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ABSTRACT

DEFINITION AND CONSTRUCTION OF ENTROPY SATISFYING

MULTIRESOLUTION ANALYSIS(MRA)

by

Ju Y. Yi, Doctorate of Philosophy

Utah State University, 2016

Major Professor: Dr. Joseph Koebbe
Department: Mathematics and Statistics

This paper considers some numerical schemes for the approximate solution of con-
servation laws and various wavelet methods are reviewed. This is followed by the con-
struction of wavelet spaces based on a polynomial framework for the approximate solu-
tion of conservation laws. Construction of a representation of the approximate solution
in terms of an entropy satisfying Multiresolution Analysis (MRA) is defined. Finally, a
proof of convergence of the approximate solution of conservation laws using the charac-

terization provided by the basis functions in the MRA will be given.

(110 pages)
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PUBLIC ABSTRACT

DEFINITION AND CONSTRUCTION OF ENTROPY SATISFYING

MULTIRESOLUTION ANALYSIS(MRA)

by

Ju Y. Yi, Doctorate of Philosophy

Utah State University, 2016

Major Professor: Dr. Joseph Koebbe
Department: Mathematics and Statistics

This paper considers some numerical schemes for the approximate solution of con-
servation laws and various wavelet methods are reviewed. This is followed by the con-
struction of wavelet spaces based on a polynomial framework for the approximate solu-
tion of conservation laws. Construction of a representation of the approximate solution
in terms of an entropy satisfying Multiresolution Analysis (MRA) is defined. Finally, a

proof of convergence of the approximate solution will be given.

(110 pages)
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CHAPTER 1
INTRODUCTION
The equation,
u+ fu)y =0 —oco<z<oo, t>0 (1.1)

is called a conservation law. Conservation laws are partial differential equations that
describe the time evolution of some quantity conserved in time. Conservation laws have
been a concern of mathematicians, scientists, and engineers for a long time because it is

not possible to write down the exact solutions of equation (1.1) for all ¢ > 0.

In this paper, we will build wavelets conditioned on differential operators of the
form (1.1) and construct an approximate solution for the conservation law using wavelets
based on a polynomial framework. Then we will prove the convergence of our approx-
imate solution to a unique weak solution of the conservation law. Our approximate

solution is of the form

m 2M—1

u(z,ty) = u"(2) = agpo(z) + ) Y Bltun(e) (1.2)

=0 k=0

n
Qg

(u"(z), eo())
Bl = (u" (@), Yu k()

where ¢o(x) is a shape function and ; () is an associated wavelet function.

This work treats conservation laws of the form (1.1), the development of an en-
tropy condition that can be used on the conservation law and our representation of the
approximate solution (1.2). From the construction, a definition is given for an entropy

satisfying multiresolution analysis or MRA. In Smoller [15] existence and uniqueness of



a weak solution for (1.1) using the Lax-Friedrichs method was presented. In contrast,
we will develop an example of an approximate solution using the finite volume method
(FVM) and Simpson’s rule. Our goal in this paper is to prove that our approximate
solution converges if it satisfies the entropy condition. The rest of the paper is organized

as follows

In Chapter 2, we will start with a brief literature review of numerical methods
for conservation laws, which provides useful concepts for weak solutions of conservation
laws. Also we will test some numerical methods (classical methods and modern meth-
ods) for the approximate solution of a scalar conservation law in linear and nonlinear

cases.

In Chapter 3, we will review a polynomial framework for construction of approxi-

mate solutions scalar conservation laws based on [4,5]. We will define grid-line values

Ax

772571)7

~u(w;1,tn) = u(z; + 5

2

used in the determination of numerical fluxes and explain some examples of the use of

the polynomial definition of UJ’?jE , in linear and nonlinear cases for conservation laws.
2

In Chapter 4, we will present a brief review of the history of wavelets and describe
the lifting scheme. Also we will review and define the multiresolution analysis (MRA).
Then we will build shape functions based on a polynomial framework lifting approach-
ing for specific numerical methods; Upwind, Lax-Wendroff, Beam-Warming, TVD and

Lax-Friedrichs schemes.

In Chapter 5, we will construct wavelet functions from numerical methods for con-
servation laws. We will use Upwind, Lax-Wendroff, Beam-Warming, TVD and Lax-

Friedrichs schemes as examples.

In Chapter 6, we will construct an approximate solution representation of the form

in (1.2) for conservation laws. As an example of a representative solution, (1.2), we will



compute U(z, At) using a finite volume method [10] and also compute the numerical

flux values Fﬁtl via Simpson’s rule for linear and nonlinear conservation laws.
3

In Chapter 7, we will show that our approximate method converges to a unique
weak solution. This is the main goal of the work in this paper. Note that the analysis

follows the work of Oleinik,[13], as presented in Smoller, [15].

Chapter 8 contains conclusions and a discussion of future work.



CHAPTER 2
REVIEW OF NUMERICAL METHODS FOR THE APPROXIMATE SOLUTION
OF SCALAR HYPERBOLIC CONSERVATION LAWS

In this chapter, we will present definitions and examples of conservation laws. For
completeness definitions related to weak solutions and entropy conditions are presented.
Next, we will review and test various numerical methods for approximate solution of

conservation laws.

2.1 Scalar Conservation Laws: Definition and Examples

A conservation law is a time dependent system of the form

u+ flu)g =0 —oco<z<oo, t>0 (2.1)

with initial data

u(z,0) =up(z) —oo<z<o0 (2.2)

where the subscripts indicate differentiation with respect to the time variable, ¢, and the
spatial variable, . The function f(u) is called a flux function and it is assumed ug(z) is
in L*°(—00,00). (2.1) and (2.2) are an example of a hyperbolic partial differential equa-
tion. Hyperbolic equations appear commonly in the physical world. The propagation of
acoustic waves and electromagnetic waves obey hyperbolic equations. Hyperbolic equa-
tions with compactly-supported initial data yield compactly-supported solutions for all
time. For the work in this paper we consider two categories of hyperbolic equations in

one-spatial dimension, linear and nonlinear conservation laws, as defined below.



2.1.1 Linear Conservation Laws: f(u) = au,a # 0

We first consider the linear scalar advection equation:

us + auy, =0,

u(z,0) = up(z)

(2.3)

It is assumed that a # 0 is a constant. The analytic solution of (2.3) is u(x,t) =
uo(x — at). This solution can be obtained by an application of the method of character-

istics [11].

2.1.2 An Example of a Nonlinear Conservation Law: Burgers’ Equation
In this case, we consider a flux function which is nonlinear in the unknown function

u. For example, if f(u) = 1u?, then
U + utty =0 (2.4)

This is a famous example of a nonlinear conservation law. The solution of (2.4) is
u(z,t) = u(£,0) where z = £ + u(£,0)t. This solution is not necessarily unique [11].

Equation (2.4) can be written in conservation form as follows,

up + <“22> = 0. (2.5)

We call (2.5) the inviscid Burgers’ equation [2].

2.1.3 Weak Solutions and Entropy Conditions
Physical models usually involve some dissipation that may be neglected in an ide-

alized approximation. For example,

ou ou 0%u
+a—=c¢€

ot Ox Oz

includes a dissipation term on the right hand side. In an idealized model where we
assume 0 < € << 1, it may be advantageous to neglect the dissipation term and the

result is the model defined in (2.3).



Definition 2.1. Weak solution [11]
A weak solution for (2.1) can be obtained by multiplying u; + f(u), = 0 by ¢(z,t) €
C}(R x R*). Then, integrating in = and ¢, to obtain

/0Oo /_Z Plug + f(u)e] do dt =0

Using integration by parts, we obtain

/Ooo /Z [pru + ¢p f ()] do dt + /Z &(z,0)u(z,0) de = 0. (2.6)

Stated another way, we want to find u(z,t) such that (2.6) is satisfied for all ¢(x,t) €

C3(R x RT). If such a solution exists, u(z,t) is called a weak solution of (2.1).

Weak solutions of conservation laws are not unique in general. We can use a van-
ishing viscosity solution or an entropy condition to obtain uniqueness in some cases. It
is well-known that if f is strictly convex, then there exists a unique weak solution u(x, t)
of (2.1) satisfying a physical entropy condition [2]. The vanishing viscosity solution

involves taking the limit as € goes to zero in the equation
Ut + AUy = EUgy

with 0 < € << 1 as discussed above.

Let us introduce some examples of entropy conditions.(see [11]):
Consider

ont >0, —oco < x < oo with piecewise constant initial data

ur, x<0
u(z,0) =
urp x>0



(i) (Entropy condition 1 and Scalar case):

For uy + f(u), = 0, a discontinuity propagating with shock speed,

_ Jlu) ~ fug) _ 1)

Uy, — UR [u]

satisfies an entropy condition if
f'(u) > s> f'(ur) (2.7)

We note that f/(u) is the characteristic speed ((u¢+ f(u)z = ug+ f'(u)u, = 0) [11].

(ii) (Entropy condition 2 and Non-convex scalar case):

u(zx,t) is the entropy solution condition if all discontinuities obey

F) = flus) | S0 = flun)

U — Uf, U — UR

(2.8)

for all ur, > u > up. This condition is due to Oleinik [13].

(iii) (Entropy condition 3 and Rarefaction case):
u(x,t) is an entropy solution of (2.1) if there exists £ > 0 such that for all a >

0,t> 0,z €R
u(z + a,t) — u(z,t)
a

< g (2.9)

Oleinik’s original proof that an entropy solution to (2.1) satisfying (2.8) always exists
proceeds by defining a discrete approximation and then taking limits as the resolution of
the finite difference increases. This is the condition used in Theorem 16.1 (see [15]). For
the discrete approximation, the Lax-Friedrichs approximations used in Oleinik’s proof

(see [15]).

2.2 Numerical Methods for Approximately Solving Scalar Conservation
Laws
In this section, examples of numerical methods for the approximate solution of (2.1)

and (2.2) are presented.



2.2.1 Some Definitions for Numerical Methods
We discretize the upper half of the x — ¢ plane by choosing a uniform spatial mesh
size Ax = ;11 — x; and a constant time step At = t,,41 — t,, and define the discrete

mesh points (z;,t,) by
:E]:jA:Ba j:"'7_1a0a1a27"'

tp, =nAt, n=0,1,2,---

Figure 2.1 shows a representation of the discrete mesh defined above.

The finite difference methods we will develop produce approximations U}* € R™
to the solution u(xj,t,) at the discrete mesh points. The point-wise values of the true
solution will be denoted by J" ~ u(xj,ty). Using the point-wise approximation, U Jn, we
can define errors in the approximation to compute methods. In addition, the concept of

convergence to a unique solution can be defined.

75n+1
At Uy

Tj—1 Tj Tj41

FIGURE 2.1: A representation of the mesh in space-time

The following presents some standard definitions used in the analysis of methods
for approximation of the solutions of differential equations. These are included for

completeness and for defining notation used in this work.



Definition 2.2. The Local Error and Convergence [11]

1. Local Error: The local error is the difference between the computed and true

solutions
n __ n _ n
by = Uj uj
—~— ~—~

computed solution  true solution

2. Convergence: The approximate solution converges to the true solution if
1EF], =0

as Az, At — 0 where ||Ey(-,t)|, = [T |Ex(x,t)| dt

For linear differential equations, convergence of a method will produce a consistent
approximation that is stable. The following gives an intuitive definition for consistency

and stability.

Definition 2.3. Consistency and Stability [2],[3]

1. Consistency: A numerical scheme is consistent if its discrete operator with fi-
nite differences converges to the continuous operator associated with the PDE as

Ax, At — 0.

2. Stability: The errors from any source will not grow without bound in time. That

is, small perturbations due to round off and truncation errors are bounded.

Combining consistency with stability allows the statement and proof of the well

known Lax Equivalence Theorem. The theorem is stated without proof (see [12]).

Theorem 2.4. Lax Equivalence Theorem [12]

For any discrete approximation the following is true.



10

Consistency + Stability < Convergence

As a result of the intuitive statement of the Lax Equivalence Theorem, we see that
convergence is obtained when a numerical method produces a consistent and stable ap-
proximation. For the problems considered in this work, stability of the method results

in the following condition.

Theorem 2.5. The Courant-Friedrichs-Lewy (CFL) condition [6]
For each x,t the mathematical domain of dependence must be contained in the numerical

domain of dependence (see Figure 2.2):

X(z,t) C Xo(x,t)

X(x,t) Xo(z,t)

FIGURE 2.2: Mathematical and numerical domains of dependence

For example, for the linear advection equation (2.1), the discrete approximation

n+l _ rrn alt n n
Upt =Uf = - (U = Uy
with a > 0, results in the CFL condition for the numerical method (referred to as the

Upwind approximation) is

0< —<1.
SAg =

The Upwind method is one of the classical methods described in the next section.
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2.2.2 Examples of Classical Methods
A general form for numerical methods for the approximate solution of conservation

laws is given by

Uj = Uj - Ax( (U ]+1) F(Uj—ij )
)

CERY wr

1
2

Most approximate numerical methods for hyperbolic equations can be written in this
form. From LeVeque ([11]), we list some classical/standard finite difference schemes for

the scalar advection equation:

e Backward Euler:

U = U7 = gga(Ufa ~ V)
e Upwind:
Uttt = uy %a(U;‘ )
e Downwind:
Urtt =up - 2; (U = UF)
e Lax-Friedrichs:
At

e Leapfrog:
vttt =urt Ea( i1~ Uj)

e Lax-Wendroff:
At (At)?

n+l _ 7 n n 2 n n n
u; " =0y — oAz a(Ujy —Ujy) + 72(Ax)2a (Ujtpr — 207 + U y)
e Beam-Warming:
At (At)?
n+l _ 1 n n n 2 n n
U= =U; 2Aza(3Uj =AU, + U ,) + Wa (U] =2U; 4 + UjLy)
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Note that these methods provide only a small subset of methods proposed over the past

several decades.

