to be mutually exclusive. While O’Dwyer et al. (2009) 

suggested that size-related patterns may reflect ecological processes, the agreement between their 

model and METE in the predicted SAD (both log-series), as well as METE’s performance for the 

ISD, support the idea that information in the underlying processes can be summarized in 

constraints alone for some macroecological patterns. Alternatively, the constraint-based approach 

may be sufficient in characterizing patterns of abundance and of body size, but the current form 

of METE may be incorrect. Specifically, the limitations revealed in our analyses may be 

remedied by either relaxing the current constraints to remove the implicit negative correlation 

between species-level average body size and abundance (Fig. 4 – 1C) from the theory, or by 

adding additional constraints to the system so that energetic equivalence among species no longer 

holds (Harte and Newman 2014). While the success of METE in characterizing the general shape 

of the SAD and the ISD adds to the growing support for the constraint-based approach for 

studying macroecological patterns, further work is clearly needed to develop unified theories for 

community structure whether they are based on specific biological processes or emergent 

statistical properties.  
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Table 3 – 1. Summary of datasets. 

Dataset Description 

Area of 

Individual 

Plots (ha) 

Number 

of Plots 

Survey 

Year 
References 

Serimbu Tropical rainforest 1 2 19951 1, 2, 3, 4 

La Selva Tropical wet forest 2.24 5 2009 5, 6 

ACA 

Amazon 

Forest 

Inventories 

Tropical moist forest 1 1 2000-2001 7 

BCI Tropical moist forest 50 1 2010 8, 9, 10 

DeWalt 

Bolivia 

forest plots 

Tropical moist forest 1 2 N/A 11 

Lahei Tropical moist forest 1 3 1998 3, 4, 12, 13 

Luquillo Tropical moist forest 16 1 1994-19962 14, 15 

Sherman Tropical moist forest 5.96 1 1999 16, 17, 18 

Cocoli Tropical moist forest 4 1 1998 16, 17, 18 

Western 

Ghats 

Wet evergreen / moist / 

dry deciduous forests 
1 34 1996-1997 19 

UCSC 

FERP 

Mediterranean mixed 

evergreen forest 
6 1 2007 20 

Shirakami Beech forest 1 2 2006 3, 4, 21 

Oosting Hardwood forest 6.55 1 1989 22, 23 

North 

Carolina 

forest plots 

Mixed hardwoods / pine 

forest 
1.3 – 5.65 5 1990-19933 24, 25, 26 

1Kohyama et al. (2001) 2Kohyama et al. (2003) 3Lopez-Gonzalez et al. (2009) 5Lopez-Gonzalez 

et al. (2011) 5Baribault et al. (2011) 6Baribault et al. (2012) 7Pitman et al. (2005) 8Condit (1998a) 

9Hubbell et al. (2005) 10Hubbell et al. (1999) 11DeWalt et al. (1999) 12Nishimura et al. (2006) 

13Nishimura and Suzuki (2001) 14Zimmerman et al. (1994) 15Thompson et al. (2002) 16Condit 

(1998b) 17Condit et al. (2004) 18Pyke et al. (2001) 19Ramesh et al. (2010) 20Gilbert et al. (2010) 

21Nakashizuka et al. (2003) 22Reed et al. (1993) 23Palmer et al. (2007) 24McDonald et al. (2002) 

25Peet and Christensen (1987) 26Xi et al. (2008) 

                                                      
1 One plot has a more recent survey in 1998, however it lacks species ID. 
2 We chose Census 2 because information for multiple stems is not available in Census 3, and the 

unit of diameter is unclear in Census 4. Data from both parts a and b are used. 
3 We chose survey individually for each plot based on expert opinion to minimize the effect of 

hurricane disturbance. 
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Figure 3 – 1. An illustration of the four patterns with data from Barro Colorado Island. (A) Rank-

abundance distribution; (B) Individual size distribution (ISD); (C) Size-density relationship 

(SDR); (D) Intraspecific individual size distribution (iISD) of the most abundant species, 

Hybanthus prunifolius. Grey dots or bars in each panel represent empirical observations and 

magenta curve represents METE’s prediction. 
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Figure 3 – 2. METE’s predictions plotted against empirical observations across 60 communities. 

(A) SAD (each data point is the abundance of a species at a single rank in one community); (B) 

ISD (each data point is the metabolic rate of an individual at a single rank in one community); (C) 

SDR (each data point is the average metabolic rate within one species in one community); (D) 

iISD (each data point is the metabolic rate of an individual at a single rank belonging to a specific 

species in one community). The diagonal black line in each panel is the 1:1 line. The points are 

color-coded to reflect the density of neighbouring points, with warm (red) colors representing 

higher densities and cold (blue) colors representing lower densities. The inset reflects the 

distribution of R2 among 60 communities from negative (left) to 1 (right). 
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CHAPTER 4 

DIRECT COMPARISON OF CONSTRAINT- AND PROCESS-BASED THEORIES USING 

MULTIPLE PATTERNS * 

 
Abstract 

Ecological patterns arise from the interplay of many different processes, and yet the emergence of 

consistent phenomena across a diverse range of ecological systems suggests that many patterns 

may in part be determined by statistical or combinatorial constraints. Differentiating the extent to 

which patterns in a given system are determined statistically, and where this description breaks 

down and we require explicit ecological processes, has been difficult because methods for 

comparing predictions across multiple patterns simultaneously are poorly developed. We 

addressed this challenge by directly comparing a constraint-based theory (Maximum Entropy 

Theory of Ecology; METE) and a process-based theory (size-structured neutral theory; SSNT) 

across multiple ecological communities, formulating both theories to predict a single joint 

distribution. SSNT consistently outperformed METE in characterizing this joint distribution 

among 60 forest communities. This suggests that, as currently formulated, the demographic 

processes in SSNT provide better predictions than the constraints in METE when evaluating a 

suite of patterns simultaneously. This approach provides a first step towards differentiating 

between process- and constraint-based models of ecological systems and a general approach for 

comparing ecological theories that make predictions for multiple patterns. 

 

 

 

 

* Coauthored by: Xiao, X., J. P. O’Dwyer, and E. P. White. 
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Introduction 

 Ecological systems can be characterized by a variety of macroecological patterns 

occurring across a broad array of ecosystems and taxonomic groups (Brown 1995). These include 

some of the most well-studied patterns in ecology, such as the uneven distribution of individuals 

among species (the species abundance distribution or SAD; Fisher et al. 1943; McGill et al. 2007) 

and the allocation of body size among individuals (the individual size distribution or ISD; Enquist 

and Niklas 2001; Muller-Landau et al. 2006). In many cases, the same overall shape for a given 

pattern occurs across multiple ecological systems, and there are two distinct hypotheses to explain 

this universality. Ecological systems exhibiting the same patterns could all be governed by similar 

fundamental processes, operating in similar ways. For example, the theory of island biogeography 

(MacArthur and Wilson 1967) predicts that the species richness on islands is determined by the 

equilibrium between immigration and extinction, and neutral theory (Hubbell 2001) predicts that 

community-level diversity patterns arise from individual-level demographic processes. The 

alternative hypothesis is that general patterns may arise as emergent statistical phenomena from a 

set of numerical constraints on the systems, while processes operate only indirectly through their 

effects on the constraints. For example, recent applications of the Maximum Entropy Principle to 

ecology (e.g., Shipley et al. 2006; Dewar and Porté 2008; Harte 2011) and the feasible set (Locey 

and White 2013) rely not on the operation of specific processes but instead on the idea that many 

possible combinations of processes and states of the system produce similar empirical patterns. 

