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ABSTRACT

Divergence-free Tensor Densities in Two Dimensions

by

Tyler Hansen, Master of Science

Utah State University, 2023

Major Professor: Ian Anderson, Ph.D.
Department: Physics

The study of divergence-free tensors has a rich history, with origins dating back to

the advent of general relativity and the Einstein tensor. Currently, research in this topic

is focused towards the (non-)existence of divergence-free tensors which are not variational.

Should any such tensor exist, it could immediately be used to create a modified version

of general relativity. Working in two dimensions for simplicity, we derive a formula which

explicitly characterizes all variational, second rank tensor densities dependent on a metric

and its derivatives to arbitrary order. Additionally, we create a partial classification of all

symmetric, second rank, divergence-free tensor densities dependent on a metric, a scalar

field, and derivatives of the scalar field to arbitrary order. Using this partial result, a

classification of all symmetric, second rank, divergence-free tensor densities which depend

on up to five derivatives of the metric is produced. In particular, such tensor densities with

highest derivative of order one, two, three, or five do not exist, while the densities of order

zero and order four are variational.

(247 pages)
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PUBLIC ABSTRACT

Divergence-free Tensor Densities in Two Dimensions

Tyler Hansen

In physics, a common method for exploring the way a physical system changes over

time is to look at the system’s energy. Roughly speaking, the energy in these systems are

either motion-based (kinetic energy, a bullet in flight) or position-based (potential energy,

a rock sitting at the top of a hill). The difference between the system’s total kinetic and

potential energies is quantified by an expression called the Lagrangian. Using a special

procedure, this Lagrangian is massaged to produce a group of equations called the Euler-

Lagrange equations; if the initial configuration of the system is provided, the solution to

these equations fully predict the evolution of the system through time. Generally speaking,

the system itself is the primary object of interest, with the Lagrangian and Euler-Lagrange

equations found afterwards.

However, we may take an alternative route and start with a collection of equations

instead. For this “inverse problem”, we ask if this collection of equations represent a physical

system, that is, does there exist a Lagrangian whose Euler-Lagrange equations are the

starting equations? This thesis is dedicated to investigating the “inverse problem” for a

certain group of equations related to general relativity, the theory which governs gravity

at planetary scales and beyond. The equations tested do not cover all systems in general

relativity; for simplicity, we work in a world consisting of just two dimensions, instead of

the four dimensions (three of space and one of time) encountered in our daily lives. Even

with this restriction, the calculations involved are quite complicated, though we manage to

solve the “inverse problem” for the simplest cases.
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CHAPTER 1

INTRODUCTION

The purpose of this thesis is to classify symmetric, divergence-free, natural tensor

densities Aij on a two-dimensional manifold M which are functions of a metric and its

partial derivatives to fifth order. Our main result asserts that Aij is necessarily of order

4 in the metric and is the Euler-Lagrange expression of a natural Lagrangian which is a

function of the metric and its derivatives to order 2. The study of divergence-free tensors

has a long history, both in differential geometry and general relativity. However, virtually

all of the literature in this area is restricted to tensor densities of second order in the metric,

with the few exceptions typically focusing on the third order case, for example, Lovelock

[1] and Anderson and Pohjanpelto [2]. As we shall see, the classification of divergence-free

tensor densities is surprisingly difficult once one reaches order 5 in the metric, even in two

dimensions.

1.1 Notation and Literature Review

Before reviewing the relevant literature, we fix our notation. Let M be a smooth man-

ifold of dimension n with local coordinates xi = (x1, x2, . . . , xn). A pseudo-Riemannian

metric on M is a nondegenerate, symmetric, covariant, rank two tensor field. The compo-

nents of a metric tensor in local coordinates are denoted by gij and the metric signature is

(+,−) = (p, q), where p+q = n. We define an inverse metric tensor with components gij via

gjkg
ik = δij , where δ

i
j is the Kronecker delta, and denote g = |det gij | as (the absolute value

of) the metric determinant. The Christoffel symbols of the metric Γi
jk define the unique

torsion-free connection for which the metric is covariantly constant. In local coordinates,

they are given by

Γi
jk =

1

2
gil (gjl,k + gkl,j − gjk,l) , (1.1)
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where commas denote partial derivatives and the summation convention is used throughout

this thesis. The Riemann curvature tensor on M is defined by the commutation relation

Xi
|jk −Xi

|kj = R i
l jkX

l, (1.2)

where the vertical bar denotes covariant differentiation with respect to the connection co-

efficients (1.1) and Xi are the components of a (contravariant) vector field on M . In local

coordinates, the curvature tensor’s components are given by

R i
l jk = Γi

lj,k − Γi
lk,j + Γm

ljΓ
i
km − Γm

lkΓ
i
jm. (1.3)

The Ricci tensor, scalar curvature, and Einstein tensor are then defined as

Rij = R k
i jk, R = gijRij , and G

ij = Rij −
1

2
Rgij , (1.4)

respectively. The permutation symbol ϵi1···in , permutation tensor εi1···in = g−1/2ϵi1···in , and

generalized Kronecker delta

δi1···ikj1···jk = det


δi1j1 · · · δi1jk
...

. . .
...

δikj1 · · · δikjk

 (1.5)

will be used to write expressions in more compact form.

Fundamental to the subject matter of this thesis is the notion of a tensor concomitant

or natural tensor T of the metric. This is a tensor (or tensor density) T dependent on the

metric and its partial derivatives up to some finite order that obeys the naturality condition

T (ϕ∗ · · · ) = ϕ∗[T (· · · )], (1.6)

where · · · denotes the arguments of T and ϕ∗ is the map induced on tensor fields, and

their derivatives, by the local diffeomorphism ϕ. A natural tensor dependent on partial
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derivatives to order r is said to be a natural tensor of order r. The general theory of tensor

concomitants is studied in Thomas [3] and Epstein [4], with the following theorem as the

key result.

Theorem 1. If T is a tensor concomitant which is polynomial in the metric, its inverse,

and derivatives thereof, then it may be expressed in terms of the metric, the inverse metric,

the permutation tensor, the curvature tensor and its covariant derivatives, and contractions

of these tensors.

Since the metric tensor and its inverse are natural tensors of order zero in the metric and

the curvature tensor is a natural tensor of metric order 2, an immediate consequence of

Theorem 1 is that no natural tensors of metric order 1 exist.

With our conventions set, we begin our literature review with the most physically

relevant case: the uniqueness of the Einstein tensor. Shortly after Einstein’s foundational

paper on general relativity, Hilbert [5] showed that the Einstein equations arise as the Euler-

Lagrange equations of what is now known as the Einstein-Hilbert action. The following

theorem, established in Cartan [6], Vermeil [7], and Weyl [8], proves the uniqueness of the

vacuum Einstein equations.

Theorem 2. Let n = 4 and suppose Aij satisfies the following conditions.

(A1) Aij is a contravariant, rank 2 tensor concomitant of the metric tensor and its deriva-

tives up to second order, i.e., Aij = Aij(gab; gab,c; gab,cd).

(A2) Aij is divergence-free, i.e., Aij
|j = 0.

(A3) Aij is symmetric, i.e., Aij = Aji.

(A4) Aij is linear in second derivatives of the metric.

Then

Aij = aGij + b gij ,

where a and b are constants.
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Moreover,
√
gAij =

δλ

δgij
is the Euler-Lagrange expression of the Lagrangian density

λ =
√
g(aR+ 2b).

Many years later, Lovelock [9] proved a substantial generalization of Theorem 2.

Theorem 3. If Aij satisfies (A1), (A2), and (A3) of Theorem 2, then

Aij =

2p<n∑
p=1

apg
jkδ

ih1···h2p

kj1···j2p R
j1j2

h1h2
· · ·R j2p−1j2p

h2p−1h2p
+ agij , (1.7)

where a and ap are constants.

Additionally,
√
gAij =

δλ

δgij
is the Euler-Lagrange expression of the Lagrangian density

λ =
√
g

2p<n∑
p=1

2apδ
h1···h2p

j1···j2p R
j1j2

h1h2
· · ·R j2p−1j2p

h2p−1h2p
+ 2a

√
g. (1.8)

When n = 4, (1.7) gives Aij = aGij + bgij and (1.8) simplifies to λ =
√
g(aR + 2b),

reproducing Theorem 2 without the linearity condition (A4). We note that the divergence-

free condition implies that Aij is a polynomial natural tensor. Expanding on this result,

Lovelock [10] showed the symmetry condition (A3) to also be superfluous in 4 dimensions,

reducing the necessary conditions for the uniqueness of the Einstein tensor to (A1) and

(A2).

Theorem 3 can be generalized in two directions. First, one can introduce auxiliary

fields coupled to gravity and replace the divergence-free condition with a divergence identity

involving the field equations of the auxiliary fields. Second, one can let Aij depend on higher

order derivatives of the metric. We discuss each of these options in turn.

Motivated by attempts to extend general relativity using metric-scalar field theories,

e.g., Bergmann [11], Horndeski [12] proved the following theorem.

Theorem 4. Let n = 4 and suppose Aij satisfies the following conditions.
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(A1) Aij is a contravariant, rank 2 tensor density concomitant of the metric tensor, a scalar

field φ, and both of their derivatives up to second order, i.e.,

Aij = Aij(gab; gab,c; gab,cd;φ;φ,a;φ,ab).

(A2) Aij
|j = φ|iB, where B = B(gab; gab,c; gab,cd;φ;φ,a;φ,ab) is a scalar density.

(A3) Aij is symmetric, i.e., Aij = Aji.

Then there exists a Lagrangian density λ = λ(gab; gab,c; gab,cd;φ;φ,a;φ,ab) such that Aij is

variational.

The expressions for the tensor density Aij and Lagrangian density λ are rather complicated;

see Horndeski [12] for the explicit forms.

In a similar vein to Theorem 4, the experimental success of the Einstein-Maxwell equa-

tions and the requirement of magnetic monopoles in “grand unifying theories”, e.g., ’t Hooft

[13] and Polyakov [14], motivated generalizations of Theorem 3 to metric-vector and metric-

bivector field theories, respectively. For the first, Lovelock [15] produced a modified version

of Theorem 3.

Theorem 5. Suppose Aij satisfies the following conditions.

(A1) Aij is a contravariant, rank 2 tensor concomitant of the metric tensor, its deriva-

tives up to second order, and the first derivative of a covector field ψa,b, i.e., A
ij =

Aij(gab; gab,c; gab,cd;ψa,b).

(A2) Aij
|j = αihF j

h |j , where α
ih = αih(gab;ψa,b) is a tensor and F j

h = gjkFhk is the field

strength tensor Fab = ψa,b − ψb,a.

(A3) Aij is symmetric, i.e., Aij = Aji.

Then Aij is given by

Aij =

2p<n∑
p=1

apg
jkδ

ih1···h2p

kj1···j2p R
j1j2

h1h2
· · ·R j2p−1j2p

h2p−1h2p
+ agij + b

(
F ikF j

k − 1

4
gijF klFkl

)
,

(1.9)
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where ap, a, and b are constants.

Furthermore,
√
gAij =

δλ

δgij
is the Euler-Lagrange expression of the Lagrangian density

λ =
√
g

2p<n∑
p=1

2apδ
h1···h2p

j1···j2p R
j1j2

h1h2
· · ·R j2p−1j2p

h2p−1h2p
+ 2a

√
g + λEM ,

where

λEM =


−1

2b
√
gF ijFij for n odd

−1
2b
√
gF ijFij + cϵi1···inFi1i2 · · ·Fin−1in for n even

(1.10)

and c is a constant.

We note that the permutation symbol term in (1.10) does not contribute to the Euler-

Lagrange expression (1.9) due to a lack of metric tensors.

It is well known, e.g., Lovelock and Rund [16, pp. 146-147], that the definition of Fab in

(A2) of Theorem 5 is equivalent to the Bianchi identity ϵiabcFbc|a = 0. However, if magnetic

monopoles exist, the right side of the Bianchi identity gains a magnetic source term and

therefore no longer implies the existence of the vector potential ψa. Following this line of

thought, Lovelock [17] switched from the covectors of Theorem 5 to an antisymmetric tensor

Fab and produced the following theorem.

Theorem 6. Let n = 4 and suppose Aij satisfies the following conditions.

(A1) Aij is a contravariant, rank 2 tensor density concomitant of the metric tensor, its

derivatives up to second order, and a second rank skew-symmetric tensor Fab = −Fba,

i.e., Aij = Aij(gab; gab,c; gab,cd;Fab).

(A1b) Bi and Ci are vector density concomitants of the metric tensor, its partial derivatives

up to second order, and the first covariant derivative of Fab.

(A1c) If the manifold M is flat, i.e., Rabcd = 0, then Bi =
√
gF ij

|j and Ci = ϵijklFjk|l.

(A2) Aij
|j = αi

kB
k + βikC

k, where αi
k = αi

k(gab;Fab) and βik = βik (gab;Fab) are nonzero

tensors.
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(A3) Aij is symmetric, i.e., Aij = Aji.

Then Aij, Bi, and Ci are given by

Aij = a
√
gGij − b

√
g

(
F ikF j

k − 1

4
gijF klFkl

)
+ c

√
ggij , (1.11a)

Bi =
√
gF ij

|j , (1.11b)

Ci = ϵijklFkl|j , (1.11c)

where a, b, and c are scalars.

Additionally, Aij =
δλ

δgij
is the Euler-Lagrange expression of the Lagrangian density

λ =
√
g(aR+ 2c) +

1

2
b
√
gF ijFij +

1

2
dϵijklFijFkl, (1.12)

where d is another constant.

The expressions in (1.11) codify the Einstein-Maxwell equations upon setting each equal to

zero (source-free) or the appropriate source terms. As with Theorem 5, the permutation

symbol term in (1.12) does not contribute to the Euler-Lagrange expression (1.11a).

The final generalization of theories which couple auxiliary fields to gravity was given

by Anderson [18], who considered a collection of tensor fields ρQ, independent of the metric,

of arbitrary weight and rank.

Theorem 7. Suppose Aij satisfies the following conditions.

(A1) Aij is a contravariant, rank 2 tensor concomitant of the metric tensor, indepen-

dent tensor fields ρQ, and both of their derivatives up to second order, i.e., Aij =

Aij(gab; gab,c; gab,cd; ρQ; ρQ,a; ρQ,ab).

(A2) Aij is divergence-free, i.e., Aij
|j = 0.

Then

Aij = Bij +Dij + Eijk
|k ,
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where Bij is a tensor satisfying conditions (A1), (A2), and (A3) of Theorem 2, Dij = −Dji

is a tensor satisfying (A1) and (A2), and Eijk is a totally antisymmetric tensor with the

same functional dependency as (A1).

The form of Aij above places strong restrictions on extensions to general relativity, as

exemplified by the following three corollaries to Theorem 7.

Corollary 1. Aij obeys (A2) if and only if Aij
|i = 0.

Corollary 2. If Aij is symmetric, then Aij is independent of the fields ρQ and their deriva-

tives.

Corollary 3. If n = 4, then Bij = aGij + bgij, Dij = 0, and, if Aij is not dependent on

ρQ,ab, E
ijk = ϵijkl(V QρQ|l+Wl), where V

Q and Wl are arbitrary natural tensors dependent

on the metric and ρQ.

A symmetric stress-energy tensor is typically required in general relativity, e.g., Misner et al.

[19], and so Corollaries 1, 2, and 3 show that auxiliary fields cannot be used to modify the

dynamics of general relativity (beyond the standard stress-energy contribution).

The alternative option for extending general relativity is to consider tensors which

depend on more than two derivatives of the metric. The following theorem by Lovelock

[1] describes all divergence-free third order tensor densities in three dimensions. In this

three-dimensional context, the Cotton tensor

Cijk = Rij|k −Rik|j +
1

2(n− 1)

(
R|jgik −R|kgij

)
can be used to define the well known Cotton-York tensor [20, 21]

Cij = ϵiklRj
k|l + ϵjklRi

k|l. (1.13)

Theorem 8. Let n = 3 and suppose Aij satisfies the following conditions.

(A1) Aij is a contravariant, rank 2 tensor density concomitant of the metric tensor and its

derivatives up to third order, i.e., Aij = Aij(gab; gab,c; gab,cd; gab,cde).
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(A2) Aij is divergence-free, i.e., Aij
|j = 0.

(A3) Aij is symmetric, i.e., Aij = Aji.

Then Aij is given by

Aij = a
√
gGij + b

√
ggij + c Cij ,

where a, b, and c are constants.

Additionally, Aij =
δλ

δgij
is the Euler-Lagrange expression of the Lagrangian density

λ =
√
g(aR− 2b) + cϵijk

(
1

2
Γm
il Γ

l
mj,k +

1

3
Γm
il Γ

n
mjΓ

l
nk

)
.

The Cotton-York tensor Cij (1.13) is both natural and variational [22]; it is the Euler-

Lagrange expression of the Lagrangian density given by the term with coefficient c in The-

orem 8. However, this Lagrangian density is not natural and the Cotton-York tensor is not

the Euler-Lagrange expression of any natural Lagrangian [23].

The generalization of Theorem 3 to third order has proven to be considerably more

challenging than the original works, with no explicit solution in the literature for any dimen-

sion other than three. However, Anderson and Pohjanpelto [2] gives a partial generalization

of Theorem 3.

Theorem 9. Suppose Aij satisfies the following conditions.

(A1) Aij is a contravariant, rank 2 tensor density concomitant of the metric tensor and its

derivatives up to third order, i.e., Aij = Aij(gab; gab,c; gab,cd; gab,cde).

(A2) Aij is divergence-free, i.e., Aij
|j = 0.

(A3) Aij is symmetric, i.e., Aij = Aji.

Then Aij is variational and can be expressed as

Aij =


Eij(λ), if n = 0, 1, 2 mod 4,

Eij(λ) + Cij
P , if n = 3 mod 4,
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where the Lagrangian λ is a natural scalar density, Eij(λ) =
δλ

δgij
is the associated Euler-

Lagrange expression, and Cij
P is the generalized Cotton tensor associated with an invariant

polynomial P on so(p, q) of degree (n+ 1)/2.

The generalized Cotton tensors, like their namesake and simplest member the Cotton-York

tensor, are natural and variational but not the Euler-Lagrange expression of any natural

Lagrangian. Further details about the generalized Cotton tensors can be found in Anderson

[22].

Recently, a trio of papers on the topic have been published [24–26]. However, each

paper is lacking in sufficient rigor and clarity. We now discuss each paper in turn, including

our objections to the arguments presented therein. (In light of the issues present within

these papers, we believe that the question of natural, divergence-free tensors which are not

variational to still be open for tensors dependent on four or more derivatives of the metric.)

1.1.1 S. Deser and Y. Pang, “Are all identically conserved geometric tensors

metric variations of actions? A status report” 2019

In this paper [24], the authors claim to derive the most general symmetric, divergence-

free tensor Aij dependent on up to six derivatives of the metric in two dimensions and show

it is variational. Their analysis depends on a heuristically motivated decomposition [labeled

as (7) in the paper]

Aij = (∇i∇j − gij□)T − 1

2
gijRT +Xij , (1.14)

where, if Aij is of order k in the metric, then the scalar T (labeled as S in the paper) and

tensor Xij are of order k − 2. If Aij is variational, the scalar T takes the form T =
δλ

δR
for

a Lagrangian λ. Notably, this decomposition fixes the position of the metric order k and

k − 1 terms in Aij .

However, this decomposition is incorrect. The analysis of the divergence-free condi-

tion Aij
|j performed in Chapter 3 of this thesis allows for the following decomposition of a
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symmetric, divergence-free tensor density Aij of metric order k in two dimensions

Aij = (∇i∇j − gij□)T + D̃ija1···ak−3R|(a1···ak−3) + Ẽij , (1.15)

where T , D̃ija1···ak−3 , and Ẽij are of metric order k − 2. We note that R|(a1···ak−3) is of

metric order k − 1 and so the term D̃ija1···ak−3R|(a1···ak−3) is missing from the authors’

decomposition.

As an example of this discrepancy, we consider the Lagrangian

λ∗ =
√
gεikεjlR|ijR|klP, (1.16)

where εij is the permutation tensor and P = P (R) is a scalar. So defined, λ∗ is manifestly

of metric order 4. Calculations performed in Section 2.5.4 of this thesis show T =
δλ⋆

δR
and

Aij =
δλ⋆

δgij
are of metric order 4 and 6, respectively. When this Euler-Lagrange expression

is organized according to the authors’ decomposition, we find that Xij must be of metric

order 5, a contradiction. Using the decomposition in (1.15), we see that the discrepancy

arises due to a term of the form

−ϵiaϵjbR|cR|(abc)P = D̃ijabcR|(abc). (1.17)

Additionally, one of the main results from our thesis is Theorem 10, which contains a

decomposition for the Euler-Lagrange expression of a natural Lagrangian λ. Of particular

interest is the third term in this decomposition
1

2

(
2 Symab S

abc − Scab
)
|c . For an Euler-

Lagrange expression
δλ

δgij
of metric order k, this term is typically of metric order k − 3

and would appear in the Ẽij term of the decomposition (1.15) or the Xij term in the

authors’ proposed decomposition (1.14). However, in the case where λ is degenerate, that

is, its Euler-Lagrange expression is lower order than would be expected (e.g., λ⋆), this term

involving the tensor Sabc can have metric order as high as (at least) k − 1. Indeed, as seen

in the calculation of this term (2.39), this is the term which provides the discrepancy (1.17).
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We note that Sabc vanishes identically for Lagrangians below metric order 4 and so λ⋆ is a

minimal example of this phenomenon.

In summary, the Lagrangian λ⋆ and its Euler-Lagrange expression are counterexamples

to the general formula presented in this paper.

1.1.2 S. Deser, “Noether converse: All identically conserved geometric tensors

are metric variations of an action in (at least) D=2” 2019

For this paper [25], the author claims to present an analysis which proves that all

symmetric, divergence-free tensors are variational in two dimensions. We have three issues

with the analysis in this paper.

� First, we fail to understand why terms of the form Symij ε
ikR|k···R

|j···, where the dots

denote additional contracted covariant derivative indices, have been excluded from

the decomposition ansatz

Aij =
1

2
gijQ+ Y ij , (1.18)

where Q is a scalar and Y ij is a tensor whose free indices are attached to derivatives

of R.

� Second, we don’t fully understand the author’s claim that a classification of all

divergence-free tensors may be reduced to the question of divergence-free Y -type ten-

sors (those tensors whose free indices are attached to derivatives of R like Y ij). In

what follows, we attempt to reproduce Deser’s approach to the best of our under-

standing.

In particular, Deser appears to subtract the tensor Zij = Y ij − Ỹ ij from both sides

of the ansatz (1.18) to get

Aij − Zij =
1

2
gijQ+ Y ij − Zij =

1

2
gijQ+ Ỹ ij .
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The author then chooses Ỹ ij =
δQ

δgij
so that the previous equation becomes

Aij − Zij =
1

2
gijQ+

δQ

δgij
=

1
√
g

δλ

δgij
,

where λ =
√
gQ. Using Noether’s second theorem, the divergence of this equation

becomes

Aij
|j − Zij

|j = 0 =⇒ Aij
|j = Zij

|j .

Hence, Aij is divergence-free if and only if Zij is divergence-free.

At this point, the author claims Zij = Y ij − Ỹ ij is a Y -type tensor and proceeds with

testing the conditions upon which Y -type tensors can be divergence-free. However,

because Y ij is a Y -type tensor by definition, this claim implies that Ỹ ij =
δQ

δgij
is

also a Y -type tensor. (We note that, as the variation of a scalar instead of a scalar

density, Noether’s second theorem cannot be invoked to say Ỹ ij is divergence-free.

Therefore, the problem cannot be reduced to testing the divergence of Y ij alone.)

The requirement that not a single free gij term may appear in the variation of every

possible natural scalar Q seems patently absurd. For example, consider the simplest

case Q = R, whose variation is (up to sign) the Ricci tensor Rij and hence equal to

1

2
gijR in two dimensions. As such, in our opinion, the study of divergence-free tensors

like Zij is simply a restatement of the original problem and does not constitute a

reduction in complexity.

� Finally, Deser’s claim that no divergence-free Y -type tensors exist is not well sup-

ported (in addition to the previous arguments about the applicability of this claim to

the original problem). As a standalone argument, the analysis presented is insufficient

to fully support the claim: only a single case is examined in any detail and it is not

general enough to cover all possible Y -type tensors.
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1.1.3 S. Deser, “All identically conserved gravitational tensors are metric vari-

ations of invariant actions” 2019

In this paper [26], the author claims to present an argument which proves that all

symmetric, divergence-free tensors are variational (in all dimensions). We have numerous

problems with this paper (especially in terms of rigor and clarity), though we will limit our

discussion to the following single issue.

� The author claims to split the problem into two cases, with a single exceptional 1.5 case

containing the Cotton-York tensor alone, and is seemingly unaware of the generalized

Cotton tensors (this is especially odd considering Anderson and Pohjanpelto [2] was

cited in Deser and Pang [24]). Seeing as the rest of the analysis claims to account for

all divergence-free tensors but does not present any non-natural actions, this omission

casts doubt on the overall claim of the paper.

1.2 Noether’s Theorems and Takens’ Problem

By virtue of Noether’s second theorem, there is a close relationship between divergence-

free tensors and Euler-Lagrange expressions, which we now review. Let π : F →M be a fiber

bundle with dimF = n+m, and denote local adapted coordinates for π by (xi, fA) → (xi)

where 1 ≤ A ≤ m. The r-th jet bundle of F , Jr(F ), has coordinates (xi; fA; fA,i ; · · · ; fA,i1···ir).

A Lagrangian Λ is a function on Jr(F ) taking values in the n-forms of M , that is,

Λ = λ
(
xi; fA; fA,i ; · · · ; fA,i1···ir

)
ν,

where ν = dnx = dx1 ∧ · · · ∧ dxn. In general, we will use “Lagrangian” to refer to the

coefficient function λ (or the scalar part L of λ =
√
gL) instead of the full expression Λ.

We seek local cross sections fA = σA(xi) which yield extremals of the action functional

I[σA] =

∫
U
λ

(
xi;σA;

∂σA

∂xi
; . . . ;

∂rσA

∂xi1 · · · ∂xir

)
ν, (1.19)
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where U is a suitably chosen subset of the manifoldM . Solutions to the variational principle

δI = 0 are found by solving the Euler-Lagrange equations

EA(λ) = 0, (1.20)

where EA(λ) =
δλ

δfA
is the variational derivative or Euler-Lagrange expression of λ with

respect to the fiber coordinates fA. To compute EA, we introduce the total derivative

operator

Di =
d

dxi
=

∂

∂xi
+ fA,i

∂

∂fA
+ fA,ai

∂

∂fA,a
+ fA,abi

∂

∂fA,ab
+ · · · (1.21)

and the Euler-Lagrange expression is

EA(λ) = (−D)J
∂λ

∂fA,J
, (1.22)

where (−D)J = (−1)kDJ = (−1)kDj1 · · ·Djk and the sum on J is over the ordered multi-

indices J = j1 · · · jk of all sizes 0 ≤ k ≤ r, with the k = 0 case containing no derivatives,

ji ≤ ji+1, and 1 ≤ ji ≤ n.

In the calculus of variations there are two well-known theorems by Noether (see, e.g.,

Olver [27]). The first, referred to as Noether’s theorem or Noether’s first theorem, states

that each one parameter symmetry group of an action (1.19) defines a conservation law,

that is, a vector field whose total divergence vanishes on solutions to the Euler-Lagrange

equations (1.20). Examples of Noether’s first theorem include the pairings of time symme-

try with conservation of energy and translational (rotational) invariance with conservation

of (angular) momentum. Noether’s second theorem establishes a relationship between sym-

metries depending on arbitrary functions (of the base variables xi) and differential identities

involving the Euler-Lagrange expressions. By definition (1.6), natural tensors are preserved

by the action of the diffeomorphism group and so Noether’s second theorem states that a

differential identity should exist for any variational principle involving a natural Lagrangian.
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For natural Lagrangians depending solely on the metric and its derivatives, the differ-

ential identity is the vanishing covariant divergence of the Euler-Lagrange expression

Eij(λ)|j = 0. (1.23)

Appendix E contains a fairly standard proof of this identity and a more detailed discussion

on Noether’s theorems. The differential identities of natural Lagrangians which depend on

the metric, a scalar field φ or a covector field ψi, and both their derivatives to some finite

order is given in Horndeski [28], with the results

Eij(λ)|j =
1

2
φ|iE(λ), (1.24)

and

Eij(λ)|j = −1

2
F i

j E
j(λ)− 1

2
ψiEj(λ)|j , (1.25)

respectively, where Eij(λ) =
δλ

δgij
, E(λ) =

δλ

δφ
, Ei(λ) =

δλ

δψi
, and Fij = ψi,j − ψj,i. If the

covector field ψi is gauge invariant [that is, the transformation ψi → ψi + ϕ,i leaves the

Lagrangian λ invariant for any scalar field ϕ = ϕ(xi)], then the Euler-Lagrange expression

Ei(λ) is divergence-free and (1.25) reduces to

Eij(λ)|j = −1

2
F i

j E
j(λ). (1.26)

We now observe that the differential identities (1.23), (1.24), and (1.26) are functionally

identical to the divergence conditions (A2) of the theorems from the literature review. In

particular, Theorems 2, 3, 7, 8, and 9 all follow the first type, while Theorems 4 and 5

correspond to the second and third types, respectively. (The one exception, Theorem 6, is

discussed at the end of Appendix E.) Each of these theorems showed Aij to be variational

and suggests the following problem.

Let Aij = Aij [g, fA] be a natural tensor which satisfies the differential identity

associated to the natural variational problem λ = λ[g, fA]. Is Aij variational?



17

A more general version of this problem (encompassing both Noether’s first and second

theorems) was originally put forward by Takens [29], who (in the context of the above

problem) showed that natural tensors which are dependent on the metric and its derivatives

to order 2 are variational. When compared with the method used to find Theorem 3, Takens’

approach is computation-light but does not produce the explicit formulas (1.7) and (1.8).

In the context of Noether’s first theorem, the generalization of this problem involves

pairs of symmetries and conservation laws instead of a differential identity.

Let ∆ = 0 be a system of differential equations which admits a finite number of

paired symmetries and conservation laws. Is ∆ variational?

Takens proved that differential equations for a scalar field φ(xi) and its derivatives to

order 2 which posses translational invariance and satisfy conservation of momentum are

variational. Similarly, differential equations for a scalar field which depend linearly on the

vector (φ;φ,i;φ,ij ; · · · ) and whose symmetry-conservation law pairs contain at least one

pairing which involves the base coordinates xi are variational.

Generalizations of these two situations were obtained in Anderson and Pohjanpelto [30]

and Anderson and Pohjanpelto [31], respectively, with the latter considering polynomial dif-

ferential equations of any order. Their surprising result is that not all polynomial differential

equations with the symmetries and conservation laws of the Euclidean group are variational:

there exists a class of non-variational polynomial differential equations with members in ev-

ery dimension n ≥ 2. The simplest member of this class is the two-dimensional differential

equation defined by the source form (see the reference for details)

∆2(1) = det



1 u ux uy

L L u L ux L uy

L 2 L 2u L 2ux L 2uy

L 3 L 3u L 3ux L 3uy


du ∧ dx ∧ dy,

where u = u(x, y), ui = Diu, L = Dxx +Dyy is the Laplacian, and the determinant is ex-

panded along the first column. So defined, ∆2(1) represents a tenth order partial differential
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equation which is symmetric under translations and rotations, satisfies conservation of lin-

ear and angular momentum, and is not the Euler-Lagrange expression of any Lagrangian.

A similar class of non-variational differential equations may be created by replacing the

Euclidean group of translations and rotations with the Poincaré group of translations, ro-

tations, and boosts (hyperbolic rotations). The simplest member of this class is ∆2(1) with

the obvious modification to the Laplacian.

That ∆2(1) and its more complicated generalizations exist at all is quite surprising.

Euclidean-invariant polynomial differential equations are a well-studied class of partial dif-

ferential equations (for example, the wave, heat, and Laplace equations in two or more

spatial dimensions) but no non-variational examples exist below tenth order. If we are

to classify the complicated equations described by natural tensor densities Aij , then care

should be taken to ensure no strange counterexamples analogous to ∆2(1) are missed.

1.3 Main Results

This motivates the current paper, which investigates contravariant, rank 2 tensor den-

sities in two dimensions which are dependent on more than two derivatives of the metric.

Restricting ourselves to two dimensions significantly reduces the computational difficulty

of the problem: the curvature tensor is proportional to the scalar curvature in dimension

2 and so Theorem 1 states that if T is a natural tensor, then the following conditions are

equivalent.

(1) T = T
(
gab; gab,c; . . . ; gab,c1···cr+2

)
(2) T = T

(
gab;R;R|a;R|ab;R|(abc); . . . ;R|(a1···ar)

)
The choice of option (2) allows us to bypass computational difficulties caused by the non-

tensorial nature of partial derivatives of the metric and reduces the derivative order of the

problem by two. As indicated by matching the indexing variable r with the number of

derivatives of R, we will occasionally use the (symmetrized) covariant derivative order of

the scalar curvature instead of the metric order for describing various tensorial quantities,
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e.g., T = T (gab;R;R|a) is a natural tensor of curvature order 1 or a natural tensor of metric

order 3.

Our primary results are contained in the following three theorems, with the first of these

the previously mentioned general form for the Euler-Lagrange expression (with respect to

the metric) of any natural Lagrangian density λ of curvature order r in two dimensions.

Theorem 10. Let n = 2. If λ is a natural scalar density dependent on the metric and its

derivatives to order r + 2, then λ =
√
gL (where L is a scalar with the same functional

dependence as λ) and the Euler-Lagrange expression of λ with respect to the metric is

δλ

δgab
= Eab(λ) =

√
g

[(
∇a∇b − gab□

)
ER(L)−

1

2
gabRER(L)

+
1

2

(
2S(ab)c − Scab

)
|c
+

1

2
gabL+

∂L

∂gab

]
,

(1.27)

where □ = gab∇a∇b is the d’Alembertian,
√
gER(L) = ER(λ) =

δλ

δR
is the Euler-Lagrange

expression of λ with respect to the scalar curvature, and Sabc is a particular contravariant,

rank 3 tensor which is symmetric in its second and third indices.

The terms involving the Euler-Lagrange expression ER(L) are due to the variation of λ

with respect to R [using the option (2) paradigm mentioned previously], while the final two

terms come from the variation of λ with respect to the metric. The tensor Sabc is built

from derivatives of the Lagrangian with respect to second and higher derivatives of R in a

fashion reminiscent of the Euler-Lagrange expression ER(L); it arises due to the non-trivial

commutation of variational and covariant derivatives, with the definition given in equation

(2.28) and a full derivation found in Section 2.4. As such, the Sabc tensors do not appear in

Euler-Lagrange expressions for Lagrangians of metric order less than 4 [e.g., two dimensional

f(R) theories in general relativity]. Generally speaking, the first term in (1.27) is of metric

order 2r + 4 (double the Lagrangian metric order of r + 2, as expected), the second term

is of metric order 2r + 2, the covariant derivative of Sabc is of metric order 2r + 1, and the

remaining two terms are of metric order r+2. However, degenerate Lagrangians reduce the
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order of certain terms [the Lagrangian λ⋆ given previously (1.16) is an example, see Section

2.5.4 for details].