2.2.3 Examples of Modern Methods
Modern schemes for hyperbolic conservation laws can be classified into following

two categories [14]:

e Flux-Splitting Methods (characterized by algebraic construction): The basic
idea is to add a switch such that the scheme becomes first order near discontinuities
and maintains high order accuracy in smooth regions. Examples include the Ar-
tificial Viscosity Method, Fluz-Correction Transport (FCT), and Total Variation
Diminishing (TVD) method.

e High-Order Godunov methods (characterized by geometrical construction):
The basic idea of slope-limiter methods is to generalize Godunov’s method by
replacing the piecewise constant representation of the solution by a more accu-
rate representation. Examples include Monotone Upstream Conservative Limited
(MUSCL) schemes, the Piecewise Parabolic Method (PPM), and Essentially Non
Oscillatory (ENO) schemes.

For the first category, we will only describe TVD schemes and we will describe the

MUSCL and ENO schemes for the second type of modern method.

2.2.3.1 Total Variation Diminishing (TVD) Scheme

Consider the linear advection equation where f(u) = au,a > 0. The numerical flux

for a TVD scheme is

n o " 1 At
F(U] y j+1) = f(uj+1/2> = CLUJ + Cj+% <2CL(1 — CLE)(UJ‘+1 — U])>

where C; | 1= (8, 1 ) is called a flux-limiter and depends on

g .= YizU-
Jt+35 - Uj+1—Uj.
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It has been proven,[16], that a scheme is TVD if 0 < @ <2and 0 < C(0) <2. As
C(0) changes, a continuous family of methods can be defined. The following lists some

examples:

e C(A) =1 gives the Lax-Wendroff scheme.

C(0) = 0 gives the Beam-Warming scheme.

e Van Leer Limiter: C'(0) = %

Monotone central limiter: C'(¢) = max|[0, min(26, (IQL‘%, 2)].

Superbee limiter: C'(6) = max(0, min(1,26), min(0,2))

Specifically the conditions necessary for a method to be TVD can be stated as follows.

Definition 2.6. A numerical method is said to be total variation diminishing (TVD)
[11], if
TV(U™h < TV (U™).

The following gives a definition of the total variation
Definition 2.7. Denote the total variation (TV),

N
TV (v) = supz [v(z;) —v(zj-1])
j=1
where the supremum is taken over all subdivisions of the real line —co = zg < 1 <

"‘<$N:OO-

Another concept of importance is contained in the following definition

Definition 2.8. A scheme is said to be monotone if for two initial conditions u?,v?
with ug-) > v?, then

uy > v, foralln .

A monotone scheme for a scalar conservation law can be shown to converge to a

unique entropy satisfying solution.
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Definition 2.9. A scheme is said to be monotonicity preserving if u™ is a monotone

+1

mesh function, then ¥ is a monotonicity preserving schemes.

To relate TVD methods to other modern methods, Harten [9] has shown the fol-

lowing:

Monotone scheme = TVD scheme = Monotonicity preserving scheme

Figures 2.3 to 2.6 show various regions [16] related to TVD schemes.

Figure 2.3: The shaded region shows where function values must lie for the method

to be TVD. Second order linear methods have function C'() that leave this region.

e Figure 2.4: The shaded region is the Sweby region for second order TVD methods
do not satisfy the constraints specified by the region in Figure 2.3.

e Figure 2.5: When the Superbee limiter is applied the result minimizes the effect
of the limiter and maximizing steepening of shocks while maintaining the TVD
constraints. The implication is C'(f) lies along the upper boundary of the TVD

regions.

e Figure 2.6: Van Leer Limiter C(0) = ﬁ—m defines a smooth variation.
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F1Gure 2.3: TVD region
Beam-Warning

c(0)
2
1 Lax-Wendroff
0 1 2 3(9
FIGURE 2.4: Second order TVD region
c(0)
2 C(0)
1
0 1 2 30
FIGURE 2.5: Superbee limiter
c(0)
2
C(0)
1
0 1 2 39

FIGURE 2.6: Van Leer Limiter
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2.2.3.2 Monotone Upstream Conservative Limited Scheme

Finite volume methods can provide highly accurate numerical solutions for given
systems, even in cases where the solution exhibits shocks, discontinuities, or large gradi-
ents. MUSCL [11] based numerical schemes extend the idea of using a linear piecewise
approximation to each cell by using slope limited left and right extrapolated states. Fig-

ure 2.7 illustrates this idea.

U P,
o
UL s
AF
=3

. . . * . * X
j-1 ] j+1 42

FiGure 2.7: MUSCL scheme type left and right state linear extrapolation

The numerical flux for the MUSCL scheme [11] involves a nonlinear combination
of first and second order approximations to the continuous flux function. The following

steps can be used to compute values in the MUSCL scheme.

n _ L R n _ L R
L Ufr = Ujeg (Uj+%’Uj+%> ' Uj—% = Uj-1 (Uj—%’Uj—%>

it
2. U].[’+% = Uj + 0.5 C(ej)(UjJrl — Uj), Uﬁ_% = Uj+1 —0.5 C(9j+1)(Uj+2 — Uj+1)
3. Uiy = Ujma + 05 C(0-1)(Uj = Ujma), ULy = Uj = 0.5 C(0;)(Uj1 — Uj)
U;-U,;_
4. 0= U;+11U;

The function C(6;) is a limiter function that limits the slope of the piecewise approxi-

mations to ensure the solution is TVD, thereby avoiding the spurious oscillations that
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would otherwise occur around discontinuities or shocks.

2.2.3.3 Essentially Non-Oscillatory (ENO) scheme

This type of scheme [14] goes back to the idea of the MUSCL schemes. The following
reconstruction steps can be used in this case. The steps are based on the basic idea

illustrated in Figure 2.7 and Figure 2.8.

1. Construct left and right slopes by connecting the average values in adjacent cells.

2. Select the downstream flux by using the smaller slope.

- fj,l
fj\1\\2 fivs
[
l_hrl
g gt

Ficure 2.8: Example of ENO and Slope

This is an example of the steps needed to compute the second order ENO scheme

for the linear advection equation 8{ + agit =

1.
=g At Calfy, — S
2.
Afi = fi = Aff =fi—fia

3.

o £ + Lamin (Af.tAfj—) : if 3(U; +Ujp1) >0

3T fj — 3amin (Af +1>Af111) o i 5 (U + Ujsa) <0
4.

a ,lal <ol

amin(a,b) =
b o] < |al
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2.3 Example Results from Numerical Methods
In this section, results for a single problem are modeled to illustrate the behavior
from various methods described in Section 2.2. The results are organized by the types

and categories of problems described in Section 2.2.

2.3.1 Numerical Examples: Linear Scalar Conservation Laws

We consider the Riemann problem for the scalar advection equation

ur+auy, =0, —co<z<oo, t>0, (2.10)
with initial condition,
1 ifz<0,
up(x) = (2.11)
0 ifxz>0.

Figures 2.9, 2.10, and 2.11 show numerical and exact solutions to the problem defined
by (2.10) and (2.11) computed with various methods. In all cases a = 1 and the results
are plotted at time ¢ = 0.5. We can see that the first order methods (Upwind and
Lax-Friedrichs) give very smeared out solutions, and the second order methods (Lax-
Wendroff and Beam-Warming) exhibit spurious oscillations. The best method for the

scalar advection equation is a TVD scheme.

In Figure 2.9, Az = 0.01 while a finer grid with Az = 0.002 is used in Figure 2.10
for the Upwind, Lax-Friedrichs, Lax-Wendroff, and Beam-Warming schemes. Also, in

Figure 2.11, Az = 0.01 and Az = 0.002 for the TVD scheme.

2.3.2 Numerical Examples: Nonlinear Conservation Laws

The simplest nonlinear example of a conservation law is the inviscid Burgers’ equa-

1
(7 + <2U2>x = 0

The inviscid Burgers’ equation is an example of nonlinear conservation law. Any con-

tion with f(u) = Ju®. That is,

servation law that involves a nonlinear flux function f(u), will produce a nonlinear

conservation law.
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upwind scheme

Lax-Friedrichs scheme
1.5 1.5 T T T
1 b 1 S
s 05 b s 05 I
0 of e
~05 . . . . . . . 05 . . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X X
Lax-Wendroff scheme Beam-Warming scheme
15 T T T 15 T T T
1 - B 1
s 05 B s> 05
or - or -
~05 . . ~05 . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X X

FIGURE 2.9: Numerical and exact solution to (2.10) with Az = 0.01

From [2] and [21], we list some finite difference schemes for Burger’s equation:

e Upwind:

A
Ut = U - TLUF) - SU)

For Burgers’ equation we have

At |1
[fnJrl U Unr 2 U 2
7 i T 5( j ) - 7( j 1)

e Lax-Friedrichs:

. 1. n At n n
U +1_ §(Uj+1 +U) — m(f( 1) = FUf1),
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15

upwind scheme Lax-Friedrichs scheme
T T T 1.5 T T

\ | A

0.5F

-0.5 L L -0.5 1 1 1 I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X X
Lax-Wendroff scheme Beam-Warming scheme
15 T T T 15 T T T
s
-
1 s 1 1
3 Y
0.5r B s> 05
i .
0 \ ol ._“.'A'
B
.=.
~05 . . ~05 . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X

FIGURE 2.10: Numerical and exact solution to (2.10) with Az = 0.002

For Burgers’ equation we have

1 At |1 1
n+1 n n n 2 n 2
U; = i(Uj-i-l +U) — AT 5( )" — §(Uj—1)
e Lax-Wendroff:
Uj = j4+1 72Aac(f( j+1) - f(Uj—l))

2
+ g Ay U(O) = FUR) = A,y (FU]) = S(U7)]
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TVD scheme

TVD scheme
1.5 T T T

15

0.5f

04 I I I I I I I I I 04

FIGURE 2.11: Numerical and exact solution to (2.10) with Az = 0.01 and
Az = 0.002 for TVD scheme

where 4, 1 is evaluated at (U T +Uj,). For Burgers’ equation we have f'(u) = u

SO

A 1
U;H—l = JnJrl - ﬁ%([fgﬂﬂﬁ - 5( 37'11)2)

At)? 1 1 1

+ 3 GUO7 + R GO - 5@
1 1 1

~ G+ U)) GO = SUF)?)]

o Beam-Warming:
A
Ut = Uy = 52— (BFU7) ~ AF(U) + f(U7-2))

A 2
+2((Atx))2 A]-i-%(f(UJn)_f( ]nfl))—Aj_%(f( jnil)_f( ;172))

where A, | 1 is evaluated at %(U]”jLu?il). For Burgers’ equation we have f'(u) = u

SO

At 1
n+l _ rmn
Ui = Ui = 5, 53
At)?
L (&
2(Ax)?

(U + U

UP? - AU+ (U7 )?)

(GO + U GUR ~ 57
1

SUI)? = 5 (U7

j—
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For the examples in this section, consider Burgers’ equation:

1
ug + <2u2> =0, (2.12)
X

with initial condition,
1 ifz<0,
up(x) = (2.13)
0 ifx>0.
Figures 2.12 and 2.13, show numerical approximations and exact solutions to Burgers’
equation (2.12) and (2.13) computed using same Az values of advection equation case.
Figure 2.12 and 2.13 used Az = 0.01 and Az = 0.002. We see the same type of
results when the first order methods an applied (Upwind and Lax-Friedrichs). These

methods produce smeared solutions. The second order methods (Lax-Wendroff and

Beam-Warming) produce spurious oscillation in the solutions.

Upwind-conservative Lax—Friedrichs Scheme
1.5 T T T T 15 T T T T
1 b 1
> 05 B s> 05 r
0 of Dee
~05 . . . . . . . . . ~05
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X X
Lax-Wendroff Scheme Beam-Warming Scheme
1.5 T T T T T T T T T 15 T T T T
1 b 1
s 05 b s> 05
0 0
—0.8 . . . . . . . . . ~05 . . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X X

FIGURE 2.12: Numerical and exact solution to (2.11) with Az = 0.01



Upwind-conservative
T

Lax-Friedrichs Scheme
1.5 T T T T T T T T 1.5 T T T T T T T T T
1 1 ~
s 05 s 051
of of 3
~05 . . . . . . . . . —05 . . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
X X
Lax-Wendroff scheme Beam-Warming scheme
1.5 T T T T T T T T T 15 T T T T T T T T T
1 g 1
0.5F 0.5
of 0
—0.8 . . . . . . . . . —0.58 . . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
X

FIGURE 2.13: Numerical and exact solution to (2.11) with Az = 0.002
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CHAPTER 3
POLYNOMIAL FRAMEWORK FOR CONSTRUCTING APPROXIMATE
SOLUTION METHODS

This chapter covers yet another representation of numerical methods for conserva-
tion laws. In this chapter, we will consider a polynomial framework based on [4],[5]. We
start with some definitions and examples using the polynomial framework of U;.Li 1

2
3.1 Definition and Notation
Definition 3.1. From [14], a scheme for approximately solving conservation laws is

called conservative if and only if it can be written as

At

n+l _ 1tm n n
N——
j+% ]—%

where f is

1. Lipschitz continuous, and

2. f(u,---,u) = f(u) (consistency)

Note. A function f from S C R" — R™ is Lipschitz continuous at z € S if there is a

constant C' such that
1f(y) = f(@)]| < Clly — |

for all y € S sufficiently near x [2].

