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Yang-Mills sources for Biconformal gravity

August 12, 2019

Abstract

We present a gauge formulation of Yang-Mills matter sources for Biconformal gravity. Biconformal
gravity is a 2n-dimensional conformal gauge theory with a curvature linear action that has been shown
to reproduce scale invariant general relativity on the cotangent bundle of n-dimensional space time. We
present a generalization of Yang-Mills theories in biconformal space and show that the field equations
with sources reduce the Yang-Mills sector to n-dimensional Yang-Mills theory in curved spacetime. We
compute the restrictive conditions on the energy-momentum tensor required by the gravitational field

equations.
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1 Introduction

Over a century ago, Albert Einstein proposed a way by which the curvature of spacetime and the matter fields
that reside in that space-time interact. In particular, the coupling of matter sources with gravity in general
relativity was achieved by adding a coordinate invariant form of the matter action to the Einstein-Hilbert
action. We will explore the case of Yang-Mills fields as sources for Biconformal gravity.



Biconformal gravity is a gauge theory and is therefore to be partly understood as a formulation of physical
laws based on known symmetries of nature. In particular, since laboratory measurements are in fact relative
and not absolute, the ability to choose local units constitutes a symmetry of nature. More precisely, the
action functional that encodes the laws of nature ought to be invariant under local scale changes i.e invariant
under SO (1,1) transformations.

As a gauge theory, not only is biconformal gravity related to the ripples in space-time, but also to a
wondrously beautiful mathematical object known as a principle fiber bundle. The principle fiber bundle is
constructed by use of the quotient method, a technique DUE TO CARTAN that was first developed and
employed for gravity by Ne’eman and Regge. We will briefly introduce the reader to the quotient technique
in the next section.

1.1 Sources in biconformal gravity

The incontestable utility of the conformal group in modern physics has spawned a great deal of interest
in symmetric homogeneous spaces. Among homogeneous spaces constructed from the conformal group,
biconformal space is unique for not only resulting in a Ké&hler manifold of doubled dimension, but also
in providing myriad rich structures including a non-degenerate Killing form and orthogonal Lagrangian
submanifolds.

Biconformal gravity arises by taking the quotient of the conformal group of an SO (p, ¢)-symmetric space
(p + ¢ = n) by its homogeneous Weyl subgroup, W, ; = SO (p, ¢) x SO (1, 1). This leads to a 2n-dimensional
homogeneous space with local W, , symmetry. This homogeneous space, discussed in [10] and [11] and studied
extensively in [24, 46, 25], is found to have compatible symplectic, metric and complex structures, making
it Kéhler [24]. In addition, the Killing form is nondegenerate and scale invariant, and the volume form
of the base manifold is scale invariant. The homogeneous space, and its curved generalizations are called
biconformal spaces. All of these results apply immediately to the conformal group SO (p+ 1,q+ 1) of any
SO (p, q)-symmetric space.

The most general action linear in the biconformal curvature is given by

SZA/eaC,,_dbe”'f (" + B34 +ve* Af) Ae A Nel Afo A~ Ay (1)

where Q% is the curvature of the spin connection and € is the dilatational curvature. Here A = %
is a convenient constant, chosen to eliminate a combinatoric factor and to make our sign conventions agree
with [1]. The cotangent space is spanned by the pair, (e, f;), called the solder form and the co-solder form,
respectively.

Remarkably, even though the full gravity theory initially depends on all 2n independent coordinates, it
has been shown to reduce to n-dimensional gravity [11, 13, 40, 32, 33, 34, 46, 24, 25, 1]. Here we show that the
same reduction occurs for Yang-Mills matter sources. The central issue is to show that a completely general
SU (N) gauge theory over a 2n-dimensional biconformal space reduces to the expected n-dim gravitational
source.

2 Constructing the Yang-Mills Action

A Yang-Mills theory follows from an action functional of the form

Svym = *g/trf/\*]:— (2)
where * is the usual Hodge dual, F is a curvature 2-form, F is a conjugate curvature formed using the
complex structure, and the trace is over the SU (N) generators. Several issues arise when we expand this
expression in biconformal spaces.

Because the basis forms are distinguishable by their conformal weights, each biconformal 2-form may be
uniquely expanded in three parts,
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where ¢ is an index of the internal Lie algebra. This index can be suppressed without loss of generality in
most of the following, and it proves more transparent to give the three coefficients distinct names, leading
to,

1 1
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Note that F,;, and H® are antisymmetric.

We observe here that in defining the dual operation for the above 2 -form a number of ambiguities need
to be clarified. We establish the following conventions:

1. All factors of f, are written first, followed by all of the e®.

ab---

2. The Levi-Civita tensor is written as e*”""¢ . . Iz with all n up indices first.

3. (—1)’c to correct any index on the on the coefficient that is not summed on the first index of the «.