 Understanding even the broad categories of mechanism underlying ecological patterns is 

difficult. There are often multiple models based on a variety of different mechanisms that make 

similar or even identical predictions. For example, more than 20 models exist for the SAD all 

predicting a realistic hollow-curve shape, but with mechanisms ranging from population 

dynamics to resource partitioning to purely statistical (McGill et al. 2007). While it is relatively 

easy for multiple models to make good predictions for a single pattern such as the SAD (Frank 
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2014), stronger tests of model predictions can be obtained by evaluating predictions for multiple 

patterns (McGill 2003; McGill et al. 2006). Unified theories that unite multiple patterns under a 

single theoretical framework (McGill 2010) thus allow for stronger tests to be conducted on the 

underlying mechanisms. 

We examine the performance of two unified theories, the Maximum Entropy Theory of 

Ecology (METE; Harte 2011) and the size-structured neutral theory (SSNT; O’Dwyer et al. 

2009). METE adopts the constraint-based view of community structure, where the ecological 

patterns arise as the most likely (least biased) state with the assumption that the patterns are 

constrained by species richness, the total number of individuals, and the total energy consumption 

of the community. SSNT is a process-based model where the patterns arise as the steady state of a 

dynamic system governed by birth, death, and growth in size of individuals. Both theories make 

predictions for an array of ecological patterns including patterns of biodiversity and patterns of 

biomass and energy use, making these two of the most comprehensive unified theories (see also 

Dewar and Porté 2008; Morlon et al. 2008). To provide a general comparison between theories 

with multiple predictions, we show that the predictions of each theory can be summarized in a 

comprehensive joint distribution that encapsulates all of the predicted patterns. This allows for a 

direct comparison of the two theories using a likelihood-based method.  

We compared the predictions of the two theories using data from 60 forest communities. 

While both models make identical predictions for the SAD, indicating that either common 

demographic processes or statistical constraints provide equally accurate explanations for this 

pattern, we found that when evaluated using the likelihood of the joint distribution, SSNT 

consistently outperformed METE. This implies the given constraints are not sufficient to describe 

the overall distributions of individuals and energy consumption in these communities, and that 

ecological processes provide additional meaningful information. A detailed examination of 

individual patterns showed that the two theories differ primarily in their predictions for the 
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relationship between individual body size within a species and that species’ abundance. These 

results provide insight into the current state of the process-based versus constraint-based 

approaches to understanding ecological systems and represent one of the first attempts at strong 

tests of macroecological theories where the performance of a theory is compared not to a null 

model but to a meaningful alternative, using multiple predictions, and multiple datasets 

simultaneously. 

 

Methods 

 

1. Theoretical frameworks 

 METE proposes that the allocations of individuals and of body size within a community 

are regulated by three state variables (Harte 2011): species richness S, total abundance N, and 

total metabolic rate within the community EMETE (the subscript is added to distinguish EMETE from 

its counterpart in SSNT with a potentially different unit; see below). In contrast, SSNT introduces 

a size component to the original neutral theory (Hubbell 2001), with individuals in the 

community going through the processes of birth, death, and growth in size (O’Dwyer et al. 2009). 

The structure of the community in SSNT is governed by the forms and values of the demographic 

parameters b (birth rate), m (mortality rate), and g (rate of growth). Our study adopts the simplest 

assumption that all three demographic parameters are constant for all individuals regardless of 

their species identities or body size (i.e., the completely neutral case in O’Dwyer et al. 2009). 

Note that while the assumption of b and m being constant holds regardless of the unit used for 

body size, g can only be constant at one particular scale (e.g., constant growth rate measured in 

diameter does not translate into constant growth rate measured in area or volume). 

 Both theories predict the same set of four major patterns: the SAD (distribution of 

individuals among species), the ISD (distribution of body size among individuals regardless of 

their species identity), the size-density relationship (SDR; relationship between species 
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abundance and average body size within species) (Cotgreave 1993), and the intraspecific 

individual size distribution (iISD; distribution of body size among individuals within a given 

species) (Gouws et al. 2011). However, their predictions for the three patterns of body size are 

not necessarily in the same unit. In METE, body size has the same unit as EMETE, or metabolic rate 

(B), which scales with good approximation as the square of diameter (D): 𝐵 ∝ 𝐷2 (West et al. 

1999). In contrast, body size in predictions of SSNT has the unit arbitrarily defined by the 

assumption on growth rate g. Here we adopt the most intuitive assumption that g is constant with 

respect to diameter D:  𝑔(𝐷) = 𝑑𝐷
d𝑡⁄ = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. In other words, the growth rate measured as 

the increase in diameter is constant for all individuals regardless of their size, leading to 

predictions in unit of D for SSNT. To adequately compare the performance of the theories, we 

converted the ISD and the iISD in METE also to predictions of d with the transformation 

𝑓(𝐷) = 𝑔(𝐵) |
𝑑

𝑑𝐷
𝐵| = 𝑔(𝑑𝐷2) ∙ 2𝐷 

where f(D) is the distribution in unit of D and g(B) is the original distribution predicted by METE 

in unit of B (Casella and Berger 2001; Stegen and White 2008). Since the SDR predicted by 

METE does not have a simple analytical form in unit of d, we converted SSNT’s prediction to 

unit of B (D2) instead.  

 Table 4 – 1 summarizes the predicted forms of the four patterns in METE and SSNT. 

Parameters λ1 and λ2 in METE are Lagrange multipliers (Jaynes 2003) determined by the state 

variables S, N and EMETE (see Harte 2011 and Appendix E for detailed derivation).  Parameters in 

SSNT in the completely neutral case are ratios of the demographic parameters, b/m and m/g, 

which can be calculated with equations 
𝑁

𝑆
= −

𝑏
𝑚⁄

1−𝑏
𝑚⁄

log (1 −
𝑏

𝑚
) and 

𝑚

𝑔
=

𝑁

𝐸SSNT−𝑁
, where ESSNT 

is the summed diameter across individuals in the community (see Appendix H for derivation). 

Thus the predictions of SSNT under the completely neutral assumption are also fully determined 
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by the three variables S, N, and ESSNT, though they are not assumed to constrain the system like 

state variables in METE. Note that while METE predicts a strong negative correlation between 

species abundance and average body size within species (see ΘMETE(D|n) and 𝜀M̅ETE(𝑛) in Table 

4 – 1), SSNT predicts that there is no relationship between the two, leading to an iISD that takes 

the same form of the ISD (i.e., individuals in each species are a random sample from the 

community) and SDR that is constant independent of abundance (ΘSSNT(D) and 𝜀S̅SNT in Table 4 

– 1).  

 We define the joint distribution P(n, D1, D2, …, Dn) as the probability that a species 

randomly selected from the community has abundance n, while individuals within the species 

have diameter Di’s with i ranging from 1 to n. This distribution combines all major non-spatial 

predictions of the theories, where the SAD is the marginal distribution of n with Di’s integrated 

out from P(n, D1, D2, …, Dn), the ISD is the marginal distribution of Di, and the iISD is the 

conditional distribution of Di given n.  

 For METE, where the values of Di’s depend on species abundance n (see Table 4 – 1), 

𝑃METE(𝑛, 𝐷1, 𝐷2, … , 𝐷𝑛) = ΦMETE(𝑛) ∙ ∏ ΘMETE(𝐷𝑖|𝑛)

𝑛

𝑖=1

=
1

𝐶𝑛
𝑒−(𝜆1+𝜆2)𝑛 ∏

2𝑛𝜆2𝐷𝑒−𝜆2𝑛𝐷𝑖
2

𝑒−𝜆2𝑛 − 𝑒−𝜆2𝑛𝐸METE

𝑛

𝑖=1

 

where C is the normalization constant for the SAD (see Table 4 – 1). 