From [12] and [14], examples of conservative methods of the form (3.1) for approx-

imately solving conservation laws include the following.
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e Godunov scheme:

min f) Uj <Ujt1

o, = U;jSU<Uj+1
J+s
2 max f(U) U; >Ujn
U;j<SU<Uj+1

e Lax-Friedrichs scheme:

1

5 [FU5) + f(Us+1) = a(Ujr = Uj)]

F' =
i+

where o = max |f(U)]
e Roe scheme:

i+l

o { SO agy >

FUj1)—f(Uj)
where ajJr W

Nl

e Engquist-Osher scheme:

Fnl—f+( ) f (JJrl)

where

/ max(f(U),0) dU + £(0),

/ min(f/(U),0) dU

e Lax-Wendroff scheme:

1
2

Floy = 5 [f0) + 1(U10) = S27 W) ((Or0) - £0)

e MacCormark scheme:

ntl A
Ut = Uy - S (R~ FU)

1 At n+ 1

Urtl = [U; + Uj ey Ao FUL?) — f(U;H;)”

N | =

R AR Y GUAR )]
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Note that many schemes (e.g., Upwind scheme) are also conservative.

3.2 Description of a Polynomial Framework for Approximate Solution of

Conservation Laws

In this section we focus on a representation of the numerical flux, FJ’?Jr v =f (U]’?Jr 1)
2 2
given by
x
U;.Zr% ~ u(ijr%,tn) =u(x; + T,tn).

n

By choosing a single representation between the two values U J" and 1 the numerical

scheme will always be conservation if we use

The framework in the next section assumes the representation is in terms of a local

polynomial function.

3.2.1 Definition of Grid-line Values: Ufil

2

Using the ideas in [4],[5] to define UJ’; 1
2

l

U;Li = m?il(a?il) = Za?,ji%(a?i%)z’

=0

where m jel is a function chosen to represent the unknown u between neighboring nodes.
Also, a;.‘ L1 is chosen as a point which is some distance upwind from the grid line x jel-
This idea is illustrated in Figure 2.1. Thus the grid line values U;Li 1 are in fact approx-
imations of the unknown at the grid lines z jal for the next time level, ¢,,,1. We use an

evaluation point « il of the form
2
n _ (. n
Oéj:i:% =7+ 72)\]0 (uz,j:l:%)

where \ = % and the parameters 1, v2 are given. The coefficients, @; j41, Can be cho-
sen so that the resulting numerical scheme satisfies given accuracy, stability, consistency,

symmetry, and other conditions (e.g., TVD conditions), see [4],[5].
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3.2.2 Examples Using the Polynomial Definition for U;L:tl

2

3.2.2.1 Linear Conservation Law Examples

For the linear advection case, we can use a linear polynomial to represent the

solution between nodes [4],

This defines a continuous family of numerical approximation of the solution at the grid
lines in the mesh. The following list of methods shows the relationship between the

linear polynomial representation and some well known methods.

e When o, ; = 0:
jt3
ur . n
J+3 J+1
Un 1 — Un
J—3 J

This choice generates a downwind scheme.

Uj+1 =U; _Ea( j+1_Uj)

This method is clearly not stable and is of no real use.

e When o™, ; = 1:

fE=

N[

U;Zr 1= U;'
U;‘_ L= Uiy
This choice generates an upwind scheme.
At

Uttt =uyp -

i~ AU — U



28

n _ A
e When « ]i%_ 2+2am’i,
Urey =3 @y)
11 At
=Uj + (U} — g+1)( +2 Ar )
§(Uj+1 +Uj") + KG(U 1)s
Uity = mimyloy)
. 11 At
=Uj' + (UL, — Uj )( §aﬂ)
= SO +Uy) + g -alUf = U))

This generates the Lax-Wendroff scheme.

At At

n n )

n+1 n
U+ U - A.’L‘ Q(U]-H U—l T oA

This generates the Beam-Warming scheme.

At At
l7n+1 (fn lrn n n

- a(UP = 2UT |+ UP )

From these examples, it is clear there is a one to one correspondence between well known

methods and specific choices of parameters in this polynomial based method.
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3.2.2.2 Nonlinear Conservation Law Examples

If f is nonlinear with f’ > 0 , then by the results in section 3.2.1,

l

Uty =m” (a” :E a1 (a" )

]:I:% ]:I:%< j:l:%) — z,]:l:%( ji%)’
1=

where we choose to represent the evaluation point
At
n _ ! n
aj:l:% =M + V2 AIEf (Uj:l:%)

So,
: At .
Ufys =mlia(al,,) = ;ai,ﬁ;m +rm S Uf)) (32)

The results is an implicit relationship for U;.Li 1 This relationship is a nonlinear rela-
tionship which requires a solution or an approximate solution. In general, an algebraic
solution will not be available. So, it will be necessary to approximate the solution of the
nonlinear equation. Newton’s method provides one way to approximate the solution of
the nonlinear equation for ;Li L To that end, what follows describes an implementation
of Newton’s method for the specific problem of approximating U;.li L We define

G(U]i%) = IE2 Nl Za@ji%(% +’725f/(Uji%)) :

If G<ani ) = 0, then (3.2) is satisfied.

N

— n
Let v = Uji%’ then

!
At :
G(v) =v— Zai,j:l:%('}/l + ’Y2Ef/(’0))l-
i=0

Applying Newton’s method generates the following iteration formula.

l
Uk — Zai,ji%(’h + ’72Efl(v))
1=0
l
At ;
L= et + 5 11 (0)
1=0

Vg+1 = Vg —
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Namely,

!
At i
) (o e B )
I3/ k41 It3 )k ! ’

=Y ey n e () )

=0

For example, in the case of the Lax-Wendroff method for nonlinear problems,

. 1 1At
Uj+ =Ul + (U] - ]+1)( +5 5 Ax (U ))

From above, we can define,

1 1At

Gv) = v = Uy + (U} = U5 + 5 S (0),

1 At
G'(v) =1-Ufy, + (U} — Jnﬂ)(iﬂ "(v))-
Thus if bounds are known on the function f” a range of ﬁ—; can be chosen so that
the denominator is never zero. Therefore, we can easily solve problems for nonlinear

conservation laws. Note that we have assumed f” is convex or f” > 0 for all U € R.
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CHAPTER 4
SHAPE FUNCTION CONSTRUCTION FOR MULTIRESOLUTION ANALYSIS
(MRA)

We now explain a relationship between the construction of a Multiresolution Anal-
ysis (MRA) and the polynomial framework from the previous chapter. In this section, a
historical perspective about wavelets is given. Also, we will develop an algorithm for use
in the construction of MRA shape functions using the polynomial framework approach

for conservation laws.

4.1 History of Wavelets and Multiresolution Analysis
A wavelet is a mathematical function useful in digital signal processing, image
compression and many other applications. The use of wavelets for these purposes is a

recent development, although the theory is not new.

4.1.1 Prior to 1930

The principles are similar to those of Fourier analysis, which was first developed
in the early part of the 19th century [1]. Joseph Fourier introduced Fourier analysis in
1805. His work is based on the fact that certain classes of functions can be represented
as infinite sums of sine and cosine functions. Simply stated any 27 periodic function

f(x) can be represented by

f(z) =ap+ Z(ak cos(kx) + by sin(kx))
k=1

where the coefficients are defined using orthogonality of trigonometric functions and the

formulas for the coefficients are given by
a =5 [ f(x) do
ap =1 027r f(z)cos(kx) dx

b = f027r f(z)sin(kz) dz
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Alfred Haar(1909) found another set of basis functions to analyze signals. One property
of the Haar wavelet is that it has compact support, which means that it vanishes outside
a finite interval. In comparison the trigonometric basis functions in the Fourier series
have nonzero support defined on the entire real line. Haar wavelets are not continuously
differentiable which somewhat limits their application. In contrast the trigonometric

functions are analytic. Figure 4.1 shows (a) a scaling or shape function and (b) a detail

(a) (b)

FIGURE 4.1: Haar basis function

function used as part of a basis for the Haar representation of a function. The definitions

for these functions are

(a)

1 te€]0,1),
p(t) =
0 t¢lo,1).
(b)
1 tel0,1/2),

V()= -1 te[1/2,1),

0 té[o,1).

4.1.2 1930 through 1940
In the 1930s, several groups working independently researched the representation
of functions using scale-varying basis functions. Paul Levy found Haar basis functions

superior to the Fourier basis function for studying small complicated details in Brownian
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motion. He discovered that the scale-varying basis functions created by Haar formed a

better basis than the Fourier basis functions.

Remark 4.1. Scale-varying basis functions [20]

A basis function varies in scale by chopping up the same function or data space us-
ing different scale sizes. For example, if we have a signal over the domain from 0 to
1, we can divide the signal with two step functions that range from 0 to 1/2 and 1/2
to 1. Then we can divide the original signal again using four step functions from 0 to

1/4, 1/4 to 1/2, 1/2 to 3/4, and 3/4 to 1. This can be repeated through all dyadic scales.

4.1.3 1940 through 1980
In 1946, Dennis Gabor introduced a time-localization or ”window function” to

extract local information of the Fourier transform of the signal. He suggested a signal
with time and frequency as coordinates. The method is a short time Fourier transform
(STFT).

o .

Fler) = [ f(og(t = e
—00

g(t) is called a window function. Between 1960 and 1980, the mathematicians Guido
Weiss and Ronald R. Coifman studied the simplest elements of a function space, called
atoms, with the goal of finding the atoms for a common function and finding the ” assem-
bly rules” that allow the reconstruction of all the elements of the function space using

these atoms.

4.1.4 1980 to the Present Day

In 1984, Morlet and Grossman developed a continuous wavelet transform. Meyer
(1985) discovered the first smooth orthogonal wavelet basis functions with better time
and frequency localization. In 1986, Mallat collaborated with Meyer to develop mutires-
olution analysis theory (MRA), discrete wavelet transform (DWT), wavelet construc-
tion techniques. In the most recent stage of developing wavelets, Ingrid Daubechies
found compact and orthogonal wavelets. Daubechies wavelets are a family of orthogonal
wavelets that define a discrete wavelet transform, characterized by a maximal number
of vanishing moments for some given support. In 1994, Swelden developed the lifting
scheme for the construction of wavelet shape functions. In the next section, we consider

the lifting scheme.
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4.2 The Lifting Scheme

Swelden ([17],[18] and [19]) developed a general framework for the construction of
fast wavelet transforms of signals referred to as lifting. The algorithm has two advan-
tages; first, it doesn’t require the machinery of Fourier analysis as a prerequisite and it
can easily be generalized to complex geometric situations which typically occur in com-

puter graphics and other real world problems. The lifting scheme has three operations:

1. Spliting: The signal is split into even and odd indexed samples.

({Uk,2} AUk 2j41}) == S{Uk3})

where S is the splitting operator. This step identifies the odd and even indexed

samples in the signal.

2. Prediction: In this operation the odd samples are predicted using the even samples.

dr—1; = Uk2jr1 — P({Uk25})

This step replaces the odd samples with the detail given by the difference between

the sample values and the predicted value.

3. Update: In this operation the even samples, Uy 95, are updated using the details

computed in the previous step. (e.g., overall signal average)

Uk-1,j = Upj + Q({dk—1,;})

This step replaces the even indexed samples with an average value.

k indicates the refinement level of the signal and j indicates the j** sample at the k"

level. A simple lifting scheme forward transform is diagrammed in Figure 4.2.

4.2.1 Construction of the Haar Multiresolution Analysis via Lifting
In the lifting scheme version of the Haar transform (see [17],[18]), the prediction
step predicts that the odd element will be equal to the even element. The difference

between the predicted value and the actual value of the odd element replaces the odd
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even value J @ smooth sj_1
55 ——| Split Predict Update

|
© [ detail 4=

odd value

FIGURE 4.2: Lifting scheme forward wavelet transform

element

Usjr1 = Uzjy1 — Uy

In the lifting scheme version of the Haar transform, the update step replaces an even
element with the average of even/odd pair. The original odd element has been replaced

by the difference between this element and its even predecessor.
Uzjp1 = Usjy1 — Uzj = Usgjq + Uzj = Uzj

Usj = i BN A Uszj + Uzjy1/2.

In Figure 4.3 and 4.4, we can see Haar transform in-place. The Haar transform will
replace the values (s20 =9, s21 =7, S22 = 3, s23 = 5 ) by average (s10 = % =38,
s1,1 = % = 4) and difference(dig = 7—-9 = -2, di; = 5 — 3 = 2), then once
again, replace the new average values by average (soo = % = 6) and difference

(doo =4 —8 = —4).

/\

FIGURE 4.3: Example of Haar (Lifting)
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520 |S2,1 [S22 |523 [9735]
510 |dio |S1,1 [dig [8-242]
80,0 |dio |doo |d1n [6-2-42]

FIGURE 4.4: Haar lifting ordering

4.2.2 Construction of Linear Interpolating Wavelets
Another example of a simple transform can be computed using a linear prediction
step (see [18],[19]). The difference between the predicted value and the actual value of

the odd element replaces the odd element with
1
Uzj+1 = Uzjr1 = 5(U2j + Unjra).

The linear interpolation update step replaces the even elements with an average of the
data being processed. The update involves a combination of the two neighboring detail

values computed in the previous step and stored in Usj;q and Usj_q
1
Ugj = Usj + Z(U2j+1 + Usj—1).

This example is included due to its use in the development of Multiresolution analy-
sis using numerical methods for hyperbolic partial differential equations. In fact, this

transform is related to the central difference method for conservation laws.

4.3 Multiresolution Analysis (MRA): Definitions and Notation
Multiresolution analysis (MRA) was formulated based on the study of orthonormal,

compactly supported wavelet bases. The following definition will be used in this work.

Definition 4.2. Let V;, j =---,-2,-1,0,1,2,--- be a sequence of subspaces of func-

tions in L(R). The collection of spaces {V;,j € Z} is called a multiresolution analysis
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with scaling function ¢ if the following conditions hold. (see [1])

1. Forall j€Z, V;CV

2. m = L?(R). That is, the set Ujez Vj is dense in L3(R).

