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Geoffrey Schulthess

Mentor: Dr. Rodriguez
Thermodynamic Properties of Black Holes
Black Holes are some of the most mysterious objects in the known universe. In 1975,
Stephen Hawking stated that Black Holes can behave as thermodynamical objects with a finite
mass, spin, angular velocity, temperature, and entropy. This has been one of the most fascinating
yet perplexing breakthroughs in our understanding of these strongly gravitating objects. In this
context, the purpose of this research was to use Wolfram Mathematica to create a program that

would calculate the thermodynamic properties of a black hole, given a certain metric.

To start the research, Dr. Rodriguez asked me to study the Schwarzschild metric

dr? + r2d6? + r?sin?6dp?

2M
dSZ = —<1—T)dt2 +

_2M
r

1

in Lecture Notes on Black Holes (5) to understand what a metric is and what all the variables
represent. I then used Wolfram Mathematica to take the limit of the g, term at r = infinity to find
the expression for the mass (as the subleading term in the expansion) of a Schwarzschild black

hole:

2M
g.- 1+T + ...

When taking the limits at r = infinity on Wolfram Mathemtica, it was easiest to set r = 1/x and

take the limit at x = 0. Once I had found the correct expression, I studied the Kerr metric,

2
ds? = —dt? + (pK)dr2 + p2d0? + (r?+ a?)sin?0de? + 2Mrp?(a sin?0de — dt)?

A(r) = r2 — 2GMr + a? p%(r,0) =r? + a’cos?6



and used Wolfram Mathematica to make the same calculation to find the mass. A similar
calculation was made for the g.g. g, andge terms. To find the event horizon, we set the A
expression to zero and solved it for r. This gave us two expressions for r=rh, which shows that

there are two event horizons for a Kerr black hole, but we are only interested in the largest root,

=M+ —a? + M?

where M is the mass and a is the angular momentum parameter. We can then compute the

angular velocity (w), at the event horizon, which gave us,

W= = Lo/ w
M +V—a? + M?
©= 2aM

To solve for the area of a black hole, we used,

A= ff doé de ./ g60o *g(p(p|rh
A=8nrM (M ++V—a?+ M?)

And finally, to find the temperature evaluated at the event horizon, we used

T (N?)
A/ grr x N2

where,

N2 = —gtt 9t y2
gtt +gee ()
In conclusion, we were able to write a basic program in Wolfram Mathematica that
correctly computed all the thermodynamic quantities of a static (Schwarzschild), and rotating,
(Kerr), black holes. We would like in the future to enable the program to accept user input and

find these thermodynamic properties for general black hole metrics.



Bibliography

. Carroll, S. M. (December 1997). Lecture Notes on General Relativity. Institute for
Theoretical Physics

. Davies, P. (2002). Black Holes Constrain Varying Constants. Nature (London), 418(6898),
602-603. doi:10.1038/418602a

. Hawking, S. (1976). Black Holes and Thermodynamics. Phys. Rev. D, 13(2), 191-197.

. Hawking, S. W. Particle Creation by Black Holes. Comm. Math. Phys. 43 (1975), no. 3,
199-220. https://projecteuclid.org/euclid.cmp/1103899181

. Prohazka, S., Riegler, M., & Singer, S. (January 2016). Black Holes I VU (D. Grumiller,

Ed.)



Schwarzschild Metric

wit= metrice = {{{1 -2/r)a(-1), 0, 0, 0}, {0, rr2, 0, 0}, {0, @,
ra28in[8]*2, 0}, {0, 0, 0, —{1-2/r)}}

i {{g00,0,8), (6,15, 0,51, (0,0, Fsiel’, o], o, 0,0, -1+2))
r

Kerr Metric

ds*2= —dt* 2+ (p*2/A) dr* 2+ p*2d8"2(r"2+ a2 ) 5in*2 dg2 + 2Mr p*2 (asin’2 §dg - dt)*2

Alr)=r*2 = 2GMr+a*2
pr2(r,8)=r"2+a"2cos"2 &

(* Wherer=1/x")

GIf - Gives us the Mass

wit= Gttz= (({(2emer)/{r*2 +a*2=Cos[d]*2) — 1))
Series[{{(2emexa-1)/{x*-2 +a*2=Cos[d]*2) — 1)), {x,0, 2}]

owf = =1l+2mx+ 0[)‘.’]8

Grr

wit= Grrz=({r*2 + a*2 = Cos[8]*2)) [(r*2 —2em=er +a*2))
series[{{xr—2+ a2 = Cos[@]22)) [xr—2 —2emix+ar2)), {x,0,2}]

oui=1+2mx +(-a®+4m’ + a®Cos[6] %) x° +o0°

Gee
i/ t= Gthth = r*2 + a ~ 2 = Cos[8]~ 2
oul = r° + a® Cos[8]°
i = Series[[{x *—2 + a* 2 = Cos[d] *2), {x,0, 5}]