 For SSNT, where the values of Di’s are independent of n, 

𝑃SSNT(𝑛, 𝐷1, 𝐷2, … , 𝐷𝑛) = ΦSSNT(𝑛) ∙ ∏ ΘSSNT(𝐷𝑖)

𝑛

𝑖=1

= −
1

log (1 −
𝑏
𝑚)

(
𝑏
𝑚)𝑛

𝑛
∙ ∏

𝑚

𝑔
∙ 𝑒

−
𝑚
𝑔

(𝐷𝑖−1)
𝑛

𝑖=1

 

 

2. Data 

 We focused exclusively on trees in the empirical examination of the two theories. Data 
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on tree communities consistently includes individual level size measurements allowing the 

compilation of large numbers of communities with the necessary data for evaluating the theories. 

Tree data samples all individuals of every species down to a certain minimum size. This avoids 

issues with not detecting juvenile organisms (other than those below the minimum size), which 

may bias the empirical size distributions. In addition, determinately growing organisms (e.g., 

birds and mammals) which often exhibit multimodal ISDs (Ernest 2005; Thibault et al. 2011) and 

unimodal iISDs (Koons et al. 2009; Gouws et al. 2011), whereas the ISDs (Enquist and Niklas 

2001; Muller-Landau et al. 2006) and the iISDs (Condit et al. 1998) for trees are in general 

monotonically decreasing, which is consistent with METE and SSNT’s general predictions. 

 We used data compiled for Chapter 3, which encompassed 60 forest communities 

worldwide. All communities have been fully surveyed with species identity and measurement of 

size (diameter or equivalent) for each individual no smaller than a community-specific threshold. 

If data from multiple surveys are available for one community, we adopted those from the most 

recent survey unless otherwise specified (see Table 3 – 1). We excluded individuals that were 

dead, not identified to species/morphospecies, or missing size measurements, as well as those 

with sizes below or equal to the specified threshold, since not all individuals in these size classes 

had been included in the surveys. Overall the compilation encompasses 1943 

species/morphospecies with 379022 individuals. 

 

3. Analyses 

 We applied METE and SSNT to each empirical community, and examined their abilities 

to characterize community structure. Diameter values in each community were rescaled as D = 

Doriginal / Dmin, where Dmin is the diameter of the smallest individual in the community, so that D 

has a minimal value of 1 following METE’s assumption (see Harte 2011). Multiple branches 

from the same individual were combined to determine the basal stem diameter with the pipe 
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model, which preserves the total area (metabolic rate) of the branches (Ernest et al. 2009). 

Predictions of METE and SSNT in each community were obtained with the variables S, N, and E, 

where 𝐸METE = ∑ 𝐷𝑖
2

𝑖  and 𝐸SSNT = ∑ 𝐷𝑖𝑖 .  

We first compared the general performance of the two theories with the likelihood of the 

comprehensive joint distribution P(n, D1, D2, …, Dn) in each community, then examined each of 

the four patterns individually. To quantify the predictive power of the theories, we converted the 

SAD, the ISD, and the iISD into rank values, where the abundance of species or the diameter of 

individuals were ranked from the highest to the lowest, and the value at each rank was compared 

to the theories’ predictions (White et al. 2012). For the SDR, we compared the observed average 

metabolic rate (diameter squared) within each species to those expected from the theories. The 

explanatory power of METE or SSNT for each pattern was quantified using the coefficient of 

determination R2: 

𝑅2 = 1 −
∑ [log10( 𝑜𝑏𝑠𝑖) − log10( 𝑝𝑟𝑒𝑑𝑖)]2

𝑖

∑ [log10( 𝑜𝑏𝑠𝑖) − log10( 𝑜𝑏𝑠𝑖)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅]
2

𝑖

       (14) 

where obsi and predi were the ith value of abundance or size (diameter for the ISD and the iISD, 

metabolic rate for the SDR) in the observed and predicted ranked distributions, respectively. 

Finally, we examined the empirical patterns to determine if they were significantly different from 

the theories’ predictions by bootstrap analysis (Connolly et al. 2009; Appendix F), where the 

deviation between the observed and the predicted patterns, quantified with both R2 and the 

Kolmogorov-Smirnov statistic, was compared to that for a random sample from the predictions 

(Appendix I). 

 

Results 

 The log-likelihood of the joint distribution P(n, D1, D2, …, Dn) of SSNT is higher than 

that of METE in all 60 communities (Fig. 4 – 1), implying that SSNT does a better job 



55 

 

 

characterizing the overall community structure in the allocations of individuals and of body size. 

Individual examination for each pattern (Fig. 4 – 2) shows that the two theories have almost 

identical performance in terms of the SAD, which is to be expected from the form of their 

predictions (i.e., upper-truncated maximum likelihood log-series versus untruncated maximum 

likelihood logseries; see Table 4 – 1). For the ISD, the two theories have similar predictive power 

(R2
METE = 0.89, R2

SSNT = 0.86) despite the difference in their predicted analytical forms (Table 4 – 

1), though METE tends to over predict the size of the largest individuals, while SSNT tends to 

under predict. The discrepancy of the two theories lies mainly in their predictions of the 

interaction between individual body size and species abundance. METE predicts a negative 

relationship between the average individual body size within a species and its abundance, which 

has been shown to be unrealistic in plant communities (Chapter 3; Newman et al. 2014). SSNT, 

on the other hand, predicts that there is no relationship, leading to better agreement with empirical 

data for the SDR (R2
METE = -2.24, R2

SSNT = 0.06) and the iISD (R2
METE = 0.15, R2

SSNT = 0.50), 

though substantial scatter still exists (Fig. 4 – 2). On the other hand, the bootstrap analysis 

(Appendix I) shows that the discrepancy between the theories’ predictions and the observations 

for the ISD and the iISD is almost ubiquitously higher than expected from random sampling. This 

suggests that neither METE (Fig. F – 2) nor SSNT (Fig. I – 1) with its current formulation is able 

to fully capture the observed variation in the size distributions, despite their high R2 values for the 

ISD. The discrepancy for the SDR in SSNT is less severe with the majority of the communities 

indistinguishable from random samples of the predicted pattern (Fig. I – 1), which implies that 

SSNT’s prediction of no relationship between species abundance and individual body size is 

more or less accurate. 

 

Discussion 

 The Maximum Entropy Theory of Ecology (Harte 2011) and the size-structured neutral 
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theory (O’Dwyer et al. 2009) are two of the most comprehensive unified theories in ecology, with 

predictions encompassing both patterns of biodiversity and patterns of energy consumption and 

biomass. Our study evaluated the two theories by directly comparing their performance on 

multiple patterns simultaneously. This provides a strong test of these two macroecological 

theories by confronting each with a meaningful alternative, instead of a null model, which is the 

highest level of model evaluation suggested by McGill et al. (2006). These two theories also 

represent two distinct perspectives in ecology, with METE assuming that ecological patterns can 

be determined using statistical constraints, while SSNT builds in the explicit ecological processes 

of birth, death and growth. We introduced a joint distribution that encapsulates all of the previous 

predictions of these model as marginal or conditional distributions, and showed that SSNT 

consistently outperforms METE in characterizing this overall joint distribution of biodiversity 

and body size distributions in forest communities (Fig. 4 – 1). This results mainly from the 

distinct predictions of the two theories on the relationship between species abundance and body 

size distribution within species. METE predicts that common species with high abundances are 

more likely to contain small individuals, which has been shown not to hold among plants 

(Chapter 3; Newman et al. 2014). SSNT, on the other hand, predicts no correlation between the 

two, which is in better agreement with empirical data but still far from fully capturing the 

observed variation (Fig. 4 – 2).  

 While our study has formulated METE and SSNT such that they take equivalent sets of 

variables as inputs to make predictions for the same set of patterns, they represent two different 

views on the underlying mechanisms.  As a constraint-based approach, METE applies the 

Maximum Entropy Principle (Jaynes 2003) with the constraints defined by ratios of the state 

variables S, N, and EMETE, leading to predictions arising as the most likely state of the system. 