3. mjez Vi = {0}

4. The function f(z) belongs to V; if and only if the function f(277z) belongs to V.

5. The function ¢ belongs to Vp and the set {¢(x — k), k € Z} is an orthonormal basis
for V.

Remark 4.3. The following well known results are stated for completeness and without
proof.
e The Vj’s are called approximation spaces.

e Every f € L? can be approximated as closely as one likes by a function in a Vi,

provided that j is large enough.

o f e UjeZ V; if and only if for every € > 0 one can find j such that there is an
fj € V; for which || f — fj|| <e

e We say that a sequence f,, of functions in L?([0, 1)) converges to a function f(x) €
L*([0,1)), if

lim || fn = f| = 0.
n—00

With this definition of a MRA, we need some definitions and notation for the scal-

ing and translation concepts within any MRA.

Definition 4.4. A set of basis functions can be defined by translating and stretching
(or compressing) a function (), called the scaling function. This is done through the

definition of a doubly indexed set of functions defined by
ik =2p(2z — k)

for all integers 7, k.



38

A simple example is provided by the function

1 0<z<«1
p(z) =
0 elsewhere

This is called the Haar scaling function. Using the definitions above () will general

the Haar basis.

Definition 4.5. MRA Equation [1]
The set of scaling functions at any level j can be used to express functions that form

the linear space V. This means

= k()
The representation of a function in V; by an expansion in Vj; is given by
#3, k(w Z AnPji+1,n (x)

for any f € V;. Substituting the definition

jn = 22p(2z —n)
and replacing the coefficients with the notation hy(n) = as.

o; k(x Z h 2(J+1 /2 (2j+1x —n)
By setting (j, k) = (0,0) ¢(2) = po,0(x) and
Z ho(n)V2p(22 — n)
This recursive equation is called the MRA equation.
In general, V1 = V; @ W;. The functions in W; can be expanded in terms of a set

of wavelets {11} and the wavelets must be orthogonal to the scaling functions {¢;}.

Any function can be represented by a sequence of approximations which contain more
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Vo=VieW, =V Wye W, Vi=Woe W

\

FIGURE 4.5: The relationship between scaling and wavelet function spaces [20]

and more detail (See Figure 4.5).
PRy =VoaWeaWieW @ -

Remark 4.6. The function ¢ € V is sometimes called the father wavelet for the MRA

and the function ¢ € W is sometimes called the mother wavelet for the MRA.

4.4 Polynomial Framework Lifting Approach
We can develop an algorithm for creating wavelets and associated MRAs using a
combination of lifting with conservative numerical schemes for conservation laws. Given

a discrete point source, §(j), defined by

1, ifj=0
o(j) =
0, ifj#0

we can compute values at the half-integers or midpoints between integers using interpola-
tion formulas or using grid-line values predicted by a numerical method for conservation

laws. The steps to do this are to assume
L. UO:é(])) j:"'a_27_1a071727"'

2. Uj+1/2 = Zai,j+1/2a§+l/27 .7 = 7_27 _1>O7 1727 T
1=0
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Any numerical scheme that can be written in the polynomial framework for conservation

laws can be used along with lifting to generate a future wavelet and thus an associated

MRA.

4.4.1 Upwind Scheme
As an example a MRA can be created using the upwind scheme to compute the

values at the half integers in the lifting algorithm. From the section 3.2.2,

Ulir =mia(af 1) = Uiy + (U = Ujia)ag

J+3 J+t3
U, =m" (a” ) =U+ (U -UMa"
j-1 ],%( ],%) 7+ (U, = U}) b

no_yn
Uy =UJ,
no o _pyn
Uiy =Uj,

where we have assumed f/(U) > 0.

Recall that the general form of oz? 1 is
2

At
n _ =" n
aj:l:% =N +72A1Ef (Uj:lz%)

For upwinding we fix o/; =1 and if we assume f’ > 0 then the steps of the lifting
2

result in the following.

1, ifj=0

0, ifj+#0

U; =

The midpoints using the grid-line values predicted by upwind method are

U U_1 =0,

N

Up = 1.

-

N|=
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In the same way, we can find

Figure 4.6, shows the resulting upwind shape function with only the discrete points
from the lifting plotted. There are 17,129, 4097 points plotted. From top to bottom the
graphs in Figure 4.6 use 17,129, and 4097 points. This is done using n =4, n =7, and

n = 12 recursive steps in the algorithm.

4.4.2 Lax-Wendroff Scheme
Another example of a MRA can be defined using the Lax-Wendroff method. To

compute the values at the half integers in the lifting algorithm we can use the polynomial

framework. From Section 3.2.2, the Lax-Wendroff scheme has « ;7’ 1= 2 + 2a A - Then
2
U;; = Ui + (U - gn+1)a?+%
1 1 At
U+1+<U )5+ 0 50)
= S+ U) + 5o alUF — UPs),
1 At
Therefore,
%,_/ —
average of two values difference of two values
1 At
N—— —

average of two values difference of two values

We know that the Courant-Fridrichs-Lewy (CFL) condition is 0 < ‘Z—A; < 1, so the

midpoints using the grid-line values predicted by Lax-Wendroff method are

1 At 1
Uy=35+55,0000 <3
1 At 1

== 1) > =

Us 2 " 2Ax (1) > 2
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shape function (upwind)-17points
15 T T T T T T T T T

-0.5 I I I I I I I I I

shape function (upwind)-129 points
15 T T T T T T T T T

0.5 q

~0.5 1 1 1 1 1 1 1 1 1

shape function (upwind)-4097 points
15 T T T T T T T T T

0.5r 1

FI1GURE 4.6: Upwind scheme with lifting framework

Figure 4.7, shows the result of applying the lifting algorithm to the Lax-Wendroff
shape function. From top to bottom the graphs in Figure 4.7 use 17,129, and 4097
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points. This is done using n = 4, n = 7, and n = 12 recursive steps in the algorithm.

We use the CFL %a = 0.5.

15

0.5

shape function (Lax-Wendroff) =17 points

~05 . . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
shape function (Lax-Wendroff)-129 points
15 T T T T T T T T T
1F g,
-y
-,
.. -"0-,
* ~.
0.5f . 3
o .
M'.. y
-..
d
[T T ——— cosessesemsesacacisemsesesaend
~05 . . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
shape function (Lax-Wendroff)-4097 points
15 T T T T T T T T T
1k
0.5
0% —_—
~08 . . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
FIGURE 4.7: Lax-Wendroff scheme

with lifting framework
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4.4.3 Beam-Warming Scheme
Another example of a MRA can be defined using the Beam-Warming method. To
compute the values at the half integers in the lifting algorithm. We can use (See Section

1 A
3:2.2) af, 1 =5~ saRL. Then

an% = Ui, + (U - gn+1)a?+%
. 11 At
= Ui + (U} - j—i—l)(i_iaﬂ)
At

1 n n n n
= §(Uj+1 +Uj') - ma(Uj = Uj1),

1 At
Therefore,
1 At
U;ﬁr% = i(UJTL+1+U]n) TN (U =Uy)
| —
average of two values difference of two values
1 At
S —

average of two values difference of two values

The midpoints using the grid-line values predicted by Beam-Warming method are

1 At 1
Uy=5+ 58,20 >35
1 At 1

Uy =5 +5a,4- <3

Figure 4.8, shows the result of applying the lifting algorithm to the Beam-Warming
shape function. From top to bottom the graphs in Figure 4.8 use 17,129, and 4097 points.
This is done using n = 4, n = 7, and n = 12 recursive steps in the algorithm. We use

the CFL %a =0.5.

4.4.4 TVD Scheme

In Section 2.2.3.1, the numerical flux for a TVD scheme was given by

f(u?_'_%) = an + Cj+% (%a(l — CL%)(U]&A — U]))
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shape function (Beam-Warming)-17points
15 T T T T T T T T T

0.5 q

-0.5 I I I I I I I I I

shape function (Beam-Warming)-129 points

15 T T T T T T T
1F - B
o
-
- .
-.. .
o‘ -
0.5r « . 4
o -
. ...
~
.
~
0 fremesemsesemssscsassacscsasace o anmenssasessosesensmmen s OsasOs

~0.5 1 1 1 1 1 1 1 1 1

shape function (Beam-Warming)-4097 points
15 T T T T T T T T T

FIGURE 4.8: Beam-Warming scheme with lifting framework

where Cj+% = C(0j+%) is a flux-limiter that depends on 9j+% = % Below we
will consider one example of a flux limited TVD scheme called the Super-Bee limiter.

In the linear advection problem the flux-limited methods by presented in Sweby [16], we
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choose (see [4])

n

a]-i—

1 1 .
=@+ aN) + 51 -aN(-Cy

)

1
2

N

where \ = ﬁ—; and C]’.:L , is a flux limiter as defined in Sweby [16].

2

We can compute the sign of the ratio of (Uj—1 — U;) and (U; — Uj41). If the sign
is a negative number, then Cj 41 should be zero. If the sign is a positive number and
2

(Uj = Ujt1) = 0, then €}, 1 should be 2. By a "Super-Bee” flux limiter [16], the rest of
2

the cases are

0, if ;.1 <0
20,1, 0<01 <3
ClO 1) =11, if5<6,1<1
01, 16, <2
2, 0,122
If C(H?Jr%) = 0, then

1 1 1 1
"= —(1 S —aN(1-0)=;(1 Sl—ad)=1
alf, 2( —i—a)\)—i—z( a))(1—0) 2( +a)\)+2( aX) ,

N

SO

12 = Ui + (U = Uj)agy = Ufy + (U = Ufty) = UF,

anfl/Q = an + (U]ﬂ_l - U}I)O‘?—lp = U]ﬂ + (Uyn—l o an) - UJn—l'

Note that this gives the upwind value if C'(6" "

ity

) =1, then

.1 1 1

[SIE

This is the same as the value returned by the Lax-Wendroff if C (0;I n ) = 2, then

1
2

| 1 1 1
a1 = 5(1 +al) + 5(1 —a\)(1—-2)= 5(1 +al) — 5(1 —al) = al\
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Figure 4.9, 4.10, and 4.11 show the result of applying the lifting algorithm to define
the TVD shape function. From top to bottom the graphs in Figure 4.9, 4.10, and 4.11
use 17,129, and 4097 points. This is done using n = 4, n = 7, and n = 12 recursive steps
in the algorithm. Figures 4.9, 4.10, and 4.11 show shape function where we use different

values for %a =0.1,0.5,0.9.

shape function of TVD, CFL=0.1 (17 points)
15 T T T T T T T

0.5

0 01 02 03 04 05 06 07 08 09 1

shape function of TVD, CFL=0.1 (129 points)

1.5
1t
0.5 .
0 .\.""‘
_O.E L L L L L L L L L

0 01 02 03 04 05 06 07 08 09 1

shape function of TVD, CFL=0.1 (4097 points)
15 T T T T T T T

0.5F

\
\
\;

. . . . . . . . .
0 01 02 03 04 05 06 07 08 09 1

FI1GURE 4.9: TVD scheme with lifting framework, CFL=0.1
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shape function of TVD, CFL=0.5 (17 points)
15 T T T T T T T T T

-0.5 I I I I I I I I I

shape function of TVD, CFL=0.5 (129 points)
15 T T T T T T T T T

0.5 =, b

~0.5 1 1 1 1 1 1 1 1 1

shape function of TVD, CFL=0.5 (4097 points)
15 T T T T T T T T

0.5r 1

FIGURE 4.10: TVD scheme with lifting framework, CFL=0.5

4.4.5 Lax-Friedrichs Scheme

The general numerical flux for the Lax-Friedrichs scheme takes the form

—_

At
Uit =5 Wi+ V) = g, UUF) = FUF1))



shape function of TVD, CFL=0.9 (17 points)
15 T T T T T T T T T
1 o e
0.5
O o o o o o o o e o o o
-05 . . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
shape function of TVD, CFL=0.9 (129 points)
15 T T T T T T T T T
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shape function of TVD, CFL=0.9 (4097 points)
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1 —_—
-_
-
-
LY
.
0.5 H
0 —
~05 . . . . . . . . .
0 01 02 03 04 05 06 07 08

0.9 1

FIGURE 4.11: TVD scheme with lifting framework, CFL=0.9

This method can be written in a conservation form (3.1) by taking

n Ax n n 1
f( j+%):TAt(Uj+1—UJ‘)+*

S (FU) + FU))
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If the flux function is linear and f(u) = au, then

A
7+ FO7)) + ox; (U = UF)

(S W+ U + (U - 0D)

715
aAt 1 aAt\
( < ) ]+1+2(1_M)Uj)

(f(
Ax

l\D\l—‘M\H

So,

Figure 4.12, shows the result of applying the lifting algorithm to the Lax-Friedrichs
shape function. From top to bottom the graphs in Figure 4.12 use 17,129, and 4097
points. This is done using n = 4, n = 7, and n = 12 recursive steps in the algorithm.
Remark 4.7. This example has been included due to the use of the Lax-Friedrichs method

in the proof of existence and uniqueness given by Oleinik [13].
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FIGURE 4.12:
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Lax-Friedrichs scheme with lifting framework
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CHAPTER 5
CONSTRUCTION OF WAVELETS BASES CONDITIONED ON HYPERBOLIC
CONSERVATION LAWS

In Section 4.4, we generated shape functions conditioned on various approximation
schemes conservation law via the lifting algorithm of Sweldens. Now we build the wavelet
functions from the shape functions. Through Figure 5.1, we learn how to construct the

wavelet shape function based on the central difference method.

First, we set our shape function (see Figure 5.1 (a)) in the interval [0,1] . Then we
compress two shape functions (see Figure 5.1 (b)) in the same interval [0, 1]. Finally,
the functions shown in Figure 5.1 (b) are subtracted from the function shown in Figure
5.1 (a). The result is shown in Figure 5.1(c). The function graphed in Figure 5.1 (c) is
our wavelet function.