The second theorem restricts the highest order terms for all divergence-free, symmetric,

contravariant, rank 2 tensor densities dependent on the metric, a scalar field (including the

scalar curvature), and derivatives of the scalar field to some finite order.

Theorem 11. Let n = 2. If Aij is a symmetric, divergence-free tensor density dependent

on the metric, a scalar field φ, and derivatives of the scalar field to order r, with r ≥ 2,

then Aij takes the form

Aij = εia1εja2φ|(a1···ar)B
a3···ar + εia1εjb1φ|(a1···ar−1)φ|(b1···br−1)

∂Ba2···ar−1

∂φ|(b2···br−1)

+Dija1···ar−1φ|(a1···ar−1) + Eij ,

(1.28)

where Ba3···ar is a symmetric tensor density of scalar order r− 2 which obeys the symmetry

condition
∂Ba1···ar−2

∂φ|(b1···br−2)
=

∂Bb1···br−2

∂φ|(a1···ar−2)
, Dija1···ar−1 is a tensor density of scalar order r − 2

which is symmetric in ij and a1 · · · ar−1, and E
ij is a symmetric tensor density of scalar

order r − 2.

As this holds for all scalar fields φ, it also holds for the scalar curvature φ = R, with

Aij a natural tensor density of metric order r + 2.

The (scalar/metric) order of Ba3···ar cannot be reduced further: in the simplest case r = 2,

B is of scalar order zero (see Chapter 4 for details). We note the similarity of (1.28) and

the double covariant derivative of ER(L) term in (1.27); a short calculation performed at

the end of Chapter 3 (3.17) reveals that the top order term in (1.27) can be cast in the form

(1.28), with Ba3···ar equal to the derivative of ER(L) with respect to R|(a3···ar). A further

discussion about this theorem’s applications beyond the limited scope of the thesis can be

found at the end of Chapter 5.

Finally, we explicitly classify divergence-free, symmetric, contravariant, rank 2 tensor

densities dependent on the metric and its derivatives up to order 5 in two dimensions.
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Theorem 12. Let n = 2 and suppose Aij is a symmetric, divergence-free, natural tensor

density. If Aij is of metric order 0, e.g., Aij = Aij(gab), then Aij is variational and takes

the form

Aij = c
√
ggij ,

where c is a constant and λ = 2c
√
g is the Lagrangian that has Aij as its Euler-Lagrange

expression Aij = Eij(λ).

If Aij is of metric order 4, then Aij is variational and takes the form

Aij =
√
g

(
εiaεjbR|ab

d2L

dR2
+ εiaεjbR|aR|b

d3L

dR3
+

(−1)q

2
gijR

dL

dR
− (−1)q

2
gijL

)
,

where L = L(R) is the scalar part of the Lagrangian density λ =
√
gL that has Aij as its

Euler-Lagrange expression Aij = Eij(λ).

There are no symmetric, divergence-free, contravariant, rank 2 natural tensor densities

of metric order 1, 2, 3, or 5.

The proof of Theorem 12 proceeds by systematically constructing a system of differential and

algebraic identities which constitute the most general contravariant, rank 2 natural tensor

density which is symmetric, divergence-free, and of the appropriate order. As indicated by

the second statement of the theorem, this system frequently has no solution. For example,

the fifth metric order natural tensor density

Aij =
√
g

(
2εiaεjbR|(abc)R

|c∂P

∂S
+ 2εiaεjbR|acR|bdg

cd∂P

∂S
+ 4εiaεjbR|acR|bdR

|cR|d∂
2P

∂S2

+ 4Symij ε
iaεjbR|bR

|cR|ac
∂2P

∂R∂S
+ εiaεjbR|ab

∂P

∂R
+ εiaεjbR|abQ

+
(−1)q

3
RR|iR|j ∂P

∂S
+ εiaεjbR|aR|b

∂2P

∂R2
+ εiaεjbR|aR|b

dQ

dR
+

(−1)q

2
RgijP

)
,

where P = P (R,S) and Q = Q(R) are scalar fields and S = gabR|aR|b, was built using all

but one identity from the constructed system of equations. However, Aij is not divergence-

free (see Appendix D for details), with Aij
|j proportional to R|i (P −RQ), and there are

no divergence-free tensor densities which are fifth order in the metric.
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If λ is of metric order 4, then we expect Eij(λ) to be of order 8. Hence, no metric order

4 Lagrangians would be expected to produce divergence-free tensors Aij at metric orders

6 or 7. However, the degenerate Lagrangians mentioned previously can produce metric

order 6 Euler-Lagrange expressions from a metric order 4 Lagrangian (see Section 2.5.4).

This complication makes finding the solution to the metric order 6 case for Theorem 12

problematic and we have failed to complete the proof thereof for this thesis. In the interest

of further work in this space, we have placed the partial results in Appendix C. We note that

similar, though more tractable, complications were involved in solving the fifth order metric

case. Particularly, the presence of S derivatives of the scalar P in the tensor Aij shown above

is contrary to the (expected) lack of third metric order Lagrangians until the sixth metric

order Aij case. However, since no third metric order degenerate Lagrangians exist (such

a Lagrangian would, presumably, be proportional to εijR|iR|j and so vanish identically),

we have obtained the null result found in Theorem 12. We expect such complications to

continue throughout the higher metric orders, e.g., degenerate Lagrangians of metric order 5

contributing to the metric order 7 analogue of Theorem 12, etc., on top of any contributions

from potential non-variational tensors.

1.4 Thesis Contents

We begin in Chapter 2 by exploring the variational principle for a Lagrangian λ de-

pendent on the metric, a scalar field, and symmetrized covariant derivatives of the scalar

field. Requiring the action to be invariant under (proper) coordinate transformations forces

the Lagrangian to be a scalar density and we derive an “invariance identity” from this re-

striction which establishes a relation between the partial derivative of λ with respect to the

metric and derivatives with respect to the scalar field and its derivatives. We consider a

first-order variation in the metric, computing the corresponding variational derivatives of

the Christoffel symbols and the scalar curvature. Upon identifying the scalar field as the

scalar curvature, these formulas are then used to compute the variational derivative of λ and

hence deduce Theorem 10. We test the divergence-free condition of natural Lagrangians

(1.23) for low metric order Lagrangians using the formula (1.27). Finally, the chapter con-
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cludes by using a degenerate Lagrangian to produce terms with metric order lower than the

(theoretically maximum) metric order stated in Theorem 10.

Chapter 3 is devoted to proving Theorem 11, which will be used to simplify the proof

of Theorem 12 in Chapter 4. In a fashion similar to that of Chapter 2, we establish an

invariance identity for symmetric, rank 2 tensor densities Aij and use it to derive a pair

of formulas for computing the covariant divergence of Aij . The first of these formulas has

an explicit form (3.6) but most of the explicitly visible covariant derivatives of the scalar

field are not fully symmetrized, making it difficult to use in the context of Theorem 12. We

use the symmetrization formulas of Appendix A to produce a general form for this fully

symmetric formula (3.3) but the combinatorial problem presented by the symmetrization

formulas prevents us from explicitly describing this formula beyond a few of the highest

order terms. This chapter concludes with a proof of Theorem 11; completing the proof

requires some secondary results which also aid the proof of Theorem 12.

The proof of Theorem 12 is performed by cases in Chapter 4. We derive the explicit

form of the fully symmetric divergence-free condition (3.3) in each case using the low order

symmetrization formulas from Appendix A. The results of Chapter 3 are then used to

restrict the form of Aij , with these changes substituted into the divergence-free condition.

The simplified equation, once the general theorems of Chapter 3 have been exhausted,

is then differentiated with respect to the symmetrized covariant derivatives of the scalar

field to produce new identities which are used to further restrict Aij , with the new form

substituted back into the divergence-free condition. This process is repeated until the most

general tensor density with the desired properties is systematically built; as previously

mentioned above, the system of equations produced frequently has no solution.

We conclude in Chapter 5 by discussing possible extensions of the current work. Among

the topics covered are the limitations of the current approach to finding a full generalization

of Theorem 12, exemplified by the growing algebraic complexity of the problem over the

metric order 4, 5, and (incomplete) 6 cases; the potential application of the ideas in this

thesis to higher dimensional tensor densities; and some potential for this thesis’ primary
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results to produce examples of non-variational tensors.
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CHAPTER 2

EULER-LAGRANGE FORMULAS FOR METRIC VARIATIONS

Chapter 2 starts by tailoring the notation used in the introduction to two dimensions.

The rest of the chapter develops a proof of Theorem 10 and explicitly verifies the divergence-

free condition (1.23) (see also Theorem 19 and the accompanying discussion) for low order

Lagrangians in the final section of this chapter.

2.1 Notation and Two Dimensions

We now restrict our attention to dimM = n = 2. In two dimensions the Riemann and

Ricci tensors are proportional to the scalar curvature via the formulas

R i
l jk =

R

2

(
gljδ

i
k − glkδ

i
j

)
and Rij =

R

2
gij , (2.1)

respectively.

Under a coordinate transformation of M given by the smooth (we note that this is an

overly strict restriction), invertible functions

x̄a = x̄a(xi), (2.2)

the components of a (r, s) tensor field T transform via the equation

T̄ a1···ar
b1···bs =

∂x̄a1

∂xi1
· · · ∂x̄

ar

∂xir
∂xj1

∂x̄b1
· · · ∂x

js

∂x̄bs
T i1···ir

j1···js , (2.3)

and the components of a (r, s) tensor density T of weight w satisfy the transformation law

T̄ a1···ar
b1···bs = Jw ∂x̄

a1

∂xi1
· · · ∂x̄

ar

∂xir
∂xj1

∂x̄b1
· · · ∂x

js

∂x̄bs
T i1···ir

j1···js , (2.4)

where J = det ∂xi

∂x̄a is the Jacobian determinant of the transformation inverse to (2.2). We
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assume J > 0, i.e., the transformation (2.2) is orientation preserving. So defined, the

covariant derivative of a contravariant, rank 1 tensor T i is

T i
|j = T i

,j + Γi
jkT

k, (2.5)

and the covariant derivative of a contravariant, rank 1 tensor density T i of weight w is

T i
|j = T i

,j + Γi
kjT k − wΓk

jkT i, (2.6)

with the usual generalizations of these two formulas for tensors and tensor densities of any

rank and valence. Hereafter, tensor densities of unit weight will be referred to without

their weight and tensorial quantities of rank zero will be referred to as scalars, e.g. a scalar

density is a rank zero tensor density of unit weight. Similarly, contravariant and covariant

tensors of rank 1 will be called vectors and covectors, respectively, with corresponding terms

for rank 1 tensor densities of any weight.

Symmetrization of tensor indices will be denoted by parentheses or Symij···, e.g., T
(abc)d

= Symabc T
abcd, and skew-symmetrized indices via square brackets or Skewij···, e.g., T

[abc]d =

Skewabc T
abcd. Typically, Sym and Skew are used for (skew-)symmetrization of indices

which are not adjacent in a tensorial expression, e.g., Symik T
ijk. The two-dimensional

(contravariant) permutation symbol ϵij = ϵ[ij] is the rank 2 tensor density defined via

ϵ12 = 1. The corresponding covariant permutation symbol ϵij is a tensor density of weight

−1 defined via the identity ϵijϵkl = δijkl, where

δijkl = det

δik δil

δjk δjl

 = δikδ
j
l − δjkδ

i
l

is the generalized Kronecker delta. The determinant of the metric g is a scalar density of

weight 2 and so the formula

εij =
1
√
g
ϵij (2.7)
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defines a rank 2 tensor field onM called the (contravariant) permutation tensor. So defined,

the permutation tensor obeys the following identities

εijεkl = (−1)q
(
gikgjl − gilgjk

)
, (2.8a)

εijεkl = (−1)q (gikgjl − gilgjk) , (2.8b)

εijεik = (−1)qδjk, (2.8c)

εijεij = (−1)q2, (2.8d)

where

εij = gikgjlε
kl = (−1)q

√
gϵij (2.9)

is the covariant permutation tensor. The factor of (−1)q in (2.8) and (2.9) is noteworthy:

unlike the permutation symbols, the covariant and contravariant permutation tensors differ

by sign if there are an odd number of negative signs in the signature of the metric. In general,

the words “permutation symbol/tensor” will refer to either version of the symbol/tensor,

with index placement the determining factor.

2.2 Scalar Field Invariance Identity

We now show that if λ is a natural scalar density dependent on the metric, a scalar

field φ, and symmetrized covariant derivatives of φ up to order r, then it takes the form

λ =
√
gL, where L is a scalar dependent on the same arguments as λ. Additionally, L obeys

the invariance identity

∂L

∂gij
= −1

2
φi ∂L

∂φj
− giaφab

∂L

∂φbj
− 3

2
giaφabc

∂L

∂φbcj
− · · · − r

2
gia1φa1···ar

∂L

∂φa2···arj
, (2.10)

where φi1···ik = φ|(i1···ik) is the k-th symmetrized covariant derivative of φ, φi = gijφj and,

in general, φ b
a1···as−1 as+1···ak = gbasφa1···ak for 1 ≤ s ≤ k.
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We start by letting π : F →M define a fiber bundle with dimF = 3 and local adapted

coordinates (xi, φ) → (xi). Then, the corresponding action (1.19) is given by

I =

∫
U
λ (gij ;φ;φi;φij ; . . . ;φi1···ir) ν, (2.11)

where U is a suitably chosen subset of M and ν = dx1 ∧ dx2. The highest order derivative

of any fiber coordinate in λ, r, is said to be the order of λ.

If we require (2.11) to be invariant under coordinate transformations (2.2), then λ

must be a natural scalar density (as ν is a natural scalar density of weight −1). Under a

coordinate transformation, λ obeys an appropriately modified version of (2.4), with explicit

form

λ̄ (ḡab; φ̄; φ̄a; φ̄ab; . . . ; φ̄a1···ar) = Jλ (gij ;φ;φi;φij ; . . . ;φi1···ir) . (2.12)

The arguments of λ̄ are covariant tensors (or scalars) and transform using a modified version

of (2.3)

ḡab = J i
aJ

j
b gij , (2.13a)

φ̄ = φ, (2.13b)

φ̄a = J i
aφi, (2.13c)

φ̄ab = J i
aJ

j
bφij , (2.13d)

φ̄abc = J i
aJ

j
bJ

k
c φijk, (2.13e)

...

φ̄a1···ar = J i1
a1 · · · J

ir
arφi1···ir , (2.13f)

where J i
a =

∂xi

∂x̄a
. We replace the arguments of (2.12) with these relations, yielding the

equation

λ̄
(
J i
aJ

j
b gij ;φ; J

i
aφi; J

i
aJ

j
bφij ; . . . ; J

i1
a1 · · · J

ir
arφi1···ir

)
= Jλ (gij ;φ;φi;φij ; . . . ;φi1···ir) . (2.14)
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Differentiating this equation with respect to gij , φ, φi, . . ., φi1···ir reveals the tensorial nature

of these derivatives,

J i
aJ

j
b

∂λ̄

∂gab
=

∂λ

∂gij
,
∂λ̄

∂φ
=
∂λ

∂φ
, J i

a

∂λ̄

∂φa
=

∂λ

∂φi
, . . . , J i1

a1 · · · J
ir
ar

∂λ̄

∂φa1···ar
=

∂λ

∂φi1···ir
,

while differentiating with respect to Jk
c yields an identity for λ

(
δikδ

c
aJ

j
b + J i

aδ
j
kδ

c
b

)
gij

∂λ̄

∂gab
+δikδ

c
aφi

∂λ̄

∂φa
+
(
δikδ

c
aJ

j
b + J i

aδ
j
kδ

c
b

)
φij

∂λ̄

∂φab
+· · · = JKc

kλ, (2.15)

where Kc
k =

∂x̄c

∂xk
is defined via J j

iK
k
j = δki and so

∂J

∂Jk
c

= JKc
k. Since (2.15) holds for all

transformations (2.2), it holds for the identity transformation x̄i = xi with J i
a = δia = Ki

a,

J = 1, and λ̄ = λ. Substituting these changes into (2.15), we simplify the resulting equation

to get

(
δikδ

c
aδ

j
b + δiaδ

j
kδ

c
b

)
gij

∂λ

∂gab
+ δikδ

c
aφi

∂λ

∂φa
+
(
δikδ

c
aδ

j
b + δiaδ

j
kδ

c
b

)
φij

∂λ

∂φab
+ · · · = δckλ(

gkb
∂λ

∂gcb
+ gak

∂λ

∂gac

)
+ φk

∂λ

∂φc
+

(
φkj

∂λ

∂φcj
+ φak

∂λ

∂φac

)
+ · · · = δckλ

2gki
∂λ

∂gic
+ φk

∂λ

∂φc
+ 2φki

∂λ

∂φic
+ · · ·+ rφki1···ir−1

∂λ

∂φi1···ir−1c
= δckλ.

Finally, we contract this equation with gak and solve for the partial derivative of λ with

respect to the metric

∂λ

∂gij
=

1

2
gijλ− 1

2
φi ∂λ

∂φj
−giaφab

∂λ

∂φbj
− 3

2
giaφabc

∂λ

∂φbcj
−· · ·− r

2
gia1φa1···ar

∂λ

∂φa2···arj
. (2.16)

The equation (2.16) is called the invariance identity of λ, an identity which λ obeys

as a scalar density. The invariance identity may be used to extract information about the

form of λ. First, we use the matrix calculus identity d(detA) = detA tr(A−1 dA), where

tr is the trace, to compute the derivative of
√
g with respect to the metric (we use the full

expression g = | det gαβ| to ensure no possible sign problems arise from the signature of the



30

metric and ignore the summation convention for Greek indices in this calculation)

∂
√
g

∂gab
=

1

2
√
|det gαβ|

∂|det gαβ|
∂gab

=
1

2
√
|det gαβ|

|det gαβ|
det gαβ

∂ det gαβ
∂gab

=
1

2

√
|det gαβ|
det gαβ

[
det gαβ tr

(
gij
∂gjk
∂gab

)]
=

1

2

√
| det gαβ|

[
gij
(
δai δ

b
j

)]
=

1

2

√
ggab,

(2.17)

where
d

dx
|x| = x

|x|
=

|x|
x

for x ̸= 0. If λ has no φ dependence, then (2.16) reduces to

∂λ

∂gij
=

1

2
gijλ.

With the context of (2.17), this equation is clearly satisfied by λ = a
√
g, where a is a

constant. Hence, λ =
√
gL where L is a scalar dependent on the same arguments as λ. In

particular, substituting this form of λ into (2.16) yields the invariance identity for L

∂
√
g

∂gij
L+

√
g
∂L

∂gij
=

1

2

√
ggijL− 1

2

√
gφi ∂L

∂φj
−√

ggiaφab
∂L

∂φbj
− 3

2

√
ggiaφabc

∂L

∂φbcj

− · · · − r

2

√
ggia1φa1···ar

∂L

∂φa2···arj

1

2

√
ggijL+

√
g
∂L

∂gij
=

√
g

(
1

2
gijL− 1

2
φi ∂L

∂φj
− giaφab

∂L

∂φbj
− 3

2
giaφabc

∂L

∂φbcj
− · · ·

− r

2
gia1φa1···ar

∂L

∂φa2···arj

)
∂L

∂gij
= −1

2
φi ∂L

∂φj
− giaφab

∂L

∂φbj
− 3

2
giaφabc

∂L

∂φbcj
− · · ·

− r

2
gia1φa1···ar

∂L

∂φa2···arj
.

2.3 Metric and Curvature Variation

With the form of λ discovered, we now begin the process of computing the Euler-

Lagrange expression in Theorem 10. We start by identifying φ as the scalar curvature R,
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noting that λ is now a function on the order r + 2 jet bundle of metrics on M , and let gij

be varied with respect to an infinitesimal variation parameterized by ϵ

gab → gab + ϵhab +O(ϵ2), (2.18)

where
∂gab
∂ϵ

∣∣∣∣
ϵ=0

= hab is a symmetric, non-degenerate, contravariant, rank 2 tensor. To first

order, the variation of the inverse metric can be computed by differentiating the identity

δca = gabg
bc and solving the resulting equation for the variation of the inverse metric

0 =
∂

∂ϵ

(
gabg

bc
) ∣∣∣∣

ϵ=0

= habg
bc + gab

∂gbc

∂ϵ

∣∣∣∣
ϵ=0

=⇒ ∂gcd

∂ϵ

∣∣∣∣
ϵ=0

= −gacgbdhab. (2.19)

Using the matrix formula that was leveraged to find (2.17), the variation of the metric

determinant can be found with a short computation

∂g

∂ϵ

∣∣∣∣
ϵ=0

=
∂

∂ϵ
|det gαβ|

∣∣∣∣
ϵ=0

= |det gαβ| tr
(
gab

∂gbc
∂ϵ

∣∣∣∣
ϵ=0

)
= g tr

(
gabhbc

)
= ggabhab. (2.20)

With this result in hand, we compute the variation of the square root of the metric deter-

minant

∂
√
g

∂ϵ

∣∣∣∣
ϵ=0

=
1

2

1
√
g

∂g

∂ϵ

∣∣∣∣
ϵ=0

=
1

2

1
√
g

(
ggabhab

)
=

1

2

√
ggabhab. (2.21)

Next, suppressing the evaluation at ϵ = 0 for brevity, the variation of the Christoffel symbols

proceeds in a straightforward manner from the definition (1.1)

∂Γa
bc

∂ϵ
=

1

2

∂

∂ϵ

[
gad (gbd,c + gcd,b − gbc,d)

]
=

1

2

∂gad

∂ϵ
(gbd,c + gcd,b − gbc,d) +

1

2
gad

[(
∂gbd
∂ϵ

)
,c

+

(
∂gcd
∂ϵ

)
,b

−
(
∂gbc
∂ϵ

)
,d

]

=
1

2

(
−gfagedhef

)
(gbd,c + gcd,b − gbc,d) +

1

2
gad (hbd,c + hcd,b − hbc,d)

= −
(
gfahef

)
Γe

bc +
1

2
gad (hbd,c + hcd,b − hbc,d)

=
1

2
gad (hbd,c + hcd,b − hbc,d − 2Γe

bched)

=
1

2
gad (hbd,c + hcd,b − hbc,d − 2Γe

bched + Γe
cdheb − Γe

cdheb + Γe
bdhec − Γe

bdhec)
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=
1

2
gad (hbd,c − Γe

bched − Γe
cdheb + hcd,b − Γe

bched − Γe
bdhec − hbc,d + Γe

cdheb

+ Γe
bdhec)

=
1

2
gad
(
hbd|c + hcd|b − hbc|d

)
, (2.22)

where we have used the trivial commutation of partial and variational derivatives

∂T,i
∂ϵ

=

(
∂T

∂ϵ

)
,i

to arrive at the second line. Noting that this quantity is manifestly tensorial, we set
∂Γa

bc
∂ϵ =

δΓa
bc for brevity. With the variation of the Christoffel symbols computed, it is a simple

manner to compute the variation of the Riemann tensor using the local definition (1.3)

∂R a
d bc

∂ϵ
=

∂

∂ϵ

(
Γa

db,c − Γa
dc,b + Γe

dbΓ
a
ce − Γe

dcΓ
a
be

)
= δΓa

db,c − δΓa
dc,b + δΓe

dbΓ
a
ce + Γe

dbδΓ
a
ce − δΓe

dcΓ
a
be − Γe

dcδΓ
a
be

=
(
δΓa

db,c + Γa
ceδΓ

e
db − Γe

dcδΓ
a
be

)
−
(
δΓa

dc,b + Γa
beδΓ

e
dc − Γe

dbδΓ
a
ce

)
=
(
δΓa

db,c + Γa
ecδΓ

e
db − Γe

dcδΓ
a
eb

)
−
(
δΓa

dc,b + Γa
ebδΓ

e
dc − Γe

dbδΓ
a
ec

)
+ (Γe

bcδΓ
a
de − Γe

bcδΓ
a
de)

=
(
δΓa

db,c + Γa
ecδΓ

e
db − Γe

dcδΓ
a
eb − Γe

bcδΓ
a
de

)
−
(
δΓa

dc,b + Γa
ebδΓ

e
dc − Γe

dbδΓ
a
ec − Γe

cbδΓ
a
de

)
= δΓa

db|c − δΓa
dc|b.

The variation of the Ricci tensor and scalar curvature (1.4) quickly follow from this result

∂Rdb

∂ϵ
=
∂R a

d ba

∂ϵ

= ∂Γa
db|a − ∂Γa

da|b,

∂R

∂ϵ
=

∂

∂ϵ

(
gbdRbd

)
=
∂gbd

∂ϵ
Rbd + gbd

(
δΓa

db|a − δΓa
da|b

)
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= −Rbdhbd + gbd
(
δΓa

db|a − δΓa
da|b

)
.

This final expression can be cast in a more convenient form by expressing the variation of

the Christoffel symbols in terms of the metric variation hab

∂R

∂ϵ
= −Rbdhbd +

(
gbdδΓa

db

)
|a
−
(
gbdδΓa

da

)
|b

= −Rbdhbd +
(
gbdδΓc

db − gcdδΓa
da

)
|c

= −Rbdhbd +
1

2

[
gbdgac

(
hda|b + hba|d − hdb|a

)
− gcdgab

(
hab|d + hdb|a − hda|b

)]
|c

= −Rbdhbd +
1

2

[
gacgbd

(
hda|bc + hba|dc − hdb|ac

)
− gabgcd

(
hab|dc + hdb|ac − hda|bc

)]
= −Rabhab +

1

2

(
2gadgbchab|cd − 2gabgcdhab|cd

)
= −Rabhab +

(
gadgbc − gabgcd

)
hab|cd

= −1

2
Rgabhab + (−1)q+1εacεbdhab|cd, (2.23)

where the final line used (2.1) to substitute for the Ricci tensor and (2.8a) to simplify the

second term.

If the variation of the scalar curvature is multiplied by a tensor (density) T (with

indices suppressed for clarity), the covariant derivatives of hab in (2.23) can be moved to T

using “integration by parts”. Explicitly, we have

T
∂R

∂ϵ
= T

(
−1

2
Rgabhab + (−1)q+1εacεbdhab|cd

)
= −1

2
gabRThab + (−1)q+1εacεbdThab|cd

= −1

2
gabRThab + (−1)q+1εacεbd

[(
Thab|c

)
|d − T|d hab|c

]
= −1

2
gabRThab + (−1)q+1εacεbd

[(
Thab|c

)
|d −

(
T|d hab

)
|c
+ T|dc hab

]
=

[
−1

2
gabRT + (−1)q+1εacεbdT|dc

]
hab + (−1)q+1εacεbd

[(
Thab|c

)
|d −

(
f|dhab

)
|c

]
=

[
−1

2
gabRT −

(
gabgcd − gadgbc

)
T|dc

]
hab +

[
(−1)q+1εacεbeThab|c
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+ (−1)qεaeεbdT|d hab

]
|e

=

(
−1

2
gabRT + gadgbcT|cd − gab□T

)
hab +

[
(−1)q+1εacεbeThab|c

+ (−1)qεaeεbdT|d hab

]
|e
, (2.24)

where □ = gab∇a∇b is the d’Alembertian.

Finally, we remark that covariant derivatives do not trivially commute with variational

derivatives. To see this, we compute the variational derivative of the covariant derivative

of a vector field Xi which varies infinitesimally with the same parameter ϵ as the metric

∂

∂ϵ

(
Xi

|j

)
=

∂

∂ϵ

(
Xi

,j + Γi
jkX

k
)

=

(
∂Xi

∂ϵ

)
,j

+

(
∂Γi

jk

∂ϵ

)
Xk + Γi

jk

(
∂Xk

∂ϵ

)
=

(
∂Xi

∂ϵ

)
|j
+ δΓi

jkX
k. (2.25)

The generalization of this formula to tensors and tensor densities of any rank is analogous

to the corresponding covariant derivative formulas: replacing the vector Xi with a covector

Zi changes the sign of the Christoffel symbol term (with the appropriate index labeling)

and higher rank tensors use multiple (index appropriate) copies of the two configurations.

2.4 Euler-Lagrange Expression for Natural Lagrangians

We now proceed with the proof of Theorem 10. To assist in this venture, we define the

tensorial quantities

Ea1a2···ar =
∂L

∂R|(a1a2···ar)

and, recursively for k = r − 1, . . . , 1, 0,

Ea1a2···ak =
∂L

∂R|(a1a2···ak)
− Ea1a2···ak+1

|ak+1
,
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where k = 0 denotes E = ∂L
∂R − Ea

|a . For instance,

Ea1a2···ar−1 =
∂L

∂R|(a1a2···ar−1)
−
(

∂L

∂R|(a1a2···ar)

)
|ar
,

Ea1a2···ar−2 =
∂L

∂R|(a1a2···ar−2)
−
(

∂L

∂R|(a1a2···ar−1)

)
|ar−1

+

(
∂L

∂R|(a1a2···ar)

)
|ar−1ar

,

etc., with E the covariant Euler-Lagrange expression of L with respect to R

E = ER(L) =
∂L

∂R
−
(
∂L

∂R|a

)
|a
+

(
∂L

∂R|ab

)
|ab

+ · · ·+ (−1)n
(

∂L

∂R|(a1a2···ar)

)
|a1···ar

. (2.26)

The covariant derivatives in the above definitions are well defined as Ea1···ak is a contravari-

ant, rank k tensor for all 0 ≤ k ≤ r. Similarly, Ea1···ak is symmetric in all of its indices. We

note that E i1···ik is typically a natural tensor of metric order 2r + 2− k.

Proof of Theorem 10. The functional derivative of the action (2.11) is found by computing

the variation of λ =
√
gL

δI =

∫
U

∂λ

∂ϵ
ν

=

∫
U

(
∂λ

∂gab

∂gab
∂ϵ

+
∂λ

∂R

∂R

∂ϵ
+ · · ·+ ∂λ

∂R|(a1···ar)

∂R|(a1···ir)

∂ϵ

)
ν

=

∫
U

[(
∂
√
g

∂gab
L+

√
g
∂L

∂gab

)
hab +

√
g

(
∂L

∂R

∂R

∂ϵ
+

∂L

∂R|a

∂R|a

∂ϵ

+ · · ·+ ∂L

∂R|(a1···ar)

∂R|(a1···ar)

∂ϵ

)]
ν

=

∫
U

√
g

[(
1

2
gabL+

∂L

∂gab

)
hab +

(
∂L

∂R

∂R

∂ϵ
+

∂L

∂R|a

∂R|a

∂ϵ

+ · · ·+ ∂L

∂R|(a1···ar)

∂R|(a1···ar)

∂ϵ

)]
ν. (2.27)

The variation of the derivatives of R can be found by utilizing the commutation relation

(2.25). We start with the top order term alone, noting that
∂L

∂R|(a1···ar)
= Ea1···ar ,

Ea1···ar ∂R|(a1···ar)

∂ϵ
= Ea1···ar

[(
∂R|(a1···ar−1)

∂ϵ

)
|ar

− δΓc
ara1R|(ca2···ar−1) − · · ·
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− δΓc
arar−1

R|(ca1···ar−2)

]
= Ea1···ar

[(
∂R|(a1···ar−1)

∂ϵ

)
|ar

− (r − 1)δΓc
ara1R|(ca2···ar−1)

]

=

(
Ea1···ar ∂R|(a1···ar−1)

∂ϵ

)
|ar

− (Ea1···ar)|ar
∂R|(a1···ar−1)

∂ϵ

− (r − 1)R|(ca2···ar−1)E
a1···arδΓc

ara1 .

The first term of this expression is a total (covariant) divergence and will not contribute to

the variation of the action δI. We sum this final line with the r − 1 curvature order term

∂L

∂R|(a1···ar−1)

∂R|(a1···ar−1)

∂ϵ
and apply the commutation relation (2.25)

[
∂L

∂R|(a1···ar−1)
− (Ea1···ar)|ar

]
∂R|(a1···ar−1)

∂ϵ
− (r − 1)R|(ca2···ar−1)E

a1···arδΓc
ara1 +Div(· · · )

= Ea1···ar−1
∂R|(a1···ar−1)

∂ϵ
− (r − 1)R|(ca2···ar−1)E

a1···arδΓc
ara1 +Div(· · · )

= − (Ea1···ar−1)|ar−1

∂R|(a1···ar−2)

∂ϵ
− (r − 2)R|(ca2···ar−2)E

a1···ar−1δΓc
ar−1a1

− (r − 1)R|(ca2···ar−1)E
a1···arδΓc

ara1 +Div(· · · ),

where we have collected the total divergences into the single term Div(· · · ). This pattern

repeats for the remaining scalar curvature terms in (2.27), with each term producing a sec-

ondary Christoffel variation term via the commutation relation (2.25). The only exception

to this is the penultimate term
∂L

∂R|a

∂R|a

∂ϵ
, where the trivial commutation of partial and

variational derivatives is used. In total, this procedure produces a final result of

∂L

∂R

∂R

∂ϵ
+

∂L

∂R|a

∂R|a

∂ϵ
+ · · ·+ ∂L

∂R|(a1···ar)

∂R|(a1···ar)

∂ϵ

= E ∂R
∂ϵ

−
[
R|cEa1a2δΓc

a2a1 + 2R|ca2E
a1a2a3δΓc

a3a1 + 3R|(ca2a3)E
a1a2a3a4δΓc

a4a1

+ · · ·+ (r − 1)R|(ca2···ar−1)E
a1···arδΓc

ara1

]
+Div(· · · )

= E ∂R
∂ϵ

−
[
R|cEa1a2 + 2R|ca3E

a1a2a3 + 3R|(ca3a4)E
a1a2a3a4 + · · ·

+ (r − 1)R|(ca3···ar)E
a1···ar] δΓc

a1a2 +Div(· · · ). (2.28)
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Defining the tensor S a1a2
c = S a2a1

c as the sum in square brackets, we express the variation

of the Christoffel symbols in terms of the metric (2.22) and remove the covariant derivatives

from hab

S ab
c δΓc

ab =
1

2
S ab
c gcd

(
had|b + hbd|a − hab|d

)
=

1

2
Scab

(
hac|b + hbc|a − hab|c

)
=

1

2

(
Sbac + Sbca − Scab

)
hab|c

=

[
1

2

(
2Sabc − Scab

)
hab

]
|c
− 1

2

(
2Sabc − Scab

)
|c
hab.