4. An m-form is a polynomial with each term having different numbers of €’s and f’s. We write the terms
in order of increasing number of f’s.

It has been noted elsewhere [57] that there are alternative duals in biconformal space. For instance, we may
use the symplectic form instead of the metric to connect indices. The difference resides in the relativie signs
between the e?, f,, and mixed terms. Care must be exercised to keep the correct signs.
Another issue in finding the biconformal dual is the surprising invisibility of the metric, which in the
usual “null” basis takes the form 5
KAB = ( 5(?17 Ob )

where the raised or lowered position indicates the conformal weight. Since K4p is built from Kronecker
deltas, its presence in an expression is often masked. In order to vary the metric, it is necessary to write it

in an explicitly general form, as
Kg K©
Kap = ( Kab Kall)) )
a

and only restore the null form after variation.With these factors in mind, we find the dual of the Yang-Mills
field is

o (e B s )
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where for brevity we omit the wedge between forms. Thus, for example, a 2n — 2 basis form becomes
ELAGA A AelNe - ef = £, e

Since the Levi-Civita tensor always has n up and n down indices, the number of basis forms is unambiguous.
It is convenient to define a volume form as

P = "1
1 .d of
= m@c e,__ffc.“d/\ee
1
_ /*KEC...d e...ffond/\eemf
nln!
and consequently,
£ cf 1 ey P
c..d /N € = 7,—K€ cod
_ s et
= €..4 e
where the overbar denotes the contravariant form of the Levi-Civita tensor. (See Appendix A for the
definition of the contravariant form of the Levi-Civita tensor, €, _, et ).
We also need the reduction formulas,
he--d h sh
e ! mnc--AdEg ¢ e f T n! (n - 2)' (6371671 - 6m6§l)
emed e g = (=D (n—1)18k0"

Then, forming the wedge product, F A *F, we may eliminate the basis forms in favor of the volume form ®.
After a bit of algebra, we have

F*F = (;anKame" +G™ K, K+ %Hm”K“ WK ) F,,®
+ (FpnK, "K' + G™, (Kam K" — K, "K" ) + H"K,n K" ) G* , @
+ (;anKa MKy "4 G Ko Ky ;Hm"Kamen> H"® (3)
and the matter action is given by Ea.(2). The full action is the combination of Eq.(1) and Eq.(2),

S =5Sa+ Svym

3 Variation

3.1 Gravity variation

The gravity action is given by Eq.(1) where the curvature components are given in terms of the connection
by

Q°, = dw®, —w w, — 2A%f.e? (4)
T¢ = de° —e‘w®, —we’ (5)
S, = df, —w° f.—fw (6)

Q = dw-—ef, (7)



The variation is discussed in detail in [1], so we simply state the result. The variation of the spin connnection
and Weyl vector give

Taee _ Tcae _ Seae = 0
Taca+scaa_5aa c = 0
aAY (T, = 67T, = 6S.>) = 0
OéA?g (6lc)Tdad + Sc b a 6ZSd d a) =0 (8)

and these acquire no sources since the Yang-Mills action is independent of the these connection forms. The
variation of the solder and co-solder forms lead to

[ () b — Q% P pom) + B (Q",, — Qo) + AS] A™,
[ (™, = Q% P o) + B(Q", — Q% )+ AS] D, ™
— [ o + B BT
[aQy™y, U™ + B Ca
where we define the coefficients of the variation as
je¢ = A° el + BYf;
6f, = Cu.rel +D, 7t

In [1] these are equated to zero, but they now acquire sources. It therefore becomes important to keep track
of overall factors.

3.2 Yang-Mills variation

Unlike the gravity sector, the Yang-Mills action requires the metric. Since the gravity variation requires the
variation of all the gauge fields, (w®,, e, f,,w), we need to express the variation of the metric in terms of
the variation of the solder and co-solder forms by expanding the null inner product as

<eA, eB> = K4B
(e, ) (e, fy) B K Ko,
<fa7eb> <faufb> B Ka b Kab
as noted above, the variation of the solder and co-solder forms is given by
se° = A° el + Bt
of, = C’afef + Da fff

With AC Bcf C(l and D f aI‘bitI‘aI‘y. Then we may expand eaCh quadrant Of the metriC Separately. FOI‘
I 5 f a
example,

Kab <eaveb>
SK® = (5e” e") + (e, de")
= (A", + B“f,,e") + (e*, A" & + B"f,)
_ Aacch+Achac+BacKcb+Bchac

and similarly for the remaining quadrants, yielding

5Kab — Aacch+Achac+BacKCb+BchaC
0K®, = B*Kgy+ A" K+ D, K%, + Cpc K
0K," = CocK®+D,°K, "+ A" K, +B"K,.
0Kay = CuoKy+D,Kep+ Cpe K, 4+ Dy “Kqe