If the wavelet function is f(x), then

/Olf(x) dx = 0.

Note that the shape function in Figure 5.1 (a) is supported on the unit interval

[0,1]. Figure 5.1 (b) shows two scaled shape functions, one supported on the interval

[0, 2] and the other supported on [3,1]. Finally, the function graphed in Figure 5.1 (c)

is supported on the unit interval [0, 1].
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shape function (central difference)

0 1 1
2
(b)
compress shape function
0 1 1 3 1
4 2 4
()
(a)-(b)= (c), wavelet function fol wavelet de =0
0 1 1 3 1
1 2 1

FIGURE 5.1: Build the wavelet function from shape function
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Figure 5.2 shows how the wavelets associated with the Upwind scheme are created.

FIGURE 5.2:

wavelet function (upwind)-17points
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wavelet function—Upwind ( 4097 points)
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The wavelet function for the Upwind scheme, CFL=0.5



5.2 Lax-Wendroff Scheme Example
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Figure 5.3 shows the construction of wavelets based on the Lax-Wendroff method

for approximate solution of scalar conservation laws.

15

wavelet function (Lax-Wendroff) =17 points
T

0.5F

15

0.5F

0.5

15

wavelet function (Lax-Wendroff)-4097 points

0.5F

-0.5-

-1+

FIGURE 5.3: The wavelet function for the Lax-Wendroff scheme, CFL=0.5
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5.3 Beam-Warming Scheme Example
Figure 5.4 shows the construction of wavelets based on the Beam-Warming method

for approximate solution of scalar conservation laws.

wavelet function (Beam—-Warming)-17points
15 T T T T T T T T T

0.5F . b

15

0.5 -, . o B i

wavelet function (Beam—-Warming)-4097 points
15 T T T T T T T T T

) e |

NAVe

FIGURE 5.4: The wavelet for the Beam-Warming scheme, CFL=0.5
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5.4 TVD Scheme Example
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Figure 5.5 shows the construction of wavelets based on the TVD method for ap-

proximate solution of scalar conservation laws.

FIGURE 5.5:

wavelet function of TVD, CFL=0.5 (17 points)
T T

0.8f
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T T + T T T T

041

0.2r
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041

wavelet function for the TVD scheme, CFL=0.5



5.5 Lax-Friedrichs Scheme
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Figure 5.6 shows the construction of wavelets based on the Lax-Friedrichs method

for approximate solution of scalar conservation laws.

wavelet function: Lax— Friedrichs (17 points)
T T
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T T T + T
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FIGURE 5.6: The wavelet function for the Lax-Friedrichs, CFL=0.5




99

5.6 How to use the MRA in Applications
Once the shape and wavelet functions are known, how can they be of use in appli-
cations. In the next chapter, we will introduce numerical methods for conservation laws

based on the representations provided by the MRAs built in this and previous chapters.
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CHAPTER 6
CONSTRUCTION OF APPROXIMATE SOLUTIONS OF CONSERVATION LAWS
VIA A FINITE VOLUME APPROACH

In this chapter, we will build an approximate solution method for conservation laws
from the work in previous chapters. Also, we will give an example of our approximation
method for conservation laws. The example will use the finite volume method (FVM)

approach along with a high order quadrature rule-Simpson’s Rule.

6.1 Building a Representation of Solution
In previous chapters, we created shape functions and wavelet functions condition
on numerical methods for conservation laws. In the next step, we build an approximate

solution of conservation laws.

n

= {u07u1>u2>"' auN—l}a N = 2m) that

2m
represent the solution of a conservation law at some time t¢,,. That is,

Suppose we are given 2™ samples (u

m N-—1

u(w,tn) = u™(x) = afpo(x) + > > Alxtisle (6.1)
=0 k=0

af = (u"(z), po(2)) (6.2)

Bk = (u"(z), Yre(2)) (6.3)

where @g(x) is the shape function and )y (x) is the wavelet function. Note that the
shape and wavelet functions are defined at discrete points. This means the inner prod-

ucts in (6.2) and (6.3) are discrete sums.
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As shown in Figure 6.1 we can construct basis functions in our MRA for the rep-
resentation given in Equations (6.1), (6.2), and (6.3) via lifting. Figure 6.1 shows one

example of the process.

(a) (b)

%0,0 ©1,0 ©1,1
0 1 1 o 1 1 3 1
2 1 2 1
©20 . P21 .P22 . P23
¥1,0 ®1,1
0 1 1 3 1 Y Y Y
1 2 4 0 1 1 3 1
1 2 1
¢ y
0,0
0 1 1 3 1
4 2 4

Jo too(@) dz=0

s ro(@) + 11 de =0

FIGURE 6.1: Relationship of the shape function and the wavelet function for
conservation law

6.2 An Example: Finite Volume Approach and Simpson’s Rule

First, we compute our approximate solution u(z,t,). When n = 0,

m 2M—1

u(@) = adeo(z) + D D Blrte(e),

=0 k=0
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ag = (u’(x), po(x))
By = (u’(z), Y ()

When n = 1,2,---, we use th finite volume method (FVM)[10]. The finite volume
method is commonly used to discretize conservation laws. The following steps provide

a very brief review of this technique. Starting with the conservation law

Ut +f(u)a: =0,

we integrate over a finite volume in the x-t plane. Given the rectangle defined by

[tn, tnt1] X [xj_%,xj+%], we integrate as follows

tn+1
/ / (ut + f(u)z) dxdt=0
in

j—1
2

This can be rewritten as

/g:rj+% (w(@, tny1) — u(w, ty)) do+ /:ﬂ (f(u($j+lvt)) — flulz;_y t») =0

i-3

Let
n_ 1 [T
Uj = Am/;, 1 u(z, ty) dx
i=3
So,
e tn+1
(g~ up) Am—l—/t (Fluleyys.10) — Flula; 1. 0)) di=0
Next, let

The end result is the following

(pr—up) - dw+ (P, —Fry) At =0

+

or

At
(7n+1 Unr n n

Remark 6.1. This form has been used throughout this work. The computations to get
to this point in the FVM approach are illustrated in Figure 6.2.
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Ax
< >

ln+1 = ~

At
Jj—1 J—3 J Jt+s Jj+1
tn n
Jim flatay_y ) de [ fulay g, 0) d
FIGURE 6.2: Finite Volume Method
. . tn
Next, we have to compute approximations for F]@i% = ﬁ ftn + f(u(:vji%,t)) dt.

This integral can be approximated by a quadrature method. The quadrature method
provides a numerical approximation of the value of a definite integral f; f(z) dz. In
this example, we use Simpson’s rule. It is one quadrature method of many that could

be used. Simpson’s rule is

a+b

b h
[ @ de= g 1@+ 4150 + 0

where h = b_T“. Now we need to determine values for f(a), f (g +02) and f(b) within
the context of the MRAs being used.

6.2.1 Linear Conservation Law Case

If f(u) = au, then an approximation of Simpson’s rule results in the following,

n
Fj:l:

1 [in
= t/t f(u(xji%,T))dT

At
~ At <6G [u(xjilatn) + 4u($]:‘:%’tn+%) + U(.’L'jié,tn+1):|>

_ 1 n n+1
= a(U}, +4Uj Py vt

n+%
where U” | = u(z ij%,tn),U it l

! el = u(xji1 t 1), and UT‘;&I = U(CUj:tl,tn_A,_l). By an

1
application of the method of characteristics, we can compute U" js) U . Il and U"Jrl for
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our approximate solution, as follows

n+3
Uji; :u(xji;’tTH»l)
= u(l‘j:t% _a(tn—l-% —tn),tn)
At
= u((l?]i% —077tn)
m 2l At
= afolaey — a3+ D0 Y Al )
=0 k=0
Un+1

= u(l‘ji% - a(tn-i-l - tn); tn)

m 2’"L 1
= 040900(35]11 alt) ‘1‘2 Bk ( j! alt)
1=0 k=0
and
U;‘i% =u(zg1,tn)
= U(ijil —a(t, —tpn),tn)
= u(xj:l:lvtn)
m 2™M—1
= agpo(rL1) + > Bituk(et).
1=0 k=0
So,
mn ~ 1 n At
Fji% ~ Ea(ao @O(xji%) + 4900($jﬁ:% - (17) + gDo(l’jj:% — aAt)
m 2M—1 At
+ Z Z Bk [1/1l,k(xjié) + 4¢l,k(l’ji% — a7) + wl,k(f’fji% — aAt)])
=0 k=0

Therefore, our numerical approximations for linear conservation laws are,

At

Un+1 Un _ A [F]n+; _ Fn %]
_rm aAt n n ntg _ nt3 n+1 n+1
= Ui~ 6a, Uiy — UL + AU 0 U, 2) + (U — U))
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with the following definitions,
m 2Mm—1

Uj = ageo(z;) "’Z Z Brleik(z;),
1=0 k=0 e
UM = ooy —ad) + 30 S Bitialey,y —a),
? ’ 1=0 k=0 ’ 2
m 2Mm—1
U = ooy a8+ D0 Y Aliielay — o))
=0 k=0
UJ"_:F%I = aﬁgpo(:ijr% — aAt) + Z Z /Bﬁkwlyk(mwr% — aAt),
o gy
U;L_Jr%l = agpo(®;_1 — alt) + Z Biiik(z;_1 — alt),
g 120 =0
U;-:_l Oéo(po(x]+1) + Z 6[,k¢l k( ]+ )
P
U;L,% = 0461900(%_%) +lz; = /Bl,klﬂl,k(%]_%)

6.2.2 Nonlinear Conservation Law

If f(u) is nonlinear, the analogous formula is the following,

" 1 tn+1
Fji;:At/tn f(u(:nji%,T)) dr

~ Ait <A6t [f(u($ji%’t”)) +aAf(u(py, b, 1)) + fu ji%atnﬂ))D

Therefore, our numerical approximations for nonlinear conservation laws are,

At
n+l _ yrmn mn n
U =0 m ey~ Eiy)
= U}~ SL W7~ FUI) AW — FUT) + FUT) — FO)
J 6Ax j+s -3 i+3 i3 j+s
m 2Mm—1
with the following definitions, U = agpo(z;) + Z Z Brxik(z;),
=0 k=0
41 m 2M—1 At
UNEE = afeolaey — Fule)A) + Y S Bty — () 50,
=0 k=0
m 2M—1
U]n;%l = 0‘8900(55]4[% - f,(u(xji%))At) + Z Bﬁk¢l,k($]’i% - f,(u(xji%))At)’
=0 k=0

m 2Mm—1

Ul = agpo(®;1 )+ Y Bkl Tix1)-

2 1=0 k=0
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Figure 6.3 illustrates the relationship between the application of the method of

characteristics, Simpson’s rule, and the finite volume method (FVM).

tn+1 j' ﬂ'
tn—i—% g g
tn o——o o ° —o
i3 itz
aAt or f/(u;l_%)At a’t or f’(u&;’gr%)%
T, 1 —aAt

FIGURE 6.3: Use of Simpson’s Rule to compute numerical fluxes in the Finite
Volume Method
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CONVERGENCE OF THE APPROXIMATE SOLUTIONS TO A UNIQUE WEAK
SOLUTION OF THE CONSERVATION LAW

In this chapter, we will prove convergence of our approximate solution method for

conservation laws. Convergence of our approximation scheme will requires the resulting

finite difference scheme satisfies an entropy condition (Smoller’s book [15]).

As an example of how this can be achieved, we consider the following finite difference

discretization of the equation
+1 _ At
Ut = U — &L [FT - P
with the following definitions,
n _1
Py =4 (A an@)h + sz )

l
Fry = (10w aswh v o).
m 2Mm—1
U = afpo(a;) + Y Y Blthir()),
=0 k=0
41 m 2™m—1
nal
Uji; = 0‘8900(37]‘1% = f'(u(z ]i AQ )+ Z Z Blkik(x
=0 k=0
m 2m—1
+1 _
Uﬁi% = 0‘8900(%5[% - f/<u(xjj:%)>At> + ZZ_; kz_o Bﬁkw,k(w +1
m 2m—1
U;Li% = ag‘PO(wji%) + lz_% kz_o Bﬁkwl,k(x]‘i%)v
and with the initial data
m 27” 1

u’(z) = adeo(z) + Bt (x
1=0

=0 k=0

ap = (u’(2), po(x))

At

- f’(u(x]i%))T),

— (u(z;a1)A0),



68
Blr = (u’(x), Yui(x)) .

and we show that

1. Our approximate solution satisfies (a),(b), and (c¢) of Theorem 16.1 [15]. That is,
let u’ € Loo(R) and let f € C*(R) with f” >0 on {u: |u| <|[u®||_}. Then there

exists a weak solution u with the following properties:

(a) |u(z,t)] < H“OHOO =M, (x,t) e R xRy

(b) Thereis a constant E > 0, depending only on M, p = min { f”(u) : |u| < HuOHOO}
and A = max{f’(u) sl < HuOHOO}, such that for every a > 0, t > 0, and

r € R,
u(z + a,t) — u(zx,t)
a

<E
t

(c) u is stable and depends continuously on u° in the following sense: If u° v° €
Lo (R) N Li(R) with HUOHOO < HUOHOO and v is the corresponding solution
constructed from the process in the proof, then for every zi,z9 € R, with

x1 < x2, and every t > 0,

) xo+At
/ |u(z,t) —v(x,t)| de < / [u’(z) — %(z)| da

1 x1—At

2. As At, Az N, 0, the solution converges to a weak solution satisfying (a),(b), and
(c). The convergence is a weak version of u] — u(jAz,nAt)-convergence to an

entropy solution.