The first term is a total divergence and we move it to the Div(· · · ) term. Similarly, the first

term of (2.28) can be rewritten using (2.24)

E ∂R
∂ϵ

=

(
−1

2
gabRE + gadgbcE|cd − gab□E

)
hab +

[
(−1)q+1εacεbeEhab|c

+ (−1)qεaeεbdE|dhab
]
|e

and the second term of this expression is another total divergence. We use these results to

simplify (2.28), yielding an expression of the form

∂L

∂R

∂R

∂ϵ
+

∂L

∂R|a

∂R|a

∂ϵ
+ · · ·+ ∂L

∂R|(a1···ar)

∂R|(a1···ar)

∂ϵ

=

[
−1

2
gabRE + E |ab − gab□E +

1

2

(
2Sabc − Scab

)
|c

]
hab +Div(· · · ).

We substitute this expression into (2.27) and use the Divergence theorem to convert the

integral over the total divergence Div(· · · ) into a boundary term

δI =

∫
U

{
√
g

[
1

2
gabL+

∂L

∂gab
− 1

2
gabRE + E |ab − gab□E +

1

2

(
2Sabc − Scab

)
|c

]
hab

}
ν

+

∫
∂U
X⌟ (

√
gν), (2.29)

where X = Xi∂i is the vector inside the final divergence term Div(· · · ) = Div(X), ∂U is the
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boundary of U , and ⌟ is the interior product. If hab and its first r+ 1 covariant derivatives

vanish on the boundary ∂U , then X = 0 and the boundary term vanishes identically.

By definition, the coefficient of hab in (2.29) is the Euler-Lagrange expression of λ with

respect to the metric

δλ

δgab
= Eab(λ)

=
√
g

[(
∇a∇b − gab□

)
E − 1

2
gabRE +

1

2

(
2S(ab)c − Scab

)
|c
+

1

2
gabL+

∂L

∂gab

]
.

(2.30)

Typically,
√
gE = ER(λ) =

δλ

δR
is of metric order 2r + 2 (doubling the curvature order

from r to 2r). Hence, the first two terms are identical to their counterparts from (1.27)

and are of metric orders 2r+ 4 and 2r+ 2, respectively. By inspection, the final two terms

are of metric order r + 2. Similarly, Sabc is given by the bracketed tensor in (2.28), which

is dependent on Eab (metric order 2r), and so the the derivative of Sabc is of metric order

2r + 1.

2.5 Special Cases

As mentioned in the opening to this chapter, Eab(λ) is the Euler-Lagrange expression

of a natural Lagrangian which implies that Eab(λ)|b vanishes identically by Noether’s second

theorem (E.13). We can put heavy restrictions on this identity by computing the divergence

of the first two terms in (2.30), which simplifies quite nicely

[(
∇a∇b − gab□

)
E − 1

2
gabRE

]
|b
= gadgbcE|cdb − gabgcdE|cdb −

1

2
R|aE − 1

2
RE |a

= gabgcd
(
E|dbc − E|cdb

)
− 1

2
R|aE − 1

2
RE |a

= gabgcd
(
E|dbc − E|dcb

)
− 1

2
R|aE − 1

2
RE |a

= −gabgcdR e
d bcE|e −

1

2
R|aE − 1

2
RE |a

= −1

2
gabgcdR(gbdδ

e
c − δebgcd)E|e −

1

2
R|aE − 1

2
RE |a

= −1

2
R (gae − 2gae) E|e −

1

2
R|aE − 1

2
RE |a
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=
1

2
RE |a − 1

2
R|aE − 1

2
RE |a

= −1

2
R|aER(L). (2.31)

With this result, the vanishing of Eab(λ)|b is ensured by the following equation

[
1

2

(
2 Symab S

abc − Scab
)
|c
+

1

2
gabL+

∂L

∂gab

]
|b
=

1

2
R|aER(L). (2.32)

We now confirm the vanishing of Eab(λ)|b for the metric order 0, 2, and 3 cases.

2.5.1 Order 0

For λ =
√
gL(gab), the tensors Sabc and ER(L) are identically zero. Correspondingly,

the variation (2.30) is

δλ =
√
g

(
1

2
gabL+

∂L

∂gab

)
hab.

The invariance identity (2.10) in this case implies L is constant and so the variation is

δλ =
c

2

√
ggabhab = Eabhab,

where c = L is a constant. The divergence of Eab is identically zero as it is only dependent

on the metric.

2.5.2 Order 2

For λ =
√
gL(gab;R), the tensor Sabc is identically zero and the variation (2.30) is

δλ =
√
g

[(
∇a∇b − gab□

)
ER(L)−

1

2
gabRER(L) +

1

2
gabL+

∂L

∂gab

]
hab +Div(· · · ).

The invariance identity also vanishes in this case, so λ =
√
gL(R) and the variation of λ is

δλ =
√
g

[(
∇a∇b − gab□

)
L′ − 1

2
gabRL′ +

1

2
gabL

]
hab, (2.33)
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where L′ =
dL

dR
= ER(L). Using (2.31), we see that the divergence of Eab(λ) vanishes

Eab(λ)|b =

{
√
g

[(
∇a∇b − gab□

)
L′ − 1

2
gabRL′ +

1

2
gabL

]}
|b

=
√
g

(
−1

2
R|aER(L) +

1

2
L|a
)

=
√
g

(
−1

2
R|aL′ +

1

2
R|aL′

)
= 0,

where we have used the identity

gabL|b = gabL,b = gabL′R,b = gabL′R|b = R|aL′

to write the second term of the penultimate line.

2.5.3 Order 3

For λ =
√
gL(gab;R;R|a), the tensor Sabc is identically zero and the variation (2.30) is

δλ =
√
g

[(
∇a∇b − gab□

)
ER(L)−

1

2
gabRER(L) +

1

2
gabL+

∂L

∂gab

]
hab

At first order in R the invariance identity (2.10) is

∂L

∂gab
= −1

2
R|a ∂L

∂R|b
= −1

2
R|aEb,

which implies the symmetry R|aEb = R|bEa. We substitute this expression into the variation,

yielding

δλ =
√
g

[(
∇a∇b − gab□

)
ER(L)−

1

2
gabRER(L) +

1

2
gabL− 1

2
R|aEb

]
hab = Eab(λ)hab.
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We now compute the divergence of the Euler-Lagrange expression

Eab(λ)|b =

{
√
g

[(
∇a∇b − gab□

)
ER(L)−

1

2
gabRER(L) +

1

2
gabL− 1

2
R|aEb

]}
|b

=
√
g

[
−1

2
R|aER(L) +

1

2
L|a − 1

2
R

|a
|bE

b − 1

2
R|aEb

|b

]
=

√
g

[
−1

2
R|aER(L) +

1

2
gab
(
∂L

∂gij
gij,b +

∂L

∂R
R,b +

∂L

∂R|c
R|c,b

)
− 1

2
R

|a
|bE

b

− 1

2
R|aEb

|b

]

Before proceeding, we recall that the metric compatibility of the connection can be used to

express the first derivative of the metric in terms of the Christoffel symbols

0 = gab|j = gab,j−Γe
ajgeb−Γe

bjgae =⇒ gab,j = Γe
ajgbe+Γe

bjgae = 2Symab Γ
e
bjgae. (2.34)

Using this expression and the invariance identity, we rewrite the first term in parenthesis

and finish the computation

Eab(λ)|b =
√
g

[
−1

2
R|aER(L)−

1

4
gab
(
R|iEj

) (
2Γc

jbgic
)
+

1

2

∂L

∂R
R|a

+
1

2
gabEcR|c,b −

1

2
R

|a
|bE

b − 1

2
R|aEb

|b

]
=

√
g

[
−1

2
R|aER(L)−

1

2
gabR|cEjΓc

jb +
1

2
R|a

(
∂L

∂R
− Eb

|b

)
+

1

2
gabEcR|c,b

− 1

2
R

|a
|bE

b

]
=

√
g

[
−1

2
R|aER(L) +

1

2
R|aER(L) +

1

2
gabEc

(
R|c,b −R|dΓ

d
cb

)
− 1

2
R

|a
|bE

b

]
=

√
g

(
1

2
EcR

|a
|c − 1

2
R

|a
|bE

b

)
= 0,

where we used the symmetry of the first two covariant derivatives of a scalar to arrive at

the final line.
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2.5.4 Degenerate Lagrangians

For a natural Lagrangian λ of metric order r + 2, the corresponding Euler-Lagrange

expression typically has metric order 2r + 4. Lagrangians for which the Euler-Lagrange

expression possesses metric order lower than this value are said to be degenerate. As an

example of this phenomenon, we consider the natural Lagrangian presented in the intro-

duction (1.16)

λ⋆ =
√
gL⋆ =

√
gεacεbdR|abR|cdP =

√
g(−1)q

(
R

|a
|aR

|b
|b −R|abR|ab

)
P,

where P = P (R) is a scalar. For future reference, the scalar curvature derivatives of L⋆ are

given by

∂L⋆

∂R
= εacεbdR|abR|cdP

′, (2.35)

where the prime denotes a derivative with respect to R, and

∂L⋆

∂R|ij
= εaiεbjR|abP + εicεjdR|cdP = 2εiaεjbR|abP. (2.36)

We note that λ⋆ is manifestly of metric order 4 and claim that the Euler-Lagrange expression

for λ⋆ is of metric order 6, i.e., λ⋆ is degenerate. To prove this claim, we check the metric

order of each term in the Euler-Lagrange expression (2.30).

By definition, the term
1

2
gabL⋆ is of metric order 4. Similarly, the derivative with

respect to the metric is given by the invariance identity for L⋆ (2.10) and is fourth order in

the metric

∂L⋆

∂gij
= −1

2
R|i ∂L

⋆

∂R|j
− gikR|kl

∂L⋆

∂R|jl

= 0− 2gikR|klε
jaεlbR|abP

= −2εjaεlbR|abR
|i
|lP

= −2(−1)qgikRkl(g
jlgab − gjbgla)R|abP

= −2(−1)q
(
R|ijR

|l
|l −R

|i
|lR

|jl
)
P. (2.37)
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Next, the Sabc tensors are defined in (2.28) and take the form

Sabc = R|aEbc = R|a ∂L
⋆

∂R|bc
= R|a

(
2εbdεceR|deP

)
= 2(−1)qR|a

(
gbcR

|d
|d −R|bc

)
P. (2.38)

We now show that the term involving these tensors from the Euler-Lagrange expression of

λ⋆ (2.30) is fifth order in the metric by a direct calculation

1

2

(
2 Symab S

bac − Scab
)
|c

=
1

2

[
2(−1)qR|b

(
gacR

|d
|d −R|ac

)
P + 2(−1)qR|a

(
gbcR

|d
|d −R|bc

)
P

− 2(−1)qR|c
(
gabR

|d
|d −R|ab

)
P
]
|c

= (−1)q
[
gbf
(
gacgde − gadgce

)
+ gaf

(
gbcgde − gbdgce

)
− gcf

(
gabgde − gadgbe

)]
×
(
R|fR|deP

)
|c

= (−1)q
[
gbf
(
gacgde − gadgce

)
+ gaf

(
gbcgde − gbdgce

)
− gcf

(
gabgde − gadgbe

)]
×
{
R|fcR|deP +R|f

[
R|(dec) +

1

3
SymdeR

(
gcdR|e − gdeR|c

)]
P +R|fR|deR|cP

′
}

= (−1)q
[(
R

|d
|dR

|ab −R
|a
|eR

|be +R
|d
|dR

|ab −R
|a
|eR

|be − gabR
|d
|dR

|c
|c +R

|c
|cR

|ab
)
P

+
(
0 + 0− gabgdeR|cR|(dec) + gadgbeR|cR|(dec)

)
P +

1

6
R
(
R|aR|b −R|aR|b +R|aR|b

−R|aR|b − Sgab +R|aR|b +R|aR|b − 2R|aR|b +R|aR|b − 2R|aR|b − Sgab

+R|aR|b − 2R|aR|b + 4R|aR|b − 2R|aR|b + 4R|aR|b + 4Sgab − 2Sgab
)
P

+
(
R|aR|bR

|d
|d −R|bR|cR

|ac +R|aR|bR
|d
|d −R|aR|cR

|bc − SgabR
|d
|d + SR|ab

)
P ′
]

= (−1)q
(
gacgbeR|dR|(ced)P − gabgceR|dR|(ced)P + 3R

|c
|cR

|abP − 2R
|a
|eR

|beP

− gabR
|c
|cR

|d
|dP + 2R|aR|bR

|c
|cP

′ −R|bR|cR
|acP ′ −R|aR|cR

|bcP ′ − SgabR
|c
|cP

′

+ SR|abP ′ − 2

3
RR|aR|bP

)
. (2.39)

The two leading terms in this expression are of particular interest

(−1)q
(
gacgbeR|dR|(ced)P − gabgceR|dR|(ced)P

)
= −ϵaeϵbcR|dR|(cde)P
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and, as a fifth order term not associated with the Euler-Lagrange expression of L⋆ through

the curvature ER(L
⋆) =

δL⋆

δR
, is the discrepancy mentioned in the introduction (1.17).

For the two remaining terms, we compute the Euler-Lagrange expression of L⋆ with

respect to R

ER(L
⋆) =

∂L⋆

∂R
−
(
∂L⋆

∂R|i

)
|i
+

(
∂L⋆

∂R|ij

)
|ij

= εacεbdR|abR|cdP
′ +
(
2εiaεjbR|abP

)
|ij

= εacεbdR|abR|cdP
′ + 2εiaεjbR|abijP + 4εiaεjbR|abiP|j + 2εiaεjbR|abP|ij

= εacεbdR|abR|cdP
′ + 2εiaεjb

[
R|(abi) +

1

3
R Symab

(
giaR|b − gabR|i

)]
|j
P

+ 4εiaεjb
[
R|(abi) +

1

3
R Symab

(
giaR|b − gabR|i

)]
R|jP

′

+ 2εiaεjbR|ab
(
R|ijP

′ +R|iR|jP
′′)

= 3εacεbdR|abR|cdP
′ + 2εacεbdR|abR|cR|dP

′′

+ 2εiaεjb
[
0 +

1

6
R|j
(
0 + gibR|a − 2gabR|i

)
+

1

6
R
(
0 + gibR|aj − 2gabR|ij

)]
P

+ 4εiaεjb
[
0 +

1

6
R
(
0 + gibR|a − 2gabR|i

)]
R|jP

′

= 3εacεbdR|abR|cdP
′ + 2εacεbdR|abR|cR|dP

′′

− gabε
iaεjb (RiRj +RRij)P − 2gabε

iaεjbRRiRjP
′

= 3εacεbdR|abR|cdP
′ + 2εacεbdR|abR|cR|dP

′′ − gabε
acεbd

(
R|cR|d +RR|cd

)
P

− 2gabε
acεbdRR|cR|dP

′

= 3(−1)q(gabgcd − gadgbc)R|abR|cdP
′ + 2(−1)q(gabgcd − gadgbc)R|abR|cR|dP

′′

− (−1)qgcd
(
R|cR|d +RR|cd

)
P − 2(−1)qgcdRR|cR|dP

′

= (−1)q
(
3R

|a
|aR

|b
|bP

′ − 3R|abR|abP
′ + 2SR

|a
|aP

′′ − 2R|aR|bR|abP
′′ − SP

−RR
|a
|aP − 2RSP ′

)
, (2.40)

where, as in the intro, S = gabR|aR|b. Hence, the term
1

2
gabRER(L

⋆) is of metric order

4. We note that ER(L
⋆) is of lower order than the term involving the Sabc tensors (2.39),
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showing a different hierarchy for these terms than the typical orders presented in Theorem

10.

Finally, we find the metric order of the last term involving the double covariant deriva-

tive of ER(L
⋆). As we seek the form of the highest order term in this expression, we only

consider the fourth order terms in ER(L
⋆) when taking these derivatives and only consider

those terms for which both covariant derivatives act on the same R|ab tensor. We find this

expression to be of metric order 6 after the short calculation below

ER(L
⋆)|ij = (−1)q

(
3R

|a
|aR

|b
|bP

′ − 3R|abR|abP
′ + 2SR

|a
|aP

′′ − 2R|aR|bR|abP
′′ − SP

−RR
|a
|aP − 2RSP ′

)
|ij

= (−1)q
(
6R

|a
|aijR

|b
|bP

′ − 6RabR|abijP
′ + 2SR

|a
|aijP

′′ − 2RaRbR|abijP
′′

−RR
|a
|aijP + . . .

)
= (−1)qR|abij

[
6gabR

|c
|cP

′ − 6R|abP ′ + 2SgabP ′′ − 2R|aR|bP ′′ −RgabP
]
+ . . .

= (−1)qR|(abij)

[
6gabR

|c
|cP

′ − 6R|abP ′ + 2SgabP ′′ − 2R|aR|bP ′′ −RgabP
]
+ . . . ,

(2.41)

where the ellipsis denotes those terms which do not contain R|abcd in any fashion. We note

that both the third (A.1) and fourth (A.2) scalar order symmetrization formulas have been

used to arrive at the final line, for R|abi → R|abi and R|(abi)j → R|(abij), respectively. (The

additional terms arising from symmetrization are of lower order and so do not appear in

this top view.)

ER(L
∗)|ij = εacεbd

[
R|abij

(
6R|cdP

′ + 2R|cR|dP
′′ − gcdRP

)
+ 6R|abiR|cdjP

′ − 2 Symij gabR|iR|cdj
(
P +RP ′)

+ 2Symij R|abi
(
6R|cdR|jP

′′ + 4R|cjR|dP
′′ + 2R|cR|dR|jP

′′′)
+R|cij

(
4R|abR|dP

′′ − 2gabR|dP − 4gabRR|dP
′)+ · · ·

]



46

Taken together, the preceding calculations show the Euler-Lagrange expression for λ⋆

to be of metric order 6 (in opposition to the expected metric order of 8 from a fourth

order Lagrangian). Using (2.30) and (2.41), we see that, at top order, the Euler-Lagrange

expression is given by

Eab(λ⋆) =
√
g

[(
∇a∇b − gab□

)
ER(L

⋆)− 1

2
gabRER(L

⋆) +
1

2

(
2S(ba)c − Scab

)
|c

+
1

2
gabL⋆ +

∂L⋆

∂gab

]
=

√
g
[
(gaigbj − gabgij)ER(L

⋆)|ij + . . .
]

=
√
g
{
(−1)q(gaigbj − gabgij)R|(ijkl)

[
6gklR

|m
|mP

′ − 6R|klP ′ + 2SgklP ′′

− 2R|kR|lP ′′ −RgklP
]
+ . . .

}
=

√
g
[
εaiεbjR|(ijkl)

(
6gklR

|m
|mP

′ − 6R|klP ′ + 2SgklP ′′ − 2R|kR|lP ′′ −RgklP
)

+ . . .] .

Due to space constraints, complete derivations of ER(L
⋆)|ij and Eab(λ⋆) are available in

Appendix B.

As mentioned in the introduction, this complicates the work of Chapter 4, where we

wish to identify all divergence-free tensor densities for low orders, as degenerate Lagrangians

produce extra terms that are of higher order than would be expected from a naive application

of Theorem 10. For example, in the case presented above, we see that the coefficient of

R|(ijkl) contains a number of terms proportional to R|ij which would not be present in

the Euler-Lagrange expression of a Lagrangian of metric order 3. [The highest order term

in ER(L) for a third order Lagrangian is proportional to R|aR|bc, which produces a term

proportional to R|aR|(bcde) for ER(L)|ij .]
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CHAPTER 3

DIVERGENCE-FREE TENSOR DENSITIES: GENERAL CASE

This chapter is devoted to proving Theorem 11. We begin by establishing an invariance

identity for symmetric, contravariant, rank 2 tensor densities and use it to compute the

covariant divergence. A number of preliminary results, which also aid the proof of Theorem

12 in Chapter 4, are established before completing the proof of Theorem 11. Finally, we

explore the similarities between Theorem 11 and Theorem 10 of Chapter 2.

3.1 Tensor Density Invariance Identity

If Aij is a symmetric, natural tensor density dependent on the metric, a scalar field

φ, and symmetrized covariant derivatives of the scalar field up to order r, i.e., Aij =

Aij(gab;φ;φa; . . . ;φa1···ar), then A
ij obeys the invariance identity

∂Aij

∂gab
=

1

2

(
gabAij − gaiAbj − gajAib

)
− 1

2
φaAij;b − galφlcA

ij;bc − 3

2
galφlcdA

ij;bcd

− · · · − r

2
gaa1φa1···arA

ij;ba2···ar .

(3.1)

While this equation is manifestly symmetric in the indices ij, we note that the symmetry

of the metric tensor implies the right side is also symmetric in ab.

We derive this identity in what follows. Under a coordinate transformation (2.2), Aij

obeys a version of the transformation law (2.4). We rearrange this equation to

Ja
i J

b
j Ā

ij (ḡkl; φ̄; φ̄k; . . . ; φ̄k1···kr) = JAab(gcd;φ;φc; . . . ;φc1···cr), (3.2)

where Ja
i = ∂xa

∂x̄i . We adopt the shorthand notation

Aij;ab··· =
∂Aij

∂φab···
, Aij;ab··· ;αβ··· =

∂Aij;ab

∂φαβ···
=

∂2Aij

∂φαβ···∂φab···
,
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etc., for derivatives of Aij with respect to the scalar field and its derivatives.

We suppress the arguments of Aij and, using (2.13), explicitly show the transformed

arguments of Āab in (3.2)

Ja
i J

b
j Ā

ij
(
Jc
kJ

d
l gcd;φ; J

c
kφc; J

c
kJ

d
l φcd; J

c
kJ

d
l J

e
mφcde; . . . ; J

c1
k1

· · · Jcr
kr
φc1···cr

)
= JAab.

As with the scalar case, if we differentiate this equation with respect to gab, φ, or φa1···ak

for 1 ≤ k ≤ r, then we see that the corresponding derivatives of Aij are tensorial. We

differentiate this equation with respect to Jf
n , yielding

(
δni δ

a
fJ

b
j + Ja

i δ
n
j δ

b
f

)
Āij + Ja

i J
b
j

(
δnk δ

c
fJ

d
l + Jc

kδ
m
l δ

d
f

)
gcd

∂Āij

∂gkl

+Ja
i J

b
j

(
δnk δ

c
f

)
φcĀ

ij;k + Ja
i J

b
j

(
δnk δ

c
fJ

d
l + Jc

kδ
n
l δ

d
f

)
φcdĀ

ij;kl

+Ja
i J

b
j

(
δnk δ

c
fJ

d
l J

e
m + Jc

kδ
n
l δ

d
fJ

e
m + Jc

kJ
d
l δ

n
mδ

e
f

)
φcdeĀ

ij;klm + · · · = JKn
fA

ab,

where Kn
f is defined via Jb

aK
c
b = δca and hence ∂J

∂Jf
n
= JKn

f . Since this equation holds for

all transformations (2.2), it holds for the identity transformation x̄i = xi with Āij = Aij ,

J = 1, and Jb
a = δba = Kb

a. Substituting this transformation into the equation above, we get

the identity

(
δafA

nb + δbfA
an
)
+

(
gfl

∂Aab

∂gnl
+ gkf

∂Aab

∂gkm

)
+ φfA

ab;n +
(
φflA

ij;nl + φkfA
ij;kn

)
+
(
φflmA

ab;nlm + φkfmA
ab;knm + φklfA

ab;kln
)
+ · · · = δnfA

ab

δafA
nb + δbfA

an + 2gfl
∂Aab

∂gnl
+ φfA

ab;n + 2φflA
ij;nl + 3φflmA

ab;nlm + · · · = δnfA
ab.

We contract this equation with gcf and solve for ∂Aij

∂gab
, yielding the invariance identity (3.1)

given previously.

3.2 Covariant Divergence of Tensor Densities
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If Aij is a symmetric, divergence-free, natural tensor density of order r in φ, then it

satisfies the (fully symmetrized) divergence-free condition

0 = Aij;a1···ar (φa1···arj + bja1φa2···ar − ca1a2φa3···arj + · · ·+ ba1···ar−1φar − ca1···arφj

)
+Aij;a1···ar−1

(
φa1···ar−1j + dja1φa2···ar−1 − ea1a2φa3···ar−1j + · · ·+ da1···ar−2φar−1

− ea1···ar−1φj

)
+Aij;a1···ar−2

(
φa1···ar−2j + kja1φa2···ar−2 − la1a2φa3···ar−2j

+ · · ·+ ka1···ar−3φar−2 − la1···ar−2φj

)
+ · · ·+Aij;a1a2 (φa1a2j + yja1φa2 − za1a2φj)

+Aij;a1φa1j +
∂Aij

∂φ
φj ,

(3.3)

where the coefficients ba1···as , ca1···at , da1···au , etc., are tensors dependent on the metric, scalar

curvature, and symmetrized covariant derivatives of the scalar curvature. While (3.3) only

contains covariant derivatives of the scalar curvature which are symmetrized, it is not trivial

to find the coefficient tensors b, c, d, etc., for higher scalar order Aij (see Appendix A for

details).

We derive the divergence-free condition by starting with the covariant derivative of Aij ,

which is given by an appropriate modification of (2.6)

Aij
|l = Aij

,l + Γi
klA

kj + Γj
klA

ik − Γk
klA

ij

=
∂Aij

∂gab
gab,l +Aij;a1···arφa1···ar,l + · · ·+Aij;aφa,l +

∂Aij

∂φ
φ,l + Γi

klA
kj + Γj

klA
ik

− Γk
klA

ij . (3.4)

We desire a manifestly covariant version of this expression. To this end, we replace coor-

dinate partial derivatives by covariant derivatives with the appropriate Christoffel symbol

correction terms

Aij;a1···akφa1···ak,j = Aij;a1···ak
(
φa1···ak|j + Γe

a1jφea2···ak + · · ·+ Γe
akj
φa1···ak−1e

)
= Aij;a1···ak

(
φa1···ak|j + kΓe

a1jφea2···ak
)
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and replace the partial derivative of the metric with a Christoffel symbol using the formula

(2.34). We perform these substitutions in (3.4) to get

Aij
|l =

∂Aij

∂gab
(2Γe

blgae) +Aij;a1···ar (φa1···ar|l + rΓe
a1lφea2···ar

)
+ · · ·

+Aij;ab
(
φab|l + 2Γe

alφeb

)
+Aij;a

(
φa|l + Γe

alφe

)
+
∂Aij

∂φ
φl + Γi

klA
kj

+ Γj
klA

ik − Γk
klA

ij .

Finally, we use the invariance identity (3.1) to replace the partial derivative of Aij with

respect to the metric and simplify the resulting expression to arrive at a manifestly tensorial

version of (3.4)

Aij
|l =

[
1

2

(
gabAij − gaiAbj − gajAbi

)
− 1

2
φaAij;b − galφlcA

ij;bc − · · ·

− r

2
gaa1φa1···arA

ij;ba2···ar
]
(2Γe

blgae) +Aij;a1···ar (φa1···ar|l + rΓe
a1lφea2···ar

)
+ · · ·+Aij;ab

(
φab|l + 2Γe

alφeb

)
+Aij;a

(
φa|l + Γe

alφe

)
+
∂Aij

∂φ
φl + Γi

klA
kj

+ Γj
klA

ik − Γk
klA

ij

=
(
Γe

elA
ij − Γi

blA
bj − Γj

blA
bi − Γe

blφeA
ij;b − 2Γe

blφecA
ij;bc − · · ·

− rΓe
blφea2···arA

ij;ba2···ar
)
+Aij;a1···ar (φa1···ar|l + rΓe

a1lφea2···ar
)

+ · · ·+Aij;ab
(
φab|l + 2Γe

alφeb

)
+Aij;a

(
φa|l + Γe

alφe

)
+
∂Aij

∂φ
φl + Γi

klA
kj

+ Γj
klA

ik − Γk
klA

ij

= Aij;a1···arφa1···ar|l +Aij;a1···ar−1φa1···ar−1|l + · · ·+Aij;abφab|l +Aij;aφal +
∂Aij

∂φ
φl.

(3.5)

If we require Aij to be divergence-free, then changing the index l to j causes the left side

of (3.5) to vanish, leaving

0 = Aij;a1···arφa1···ar|j +Aij;a1···ar−1φa1···ar−1|j + · · ·+Aij;abφab|j +Aij;aφaj +
∂Aij

∂φ
φj . (3.6)
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Using the symmetrization formulas from Appendix A, each term of the form φa1···ak|j

in (3.6) may be replaced by a fully symmetrized covariant derivative term φa1···akj and

a collection of lower order terms of all scalar orders from 1 to k − 1 in φ. Additionally,

the lower order terms produced by the symmetrization process are linear in derivatives of

φ (A.5). We substitute this linear expression into (3.6), yielding the fully symmetrized

divergence-free condition given above (3.3).

3.3 Divergence-free Tensor Densities: Preliminary Results

We now build towards the proof of Theorem 11. First, we require the following general

result about cyclic tensors and tensor densities in two dimensions.

Lemma 1. Let T ijI1I2 be a tensor (density) on a two dimensional manifold M , where I1

and I2 are symmetric multi-indices with |I1| = |I2| = k > 0 and T ijI1I2 = T jiI1I2 = T ijI2I1.

If T i(jI1)I2 = 0, then T ijI1I2 = 0.

Proof. The result follows via a dimensional argument with dimM = 2. Using covectors

X = Xi dx
i, Y = Yj dx

j , and Z = Zk dx
k on M , we may express the symmetries of T ijI1I2

using the notation

T
(
X,X;Y (k);Z(k)

)
= T ijI1I2XiXjYI1ZI2 , (3.7)

where Y (k) denotes k copies of Y and YI1 is a collection of k copies of Yi contracted against

the index I1 in T ijI1I2 . In this notation, the symmetry condition T i(jI1)I2 = 0 may be

represented by

T
(
X,Y ;Y (k);Z(k)

)
= T

(
X,Y ;Z(k);Y (k)

)
= T

(
Y,X;Y (k);Z(k)

)
= 0. (3.8)

The symmetry condition allows us to cyclically permute the arguments of T up to a correc-

tion factor, e.g.,

0 =
1

k + 1
[(k −m+ 1)T (X,X;X(k−m), Y (m);Z(k)

)
+mT

(
X,Y ;X(k−m+1), Y (m−1);Z(k)

)]
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=⇒ T
(
X,X;X(k−m), Y (m);Z(k)

)
= − m

k −m+ 1
T
(
X,Y ;X(k−m+1), Y (m−1);Z(k)

)
.

Since dimM = 2 and the covectors ofM define a vector space, the span of the covectors

X,Y, Z is of dimension 0, 1, or 2. We now show T
(
X,X;Y (k);Z(k)

)
= 0 for all cases, proving

the claim. We note that, as a multilinear map, if any of the arguments of T are the zero

covector 0, then T vanishes identically.

� If span(X,Y, Z) is of dimension 0, then X = Y = Z = 0 and T (X,X;Y (k);Z(k))

vanishes identically.

� If span(X,Y, Z) is of dimension 1, then X, Y , and Z are linearly dependent. Without

loss of generality, we take Y = αX and Z = βX for non-zero constants α and β.

Hence, T takes the form

T
(
X,X;Y (k);Z(k)

)
= αkβkT

(
X,X;X(k);X(k)

)
= 0.

� If span(X,Y, Z) is of dimension 2, then two of X, Y , and Z are linearly independent.

Using the symmetries of T , there are two possible cases. First, we assume this to be

the case for Y and Z, i.e., we may write X = αY + βZ for constants α and β (with

at least one non-zero). We substitute this form for X into the definition (3.7) and

simplify the result using the symmetry condition (3.8)

T
(
X,X;Y (k);Z(k)

)
= T

(
αY + βZ, αY + βZ;Y (k);Z(k)

)
= α2T

(
Y, Y ;Y (k);Z(k)

)
+ αβT

(
Y, Z;Y (k);Z(k)

)
+ αβT

(
Z, Y ;Y (k);Z(k)

)
+ β2T

(
Z,Z;Y (k);Z(k)

)
= 0 + 0 + 0 + 0

= 0.
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For the second case, without loss of generality, we assume X and Z are linearly

independent, i.e., Y = αX + βZ for constants α and β. Substituting this expression

into the definition, we find

T
(
X,X;Y (k);Z(k)

)
= T

(
X,X; (αX + βZ)(k);Z(k)

)
=

k∑
p=0

(
k − p

p

)
αk−pβpT

(
X,X;X(k−p), Z(p);Z(k)

)
, (3.9)

where
(
n
k

)
is the binomial coefficient and the coefficients αk−pβp are not identically

zero for at least one term in this sum as α and β cannot be zero simultaneously

(else T = 0 identically by multilinearity). Examining the m-th term in this sum, we

cyclically permute the (. . . , X;X(k−m), Z(m); . . .) arguments, yielding

T
(
X,X;X(k−m), Z(m);Z(k)

)
= − m

k −m+ 1
T
(
X,Z;X(k−m+1), Z(m−1);Z(k)

)
.

The right side of this equation vanishes for all m = 0, 1, . . . , k via the symmetry

condition and, therefore, each term in the sum (3.9) vanishes identically, leaving

T
(
X,X;Y (k);Z(k)

)
= 0.

Lemma 1 clearly generalizes to tensors which are covariant in ijI1I2 and tensors which

posses additional indices (of any valence) beyond ijI1I2. An immediate corollary of Lemma

1 is produced by considering multiple partial derivatives of Aij with respect to symmetrized

covariant derivatives of φ.

Corollary 4. If Ai(j;I1);I2;··· ;Is = 0, where s ≥ 2 is an integer and |I1| = |Ik| > 0 for some

2 ≤ k ≤ s, then Aij;I1;I2;··· ;Is = 0.

We note that the multi-indices I2 through Is (excepting Ik) need not have the same number

of indices as I1 and Ik, i.e., Corollary 4 holds so long as the multi-index contained in the
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cyclic identity has at least one additional multi-index of the same size (corresponding to

two derivatives of the same order). A corollary of Lemma 1 also exists for single partial

derivatives, though the conclusion is weaker than the multiple derivative case.

Corollary 5. If Ai(j;I1) = 0 and |I1| > 0, then Aij;I1;I2 = 0 for |I1| = |I2|.

We now use Corollary 5 to establish the following proposition.

Proposition 1. If Aij = Aij(gab;φ;φa; . . . ;φa1···ar) is a symmetric, divergence-free tensor

density with r ≥ 1, then Aij is at most linear in the highest order derivative of φ.

Proof. Since Aij is of scalar order r, the leading term in the divergence-free condition (3.3)

is the only term of scalar order r+1. Hence, we differentiate (3.3) with respect to φb1···br+1

and obtain a cyclic identity for Aij

0 = Ai(br+1;b1···br). (3.10)

This cyclic identity satisfies Corollary 5, proving the claim.

We note that the cyclic identity alone suffices to prove the order 2 and 3 cases of Theorem

12, with proof given in Chapter 4.

With the linearity of Aij in the highest order derivative of φ given by Proposition 1, we

show the highest scalar order term to be proportional to the product of two permutation

tensors by an algebraic argument.