Since METE makes no explicit assumptions on ecological processes, the processes only operate 

indirectly through their potential effects on the values of the state variables. In contrast, SSNT 
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stems from a process-based view of community structure, where patterns emerge from the 

interactions of birth, death, and growth of individuals. While predictions of SSNT in the 

completely neutral scenario can be quantified with an equivalent set of input variables (S, N, and 

ESSNT; see Methods: 1. Theoretical frameworks), they represent summary statistics for the 

demographic parameters (b, m, and g) which then directly give rise to the patterns. The fact that 

SSNT outcompetes METE suggests that the demographic processes contain meaningful 

information that helps to shape the macroecological patterns, the effect of which is not simply 

summarized in the values of the state variables alone.  

 Despite the equivalent or superior performance of SSNT compared to METE in forest 

communities among all patterns that we examined, it would be premature to reject METE as a 

general theory or its underlying constraint-based view as a potential explanation for 

macroecological patterns. Our conclusions are limited to the current formulations of the theories, 

and it is possible that improved models from either theoretical perspective could lead to changes 

in the relative strengths of the two approaches. For example, modifications to METE that 

decouple the relationship between abundance and body size could improve the relative 

performance of the constraint-based modeling approach (Harte and Newman 2014), and relaxing 

the assumption of size-independent growth and mortality may allow SSNT to better account for 

the variation of the size-related patterns (O’Dwyer et al. in prep).  

 These improvements are needed because neither METE nor SSNT is yet capable of fully 

capturing the empirical patterns evaluated here (Fig. 4 – 2, Appendix I) and elsewhere (e.g., Clark 

and McLachlan 2003; McGill et al. 2006; Newman et al. 2014). These theories are both still 

being developed, and fully characterizing a broad suite of patterns is difficult for any ecological 

theory. Our evaluation and comparison of these two unified ecological theories should help point 

the way forward for future development. 
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While the constraint-based and the process-based approaches have generally been 

adopted by distinct theories (such as METE and SSNT), they do not necessarily have to be 

mutually exclusive. The fact that the three variables S, N and ESSNT are sufficient to characterize 

the shapes for all predictions in SSNT in the completely neutral case, and that SSNT predicts the 

same form for the SAD (log-series) as METE with the same inputs (i.e., S and N), strongly 

suggest that part of the effects of the demographic processes propagate through the state 

variables. On the other hand, multiple configurations that exist for the same set of constraints can 

often be tied to (and may eventually be informed from) process-based mechanistic models 

(Haegeman and Etienne 2010). The attempts to model ecological systems completely with 

constraints or processes may thus represent two extremes of a continuous spectrum, among which 

multiple models exist that lean towards one approach or the other, yet all provide adequate 

characterization of the system if properly formulated. We look forward to future studies that 

combine new theoretical development with strong empirical tests to further elucidate the 

entangled effects of constraints versus processes in structuring ecological systems. 
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Table 4 – 1. Analytical forms of the patterns predicted by METE and SSNT with interpretations. 

Patterns METE SSNT 

SAD ΦMETE(𝑛) ≈
1

𝐶𝑛
𝑒−(𝜆1+𝜆2)𝑛 

ΦSSNT(𝑛)

= −
1

ln (1 −
𝑏
𝑚

)

(𝑏
𝑚⁄ )𝑛

𝑛
 

Interpretation: the probability that a randomly selected species has abundance n.  

Additional parameter C in ΦMETE(n) is the normalization constant. 

ISD 

ΨMETE(𝐷) =
2𝑆

𝑁𝑍
∙ 𝐷 ∙

𝑒−𝛾

(1 − 𝑒−𝛾)2
∙ 

(1 − (𝑁 + 1)𝑒−𝛾𝑁 + 𝑁𝑒−𝛾(𝑁+1)) 

ΨSSNT(𝐷) =
𝑚

𝑔
𝑒

−
𝑚
𝑔

(𝐷−1)
 

Interpretation: the probability that a randomly selected individual from the community has 

diameter between (D, D + ΔD) regardless of species identity. 

γ in ΨMETE(D) is defined as γ = λ1 + λ2∙D
2, and Z is the normalization constant. 

SDR 

𝜀M̅ETE(𝑛) =
1

𝑛𝜆2(𝑒−𝜆2𝑛 − 𝑒−𝜆2𝑛𝐸METE)

∙ [𝑒−𝜆2(𝜆2𝑛 + 1)

− 𝑒−𝜆2𝑛𝐸METE(𝜆2𝑛𝐸METE + 1)] 

𝜀S̅SNT =
2𝑔2

𝑚2
+

2𝑔

𝑚
+ 1 

Interpretation: the average individual metabolic rate within a species with abundance n.  

Note that metabolic rate scales as D2 instead of D.  

iISD ΘMETE(𝐷|𝑛) =
2𝑛𝜆2𝐷𝑒−𝜆2𝑛𝐷2

𝑒−𝜆2𝑛 − 𝑒−𝜆2𝑛𝐸METE
 

ΘSSNT(𝐷)

=
𝑚

𝑔
∙ 𝑒

−
𝑚
𝑔

(𝐷−1)
 

Interpretation: the probability that a randomly selected individual within a given species with 

abundance n has diameter between (D, D + ΔD).  
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Figure 4 – 1. Comparison of the log-likelihood (l) of the joint distribution for METE and SSNT in 

each of the 60 forest communities. The diagonal line is the one-to-one line. For better 

visualization, l is transformed to –log(-l), which is a monotonic transformation that does not 

change the position of the points with respect to the diagonal line. 
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Figure 4 – 2. Comparison of the performance of METE and SSNT for each of the four 

macroecological patterns. Each point in the subplot represents the abundance of one species in a 

community for the SAD, the diameter of one individual in a community for the ISD, the average 

metabolic rate (squared diameter) within one species in a community for the SDR, and the 

diameter of one individual from a given species in a community for the iISD. The colors 

represent density of the points, where warmer (redder) colors correspond to denser regions. The 

diagonal line represents the one-to-one line between the predicted values and the observed values. 
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CHAPTER 5 

CONCLUSION 

I explored two conceptually different types of approaches as explanations for 

macroecological patterns, one based on processes and the other on constraints. The process-based 

approaches attempt to identify the few key ecological processes driving each pattern, directly 

establishing the link between patterns and processes. Alternatively, the constraint-based 

approaches attempt to encapsulate the overall effect of all processes with a set of constraints, 

which then give rise to patterns as emergent statistical properties.  

By not explicitly modeling the processes, the constraint-based approaches do not rely on 

specific knowledge of the system and thus can be broadly applied, making them particularly 

suitable for patterns that arise across systems regulated by very different processes. My research 

shows how a constraint-based approach (the feasible set) provides a general explanation for a 

major ecological pattern, Taylor’s Law. I show that the power-law relationship between the mean 

and the variance of one or multiple populations is expected simply because the vast majority of 

possible configurations of a system under two constraints take similar forms. It adds Taylor’s 

Law to the growing list of macroecological patterns with statistical explanations, and suggests 

that similar insights may be gained for other general patterns that are observed across systems 

with different underlying processes. 