We will use the notation
M= "],
po=min {f(u) : |u| < [[u]] }
and

A=max {f'(u) : u| < HUOHOO}.

in the rest of this section and in the proofs that follow. We will also use the Lax-

Friedrichs MRA as constructed in our work.
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7.1 Uniform Bound on the Approximate Solution

Lemma 7.1. We show that if ‘UJQ‘ < M, then

‘U]"| <M foralljeR, neR;.

Proof. We write our difference approximation as following,

At

Urtt = up - N ~IF b1 an,%]
with
Fry = (U0 )+ 4FW)TE) + FOT))
FR = (W) + 47U + )
So that,
Un+1 Un
At n n n+% n-+ n n
- one (1 - s+ (5O - s D) + s - s
1 n At n n 4 n At n+; n+s
— 3 (- S [rwpy - sy ) + 5 (v - S [ - s )
A
w5 (o= [romh - )

By the mean value theorem,

1 At
n+1 n / n n
4 n At ’ n+2 n—&—%
v (- aprow -
1 n At n+1 n+1
3 (UJ - R, O — U (7.1)

where 0; € [U" LU +%], 0y € {UJ,?,UJ:ﬂ, and 05 € [U i Uﬁ‘“]

Next, we use the polynomial framework definition (see section 3.2.2)

Ufrr =mj (G 1) = Uiy + (U7 = Ujia)ag o,
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(o)) = U + (U — U)ol

[NIES

Also, we choose o', ; from the Lax-Friedrichs MRA as constructed in Section 4.4.5,
2

n
j+

n " 1 1 Ax n "
Uy =it <2 ! 2a+At> (= U

" 1 1 Az
U’ :U”+<+ >(Uf_1—U;‘),

i=y 2 2a_At
with ay = f/(U” ) and a_ = f/(U™ ,).
Jt3 J—3
When we use these definitions we get a form that approximates the Lax-Friedrichs

scheme used by Oleinik (see [13]). That is,

Uy — Az /(91)(UH% - U],%) ® 3 (U8 + U y) — AL (f(U}) = fUFY))
=5 Ul +Uf) = 517 (P00 U = Uf))
/1 A, . 1A, .
= <2 - mf (94)> Uiy + <2 + TA:Uf (94)> j—1-

If we assume

1 /
2 2Ax (0) =0,
1At
2 2Ax (9) =0,

then by a simple induction the first term in (7.1) will give

6 (5 om0 U+ (5 + 5am00) U1 )|
<3 @ - A '(9@} M+ B v 2t ’<04)] M) =M
Now we do the same for the other two terms in Simpson’s rule. Therefore, we have
([ 2 pon| ar+ 2+ AL o] ur)
<[; _ f;f’(eg,)] M + B + QAAxtf’(Gs)] M)
(L2 zaeroo]re |3 sxiroa] v)
4

1
M+ -M+-M
+6 +6

o3| <

<

D~ D= D o -

I
<



This implies

whenever

and the result we need.

7.2 A Discrete Entropy Condition on the Approximate Solution

The next result we need to prove is the following.

Lemma 7.2. If C' = min (4, AM) then

— 9
where B = &

Proof. We define the following difference

L Ur-u
J 20
Then our difference scheme implies
Zﬂ‘f’l Zr], 1
J J n
- ol U y) 20U + U7 y)
n—&-l n—&-l
- 4<f<Uj+;> - 2f(U]_§’)

71



Substituting the definition above into our finite difference scheme results in

1 = 5 = R (U, y) ~ 20 (U2 ) + FUTy)
AU 203 + 1)
(Un—I—l) (Un+1)+f(Un+1)]
5 %*z A
- 2 " 36(Ax)? Uy
— 2/ (U7 %)+f( >+4<f<UT§>

—2f (U} )+f( ))+f(U"“)

it3

+ (rwps) - £ )
T R ) RRTEICAr )
~ 1w (s - rah)

Using Taylor expansions result in

50 = 5w )+ £y (g, -, ) + 19 (o

M\»—‘

and

where 01 is between U;L+1 and U .
2

2

Also,
$U7y) = ST+ r ) (U7 - v )+ 5P (0
and
FO7 107 = 07 ) (U3 - Up )+ T (v

72
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where 65 is between U

cand U™ 5.
J—3 J—3

Therefore,

2
/ n n n f(HQ) n n 2
+f(U]_%)(U]_%—UJ_%)+ 2! (UJ_%—U]_%>
2
P N e e AN A (S s s
+4<f(Uj%)<Uj+§ U )+ (U U
2
I N e e AN A (2 s s
+4<f(UJ%)<UJg U )+ (U U
2
oy (vm g ) 4 L20) <UTL+1 Ut

] (7.4)

where
n—&-l n—l—l
6 €U U 1],00€ U 5, U 1],03€ U2, U._ ],
.7+2 2 =3 ]+2
n+ n-‘,—% n+1 n+1 n+1 n+1
94€[U 3,U_l],95E[U 1,UA l],eﬁe[U S’U_l]'
2 2 J=3 J+3 J J
We use
n__1m
A Uj Uj_Q
J 20z’
SO o o
20 = ity iy == 2Axz" , =U" , - U"
i+3 20z +3 0 ity it
and n "
n _ 2 2 n _7m __17n
ZJ—% = 2A,f[j —— 2A$ZJ_% = U]_% Uj—%

Substituting the double line differences above into (7.2) gives the following expression.



z.+1:7(2. b2 %)—7[f’(U. 28227, — f(U71)2A07]

J 2 Uitz " Timz) 36(Ax)2Y Ve -3 -3
f”(el) n 2 f”(92) n 2
+ o1 (2A$2j+%) + T(2A$2j7%)
st Nty et n+dy  f"(0s) n+dio
+4(f (Uj_% )(2szj+%) f (Uj_% )(2szj_% ) + 51 (2Ax j+§)
1 9 n 1
+ I 4)(2A$z.+f)2) + (UM H Az — f(UH (2422 )
2! J=3 J—3 Jts3 J—3 J—3
f//(95 n f// 96 n
+ 51 )(2A$2j:§)2+ é! )(2A:czjj%1)2}

9AzT =3 i i—3 i3
2At n+s n+3

=2 (e 0
2 2

At rrrn+1y n+l rrm+1y n+l1

" 1sag \J U T AUTDET
At " n+1\2 " n+1\2
- % (@R + e

We define E]" = max{ z;l )
-3

)

n
z.
j+3 J

We can assume E]” # 0, and we suppose E]” =2z 1 O Zj i1
2 2

Then, we have

-4

- o (rrthath - parthat) - o (rapha -

24t (o ntl oyl /op et antd At /iy~
- 9Az <f (UJ £zt (UJ*%) J  18Ax I j*%)zj
At o AAE [ e INJ.
S -Tge (@) - Fe (e

Ly - o) - 8 () - S

n __ n _ E
,O}. Ifzj = 0, then z; <z =0< =%

nAt

NGy

74
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J=3

)



At

Z;Hl <7 ?C’ ((2?)2) _ 4QAISC ((2;?%)2) _ HC ((E?H)?) .

We know that ‘Uj”

< M from the result in Section 7.1. So,

n_UJn_UJn—2:>n QM_M
5T 2Ax 5= 20z Ax
Also, we have assumed
AAt 1 1
— < < _ >
AL —12AAt—AxiAAt_Ax’
and the fact that
c< A som<a— 1 1
—4AM - ACM — A
Thus we have
n < "\<%<M<% 1
== Ar S AA T AACM . ACAE

This implies

Let

Then, M™ > 0. Also, let ¢(y) =y — CAt(y)>.
Then, ¢'(y) =1 — 2CAty > 0 = ¢ is a increasing function if ﬁ > .
Therefore,

1
n< - -
% = 10At S 20Ar

so that ¢(z}') < ¢(M™), and this gives

il o At AAE [t At /o
25 +1 < zi — ?C ((Zj )2) _ TC <(Zj 2)2) _ ?C ((Zj +1)2)
S ZJ - ?C ((Z] )2)
<M" - %C(M")Z
As in Oleinik’s proof we arrive at
At

Z;H—l < M — ?C(Mn)Q’

75
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and this implies
At

Mn-‘rl < M" — ?C(Mn)2
We shall show that this necessarily implies
n 1
M" < nCAt 1 (75)
5 Tam
Assuming (7.3), we have
1 9 E
J — — nCAt 1 — ’
nEAt 4+ ok CnAt  nAt

and this gives

<
2Ax ~ nAt
We have to prove
n 1
— nCAt 1 -
5 tam

We proceed by induction. The case n = 0 is trivial. So we show that the result holds

when n is replaced by n + 1. From

— nCAt +

1 >nC’At+ 1
Mr= 9 MY

So

CAtM™ CnAtM™ 1
- 2>1- >—2>0

1 il
9 - 9 0

and

n 2
- (caary

This gives the inequality
AtM™ AtM™
(1 canmy (o)

>0 >0

From M™tt < M™ — %C(M")Q, we have

Mn+1 < M" <1 _ AgtCMn) ’
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and
Mn+1 M
n
T N O
From
Mn+1 M

we can write

Therefore,
1
M"™ <
— nCAt 17
" o T Ao
and
1 9 FE
2 < M™ < =
J — nCAt 1 —
nEAt 4+ ok CnAt  nAt
Thus
1
M"™ <
CAt 1
R

holds for all n. This proves the result.

7.3 Stability of the Approximate Solution

7.3.1 A Total Variation Bound
Following along the proof in Smoller [15], the next result shows that the variation of
the difference method including Simpson’s rule quadrature is locally bounded whenever

nAt > 0. The result we need is

Lemma 7.3. Let {Uj"} and {V]”} be solutions corresponding to the initial values {UJQ}
and {Vjo} , respectively, with sup ‘UJQ‘ < M and sup ‘Vjo‘ < M. Then forn > 0 we
have

S v -vilars 3 [uf- v
l71<J l7|<T+n
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Proof. Let Wj* = U} — V", then we have

Wﬂ+1 _ Uﬂ+1 o Vﬂ+1
J J J

= U}~ SL W7y~ FU7y) + AU

— S + FUTD - FU)

VP A (VL) — V) + AV

= SV + FV) — F)

= (07 V) — one (P07~ 107)) + o (47— SV7)
- a5y - ) st (s - s

A A
- ane (Frh - oh) + s (s - o)

6Az +3 6 i=3 -3

5= - S (g - 1) - (rpp - 7))
il -vn -5 ((rrh-soh) - (s - soh))]
wg|@r-vn - 5 (s - o) - (rph - o))
~ 3 [@r-v - Seren (- vy - @y - vey)
wsor v - Shren (W) -vih @ -vih)]
w5 |- - aeren (@ - v - ot =)

This result is obtained by the same approach as Section 7.1.

e We use the polynomial framework definition (see Section 3.2.2),

U;ﬂr% = m}l%(a}l%) = Uiy + (U - f+1)a?+%,
and

e We choose ", ; for Lax-Friedrichs method (see Section 4.4.5),

1
Jig

n " 1 1 Ax n n
Virg = U * (2 " mm) (U5 = U,
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and
n n 1 1 Ax n n
with

and a_ = f’(Uj’f: ).

[NIES

e When we use these forms we get a form that approximates Lax-Friedrichs

That is,
(3 =v) = 84700 (@1~ Vi) - 0, = V7))
~ 5(( Vi) + (Ugn—l - Vi)
—AL (U7 = FV) = (PO = FOV)))
= (% - mf (94))( j+1 Vﬂﬂ)
+(5 + gagf (02) (U= = Vi)
= (3~ 2A‘,JCJ”’(94))W”+1+<%+ sz S (1)) Wiy
Therefore,

11 At 1 At .
Wit = 5 [(2 T oAL "(02))W] + ( t5A, (94))Wj1:|
411 At n+s 1 At n+i
5 [(2 ~9AL "(05)W, 17 + ( t oA, (05))Wj12:|
171 At a1 At .
+ 5 [G - A= PO + (5 + p Feow

Since the stability condition % < 1 is assumed true, the coefficients of Wi il,WJnff,

and Wj’i“ll are non-negative; using this we have
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A
S0 W < X 3]G aae O Wl + G+ s 00 [

lil<J lil<J
4 1 At n+ 1 At
—|(z — =——f'(65) 2 '(05)
+Z6{(2 28s7 %) ’ | H G oa T 0) ‘W ]
l71<T
171 At 1 At
22 = == f(p ’Wn-i—l’ = ‘ n+1‘
My 6{<2 ozt 06D Wi | + (5 + 5 1 (06)) W)
1<
111 At 1 At
< - - = n n
< X 5| G el O W+ (5 sae G W
|m|<J+1
4 1 At n—i—% 1 At
¥ 6{(2_2A % ’ N RACRET: 95‘ ]
Im|<J+1
171 At ey 1 -
+ 6{(2—2Af 06)) (Wi + (5 +—f }W*}]
m|<J+1
|m|<J+1 |m|<J+1 |m|<J+1
= > Wy
|m|<J+1
Therefore,
n+1 n
li1<J |m|<J+1
dowri< > R
l71<J |m|<J+1
D Wilae< B (WA,
1< T l71<J+n
and

S |up-vilars Y [ud-vP|Ac

1< lil<J+n

It follows from this by a sample induction argument, that the stability holds. See [15].

7.3.2 Convergence to a Weak Solution
We show the convergence of our difference approximation. We know that
1. U} is uniformly bounded. (Section 7.1),
2. our approximate solution satisfies the entropy condition. (Section 7.2), and

3. our approximate solution is stable. (Section 7.3.1)



From this, we must show that our approximate solution is a weak solution.

Let Ax; — 0 as i — oo, and suppose that for ¢ € C3

o

lim [Ui(z,0) — up(z)] ¢(x,0) dz =0.

i—00 J oo

Then wu is satisfies

// (upy + f(u)ps) dx di +/ upp dr =0
>0 =0

as described in Section 2.3.1.