Proposition 2. If Aij = Aij(gab;φ;φa; . . . ;φa1···ar) is a symmetric, divergence-free tensor

density with r ≥ 2, then Aij takes the form Aij = εia1εja2φa1···arB
a3···ar +Cij, where Ba3···ar

and Cij are symmetric tensor densities of (at most) scalar order r − 1.

Proof. We define a rank r+2 tensor density U ijK = U (ij)(K) = Symij SymK εik1εjk2V k3···kr ,

where K = k1 · · · kr is a multi-index and V k3···kr is the symmetric, rank r−2 tensor density



55

given by V k3···kr = r−1
r+1εrtεsuA

rs;tuk3···kr . Then, using the properties of the permutation

tensor (2.7), we have

U ijK =
r − 1

r + 1
Symij SymK εik1εjk2εrtεsuA

rs;tuk3···kr

=
r − 1

r + 1
Symij SymK(−1)2q

(
δirδ

k1
t − δk1r δ

i
t

)(
δjsδ

k2
u − δk2s δ

j
u

)
Ars;tuk3···kr

=
r − 1

r + 1
Symij SymK

(
δirδ

k1
t δ

j
sδ

k2
u − δirδ

k1
t δ

k2
s δ

j
u − δk1r δ

i
tδ

j
sδ

k2
u + δk1r δ

i
tδ

k2
s δ

j
u

)
Ars;tuk3···kr

=
r − 1

r + 1
Symij SymK

(
Aij;k1k2k3···kr −Aik2;k1jk3···kr −Ak1j;ik2k3···kr +Ak1k2;ijk3···kr

)
=
r − 1

r + 1
Symij SymK

(
Aij;K − 2Aik1;jk2···kr +Ak1k2;ijk3···kr

)
.

Since Aij satisfies Proposition 1, it obeys the cyclic identity (3.10). We use the cyclic

identity to write

0 = 0 + 0

= (r + 1)

(
1

2
Ai(k1;jk2···kr) +

1

2
Aj(k1;ik2···kr)

)
= (r + 1) Symij SymK Ai(k1;jk2···kr)

= Symij SymK

(
Aik1;jk2···kr +Aij;k2···krk1 +Aik2;k3···krk1j + · · ·+Aikr;jk1···kr−1

)
= Symij SymK

(
rAik1;jk2···kr +Aij;K

)
,

which implies Symij SymK Aik1;jk2···kr = −1

r
Aij;K . Similarly, we write

0 = 0 + 0 + · · ·+ 0

= (r + 1)

(
1

r
Ak1(k2;ijk3···kr) +

1

r
Ak2(k3;ijk4···krk1) + · · ·+ 1

r
Akr(k1;ijk2···kr−1)

)
= (r + 1) Symij SymK Ak1(k2;ijk3···kr)

= Symij SymK

(
Ak1k2;ijk3···kr +Ak1i;jk3···krk2 +Ak1j;k3···krk2i + · · ·+Ak1kr;ijk2···kr−1

)
= Symij SymK

[
(r − 1)Ak1k2;ijk3···kr + 2Aik1;jk2···kr

]
,
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which implies Symij SymK Ak1k2;ijk3···kr = − 2

r − 1
Symij SymK Aik1;jk2···kr =

2

r(r − 1)
Aij;K .

We substitute these two results into the equation for U ijK and simplify the resulting ex-

pression

U ijK =
r − 1

r + 1
Symij SymK

[
Aij;K +

2

r
Aij;K +

2

r(r − 1)
Aij;K

]
=
r − 1

r + 1

(
r(r − 1) + 2(r − 1) + 2

r(r − 1)

)
Aij;K

=
r − 1

r + 1

(
r + 1

r − 1

)
Aij;K

= Aij;K .

Integration of this result proves the claim upon stating V k3···kr = Bk3···kr .

Next, we show the tensor Ba3···ar to be at most of scalar order r − 2.

Proposition 3. Let n = 2. If Aij = Aij(gab;φ;φa; . . . ;φa1···ar) is a symmetric, divergence-

free, natural tensor density with r ≥ 2, then Aij takes the form

Aij = εia1εja2φa1···arB
a3···ar + Cij , (3.11)

where Ba3···ar and Cij are symmetric, natural tensor densities of scalar orders r − 2 and

r − 1, respectively.

Proof. Since Aij satisfies Proposition 2, we may write

Aij = εia1εja2φa1···arB
a3···ar + Cij ,

where Ba3···ar and Cij are tensor densities of (at most) scalar order r − 1. Taking this

result into account, we inspect the divergence-free condition (3.3) and note that only the

first term in the second line is quadratic in scalar order r derivatives, taking the form

Aij;a1···ar−1φa1···ar−1j . The first line does not contain any scalar order r derivatives due to

the linearity of Aij , while terms in the third and lower lines are at most linear in scalar
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order r derivatives due to the linearity of Aij (all explicit φ derivatives in the third and

lower lines are of scalar order r − 2 or less).

As with Lemma 1, let Ui, Xj , and Yk denote covectors on M . We contract the

divergence-free condition with Ui and apply the differential operators Xj1 · · ·Xjr

∂

∂φj1···jr

and Yk1 · · ·Ykr
∂

∂φk1···kr
, yielding the equation

0 = UiXj1 · · ·XjrYk1 · · ·Ykr
(
Aikr;k1···kr−1;j1···jr +Aijr;j1···jr−1;k1···kr

)
= UiXj1 · · ·XjrYk1 · · ·Ykr

(
εij1εkrj2Bj3···jr;k1···kr−1 + εik1εjrk2Bk3···kr;j1···jr−1

)
.

Using the function notation introduced for Lemma 1, the previous equation may be written

as

0 = det(U,X) det(Y,X)B
(
X(r−2);Y (r−1)

)
+ det(U, Y ) det(X,Y )B

(
Y (r−1);X(r−1)

)
= det(Y,X)

[
det(U,X)B

(
X(r−2);Y (r−1)

)
− det(U, Y )B

(
Y (r−1);X(r−1)

)]
,

where X = Xi dx
i and det(U,X) = UiXjε

ij = g−1/2UiXjϵ
ij = g−1/2(U1X2 − U2X1). Since

the covectors Xj and Yk were arbitrary, the expression in brackets must vanish for the

equation to hold

0 = det(U,X)B
(
X(r−2);Y (r−1)

)
− det(U, Y )B

(
Y (r−2);X(r−1)

)

or, in coordinates,

0 = Symj1···jr−1
εij1Bj2···jr−1;k1···kr−1 − Symk1···kr−1

εik1Bk2···kr−1;j1···jr−1 .

Expanding the symmetries (and ignoring the resulting coefficients due to the equality with

zero), we contract this equation with εij1 and use (2.8c) to simplify the resulting equation

0 = εij1

(
εij1Bj2···jr−1;k1···kr−1 + εij2Bj1j3···jr−1;k1···kr−1 + · · ·+ εijr−1Bj1···jr−2;k1···kr−1
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− εik1Bk2···kr−1;j1···jr−1 − εik2Bk1k3···kr−1;j1···jr−1 − · · · − εikr−1Bk1···kr−2;j1···jr−1

)
= (−1)q

(
2Bj2···jr−1;k1···kr−1 +Bj2j3···jr−1;k1···kr−1 + · · ·+Bjr−1j2···jr−2;k1···kr−1

−Bk2···kr−1;k1j2···jr−1 −Bk1k3···kr−1;k2j2···jr−1 − · · · −Bk1···kr−2;kr−1j2···jr−1

)
= (−1)q

(
rBj2···jr−1;k1···kr−1 −Bk2···kr−1;k1j2···jr−1 −Bk1k3···kr−1;k2j2···jr−1

− · · · −Bk1···kr−2;kr−1j2···jr−1

)
= (−1)q

[
rBj2···jr−1;k1···kr−1 − (r − 1) Symk1···kr−1

Bk2···kr−1;k1j2···jr−1

]
.

The coefficient of (−1)q is never zero and so the above equation is satisfied if and only if

the expression in parentheses vanishes

0 = rBj2···jr−1;k1···kr−1 − (r − 1) Symk1···kr−1
Bk2···kr−1;k1j2···jr−1 . (3.12)

We note that the r = 2 version of this equation leads to the claim immediately, with

0 = 2B;k1 −B;k1 = B;k1 .

As Ba1···ar−2;b1···br−1 = B(a1···ar−2);(b1···br−1), a choice of r− 1 (or r− 2) indices from the

collection of 2r − 3 indices j2 · · · jr−1k1 · · · kr−1 produces a unique version of (3.12), with a

total of
(
2r−3
r−1

)
=
(
2r−3
r−2

)
different equations, where

(
n
k

)
is the binomial coefficient. Hence,

there exists a
(
2r−3
r−1

)
by
(
2r−3
r−1

)
square matrix A which defines a matrix equation

Ax = 0

for the vector x of different index combinations Ba1···ar−2;b1···br−1 . A row of A, denoted by

Ai, defines its version of (3.12) via the “dot product” Ai · x = 0.

We choose an index “basis” such that the diagonal entries of A are each r, corresponding

with the index combination Bj2···jr−1;k1···kr−1 from (3.12). The row Ai represented by this

combination will be of the form

Ai = (· · · ,−1, · · · ,−1, · · · , r, · · · ,−1, · · · ,−1, · · · ,−1, · · · ),
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where each −1 corresponds to an index configuration Bk1···ks−1ks+1···kr−2;ksj2···jr−1 and the

remaining entries are zero. There are r − 1 such index configurations in (3.12) and so A

satisfies the Diagonal Dominance Theorem of linear algebra (see, e.g., Strang [32]).

Diagonal Dominance Theorem. A square matrix A is said to be diagonally dominant

if the magnitude of each diagonal entry is greater than the sum of the magnitudes for the

remaining (non-diagonal) entries in the corresponding row. If A is a diagonally dominant

matrix, then A is non-singular.

Hence, the only solution to the matrix equation Ax = 0 is the trivial solution x = 0 and

Ba1···ar−2;b1···br−1 = 0 for all index choices.

As examples of the matrix equation Ax = 0 defined in the proof of Proposition 3, consider

the r = 3 equation

Ax =


3 −1 −1

−1 3 −1

−1 −1 3



Ba;bc

Bb;ac

Bc;ab

 =


0

0

0

 = 0,

which is easily solved by introductory linear algebra techniques, and the substantially more

complicated r = 4 case

Ax =



4 0 0 0 0 0 0 −1 −1 −1

0 4 0 0 0 −1 −1 0 0 −1

0 0 4 0 −1 0 −1 0 −1 0

0 0 0 4 −1 −1 0 −1 0 0

0 0 −1 −1 4 0 0 0 0 −1

0 −1 0 −1 0 4 0 0 −1 0

0 −1 −1 0 0 0 4 −1 0 0

−1 0 0 −1 0 0 −1 4 0 0

−1 0 −1 0 0 −1 0 0 4 0

−1 −1 0 0 −1 0 0 0 0 4





Bab;cde

Bac;bde

Bad;cbe

Bae;bcd

Bbc;ade

Bbd;ace

Bbe;acd

Bcd;abe

Bce;abd

Bde;abc



=



0

0

0

0

0

0

0

0

0

0



= 0.
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The matrix A rapidly grows in size but becomes dominated by zeros as r increases: for

r = 4 the matrix equation is a 10 by 10 matrix with 40 non-zero entries (40% nonzero), the

r = 5 case is a 35 by 35 matrix with 175 non-zero entries (∼14% nonzero), and the r = 10

case is a 24310 by 24310 matrix with 243100 non-zero entries (∼0.041% nonzero). We now

proceed with the proof of Theorem 11.

Proof. Re-examining the divergence-free condition (3.3) and taking into account Propo-

sition 3, we observe that only the first term of the second line contains a scalar order

r derivative and more than one scalar order r − 1 derivative (it is the only term which

combines Cij and φa1···ar). We apply the differential operators UiXm1 · · ·Xmr

∂

∂φm1···mr

,

Yn1 · · ·Ynr−1

∂

∂φn1···nr−1

, and Zo1 · · ·Zor−1

∂

∂φo1···or−1

to this equation, yielding

0 = UiXm1 · · ·XmrYn1 · · ·Ynr−1Zo1 · · ·Zor−1A
im1;m2···mr;n1···nr−1;o1···or−1

= UiXm1 · · ·XmrYn1 · · ·Ynr−1Zo1 · · ·Zor−1C
im1;m2···mr;n1···nr−1;o1···or−1

= C
(
U,X;X(r−1);Y (r−1);Z(r−1)

)
.

By Corollary 4, this implies that C
(
U,U ;X(r−1);Y (r−1);Z(r−1)

)
vanishes identically and

so Cij is at most quadratic in order r − 1 derivatives of φ. Inspecting the divergence-free

condition again, we note that only two terms depend on a single scalar order r deriva-

tive and at least one order r − 1 derivative: the first term contracted with Aij;a1···ar−2

and, again, the first term contracted with Aij;a1···ar−1 . We apply the differential operators

UiXm1 · · ·Xmr

∂

∂φm1···mr

and Yn1 · · ·Ynr−1

∂

∂φn1···nr−1

to (3.3), yielding

0 = UiXm1 · · ·XmrYn1 · · ·Ynr−1

(
Aim1;m2···mr;n1···nr−1 +Ain1;n2···nr−1;m1···mr

)
= UiXm1 · · ·XmrYn1 · · ·Ynr−1

(
Cim1;m2···mr;n1···nr−1 + εim1εn1m2Bm3···mr;n2···nr−1

)
= C

(
U,X;X(r−1);Y (r−1)

)
+ det(U,X) det(Y,X)B

(
X(r−2);Y (r−2)

)
.
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Solving this equation for C, we get

C
(
U,X;X(r−1);Y (r−1)

)
= −det(U,X) det(Y,X)B

(
X(r−2);Y (r−2)

)
. (3.13)

We change U to Y , yielding the equation

C
(
Y,X;X(r−1);Y (r−1)

)
= −det(Y,X)2B

(
X(r−2);Y (r−2)

)
,

which, via the symmetries of C, is equivalent to the X ↔ Y swapped equation

C
(
X,Y ;Y (r−1);X(r−1)

)
= −det(X,Y )2B

(
Y (r−2);X(r−2)

)
= −det(Y,X)2B

(
Y (r−2);X(r−2)

)
.

Hence, B
(
X(r−2);Y (r−2)

)
= B

(
Y (r−2);X(r−2)

)
and Ba3···ar;b3···br is symmetric under the

interchange of all a and b indices.

Returning to (3.13), we observe that if B
(
X(r−2);Y (r−2)

)
= 0, then C

(
U,U ;X(r−1);

Y (r−1)
)
= 0 by Corollary 4. Similarly, if the left side of (3.13) is zero, then Ba3···ar;b3···ar

vanishes identically. To prove this second statement, we switch to index notation and set

C = 0 in (3.13), contract the equation with a pair of permutation tensors, and expand the

symmetries

0 = −εia1εb1a2
(
Syma1···ar Symb1···br−1

εia1εb1a2Ba3···ar;b2···br−1

)
= −(−1)q(r + 1)εb1a2

(
Syma2···ar Symb1···br−1

εb1a2Ba3···ar;b2···br−1

)
= (−1)q+1(r + 1)εb1a1

(
Syma1···ar−1

Symb1···br−1
εb1a1Ba2···ar−1;b2···br−1

)
= (−1)q+1 r + 1

(r − 1)2
εb1a1

(
εb1a1Ba2···ar−1;b2···br−1 + εb1a2Ba1a3···ar−1;b2···br−1

+ · · ·+ εbr−1ar−1Ba1···ar−2;b1···br−2

)
. (3.14)



62

For 1 ≤ l ≤ r − 1, we define the multi-indices âlj = a2 · · · al−1jal+1 · · · ar−1, with â1j =

a2 · · · ar−1. Next, we consider the εbkal term of (3.14)

εb1a1ε
bkalB

âla1 ;b̂
k
b1 = (−1)q

(
δbkb1 δ

al
a1 − δalb1δ

bk
a1

)
B

âla1 ;b̂
k
b1 .

If l = 1 = k, then this expression simplifies to 2(−1)qBa2···ar−1;b2···b2−1 . Similarly, if either

l = 1 or k = 1, then the expression simplifies to (−1)qBa2···ar−1;b2···b2−1 . There is one term

of the first kind and 2(r− 2) terms of the second kind in (3.14). Together, these terms sum

to

2(r − 1)(−1)qBa2···ar−1;b2···b2−1 .

For l ̸= 1 ̸= k, we have (r − 2)2 terms of the form

εb1a1ε
bkalB

âla1 ;b̂
k
b1 = (−1)q

(
B

âlal
;b̂kbk −B

âlbk
;b̂kal

)
= (−1)q

(
Ba2···ar;b2···br −B

âlbk
;b̂kal

)
.

The (r − 2)2 copies of the first term in parentheses combine with the 2(r − 1) copies given

earlier, totaling (r − 1)2 + 1 copies, while the (r − 2)2 versions of the second term can be

expressed compactly by exploiting the symmetry of the indices a2 · · · ar−1 and b2 · · · br−1.

We substitute this result into (3.14), yielding the equation

0 = (−1)2q+1 (r + 1)

(r − 1)2

{[
(r − 1)2 + 1

]
Ba2···ar−1;b2···br−1

− (r − 2)2 Syma2···ar−1
Symb2···br−1

Bb2a3···ar−1;a2b3···br−1

}
.

As the numeric coefficient outside the curly brackets is nonzero, the term inside must vanish

0 =
[
(r − 1)2 + 1

]
Ba2···ar−1;b2···br−1 − (r − 2)2 Syma2···ar−1

Symb2···br−1
Bb2a3···ar−1;a2b3···br−1 .

(3.15)

In a similar fashion to (3.12), we permute the indices of this equation to create a matrix

equation Ax = b. The square matrix A produced from (3.15) is diagonally dominant,



63

with diagonal entries (r − 1)2 + 1, each row containing (r − 2)2 copies of −1, and all

other entries zero. Hence, Ba1···ar−2;b1···br−2 vanishes identically by the Diagonal Domi-

nance Theorem when the left side of (3.13) is zero. Therefore, the kernel of the function

C
(
U,U ;X(r−1);Y (r−1)

)
is zero and we may express this function directly in terms of the

derivative of B.

Lemma 2. If Cij obeys (3.13), then

C
(
U,U ;X(r−1);Y (r−1)

)
= 2det(U,X) det(U, Y )B(X(r−2);Y (r−2)).

Proof. We begin with the ansatz

C̃
(
U,U ;X(r−1);Y (r−1)

)
= α det(U,X) det(Y,U)B

(
X(r−2);Y (r−2)

)
+ β det(U,X) det(Y,X)B

(
U,X(r−3);Y (r−2)

)
+ γ det(U, Y ) det(X,Y )B

(
U, Y (r−3);X(r−2)

)
,

where α, β, and γ are numeric constants to be determined. We swap the X and Y entries

to get

C̃
(
U,U ;Y (r−1);X(r−1)

)
= α det(U, Y ) det(X,U)B

(
Y (r−2);X(r−2)

)
+ β det(U, Y ) det(X,Y )B

(
U, Y (r−3);X(r−2)

)
+ γ det(U,X) det(Y,X)B

(
U,X(r−3);Y (r−2)

)
,

so γ = β upon comparison with the starting ansatz. Expanding the symmetries, we replace

one U with an X to get

C̃
(
U,X;X(r−1);Y (r−1)

)
=
α

2

[
0 + det(U,X) det(Y,X)B

(
X(r−2);Y (r−2)

)]
+
β

2

[
0 + det(U,X) det(Y,X)B

(
X(r−2);Y (r−2)

)
+ det(X,Y ) det(X,Y )B

(
U, Y (r−3);X(r−2)

)
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+ det(U, Y ) det(X,Y )B
(
X,Y (r−3);X(r−2)

)]
.

Using the cyclic identity

det(U, Y )τ (X, · · · ) + det(Y,X)τ (U, · · · ) + det(X,U)τ (Y, · · · ) = 0, (3.16)

where τ is a tensor (density), we replace the final term of the previous expression

C̃
(
U,X;X(r−1);Y (r−1)

)
=
α

2
det(U,X) det(Y,X)B

(
X(r−2);Y (r−2)

)
+
β

2

[
det(U,X) det(Y,X)B

(
X(r−2);Y (r−2)

)
+ det(X,Y ) det(X,Y )B

(
U, Y (r−3);X(r−2)

)
− det(Y,X) det(X,Y )B

(
U, Y (r−3);X(r−2)

)
− det(X,U) det(X,Y )B

(
Y (r−2);X(r−2)

)]
=

(
α− β

2

)
det(U,X) det(Y,X)B

(
X(r−2);Y (r−2)

)
+
β

2

[
det(U,X) det(Y,X)B

(
X(r−2);Y (r−2)

)
+ 2det(X,Y ) det(X,Y )B

(
U, Y (r−3);X(r−2)

)]
.

Checking (3.13), we see β = 0 and α = −2. To prove the uniqueness of C̃, we consider the

difference between C and the ansatz

∆
(
U,U,X(r−1), Y (r−1)

)
= C

(
U,U ;X(r−1);Y (r−1)

)
− C̃

(
U,U ;X(r−1);Y (r−1)

)
= C

(
U,U ;X(r−1);Y (r−1)

)
+ 2det(U,X) det(Y,U)B

(
X(r−2);Y (r−2)

)
.

By replacing a U with an X, we get the equation

∆
(
U,X,X(r−1), Y (r−1)

)
= C

(
U,X;X(r−1);Y (r−1)

)
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+
1

2

[
0 + 2det(U,X) det(Y,X)B

(
X(r−2);Y (r−2)

)]
= −det(U,X) det(Y,X)B

(
X(r−2);Y (r−2)

)
+ det(U,X) det(Y,X)B

(
X(r−2);Y (r−2)

)
= 0.

Hence, ∆
(
U,U,X(r−1), Y (r−1)

)
vanishes identically by Lemma 1 and C = C̃.

In index notation, Lemma 2 states

Cij;a1···ar−1;b1···br−1 = 2Syma1···ar−1
Symb1···br−1

εia1εjb1Ba2···ar−1;b2···br−1

and integration of this expression proves the claim.

3.4 Euler-Lagrange Expressions and Divergence-free Tensor Densities

The highest scalar order term from Theorem 10 can be seen to correspond with the

leading term of (1.28). Let ER(L) = E be of curvature order k. The first term of (1.27) is

given by

εiaεjbE|ab = εiaεjb (E,ab − Γc
abE,c)

= εiaεjb

[(
∂E

∂R|(a1···ak)
R|(a1···ak),a + · · ·

)
,b

− Γc
ab

(
∂E

∂R|(a1···ak)
R|(a1···ak),c + · · ·

)]

= εiaεjb

{[
∂E

∂R|(a1···ak)

(
R|(a1···ak)a + kΓc

a1aR|(ca2···ak)
)
+ · · ·

]
,b

− Γc
ab

[
∂E

∂R|(a1···ak)

(
R|(a1···ak)c + kΓd

a1cR|(da2···ak)

)
+ · · ·

]}
= εiaεjb

(
∂E

∂R|(a1···ak)
R|(a1···ak)a + · · ·

)
|b

= εiaεjb
(

∂E
∂R|(a1···ak)

R|(a1···aka)b + · · ·
)

= εiaεjb
(

∂E
∂R|(a1···ak)

R|(a1···akab) + · · ·
)
,
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where we have used the symmetrization formula (A.4) to arrive at the penultimate and final

lines. Comparing this final line with (1.28), we see

Ba3···ar =
∂E

∂R|(a3···ar)
. (3.17)
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CHAPTER 4

DIVERGENCE-FREE TENSOR DENSITIES: SPECIAL CASES

We now prove Theorem 12 by cases.

4.1 Order 0

It is well known, e.g., Lovelock and Rund [16, pp. 319], that the only symmetric,

divergence-free, contravariant, rank 2 tensor density dependent solely on the metric is Aij =

c
√
ggij , where c is a constant, and arises as the Euler-Lagrange expression of the Lagrangian

λ = 2c
√
g.

4.2 Order 1

As mentioned in the introduction, no natural tensor densities of metric order 1 exist

by virtue of Theorem 1 (in any dimension n ≥ 2).

4.3 Order 2

We assume Aij = Aij(gab;φ). The divergence-free condition (3.3) for this case is

0 =
∂Aij

∂φ
φj .

We differentiate this equation with respect to φj , yielding the identity ∂Aij

∂φ = 0. Hence,

there are no symmetric, divergence-free, contravariant, rank 2 tensor densities dependent

on the metric and a scalar field in two dimensions.

When φ is identified with the scalar curvature R (so Aij is second order in derivatives

of the metric), this result is not surprising: the summation in (1.7) vanishes identically for

dimM = 2, leaving only the inverse metric term. In effect, the vanishing of the general-

ized Einstein tensor (1.7) in two dimensions is because all information about the second

derivative of the metric is encoded in a scalar field, R.



68

4.4 Order 3

We assume Aij = Aij(gab;φ;φa). The divergence-free condition (3.3) for this case is

0 = Aij;kφjk +
∂Aij

∂φ
φj .

We differentiate this equation with respect to φab and get the cyclic identity Ai(a;b) = 0.

Creating three versions of this equation by cyclically permuting the indices

0 =
1

2

(
Aia;b +Aib;a

)
, 0 =

1

2

(
Aab;i +Aai;b

)
, 0 =

1

2

(
Abi;a +Aba;i

)
,

we sum the first two equations and subtract the third to get

0 =
1

2

(
Aia;b +Aib;a +Aab;i +Aai;b −Abi;a −Aba;i

)
=

1

2

(
2Aia;b

)
= Aia;b.

This implies that no symmetric, divergence-free, contravariant, rank 2 tensor densities de-

pendent on the metric, a scalar field, and the first derivative of the scalar field exist in two

dimensions. Equivalently, if we let φ = R, then there are no tensor densities of the given

type dependent on the metric and its first three derivatives.

4.5 Order 4

We assume Aij = Aij(gab;φ;φa;φab). The divergence-free condition is given by (3.3)

and we find the explicit form of this equation using (3.6) and the third scalar order sym-

metrization formula (A.1)

0 = Aij;klφkl|j +Aij;kφkj +
∂Aij

∂φ
φj

= Aij;kl

[
φklj +

1

3
R(gjkφl − glkφj)

]
+Aij;kφkj +

∂Aij

∂φ
φj

= Aij;klφklj +Aij;kφkj +

(
∂Aij

∂φ
− 1

3
RgklA

ij;kl +
1

3
RgklA

il;kj

)
φj . (4.1)
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As Aij satisfies the requirements of Theorem 11, Aij takes the form

Aij = εiaεjbφabB + εiaεjbφaφb
∂B

∂φ
+Dijaφa + Eij , (4.2)

where B, Dija = Djia, and Eij = Eji are scalar/tensor densities dependent on the metric

and φ. Using the invariance identity for a scalar density (2.16), we write B =
√
gP , where

P = P (φ) is a scalar. Similarly, Dija vanishes identically (in two dimensions there are no

rank 3 tensors which are dependent on the metric and a scalar field). Using these results,

we substitute (4.2) into the divergence-free condition and simplify the resulting expression

0 =
(√

gεikεjbφbP
′ +Dijk

)
φkj +

(
√
gεiaεjbφabP

′ +
√
gεiaεjbφaφbP

′′ +
∂Dija

∂φ
φa

+
∂Eij

∂φ
− 1

3

√
gRgklε

ikεjlP +
1

3

√
gRgkl Symkj ε

ikεljP

)
φj

=
√
gεikεjbφbφjkP

′ −√
gεiaεbjφjφabP

′ +
√
gεiaεjbφaφbφjP

′′ +
∂Eij

∂φ
φj

− (−1)q

3

√
gRPφi +

(−1)q

6

√
gRgkl

(
2gilgjk − gijgkl − gikgjl

)
Pφj

=
∂Eij

∂φ
φj −

(−1)q

3

√
gRPφi − (−1)q

6

√
gRPφi

=
∂Eij

∂φ
φj −

(−1)q

2

√
gRPφi,

(4.3)

Differentiating this equation with respect to φj , we solve the resulting equation for the

partial derivative of Eij

∂Eij

∂φ
=

(−1)q

2

√
ggijRP.

Now, let the scalar φ be the scalar curvature R. We solve this equation using integration

by parts, with a final result of

Eij =
(−1)q

2

√
ggijRL′ − (−1)q

2

√
ggijL, (4.4)
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where L = L(R) is a scalar such that P = L′′ = d2L
dR2 (the integration constant has been

absorbed into the definition of L). Combining (4.2) and (4.4), we see that Aij is given by

Aij =
√
gεiaεjbR|abL

′′ +
√
gεiaεjbR|aR|bL

′′′ +
(−1)q

2

√
ggijRL′ − (−1)q

2

√
ggijL

=
√
gεiaεjb(L′)|ab +

(−1)q

2

√
ggijRL′ − (−1)q

2

√
ggijL.

(4.5)

As L is a function of R alone, Aij can be identified as the Euler-Lagrange expression of a two

dimensional f(R) field theory, a generalization of general relativity which uses Lagrangians

of the form λ =
√
gf(R). The metric signature factor of (−1)q is necessary in (4.5) to

get the correct sign for each term upon expanding the permutation tensors using (2.8).

We note that (4.5) has (depending on the signature of the metric) opposite sign from the

λ =
√
gL(R) Euler-Lagrange expression found in (2.33) and is due to the convention used

for the product of two permutation tensors (2.8). As expected, we reproduce the metric

order 0 case when L = −2(−1)qc, where c is a constant.

4.6 Order 5

We assume Aij = Aij(gab;φ;φa;φab;φabc). As with the metric order 4 case, we find the

explicit form of the divergence-free condition (3.3) by starting with the covariant divergence

formula (3.6), substituting the fourth scalar order symmetrization formula (A.2) and using

the right side of equation (4.1) from the previous case to simplify the remaining terms

0 = Aij;klmφklm|j +Aij;klφkl|j +Aij;kφkj +
∂Aij

∂φ
φj

= Aij;klm

{
φklmj +

[
R (gjkφml − gmkφjl) +

1

4
R|m (gjlφk − gklφj)

]}
+Aij;klφklj +Aij;kφkj +

(
∂Aij

∂φ
− 1

3
RgklA

ij;kl +
1

3
RgklA

il;kj

)
φj

= Aij;klmφklmj +Aij;klφklj +
(
Aij;k −RgmlA

ij;klm +RgmlA
im;ljk

)
φkj

+
1

4

(
gklA

ik;jlm − gklA
ij;klm

)
R|mφj +

(
∂Aij

∂φ
− 1

3
RgklA

ij;kl +
1

3
RgklA

il;kj

)
φj .

(4.6)
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As Aij satisfies the requirements of Theorem 11, Aij takes the form

Aij = εiaεjbφabcB
c + εiaεjbφacφbdB

c;d +Dijabφab + Eij , (4.7)

where Bc, Dijab = Djiab = Dijba, and Eij = Eji are tensor densities of scalar order 1 and

Bc;d = Bd;c. Using the invariance identity for a vector density, we may use this last property

to writeBc =
√
gP ;c, where P = P (gij , φ, φi) = P (φ, S) is a scalar and S = gabφaφb. Hence,

we rewrite (4.7) to

Aij =
√
gεiaεjbφabcP

;c +
√
gεiaεjbφacφbdP

;c;d +Dijabφab + Eij (4.8)

and substitute this result into the divergence-free condition (4.6), simplifying the resulting

expression

0 =
(√

gεikεjlP ;m
)
φklmj +

(
2
√
g Symij Symkl ε

ikεjbφbdP
;l;d +Dijkl

)
φklj

+
(√

gεiaεjbφabcP
;c;k +

√
gεiaεjbφacφbdP

;c;d;k +Dijab;kφab + Eij;k

−√
gRgml Symklm ε

ikεjlP ;m +
√
gRgml Symljk ε

ilεmjP ;k
)
φkj

+
1

4

√
g
(
gkl Symjlm ε

ijεklP ;m − gkl Symklm ε
ikεjlP ;m

)
R|mφj

+

[
√
gεiaεjbφabc

∂P ;c

∂φ
+
√
gεiaεjbφacφbd

∂P ;c;d

∂φ
+
∂Dijab

∂φ
φab +

∂Eij

∂φ

− 1

3
Rgkl

(
2
√
g Symij Symkl ε

ikεjbφbdP
;l;d +Dijkl

)
+

1

3
Rgkl

(
2
√
g Symil Symkj ε

ikεlbφbdP
;j;d +Dilkj

)]
φj

=
(√

gεikεjbφbdP
;l;d +Dijkl

)
φklj +

(√
gεiaεjbφabcP

;c;k +Dijab;kφab + Eij;k

−√
gRgml Symklm ε

ikεjlP ;m +
√
gRgml Symljk ε

ilεmjP ;k
)
φkj

+
1

4

√
g
(
gkl Symjlm ε

ijεklP ;m − gkl Symklm ε
ikεjlP ;m

)
R|mφj

+

[
√
gεiaεjbφabc

∂P ;c

∂φ
+
√
gεiaεjbφacφbd

∂P ;c;d

∂φ
+
∂Dijab

∂φ
φab +

∂Eij

∂φ

− 1

3
Rgkl

(
2
√
g Symij Symkl ε

ikεjbφbdP
;l;d +Dijkl

)
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+
1

3
Rgkl

(
2
√
g Symil Symkj ε

ikεlbφbdP
;j;d +Dilkj

)]
φj

= Dijklφklj +
(
Dijab;kφab + Eij;k −√

gRgml Symklm ε
ikεjlP ;m

+
√
gRgml Symljk ε

ilεmjP ;k
)
φkj +

1

4

√
g
(
gkl Symjlm ε

ijεklP ;m

− gkl Symklm ε
ikεjlP ;m

)
R|mφj +

[
√
gεiaεjbφabc

∂P ;c

∂φ
+
√
gεiaεjbφacφbd

∂P ;c;d

∂φ

+
∂Dijab

∂φ
φab +

∂Eij

∂φ
− 1

3
Rgkl

(
2
√
g Symij Symkl ε

ikεjbφbdP
;l;d +Dijkl

)
+

1

3
Rgkl

(
2
√
g Symil Symkj ε

ikεlbφbdP
;j;d +Dilkj

)]
φj . (4.9)

We differentiate this equation with respect to φklj to get

0 = SymabcD
iabc +

√
g Symabc ε

iaεjb
∂P ;c

∂φ
φj , (4.10)

which can be rearranged to the covector equation

D(X,Y, Y, Y ) = −√
g det(X,Y ) det(∇φ, Y )

∂P

∂φ
(;Y ). (4.11)

As the kernel of this equation is non-trivial, we return to the divergence-free condition to

extract more information about Dijkl. Using (4.10) to remove the third order φ terms from

the divergence-free condition, we get the following equation

0 =
(
Dijab;kφab + Eij;k −√

gRgml Symklm ε
ikεjlP ;m +

√
gRgml Symljk ε

ilεmjP ;k
)
φkj

+
1

4

√
g
(
gkl Symjlm ε

ijεklP ;m − gkl Symklm ε
ikεjlP ;m

)
R|mφj

+

[
√
gεiaεjbφacφbd

∂P ;c;d

∂φ
+
∂Dijab

∂φ
φab +

∂Eij

∂φ

− 1

3
Rgkl

(
2
√
g Symij Symkl ε

ikεjbφbdP
;l;d +Dijkl

)
+

1

3
Rgkl

(
2
√
g Symil Symkj ε

ikεlbφbdP
;j;d +Dilkj

)]
φj . (4.12)
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We contract this equation with Ui and apply the differential operators XaXb
∂

∂φab
and

YcYd
∂

∂φcd
to get

0 = D(U, Y,X,X;Y ) +D(U,X, Y, Y ;X) +
√
g [det(U,X) det(∇φ, Y )

+ det(U, Y ) det(∇φ,X)]
∂P

∂φ
(;Y ;X).