On the other hand, not all macroecological patterns can be fully explained by constraints 

alone. As the evaluation of the Maximum Entropy Theory of Ecology shows, the constraints 

currently adopted by even the most comprehensive constraint-based approach are not sufficient to 

characterize some of the patterns related to body size. Moreover, the comparison between this 

theory and size-structured neutral theory suggests that demographic processes such as birth, death 

and growth contain ecologically meaningful information not fully encapsulated in the constraints. 
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The results of my research suggest that the process- and constraint-based approaches are 

both valid explanations for macroecological patterns, with some patterns directly tied to processes 

(e.g., competitive exclusion), some patterns mainly regulated by constraints (e.g., Taylor’s Law), 

and  some patterns being somewhere in between with both processes and constraints playing a 

role. The two kinds of mechanisms may also operate at different levels as shown in my study of 

Taylor’s Law, where the power-law form of the pattern with an exponent between 1 and 2 is well-

explained by the two constraints, while the exact shape of the relationship in each system may be 

tied to system-specific characteristics beyond the constraints. Future studies that combine 

theoretical development with strong empirical evaluations are needed to further elucidate the 

roles of the processes and constraints in shaping macroecological patterns. 
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APPENDIX A: 

PERMISSION TO REPRINT CHAPTER 2 

 

Figure A – 1. Part of the Publication Agreement from The American Naturalist. Permission is 

given to reprint the work “in whole or in part, in any book, article, or other scholarly work” of 

which I am the author or editor (see highlight).   
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APPENDIX C: 

CHAPTER 2: INFORMATION ON COMPILED DATASETS 

 

Table C – 1. Summary of datasets. 

Study 

ID 

Taxon Type 

Number 

of Data 

Sets 

Number of 

Data Sets 

Included 

Reference 

1 fish spatial 1 1 Stanfield et al. 2013 

2 bacteria spatial 16 0 Kaltz et al. 2012 

3 arthropod temporal 2 2 Karban et al. 2012 

4 arthropod spatial 2 2 Hui et al. 2012 

5 arthropod spatial 3 3 Thein and Singh 2011 

7 arthropod spatial 4 4 Costa et al. 2010 

8 nematode spatial 2 0 Aminayanaba 2010 

10 arthropod spatial 1 1 Lessio and Alma 2006 

11 fungi spatial 4 0 Sallam et al. 2007 

12 arthropod spatial 2 0 Nachman 2006 

13 mammal spatial 1 0 McMahon et al. 2005 

14 arthropod spatial 1 1 Sileshi and Magongoya 2004 

15 invertebrate spatial 1 1 Clarke et al. 2002 

16 arthropod spatial 1 1 Silva et al. 2003 

17 arthropod spatial 8 0 Parker et al. 2002 

18 annelid spatial 11 6 Jiménez et al. 2001 

19 arthropod spatial 2 2 Floater 2001 
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20 arthropod spatial 1 1 Schexnayder et al. 2001 

21 mollusc spatial 2 2 

Eleutheriadis and Lazaridou-

Dimitriadou 2001 

23 mollusc spatial 1 1 Babineau 2000 

24 mollusc spatial 1 1 Staikou 1998 

25 arthropod spatial 1 1 Pahl 1969 

26 mollusc spatial 1 1 Todd 1978 

27 protist spatial 4 4 Buzas 1970 

28 plant spatial 3 3 Crawley and Weiner 1991 

29 fish spatial 1 0 

Van Damme and Hamerlynck 

1992 

30 nematode spatial 2 0 Warren and Linit 1992 

31 arthropod spatial 5 3 Rosewell et al. 1990 

32 arthropod temporal 2 0 Samways 1990 

33 Echinorhynchidae spatial 1 1 Brattery 1986 

34 nematode spatial 4 2 Wheeler et al. 1987 

35 arthropod spatial 1 1 Purrington et al. 1989 

36 invertebrate spatial 2 2 He and Gaston 2003 

37 bird temporal 1 1 Dickson et al. 1993 

38 bird temporal 1 1 Gaston and Blackburn 2000 

39 bird temporal 4 4 Holmes et al. 2012 

40 bird temporal 1 0 Sandercock 2009 

41 bird temporal 1 1 Waide 2012 

43 bird temporal 1 1 Vickery and Nudds 1984 
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44 bird temporal 1 1 Williamson 1983 

45 herp temporal 3 3 

How 1998; Thompson and 

Thompson 2005; Wilgers et 

al. 2006 

46 arthropod temporal 3 3 Anderson 2003 

47 arthropod temporal 4 4 Holmes 1997 

48 mollusc temporal 4 0 Willig and Bloch 2004 

49 arthropod temporal 37 23 Pollard et al. 1986 

50 mammal temporal 1 0 Grant 1976 

51 mammal temporal 1 0 Bestelmeyer 2007 

52 mammal temporal 16 15 Kaufman 2010 

53 mammal temporal 1 0 Merritt 1999 

54 mammal temporal 9 7 Friggens 2008 

55 mammal temporal 7 2 Stapp 2006 

56 mammal temporal 8 2 

SANParks 1989; SANParks 

1997; SANParks 2004;  

SANParks 2009 

57 plant temporal 1 0 Venable 2008 

58 plant temporal 1 0 Adler et al. 2007 

59 plant temporal 1 0 Clark and Clark 2006 

60 plant temporal 1 0 Zachmann et al. 2010 

62 mammal temporal 1 0 Ernest et al. 2009 
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Data sources include the Desert Laboratory, supported by NSF grants DEB 9419905 

(LTREB), DEB 0212782 (LTREB), and DEB 0717466 (LTREB); HBES LTER (with data on 

bird abundance at Hubbard Brook and Lepidoptera larvae abundance in northern hardwood 

forests, provided by Richard T. Holmes), a collaborative effort at the Hubbard Brook 

Experimental Forest operated and maintained by the USAD Forest Service, Northern Research 

Station, Newtown Square, PA; Jornada Basin LTER, supported by the NSF grant DEB-1235828; 

KNZ LTER, supported by the NSF Long Term Ecological Research Program; Luquillo LTER, 

supported by grants BSR-8811902, DEB 9411973, DEB 0080538, DEB 0218039, DEB 0620910 

and DEB 0963447 from NSF to the Institute for Tropical Ecosystem Studies, University of Puerto 

Rico, and to the International Institute of Tropical Forestry USA Forest Service, with additional 

support from the U.S. Forest Service (Dept. of Agriculture) and the University of Puerto Rico; 

SANParks; Sevilleta LTER, supported by the National Science Foundation Long Term 

Ecological Research program with NSF grant numbers BSR 88-11906, DEB 9411976, DEB 

0080529 and DEB 0217774; and Virginia Coast Reserve LTER, supported by NSF Grants BSR-

8702333-06, DEB 9211772, DEB 9411974, DEB 0080381 and DEB 0621014. Results in this 

study are derived from and thus a modified version of the original data. 
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APPENDIX D: 

CHAPTER 2: EXAMPLES SHOWING DISTRIBUTION WITHIN THE FEASIBLE SETS FOR 

INDIVIDUAL (Q, N) PAIRS AND DATASETS 

 

 

Figure D – 1. Examples showing the distribution within the feasible sets. Top panels: variance 

calculated for configurations sampled from the feasible sets. Bottom panels: exponent b estimated 

for (mi, sij
2) pairs generated from the feasible sets. The black vertical line in each subplot 

represents the empirical variance or b of the data from which the feasible sets are constructed. 
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APPENDIX E: 

CHAPTER 3: DERIVATIONS FOR THE EQUATIONS 

 

 The equations we adopted in our analysis (see Methods: 1. Predicted patterns of METE) 

are largely identical to those in Harte (2011), except for a few minor modifications. Below we 

briefly summarize the derivations, and derive those that are slightly different. See Harte (2011) 

for the step-by-step procedure. 