Proof, Our approximate solution can be written in the form

Uit -up )

SRR G E(CA

First, we multiply ¢7, then we have

o U — 47Uy G0 L [ g APy,
At At g (S )~y )]

) @

oy~ 0] 5o,
IO (%m) ) (mi)

_rrn+l
Uj

4 n+i n+i nt+i nti nt2 4(¢;Li§ N ?)
- 2 2\ _ 2 2| 2
Fans [otrwh oo h| ot |
©),
n+i
(9] — ¢, 1)
_ nt3 J J—3 1 n+1 g1y ntl popntl
1UH | —aa |+ aas (e - o]
@
n+l _ ¢n ¢n _ d)n-‘rl
_ n+1 its . n+1 J -3 | _
f(UjJr%) 6Ax f(UJ'*%) 6Ax =0

81

Since ¢ has compact support, we may assume that 7 =0 if n > %. We multiply by

AtAz and sum over all j € Rand n € RT. D, @, d), and @ are "telescoping” and they
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cancel, except for the first term with n = 0. So we have

0.0 1¢n+1 n d)?-f— — 9
_AchUjgijrAtAm(—ZU}H Zf #
j am

B -, 4<¢§I§— )
-y ( ) i |
o ¢ni—op
ntly ity Y
Zf U + ( 6Ax )

(¢" - ¢>
¢n+1

n+1 ] ]77 -
S22 e, )0

mww

M‘HNJ\)—'

_Zf

Since Uat Az IS a piecewise constant, ¢ is smooth and the integrals are limits of step

functions, we have

1
— / Unt,nz® + 01 — // Unt,AzPt + 02 — 6/ F(Unt,Az) 0z + 03
t=0 £>0 >0
1 1 1
- / f(UAt,Ax)¢x + 54 - 6/ f(UAt,Ax)(bx + 55 - 6 / f(UAt,Ax)(b:c
>0 >0 >0

1 1
vos g [ [ Wsansati—g [ [ fUsanen+ 0 =0,
t>0 t>0

where 6; — 0, as At, Az — 0. We replace Uat,a, by U;. Then

//t>0 Uigr + f(Ui) bz + /t_o Ui = 6(Axy, At;),

where 6(Ax;, At;) — 0 as i« — co. We know that U; — w as i — oc:

/ [ Uit S0, = / /t20u¢t+f<u>¢x.

By the choice of the initial values:

/ Uip = o)
t=0 =0

Therefore,

//tzo udr+ f(u)ée + /t:() up$ = 0.
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This proves our solution of the numerical approximation is a weak solution to the
conservation law. So, as At, Az converge to zero while satisfying the CFL condition our

solution converge to a weak solution satisfying (a),(b), and (c).

7.4 Uniqueness

Diperna [7,8] has, it is shown that an entropy condition and bounds on the total
variation are sufficient to guarantee that the numerical approximation converges to a
unique limit function, u. Also, the paper gives us the function is the desired solution of
our conservation law and guarantees the uniqueness of u. This completes the proof that
our approximate solution method converges to a unique weak solution of the conservation

laws.
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CHAPTER 8
CONCLUSION AND FUTURE WORK

This chapter summarizes to work done in this dissertation. We have

1. a frame work for the development of Multiresolution Analysis (MRA) conditioned

on numerical methods used to approximate the solution of conservation laws,

2. a way to construct the shape function and wavelet bases for an MRA via a poly-

nomial framework and lifting schemes of Sweldens [17],

3. an example of how these pieces fit together in a finite volume method approach
using a Simpson’s rule approximation for computing numerical fluxes in the ap-

proximate solution of conservation laws,

4. the development of entropy conditions that can be used to condition the associated
MRA with the entropy condition, which results in the definition of an entropy
satisfying MRA, and

5. a way to prove the convergence of numerical schemes for conservation laws based

on combing the steps in this work.

Note that the method presented in this dissertation combing a finite volume method
approach with Simpson’s rule for computing numerical fluxes is one example that can

be created and analyzed using the work in this dissertation.

In the future it is hoped that the techniques developed in this dissertation can be
used to classify any Multiresolution Analysis (MRA) conditioned on numerical fluxes for
conservation laws. In turn it is hoped that an a-priori condition can be obtained that
will guarantee the convergence of a given numerical method applied to conservation laws

to a unique entropy satisfying solution to the original partial differential equation.



[1]

2]

[17]

85

BIBLIOGRAPHY

Albert Bogess and F.J Narcowch , A first course in wavelets with Fourier Analysis
Hoboken, NJ: John Wiley & Sons, Inc., 2009

Alberto Bressan, Numerical methods for conservation laws and related equation,
http://citeseerx.ist.psu.edu/viewdoc/download?doi=10.1.1.157.2558&rep=rep1
&type=pdf

I-Liang Chern, Finite difference methods for solving differential equations,
http://scicomp.math.ntu.edu.tw/wiki/images/6,/62/FD.pdf

C.S. Coray and J.V. Koebbe, Accuracy optimized methods for constrained nu-
merical solutions of hyperbolic conservation laws, J. Comp. Phys, 109:115-132,
Nov.1993.

C.S. Coray and J.V. Koebbe, High order accuracy optimized methods for con-
strained numerical solutions of hyperbolic conservation laws, SIAM J. Sci. Com-
put, Vol 15:846-865, July.1994.

R.Courant, K.O.Friedrichs, and H.Lewy, On the partial difference equations of
mathematical physics, Math. Ann.,100(1928), pp.32-74.

R. Diperna, Convergence of approzimate solutions to conservation laws, Arch.
Rat. Mech. Anay. ,V82:27-70, 1983.

R. Diperna, Measure-valued solutions to conservation laws, Arch. Rat. Mech.
Anay. ;V88:223-270, 1985.

A.Harten, High resolution schemes for hyperbolic conservation laws, J. Comp.
Phys.,V49:357-393, 1983.

R.J LeVeque, Finite volume methods for Hyperbolic problems, Cambridge, UK:
Cambridge University Press, 2004.

R. J LeVeque, Numerical methods for Conservation laws, Lecture Notes in math-
ematics, ETH Zurich, Birkhauser, 1992.

Siddhartha Mishra, Numerical methods for conservation laws and related equation,
https://www.math.ethz.ch/education/bachelor/lectures/fs2013/math/nhdgl/
numcl_notes HOMEPAGE.pdf

O. Oleinik, Discontinuous solutions of nonlinear differential equation, Amer.
Math. Soc. Transl. ,Ser.2,26: 95-172, 1957.

Chi-Wang Shu, Numerical methods for hyperbolic conservation laws (AM 257),
http://mathema.tician.de/dl/academic/notes/257/257.pdf

J. Smoller, Shock Waves and Reaction-Diffusion Equations, Springer-Verlag, 1993.

P.K. Sweby High resolution schemes using flux limiters for hyperbolic conservation
laws, SIAM J. on Numerical Anay. ,V21: No.5. pp 995-1011, Oct. 1984.

W. Sweldens and Peter Schroder, Building your own wavelets at home.



18]

86

W. Sweldens, The lifting scheme: A construction of second gemeration wavelets,
Technical Report 1995:6, Industrial Mathematics Initiative, Department of Math-
ematics, University of South Carolina, 1995.

W. Sweldens, The lifting scheme: A custom-design construction of biothogonal
wavelets, Appl. Comput. Harmon. Anay, 3(2):186-200, 1995.

David F. Walnut, An introduction to wavelet analysis, New York, NY: Birkhauser
Boston, 2002

Hyperbolic equations:  Scalar one-dimensional conservation laws-lecture 11
http://ocw.mit.edu/courses/aeronautics-and-astronautics/16-920j-numerical-
methods-for-partial-differential-equations-sma-5212-spring-2003 /lecture-
notes/lecl1_notes.pdf



APPENDICES

87



Appendix A.
Matlab Code

oo o ToTo o To o ToTo foTo o To o fo T o To o o o o To o o o o To o o o o To o o o o Jo o o o oo o o o oo o o o To o o
hhh’%h1D advection equation: du/dt+a du/dx=0%%%%%%
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
hhhkhupwind scheme

a=1;

amin=min(0,a);

amax=max (0, a) ;

dx=0.01;

dt=0.5%dx;

tend=0.5;

Y%hkDiscretization of domain
x=-1:dx:1;
t=0:dt:tend;

%hhinitial condition
n=length(x);
ul0=zeros(1,n);
u0(1:ceil(n/2))= 1;
u0((ceil(n/2)+1) :n)=0;
unext=zeros(1,n);
u=ul;

%hhupwind
for k=t
for j=2:n-1
unext (j)=u(j)-a*dt/dx*x(u(j)-u(j-1));
unext (1) =unext (2);
unext (n)=unext (n-1) ;
end
u=unext(1l:n);
end
hhhlkplot
%hhexact solution and numerical solution
y = zeros(size(x));
regionl =(-1<=x) & (x<=0.5) ;
y(regionl) =1;
region2 = (0.5<=x) & (x<=1);
y(region2) =

plot(x,y,x,u,’.’); x1im([0,1]); ylim([-.5,1.5]);
title(’upwind scheme’);

xlabel(’x’);

ylabel(’u’);

Tl T to To o T o fo S To To ot o To o Fo o fo o To Fo Vo Fo o Fo o Fo o Foto To Fo o Fo o Fo o o o Fo o To Fo Vot o Fo o o o Yo to To Fo o Fo o Fo o Vo
Y%A hhhLax-Wendroff
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for k=t
for j=2:n-1
unext (j)=u(j)-dt/(2*dx)*a*x(u(j+1)-u(j-1))+
(@t~2/2)/(dx"2)*(a~2)* (u(j+1) -2*u(j)+u(j-1));
unext (1) =unext (2);
unext (n)=unext (n-1);
end
u=unext(1:n);
end
Tt to To o to o fo S To To o Voo Fo o To o foto To Fo Vot o Fo o To Fo Vo to To Fo o Fo o Yoo To Fo ot o Fo ot o Fo o o Fo foto To Fo o to o Yoo o o o
Y%hhhhiLax-Friendrichs
for k=t
for j=2:n-1
unext (j)=.5%(u(j+1)+u(j-1))-(axdt/dx) /2*x(u(j+1)-u(j-1));
unext (1) =unext (2);
unext (n)=unext (n-1) ;
end
u=unext(1l:n);
end
Totototo fototo o fo S To To o to o fo o To o oo o To o o o fo o To Fo o to o Fo o to o fo o Fo Fo oo o Fo o o o o to To Fo oo o fo o To o oo Fo Fo oo
hhlhhiBeam-Warming
for k=t
for j=3:n
unext (j)=u(j)-(dt/(2*dx))*a* (3*xu(j)-4*u(j-1)+u(j-2))
+(dt"2)/ (2*%dx"2)*a"2* (u(j)-2*u(j-1)+u(j-2));
unext (1) =unext (2) ;
unext (2)=unext (3);
end
u=unext(1l:n);
end
T ot to To o to o fo S To To o To o Fo o To To foto o Fo o Vo o Fo o To Fo ot o Fo o to o fo o To Fo o Fo o Yoo Fo Fo o to To Fo oo o Fo o Fo o fo o o Fo oo
%A hhhTVD scheme

r=zeros(1,n);
frl=zeros(1l,n);
frh=zeros(1,n);
fll=zeros(1,n);
flh=zeros(1,n);
fright=zeros(1,n);
fleft=zeros(1,n);
unext=zeros(1,n);
u=u0;

for k=t
for j=2:n-1
if u(j)==u(j+1)
r(j)=1;
elseif a>0
r(j)=(u(G)-u(G-1)/(G+1)-ulj));
elseif a<0
r(j)=u(G+2)-u(i+1))/(u(j+1)-u(j));
end
r(1)=1; r(n)=1;
end
Y%hhflux limiter function
phi=(r+abs(r))./(1+abs(r));

for j=2:n-1
frl(j)=amax*u(j)+amin*u(j+1);
frh(j)=(1/2)*ax (u(j)+u(G+1))-(1/2)*(a~2) *(dt/dx) * (u(j+1)-u(j));
£11(j)=amax*u(j-1)+amin*u(j);
flh(j)=(1/2)*a*(u(G-1)+u(j))-(1/2)*(a~2) *(dt/dx) * (u(j)-u(j-1));



fright (j)=frl(j)+phi(j)*(frh(j)-frl1(j));
fleft(j)=£f11(j)+phi(j-1)*(£1h(j)-£11(j));
unext (j)=u(j)-dt/dx*(fright (j)-fleft(j));
end
unext (1) =unext (2) ;
unext (n) =unext (n-1);
u=unext(1l:n);
end
Thlhhplot
plot(x,y,x,u,’.’); x1im([0,1]); ylim([-.5,1.5]); title(’TVD scheme’);
xlabel(’x’);
ylabel(’u’);
Vo Jo oo To o o o ToTo o JoTo o Jo o o o To o o To o o Jo o o o To o o To o o Jo o o Jo T o o To o o To o o Jo o o Jo o o o To o o Jo o o Jo T o o oo
Yo Too o ToTo o o To o o To o o ToTo o o ToTo o ToTo o ToTo o o To o o To o o ToTo o o To o o To o o To o o To T o o T o o To o o To T o Jo T o o To o
hhlkBurgers’ equation u_t+(1/2 u~2)_x=0
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
clear all;
%%%%selectlon of equation,method, and initial condition
type_burger=menu(’Choose the equation:’
’Inviscid Burgers equation’, ’Viscid Burgers equation’);
if (type_burger==1)
method=menu(’Choose a numerical method:’,

’Upwind conservative’,’Lax-Friedrichs’, ’Lax-Wendroff’,’Beam-Warming’);

else
method=menu(’Choose a numerical method:’,
’Parabolic Method’);
end

ictype=menu(’Choose the initial condition type:’
’shock’,’expansion’);

hhhhSelection of numerical parameters

xend=1;

tend=0.5;

dx=0.01;

dt=0.5%dx;

x=-1:dx:xend;

t=0:dt:tend;

n=length(x);

%hht set-up initial solution
u0=init(x,ictype);

u=u0l;

unew=0%u;

%hhjnumerical method

if (type_burger==1)
for i=1:n,
switch method
case 1 %%%upwind conservative
unew(2:end)=u(2:end)-dt/dx*(f (u(2:end))-f (u(1:end-1)));
unew (1)=u(1);

case 2 Y%%fhLax-Friedrichs
unew(2:end-1)=0.5%(u(3:end)+u(1:end-2))-0.5%dt/dx* ...
(f(u(3:end))-f(u(l:end-2)));

unew(1)=u(l1);

unew (end)=u(end) ;

case 3 Y%%%Lax-Wendroff
unew(2:end-1)=u(2:end-1) ...