(4.13)

Setting Y = X, this equation simplifies to

0 = D(U,X,X,X;X) +
√
g det(U,X) det(∇φ,X)

∂P

∂φ
(;X;X).

We note that this equation does not contain new information, as it is identical to the

equation produced by applying the differential operator Xa ∂
∂φa

to (4.11). Equations (4.11)

and (4.13) give enough information to fully determine Dijab.

Lemma 3. If Dijab obeys (4.11) and (4.13), then

D(X,X, Y, Y ) =
√
g

[
2 det(X,Y ) det(X,∇φ)∂P

∂φ
(;Y ) + det(X,Y )2

∂P

∂φ
+ det(X,Y )2Q

]
,

where Q = Q(φ) is a scalar.

Proof. We consider the ansatz

D̃(X,X, Y, Y ) = 2
√
g det(X,Y ) det(X,∇φ)∂P

∂φ
(;Y )

which has the same symmetries as Dijab. We define a difference function ∆

∆(X,X, Y, Y ) = D(X,X, Y, Y )− D̃(X,X, Y, Y )

= D(X,X, Y, Y )− 2
√
g det(X,Y ) det(X,∇φ)∂P

∂φ
(;Y ),
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also possessing the symmetries of D and D̃. Utilizing these symmetries, we replace one X

with a Y and use (4.11) to write

∆(X,Y, Y, Y ) = D(X,Y, Y, Y )−
[
0 +

√
g det(X,Y ) det(Y,∇φ)∂P

∂φ
(;Y )

]
= −√

g det(X,Y ) det(∇φ, Y )
∂P

∂φ
(;Y )−√

g det(X,Y ) det(Y,∇φ)∂P
∂φ

(;Y )

= 0.

This equation has a non-trivial kernel, with the solution given by

∆(X,X, Y, Y ) =
√
g det(X,Y )2Q̃,

where Q̃ = Q̃(φ, S) is a scalar. Hence, we may write

D(X,X, Y, Y ) = D̃(X,X, Y, Y ) +
√
g det(X,Y )2Q̃

= 2
√
g det(X,Y ) det(X,∇φ)∂P

∂φ
(;Y ) +

√
g det(X,Y )2Q̃.

To identify Q̃, we use the symmetry of D to replace an X with a U

D(U,X, Y, Y ) =
√
g det(U, Y ) det(X,∇φ)∂P

∂φ
(;Y ) +

√
g det(X,Y ) det(U,∇φ)∂P

∂φ
(;Y )

+
√
g det(U, Y ) det(X,Y )Q̃

and then apply the differential operator Xi ∂

∂φi
to this equation

D(U,X, Y, Y ;X)

=
√
g det(U, Y ) det(X,∇φ)∂P

∂φ
(;Y ;X) +

√
g det(X,Y ) det(U,X)

∂P

∂φ
(;Y )

+
√
g det(X,Y ) det(U,∇φ)∂P

∂φ
(;Y ;X) +

√
g det(U, Y ) det(X,Y )Q̃(;X).
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This equation is summed with an X ↔ Y swapped copy of the same equation

D(U,X, Y, Y ;X) +D(U, Y,X,X;Y )

=
√
g det(U, Y ) det(X,∇φ)∂P

∂φ
(;Y ;X) +

√
g det(X,Y ) det(U,X)

∂P

∂φ
(;Y )

+
√
g det(X,Y ) det(U,∇φ)∂P

∂φ
(;Y ;X) +

√
g det(U, Y ) det(X,Y )Q̃(;X)

+
√
g det(U,X) det(Y,∇φ)∂P

∂φ
(;X;Y ) +

√
g det(Y,X) det(U, Y )

∂P

∂φ
(;X)

+
√
g det(Y,X) det(U,∇φ)∂P

∂φ
(;X;Y ) +

√
g det(U,X) det(Y,X)Q̃(;Y )

=
√
g det(U, Y ) det(X,∇φ)∂P

∂φ
(;Y ;X) +

√
g det(U,X) det(Y,∇φ)∂P

∂φ
(;X;Y )

+
√
g det(X,Y )

[
det(U,X)

∂P

∂φ
(;Y )− det(U, Y )

∂P

∂φ
(;X)

]
+
√
g det(X,Y )

[
det(U, Y )Q̃(;X)− det(U,X)Q̃(;Y )

]
.

We simplify the terms in brackets using the Jacobi identity (3.16)

D(U,X, Y, Y ;X) +D(U, Y,X,X;Y )

=
√
g det(U, Y ) det(X,∇φ)∂P

∂φ
(;Y ;X) +

√
g det(U,X) det(Y,∇φ)∂P

∂φ
(;X;Y )

+
√
g det(X,Y )

[
−det(X,Y )

∂P

∂φ
(;U)

]
+
√
g det(X,Y )

[
det(X,Y )Q̃(;U)

]
=

√
g det(U, Y ) det(X,∇φ)∂P

∂φ
(;Y ;X) +

√
g det(U,X) det(Y,∇φ)∂P

∂φ
(;X;Y )

+
√
g det(X,Y )2

[
Q̃− ∂P

∂φ

]
(;U).

Comparing this result with (4.13), we see

Q̃− ∂P

∂φ
= Q,

where Q = Q(φ) is a scalar.
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In index notation, Lemma 3 states that Dijab takes the form

Dijab = 2
√
g Symij Symab ε

iaφj
⋆

∂P ;b

∂φ
+
√
g Symab ε

iaεjb
∂P

∂φ
+
√
g Symab ε

iaεjbQ, (4.14)

where φi
⋆ = εijφj . The vector φi

⋆ obeys the following identities

φi
⋆φi = εijφiφj = 0,

φi
⋆εij = εikφkεij = (−1)qφj

φi
⋆φ⋆i = εijφjgikε

kmφm = (−1)qgjmφjφm = (−1)qS.

(4.15)

Returning to the divergence-free condition (4.12), we remove the terms quadratic in

φab using (4.13) and get (leaving Dijab unchanged for brevity)

0 =
(
Eij;k −√

gRgml Symklm ε
ikεjlP ;m +

√
gRgml Symljk ε

ilεmjP ;k
)
φkj

+
1

4

√
g
(
gkl Symjlm ε

ijεklP ;m − gkl Symklm ε
ikεjlP ;m

)
R|mφj

+

[
∂Dijab

∂φ
φab +

∂Eij

∂φ
− 1

3
Rgkl

(
2
√
g Symij ε

iaεjkP ;c;lφac +Dijkl
)

+
1

3
Rgkl

(
2
√
g Symil Symkj ε

iaεlkP ;c;jφac +Dilkj
)]
φj .

(4.16)

We expand the symmetries and simplify the first term in (4.16) to get

(
Eij;k −√

gRgml Symklm ε
ikεjlP ;m +

√
gRgml Symljk ε

ilεmjP ;k
)
φjk

=

[
Eij;k − 1

6

√
gRgml

(
εikεjlP ;m + εikεjmP ;l + εilεjkP ;m + εilεjmP ;k + εimεjkP ;l

+ εimεjlP ;k
)
+

1

6

√
gRgml

(
εilεmjP ;k + εilεmkP ;j + εijεmlP ;k + εijεmkP ;l

+ εikεmjP ;l + εikεmlP ;j
)]
φjk

=

{
Eij;k − 1

3

√
gR
[
gmlε

ikεjlP ;m + (−1)qgijP ;k
]
+

1

3

√
gR
(
−gijP ;k

+ gmlε
ijεmkP ;l

)}
φjk

=

{
Eij;k − 2

3

√
gR
[
gmlε

ikεjlP ;m + (−1)qgijP ;k
]}

φjk
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=

[
Eij;k − 2

3
(−1)q

√
gR
(
gijP ;k − gjkP ;i + gijP ;k

)]
φjk

=

[
Eij;k − 2

3
(−1)q

√
gR
(
2gijP ;k − gjkP ;i

)]
φjk,

while similar procedures simplify the second

1

4

√
g
(
gkl Symjlm ε

ijεklP ;m − gkl Symklm ε
ikεjlP ;m

)
R|mφj

=
1

24

√
g
[
gkl

(
εijεklP ;m + εijεkmP ;l + εilεkjP ;m + εilεkmP ;j + εimεklP ;j + εimεkjP ;l

)
− gkl

(
εikεjlP ;m + εikεjmP ;l + εilεjkP ;m + εilεjmP ;k + εimεjlP ;k + εimεjkP ;l

)]
×R|mφj

=
1

24

√
g
{[
gklε

ijεkmP ;l − (−1)qgijP ;m − (−1)qgimP ;j + gklε
imεkjP ;l

]
−
[
2(−1)qgijP ;m + 2gklε

ikεjmP ;l + 2gklε
imεjlP ;k

]}
R|mφj

=
1

24

√
g
[
gklε

ijεkmP ;l − 3(−1)qgijP ;m − (−1)qgimP ;j + 3(−1)qgklε
imεkjP ;l

− 2gklε
ikεjmP ;l

]
R|mφj

=
(−1)q

24

√
g
[(
gjmP ;i − gimP ;j

)
− 3gijP ;m − gimP ;j + 3

(
gjmP ;i − gijP ;m

)
− 2

(
gijP ;m − gimP ;j

)]
R|mφj

=
(−1)q

24

√
g
(
4gjmP ;i − 8gijP ;m

)
R|mφj

=
(−1)q

6

√
g
(
gjmP ;i − 2gijP ;m

)
R|mφj

and third terms

[
∂Dijab

∂φ
φab +

∂Eij

∂φ
− 1

3
Rgkl

(
2
√
g Symij ε

iaεjkP ;c;lφac +Dijkl
)

+
1

3
Rgkl

(
2
√
g Symil Symkj ε

iaεlkP ;c;jφac +Dilkj
)]
φj

=

{
∂Dijab

∂φ
φab +

∂Eij

∂φ
− 1

3
Rgkl

[√
g
(
εiaεjk + εjaεik

)
P ;c;lφac +Dijkl

]
+

1

3
Rgkl

[
1

2

√
g
(
εiaεlkP ;c;j + εiaεljP ;c;k + εlaεikP ;c;j + εlaεijP ;c;k

)
φac +Dilkj

]}
φj
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=

[
∂Dijab

∂φ
φab +

∂Eij

∂φ
− (−1)q

3

√
gR
(
gkl(g

ijgak − gikgja) + gkl(g
ijgak − gjkgia)

)
P ;c;lφac

− 1

3
RgklD

ijkl +
(−1)q

6

√
gR
(
0 + gkl(g

ilgaj − gijgal)P ;c;k − giaP ;c;j

+ gkl(g
ilgja − gjlgia)P ;c;k

)
φac +

1

3
RgklD

ilkj

]
φj

=

[
∂Dijab

∂φ
φab +

∂Eij

∂φ
− (−1)q

3

√
gR
(
gijP ;c;a − gjaP ;c;i + gijP ;c;a − giaP ;c;j

)
φac

+
(−1)q

6

√
gR
(
gajP ;c;i − gijP ;c;a − giaP ;c;j + gjaP ;c;i − giaP ;c;j

)
φac

+
1

3
Rgkl

(
−Dijkl +Dilkj

)]
φj

=

[
∂Dijab

∂φ
φab +

∂Eij

∂φ
− (−1)q

3

√
gR
(
2gijP ;c;a − gjaP ;c;i − giaP ;c;j

)
φac

+
(−1)q

6

√
gR
(
2gajP ;c;i − gijP ;c;a − 2giaP ;c;j

)
φac +

1

3
Rgkl(−Dijkl +Dilkj)

]
φj

=

(
∂Dijab

∂φ
φab +

∂Eij

∂φ
− 5

6
(−1)q

√
gRgijP ;c;aφac +

2

3
(−1)q

√
gRgjaP ;c;iφac

− 1

3
RgklD

ijkl +
1

3
RgklD

ilkj

)
φj .

Using these simplified expressions, the divergence-free condition (4.16) is now given by

0 =

[
Eij;k − 2

3
(−1)q

√
gR
(
2gijP ;k − gjkP ;i

)]
φjk +

(−1)q

6

√
g
(
gjmP ;i − 2gijP ;m

)
R|mφj

+

(
∂Dijab

∂φ
φab +

∂Eij

∂φ
− 5

6
(−1)q

√
gRgijP ;c;aφac +

2

3
(−1)q

√
gRgajP ;c;iφac

− 1

3
RgklD

ijkl +
1

3
RgklD

ilkj

)
φj .

(4.17)

We apply the differential operator UiXjXk
∂

∂φjk
to this equation and solve for the derivative

of Eij with respect to φk

E(U,X;X) =
2

3
(−1)q

√
gR [2g(U,X)P (;X)− g(X,X)P (;U)]− ∂D

∂φ
(U,∇φ,X,X)

+
5

6
(−1)q

√
gRg(U,∇φ)P (;X;X)− 2

3
(−1)q

√
gRg(X,∇φ)P (;U ;X).

(4.18)
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We expand the symmetry of this equation by setting one X to Y and sum the resulting

equation with a version which has X and Y swapped

E(U,X;Y ) + E(U, Y ;X) =

{
2

3

√
gR [2g(U,X)P (;Y ) + 2g(U, Y )P (;X)− 2g(X,Y )P (;U)]

+
5

3

√
gRg(U,∇φ)P (;X;Y )− 2

3

√
gRg(Y,∇φ)P (;U ;X)

− 2

3

√
gRg(X,∇φ)P (;U ;Y )

}
(−1)q − 2

∂D

∂φ
(U,∇φ,X, Y ).

We create two additional copies of this equation by cyclically permuting U,X, and Y

E(X,Y ;U) + E(X,U ;Y ) =

{
2

3

√
gR [2g(X,Y )P (;U) + 2g(X,U)P (;Y )− 2g(Y, U)P (;X)]

+
5

3

√
gRg(X,∇φ)P (;Y ;U)− 2

3

√
gRg(U,∇φ)P (;X;Y )

− 2

3

√
gRg(Y,∇φ)P (;X;U)

}
(−1)q − 2

∂D

∂φ
(X,∇φ, Y, U)

E(Y, U ;X) + E(Y,X;U) =

{
2

3

√
gR [2g(Y,U)P (;X) + 2g(Y,X)P (;U)− 2g(U,X)P (;Y )]

+
5

3

√
gRg(Y,∇φ)P (;U ;X)− 2

3

√
gRg(X,∇φ)P (;Y ;U)

− 2

3

√
gRg(U,∇φ)P (;Y ;X)

}
(−1)q − 2

∂D

∂φ
(Y,∇φ,U,X).

We sum the first two equations and subtract the third, with the left side of the resulting

equation given by 2E(U,X;Y ). Dividing both sides of this equation by 2, we get

E(U,X;Y )

=
(−1)q

2

{
2

3

√
gR [2g(U,X)P (;Y ) + 2g(U, Y )P (;X)− 2g(X,Y )P (;U)]

+
5

3

√
gRg(U,∇φ)P (;X;Y )− 2

3

√
gRg(Y,∇φ)P (;U ;X)− 2

3

√
gRg(X,∇φ)P (;U ;Y )

+
2

3

√
gR [2g(X,Y )P (;U) + 2g(X,U)P (;Y )− 2g(Y,U)P (;X)]

+
5

3

√
gRg(X,∇φ)P (;Y ;U)− 2

3

√
gRg(U,∇φ)P (;X;Y )− 2

3

√
gRg(Y,∇φ)P (;X;U)

− 2

3

√
gR [2g(Y,U)P (;X) + 2g(Y,X)P (;U)− 2g(U,X)P (;Y )]

− 5

3

√
gRg(Y,∇φ)P (;U ;X) +

2

3

√
gRg(X,∇φ)P (;Y ;U) +

2

3

√
gRg(U,∇φ)P (;Y ;X)

}
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+
1

2

(
−2

∂D

∂φ
(U,∇φ,X, Y )− 2

∂D

∂φ
(X,∇φ, Y, U) + 2

∂D

∂φ
(Y,∇φ,U,X)

)
= (−1)q

{
2

3

√
gR [3g(U,X)P (;Y )− g(Y,U)P (;X)− g(X,Y )P (;U)]

+
5

6

√
gRg(U,∇φ)P (;X;Y ) +

5

6

√
gRg(X,∇φ)P (;Y ;U)− 3

2

√
gRg(Y,∇φ)P (;X;U)

}
− ∂D

∂φ
(U,∇φ,X, Y )− ∂D

∂φ
(X,∇φ, Y, U) +

∂D

∂φ
(Y,∇φ,U,X).

Switching back to index notation, we substitute for Dijab using (4.14) and expand the

symmetries

Eij;k = (−1)q
(
2
√
gRgijP ;k − 4

3

√
gR Symij g

ikP ;j +
5

3

√
gR Symij φ

iP ;j;k − 3

2

√
gRφkP ;i;j

)
− 2 Symij

∂Diajk

∂φ
φa +

∂Dkaij

∂φ
φa

= (−1)q
(
2
√
gRgijP ;k − 4

3

√
gR Symij g

ikP ;j +
5

3

√
gR Symij φ

iP ;j;k − 3

2

√
gRφkP ;i;j

)
− 2 Symij

√
g

[
1

2

(
εijφa

⋆

∂2P ;k

∂φ2
+ εajφi

⋆

∂2P ;k

∂φ2
+ εikφa

⋆

∂2P ;j

∂φ2
+ εakφi

⋆

∂2P ;j

∂φ2

)
+

1

2

(
εijεak + εajεik

)(∂2P
∂φ2

+Q′
)]

φa +
√
g

[
1

2

(
εkiφa

⋆

∂2P ;j

∂φ2
+ εaiφk

⋆

∂2P ;j

∂φ2

+ εkjφa
⋆

∂2P ;i

∂φ2
+ εajφk

⋆

∂2P ;i

∂φ2

)
+

1

2

(
εkiεaj + εaiεkj

)(∂2P
∂φ2

+Q′
)]

φa

= (−1)q
(
2
√
gRgijP ;k − 4

3

√
gR Symij g

ikP ;j +
5

3

√
gR Symij φ

iP ;j;k − 3

2

√
gRφkP ;i;j

)
+ 2Symij

√
g

[
1

2

(
φi
⋆φ

j
⋆

∂2P ;k

∂φ2
+ φi

⋆φ
k
⋆

∂2P ;j

∂φ2

)
+

1

2

(
εijφk

⋆ + εikφj
⋆

)(∂2P
∂φ2

+Q′
)]

−√
g

[
1

2

(
φi
⋆φ

k
⋆

∂2P ;j

∂φ2
+ φj

⋆φ
k
⋆

∂2P ;i

∂φ2

)
+

1

2

(
εkiφj

⋆ + εkjφi
⋆

)(∂2P
∂φ2

+Q′
)]

= (−1)q
(
2
√
gRgijP ;k − 4

3

√
gR Symij g

ikP ;j +
5

3

√
gR Symij φ

iP ;j;k − 3

2

√
gRφkP ;i;j

)
+ Symij

√
g

[
φi
⋆φ

j
⋆

∂2P ;k

∂φ2
+ φi

⋆φ
k
⋆

∂2P ;j

∂φ2
+ εikφj

⋆

(
∂2P

∂φ2
+Q′

)]
− Symij

√
g

[
φi
⋆φ

k
⋆

∂2P ;j

∂φ2
+ εkiφj

⋆

(
∂2P

∂φ2
+Q′

)]
= (−1)q

(
2
√
gRgijP ;k − 4

3

√
gR Symij g

ikP ;j +
5

3

√
gR Symij φ

iP ;j;k − 3

2

√
gRφkP ;i;j

)
+
√
gφi

⋆φ
j
⋆

∂2P ;k

∂φ2
+ 2

√
g Symij ε

ikφj
⋆

(
∂2P

∂φ2
+Q′

)
, (4.19)
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where Q′ =
dQ

dφ
. Using P ;i = 2φi∂P

∂S
, we rewrite the third and fourth terms in parenthesis

5

3

√
gR Symij φ

iP ;j;k − 3

2

√
gRφkP ;i;j

=
5

3

√
gR Symij φ

i

(
2gjk

∂P

∂S
+ 4φjφk ∂

2P

∂S2

)
− 3

2

√
gRφk

(
2gij

∂P

∂S
+ 4φiφj ∂

2P

∂S2

)
=

10

3

√
gR Symij g

jkφi∂P

∂S
+

20

3

√
gRφiφjφk ∂

2P

∂S2
− 3

√
gRgijφk ∂P

∂S
− 6

√
gRφiφjφk ∂

2P

∂S2

=
5

3

√
gR Symij g

jkP ;i +
2

3

√
gRφiφjφk ∂

2P

∂S2
− 3

2

√
gRgijP ;k

=
5

3

√
gR Symij g

jkP ;i +

(
1

3

√
gRφiφj ∂P

∂S

);k

− 2

3

√
gR Symij φ

igjk
∂P

∂S

+

(
−3

2

√
gRgijP

);k

=
5

3

√
gR Symij g

jkP ;i +

(
1

3

√
gRφiφj ∂P

∂S
− 3

2

√
gRgijP

);k

− 1

3

√
gR Symij g

jkP ;i

=
4

3

√
gR Symij g

jkP ;i +

(
1

3

√
gRφiφj ∂P

∂S
− 3

2

√
gRgijP

);k

,

as well as the fifth term

√
gφi

⋆φ
j
⋆

∂2P ;k

∂φ2
=

(
√
gφi

⋆φ
j
⋆

∂2P

∂φ2

);k

−√
gεikφj

⋆

∂2P

∂φ2
−√

gεjkφi
⋆

∂2P

∂φ2

=

(
√
gφi

⋆φ
j
⋆

∂2P

∂φ2

);k

− 2
√
g Symij ε

ikφj
⋆

∂2P

∂φ2
.

We substitute these changes into (4.19), yielding the following equation

Eij;k = (−1)q
{
2
√
gRgijP ;k − 4

3

√
gR Symij g

ikP ;j +

[
4

3

√
gR Symij g

jkP ;i

+

(
1

3

√
gRφiφj ∂P

∂S
− 3

2

√
gRgijP

);k
]}

+

[(
√
gφi

⋆φ
j
⋆

∂2P

∂φ2

);k

− 2
√
g Symij ε

ikφj
⋆

∂2P

∂φ2

]
+ 2

√
g Symij ε

ikφj
⋆

(
∂2P

∂φ2
+Q′

)
=
[
2(−1)q

√
gRgijP

];k
+

[
(−1)q

3

√
gRφiφj ∂P

∂S
− 3

2
(−1)q

√
gRgijP +

√
gφi

⋆φ
j
⋆

∂2P

∂φ2

];k
+
(√
gφi

⋆φ
j
⋆Q

′);k
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=

[
(−1)q

3

√
gRφiφj ∂P

∂S
+

(−1)q

2

√
gRgijP +

√
gφi

⋆φ
j
⋆

∂2P

∂φ2
+

√
gφi

⋆φ
j
⋆Q

′
];k

,

with the expression in parentheses equal to Eij [the integration constant of F ij = F ij(gij , φ)

=
√
ggijF , where F = F (φ) is a scalar, is absorbed into the definition of P ]

Eij =
(−1)q

3

√
gRφiφj ∂P

∂S
+
√
gφi

⋆φ
j
⋆

∂2P

∂φ2
+
√
gφi

⋆φ
j
⋆Q

′ +
(−1)q

2

√
gRgijP. (4.20)

Returning to the divergence condition (4.17), we use (4.18) to remove the second order φ

terms, yielding

0 =
(−1)q

6

√
g
(
gjmP ;i − 2gijP ;m

)
R|mφj +

(
∂Eij

∂φ
− 1

3
RgklD

ijkl +
1

3
RgklD

ilkj

)
φj .

(4.21)

Setting φ = R, we simplify this equation using (4.14) and (4.20)

0 =
(−1)q

6

√
g
(
gjmP ;i − 2gijP ;m

)
R|mR|j +

(
∂Eij

∂R
− 1

3
RgklD

ijkl +
1

3
RgklD

ilkj

)
R|j

=
(−1)q

6

√
g

(
2SR|i∂P

∂S
− 4SR|i∂P

∂S

)
+

[(
(−1)q

3

√
gR|iR|j ∂P

∂S
+

(−1)q

3

√
gRR|iR|j ∂2P

∂R∂S

+
√
gR

|i
⋆R

|j
⋆
∂3P

∂R3
+
√
gR

|i
⋆R

|j
⋆Q

′′ +
(−1)q

2

√
ggijP +

(−1)q

2

√
gRgij

∂P

∂R

)
− 1

3
Rgkl

(
4
√
g Symij ε

ikR
|j
⋆ R

|l ∂
2P

∂R∂S
+
√
gεikεjl

∂P

∂R
+
√
gεikεjlQ

)
+

1

3
Rgkl

(
4
√
g Symil Symjk ε

ikR
|l
⋆R

|j ∂2P

∂R∂S
+

√
g Symjk ε

ikεlj
∂P

∂R

+
√
g Symjk ε

ikεljQ

)]
R|j

= −(−1)q

3

√
gSR|i∂P

∂S
+

(−1)q

3

√
gSR|i∂P

∂S
+

(−1)q

3

√
gSRR|i ∂

2P

∂R∂S
+ 0 +

(−1)q

2

√
gR|iP

+
(−1)q

2

√
gRR|i∂P

∂R
+

1

3
R

{
−
[
2
√
ggkl

(
εikR

|j
⋆ R

|l + εjkR
|i
⋆R

|l
) ∂2P

∂R∂S

+ (−1)q
√
ggij

∂P

∂R
+ (−1)q

√
ggijQ

]
+

[
√
ggkl

(
εikR

|l
⋆R

|j + εijR
|l
⋆R

|k + εlkR
|i
⋆R

|j

+ εljR
|i
⋆R

|k
) ∂2P

∂R∂S
+

1

2

√
ggkl

(
εikεlj + εijεlk

) ∂P
∂R

+
1

2

√
ggkl

(
εikεlj
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+ εijεlk
)
Q

]}
R|j

=
(−1)q

3

√
gSRR|i ∂

2P

∂R∂S
+

(−1)q

2

√
gR|iP +

(−1)q

2

√
gRR|i∂P

∂R
+

1

3
R
(
−
[
2
√
g
(
R

|i
⋆R

|j
⋆

+R
|i
⋆R

|j
⋆

) ∂2P

∂R∂S
+ (−1)q

√
ggij

∂P

∂R
+ (−1)q

√
ggijQ

]
+

{
√
g
[
−(−1)qR|iR|j + 0 + 0

−R
|i
⋆R

|j
⋆

] ∂2P

∂R∂S
+

1

2

√
g
[
−(−1)qgij + 0

] ∂P
∂R

+
1

2

√
g
[
−(−1)qgij + 0

]
Q

})
R|j

=
(−1)q

3

√
gSRR|i ∂

2P

∂R∂S
+

(−1)q

2

√
gR|iP +

(−1)q

2

√
gRR|i∂P

∂R
+

(−1)q

3
R

(
0−√

gR|i∂P

∂R

−√
gR|iQ−√

gSR|i ∂
2P

∂R∂S
− 1

2

√
gR|i∂P

∂R
− 1

2

√
gR|iQ

)
=

(−1)q

3

√
gSRR|i ∂

2P

∂R∂S
+

(−1)q

2

√
gR|iP +

(−1)q

2

√
gRR|i∂P

∂R
− (−1)q

2

√
gRR|i∂P

∂R

− (−1)q

3

√
gSRR|i ∂

2P

∂R∂S
− (−1)q

2

√
gRR|iQ

=
(−1)q

2

√
gR|i (P −RQ) .

We observe that the divergence of Aij vanishes if P = RQ or R|j = 0. In the first case, P is

a function of R only and Aij reproduces the metric order 4 case (4.5) (with the Lagrangian

L implicitly defined via the equation R2Q = RL′ − L), while the second case requires R to

be covariantly constant and hence Aij is at most of metric order 2. Therefore, there are no

symmetric, divergence-free, contravariant, rank 2 tensor densities which are fifth order in

the metric.
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CHAPTER 5

CONCLUSION

In this thesis we presented a novel formula for the Euler-Lagrange expression of any

natural Lagrangian which depends on a metric and its derivatives to arbitrary order in

two dimensions, described the highest order terms for all symmetric, divergence-free ten-

sor densities dependent on a metric, a scalar field, and derivatives of the scalar field to

arbitrary order in two dimensions, and classified all symmetric, divergence-free tensor den-

sities dependent on a metric and its derivatives up to fifth order in two dimensions. The

formula for Euler-Lagrange expressions was derived using standard calculus of variations

techniques, though the use of Theorem 1 to replace derivatives of the metric with the cur-

vature scalar and derivatives thereof is, to our knowledge, new. The highest order terms

for symmetric, divergence-free tensor densities were found using techniques from invariant

theory, constraints produced by limiting the problem to two dimensions, and the sym-

metrization formulas of Appendix A. The same procedures are used in the classification

results of Chapter 4, with the explicit symmetrization formulas for these lower order cases

allowing for a complete solution in each case.

While the Euler-Lagrange expression formula (1.27) is applicable for Lagrangians of any

metric order, an explicit verification of the divergence-free condition (2.32) for all metric

orders is missing from the current work. The primary obstacles for this calculation are the

covariant derivatives of the Sabc tensors, as these tensors contain explicit references to the

Lagrangian and require multiple applications of the chain rule to evaluate the covariant

derivatives, and the non-trivial algebraic manipulation required for the left and right sides

of (2.32) to be represented by the same expression. Also, we note that Theorem 10 can be

easily modified to work in any dimension for Lagrangians of the form λ(gij ;R;R|i; . . .) by not

substituting the two dimensional form for the Ricci tensor in the variation of the curvature

scalar (2.23). The remaining calculations which lead to the Euler-Lagrange expression
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(2.30) are (using an appropriately defined action) dimension-agnostic and yield the following

theorem.

Theorem 13. Let λ be a Lagrangian defined on a manifold of finite dimension. If λ is

dependent on the metric, curvature scalar R, and (symmetrized) covariant derivatives of R

to some finite order, then λ =
√
gL and the Euler-Lagrange expression for λ is given by

δλ

δgab
=

√
g

[(
∇a∇b − gab□

)
ER(L)−RabER(L) +

1

2

(
2S(ab)c − Scab

)
|c
+

1

2
gabL+

∂L

∂gab

]
.

The main result of Chapter 2, Theorem 10, is a special case of Theorem 13, as only in

two dimensions do Lagrangians of the form λ(gij ;R;R|i; . . .) coincide with Lagrangians

dependent solely on the metric and its derivatives (via Theorem 1).

The results of Chapters 3 and 4 can, in principle, be extended to any finite order.

However, as can be observed in Chapter 4 and Appendix C, the algebraic complexity of

the problem rises rapidly as the order of the candidate tensor increases. Ignoring the work

performed in Chapter 3, we observe that the metric order 2 case required a single calculation,

the order 3 case took two short calculations, the order 4 case took a page and half, the order

5 case required thirteen pages of work, and the (incomplete) order 6 case fills up 78 pages. A

reasonable limit for “by-hand” calculations appears to be sixth (or possibly seventh) metric

order and the steep trajectory of work involved suggests that even software-based aid would

become insufficient shortly thereafter. For tensors of arbitrary scalar order, expanding each

of the terms in (1.28) from Theorem 11 to their fullest extent (a full categorization of

symmetric, contravariant, second rank divergence-free tensor densities in two dimensions)

would require a complete version of (A.5) (see Appendix A for the complications involved)

and the algebraic difficulty of the ensuing system would be considerable, if not completely

intractable.

On the surface, extending this work to higher dimensions appears to be even more

difficult. The method used to derive the Euler-Lagrange formula from Chapter 2 should

work in higher dimensions, with the scalar curvature replaced by the Riemann tensor,

though the additional indices will complicate the situation. Moving to Chapter 3, it should
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be possible to find an analogue of the (fully symmetrized) divergence-free condition (3.3)

in terms of the metric, Riemann tensor, and covariant derivatives of the Riemann tensor,

which would work for any dimension. Even if the covariant derivatives are symmetrized

with appropriately modified symmetrization formulas, the Riemann curvature tensor itself

is not symmetric, which complicates the production of a condition analogous to the cyclic

identity (3.10). This cyclic identity lead to the linearity condition, Proposition 1, which is

predicated on Lemma 1 and its two dimensional proof. Absent some higher dimensional

analogue to the lemma, this issue appears to kill the current approach entirely. Even if

these problems have a resolution, the algebraic complexity of the resulting system would be

astronomical, likely precluding any feasible solution to the problem using this method.

Our results do suggest one possible avenue for producing a non-variational, divergence-

free tensor density. In particular, the index interchange symmetry for Ba3···ar given in

Theorem 11 is equivalent to stating that Ba3···ar = T ;a3···ar , that is, Ba3···ar is the curl of a

scalar T . Using this result, equation (1.28) from Theorem 11 may be written in the form

Aij = (∇i∇j − gij□)T + D̃ija1···ar−3φa1···ar−3 + Ẽij ,

where T , D̃ija1···ar−3 , and Ẽij are of scalar order r − 2. We note that the decomposition

(1.15) mentioned in the introduction is this expression with the identification φ = R. Unlike

the leading two terms of (1.28), Dija1···ar−3φa1···ar−3 and Eij are not necessarily curls of the

scalar T and so do not become completely absorbed into the derivatives of T . Additionally,

the derivatives of T produce lower order terms which must be taken fromDija1···ar−3φa1···ar−3

and Eij , producing the modified tilde versions of these tensors. We note that the original

form given in Theorem 11 is more useful in the context of Chapter 4 (all of the tensorial

quantities are symmetric, which makes computing derivatives of the expression easier) and

so have chosen to present that form as the primary version of the theorem.

We can go further and pull an additional term of the form−1

2
gijRT from Ẽij , producing

the following corollary to Theorem 11.
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Corollary 6. Let Aij be a symmetric, divergence-free tensor density defined on a two

dimensional manifold. If Aij is dependent on the metric, a scalar field φ, and (symmetrized)

covariant derivatives of the scalar field to some finite order k > 2, then Aij admits the

decomposition

Aij = (∇i∇j − gij□)T − 1

2
gijRT + D̃ija1···ar−3φa1···ar−3 +

˜̃Eij

= (∇i∇j − gij□)T − 1

2
gijRT +Xij , (5.1)

where T and Xij are scalar/tensor densities of scalar order k − 2 and k − 1, respectively.