The distribution of central significance on which all other predictions are based is R(n, ε),  

the joint probability that a species randomly picked from the community has abundance n and an 

individual randomly picked from such a species has metabolic rate between (ε, ε +Δε). By 

maximizing information entropy 𝐼 = − ∑ ∫ 𝑑𝜀 ∙ 𝑅(𝑛, 𝜀)log (𝑅(𝑛, 𝜀))
𝐸0

𝜀=1

𝑁0
𝑛=1  with respect to the 

constraint on average abundance per species  

∑ ∫ 𝑑𝜀 ∙ 𝑛𝑅(𝑛, 𝜀) =
𝐸0

𝜀=1

𝑁0
𝑛=1

𝑁0

𝑆0
    (Eqn 1 in the main text; Eqn 7.2 in Harte 2011) 

and the constraint on total metabolic rate per species  

∑ ∫ 𝑑𝜀 ∙ 𝑛𝜀𝑅(𝑛, 𝜀) =
𝐸0

𝜀=1

𝑁0
𝑛=1

𝐸0

𝑆0
     (Eqn 2 in the main text; Eqn 7.3 in Harte 2011) 

as well as the normalization condition ∑ ∫ 𝑑𝜀 ∙ 𝑅(𝑛, 𝜀) =
𝐸0

𝜀=1

𝑁0
𝑛=1 1 (Eqn 7.1 in Harte 2011), R(n, ε) 

can be obtained as 

𝑅(𝑛, 𝜀) =
1

𝑍
𝑒−𝜆1𝑛𝑒−𝜆2𝑛𝜀    (Eqn 7.13 in Harte 2011) 

where the normalization constant Z is given by  

𝑍 = ∑ ∫ 𝑑𝜀 ∙ 𝑒−𝜆1𝑛𝑒−𝜆2𝑛𝜀𝐸0

𝜀=1

𝑁0
𝑛=1      (Eqn 7.14 in Harte 2011) 

With reasonable approximations, the Lagrange multipliers λ1 and λ2 are given by  

∑ 𝑒−(𝜆1+𝜆2)∙𝑛𝑁0
𝑛=1 / ∑

𝑒−(𝜆1+𝜆2)𝑛

𝑛

𝑁0
𝑛=1 ≈

𝑁0

𝑆0
      (Eqn 7.26 in Harte 2011)           

𝜆2 ≈
𝑆0

𝐸0−𝑁0
    (Eqn 7.27 in Harte 2011) 
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Derivation for equations not found in Harte (2011):  

 

1. Species-abundance distribution (SAD; Eqn 3 in main text) 

From Eqn 7.23 in Harte (2011):  

Φ(𝑛) = ∫ 𝑑𝜀 ⋅ 𝑅(𝑛, 𝜀) =
𝑒−(𝜆1+𝜆2)𝑛−𝑒−(𝜆1+𝐸0𝜆2)𝑛

𝜆2𝑍𝑛

𝐸0

𝜀=1
        (Eqn E1) 

Note that this distribution is properly normalized, i.e., ∑ Φ(𝑛)𝑁0
𝑛=1 = 1. 

Given that E0 is large, the second term in the numerator, 𝑒−(𝜆1+𝐸0𝜆2)𝑛 , is much smaller than the 

first term 𝑒−(𝜆1+𝜆2)𝑛. Dropping the second term, 

Φ(𝑛) ≈
𝑒−(𝜆1+𝜆2)𝑛

𝜆2𝑍𝑛
             (Eqn E2) 

This approximation leads to the familiar Fisher’s log-series distribution, upper-truncated at N0. 

However, the form in Eqn E2 is not properly normalized, which can cause problems when the 

SAD is converted to the RAD (rank-abundance distribution). To ensure the proper normalization 

of Ф(n), we replace the constant term in the Eqn E2, λ2Z, with constant C, where 

𝐶 = ∑
𝑒−(𝜆1+𝜆2)𝑛

𝑛

𝑁0
𝑛=1           (Eqn E3) 

 

2. The energetic analog of the individual size distribution (ISD; Eqn 4 in main text) 

From Eqn 7.6 in Harte (2011): 

Ψ(𝜀) =
𝑆0

𝑁0
∑ 𝑛 ∙ 𝑅(𝑛, 𝜀)

𝑁0

𝑛=1
 

=
𝑆0

𝑁0𝑍
∑ 𝑛 ∙ 𝑒−𝜆1𝑛

𝑁0

𝑛=1
𝑒−𝜆2𝑛𝜀 

=
𝑆0

𝑁0𝑍
∑ 𝑛 ∙ 𝑒−(𝜆1+𝜆2𝜀)𝑛

𝑁0

𝑛=1
 

=
𝑆0

𝑁0𝑍
∙ 𝑒−(𝜆1+𝜆2𝜀) ∙

1 − (𝑁0 + 1)𝑒−𝑁0(𝜆1+𝜆2𝜀) + 𝑁0𝑒−(𝑁0+1)(𝜆1+𝜆2𝜀)

(1 − 𝑒−(𝜆1+𝜆2𝜀))2
 



83 

 

 

=
𝑆0

𝑁0𝑍
∙

𝑒−𝛾

(1−𝑒−𝛾)2 ∙ (1 − (𝑁0 + 1)𝑒−𝛾𝑁0 + 𝑁0𝑒−𝛾(𝑁0+1))        (Eqn E4) 

where γ = λ1+ λ2∙ε. Note that Eqn E4 is not identical to Eqn 7.24 in Harte (2011), which contains a 

minor error (J. Harte, pers. comm.). However, the trivial difference is unlikely to invalidate or 

significantly change any published results.  

 

3. The energetic analog of the size-density relationship (Eqn 6 in main text) 

From Eqn 7.25 in Harte (2011): 

Θ(𝜀|𝑛) =
𝑛𝜆2𝑒−𝜆2𝑛𝜀

𝑒−𝜆2𝑛−𝑒−𝜆2𝑛𝐸0
           (Eqn E5) 

Then 

𝜀(̅𝑛) = ∫ 𝑑𝜀 ∙ 𝜀 ∙
𝐸0

𝜀=1

Θ(𝜀|𝑛) 

= ∫ 𝑑𝜀 ∙ 𝜀 ∙
𝐸0

𝜀=1

𝑛𝜆2𝑒−𝜆2𝑛𝜀

𝑒−𝜆2𝑛 − 𝑒−𝜆2𝑛𝐸0
 

=
𝑛𝜆2

𝑒−𝜆2𝑛 − 𝑒−𝜆2𝑛𝐸0
∫ 𝑑𝜀 ∙ 𝜀 ∙ 𝑒−𝜆2𝑛𝜀

𝐸0

𝜀=1

 

=
1

𝑛𝜆2(𝑒−𝜆2𝑛−𝑒−𝜆2𝑛𝐸0)
∙ [𝑒−𝜆2𝑛(𝜆2𝑛 + 1) − 𝑒−𝜆2𝑛𝐸0(𝜆2𝑛𝐸0 + 1)]       (Eqn E6) 
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APPENDIX F: 

CHAPTER 3: BOOTSTRAP ANALYSIS 

 

 We conducted a bootstrap analysis to examine if the deviation of the empirical data from 

the distributions predicted by METE was comparable to that of random samples drawn from the 

distributions themselves. In each community, we obtained the Lagrange multipliers λ1 and λ2 with 

empirically observed state variables S0, N0, and E0, which determined the form of the predicted 

patterns (Eqns 3-5 in main text). We drew 500 bootstrap samples from the predicted distribution 

for each pattern. For the SAD, samples of size S0 were drawn from the upper-truncated log-series 

distribution defined by Eqn 3. For the ISD, samples of size N0 were drawn from the distribution 

defined by Eqn 4. For the SDR and the iISD, samples for each species given its abundance n were 

drawn from the exponential distribution defined by Eqn 5. The SDR of each sample community 

was then obtained by taking the average body size within a bootstrap sample for each species. 

Note that this sampling scheme assumes independence among values within each bootstrap 

sample. As a result, the values of the original state variables are unlikely to be preserved in the 

bootstrap samples. However, given that the discrepancy is not systematic, and that the results of 

the bootstrap analysis are highly consistent both across samples and across communities (see Fig. 

F – 2 below), we conclude that the assumption of independence should not qualitatively affect our 

results. 