Once the variation is accomplished, we may replace K42 by its null-orthonormal form,

Kab Kab B 0 5ab
(Kab Kab > - <6ab 0 ) (9)

This simplifies the metric variation to

SK® — pab gha _ gplab)

SK®, — A, +D,°

5K, % = A%, +D,°

0Kay = Cap+ Cpa = 2C(ap) (10)

The variation of the action is now accomplished in two steps—the variation of the volume form and the
variation of the remaining, explicit metric dependencies.
First, the variation of the volume form is

0P

1
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nn:

1 1 4
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Notice that the variation of the 2n-form part £ ¢ e...fchd Nec S vanishes, since

Sc.ud e...ffc~~d A ee.uf _ Ea...g ,k..,,dyam@ Adatv

which is independent of the metric. Expanding K 4pdK“? in terms of the different quadrants using Eq.(10)
and Eq.(9), and restoring the volume form, the variation of the volume form reduces to

& = 0", (A%, + D, )P

a

Now we combine the volume form variation with the remaining direct metric variations. Varying the
Yang-Mills action, Eq.(2), with the Lagrange density Eq.(3) and using the metric variation given by Eqs.(10),
yields

1
—gé/]-'*]-' = —K/A"a (Hb“an — GG, — 50 (B H™ - G G° ,,)) ®
—K / B (FG* , + FocG* ) ®
_K/C(ac) (chGa p+ Hach b) P

1
_K/Da n <Hb“F;m -Gt .G, — 30 (Fyp.H™ - G* ,G° b)) o

3.3 Combining the variations and final field equations

Combining both variations, we have the final field equations,

0 () 0 =0, ) B, — 00 O AT, =k <anFbm GGy 8 (Rl - G G g)))
1

a(Q0,M, = Q7 P 0) + BT, = Q)+ NS = K HTF, -G LG - F0n’ (FocH"™ — G* G° ﬂ})

aQ® o T B = K (FamG®,, + FanG* ) (13)

aan bm + BQnm - k (Hanmb + Hmban) (14)



with sources, where we define

A = a(n—1)—-pB+n’y (15)
and
Taee _ Teae _ Se ae — 0 (].6)
Taca+Sca aiSaa c = 0 (17)
alAy (T, = 67T, = 67S.>) = 0 (18)
« g; (6lc)Tdad + Sc b a 6112)Sd d a) =0 (19)

unchanged from the pure gravity case. We also have the structure equations, Eqs.(4)-(7), and their integra-
bility conditions—generalized Bianchi identities—which follow by exterior differentiation,

DQ*, = 2A%f. T - 2A%S e’ (20)
DT* = e‘Q%,— Qe (21)
DS, = —-Q° f.+f,Q (22)
DQ = —T,+e°S, (23)

Thus far, we have introduced the reader to the basic algorithm for the development of field equations
with Yang-Mills sources. Without these sources, the field equations for the torsion free solution reduce to
the vacuum Einstein equation[l]. We will now pursue the question of whether or not the Yang-Mills portion
also reduces to the usual energy-momentum source to the Einstein tensor.

4 Solving the field equations
Our solution follows many of the steps presented in detail in [1].

4.1 Vanishing torsion

With vanishing torsion, Eqgs.(16)-(19) reduce to

S, = 0
Sca aiSaa c = 0
ozAZg (Sc ba_6Zdea) = 0

Together with these and vanishing torsion, three of the Bianchi identities, Eqs.(20),(21) and (23), simplify
to

DQY, = —2A%S.e’
0 = e, —Qe”
dQ = e°S.

The algebraic condition e“Q® ., = Qe expands to

1 ‘ 1 ,
e’ A (2Q“bcdeC ned +Q < f.ned + 3% cdf, A fd> = (2

1 , , 1.
—Qegec Ned +Q° f.ned + §Q°dfc A fd) A e

so that equating like components,
Qa[bcd] = ‘%ch] (

Q% “q—Q% % = Q% 4 —650° (

oK b cd 61(71ch

—~
N DN DN
Oy U
= —



For the third, take the ab trace. Since 7.,£2%, cd — —Mba 2%, cd we are left with Q¢ = 0 and therefore both
terms vanish separately,

Qe 4 = 0 (27)
Qd = 0 (28)

From the second equation, the ad trace gives
Q% G=-Mm-1)Q°, (29)

4.2 Curvature equations

We now combine the vanishing torsion simplifications with the curvature and dilatation field equations.