Additionally, Xij is (at most) linear in k − 1 derivatives of φ.

This result bears a striking resemblance to the formula given in Theorem 10

δλ

δgij
=

√
g

[(
∇i∇j − gij□

)
ER(L)−

1

2
gijRER(L) +

1

2

(
2S(ij)k − Skij

)
|k
+

1

2
gijL+

∂L

∂gij

]
,

(5.2)

and, unsurprisingly, the two decompositions do coincide when we identify φ = R and Aij

is variational, e.g., the metric order 4 case (4.5). Unfortunately, this corollary provides no

information about T beyond its scalar (or, in the φ = R case, metric/curvature) order and

it is not immediately obvious if T =
δλ

δR
for some natural Lagrangian λ =

√
gL. Indeed, as

mentioned earlier in this conclusion, it is quite difficult to prove that Aij , and therefore T ,

is variational for even relatively low metric orders.

Conversely, Corollary 6 suggests it may be easier to produce a non-variational coun-

terexample by a direct calculation instead of a categorization approach, as was attempted

in Chapters 3 and 4. The divergence of (5.1) can be easily adapted to the calculations given

in equation (2.31), which leads to the following divergence-free condition for Aij

Aij
|j = 0 ⇐⇒ 1

2
R|iT = Xij

|j . (5.3)

As such, a possible avenue forward would be to start with a known, non-variational scalar

(density) T and then construct a compensating tensor Xij such that the above divergence
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condition on Xij is satisfied. {This venture is made slightly easier by noting that Xij is

(at most) of metric/curvature order one higher than T and is linear at this highest order.

We note the difference between this situation and the similar, but erroneous, decomposition

produced by Deser and Pang [24], which used the same metric order for T and Xij .}

The tensor Aij constructed from T and Xij using (5.1) would then be guaranteed to be

divergence-free.

We stress that any tensor Aij produced by this method is not guaranteed to be non-

variational, as it may be possible to rewrite terms from Xij as the derivatives of a different

scalar T̃ , producing a variational decomposition for Aij in the form presented in Theorem

10. Candidate tensors produced using this method would likely need to be checked using

the Helmholtz conditions, the necessary and sufficient conditions for a differential equation

to be variational (see, e.g., section 5.4 of Olver [27]), and this calculation would constitute

a considerable undertaking in its own right. Still, if non-variational tensors Aij do exist,

a clever use of this approach may produce a counterexample faster than any attempt to

categorize every divergence-free tensor by extending the techniques used by the authors in

the literature review or the methods given in this thesis.

The divergence-free condition (5.3) also suggests that it may be worth investigating

tensors of the type Xij on their own merits; that is, those tensors which are linear in their

highest (curvature) scalar derivative and have divergence proportional to R|i (a metric order

5 example of such a tensor is given in Appendix D and was produced using the analysis in

Chapter 4).
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APPENDIX A

SYMMETRIZATION FORMULAS

Many of the computations performed in this thesis require the covariant derivatives of

scalar fields to be fully symmetrized, e.g., φabcd or R|(abcd). Differentiation with respect to

and simplification of expressions involving these symmetrized derivatives then proceeds in a

relatively straightforward manner. However, any additional covariant derivatives will break

the symmetrization (e.g., φabcd|e) and terms of this sort must be fully symmetrized before

the previously mentioned differentiation and simplification can be performed.

We now derive a series of formulas which allow us to express terms of the form φ|(I)j =

φI|j , where I = i1 · · · is is a multi-index, as a fully symmetric derivative term φ|(Ij) = φIj

and a collection of fully symmetrized, lower scalar order terms that describe the deviation of

the original expression from full symmetry. This reduction in scalar order is obtained using

the Riemann curvature tensor commutation formula (1.2). As we shall see, as s increases

these formulas become increasingly recursive, requiring reference to lower order formulas to

arrive at a non-recursive formula (which we have failed to find for the general case).

Since the first two covariant derivatives of a scalar field commute, we start with s = 2,

or third scalar order. This formula is found by the following computation

φ|klj = φkl|j = φklj + φkl|j − φklj

= φklj + φkl|j −
1

3

(
φkl|j + φkj|l + φjl|k

)
= φklj + φkl|j −

1

3

(
φkl|j + 2Symkl φkj|l

)
= φklj +

2

3

(
φkl|j − Symkl φkj|l

)
= φklj −

2

3
Symkl

(
φ|kjl − φ|klj

)
= φklj +

2

3
SymklR

e
k jlφe

= φklj +
1

3
SymklR

(
gjkδ

e
l − glkδ

e
j

)
φe
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= φklj +
1

3
SymklR (gjkφl − glkφj) . (A.1)

The fourth scalar order case proceeds in a similar fashion

φklm|j = φklmj + φklm|j − φklmj

= φklmj + φklm|j −
1

4

(
φklm|j + φklj|m + φkjm|l + φjlm|k

)
= φklmj +

3

4
Symklm

(
φklm|j − φklj|m

)
= φklmj +

3

4
Symklm

[
φklm|j −

1

3

(
φkl|j + 2φkjl

)
|m

]
= φklmj +

3

4
Symklm

[
φklm|j −

1

3

(
φkl|j + 2φkl|j − 2R e

k jlφe

)
|m

]
= φklmj +

3

4
Symklm

[
φklm|j −

1

3

(
3φkl|j − 2R e

k jlφe

)
|m

]
= φklmj +

3

4
Symklm

[
φkl|mj − φkl|jm +

2

3

(
R e

k jlφe

)
|m

]
= φklmj +

3

4
Symklm

[
−2R e

k mjφel +
2

3

(
R e

k jlφe

)
|m

]
= φklmj + Symklm

[
3

2
R e

k jmφel +
1

2

(
R e

k jlφe

)
|m

]
= φklmj + Symklm

{
3

4
R
(
gjkδ

e
m − gmkδ

e
j

)
φel +

1

4

[
R
(
gjkδ

e
l − glkδ

e
j

)
φe

]
|m

}
= φklmj + Symklm

{
3

4
R (gjkφml − gmkφjl) +

1

4
[R (gjlφk − gklφj)]|m

}
= φklmj + Symklm

[
3

4
R (gjkφml − gmkφjl) +

1

4
R|m (gjlφk − gklφj)

+
1

4
R (gjlφkm − gklφjm)

]
= φklmj + Symklm

[
R (gjkφml − gmkφjl) +

1

4
R|m (gjlφk − gklφj)

]
, (A.2)

as does the fifth scalar order case

φklmn|j = φklmnj + φklmn|j − φklmnj

= φklmnj +
4

5
Symklmn

(
φklmn|j − φklmj|n

)
= φklmnj +

4

5
Symklmn

[
φklmn|j −

1

4

(
φklm|j + φkl|jm + 2φ|kjlm

)
|n

]
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= φklmnj +
4

5
Symklmn

{
φklmn|j −

1

4

[
φklm|j + φkl|jm + 2

(
φkl|j −R e

k jlφe

)
|m

]
|n

}
= φklmnj +

4

5
Symklmn

{
φklmn|j −

1

4

[
φklm|j + 3φkl|jm −

(
2R e

k jlφe

)
|m

]
|n

}
= φklmnj +

4

5
Symklmn

{
φklmn|j −

1

4

[
φklm|j + 3

(
φklm|j − 2R e

k jmφel

)
−
(
2R e

k jlφe

)
|m

]
|n

}
= φklmnj +

4

5
Symklmn

{
φklmn|j −

1

4

[
4φklm|jn −

(
6R e

k jmφel

)
|n

−
(
2R e

k jlφe

)
|mn

]}
= φklmnj + Symklmn

[
−4

5

(
φklm|jn − φklm|nj

)
+

6

5

(
R e

k jmφel

)
|n

+
2

5

(
R e

k jlφe

)
|mn

]
= φklmnj + Symklmn

[
12

5

(
R e

k jnφelm

)
+

6

5

(
R e

k jmφel

)
|n +

2

5

(
R e

k jlφe

)
|mn

]
= φklmnj + Symklmn

{
6

5

[
R
(
gjkδ

e
n − δejgkn

)
φelm

]
+

3

5

[
R
(
gjkδ

e
m − δejgkm

)
φel

]
|n

+
1

5

[
R
(
gjkδ

e
l − δejgkl

)
φe

]
|mn

}
= φklmnj + Symklmn

{
6

5
R (gjkφnlm − gknφjlm) +

3

5
[R (gjkφlm − gkmφjl)]|n

+
1

5
[R (gjkφl − gklφj)]|mn

}
= φklmnj + Symklmn

[
6

5
R (gjkφnlm − gknφjlm) +

3

5

(
R|ngjkφml +Rgjkφlmn

−R|ngkmφjl −Rgkmφ|jln
)
+

1

5

(
R|mngjkφl + 2R|mgjkφln +Rgjkφlmn

−R|mngklφj − 2R|mgklφjn −Rgklφ|jmn

)]
= φklmnj + Symklmn

[
6

5
R (gjkφnlm − gknφjlm) +R|n (gjkφml − gkmφjl)

+
1

5
R|mn (gjkφl − gklφj) +

4

5
R
(
gjkφlmn − gkmφ|ljn

)]
= φklmnj + Symklmn

{
6

5
R (gjkφnlm − gknφjlm) +R|n (gjkφml − gkmφjl)

+
1

5
R|mn (gjkφl − gklφj) +

4

5
R
[
gjkφlmn − gkm

(
φ|ljn − φjln + φjln

)]}
= φklmnj + Symklmn

{
2R (gjkφlmn − gklφmnj) +R|n (gjkφlm − gklφjm)
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+
1

5
R|mn (gjkφl − gklφj)−

4

5
Rgkm

[
φ|ljn − 1

3

(
2φ|ljn + φ|lnj

)]}
= φklmnj + Symklmn

[
2R (gjkφlmn − gklφmnj) +R|n (gjkφlm − gklφjm)

+
1

5
R|mn (gjkφl − gklφj)−

4

15
Rgkm

(
φ|ljn − φ|lnj

)]
= φklmnj + Symklmn

[
2R (gjkφlmn − gklφmnj) +R|n (gjkφlm − gklφjm)

+
1

5
R|mn (gjkφl − gklφj) +

4

15
Rgkm

(
R e

l jnφe

)]
= φklmnj + Symklmn

[
2R (gjkφlmn − gklφmnj) +R|n (gjkφlm − gklφjm)

+
1

5
R|mn (gjkφl − gklφj) +

2

15
R2gkm

(
gjlδ

e
n − glnδ

e
j

)
φe

]
= φklmnj + Symklmn

[
2R (gjkφlmn − gklφmnj) +R|n (gjkφlm − gklφjm)

+
1

5
R|mn (gjkφl − gklφj) +

2

15
R2gkl (gjmφn − gmnφj)

]
. (A.3)

The general s+ 1 case for a multi-index I = i1 . . . is, with φÎt
= φi1...it−1|jit...is−1

, yields

φI|j = φIj + φI|j − φIj

= φIj +
s

s+ 1
SymI

(
φI|j − φÎs|is

)
= φIj +

s

s+ 1
SymI

[
φI|j −

1

s

(
φÎs

+ φÎs−1
+ · · ·+ φÎ3

+ 2φÎ2

)
|is

]
= φIj +

s

s+ 1
SymI

{
φI|j −

1

s

[
φÎs

+ φÎs−1
+ · · ·+ φÎ3

+ 2
(
φi1i2j −R e

i1 ji2φe

)
|i3···is−1

]
|is

}
= φIj +

s

s+ 1
SymI

{
φI|j −

1

s

[
φÎs

+ φÎs−1
+ · · ·+ 3φÎ3

− 2
(
R e

i1 ji2φe

)
|i3···is−1

]
|is

}
= φIj +

s

s+ 1
SymI

{
φI|j −

1

s

[
φÎs

+ φÎs−1
+ · · ·+ 3

(
φi1i2i3|j − 2R e

i1 ji3φei2

)
|i4···is−1

− 2
(
R e

i1 ji2φe

)
|i3···is−1

]
|is

}
= φIj +

s

s+ 1
SymI

{
φI|j −

1

s

[
φÎs

+ φÎs−1
+ · · ·+ 4φÎ4

− 3
(
2R e

i1 ji3φei2

)
|i4···is−1

− 2
(
R e

i1 ji2φe

)
|i3···is−1

]
|is

}
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= φIj +
s

s+ 1
SymI

(
φI|j −

1

s

{
sφÎs

− (s− 1)
[
(s− 2)R e

i1 jis−1
φei2···is−2

]
− (s− 2)

[
(s− 3)R e

i1 jis−2
φei2···is−3

]
|is−1

− · · · − 3
(
2R e

i1 ji3φei2

)
|i4···is−1

− 2
(
R e

i1 ji2φe

)
|i3···is−1

}
|is

)
= φIj +

1

s+ 1
SymI

[
− s

(
φi1···is−1|jis − φi1···is−1|isj

)
+ (s− 1)(s− 2)

×
(
R e

i1 jis−1
φei2···is−2

)
|is

+ (s− 2)(s− 3)
(
R e

i1 jis−2
φei2···is−3

)
|is−1is

+ · · ·+ 3(2)
(
R e

i1 ji3φei2

)
|i4···is

+ 2(1)
(
R e

i1 ji2φe

)
|i3···is

]
= φIj +

1

s+ 1
SymI

[
s(s− 1)

(
R e

i1 jisφei2···is−1

)
+ (s− 1)(s− 2)

(
R e

i1 jis−1
φei2···is−2

)
|is

+ · · ·+ 3(2)
(
R e

i1 ji3φei2

)
|i4···is

+ 2(1)
(
R e

i1 ji2φe

)
|i3···is

]
= φIj +

1

2(s+ 1)
SymI

{
s(s− 1)

[
R
(
gji1φi2···is − gi1isφji2···is−1

)]
+ (s− 1)(s− 2)

[
R
(
gji1φi2···is−1 − gi1is−1φji2···is−2

)]
|is + · · ·

+ 2(1) [R (gji1φi2 − gi1i2φj)]|i3···is

}
. (A.4)

We observe the full symmetry of the φ derivatives inside the parentheses but note the

covariant derivatives outside the square brackets do not lead to fully symmetric terms

(the index j is symmetric with respect to only the interior indices, e.g., the expression

SymI φji1i2|i3···is is only fully symmetric over the first three indices). For any finite s, it is

possible to reduce (A.4) to a form analogous to that of the low scalar order solutions (A.1),

(A.2), and (A.3), though reaching this solution is difficult. The application of the covariant

derivatives outside the bracketed expression to the second term inside produces expressions

that must be symmetrized for s > 3 as the index j is not automatically symmetrized like the

remaining indices (as can be seen in the derivation for the s = 4 case, starting with line 13

and the term φ|jln). On the brighter side, the derivatives of R that arise from differentiating

the bracketed terms are automatically symmetrized due to the symmetrization on the index

I (remembering that we eventually want to perform the replacement φ = R so it is important

that all such derivatives are symmetrized).
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Inspecting (A.4) and comparing this result with the lower order formulas, we see that

the simplification procedure will produce terms which are linear in derivatives of φ, with a

general form of

φi1···ir|j = φi1···irj + SymI

(
Pji1φi2···ir −Qi1i2φi3···irj + · · ·+ Pji1···ir−1φir −Qi1···irφj

)
,

(A.5)

where, for 2 ≤ k ≤ r, the coefficients Pa1···ak and Qa1···ak are tensors dependent on the

metric, scalar curvature, and symmetrized covariant derivatives of the scalar curvature. As

previously mentioned, finding the explicit form for the coefficient tensors is challenging.

For example, examining the final term in square brackets from (A.4) and noting the

symmetry of the ik indices, we observe that the outer covariant derivatives follow a binomial

expansion when applied to this term

SymI [R (gji1φi2 − gi1i2φj)]|i3···is = SymI

[
R|i3···is (gji1φi2 − gi1i2φj) + · · ·

+

(
s− 2

k

)
R|ik+3···is

(
gji1φi2···ik+2

− gi1i2φ|ji3···ik+2

)
+ · · ·+R

(
gji1φi2···is − gi1i2φ|ji3···is

)]
.

(A.6)

For k ≥ 2, the second φ term in each part of this expansion is not fully symmetrized, with

the index j applied first to φ. We use the commutation formula (1.2) to move the j index

to the end, producing a number of lower order terms reminiscent of (A.4)

SymI φ|ji3···ik+2
= SymI φ|i3ji4···ik+2

= SymI

(
φ|i3ji4

)
|i5···ik+2

= SymI

(
φ|i3i4j −R a

i4 i3jφa

)
|i5···ik+2

= SymI

[(
φ|i3i4ji5

)
|i6···ik+2

+
(
R a

i4 ji3φa

)
|i5···ik+2

]
= SymI

[(
φ|i3i4i5j −R a

i5 i3jφai4 −R a
i5 i4jφi3a

)
|i6···ik+2

+
(
R a

i4 ji3φa

)
|i5···ik+2

]
= SymI

[(
φ|i3i4i5ji6

)
|i7···ik+2

− 2
(
R a

i5 i3jφai4

)
|i6···ik+2

+
(
R a

i4 ji3φa

)
|i5···ik+2

]
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= SymI

[
φ|i3···ik+2j + (k − 1)

(
R a

ik+2 ji3φai4···ik+1

)
+ (k − 2)

(
R a

ik+1 ji3φai4···ik

)
|ik+2

+ · · ·+ 2
(
R a

i5 ji3φai4

)
|i6···ik+2

+
(
R a

i4 ji3φa

)
|i5···ik+2

]
= SymI

{
φ|i3···ik+2j +

(k − 1)

2
R
(
gjik+2

φi3···ik+1
− gik+2i3φji4···ik+1

)
+

(k − 2)

2

[
R
(
gjik+1

φi3···ik − gi3ik+1
φji4···ik

)]
|ik+2

+ · · ·

+ [R (gji5φi3i4 − gi3i5φji4)]|i6···ik+2
+

1

2
[R (gji4φi3 − gi3i4φj)]|i5···ik+2

}
= SymI

{
φ|i3···ik+2j +

(k − 1)

2
R
(
gji3φi4···ik+2

− gi3i4φji5···ik+2

)
+

(k − 2)

2

[
R
(
gji3φi4···ik+1

− gi3i4φji5···ik+1

)]
|ik+2

+ · · ·

+ [R (gji3φi4i5 − gi3i4φji5)]|i6···ik+2
+

1

2
[R (gji3φi4 − gi3i4φj)]|i5···ik+2

}
.

We use (A.4) to fully symmetrize the highest order term in this expression, noting that the

remaining terms can be combined

SymI φ|ji3···ik+2
= φi3···ik+2j +

1

2(k + 1)
SymI

{
k(k − 1)

[
R
(
gji3φi4···ik+2

− gi4ik+2
φji4···ik+1

)]
+ (k − 1)(k − 2)

[
R
(
gji3φi4···ik+1

− gi3ik+1
φji4···ik

)]
|ik+2

+ · · ·

+ 2(1) [R (gji3φi4 − gi3i4φj)]|i5···ik+2

}
+ SymI

{
(k − 1)

2
R
(
gji3φi4···ik+2

− gi3i4φji5···ik+2

)
+

(k − 2)

2

[
R
(
gji3φi4···ik+1

− gi3i4φji5···ik+1

)]
|ik+2

+ · · ·

+ [R (gji3φi4i5 − gi3i4φji5)]|i6···ik+2
+

1

2
[R (gji3φi4 − gi3i4φj)]|i5···ik+2

}
= φi3···ik+2j + SymI

{
(2k + 1)(k − 1)

2(k + 1)

[
R
(
gji3φi4···ik+2

− gi3i4φji5···ik+2

)]
+

(2k)(k − 2)

2(k + 1)

[
R
(
gji3φi4···ik+1

− gi3i4φji5···ik+1

)]
|ik+2

+ · · ·

+
k + 4

k + 1
[R (gji3φi4i5 − gi3i4φji5)]|i6···ik+2

+
k + 3

2(k + 1)
[R (gji3φi4 − gi3i4φj)]|i5···ik+2

}
.
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We substitute this result into (A.6), yielding

SymI [R (gji1φi2 − gi1i2φj)]|i3···is

= SymI

[
R|i3···is (gji1φi2 − gi1i2φj) + · · ·

+

(
s− 2

k

)
R|ik+3···is

(
gji1φi2···ik+2

− gi1i2

{
φi3···ik+2j

+
(2k + 1)(k − 1)

2(k + 2)

[
R
(
gji3φi4···ik+2

− gi3i4φji5···ik+2

)]
+

(2k)(k − 2)

2(k + 1)

[
R
(
gji3φi4···ik+1

− gi3i4φji5···ik+1

)]
|ik+2

+ · · ·+ k + 4

k + 1
[R (gji3φi4i5 − gi3i4φji5)]|i6···ik+2

+
k + 3

2(k + 1)
[R (gji3φi4 − gi3i4φj)]|i5···ik+2

})
+ · · ·+R

(
gji1φi2···is − gi1i2

{
φi3···isj

+
(2s− 3)(s− 3)

2(s− 1)
[R (gji3φi4···is − gi3i4φji5···is)]

+
(2s− 4)(s− 4)

2(s− 1)

[
R
(
gji3φi4···is−1 − gi3i4φji5···is−1

)]
|is

+ · · ·+ s+ 2

s− 1
[R (gji3φi4i5 − gi3i4φji5)]|i6···is

+
s+ 1

2(s− 1)
[R (gji3φi4 − gi3i4φj)]|i5···is

})]
.

To continue further, we must re-use this procedure for the final term of each part of the

binomial expansion (those terms with i5 · · · ik+2 covariant derivatives) and use similar pro-

cedures to simplify the terms which do not have j as the first covariant derivative [and these

procedures must then be used on the remaining terms in (A.4)]. Owing to the incredibly

recursive nature of these calculations, we do not possess the explicit characterization of the

coefficient tensors P and Q from (A.5). An analysis of individual higher orders (6+) might

lead to a recognizable pattern which could be leveraged to construct an inductive proof,

though we have refrained from pursuing this route due to a combination of time constraints

and the above results being sufficient to cover the scope of this thesis.
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APPENDIX B

DETAILED DEGENERATE LAGRANGIAN CALCULATIONS

In this appendix we perform more thorough calculations for the degenerate Lagrangian

λ⋆ given in Section 2.5.4. The symmetrization formulas (A.1) and (A.2) will be used ex-

tensively. We begin by deriving the expression for the double covariant derivative of the

Euler-Lagrange expression with respect to the curvature, a full version of (2.41), using the

third to last line of (2.40) as a starting point for index convenience

ER(L
⋆)|ij

= εacεbd
[(
6R|abiR|cdP

′ + 3R|abR|cdR|iP
′′)

+
(
2R|abiR|cR|dP

′′ + 4R|abR|ciR|dP
′′ + 2R|abR|cR|dR|iP

′′′)
− gab

(
2R|ciR|dP +R|cR|dR|iP

′)− gab
(
R|iR|cdP +RR|cdiP +RR|cdR|iP

′)
− 2gab

(
R|iR|cR|dP

′ + 2RR|ciR|dP
′ +RR|cR|dR|iP

′′)]
|j

= εacεbd
(
6R|abiR|cdP

′ + 3R|abR|cdR|iP
′′ + 2R|abiR|cR|dP

′′ + 4R|abR|ciR|dP
′′

+ 2R|abR|cR|dR|iP
′′′ − 2gabR|ciR|dP − 3gabR|cR|dR|iP

′ − gabR|iR|cdP

− gabRR|cdiP − gabRR|cdR|iP
′ − 4gabRR|ciR|dP

′ − 2gabRR|cR|dR|iP
′′)

|j

= εacεbd
(
6R|abijR|cdP

′ + 6R|abiR|cdjP
′ + 6R|abiR|cdR|jP

′′ + 6R|abjR|cdR|iP
′′

+ 3R|abR|cdR|ijP
′′ + 3R|abR|cdR|iR|jP

′′′ + 2R|abijR|cR|dP
′′ + 4R|abiR|cjR|dP

′′

+ 2R|abiR|cR|dR|jP
′′′ + 4R|abjR|ciR|dP

′′ + 4R|abR|cijR|dP
′′ + 4R|abR|ciR|djP

′′

+ 4R|abR|ciR|dR|jP
′′′ + 2R|abjR|cR|dR|iP

′′′ + 4R|abR|cjR|dR|iP
′′′

+ 2R|abR|cR|dR|ijP
′′′ + 2R|abR|cR|dR|iR|jP

(4) − 2gabR|cijR|dP

− 2gabR|ciR|djP − 2gabR|ciR|dR|jP
′ − 6gabR|cjR|dR|iP

′ − 3gabR|cR|dR|ijP
′

− 3gabR|cR|dR|iR|jP
′′ − gabR|ijR|cdP − gabR|iR|cdjP − gabR|iR|jR|cdP

′

− gabR|jR|cdiP − gabRR|cdijP − gabRR|cdiR|jP
′ − gabR|jR|cdR|iP

′
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− gabRR|cdjR|iP
′ − gabRR|cdR|ijP

′ − gabRR|cdR|iR|jP
′′

− 4gabR|jR|ciR|dP
′ − 4gabRR|cijR|dP

′ − 4gabRR|ciR|djP
′

− 4gabRR|ciR|dR|jP
′′ − 2gabR|jR|cR|dR|iP

′′ − 4gabRR|cjR|dR|iP
′′

− 2gabRR|cR|dR|ijP
′′ − 2gabRR|cR|dR|iR|jP

′′′)
= εacεbd

[
R|abij

(
6R|cdP

′ + 2R|cR|dP
′′ − gcdRP

)
+ 6R|abiR|cdjP

′ − 2 Symij gabR|iR|cdj
(
P +RP ′)

+ 2Symij R|abi
(
6R|cdR|jP

′′ + 4R|cjR|dP
′′ + 2R|cR|dR|jP

′′′)
+R|cij

(
4R|abR|dP

′′ − 2gabR|dP − 4gabRR|dP
′)

+ 3R|abR|cdR|ijP
′′ + 4R|abR|ciR|djP

′′ + 3R|abR|cdR|iR|jP
′′′

+ 2R|abR|ijR|cR|dP
′′′ + 4R|abR|ciR|dR|jP

′′′ + 4R|abR|cjR|dR|iP
′′′

− 2gabR|ciR|djP − 4gabRR|ciR|djP
′ − gabR|cdR|ijP − gabRR|cdR|ijP

′

+ 2R|abR|cR|dR|iR|jP
(4) − 6gabR|ciR|dR|jP

′ − 4gabRR|ciR|dR|jP
′′

− 6gabR|cjR|dR|iP
′ − 4gabRR|cjR|dR|iP

′′ − 3gabR|cR|dR|ijP
′

− 2gabRR|cR|dR|ijP
′′ − 2gabR|iR|jR|cdP

′ − gabRR|cdR|iR|jP
′′

− 5gabR|cR|dR|iR|jP
′′ − 2gabRR|cR|dR|iR|jP

′′′]
= εacεbd

({
R|(abij) + Symabi

[
R
(
gjaR|bi − gabR|ij

)
+

1

4
R|i
(
gjaR|b − gabR|j

)]
+

1

3
R|j
(
giaR|b − gabR|i

)
+

1

3
R
(
giaR|bj − gabR|ij

)}
×
(
6R|cdP

′ + 2R|cR|dP
′′ − gcdRP

)
+ 6

[
R|(abi) +

1

3
SymabR

(
giaR|b − gabR|i

)]
×
[
R|(cdj) +

1

3
SymcdR

(
gjcR|d − gcdR|j

)]
P ′

− 2 Symij gabR|i

[
R|(cdj) +

1

3
R
(
gjcR|d − gcdR|j

)] (
P +RP ′)

+ 2Symij

[
R|(abi) +

1

3
SymabR

(
giaR|b − gabR|i

)] (
6R|cdR|jP

′′ + 4R|cjR|dP
′′

+ 2R|cR|dR|jP
′′′)+ [R|(cij) +

1

3
SymciR

(
gjcR|i − gciR|j

)]
×
(
4R|abR|dP

′′ − 2gabR|dP − 4gabRR|dP
′)+ 3R|abR|cdR|ijP

′′
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+ 4R|abR|ciR|djP
′′ + 3R|abR|cdR|iR|jP

′′′ + 2R|abR|ijR|cR|dP
′′′

+ 4R|abR|ciR|dR|jP
′′′ + 4R|abR|cjR|dR|iP

′′′ − 2gabR|ciR|djP

− 4gabRR|ciR|djP
′ − gabR|cdR|ijP − gabRR|cdR|ijP

′ + 2R|abR|cR|dR|iR|jP
(4)

− 6gabR|ciR|dR|jP
′ − 4gabRR|ciR|dR|jP

′′ − 6gabR|cjR|dR|iP
′

− 4gabRR|cjR|dR|iP
′′ − 3gabR|cR|dR|ijP

′ − 2gabRR|cR|dR|ijP
′′

− 2gabR|iR|jR|cdP
′ − gabRR|cdR|iR|jP

′′ − 5gabR|cR|dR|iR|jP
′′

− 2gabRR|cR|dR|iR|jP
′′′
)

= εacεbd
({

R|(abij) +
1

3

[
R
(
gjaR|bi + gjiR|ba + gjbR|ia − gabR|ij − gibR|aj

− gaiR|bj
)
+

1

4

(
gjaR|bR|i + gjiR|aR|b + gjbR|aR|i − gabR|iR|j

− gibR|aR|j − gaiR|bR|j
)]

+
1

3
R|j
(
giaR|b − gabR|i

)
+

1

3
R
(
giaR|bj − gabR|ij

)}
×
(
6R|cdP

′ + 2R|cR|dP
′′ − gcdRP

)
+ 6

[
R|(abi)R|(cdj) +

1

3
R
(
giaR|b − gabR|i

)
R|(cdj) +

1

3
R
(
gjcR|d − gcdR|j

)
R|(abi)

+
1

36
R2
(
giaR|b + gibR|a − 2gabR|i

) (
gjcR|d + gjdR|c − 2gcdR|j

)]
P ′

− gab

{
R|i

[
R|(cdj) +

1

3
R
(
gjcR|d − gcdR|j

)]
+R|j

[
R|(cdi) +

1

3
R
(
gicR|d − gcdR|i

)]} (
P +RP ′)

+

{[
R|(abi) +

1

6
R
(
giaR|b + gibR|a − 2gabR|i

)]
×
(
6R|cdR|jP

′′ + 4R|cjR|dP
′′ + 2R|cR|dR|jP

′′′)
+

[
R|(abj) +

1

6
R
(
gjaR|b + gjbR|a − 2gabR|j

)]
×
(
6R|cdR|iP

′′ + 4R|ciR|dP
′′ + 2R|cR|dR|iP

′′′)}
+

[
R|(cij) +

1

6
R
(
gjcR|i + gijR|c − 2gciR|j

)]
×
(
4R|abR|dP

′′ − 2gabR|dP − 4gabRR|dP
′)

+ 3R|abR|cdR|ijP
′′ + 4R|abR|ciR|djP

′′ + 3R|abR|cdR|iR|jP
′′′
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+ 2R|abR|ijR|cR|dP
′′′ + 4R|abR|ciR|dR|jP

′′′ + 4R|abR|cjR|dR|iP
′′′

− 2gabR|ciR|djP − 4gabRR|ciR|djP
′ − gabR|cdR|ijP − gabRR|cdR|ijP

′

+ 2R|abR|cR|dR|iR|jP
(4) − 6gabR|ciR|dR|jP

′ − 4gabRR|ciR|dR|jP
′′

− 6gabR|cjR|dR|iP
′ − 4gabRR|cjR|dR|iP

′′ − 3gabR|cR|dR|ijP
′

− 2gabRR|cR|dR|ijP
′′ − 2gabR|iR|jR|cdP

′ − gabRR|cdR|iR|jP
′′

− 5gabR|cR|dR|iR|jP
′′ − 2gabRR|cR|dR|iR|jP

′′′
)

= εacεbd
[(
R|(abij) +

2

3
RgajR|bi +

1

3
RgijR|ab −

1

3
RgaiR|bj −

2

3
RgabR|ij

+
1

6
gajR|bR|i +

1

12
gijR|aR|b −

5

12
gabR|iR|j +

1

6
gaiR|bR|j

)
×
(
6R|cdP

′ + 2R|cR|dP
′′ − gcdRP

)
+

(
6R|(abi)R|(cdj) + 2RgiaR|bR|(cdj) − 2RgabR|iR|(cdj) + 2RgjcR|dR|(abi)

− 2RgcdR|jR|(abi) +
1

6
R2giagjcR|dR|b +

1

6
R2gibgjcR|dR|a −

1

3
R2gabgjcR|dR|i

+
1

6
R2giagjdR|cR|b +

1

6
R2gibgjdR|cR|a −

1

3
R2gabgjdR|cR|i −

1

3
R2giagcdR|jR|b

− 1

3
R2gibgcdR|jR|a +

2

3
R2gabgcdR|jR|i

)
P ′

+

(
−gabR|iR|(cdj) −

1

3
RgabgjcR|dR|i +

1

3
RgabgcdR|iR|j − gabR|jR|(cdi)

− 1

3
RgabgicR|dR|j +

1

3
RgabgcdR|iR|j

)(
P +RP ′)

+

(
R|(abi) +

1

6
RgiaR|b +

1

6
RgibR|a −

1

3
RgabR|i

)
×
(
6R|cdR|jP

′′ + 4R|cjR|dP
′′ + 2R|cR|dR|jP

′′′)
+

(
R|(abj) +

1

6
RgjaR|b +

1

6
RgjbR|a −

1

3
RgabR|j

)
×
(
6R|cdR|iP

′′ + 4R|ciR|dP
′′ + 2R|cR|dR|iP

′′′)
+

(
R|(cij) +

1

6
RgjcR|i +

1

6
RgijR|c −

1

3
RgciR|j

)
×
(
4R|abR|dP

′′ − 2gabR|dP − 4gabRR|dP
′)

+ 3R|abR|cdR|ijP
′′ + 4R|abR|ciR|djP

′′ + 3R|abR|cdR|iR|jP
′′′
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+ 2R|abR|ijR|cR|dP
′′′ + 4R|abR|ciR|dR|jP

′′′ + 4R|abR|cjR|dR|iP
′′′

− 2gabR|ciR|djP − 4gabRR|ciR|djP
′ − gabR|cdR|ijP − gabRR|cdR|ijP

′

+ 2R|abR|cR|dR|iR|jP
(4) − 6gabR|ciR|dR|jP

′ − 4gabRR|ciR|dR|jP
′′

− 6gabR|cjR|dR|iP
′ − 4gabRR|cjR|dR|iP

′′ − 3gabR|cR|dR|ijP
′

− 2gabRR|cR|dR|ijP
′′ − 2gabR|iR|jR|cdP

′ − gabRR|cdR|iR|jP
′′

− 5gabR|cR|dR|iR|jP
′′ − 2gabRR|cR|dR|iR|jP

′′′
]