 The deviation between empirical data or bootstrap samples and METE’s predictions were 

quantified using R2 and the Kolmogorv-Smirnov (K-S) statistic. The K-S statistic is defined as  

𝐷𝑛 = √𝑛sup |𝐹𝑛(𝑥) − 𝐹(𝑥)|  (Eqn F1) 

where n is sample size, Fn(x) is the empirical cumulative distribution function, and F(x) is the 

reference (predicted) cumulative distribution function. Therefore the K-S statistic directly 

measures the largest discrepancy in shape between two distributions across multiple points. Note 
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that the statistic is defined for distributions only and thus cannot be applied to the SDR. However, 

since the SDR and the iISD are closely related (see Methods in the main text), the iISD results 

can provide insights for the SDR. Fig. F – 1 illustrates the comparison between the empirical data 

and the bootstrap samples for the SAD and the iISD when evaluated with the two statistics, using 

data from one community (USCS FERP) as an example. 

 We converted the test statistics within each community into quantiles so that results can 

be pooled across communities. The quantile for each pattern in a community was calculated for 

each of the two statistics as the proportion of bootstrap samples that had larger deviations from 

METE’s prediction (i.e., lower value of R2, or higher value of K-S statistic) than the empirical 

data. For example, Fig. F – 1A shows that 77% of the bootstrap SADs have a lower R2 than the 

empirical SAD in the community USCS FERP. For the iISD, where bootstrap samples were 

independently generated for each species, the quantile of the K-S statistic for a given community 

was calculated as the average quantile across all species having 10 or more individuals, weighted 

by their abundances.  

 Comparisons between the empirical data and the bootstrap samples for the four 

ecological patterns across all 60 communities are summarized in Fig. F – 2. Results from the two 

statistics are qualitatively consistent (though note again that the K-S statistic cannot be applied to 

the SDR, which is not a probability distribution). While the bootstrap analysis confirms that 

METE provides a satisfactory characterization for the empirical SAD but not for the empirical 

SDR or the iISD, it shows that the empirical ISD cannot be fully accounted for by METE’s 

prediction, despite the relatively high R2 within and across communities for this pattern. 
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Figure F – 1. Illustration of the bootstrap analysis using data from UCSC FERP as an example. 

(A) and (B) show the results for the SAD when evaluated with R2 (A) and the K-S statistic (B), 

while (C) and (D) show the results for the iISD. In each panel the histogram represents the 

frequency distribution of the test statistic among the 500 bootstrap samples, while the red vertical 

line represents the test statistic of the empirical data. Note that for the iISD the K-S statistic was 

individually obtained for each species, and the illustration in (D) only includes the results for one 

species, Pseudotsuga menziesii. 
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Figure F – 2. Results of the bootstrap analysis across all 60 communities. The histogram in each 

panel is the frequency distribution of the quantile values across the 60 communities for one 

pattern using one statistic (R2 or K-S statistic), where each quantile value represents the quantile 

of the empirical statistic among that of the 500 bootstrap communities. The number of 

communities where the quantile equals zero (i.e., where the empirical data have a larger deviation 

from the predicted pattern than any of the bootstrap samples) is also given. Note that for the iISD, 

the quantile of the K-S statistic is a pooled value across all species with abundance > 10 in a 

community, and thus can only equal zero when the quantiles for all species are zero. 
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APPENDIX G: 

CHAPTER 3: MODEL COMPARISON FOR THE ISD 

 

 Muller-Landau et al. (2006) proposed four possible distributions (exponential, Pareto, 

Weibull, and quasi-Weibull) for diameter in old-growth forests, under different assumptions of 

growth and mortality. Here we compare the fit of three of the four distributions (exponential, 

Pareto, and Weibull) to the fit of the ISD predicted by METE (Eqn 8) using data from the 60 

forest communities. The quasi-Weibull distribution, which has been shown to provide the best fit 

for the majority of communities (Muller-Landau et al. 2006), is not evaluated due to the difficulty 

in obtaining its maximum likelihood parameters when it is left-truncated. 

 All distributions are left-truncated to account for the fact that individuals below the 

minimal threshold in each community where excluded from the datasets. With the minimal size 

rescaled as 1 across communities (see Methods), the left-truncated exponential distribution takes 

the form  

𝑓(𝐷) = 𝜆𝑒−𝜆(𝐷−1)                                     (Eqn G1) 

the left-truncated Pareto distribution takes the form 

𝑓(𝐷) =
𝛼

𝐷𝛼+1                                               (Eqn G2) 

the left-truncated Weibull distribution takes the form 

𝑓(𝐷) =
𝑘

𝜆
(

𝐷

𝜆
)𝑘−1𝑒−(𝐷

𝜆⁄ )𝑘
/𝑒−(1

𝜆⁄ )𝑘
             (Eqn G3) 

where the diameter D >= 1 for all three distributions.  

 Parameters in Eqns G1, G2 and G3 were obtained with maximum likelihood method 

(MLE) for each community. While analytical solutions exist for parameters in Eqn G1 and Eqn 

G2, MLE solutions for parameters in Eqn G3 can only be obtained numerically. The three 

distributions of D were then transformed into distributions of D2 (surrogate for metabolic rate; see 

Methods) to be consistent with METE’s prediction (Eqn 8) as: 
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𝑔(𝐷2) =
1

2𝐷
𝑓(𝐷)                                            (Eqn G4) 

where f(D) is the left-truncated exponential, Pareto, or Weibull distribution in Eqns G1, G2 or 

G3. 

 The fit of the ISD predicted by METE and the other three distributions was evaluated 

with Akaike’s Information Criterion (AIC; Burnham and Anderson 2002). AICc, a second-order 

variant of AIC which corrects for finite sample size, was computed for each distribution as 

𝐴𝐼𝐶𝑐 = 2𝑘 − 2 ln(𝐿) +
2𝑘(𝑘+1)

𝑛−𝑘−1
                       (Eqn G5) 

where k is the number of parameters in the corresponding distribution, n is the number of 

individuals in the community, and L is the likelihood of the distribution across all individuals 

(Burnham and Anderson 2002). Within a community, the distribution with a lower AICc value 

provides a better fit.  

 Our results show that overall the Weibull distribution provides the best fit for the ISD, 

which outperforms the other three distributions (i.e., has the smallest AICc value) in 50 out of 60 

communities. While METE is exceeded by the Weibull distribution in all except 3 communities, 

its performance is comparable to that of the other two distributions, with METE outperforming 

the exponential distribution in 24 communities and the Pareto distribution in 33 (Table G – 1). 
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Table G – 1. The AICc value of the four distributions of ISD across communities. The distribution 

with the best fit (lowest AICc value) for each community is in bold. 

Dataset Site AICc -exponential AICc-Pareto AICc -Weibull AICc -METE 

FERP FERP 85971.15 82823.11 81893.76 88390.74 

ACA eno-2 3047.892 3123.951 3037.737 3048.544 

WesternGhats BSP104 8447.378 8232.82 8147.375 8597.933 

WesternGhats BSP11 9670.786 9737.739 9565.319 9756.008 

WesternGhats BSP12 8072.348 7580.985 7580.105 8005.097 

WesternGhats BSP16 6505.854 6465.984 6371.536 6473.227 

WesternGhats BSP27 4158.854 4352.934 4154.657 4168.587 

WesternGhats BSP29 5200.085 5601.832 5186.167 5246.872 

WesternGhats BSP30 5228.032 5550.478 5229.22 5272.148 

WesternGhats BSP36 5363.257 4997.568 4994.507 5613.485 

WesternGhats BSP37 6648.723 5882.951 5940.894 6702.201 

WesternGhats BSP42 4862.353 4579.541 4572.774 4912.597 

WesternGhats BSP5 6316.684 5868.932 5879.056 6344.512 

WesternGhats BSP6 8362.132 8224.467 8144.515 8368.706 

WesternGhats BSP65 10730.14 10597.32 10418.12 10323.55 

WesternGhats BSP66 6127.039 6078.716 5969.159 6118.758 

WesternGhats BSP67 5733.979 6116.641 5713.447 5970.901 

WesternGhats BSP69 9639.039 9839.743 9566.506 9677.272 

WesternGhats BSP70 7568.366 7643.62 7475.877 7471.337 

WesternGhats BSP73 13866.8 14638.34 13867.97 14056.6 



92 

 