S 2 2 B
Outfs = o + a®Cos[8] " +C[x]

G
wit=Gpp= ([r*2+ a*2+ ([(2emerear2 «Sin[d*2) f [(r*2 + a~2 = Cos[F]*2))) = Sin[d]+2)
Serdes[[{(x*—2+a*2+ [([(2emexr—1 =822 = Sin[@~2) { (x*—2+ a*2 = Cos[d)))) = Sin[8]~2), {x, 0, 2}]
2a?mr 5in[8]*®

oui = Sin[8]F |af+ i I — = 170
r® +a® Cos[8]®

sin[q°® s
e fale 2o 2 z . a
Ol T+a Sin[@] " +2a " mSin[d] " x+ C[x]



Gt

wpe Gtphi = [=2amaxr s a3+ Sin[@]*2}/(r* 2 4 a* 2+ Cos[F] " 2)

2zanr Sin[g)*
r*+ a® Cas[f]®

Ovfsje =

e Ser'ies[[[-4-g[x "-1}*m*a*S'in[|9]"2}I[ x"=2 4 a3t 2xC005[0]" 2}), {x, 9, 2}]

oug - -4 (anSin[6) %) x +0[x]*

Event Horizon

e |* Where delta=a -,~,-)

EvHorz = Solve[r *2 = 2%mxr 4 a*2==8, r]
oug e {{r-;n-xj-a‘+n"},{r-}n+\}-ai+n"}}

v e (v o EvHorz [[1]]) (r §. EvHorz [[2]]} // SimpLify

<
ouy - 8

Omega {Angular Velocity} at Event Horizon

oy e Rhoi= mg Sgre[m* 2= a3t 2]

Gtphi2 = = ((2xramxaxSin[#]*2}f(r* 2 4 a*2+Cos[F] " 2})
- Gppi= ((r*243%24 ((2amar+ a2 s 5in[6]%2) J (r*2 43%2 5 Cos[6]" 2}}} + Sin[8]* 2}
oy - Omeg 1= =Gtphi [ Gpp
vy je FULLSimpLify [Omegf. r = Rh]

n-4 -a% ¢t

v zZan



Area

w7~ cons = FullimpLify [Sore[Gthth=Gpp]f. r 4R/, (Sqre[=a*2 4m* 2]} (Rh=m}fe (=32 4 24msRA}aRA 42, {71/ 25 6> 8}]
auflaje ZJn' (- at2n (m V-aty n')] Sin[g)

7o FULLSTmpLify [Integrate [cons /. (Sgre[=a*2 4m*2])= (Rh=m}/. (=a*2 4 24mxRh}=Rh * 2, {#, o, m}]+27]

aupige B[ 0° (M\l- s‘m']‘ m

Temperature

wi- 2= =Gtt 4 (Gtphi2 *2[Gpp)/fFullSimplify

(8%+r (-2n4r)) (a%+2r4 8t Coz[26])
2 (8% 4 r%) (rtatCos[6]®)+ 4atnr Sinfg]*

Qutg2i[=

npzy- dn2 = Bnz, r]
(8*+r [-2n4r)) (s‘nr‘c-s‘ﬁas[ze]](4r(s‘@r‘]ur[r‘q-s‘Cas[G]‘)Hs‘nSin[G]‘] 4r (841 (-20n4r)) (-2np2r) (8 42r% 42t Cas[24))
+

(2 (8 +r®) (r* +a®Cos[6]%)+ 42 nr Sin[6]%)* 2 (% +r%) (r* e Coz[] %44 st nrSin(f]® 2 (a%+r%) [r*+ o* Cos[6]") 44 s®nr Sin[d]*

U -

ngge top = FullSimplify [(Series[dn2, {r, Rh, )]/ FullSimplify} fua*2 4 m*2= (Rh = m}* 2, Rhms 8]
J-au [m(mJ.sun‘)-zs‘sm[e]‘) .
+0[r-n_\J_s'wn‘]

4n"(-s‘+2n(m\j-s‘+n"”

Qut{3=

npa- bottom = FUll§implify [ (Sqre[(4m « Series[Grr & n2, {r, Rh, 0}])]/ FullSimplify} fua* 2 @ m®* 2= (Rh = m}* 2, {240 4 Rh 4 [24m = Rh}xCos (24 6)> 8, Rhand 8}]

ﬁ\/zn'nb\j-a‘m' Fon n-\f—s‘m‘ Cas[6]*-a*Sin[6]*
autaje | ) ( N ) +(>[r-m-\}-s"nn"]’k

ni¢l= temp = Normal [top [ bottom] #f FullSimplify
\J-a";ni (4n(m\}- a";n‘].za'sin[s]")
4n(.s‘;2n(md.a‘+ n‘]) ﬁ‘jﬂm(m\j.s‘; n"]q.Zn(n.J.s‘;n‘) Cas[]* - a*Sin[6)*

Qutdl[=
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