= εacεbd
(
6R|cdR|(abij)P

′ + 4RgajR|cdR|biP
′ + 2RgijR|abR|cdP

′ − 2RgaiR|bjR|cdP
′

− 4RgabR|cdR|ijP
′ + gajR|bR|iR|cdP

′ +
1

2
gijR|aR|bR|cdP

′ − 5

2
gabR|iR|jR|cdP

′

+ gaiR|bR|jR|cdP
′ + 2R|cR|dR|(abij)P

′′ +
4

3
RgajR|cR|dR|biP

′′

+
2

3
RgijR|cR|dR|abP

′′ − 2

3
RgaiR|cR|dR|bjP

′′ − 4

3
RgabR|cR|dR|ijP

′′

+
1

3
gajR|bR|cR|dR|iP

′′ +
1

6
gijR|aR|bR|cR|dP

′′ − 5

6
gabR|cR|dR|iR|jP

′′

+
1

3
gaiR|bR|cR|dR|jP

′′ −RgcdR|(abij)P − 2

3
R2gajgcdR|biP − 1

3
R2gcdgijR|abP

+
1

3
R2gaigcdR|bjP +

2

3
R2gabgcdR|ijP − 1

6
RgajgcdR|bR|iP

− 1

12
RgcdgijR|aR|bP +

5

12
RgabgcdR|iR|jP − 1

6
RgaigcdR|bR|jP

+ 6R|(abi)R|(cdj)P
′ + 2RgiaR|bR|(cdj)P

′ − 2RgabR|iR|(cdj)P
′

+ 2RgjcR|dR|(abi)P
′ − 2RgcdR|jR|(abi)P

′ +
1

6
R2giagjcR|dR|bP

′

+
1

6
R2gibgjcR|dR|aP

′ − 1

3
R2gabgjcR|dR|iP

′ +
1

6
R2giagjdR|cR|bP

′

+
1

6
R2gibgjdR|cR|aP

′ − 1

3
R2gabgjdR|cR|iP

′ − 1

3
R2giagcdR|jR|bP

′

− 1

3
R2gibgcdR|jR|aP

′ +
2

3
R2gabgcdR|jR|iP

′ − gabR|iR|(cdj)P

− 1

3
RgabgjcR|dR|iP +

1

3
RgabgcdR|iR|jP − gabR|jR|(cdi)P

− 1

3
RgabgicR|dR|jP +

1

3
RgabgcdR|iR|jP −RgabR|iR|(cdj)P

′

− 1

3
R2gabgjcR|dR|iP

′ +
1

3
R2gabgcdR|iR|jP

′ −RgabR|jR|(cdi)P
′

− 1

3
R2gabgicR|dR|jP

′ +
1

3
R2gabgcdR|iR|jP

′ + 6R|jR|cdR|(abi)P
′′
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+RgiaR|bR|jR|cdP
′′ +RgibR|aR|jR|cdP

′′ − 2RgabR|iR|jR|cdP
′′

+ 4R|dR|cjR|(abi)P
′′ +

2

3
RgiaR|bR|dR|cjP

′′ +
2

3
RgibR|aR|dR|cjP

′′

− 4

3
RgabR|dR|iR|cjP

′′ + 2R|cR|dR|jR|(abi)P
′′′ +

1

3
RgiaR|bR|cR|dR|jP

′′′

+
1

3
RgibR|aR|cR|dR|jP

′′′ − 2

3
RgabR|cR|dR|iR|jP

′′′ + 6R|iR|cdR|(abj)P
′′

+RgjaR|bR|iR|cdP
′′ +RgjbR|aR|iR|cdP

′′ − 2RgabR|iR|jR|cdP
′′

+ 4R|dR|ciR|(abj)P
′′ +

2

3
RgjaR|bR|dR|ciP

′′ +
2

3
RgjbR|aR|dR|ciP

′′

− 4

3
RgabR|dR|jR|ciP

′′ + 2R|cR|dR|iR|(abj)P
′′′ +

1

3
RgjaR|bR|cR|dR|iP

′′′

+
1

3
RgjbR|aR|cR|dR|iP

′′′ − 2

3
RgabR|cR|dR|iR|jP

′′′ + 4R|dR|abR|(cij)P
′′

+
2

3
RgjcR|iR|dR|abP

′′ +
2

3
RgijR|cR|dR|abP

′′ − 4

3
RgciR|dR|jR|abP

′′

− 2gabR|dR|(cij)P − 1

3
RgabgjcR|dR|iP − 1

3
RgabgijR|dR|cP

+
2

3
RgabgciR|dR|jP − 4RgabR|dR|(cij)P

′ − 2

3
R2gabgjcR|dR|iP

′

− 2

3
R2gabgijR|cR|dP

′ +
4

3
R2gabgciR|dR|jP

′ + 3R|abR|cdR|ijP
′′

+ 4R|abR|ciR|djP
′′ + 3R|abR|cdR|iR|jP

′′′ + 2R|abR|ijR|cR|dP
′′′

+ 4R|abR|ciR|dR|jP
′′′ + 4R|abR|cjR|dR|iP

′′′ − 2gabR|ciR|djP

− 4gabRR|ciR|djP
′ − gabR|cdR|ijP − gabRR|cdR|ijP

′ + 2R|abR|cR|dR|iR|jP
(4)

− 6gabR|ciR|dR|jP
′ − 4gabRR|ciR|dR|jP

′′ − 6gabR|cjR|dR|iP
′

− 4gabRR|cjR|dR|iP
′′ − 3gabR|cR|dR|ijP

′ − 2gabRR|cR|dR|ijP
′′

− 2gabR|iR|jR|cdP
′ − gabRR|cdR|iR|jP

′′ − 5gabR|cR|dR|iR|jP
′′

− 2gabRR|cR|dR|iR|jP
′′′
)

= (−1)q
(
gabgcd − gadgbc

) (
6R|cdR|(abij)P

′ + 2R|cR|dR|(abij)P
′′ −RgcdR|(abij)P

+ 6R|(abi)R|(cdj)P
′ + 6R|jR|cdR|(abi)P

′′ + 4R|dR|cjR|(abi)P
′′

+ 4R|dR|ciR|(abj)P
′′ + 6R|iR|cdR|(abj)P

′′ + 4R|dR|abR|(cij)P
′′

+ 2R|cR|dR|jR|(abi)P
′′′ + 2R|cR|dR|iR|(abj)P

′′′ + 2RgjcR|dR|(abi)P
′

− 2RgcdR|jR|(abi)P
′ + 2RgiaR|bR|(cdj)P

′ − 3RgabR|iR|(cdj)P
′ − gabR|iR|(cdj)P
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− 4RgabR|dR|(cij)P
′ − 2gabR|dR|(cij)P − gabR|jR|(cdi)P −RgabR|jR|(cdi)P

′

+ 3R|abR|cdR|ijP
′′ + 4R|abR|ciR|djP

′′ + 3R|iR|jR|abR|cdP
′′′

+ 2R|cR|dR|abR|ijP
′′′ + 4R|dR|jR|abR|ciP

′′′ + 4R|dR|iR|abR|cjP
′′′

− 2gabR|ciR|djP − gabR|cdR|ijP + 4RgajR|biR|cdP
′

− 2RgaiR|bjR|cdP
′ + 2RgijR|abR|cdP

′ − 4RgabR|cdR|ijP
′

− 4RgabR|ciR|djP
′ −RgabR|cdR|ijP

′ + 2R|cR|dR|iR|jR|abP
(4)

+ gaiR|bR|jR|cdP
′ + gajR|bR|iR|cdP

′ +
1

2
gijR|aR|bR|cdP

′

− 9

2
gabR|iR|jR|cdP

′ − 6gabR|dR|jR|ciP
′ − 6gabR|dR|iR|cjP

′

− 3gabR|cR|dR|ijP
′ − 5RgabR|iR|jR|cdP

′′ − 10

3
RgabR|cR|dR|ijP

′′

− 16

3
RgabR|dR|iR|cjP

′′ − 16

3
RgabR|dR|jR|ciP

′′ − 2

3
RgaiR|cR|dR|bjP

′′

+
4

3
RgajR|cR|dR|biP

′′ +RgaiR|bR|jR|cdP
′′ +RgajR|bR|iR|cdP

′′

+
2

3
RgaiR|bR|dR|cjP

′′ +
2

3
RgajR|bR|dR|ciP

′′ +RgbiR|aR|jR|cdP
′′

+
2

3
RgbiR|aR|dR|cjP

′′ +RgbjR|aR|iR|cdP
′′ +

2

3
RgbjR|aR|dR|ciP

′′

− 4

3
RgciR|dR|jR|abP

′′ +
2

3
RgcjR|iR|dR|abP

′′ +
4

3
RgijR|cR|dR|abP

′′

+
2

3
R2gabgcdR|ijP +

1

3
R2gaigcdR|bjP − 2

3
R2gajgcdR|biP

− 1

3
R2gcdgijR|abP − 35

6
gabR|cR|dR|iR|jP

′′ +
1

3
gaiR|bR|cR|dR|jP

′′

+
1

3
gajR|bR|cR|dR|iP

′′ +
1

6
gijR|aR|bR|cR|dP

′′ − 10

3
RgabR|cR|dR|iR|jP

′′′

+
1

3
RgaiR|bR|cR|dR|jP

′′′ +
1

3
RgajR|bR|cR|dR|iP

′′′ +
1

3
RgbiR|aR|cR|dR|jP

′′′

+
1

3
RgbjR|aR|cR|dR|iP

′′′ +
13

12
RgabgcdR|iR|jP +

1

3
RgabgciR|dR|jP

− 2

3
RgabgcjR|dR|iP − 1

3
RgabgijR|cR|dP − 1

6
RgaigcdR|bR|jP

− 1

6
RgajgcdR|bR|iP − 1

12
RgcdgijR|aR|bP +

4

3
R2gabgcdR|iR|jP

′

− 2

3
R2gabgjcR|dR|iP

′ +R2gabgciR|dR|jP
′ −R2gabgcjR|dR|iP

′

− 2

3
R2gabgijR|cR|dP

′ +
1

6
R2gaigjcR|bR|dP

′ +
1

6
R2gaigjdR|bR|cP

′

− 1

3
R2gaigcdR|bR|jP

′ +
1

6
R2gbigjcR|aR|dP

′ +
1

6
R2gbigjdR|aR|cP

′
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− 1

3
R2gbigcdR|aR|jP

′
)

= (−1)q
[(

6gcdR
|a
|aR|(abij)P

′ − 6R|abR|(abij)P
′
)
+
(
2SgabR|(abij)P

′′

− 2R|aR|bR|(abij)P
′′
)
−RgabR|(abij)P +

(
6gabgcdR|(abi)R|(cdj)P

′

− 6gadgbcR|(abi)R|(cdj)P
′
)
+
(
6gabR|jR

|c
|cR|(abi)P

′′ − 6R|jR
|abR|(abi)P

′′
)

+
(
4gabR|cR|cjR|(abi)P

′′ − 4R|aR
|b
|jR|(abi)P

′′
)
+
(
4gabR|cR|ciR|(abj)P

′′

− 4R|aR
|b
|iR|(abj)P

′′
)
+
(
6gabR|iR

|c
|cR|(abj)P

′′ − 6R|iR
|abR|(abj)P

′′
)

+
(
4R|cR

|a
|aR|(cij)P

′′ − 4R|dR
|cdR|(cij)P

′′
)
+
(
2SgabR|jR|(abi)P

′′′

− 2R|aR|bR|jR|(abi)P
′′′
)
+
(
2SgabR|iR|(abj)P

′′′ − 2R|aR|bR|iR|(abj)P
′′′
)

+
(
2RgabR|jR|(abi)P

′ − 2RR|aR|(aji)P
′
)
− 2RgabR|jR|(abi)P

′

+
(
2RgcdR|iR|(cdj)P

′ − 2RR|cR|(cij)P
′
)
− 3RgcdR|iR|(cdj)P

′ − gcdR|iR|(cdj)P

− 4RR|cR|(cij)P
′ − 2R|cR|(cij)P − gcdR|jR|(cdi)P −RgcdR|jR|(cdi)P

′

+
(
3R

|a
|aR

|c
|cR|ijP

′′ − 3R|cdR|cdR|ijP
′′
)
+
(
4R

|a
|aR

|d
|iR|djP

′′

− 4R|cdR|ciR|djP
′′
)
+
(
3R|iR|jR

|a
|aR

|c
|cP

′′′ − 3R|iR|jR
|cdR|cdP

′′′
)

+
(
2SR

|a
|aR|ijP

′′′ − 2R|aR|bR|abR|ijP
′′′
)
+
(
4R|cR|jR

|a
|aR|ciP

′′′

− 4R|dR|jR
|cdR|ciP

′′′
)
+
(
4R|cR|iR

|a
|aR|cjP

′′′ − 4R|dR|iR
|cdR|cjP

′′′
)

− 2R
|d
|iR|djP −R

|c
|cR|ijP +

(
4RR

|c
|cR|jiP

′ − 4RR
|b
|jR|biP

′
)

+
(
−2RR|ijR

|c
|cP

′ + 2RR
|b
|iR|bjP

′
)
+
(
2RgijR

|a
|aR

|c
|cP

′

− 2RgijR
|cdR|cdP

′
)
− 4RR

|c
|cR|ijP

′ − 4RR
|d
|iR|djP

′ −RR
|c
|cR|ijP

′

+
(
2SR|iR|jR

|a
|aP

(4) − 2R|aR|bR|iR|jR|abP
(4)
)
+
(
R|iR|jR

|c
|cP

′

−R|cR|jR|ciP
′
)
+
(
R|iR|jR

|c
|cP

′ −R|cR|iR|cjP
′
)
+

(
1

2
SgijR

|c
|cP

′

− 1

2
gijR

|cR|dR|cdP
′
)
− 9

2
R|iR|jR

|c
|cP

′ − 6R|cR|jR|ciP
′ − 6R|cR|iR|cjP

′

− 3SR|ijP
′ − 5RR|iR|jR

|c
|cP

′′ − 10

3
RSR|ijP

′′ − 16

3
RR|cR|iR|cjP

′′

− 16

3
RR|cR|jR|ciP

′′ +

(
−2

3
RSR|ijP

′′ +
2

3
RR|bR|iR|bjP

′′
)
+

(
4

3
RSR|jiP

′′
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− 4

3
RR|bR|jR|biP

′′
)
+
(
RR|iR|jR

|c
|cP

′′ −RR|cR|jR|ciP
′′
)

+
(
RR|iR|jR

|c
|cP

′′ −RR|cR|iR|cjP
′′
)
+ 0 + 0

+
(
RR|iR|jR

|c
|cP

′′ −RR|dR|jR|diP
′′
)
+

(
2

3
RR|cR|iR|cjP

′′ − 2

3
RSR|ijP

′′
)

+
(
RR|iR|jR

|c
|cP

′′ −RR|dR|iR|djP
′′
)
+

(
2

3
RR|cR|jR|ciP

′′ − 2

3
RSR|jiP

′′
)

+

(
−4

3
RR|iR|jR

|a
|aP

′′ +
4

3
RR|aR|jR|aiP

′′
)
+

(
2

3
RR|iR|jR

|a
|aP

′′

− 2

3
RR|aR|iR|ajP

′′
)
+

(
4

3
RSgijR

|a
|aP

′′ − 4

3
RgijR

|aR|bR|abP
′′
)

+
4

3
R2R|ijP +

1

3
R2R|ijP − 2

3
R2R|jiP − 1

3
R2gijR

|c
|cP − 35

6
SR|iR|jP

′′ + 0

+ 0 + 0− 10

3
RSR|iR|jP

′′′ + 0 + 0 + 0 + 0 +
13

6
RR|iR|jP +

1

3
RR|iR|jP

− 2

3
RR|iR|jP − 1

3
RSgijP − 1

6
RR|iR|jP − 1

6
RR|iR|jP − 1

12
RSgijP

+
8

3
R2R|iR|jP

′ − 2

3
R2R|iR|jP

′ +R2R|iR|jP
′ −R2R|iR|jP

′ − 2

3
R2SgijP

′

+ 0 +

(
1

6
R2R|iR|jP

′ − 1

6
R2SgijP

′
)
− 1

3
R2R|iR|jP

′ +

(
1

6
R2R|iR|jP

′

− 1

6
R2SgijP

′
)
+ 0− 1

3
R2R|iR|jP

′
]

= (−1)q
(
6gabR

|c
|cR|(abij)P

′ − 6R|abR|(abij)P
′ + 2SgabR|(abij)P

′′

− 2R|aR|bR|(abij)P
′′ −RgabR|(abij)P + 6gabgcdR|(abi)R|(cdj)P

′

− 6gadgbcR|(abi)R|(cdj)P
′ + 6gabR|jR

|c
|cR|(abi)P

′′ + 6gabR|iR
|c
|cR|(abj)P

′′

− 6R|jR
|abR|(abi)P

′′ − 6R|iR
|abR|(abj)P

′′ + 4gabR|cR|cjR|(abi)P
′′

+ 4gabR|cR|ciR|(abj)P
′′ − 4R|aR

|b
|jR|(abi)P

′′ − 4R|aR
|b
|iR|(abj)P

′′

+ 4R|aR
|b
|bR|(aij)P

′′ − 4R|aR
|abR|(bij)P

′′ + 2SgabR|jR|(abi)P
′′′

+ 2SgabR|iR|(abj)P
′′′ − 2R|aR|bR|jR|(abi)P

′′′ − 2R|aR|bR|iR|(abj)P
′′′

−RgabR|jR|(abi)P
′ −RgabR|iR|(abj)P

′ − 8RR|aR|(aij)P
′ − gabR|jR|(abi)P

− gabR|iR|(abj)P − 2R|aR|(aij)P + 3R
|a
|aR

|b
|bR|ijP

′′ + 4R
|a
|aR

|b
|iR|bjP

′′

− 3R|abR|abR|ijP
′′ − 4R|abR|aiR|bjP

′′ + 3R|iR|jR
|a
|aR

|b
|bP

′′′

− 3R|iR|jR
|abR|abP

′′′ + 4R|aR|jR
|b
|bR|aiP

′′′ + 4R|aR|iR
|b
|bR|ajP

′′′
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− 4R|aR|jR
|abR|biP

′′′ − 4R|aR|iR
|abR|bjP

′′′ + 2SR
|a
|aR|ijP

′′′

− 2R|aR|bR|abR|ijP
′′′ − 3RR

|a
|aR|ijP

′ − 6RR
|a
|jR|aiP

′ + 2RgijR
|a
|aR

|b
|bP

′

− 2RgijR
|abR|abP

′ − 2R
|a
|iR|ajP −R

|a
|aR|ijP − 4RSR|ijP

′′

− 20

3
RR|aR|jR|aiP

′′ − 20

3
RR|aR|iR|ajP

′′ − 5

3
RR|iR|jR

|a
|aP

′′

+
4

3
RSgijR

|a
|aP

′′ − 4

3
RgijR

|aR|bR|abP
′′ + 2SR|iR|jR

|a
|aP

(4)

− 2R|aR|bR|iR|jR|abP
(4) − 7R|cR|jR|ciP

′ − 7R|cR|iR|cjP
′

+
1

2
SgijR

|c
|cP

′ − 1

2
gijR

|cR|dR|cdP
′ − 5

2
R|iR|jR

|c
|cP

′ − 3SR|ijP
′

+R2R|ijP − 1

3
R2gijR

|c
|cP − 35

6
SR|iR|jP

′′ − 10

3
RSR|iR|jP

′′′ +
3

2
RR|iR|jP

− 5

12
RSgijP +

5

3
R2R|iR|jP

′ −R2SgijP
′
)
. (B.1)

Next, we substitute this result into (2.30), using (1.16), (2.37), (2.40), and (2.39) for the

remaining terms

Eab(λ) =
√
g

[(
∇a∇b − gab□

)
E − 1

2
gabRE +

1

2

(
2 Symab S

bad − Sdab
)
|d
+

1

2
gabL⋆ +

∂L⋆

∂gab

]
=

√
g

[
(−1)q

(
gaigbj − gabgij

)(
6gcdR

|e
|eR|(cdij)P

′ − 6R|cdR|(cdij)P
′

+ 2SgcdR|(cdij)P
′′ − 2R|cR|dR|(cdij)P

′′ −RgcdR|(cdij)P + 6gcdgefR|(cdi)R|(efj)P
′

− 6gcfgdeR|(cdi)R|(efj)P
′ + 6gcdR|jR

|e
|eR|(cdi)P

′′ + 6gcdR|iR
|e
|eR|(cdj)P

′′

− 6R|jR
|cdR|(cdi)P

′′ − 6R|iR
|cdR|(cdj)P

′′ + 4gcdR|eR|ejR|(cdi)P
′′

+ 4gcdR|eR|eiR|(cdj)P
′′ − 4R|cR

|d
|jR|(cdi)P

′′ − 4R|cR
|d
|iR|(cdj)P

′′

+ 4R|cR
|d
|dR|(cij)P

′′ − 4R|cR
|cdR|(dij)P

′′ + 2SgcdR|jR|(cdi)P
′′′

+ 2SgcdR|iR|(cdj)P
′′′ − 2R|cR|dR|jR|(cdi)P

′′′ − 2R|cR|dR|iR|(cdj)P
′′′

−RgcdR|jR|(cdi)P
′ −RgcdR|iR|(cdj)P

′ − 8RR|cR|(cij)P
′ − gcdR|jR|(cdi)P

− gcdR|iR|(cdj)P − 2R|cR|(cij)P + 3R
|c
|cR

|d
|dR|ijP

′′ + 4R
|c
|cR

|d
|iR|djP

′′

− 3R|cdR|cdR|ijP
′′ − 4R|cdR|ciR|djP

′′ + 3R|iR|jR
|c
|cR

|d
|dP

′′′

− 3R|iR|jR
|cdR|cdP

′′′ + 4R|cR|jR
|d
|dR|ciP

′′′ + 4R|cR|iR
|d
|dR|cjP

′′′
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− 4R|cR|jR
|cdR|diP

′′′ − 4R|cR|iR
|cdR|djP

′′′ + 2SR
|c
|cR|ijP

′′′

− 2R|cR|dR|cdR|ijP
′′′ − 3RR

|c
|cR|ijP

′ − 6RR
|c
|jR|ciP

′ + 2RgijR
|c
|cR

|d
|dP

′

− 2RgijR
|cdR|cdP

′ − 2R
|c
|iR|cjP −R

|c
|cR|ijP − 4RSR|ijP

′′

− 20

3
RR|cR|jR|ciP

′′ − 20

3
RR|cR|iR|cjP

′′ − 5

3
RR|iR|jR

|c
|cP

′′

+
4

3
RSgijR

|c
|cP

′′ − 4

3
RgijR

|cR|dR|cdP
′′ + 2SR|iR|jR

|c
|cP

(4)

− 2R|cR|dR|iR|jR|cdP
(4) − 7R|cR|jR|ciP

′ − 7R|cR|iR|cjP
′

+
1

2
SgijR

|c
|cP

′ − 1

2
gijR

|cR|dR|cdP
′ − 5

2
R|iR|jR

|c
|cP

′

− 3SR|ijP
′ +R2R|ijP − 1

3
R2gijR

|c
|cP − 35

6
SR|iR|jP

′′ − 10

3
RSR|iR|jP

′′′

+
3

2
RR|iR|jP − 5

12
RSgijP +

5

3
R2R|iR|jP

′ −R2SgijP
′
)

− (−1)q

2
gabR

(
3R

|c
|cR

|d
|dP

′ − 3R|cdR|cdP
′ + 2SR

|c
|cP

′′ − 2R|cR|dR|cdP
′′

− SP −RR
|c
|cP − 2RSP ′

)
+ (−1)q

(
gacgbeR|dR|(ced)P − gabgceR|dR|(ced)P

+ 3R
|c
|cR

|abP − 2R
|a
|cR

|bcP − gabR
|c
|cR

|d
|dP + 2R|aR|bR

|c
|cP

′

−R|bR|cR
|acP ′ −R|aR|cR

|bcP ′ − SgabR
|c
|cP

′ + SR|abP ′ − 2

3
RR|aR|bP

)
+

(−1)q

2
gab
(
R

|c
|cR

|d
|d −R|cdR|cd

)
P − 2(−1)q

(
R|abR

|c
|c −R

|a
|cR

|bc
)
P

]
= (−1)q

√
g

(
6gcdR

|e
|eR

|(abcd)P ′ − 6gabgcdgefR
|i
|iR

|(cdef)P ′ − 6R|cdR
|(abcd)P ′

+ 6gabgcdR|efR
|(cdef)P ′ + 2SgaegbfgcdR|(cdef)P

′′ − 2SgabgcdgefR|(cdef)P
′′

− 2R|cR|dR
|(abcd)P ′′ + 2gabgefR|cR|dR|(cdef)P

′′ −RgcdR
|(abcd)P

+RgabgcdgefR|(cdef)P + 6gcdgefR
|(acd)R|(bef)P ′ − 6gabgcdg

efR|(cdi)R|(efi)P
′

− 6gbeR|(cda)R|(cde)P
′ + 6gabR|(cde)R|(cde)P

′ + 6gcdR
|bR

|e
|eR

|(acd)P ′′

− 6gabgcdR|eR
|f
|fR|(cde)P

′′ + 6gcdR
|aR

|e
|eR

|(bcd)P ′′ − 6gabgcdR|eR
|f
|fR|(cde)P

′′

− 6R|bR|cdR
|(acd)P ′′ + 6gabR|eR|cdR|(cde)P

′′ − 6R|aR|cdR
|(bcd)P ′′

+ 6gabR|eR|cdR|(cde)P
′′ + 4gcdR|eR

|beR|(acd)P ′′ − 4gabgcdR|fR
|efR|(cde)P

′′

+ 4gcdR|eR
|aeR|(bcd)P ′′ − 4gabgcdR|fR

|efR|(cde)P
′′ − 4R|cR

|b
|dR

|(acd)P ′′

+ 4gabR|cR|deR|(cde)P
′′ − 4R|cR

|a
|dR

|(bcd)P ′′ + 4gabR|cR|deR|(cde)P
′′



111

+ 4R|cR
|d
|dR

|(abc)P ′′ − 4gabgijR|cR
|d
|dR|(cij)P

′′ − 4R|dR|cdR
|(abc)P ′′

+ 4gabgijR|cR
|cdR|(dij)P

′′ + 2SgcdR
|bR|(acd)P ′′′ − 2SgabgcdR|eR

|(cde)P ′′′

+ 2SgcdR
|aR|(bcd)P ′′′ − 2SgabgcdR|eR

|(cde)P ′′′ − 2R|bR|cR|dR
|(acd)P ′′′

+ 2gabR|cR|dR|eR
|(cde)P ′′′ − 2R|aR|cR|dR

|(bcd)P ′′′ + 2gabR|cR|dR|eR|(cde)P
′′′

−RgcdR
|bR|(acd)P ′ +RgabgcdR|eR

|(cde)P ′ −RgcdR
|aR|(bcd)P ′

+RgabgcdR|eR
|(cde)P ′ − 8RR|cR

|(abc)P ′ + 8RgabgijR|cR|(cij)P
′

− gcdR
|bR|(acd)P + gabgcdR|eR|(cde)P − gcdR

|aR|(bcd)P + gabgcdR|eR|(cde)P

− 2R|cR
|(abc)P + 2gabgijR|cR|(cij)P + 3R

|c
|cR

|d
|dR

|abP ′′

− 3gabR
|c
|cR

|d
|dR

|e
|eP

′′ + 4R
|c
|cR

|a
|dR

|bdP ′′ − 4gabR
|c
|cR

|deR|deP
′′

− 3R|cdR|cdR
|abP ′′ + 3gabR|cdR|cdR

|e
|eP

′′ − 4R|cdR
|acR|bdP ′′

+ 4gabR
|c
|dR

|d
|eR

|e
|cP

′′ + 3R|aR|bR
|c
|cR

|d
|dP

′′′ − 3SgabR
|c
|cR

|d
|dP

′′′

− 3R|aR|bR|cdR|cdP
′′′ + 3SgabR|cdR|cdP

′′′ + 4R|cR
|bR

|d
|dR

|acP ′′′

− 4gabR|cR|dR
|e
|eR|cdP

′′′ + 4R|cR
|aR

|d
|dR

|bcP ′′′ − 4gabR|cR|dR
|e
|eR|cdP

′′′

− 4R|cR|bR|cdR
|adP ′′′ + 4gabR|cR

|eR|cdR|deP
′′′ − 4R|cR|aR|bdR|cdP

′′′

+ 4gabR|cR
|eR|cdR|deP

′′′ + 2SR
|c
|cR

|abP ′′′ − 2SgabR
|c
|cR

|d
|dP

′′′

− 2R|cR|dR|cdR
|abP ′′′ + 2gabR|cR|dR|cdR

|c
|cP

′′′ − 3RR
|c
|cR

|abP ′

+ 3RgabR
|c
|cR

|d
|dP

′ − 6RR
|b
|cR

|acP ′ + 6RgabR|cdR|cdP
′ − 2RgabR

|c
|cR

|d
|dP

′

+ 2RgabR|cdR|cdP
′ − 2R

|a
|cR

|bcP + 2gabR|cdR|cdP −R
|c
|cR

|abP

+ gabR
|c
|cR

|d
|dP − 4RSR|abP ′′ + 4RSgabR

|c
|cP

′′ − 20

3
RR|cR

|bR|acP ′′

+
20

3
RgabR|cR|dR|cdP

′′ − 20

3
RR|cR

|aR|bcP ′′ +
20

3
RgabR|cR|dR|cdP

′′

− 5

3
RR|aR|bR

|c
|cP

′′ +
5

3
RSgabR

|c
|cP

′′ − 4

3
RSgabR

|c
|cP

′′ +
4

3
RgabR|cR|dR|cdP

′′

+ 2SR|aR|bR
|c
|cP

(4) − 2S2gabR
|c
|cP

(4) − 2R|aR|bR|cR|dR|cdP
(4)

+ 2SgabR|cR|dR|cdP
(4) − 7R|cR

|bR|acP ′ + 7gabR|cR|dR|cdP
′

− 7R|cR
|aR|bcP ′ + 7gabR|cR|dR|cdP

′ − 1

2
SgabR

|c
|cP

′ +
1

2
gabR|cR|dR|cdP

′

− 5

2
R|aR|bR

|c
|cP

′ +
5

2
SgabR

|c
|cP

′ − 3SR|abP ′ + 3SgabR
|c
|cP

′ +R2R|abP
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−R2gabR
|c
|cP +

1

3
R2gabR

|c
|cP − 35

6
SR|aR|bP ′′ +

35

6
S2gabP ′′

− 10

3
RSR|aR|bP ′′′ +

10

3
RS2gabP ′′′ +

3

2
RR|aR|bP − 3

2
RSgabP

+
5

12
RSgabP +

5

3
R2R|aR|bP ′ − 5

3
R2SgabP ′ +R2SgabP ′ − 3

2
RgabR

|c
|cR

|d
|dP

′

+
3

2
RgabR|cdR|cdP

′ −RSgabR
|c
|cP

′′ +RgabR|cR|dR|cdP
′′ +

1

2
RSgabP

+
1

2
R2gabR

|c
|cP −R2SgabP ′ + gacgbeR|dR|(ced)P − gabgceR|dR|(ced)P

+ 3R
|c
|cR

|abP − 2R
|a
|eR

|beP − gabR
|c
|cR

|d
|dP + 2R|aR|bR

|c
|cP

′

−R|bR|dR
|adP ′ −R|aR|dR

|bdP ′ − SgabR
|c
|cP

′ + SR|abP ′ − 2

3
RR|aR|bP

+
1

2
gabR

|c
|cR

|d
|dP − 1

2
gabR|cdR|cdP − 2R|abR

|c
|cP + 2R

|a
|cR

|bcP

)
= (−1)q

√
g

[
R|(cdef)

(
6gaegbfgcdR

|i
|iP

′ − 6gabgcdgefR
|i
|iP

′ + 6gabgcdR|efP ′

− 6gaegbfR|cdP ′ − 2gaegbfR|cR|dP ′′ + 2gabgefR|cR|dP ′′ + 2SgaegbfgcdP ′′

− 2SgabgcdgefP ′′ +RgabgcdgefP −RgaegbfgcdP
)
+R|(cde)R|(fgh)

×
(
6gacgbfgdegghP ′ − 6gabgcdg

fggehP ′ + 6gabgcfgdggehP ′ − 6gacgbfgdggehP ′
)

+R|(cde)

(
6gacgdeR|bR

|f
|fP

′′ + 6gbcgdeR|aR
|f
|fP

′′ − 12gabgcdR|eR
|f
|fP

′′

− 6gacR|bR|deP
′′ − 6gbcR|aR|deP ′′ + 12gabR|eR|cdP ′′ + 4gacgdeR|fR

|bfP ′′

+ 4gbcgdeR|fR
|afP ′′ − 8gabgcdR|fR

|efP ′′ − 4gacR|dR|beP ′′ − 4gbcR|dR|aeP ′′

+ 8gabR|cR|deP ′′ + 4gacgbdR|eR
|f
|fP

′′ − 4gabgcdR|eR
|f
|fP

′′

− 4gacgbdR|fR
|efP ′′ + 4gabgcdR|fR

|efP ′′ − 2gacR|bR|dR|eP ′′′

− 2gbcR|aR|dR|eP ′′′ + 4gabR|cR|dR|eP ′′′ + 2SgbcgdeR|aP ′′′ + 2SgacgdeR|bP ′′′

− 4SgabgcdR|eP ′′′ − 8RgacgbdR|eP ′ −RgbcgdeR|aP ′ −RgacgdeR|bP ′

+ 10RgabgcdR|eP ′ − gacgbdR|eP − gbcgdeR|aP − gacgdeR|bP + 4gabgcdR|eP
)

+R|cdR|efR|gh

(
3gacgbdgefgghP ′′ − 3gacgbdgeggfhP ′′ + 4gacgbegdfgghP ′′

− 4gacgbegdggfhP ′′ − gabgcegdfgghP ′′ − 3gabgcdgefgghP ′′ + 4gabgchgdegfgP ′′
)

+R|cdR|ef

(
3gcdgefR|aR|bP ′′′ − 3gcegdfR|aR|bP ′′′ + 4gacgefR|bR|dP ′′′
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− 4gacgdeR|bR|fP ′′′ + 4gbcgefR|aR|dP ′′′ − 4gbcgdeR|aR|fP ′′′ − 2gacgbdR|eR|fP ′′′

− 6gabgcdR|eR|fP ′′′ + 8gabgdeR|cR|fP ′′′ + 2SgacgbdgefP ′′′ + 3SgabgcegdfP ′′′

− 5SgabgcdgefP ′′′ − 6RgacgbfgdeP ′ − 3RgacgbdgefP ′ +
19

2
RgabgcegdfP ′

− 1

2
RgabgcdgefP ′ − 2gacgbfgdeP +

1

2
gabgcdgefP − 3

2
gabgcegdfP

)
+R|cd

(
−20

3
RgacR|bR|dP ′′ − 20

3
RgbcR|aR|dP ′′ +

47

3
RgabR|cR|dP ′′

− 5

3
RgcdR|aR|bP ′′ − 4RSgacgbdP ′′ +

10

3
RSgabgcdP ′′ + 2SR|aR|bgcdP (4)

− 2R|aR|bR|cR|dP (4) + 2SgabR|cR|dP (4) − 2S2gabgcdP (4) − 8gacR|bR|dP ′

− 8gbcR|aR|dP ′ − 1

2
gcdR|aR|bP ′ +

29

2
gabR|cR|dP ′ − 2SgacgbdP ′ + 4SgabgcdP ′

+R2gacgbdP − 1

6
R2gabgcdP

)
− 35

6
SR|aR|bP ′′ +

35

6
S2gabP ′′ − 10

3
RSR|aR|bP ′′′

+
10

3
RS2gabP ′′′ +

5

3
R2R|aR|bP ′ − 5

3
R2SgabP ′ +

5

6
RR|aR|bP − 7

12
RSgabP

]
.