 

WesternGhats BSP74 10384.88 10164.99 10043.66 10178.07 

WesternGhats BSP75 3828.718 4032.776 3830.225 3844.366 

WesternGhats BSP79 10012.15 10192.38 9943.069 10014.63 

WesternGhats BSP80 10351.04 10721.97 10333.53 10392.1 

WesternGhats BSP82 7775.241 8109.038 7766.727 7779.842 

WesternGhats BSP83 10080.84 10603.67 10082.84 10184.62 

WesternGhats BSP84 9941.77 10676.22 9906.56 10087.81 

WesternGhats BSP85 4090.759 4051.023 3986.417 4092.965 
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APPENDIX H: 

CHAPTER 4: DERIVATION FOR PREDICTIONS OF SSNT 

 

 Predictions of SSNT have been presented in detail in O’Dwyer et al. (2009) for both the 

general case with arbitrary demographic parameters b (birth rate), m (mortality rate), g (growth 

rate) and v (speciation rate), and the special case where all parameters are constant across 

individuals in the community (i.e., the completely neutral case). Here we adopt the completely 

neutral case, and further derive the form of the predictions following the notation in the main text. 

 SSNT predicts that the size component of the size does not affect the SAD, which still 

takes the same form as in the original neutral theory:  

ΦSSNT(𝑛) =
𝜐

𝑏𝑛
(

𝑏

𝑚
)𝑛        (Eqn H1;  modified from Eqn 3 in O’Dwyer et al. 2009)         

The mean size spectrum, or the average number of individuals per species in a given size class, is 

given by  

< 𝑛(𝐷) >=
𝜈

𝑔(1−
𝑏

𝑚
)

𝑒
−

𝑚

𝑔
𝐷

        (Eqn H2;  modified from Eqn 17 in O’Dwyer et al. 2009)         

Transforming the above equation into probability distribution (ISD) yields 

ΨSSNT(𝐷) =
𝑆

𝑁
< 𝑛(𝐷) >=

𝑆𝜈

𝑁𝑔(1−
𝑏

𝑚
)

𝑒
−

𝑚

𝑔
𝐷

        (Eqn H3)        

where S is species richness and N is the total abundance in the community. 

Since Eqns H1 and H3 are probability distributions, they have to be properly normalized, 

requiring that  

𝜈

𝑏
= −

1

ln(1−𝑏
𝑚⁄ )

        (Eqn H4)         

𝑆𝜈

𝑁𝑔(1−
𝑏

𝑚
)

=
𝑚

𝑔
        (Eqn H5)             

Solving Eqns H4 and H5 simultaneously yields a solution for the parameter b/m for the SAD: 
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𝑁

𝑆
= −

𝑏
𝑚⁄

1 − 𝑏
𝑚⁄

log (1 −
𝑏

𝑚
)        

which insures that both normalization conditions (Eqns H4 and H5) are satisfied. Therefore the 

SAD predicted by SSNT is a log-series distribution with b/m being the maximum likelihood 

parameter (White et al. 2012). The parameter m/g characterizing the ISD (Eqn H3), however, can 

take arbitrary values. We adopt the additional assumption that m/g is also the maximum 

likelihood parameter. Given the observed ISD which is lower-truncated at 1 with rescaling, it 

follows that  

𝑚

𝑔
=

1

𝐷̅ − 1
=

1

𝐸SSNT
𝑁

− 1
=

𝑁

𝐸SSNT − 𝑁
         

 The SDR measured as average metabolic rate, or D2, can then be calculated as the 

expected value of the iISD (which in the completely neutral case takes the same form as the ISD) 

converted to distribution of ε = D2:  

𝜀S̅SNT = E(ΘSSNT(𝜀)) = ∫ 𝜀 ∙
𝑚

2𝑔
∙

∞

1

1

𝜀0.5
𝑒

−
𝑚
𝑔

(𝜀0.5−1)
𝑑𝜀 

(𝑙𝑒𝑡 𝑡 = 𝜀0.5 − 1) =
𝑚

2𝑔
∫ (𝑡 + 1)𝑒

−
𝑚
𝑔

𝑡
𝑑(𝑡2 + 2𝑡 + 1)

∞

0

 

=
𝑚

𝑔
∫ (𝑡 + 1)2𝑒

−
𝑚
𝑔

𝑡
𝑑𝑡 =

2𝑔2

𝑚2

∞

0

+
2𝑔

𝑚
+ 1 
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APPENDIX I: 

CHAPTER 4: BOOTSTRAP ANALYSIS 

 

 In the main text we examined the performance of METE and SSNT with two metrics – 

the log-likelihood of the joint distribution P(n, D1, D2, …, Dn), which quantifies the general 

performance of a theory compared to another in characterizing the overall pattern of abundance 

and body size; the R2 value between observed values and predicted values, which quantifies the 

explanatory power of a theory for a single pattern. However, neither metric takes into account the 

intrinsic variation in a probability distribution, which may translate into discrepancy between the 

observations and the predictions even when the predicted form is accurate.  

 Here we examine the discrepancy between random samples from a distribution and the 

predicted (rank) values as a measure of the intrinsic variation, which is then compared to the 

discrepancy between the predicted values and the observations. If the discrepancy calculated for 

the observations is no larger than that for the random samples, it would imply that the 

observations are indistinguishable from a random sample from the predicted distribution. 

Alternatively, if the discrepancy for the observations is significantly higher, it would imply that 

the observations do not fully conform to the predicted distribution.  

 We followed the same procedure as in Appendix F. We drew 500 random samples from 

the distributions predicted for the SAD, the ISD, and the iISD by METE and SSNT (see Table 4 – 

1 in the main text), with the parameterization empirically obtained from S, N and E for each 

community. The SDR was then obtained as the average values of the iISD converted to D2 for a 

given species. The discrepancy between a random sample and the values predicted by the theories 

was measured with two metrics, R2 and the Kolmogorov-Smirnov (K-S) statistic.  

We computed the R2 for all four patterns, and the K-S statistic for the three patterns 

except for the SDR, which is not a probability distribution and thus the K-S statistic does not 
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apply. We compared the statistics obtained for empirical observations to those obtained for 

random samples of the predicted distributions by calculating the proportion (quantile) of random 

samples that have equal or higher discrepancy (lower values of R2 or larger K-S statistic) than the 

observations. For the iISD, where there is one distribution (and thus one K-S statistic) for each 

species, we computed the quantile as the average across all species with no less than 10 

individuals in the community.  

As Figs F – 2 and I – 1 show, the log-series SAD predicted by both METE and SSNT 

provides a satisfying characterization of the empirical distribution of abundance among species in 

the majority of communities (i.e., a non-negligible proportion of random samples show equal or 

higher discrepancy compared to the observed values). The empirical patterns of the ISD and the 

iISD differ from the predictions of both theories. However, SSNT significantly improves the fit of 

the SDR, where the pattern in most communities is indistinguishable from random samples from 

SSNT’s prediction. This reflects that SDR is a higher-level pattern with lesser degree of details 

compared to individual-level patterns such as the ISD and the iISD. It also implies that SSNT’s 

prediction of no relationship between body size and species abundance may be more or less on 

target, despite the fact that the empirical ISD (and the iISD) does not conform to the predicted 

exponential distribution. 
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Figure I – 2. Results of the bootstrap analysis for SSNT. The histogram in each panel shows the 

frequency distribution of the quantile values among the 60 communities for a given pattern, 

where each quantile value represents the proportion of random samples (among 500) that have 

equal or higher discrepancy (lower R2 or larger K-S statistic) from the predicted values compared 

to the observations. 
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