-0.5 *dt/dx*x(f(u(3:end))-f(u(l:end-2)))...
+0.5%(dt/dx) "2*. ..
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(df (0.5%(u(3:end)+u(2:end-1))) .*(f (u(3:end) )-f (u(2:end-1)))-...
df (0.5*%(u(2:end-1)+u(l:end-2))) .*x(f (u(2:end-1))-f(u(l:end-2))) );
unew(1)=u(1);

unew (end)=u(end) ;

case 4Y/Beam-Warming

unew(3:end)= u(3:end)-0.5%(dt/dx) *(3*f (u(3:end))-4*f (u(2:end-1))
+...f(u(1l:end-2)))...

+0.5%(dt/dx) ~2x*.

(df (0.5%(u(3: end)+u(2 end-1))) .x(f(u(3:end))-f(u(2:end-1)))- .

df (0.5*%(u(2:end-1)+u(1:end-2))) .*x(f (u(2:end-1))-f (u(1:end- 2))))

unew(1)=u(1);

unew(2)=u(2);

end
u=unewv;

end
else
for i=1:n,
switch method
case 1 %%/%iParabolic method
D=0.01;
fminus=0.5%(f (u(2:end-1))+f(u(l:end-2)));
fplus=0.5*(f (u(2:end-1))+f (u(3:end)));
unew(2:end-1)=u(2:end-1)+dt*(D*(u(3:end)-2*%u(2:end-1)
+u(1:end-2))/(dx) "2
...~ (fplus-fminus)/dx );
unew(1)=u(1);
unew (end)=u(end) ;
end
u=unew;

end
end

y = zeros(size(x));
regionl =(-1<=x) & (x<=0.5) ;
y(regionl) =1;

region2 = (0.5<=x) & (x<=1);
y(region2) =

plot(x,y,x,u,’.”); x1im([0,1]); ylim([-.5,1.5]1);
xlabel(’x’);

ylabel(’u’);
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%kt initial condition for Burgers’ equation

TotoTo oo oo To oo o o To o o o Jo To o o o ToTo o o o ToTo o o o ToTo o o o ToTo o o o To oo o o To T o o o To o o o T To o o o o To o

function ui=init(x,ictype)
xshift=0;
if (ictype==1)
ul=1;
uR=0;
ui=uR+(uL-uR)*((x-xshift)<=0.0);
elseif (ictype==2)
ul=0.5;
uR=1;
ui=uR+ (uL-uR) * ((x-xshift)<=0.0);
end



Tl oSt T to To fo ot T to o To o S Fo To o To fo ot To o o To ot to To o To o o to To o To Fo o to Fo To o To o ot To o To Fo o Fo Vo To o To o
%hth £(u)=1/2 u~2, £f’(u)=u
Tt to To o T to fo S 1o 1o o T o Fo S To To fo o To Fo o Fo o Fo o To o Vot o Fo o Voo Yoo To Fo o Fo o Yoo Vo o o to T Fo ot o Fo o Vo o oo
function ret=f(u)

ret=0.5%u."2;

function ret=df (u)
ret=u;
Tooto o to oo To Fo o oo Fodo Fo Vo to oo To Foto o oo Fodto Fo oo oo o Foto o oo Foto To o Fo oo o Fo o o oo Fo o To o Fo o oo
Whhlhhhfigure for Haar wavelet
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function Haar
iter=8;
[phi,psi,x]=wavefun(’dbl’,iter);
figure(1),
subplot(2,1,1), plot(x,phi), hold on
plot(-0.5+2%x, zeros(size(x))), hold off
title(’phi Haar’)
axis([-0.5,1.5,-1.5,1.5])
subplot(2,1,2),plot(x,psi), hold on
plot(-0.5+2*x, zeros(size(x))), hold off
title(’psi Haar’)
axis([-0.5,1.5,-1.5,1.5])
TootofotoToo To fo oo oo Tod To foFo To o To Fo o o oo Fodto To foto oo o Fo o Fo oo Fo o To oo o oo Fo o o oo oo to o Fo o oo o
function upshape(n,nval)
Totototo oo to o fo S To oo to o Fo o To Fo oo o Fo oo o oo To Fo oo To Fo o to o fo o To Fo oo Fo Fo o o o oo To Fo oo o fo o o o fo o
%%%This method will generate the shape function data for
%hhvarious conservation law schemes
%h%tINPUT: n=2"x (x= any integer; n=4,8,16,....)
Tl nval=compute the number of points to update
%kt (nval=1,then your point is 2*n+1)
%hh0Output : U wind method with lifting schemes
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
alpha=1;
%%%initial shapefunction
for i=1:n+1
shapefunc(1,1i)=0;
end
%%Initialize the discrete dirac function value and the number of
%%hvalues to the left and right of the center
indmid=n/2+1;
shapefunc(1l,indmid)=1;

%hhFind new(1,1i)=U_{i+1/2};
Y%hhU_{i+1/23=U{i+1)+(U(i)-U(i+1))*alpha
%% lifting framework
for 1=1:nval
for i=1:2"(1-1)*n
new(1,i)=shapefunc(l,i+1)+(shapefunc(l,i)-shapefunc(l,i+1))*alpha;
end
for j=1:2"(1-1)*n
newshape (1,2%j-1)=shapefunc(1,j);
newshape (1,2%*j)=new(1,j);
end
newshape (1,27 (1) *n+1)=shapefunc(1,2*(1-1)*n+1) ;
shapefunc=newshape;
end
x(1)=0;
dx=1/(2"nval*n) ;
for i=1:2"nvalx*n
x(i+1)=x(i)+dx;
end
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figure (1);
plot (x,shapefunc,’.’);
axis([0 1 -0.5 1.5]);
hhhlhhAFind the new shape function
na=2"nval*n/2;
for i=1:na
tempfunc (i)=shapefunc(i+na/2) ;
end
for j=1l:na+l
tempfunc (j+na)=shapefunc(j+na/2);
end
newshapefunc=tempfunc;
%%%hfind the wavelet function
for 1=1:2"nval*n+1
wvletfunc(1l)=shapefunc(l)-newshapefunc(l);
end
figure (2)
plot(x,wvletfunc,’.’); %h/wavelet function graph
axis([0 1 -1.5 1.5]);
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
function TVDshape(n,nval,cfl)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%This method will generate the shape function data for various
%hconservation law schemes by TVD scheme
%%Input:n=2"x (x= any integer; n=4,8,16,....)
VAN nval=compute the number of points to update
AN cfl=cfl condition number, 0<cfl<1
%%0utput:TVD method with lifting schemes
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%%hhinitial shapefunction
for i=1:n+1
shapefunc(1,i)=0;
end
%%hInitialize the discrete dirac function value and the number
%hof values to the left and right of the center
indmid=n/2+1;
shapefunc(1,indmid)=1;

o Too o ToTo o o To o o To o o ToToTo o To o o ToTo o o ToTo o To o o JoTo o o To o o To o o To o o o Fo o o To o o To o o o T o o To o o
%hhFind new(1,i)=U_{i+1/2};
HhhU_{i+1/23=U_{i+1)+(U_(i)-U_(i+1))*alpha

hhth Lifting framework%lots/ssslotslostolotslotstolotstostolotslostolotslots oo tslors oo tote
for 1=1:nval

hhhhflux limiter work of Sweby

num(1)=0; den(1)=0; num(2~(1-1)*n+1)=0; den(2~(1-1)*n+1)=0;
for i=2:2"(1-1)*n

num(i)=shapefunc(i-1)-shapefunc(i);
den(i)=shapefunc(i)-shapefunc(i+1);

end

%hly compute the sign of the ratio

for i=1:2"(1-1)*n+1
signn(i)=1;
if num(i)<O0
signn(i)=-1;
end
signd(i)=1;
if den(i)<0
signn(i)=-1;
end
signr(i)=signn(i)*signd(i);



end

for i=1:2"(1-1)*n+1
if signr(i)<0
c(1)=0;
else
if den(i)==0
c(i1)=2;
else
theta(i)=num(i)/den(i);

if ( 0< theta(i)) &&(theta(i)< 1/2)
c(i)=2xtheta(i);
elseif (1/2<=theta(i)) &&(theta(i)<1)
c(i)=1;
elseif (1<=theta(i))&& (theta(i)<2)
c(i)=theta(i);
else
c(1)=2;
end

end

end

end

%%% alpha value for TVD

for i=1:27(1-1)*n+1
alpha(i)=(1/2)*(1+cf1)+(1/2)*(1-cf1)*(1-c(i));

end

YhhLlifting frame work

for i=1:27(1-1)*n

new(1,i)=shapefunc(l,i+1)+(shapefunc(l,i)

-shapefunc(1l,i+1))*alpha(i+l);

end

for j=1:2"(1-1)*n
newshape (1,2%j-1)=shapefunc(1,j);
newshape(1,2*j)=new(1,j);

end

newshape (27 1*n+1)=0;

shapefunc=newshape;

end

x(1)=0;
dx=1/(2"nval*n) ;
for i=1:2"nvalx*n
x(i+1)=x(i)+dx;
end
figure (1) %%kshape function graph
plot(x,shapefunc,’.’);
axis([0 1 -0.5 1.5]);
Fohthh/ihFind the new shape function
na=2"nval#*n/2;
for i=1:na
tempfunc (i)=shapefunc(i+na/2) ;
end
for j=1:na+l
tempfunc (j+na)=shapefunc(j+na/2+1);
end
newshapefunc=tempfunc;
%h%hfind the wavelet function
for 1=1:2"nval*n+1
wvletfunc(l)=shapefunc(l)-newshapefunc(l);
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end

figure (2)

plot(x,wvletfunc,’.’); %h/wavelet function graph

axis([0 1 -inf inf]);

Totototo Voo to o fo S To Tofoto o To o o o fo o To Fo foto o Fo o to o fo o To Fo o to o Fo o o o fo o To o oo Fo Fo o to o fo o o Vo o
function sampleshapefunction(n,nval,gammal,gamma2,ncfl)
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%%This method will generate the shape function data for
%%various conservation law schemes

%hInput:n=2"x (x= any integer; n=4,8,16,....)

oo nval=compute the number of points to update
Dot gammal, gamma?2
AN ncfl=cfl(i) (cfl1(1)=0, cf1(2)=0.1,...cf1(11)=1)

hhOutput :Numerical method with lifting schemes
%hUsing Lax-Wendroff (gammal=1/2, gamm2=1/2),
%/Beam-Warming (gammal=1/2, gamma2=-1/2)

Yoo 1o oo oo To oo o ToTo o o o JoToTo o o JoToTo o o ToTo o o o To o o o o To o o o ToTo o o o To T o o o To oo o o To T o

nstep=10;
dcfl=1/nstep;
cfl1(1)=0;
for i=1l:nstep
cfl(i+1)=cfl(i)+dcfl;
alpha(i)=gammal+gamma2*cfl(i);
end
%hhinitial shapefunction
for i=1:n+1
shapefunc(1,i)=0;
end
%hInitialize the discrete dirac function value and the
Jfnumber of values to the left and right of the center
indmid=n/2+1;
shapefunc(1l,indmid)=1;

Yo lo oo o To o o To o o To o o ToTo o o To o o ToTo o Jo To o o To o o To o o To To o o To o o ToTo o Jo T o o T o o To o o o
%hhFind new(1,1)=U_{i+1/2};
HhehU_{i+1/23=U_{i+1)+(U_(i)-U_(i+1))*alpha
Dt Lifting framework¥hltelotlotlotslotslotslotsletolotolstotstolototstotstolstols
for 1=1:nval
for i=1:2"(1-1)*n
new(1l,i)=shapefunc(l,i+1)+
(shapefunc(1,i)-shapefunc(1,i+1))
*alpha(ncfl) ;
end
for j=1:2"(1-1)*n
newshape(1,2%j-1)=shapefunc(1,j);
newshape (1,2+*j)=new(1,j);
end
newshape (1,27 (1) *n+1)=0;
shapefunc=newshape;
end
hhhlhh%Find the new shape function
na=2"nval*n/2;
for i=1:na

tempfunc (i)=shapefunc(i+na/2);
end
for j=1l:na+l

tempfunc (j+na)=shapefunc(j+na/2);
end
newshapefunc=tempfunc;
hhhhhhinterval of x
x(1)=0;



dx=1/(2"nval#*n) ;
for i=1:2"nval*n
x(i+1)=x(i)+dx;
end
figure (1) Y%%%shape function graph
plot(x,shapefunc,’.’);
axis([0 1 -0.5 1.5]);

%%%find the wavelet function

for 1=1:2"nval*n+1
wvletfunc(l)=shapefunc(l)-newshapefunc(l);

end

figure (2)

plot(x,wvletfunc,’.’); %k%iwavelet function graph

axis([0 1 -1.5 1.5]);
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