4.2.1 Momentum terms
Combining Eqs.(27) and (28) with Eq.(14) we immediately have
H™G™, + H™G", = 0 (30)

or, as matrix multiplication,

GH+ (GH)'! = 0
4.2.2 Cross-terms
Moving to the cross-term equation, we formally lower an index in Eq.(25)

Nea$2"y “a = Meaf2%q “p =N 4 — Neaf2’ 4

Now, cycling ebd, adding the first two and subtracting the third, and using the the antisymmetry of the

curvature on the first two indices, 17.,£2%; ¢, = —14a82%, ¢, we find
0 % = nnat - 830,
= —2A50°, (31)

We next observe that the difference between Egs.(11) and (12) gives
Qb = Q" (32)
Applying this to the two contractions of Eq.(31) lets us write
—04Q° + "Nt . = —(h-1)Q%
Contracting with 7., we see that the antisymmetric part vanishes,

(n—=2)meQ° g —(n—2)7na40° , = 0

in dimensions greater than 2. Therefore, the symmetric part, 7,.Q¢ ; + 74.Q° , = %nbdQc . may be
rewritten as a solution for the full cross dilatation in terms of the trace,

1
Q¢ ,==69° . (33)
n
This, in turn, combines with Eq.(31) to give the cross curvature in terms of the trace of the dilatation,

a C 2 ac e
Qb d = _5Adb e (34)



We have one remaining cross-curvature field equation, Eq.(11), which couples the results above to the
Yang-Mills source. Using Eqgs.(33) and (34) to replace the cross-curvature and the cross-dilatation, we find

n—1

1
(n=1)a—=pB)0" b0 + A8, = —& (Hb”Fbm =G Gyt 50 (FeeHY = G G b)) (35)
n
Now taking the trace and collecting terms, we relate the trace of the source to the trace of the dilatation.
Solving for the trace of the dilatation
n+2

(n=1a-p)0", = —mﬁ (FocH™ = G* .G ) —

n
n—1

A (36)

The traced source terms on the right therefore drive the entire cross-curvature and cross-dilatation. It is
striking that the only source dependence is the U (1) Lagrangian density.
Returning to Eq.(35), and substituting for the trace of the dilatation from Eq.(36), we find

1
H"Fy,, — G, G", = - (R H™ - G* ,G° ) on,

We note that the trace gives no further constraint.

4.2.3 Spacetime terms

Finally, we combine the remaining field equation, Eq.(13),
a® L om + Bum = K (Fur G, + FonG* 1)
and the corresponding part of the vanishing torsion Bianchi, Eq.(24), which expanded becomes
Q% ea + Q% an + QL% = 05Qq + 62Qap + 05

The ac trace reduces this to
Q% = Ly = — (1= 2) Qpa

Combining this with the antisymmetric part of the field equation,

@ (Qa nam Qe man) = 72BQnm
shows that

(n—2)a—28)0 = 0

so that generically (i.e., unless (n — 2) @ = 23), the spacetime dilatation vanishes. Note that this is true for
any symmetric source tensor. As a result,

a K a a

Q nam a (FamG nt FanG m)
Qvm = 0

4.3 Dilatation

Having reduced the dilatational curvature to a single function, we can now use the dilatational structure
equation Eq.(7) and its integrability condition Eq.(23) to press further. Substituting the reduced form of
the dilatational curvature, = Q% f, A e’ = ye® A f,, where

x=-—-—0°¢

n a



is given by Eq.(36), we expand Eq.(23),

0 = dQ—-e’AS,
= d(—xf,Ae )AQ—e"AS,
= —dyAf,Ane® —xD(f,Ae?) —e’ A S,
= dyre*Af,—(1+x)eAS,

Setting dy = x.e€ + x°f., expanding the co-torsion, and combining like forms,
c c a a 1 c d c d 1 cd
0 = (xe€+xf)Ne* N, —(1+x)e" A §Sacde ne*+ S, ¢ g Ne +§Sa f.Afy

(1—&—X)S’acde“/\ec/\ed—i-()@534-(14—)()5c “d)e“/\ed/\fa

/\Nﬂ’—‘

Xcég—i—%(l—kx)Sa Cd>e“/\fc/\fd

with independent parts

S[acd] = 0
(T+x) (S, “a—54 “c) = xade — Xc0q
(1+x)8, “ = x%6¢—x°od

In components, the co-torsion field equations are

S, = 0
Scaa_Saac =0
« gl:(scba_(sgsdda) =0

Applying these to the Bianchi conditions by taking the appropriate traces,

0 = Scaa_Saa c
n—1
T+x

and

and, except in the case when 1+ xy =0,

The co-torsion field equations reduce to

and the dilatation takes the form

with x constant.

10



This means that the Lagrangian density
¢ = RH"-G" G°y=C
is constant, so (recalling Eq.(30)) we have a pair of strong constraints on the source fields:
H™G™, + H™G", = 0 (38)
H"Fy, — G ,,G™, %55;; (39)

The remaining combination is source to the spacetime curvture,

a
Q nam

= £ (FamGan + FanG* m)
«

It is encouraging to check degrees of freedom for a U (1) field at this point. The full field strength, Fasn,
has % degrees of freedom. Eq.(38) may be satisfied by setting H» = 0. This is

n(n—1)
2

constraints. The second constraint, Eq.(39), fixes a full n x n tensor, constraining n? functions. The number
of remaining degrees of freedom is therefore

2n(2n -1 -1 1 1
”(721 )_n(n2 )_nz _ 2n2—n—§n2+§n—n2
5= 1)
= -n(n-—
2

This is just the number of degrees of freedom of a U (1) field in n-dimensions.

4.4 Collected results

So far, we have

Qab cd = 0
2
Qe © — _ZAacqe
b d n db e
Qa nam = g (FamGa n + FanGa m)
Q! = 0
Q° _ l(gan
d n b c
Qum = 0
where y = —10¢  and
-2 A
Qa = — n K (FbCHbc _ Gb CG(: b) _ n

o 2n-D((n-1a-p)

is constant. We may summarize the curvatures as

(n=1)((n-1a-7)

1
Q, = o pege e + 2y A% e (40)
Q = ye’Af, (41)

11



and the co-torsion satisfies

Sived) 0
Sy “a=5a “p = 0
Sb ed == O
« ?l? (Sc ba_(sgsdda) =0 (42)

We also have two constraints on the energy-momentum sources Fyp, G¢,, H*, Eqs.(38) and (39).

4.5 Constraints on the source

Defining the source for the spacetime curvature as

K
Qe nam a (FamGa n + FanGa m)

K
——Lab
o

the constraints on the curvature may be written in matrix notation as

GH + (GH) = 0
HF +GG = -=¢£1
FG+(FG)' = T
Using the antisymmetry of H and F', these become
GH = HG!
HF+GG = -£1
FG-G'F =T
Now, multiply the middle equation by G,
GHF + GGG = —-¢G
HG'F +GGG = —¢G
HG'F + GGG = —£G
H(FG-T)+(-HF - £&1)G = —¢G
HFG—-HT -HFG-¢(G = —€G
HT = 0

and since the source is generically non-degenerate, we take
H=0
This satisfies the first constraint completely, leaving

GG = —¢1
FG-G'F = T

5 Discussion

Having worked out the constraints on the energy-momentum tensor 7', we would like to know how the
biconformal curvature is influenced by Yang-Mills matter sources. Beginning with a substitution of the

12



reduced forms of the curvatures, Eqs.(40) and (41), into the structure equations in order to determine the
connection, we find that with H = 0, T still satisfies the condition

1
G" G, = =&,
n
However, the above condition implies that
G # F

In effect, the above condition yields an energy momentum tensor without the trace term. Furthermore, we
expressed the curvature in the orthonormal basis and found that the sources for the Ricci tensor vanish
identically. In this basis, the energy momentum tensor drives the cross-term of the curvature instead of
being the source for biconformal gravity. We surmise that by taking torsion to zero, we unwittingly chose
a gauge in which the momentum term that is supposed to drive gravity vanished. This suggests the need,
supported by the findings of [57], that the biconformal Yang-Mills action differes from the usual F x F form
of Eq.(2). This possibility is under study.

Appendix A: Covariant and contravariant forms of the Levi-Civita
tensor
Here, we present the contra- and covariant forms:

Let

b
eag.c = ¢€° coood

’ 4 !
gAB~C  _ RAA BB g CC . o
’ ’ ’
KAA KBB .. KCC \/EEA/B/.,,C/

e ==

I
)

Now expand the indices,

GABC

This makes sense if we always define the antisymmetric symbol as £

write the last step as

o...q» but see below where we would

13



Check the contraction. The (inverse) determinant may be defined as
1

1 ’ ! ’
= L KANKBB L KCC o e

K nln!
1 1 / , ,
_ = — (KAA KBB -~~KCC 6,4/3/...()/) €AB...C
VK n!n!
1 1
_ AB---C
VK nlnl (¢ ) eas..c
’ ! ’
éAB"'CeAB...C KAY KBB ... gCC €AB...CEA'B'...C"
_AB---C
(& €AB...C (2TL)'
éA...Bc...Dea...b = nln!
€ab cdgasb cond nln!

If we had the diagonal form of the metric it would be clear:

’ ’ ’
KAA KBB . _KCC eap .t = éAB...C

’ Iy
Kaa’ "'Kbb/ch "'Kdd e b P = éab cd

Now we must worry how to define the antisymmetric symbol. It should always be the same, so from
antisymmetry we have

’ ! ’ !
éawb ed = Kaa/"'Kbb/KCC "'Kdd e .“bcl,,,d/
_ a--b
= e cod
~ cood _a-b _
€ab e cd = nin!
Aeed O VEevt o = nlnl
so that 1
A= ——
vK
and 1
é c---d e b

Appendix B : Variation of the Yang-Mills Action

The variation of the volume form in the matter action now gives

1 1
K&I’/}—*}— — K/<2anKamen+GmnKamen+2Hmn,Kamen) Fabétp

+K / (FpnK, "K' + G™, (Ko K™ — K, "K" ) + H"" K, K" ) G* ,0®
+5 / (;anKa MK, G Ko K ;H’””Kamen) H"®
- ® / (;anK“me” +G™ K* K™ 4+ %HW“KG LK n) Fop (A° 462® + D, °52®)
+5 / (FnnK, "K' + G™, (Kam K" — K, "K" ) + H" Ko K" ) G*, (A° 46¢® + D, °51®)

1 1
+K,/ <2anKa me " + GmnKame " + 2HmnKamen) Hab (AC dégq) + ‘Dd Cégq))
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and if we set the metric to null-orthonormal,
KO / F*F = & / (FupH™ - G* ,G*}) (A° 202 + D, °6%) @

The direct metric variation is more complicated, so we carry out the independent variations separately.
Varying K gives

1 1
k0B / FF = & / (2an6K“mK"" + o P KK +GmnK“m6Kb”) Fop®

+K / (EpnK, "6K" + G™, Ko K™) G* ,®

1 1
2k / <2anB“”K”" + 5F,,mK‘mB”" + GmnKame"> F.®
+2K / (FnnK, "B"™ + G™, KumB™) G* , ®
Replacing the null-orthonormal form,
gég/]-'*]-' - H/Bbc (FpGY , + FpeG® ) ®
The Cy variartion is similarly simple,
KO / F*F = & / (G™ 0K K" + H™ K K* ) G* @
m n 1 mn 1 mn ab
+K G™ 6 Kom Ky " + §H 0K g K + §H KymdKy, | HY®
= K / (G™,2C,n K" + H™2C,,, K" ) G* ,®
m n 1 mn 1 mn ab
+K G™,2Cm Ky " + §H 2Cam Kpn + §H Kym2Cyy, | H®
and therefore,

KéC / F*F = & / (H®G* , + H*G ) 2C,.®
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Finally, we vary the metric cross terms, involving A and D,

K6A.D / F*F / <G’” K, K" + QH’””(SK“ n %Hm”Kam(SKb n) Fu®
+5 / (EpndK, "K" +G™, (-0K, K", — K, "0K" ) + H"K,,0K" ) G* ,®
+K / ( FrndK, ™K, " + anKa MK, "+ G Kam K, ) H"®

/

+H/(F m+ DK+ G, (—(A",+ D, K",, — K, " (A", +D,.")) + H™ Kqpm (A

|
=

1 1
<Gmn )Kbn_’_iHmn (Aam+Dma)Kbn+2HmnKam(Abn+Dnb)> Fab@

m a m

1

1
+n/<2F (A", + D, )Kb”+§anKam(A"b+Db "+ G KamdK, " (A" + Dy, ”)> H"®

— n/GHmb .+ D “)+%H“” (Abn+Dnb)) Fu®
+H/( Gb An —|—D n) Gma (Abm—‘rDmb))Gab‘I)

1
+n/< Fo (A", +D,™) + §F(m(A”b+Db ")) H?®®

= /@/ (A", +D,")H"Fy, —2(A" .+ D, ") G ,G" , + (A", + D, ") H"F},,) ®

= 2/{/(Ana +D,™) (H"Fy, — G ,G*,) @
Putting the various pieces together:
K sk K n n ba b a
55 F*F = 3 (A", + D, )(H -G G b)tI’
+5 / (HPG? , + H™G® ) 20, ®
/an (G, Fup® +G" ,F,,) ®
+g / 2B (FG® , + FouG® ) ®
K

+3 / (FapH™ — G® ,G"}) (A° ;62 + Dy °0%) @

1
= ,i/ (A", +D,™) <Hbann -Gt .G, + 30 (B H™ - G G° b)) o
JrIi/ (HCbGa p T+ H®Ge b) C(ac)‘I’
+k / (FG® , + F,.G*,) B ®

where we have replaced Coc = C(qc) and Bap = Bqap)-
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Appendix C: Variation of the Co-solder form in the gravity action

Consider the f, variation,
Sy = / (a2, + B2 + vefy) 4 o Fea. e
0rSy = /(am“ b+ BOGOQ + e 56,) e o fe..ce T
+ / (a0, + BOpQ + ve ) eV ;1 (n — 1) 6Fefy...cefT "
= /( (—2A27258,,e") + B67 (—e™5En,) + 7€ 0 08 ) €2 1 g @I
+ / (adQ* , + SO+ vefy) e ) (n— 1) 6Fcfy...cel9 "

Now let
0ty = Chpse®+ D,,°f,

so that
0pSg = / (Cmse® + D, °f,) (a (—2A%7e™) + Boge™ — vesy") e o fea.cel "
[0+ B 10 ) (0= 1) e+ D, e
— [ e (0 (256" + 58" — 9B el
/ (n—1) Cpse® (a2, + Bop82 + ve'fy) 6y Fcef 97
+/Dm8f5 (o (—2A%7e™) 4 Bote™ — yesi) gbed-e afg...nied- celIh
+ / (n—1) D, *f, (aQ®, + By + ve ) e 5, pface I
= / (=1)" (n—1) Cms% (aQ® " 4 BEFQUY) e Eypa eI
" / (=17 D" (~20A57 + 607 — 70767") " o nFsca.c€™9"
+ / (=)™ (n—1)D,," (a9, “, + B6pQ", — yop68) ™5 foud..c€ T

Now use
foge ! = & @

and .
et . efd'"ea__,b =nl(n—1)6/®

&
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so that

1
58y = (-1)" (n—l)/Cmsf(aQ“b " BopQt) et eI

afg... uvd:--e

) 1/D (—2a AL + BRI — yoa0) ey eI

scd---e

sud---e

+ (_1) / n—1)D (aQa v 4 BT, — ’75;;(53) Ebmd..;:fgmhé_vfgmh @

= (-1)"(n—-1) /Cms1 (aQ®, Y + B6EQUY) (n — 2)! (n — 1)! (8267 — 67760) 65 @
)yt /D (=20 A% 4 BOIE™ — 486 (n — 1) (n — 1)16%67®

+(=1)" / n—1)D,* (aQ®, ", + BoyQ" , — v66%) (n — 2)! (n — 1)! (8267 — 676%) 0@

= (-1)"(n—-1)!(n— 1)!/Cms (aQ®, o™ + BogQb™) 55 ®
+(=D"(n—=1)!(n—-1) /D a(n—1)—B+ny) s, '®

+(=D)" (n— 1) (n— 1)1/Dms (@, ™ —aQ®, ¥ 6T 4 B, — B 5T + 1 (n— 1) y6T) B

= ()" (-1 (n—1) / Cons (2%, U™ + BOEQY™) 65 %

+(=1)" (n—1)!(n — 1)! / D, (a0, ™, — a0, ¥ 07+ BQT, — BO% 5T + (a(n— 1) — B+ny) 67) @

Appendix D: Curvature in the Orthonormal basis
We build an orthonormal basis. Let

Xa — e +Oé’l7abfb
Y, = ﬂnabeb +fa

Then

(X", x") = (e"+an"f. e’ + an’'t;)
= <oz77“cfc, eb> + <ea, anbdfd>
= 2an™

(X" ) = (e"+an"f., e’ +1f,)
= (e ) + (an““fe, Brpae”)
N Y.

W thy) = (Bnace” + 1, Bnpae” +f)
= (Bnace’, V) + (va, Brpae®)
= 2B77ab
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To make the basis orthonormal and semi-Lorentzian, we need

and therefore

Therefore, choosing v = 1,

20 = 1

yt+aB = 0

28y = —1

1

a = =

2

1

Py
1

’Y—@—O
1

’Y—Z—O

7 o= E;

1 ab
= a — f
e’ + 277 b

1
_nabeb + §fa

Now, what about f, = h, + c.,e?? We have seen that this gives
<ha7 hb> - — (bab + bba) = _Qb(ab)

Write this the other way around, so that

Then we may identify

provides

= £, —bye’

2,

1
2 (_nabeb + 2fa>

f, — 277abeb

bab - 2nab

This makes b, into a cosmological constant term.

Then
X+ 0"
f,
P,
1 1,
51% - iﬁabx
eb

1 1
e? + 7nabfb +nab *nbcec 4 7fb
2 2
n*f,
nabxb + ’(/}a

1
_nabeb + 5 fa

1
—Nape’ + 3 (v X" + ¥a)

~Nape”
1

1
b T ba
52X — 3N P,
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S0,

1 1
a _ ~.a_ ~.ab
et = X" 5"
1 a 1 ab
= —x"— -n®h
2X 477 b
fa = nabxb+wa

1
= nabxb + §ha
With this, the curvature becomes, in terms of x and :
1

Q" = 50" peaete” + 2x A e
1 a C ce 1 ac e
= g bea (X =09 (X! = Vb)) + XA (P + meex?) (X = ;)
1 > (& C 1 C
= 3" b X+ (07X = n™x) o+ 00 P s) + oXAT (WX neex X = 1Tt — 1V neexpy)

Appendix E: Octothorpe Dual of a p-form

We hinted at the existence of alternative duals earlier in this work. Omne such possible duals, is what we
called the “Octothorpe dual” denoted by the symbol # . We here present a systematic way of computing
the Octothorpe dual. A general a p-form w is written as

1

w = pwmmupdx‘” A ... Adatr

Where p € {0,1,...,n}. The dual of the above form is

1
wo= " <|w1t1~.-ltpd93#1 A A dz”l’)
p!
- 1 1 Hte b d Hpt1 d Hn
a mﬁwm...wé fipt1 e O A ANde

The double dual will be :

1 1 1
**w = — [ — Eul....up 6“1’““““" dZCVl AL /\d,ﬁEyp
p! ((n —p)lpl b #p+1~~~-un> Vievp
= (-1)w
Where
gt tip NP+1“”un&-/lpﬁ-ln»-ﬂn ey = )\51[//;1““55:]
n!
(-D)%'n! = A\——"——
p!(n—p)!
Hence
A= (=1)p!(n—p)
A p-form on Biconformal space can be written as
1 1 1
w = Hwal”'apfm-map 4 mwal....ap_l apfa1 A Ny NE™ 4 + Hwal....al,eal""a”
p
1
= Z mwal...ak ak+1---apfa1 Ao N A M+ e
P k!
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and so

! (- b
_ ay...ag Ak41----Qp0YL- b — +k c
e Z (n—p+k)!(n-—Fk)! (p—Ek)k! Wi akt1-ap® ' " ararersaen fo A A, RVAC
k=0
Thus, for an m-form, in an n = p + ¢ dimensional space, the general dual is
2n—m n,q n(m—k)
Ak (-1
— > cei@ b1 by 1
#w - Z (n —m +7];L)' (n — k)' (m — k)'k' w ak+1~--am€ak+1 it i a1<~-ak0k+1-~0nfb1 N N fbn,erk, A et
k=0
where
(aps) =1
Acting again,
m Anvq (_ )n(m k:)
_ oG b1 br— etk
0
2n—m n,q An,q —k
- Z A AQn mk (—l)n(m )wﬂ1~»-ak €Gk+1---~amb1'“bn*m+k (_1)n(n—’rn+k) Eck+1.
B (n—m ¥ k) (n—k)! (m — k)!k! k1 -G @1
k=0
2n—m n,q An,q
_ A Agn m,k 1 (_1)n(m7k) (_1)n(n7m+k) WL-an Eak+1~~~-amb1~-bn—m+k
(n —m _|_ k) ( k)l (m _ k)lkl Ak41---Qm Q1...QKCRAT - C
k=0
Now use
conCpdy...d coibp—
6ak+1~...amb1...bn_m+k ﬂl.»-akck+1..,cn56k+1 cndy...dg bt ner e = k1 amby...by m+k5b1...bn,m,Jrkel.,.em,ké‘al...akck
= (=D (=D)mFROR) ) (= m+ k)
_ (71)nk—k (71)nm—nk—(m—k) (m . ]{3)' (n —m+
= (=)™ (m = k) (n — m + k)OO ] (i
and therefore
##w = Z An ", A;an m,k ( )n(mik) (71)n(n7m+k) (71)771(71*1) Wt ak+1.,.amfa1 A A fak A @kt dm
_ Z An,q Azquk( l)nm+nfm WAk ak+1mamfa1 AL /\fak A @¥h+1:--0m

so the distinct duals depend on each possible

AT AR =1
To get positivity we may drop ¢, k and require
A AT~y 4
An Ay, = ()" ()T

Suppose m < n —m. Then we can choose A”, = (—1)"

2

(_1)n(m—k) (_1)n(n—m+k:) (_1)m(n—1)

( 1)nm nk+n?—nm+nk+mn—m
( l)n 2 tmn—m?
- 1)"*’"
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5.0.1 Summary

’ Forms ‘ A:;’f’k A;’im) i
0 Ago Ao
1 Ao | Ay Agr10 | A2n—1,1
2 AQ,O A2,1 A2,2 A2n—2,0 A2n—2,1 A2n—2,2

1. The first position of the Subscript, A  represents the order of the form
2. The second position of the subscript, represents the position in the series.

3. Form<n = k=0,1,...mwhilstfor2n<m>m = k=m—-nm—-n+1,n
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