We conclude by verifying the divergence-free condition (2.32) directly using (1.16), (2.37),

and (2.39)

[
1

2

(
2 Symab S

bad − Sdab
)
|d
+

1

2
gabL⋆ +

∂L⋆

∂gab

]
|b

=

[
(−1)q

(
gacgbeR|dR|(ced)P − gabgceR|dR|(ced)P + 3R

|c
|cR

|abP − 2R
|a
|eR

|beP

− gabR
|c
|cR

|d
|dP + 2R|aR|bR

|c
|cP

′ −R|bR|dR
|adP ′ −R|aR|dR

|bdP ′ − SgabR
|c
|cP

′

+ SR|abP ′ − 2

3
RR|aR|bP

)
+

(−1)q

2
gab
(
R

|c
|cR

|d
|d −R|cdR|cd

)
P

− 2(−1)q
(
R|abR

|c
|c −R

|a
|cR

|bc
)
P

]
|b

= (−1)q
(
gacgbeR|dR|(ced)P − gabgceR|dR|(ced)P +R|abR

|c
|cP − 1

2
gabR

|c
|cR

|d
|dP

− 1

2
gabR|cdR|cdP + 2R|aR|bR

|c
|cP

′ −R|bR|dR
|adP ′ −R|aR|dR

|bdP ′ − SgabR
|c
|cP

′

+ SR|abP ′ − 2

3
RR|aR|bP

)
|b

= (−1)q
(
gacgbegdfR|fR|(ced)P − gabgcegdfR|fR|(ced)P + gacgbdgefR|cdR|efP
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− 1

2
gabgcdgefR|cdR|efP − 1

2
gabgcegdfR|cdR|efP + 2gacgbdgefR|cR|dR|efP

′

− gaegbcgdfR|cR|dR|efP
′ − gacgbegdfR|cR|dR|efP

′ − gabgcdgefR|cR|dR|efP
′

+ gaegbfgcdR|cR|dR|efP
′ − 2

3
gacgbdRR|cR|dP

)
|b

= (−1)q
(
gacgbegdfR|fbR|(ced)P + gacgbegdfR|fR|(ced)bP + gacgbegdfR|bR|fR|(ced)P

′

− gabgcegdfR|fbR|(ced)P − gabgcegdfR|fR|(ced)bP − gabgcegdfR|bR|fR|(ced)P
′

+ gacgbdgefR|cdbR|efP + gacgbdgefR|cdR|efbP + gacgbdgefR|bR|cdR|efP
′

− gabgcdgefR|cdbR|efP − 1

2
gabgcdgefR|bR|cdR|efP

′ − gabgcegdfR|cdbR|efP

− 1

2
gabgcegdfR|bR|cdR|efP

′ + 2gacgbdgefR|cbR|dR|efP
′ + 2gacgbdgefR|cR|dbR|efP

′

+ 2gacgbdgefR|cR|dR|efbP
′ + 2gacgbdgefR|bR|cR|dR|efP

′′ − gaegbcgdfR|cbR|dR|efP
′

− gaegbcgdfR|cR|dbR|efP
′ − gaegbcgdfR|cR|dR|efbP

′ − gaegbcgdfR|bR|cR|dR|efP
′′

− gacgbegdfR|cbR|dR|efP
′ − gacgbegdfR|cR|dbR|efP

′ − gacgbegdfR|cR|dR|efbP
′

− gacgbegdfR|bR|cR|dR|efP
′′ − 2gabgcdgefR|cbR|dR|efP

′ − gabgcdgefR|cR|dR|efbP
′

− gabgcdgefR|bR|cR|dR|efP
′′ + 2gaegbfgcdR|cbR|dR|efP

′ + gaegbfgcdR|cR|dR|efbP
′

+ gaegbfgcdR|bR|cR|dR|efP
′′ − 2

3
gacgbdR|bR|cR|dP − 2

3
gacgbdRR|cbR|dP

− 2

3
gacgbdRR|cR|dbP − 2

3
gacgbdRR|bR|cR|dP

′
)

= (−1)q
(
R|(abc)R|bcP + gacgbeR|dR|(ced)bP +R|(abc)R|bR|cP

′ − gceR|adR|(ced)P

− gabgceR|dR|(ced)bP − gceR|aR|dR|(ced)P
′ + gacgbdR|cdbR

|e
|eP + gefR|abR|efbP

+R|abR|bR
|c
|cP

′ − gabgcdR|cdbR
|e
|eP − 1

2
R|aR

|b
|bR

|c
|cP

′ − gabR|cdR|cdbP

− 1

2
R|aR|bcR|bcP

′ + 2R|abR|bR
|c
|cP

′ + 2R|aR
|b
|bR

|c
|cP

′ + 2gefR|aR|bR|efbP
′

+ 2SR|aR
|b
|bP

′′ −R|abR|bR
|c
|cP

′ −R|abR|bcR
|cP ′ − gaeR|bR|fR|efbP

′

− SR|abR|bP
′′ −R|abR|bcR

|cP ′ −R|aR|bcR|bcP
′ − gbeR|aR|fR|efbP

′

−R|aR|bR|cR|bcP
′′ − 2R|abR|bR

|c
|cP

′ − SgabgefR|efbP
′ − SR|aR

|b
|bP

′′

+ 2R|abR|bcR
|cP ′ + SgaegbfR|efbP

′ + SR|abR|bP
′′ − 2

3
SR|aP − 2

3
RR|abR|bP
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− 2

3
RR|aR

|b
|bP − 2

3
RSR|aP ′

)
= (−1)q

{(
gacgbe − gabgce

)
R|d

[
R|(cedb) +

1

3
R
(
gbcR|ed + gbeR|cd + gbdR|ce

− gceR|bd − gcdR|be − gdeR|bc
)
+

1

24
R|c
(
gbeR|d + gbdR|e − 2gedR|b

)
+

1

24
R|e
(
gbcR|d + gbdR|c − 2gcdR|b

)
+

1

24
R|d

(
gbeR|c + gbcR|e − 2gecR|b

)]
P

+R|(abc)R|bcP − gceR|adR|(ced)P +R|(abc)R|bR|cP
′ − gceR|aR|dR|(ced)P

′

+ gacgbd
[
R|(cdb) +

1

6
R
(
gbcR|d + gbdR|c − 2gcdR|b

)]
R

|e
|eP

+ gefR|ab
[
R|(efb) +

1

3
R
(
gbeR|f − gefR|b

)]
P

− gabgcd
[
R|(cdb) +

1

3
R
(
gbcR|d − gcdR|b

)]
R

|e
|eP

− gabR|cd
[
R|(cdb) +

1

3
R
(
gbcR|d − gcdR|b

)]
P

+ 2gefR|aR|b
[
R|(efb) +

1

3
R
(
gbeR|f − gefR|b

)]
P ′

− gaeR|bR|f
[
R|(efb) +

1

6
R
(
gbeR|f + gbfR|e − 2gefR|b

)]
P ′

− gbeR|aR|f
[
R|(efb) +

1

6
R
(
gbeR|f + gbfR|e − 2gefR|b

)]
P ′

− Sgabgef
[
R|(efb) +

1

3
R
(
gbeR|f − gefR|b

)]
P ′

+ Sgaegbf
[
R|(efb) +

1

6
R
(
gbeR|f + gbfR|e − 2gefR|b

)]
P ′

+
3

2
R|aR

|b
|bR

|c
|cP

′ − 3

2
R|aR|bcR|bcP

′ + SR|aR
|b
|bP

′′ −R|aR|bR|cR|bcP
′′

− 2

3
RR|abR|bP − 2

3
RR|aR

|b
|bP − 2

3
SR|aP − 2

3
RSR|aP ′

}
= (−1)q

[(
gacgbe − gabgce

)
R|d

(
0 +

1

3
RgbcR|ed +

1

3
RgbeR|cd +

1

3
RgbdR|ce

− 1

3
RgceR|bd −

1

3
RgcdR|be −

1

3
RgdeR|bc +

1

12
gbeR|cR|d +

1

12
gbdR|cR|e

− 1

12
gedR|bR|c +

1

12
gbcR|dR|e −

1

12
gcdR|bR|e −

1

12
gecR|bR|d

)
P

+R|(abc)R|bcP − gcdR|abR|(cdb)P +R|(abc)R|bR|cP
′ − gcbR|aR|dR|(cbd)P

′

+

(
gacgbdR|(cdb)R

|e
|eP +

1

6
RR|aR

|e
|eP +

1

3
RR|aR

|e
|eP − 1

3
RR|aR

|e
|eP

)
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+

(
gcdR|abR|(cdb)P +

1

3
RR|abR|bP − 2

3
RR|abR|bP

)
+

(
−gabgcdR|(cdb)R

|e
|eP − 1

3
RR|aR

|e
|eP +

2

3
RR|aR

|e
|eP

)
+

(
−R|(abc)R|bcP − 1

3
RR|abR|bP +

1

3
RR|aR

|e
|eP

)
+

(
2gcdR|aR|bR|(cdb)P

′ +
2

3
RSR|aP ′ − 4

3
RSR|aP ′

)
+

(
−R|(abc)R|bR|cP

′ − 1

6
RSR|aP ′ − 1

6
RSR|aP ′ +

1

3
RSR|aP ′

)
+

(
−gbcR|aR|dR|(cdb)P

′ − 1

3
RSR|aP ′ − 1

6
RSR|aP ′ +

1

3
RSR|aP ′

)
+

(
−SgabgcdR|(cdb)P

′ − 1

3
RSR|aP ′ +

2

3
RSR|aP ′

)
+

(
SgacgbdR|(cdb)P

′ +
1

6
RSR|aP ′ +

1

3
RSR|aP ′ − 1

3
RSR|aP ′

)
+

3

2
R|aR

|b
|bR

|c
|cP

′ − 3

2
R|aR|bcR|bcP

′ + SR|aR
|b
|bP

′′ −R|aR|bR|cR|bcP
′′

− 2

3
RR|abR|bP − 2

3
RR|aR

|b
|bP − 2

3
SR|aP − 2

3
RSR|aP ′

]
= (−1)q

[(
1

3
RR|abR|bP − 1

3
RR|abR|bP +

2

3
RR|abR|bP − 1

3
RR|abR|bP +

1

3
RR|abR|bP

− 1

3
RR|aR

|b
|bP − 1

3
RR|abR|bP +

2

3
RR|abR|bP − 1

3
RR|aR

|b
|bP +

1

3
RR|abR|bP

− 1

3
RR|abR|bP +

1

3
RR|abR|bP +

1

6
SR|aP − 1

12
SR|aP +

1

12
SR|aP − 1

12
SR|aP

− 1

12
SR|aP +

1

12
SR|aP +

1

12
SR|aP − 1

12
SR|aP − 1

12
SR|aP +

1

12
R|aP

− 1

12
SR|aP +

1

6
SR|aP

)
+

5

6
RR|aR

|e
|eP − 2

3
RR|abR|bP − 1

3
RSR|aP ′

+
3

2
R|aR

|b
|bR

|c
|cP

′ − 3

2
R|aR|bcR|bcP

′ + SR|aR
|b
|bP

′′ −R|aR|bR|cR|bcP
′′

− 2

3
RR|abR|bP − 2

3
RR|aR

|b
|bP − 2

3
SR|aP − 2

3
RSR|aP ′

]
= (−1)q

(
3

2
R|aR

|b
|bR

|c
|cP

′ − 3

2
R|aR|bcR|bcP

′ + SR|aR
|b
|bP

′′ −R|aR|bR|cR|bcP
′′

− 1

2
SR|aP − 1

2
RR|aR

|b
|bP −RSR|aP ′

)
=

1

2
R|a

[
(−1)q

(
3R

|b
|bR

|c
|cP

′ − 3R|bcR|bcP
′ + 2SR

|b
|bP

′′ − 2R|bR|cR|bcP
′′

− SP −RR
|b
|bP − 2RSP ′

)]
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=
1

2
R|aER(L).
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APPENDIX C

THE ORDER 6 CASE

We assume Aij = Aij(gab;φ;φa;φab;φabc;φabcd). As with the previous cases, we pro-

duce the divergence-free condition (3.3) by starting with the covariant divergence equa-

tion (3.6), using the fifth scalar order symmetrization formula (A.3) and the symmetrized

divergence-free condition from the previous case (4.6) to fully symmetrize the equation

0 = Aij;klmnφklmn|j +Aij;klmφklm|j +Aij;klφkl|j +Aij;kφkj +
∂Aij

∂φ
φj

= Aij;klmn

[
φklmnj + 2R(gjkφlmn − gklφjmn) +R|n(gjkφml − gkmφjl)

+
2

15
R2(gklgjmφn − gklgmnφj) +

1

5
R|mn(gjkφl − glkφj)

]
+Aij;klm

[
φklmj −R(gklφmj − gjkφlm)− 1

4
R|m(gklφj − gjkφl)

]
+Aij;kl

[
φklj −

1

3
R(gklφj − gjkφl)

]
+Aij;kφjk +

∂Aij

∂φ
φj .

(C.1)

As Aij satisfies the requirements of Theorem 11, Aij takes the form

Aij = εiaεjbφabcdB
cd + εiaεjdφabcφdefB

bc;ef +Dijabcφabc + Eij , (C.2)

where Bcd = Bdc, Dijabc = D(ij)(abc), and Eij = Eji are tensor densities of scalar order

2 and Bcd;ef = Bef ;cd. We substitute this result into the divergence-free condition (C.1),

yielding

0 = Symklmn ε
ikεjlBmn

[
2R(gjkφlmn − gklφjmn) +R|n(gjkφml − gkmφjl)

+
2

15
R2(gklgjmφn − gklgmnφj) +

1

5
R|mn(gjkφl − glkφj)

]
+
(
2 Symij Symklm ε

ikεjaBlm;bcφabc +Dijklm
)[
φklmj −R(gklφmj − gjkφlm)
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− 1

4
R|m(gklφj − gjkφl)

]
+
(
εiaεjbφabcdB

cd;kl + εiaεjdBbc;ef ;klφabcφdef

+Dijabc;klφabc + Eij;kl
)[
φklj −

1

3
R(gklφj − gjkφl)

]
+
(
εiaεjbφabcdB

cd;k + εiaεjdBbc;ef ;kφabcφdef +Dijabc;kφabc + Eij;k
)
φjk

+

(
εiaεjbφabcd

∂Bcd

∂φ
+ εiaεjd

∂Bbc;ef

∂φ
φabcφdef +

∂Dijabc

∂φ
φabc +

∂Eij

∂φ

)
φj

= Symklmn ε
ikεjlBmn

[
2R(gjkφlmn − gklφjmn) +R|n(gjkφml − gkmφjl)

+
2

15
R2(gklgjmφn − gklgmnφj) +

1

5
R|mn(gjkφl − glkφj)

]
+
(
εikεjaBlm;bcφabc +Dijklm

)
φklmj +

(
2 Symij Symklm ε

ikεjaBlm;bcφabc +Dijklm
)

×
[
−R(gklφmj − gjkφlm)− 1

4
R|m(gklφj − gjkφl)

]
+ εiaεjbφabcdB

cd;kl

×
[
φklj −

1

3
R(gklφj − gjkφl)

]
+ εiaεjdBbc;ef ;klφabcφdef

[
−1

3
R(gklφj − gjkφl)

]
+
(
Dijabc;klφabc + Eij;kl

)[
φklj −

1

3
R(gklφj − gjkφl)

]
+
(
εiaεjbφabcdB

cd;k + εiaεjdBbc;ef ;kφabcφdef +Dijabc;kφabc + Eij;k
)
φjk

+

(
εiaεjbφabcd

∂Bcd

∂φ
+ εiaεjd

∂Bbc;ef

∂φ
φabcφdef +

∂Dijabc

∂φ
φabc +

∂Eij

∂φ

)
φj

= Symklmn ε
ikεjlBmn

[
2R(gjkφlmn − gklφjmn) +R|n(gjkφml − gkmφjl)

+
2

15
R2(gklgjmφn − gklgmnφj) +

1

5
R|mn(gjkφl − glkφj)

]
+Dijklmφklmj +

(
2 Symij Symklm ε

ikεjaBlm;bcφabc +Dijklm
)

×
[
−R(gklφmj − gjkφlm)− 1

4
R|m(gklφj − gjkφl)

]
+
(
εiaεjbφabcdB

cd;kl + εiaεjdBbc;ef ;klφabcφdef

)[
−1

3
R(gklφj − gjkφl)

]
+
(
Dijabc;klφabc + Eij;kl

)[
φklj −

1

3
R(gklφj − gjkφl)

]
+
(
εiaεjbφabcdB

cd;k + εiaεjdBbc;ef ;kφabcφdef +Dijabc;kφabc + Eij;k
)
φjk

+

(
εiaεjbφabcd

∂Bcd

∂φ
+ εiaεjd

∂Bbc;ef

∂φ
φabcφdef +

∂Dijabc

∂φ
φabc +

∂Eij

∂φ

)
φj . (C.3)
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We apply the differential operator UiXaXbXcXd
∂

∂φabcd
to this condition and solve the

resulting equation for Dijabc

D(U,X(4)) = det(U,X)

[
1

3
RB(X,X;□,□) det(∇φ,X)− 1

3
RB(X,X;∇φ,□) det(□, X)

−B(X,X;∇2φ) det(∇2φ,X)− ∂B

∂φ
(X,X) det(∇φ,X)

]
, (C.4)

where the □ symbol denotes contraction with a metric index and ∇2φ denotes contraction

with an index of a second derivative of φ. Seeking more information, we use this equation

to remove the fourth order φ terms from (C.3), leaving

0 = Symklmn ε
ikεjlBmn

[
2R(gjkφlmn − gklφjmn) +R|n(gjkφml − gkmφjl)

+
2

15
R2(gklgjmφn − gklgmnφj) +

1

5
R|mn(gjkφl − glkφj)

]
+
(
2 Symij Symklm ε

ikεjaBlm;bcφabc +Dijklm
)

×
[
−R(gklφmj − gjkφlm)− 1

4
R|m(gklφj − gjkφl)

]
+ εiaεjdBbc;ef ;klφabcφdef

[
−1

3
R(gklφj − gjkφl)

]
+
(
Dijabc;klφabc + Eij;kl

)[
φklj −

1

3
R(gklφj − gjkφl)

]
+
(
εiaεjdBbc;ef ;kφabcφdef +Dijabc;kφabc + Eij;k

)
φjk

+

(
εiaεjd

∂Bbc;ef

∂φ
φabcφdef +

∂Dijabc

∂φ
φabc +

∂Eij

∂φ

)
φj . (C.5)

Applying the differential operators UiXaXbXc
∂

∂φabc
and YdYeYf

∂

∂φdef
to (C.5), we solve

the resulting equation for Didabc;ef

D(U, Y,X,X,X;Y, Y ) +D(U,X, Y, Y, Y ;X,X) (C.6)

= det(U,X)

[
1

3
R det(∇φ, Y )B(X,X;Y, Y ;□,□)− 1

3
R det(□, Y )B(X,X;Y, Y ;∇φ,□)

− det(∇2φ, Y )B(X,X;Y, Y ;∇2φ)− det(∇φ, Y )
∂B

∂φ
(X,X;Y, Y )

]
+ (X ↔ Y ),
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where (X ↔ Y ) indicates a second copy of the previous expression with X and Y swapped.

We set Y = X in (C.6) to get

D(U,X,X,X,X;X,X)

= det(U,X)

[
1

3
R det(∇φ,X)B(X,X;X,X;□,□)− 1

3
R det(□, X)B(X,X;X,X;∇φ,□)

− det(∇2φ,X)B(X,X;X,X;∇2φ)− det(∇φ,X)
∂B

∂φ
(X,X;X,X)

]
,

noting that this equation is identical to applying the differential operator XaXb
∂

∂φab
to

(C.4).

Lemma 4. If Dijabc obeys (C.4) and (C.6), then

Dijabc = 2Symij Symabc ε
iaεjmφmnB

bc;n + 2Symij Symabc ε
iaφj

⋆

∂Bbc

∂φ

− 2

3
R Symij Symabc ε

iaφj
⋆gmnB

bc;mn

+
2

3
R Symij Symabc ε

iaεjmgmnφkB
bc;kn + Symabc ε

iaεjbQc,

(C.7)

where Qi is a vector density of scalar order 2 such that Qi;ab = Bab;i and Qi;j = Qj;i.

Proof. Using the fifth metric order case as a blueprint, we consider the ansatz

D̃(U,U,X(3)) = det(U,X)

[
a0RB(U,X;□,□) det(∇φ,X) + a1RB(X,X;□,□) det(∇φ,U)

+ a2RB(U,X;∇φ,□) det(□, X) + a3RB(X,X;∇φ,□) det(□, U)

+ a4B(U,X;∇2φ) det(∇2φ,X) + a5B(X,X;∇2φ) det(∇2φ,U)

+ a6
∂B

∂φ
(U,X) det(∇φ,X) + a7

∂B

∂φ
(X,X) det(∇φ,U)

]
.

We define the difference function

∆(U,U,X,X,X) = D(U,U,X,X,X)− D̃(U,U,X,X,X)
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and convert one U to an X, using (C.4) to express D(X,Y, Y, Y, Y )

∆(U,X,X,X,X)

= D(U,X,X,X,X)− D̃(U,X,X,X,X)

= det(U,X)

[
1

3
RB(X,X;□,□) det(∇φ,X)− 1

3
RB(X,X;∇φ,□) det(□, X)

−B(X,X;∇2φ) det(∇2φ,X)− ∂B

∂φ
(X,X) det(∇φ,X)

]
− 1

2
det(U,X)

[
a0RB(X,X;□,□) det(∇φ,X) + a1RB(X,X;□,□) det(∇φ,X)

+ a2RB(X,X;∇φ,□) det(□, X) + a3RB(X,X;∇φ,□) det(□, X)

+ a4B(X,X;∇2φ) det(∇2φ,X) + a5B(X,X;∇2φ) det(∇2φ,X)

+ a6
∂B

∂φ
(X,X) det(∇φ,X) + a7

∂B

∂φ
(X,X) det(∇φ,X)

]
= det(U,X)

[
1

3
RB(X,X;□,□) det(∇φ,X)− 1

3
RB(X,X;∇φ,□) det(□, X)

−B(X,X;∇2φ) det(∇2φ,X)− ∂B

∂φ
(X,X) det(∇φ,X)

− a0 + a1
2

RB(X,X;□,□) det(∇φ,X)− a2 + a3
2

RB(X,X;∇φ,□) det(□, X)

− a4 + a5
2

B(X,X;∇2φ) det(∇2φ,X)− a6 + a7
2

∂B

∂φ
(X,X) det(∇φ,X)

]
.

Comparing the like terms in this expression, we observe that if

a0 + a1
2

=
1

3
,
a2 + a3

2
= −1

3
,
a4 + a5

2
= −1, and

a6 + a7
2

= −1, (C.8)

then ∆(U,X(4)) = 0. As with the previous case, this equation has a non-trivial kernel, with

solution

∆(U,U,X,X,X) = det(U,X)2Q(X),

where Qi is a vector density of scalar order 2. To determine Qi and the ai constants, we

substitute the definition of ∆ into the above equation and solve for D

D(U,U,X,X,X) = D̃(U,U,X,X,X) + det(U,X)2Q(X)
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=

[
a0RB(U,X;□,□) det(∇φ,X) + a1RB(X,X;□,□) det(∇φ,U)

+ a2RB(U,X;∇φ,□) det(□, X) + a3RB(X,X;∇φ,□) det(□, U)

+ a4B(U,X;∇2φ) det(∇2φ,X) + a5B(X,X;∇2φ) det(∇2φ,U)

+ a6
∂B

∂φ
(U,X) det(∇φ,X) + a7

∂B

∂φ
(X,X) det(∇φ,U)

]
det(U,X)

+ det(U,X)2Q(X).

Next, we change a U to a Y

D(U, Y,X,X,X)

=
1

2
det(Y,X)

[
a0RB(U,X;□,□) det(∇φ,X) + a1RB(X,X;□,□) det(∇φ,U)

+ a2RB(U,X;∇φ,□) det(□, X) + a3RB(X,X;∇φ,□) det(□, U)

+ a4B(U,X;∇2φ) det(∇2φ,X) + a5B(X,X;∇2φ) det(∇2φ,U)

+ a6
∂B

∂φ
(U,X) det(∇φ,X) + a7

∂B

∂φ
(X,X) det(∇φ,U)

]
+

1

2
det(U,X)

[
a0RB(Y,X;□,□) det(∇φ,X) + a1RB(X,X;□,□) det(∇φ, Y )

+ a2RB(Y,X;∇φ,□) det(□, X) + a3RB(X,X;∇φ,□) det(□, Y )

+ a4B(Y,X;∇2φ) det(∇2φ,X) + a5B(X,X;∇2φ) det(∇2φ, Y )

+ a6
∂B

∂φ
(Y,X) det(∇φ,X) + a7

∂B

∂φ
(X,X) det(∇φ, Y )

]
+ det(U,X) det(Y,X)Q(X)

and apply the differential operator YaYb
∂

∂φab
to this equation

D(U, Y,X,X,X;Y, Y )

=
det(Y,X)

2

[
a0RB(U,X;□,□;Y, Y ) det(∇φ,X) + a1RB(X,X;□,□;Y, Y ) det(∇φ,U)

+ a2RB(U,X;∇φ,□;Y, Y ) det(□, X) + a3RB(X,X;∇φ,□;Y, Y ) det(□, U)

+ a4B(U,X;Y ) det(Y,X) + a4B(U,X;∇2φ;Y, Y ) det(∇2φ,X)
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+ a5B(X,X;Y ) det(Y,U) + a5B(X,X;∇2φ;Y, Y ) det(∇2φ,U)

+ a6
∂B

∂φ
(U,X;Y, Y ) det(∇φ,X) + a7

∂B

∂φ
(X,X;Y, Y ) det(∇φ,U)

]
+

det(U,X)

2

×
[
a0RB(Y,X;□,□;Y, Y ) det(∇φ,X) + a1RB(X,X;□,□;Y, Y ) det(∇φ, Y )

+ a2RB(Y,X;∇φ,□;Y, Y ) det(□, X) + a3RB(X,X;∇φ,□;Y, Y ) det(□, Y )

+ a4B(Y,X;Y ) det(Y,X) + a4B(Y,X;∇2φ;Y, Y ) det(∇2φ,X)

+ a5B(X,X;Y ) det(Y, Y ) + a5B(X,X;∇2φ;Y, Y ) det(∇2φ, Y )

+ a6
∂B

∂φ
(Y,X;Y, Y ) det(∇φ,X) + a7

∂B

∂φ
(X,X;Y, Y ) det(∇φ, Y )

]
+ det(U,X) det(Y,X)Q(X;Y, Y )

=
1

2

{
a1RB(□,□;X,X;Y, Y ) [det(∇φ,U) det(Y,X) + det(∇φ, Y ) det(U,X)]

+ a3RB(∇φ,□;X,X;Y, Y ) [det(□, U) det(Y,X) + det(□, Y ) det(U,X)]

+ a4B(U,X;Y ) det(Y,X)2 + a4B(Y,X;Y ) det(Y,X) det(U,X)

+ a5B(X,X;Y ) det(Y,U) det(Y,X)

+ a5B(X,X;Y, Y ;∇2φ)
[
det(∇2φ,U) det(Y,X) + det(∇2φ, Y ) det(U,X)

]
+ a7

∂B

∂φ
(X,X;Y, Y ) [det(∇φ,U) det(Y,X) + det(∇φ, Y ) det(U,X)]

+ a0RB(□,□;U,X;Y, Y ) det(∇φ,X) det(Y,X)

+ a0RB(□,□;Y,X;Y, Y ) det(∇φ,X) det(U,X)

+ a2RB(∇φ,□;U,X;Y, Y ) det(□, X) det(Y,X)

+ a2RB(∇φ,□;Y,X;Y, Y ) det(□, X) det(U,X)

+ a4B(U,X;Y, Y ;∇2φ) det(∇2φ,X) det(Y,X)

+ a4B(Y,X;Y, Y ;∇2φ) det(∇2φ,X) det(U,X)

+ a6
∂B

∂φ
(U,X;Y, Y ) det(∇φ,X) det(Y,X)

+ a6
∂B

∂φ
(Y,X;Y, Y ) det(∇φ,X) det(U,X)

}
+ det(U,X) det(Y,X)Q(X;Y, Y ).
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We produce a copy of this equation with X and Y swapped and sum the two together,

using the symmetries of B to simplify the resulting expression

D(U, Y,X,X,X;Y, Y ) +D(U,X, Y, Y, Y ;X,X)

=
1

2

{
a1RB(□,□;X,X;Y, Y ) [det(∇φ,U) det(Y,X) + det(∇φ, Y ) det(U,X)]

+ a3RB(∇φ,□;X,X;Y, Y ) [det(□, U) det(Y,X) + det(□, Y ) det(U,X)]

+ a4B(U,X;Y ) det(Y,X)2 + a4B(Y,X;Y ) det(Y,X) det(U,X)

+ a5B(X,X;Y ) det(Y,U) det(Y,X)

+ a5B(X,X;Y, Y ;∇2φ)
[
det(∇2φ,U) det(Y,X) + det(∇2φ, Y ) det(U,X)

]
+ a7

∂B

∂φ
(X,X;Y, Y ) [det(∇φ,U) det(Y,X) + det(∇φ, Y ) det(U,X)]

+ a0RB(□,□;U,X;Y, Y ) det(∇φ,X) det(Y,X)

+ a0RB(□,□;Y,X;Y, Y ) det(∇φ,X) det(U,X)

+ a2RB(∇φ,□;U,X;Y, Y ) det(□, X) det(Y,X)

+ a2RB(∇φ,□;Y,X;Y, Y ) det(□, X) det(U,X)

+ a4B(U,X;Y, Y ;∇2φ) det(∇2φ,X) det(Y,X)

+ a4B(Y,X;Y, Y ;∇2φ) det(∇2φ,X) det(U,X)

+ a6
∂B

∂φ
(U,X;Y, Y ) det(∇φ,X) det(Y,X)

+ a6
∂B

∂φ
(Y,X;Y, Y ) det(∇φ,X) det(U,X)

}
+ det(U,X) det(Y,X)Q(X;Y, Y )

+
1

2

{
a1RB(□,□;Y, Y ;X,X) [det(∇φ,U) det(X,Y ) + det(∇φ,X) det(U, Y )]

+ a3RB(∇φ,□;Y, Y ;X,X) [det(□, U) det(X,Y ) + det(□, X) det(U, Y )]

+ a4B(U, Y ;X) det(X,Y )2 + a4B(X,Y ;X) det(X,Y ) det(U, Y )

+ a5B(Y, Y ;X) det(X,U) det(X,Y )

+ a5B(Y, Y ;X,X;∇2φ)
[
det(∇2φ,U) det(X,Y ) + det(∇2φ,X) det(U, Y )

]
+ a7

∂B

∂φ
(Y, Y ;X,X) [det(∇φ,U) det(X,Y ) + det(∇φ,X) det(U, Y )]
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+ a0RB(□,□;U, Y ;X,X) det(∇φ, Y ) det(X,Y )

+ a0RB(□,□;X,Y ;X,X) det(∇φ, Y ) det(U, Y )

+ a2RB(∇φ,□;U, Y ;X,X) det(□, Y ) det(X,Y )

+ a2RB(∇φ,□;X,Y ;X,X) det(□, Y ) det(U, Y )

+ a4B(U, Y ;X,X;∇2φ) det(∇2φ, Y ) det(X,Y )

+ a4B(X,Y ;X,X;∇2φ) det(∇2φ, Y ) det(U, Y )

+ a6
∂B

∂φ
(U, Y ;X,X) det(∇φ, Y ) det(X,Y )

+ a6
∂B

∂φ
(X,Y ;X,X) det(∇φ, Y ) det(U, Y )

}
+ det(U, Y ) det(X,Y )Q(Y ;X,X)

=
1

2

{
a1RB(□,□;X,X;Y, Y ) [det(∇φ, Y ) det(U,X) + det(∇φ,X) det(U, Y )]

+ a3RB(∇φ,□;X,X;Y, Y ) [det(□, Y ) det(U,X) + det(□, X) det(U, Y )]

+ a5B(X,X;Y, Y ;∇2φ)
[
det(∇2φ, Y ) det(U,X) + det(∇2φ,X) det(U, Y )

]
+ a7

∂B

∂φ
(X,X;Y, Y ) [det(∇φ, Y ) det(U,X) + det(∇φ,X) det(U, Y )]

+ a0R det(X,Y ) [B(□,□;U, Y ;X,X) det(∇φ, Y )

−B(□,□;U,X;Y, Y ) det(∇φ,X)] + a0RB(□,□;Y,X;Y, Y ) det(∇φ,X) det(U,X)

+ a0RB(□,□;X,Y ;X,X) det(∇φ, Y ) det(U, Y )

+ a2R det(X,Y ) [B(∇φ,□;U, Y ;X,X) det(□, Y )

−B(∇φ,□;U,X;Y, Y ) det(□, X)] + a2RB(∇φ,□;Y,X;Y, Y ) det(□, X) det(U,X)

+ a2RB(∇φ,□;X,Y ;X,X) det(□, Y ) det(U, Y )

+ a4 det(X,Y )2 [B(U,X;Y ) +B(U, Y ;X)]

+ a4 det(X,Y ) [B(X,Y ;X) det(U, Y )−B(Y,X;Y ) det(U,X)]

+ a4 det(X,Y )
[
B(U, Y ;X,X;∇2φ) det(∇2φ, Y )

−B(U,X;Y, Y ;∇2φ) det(∇2φ,X)
]
+ a4B(Y,X;Y, Y ;∇2φ) det(∇2φ,X) det(U,X)

+ a4B(X,Y ;X,X;∇2φ) det(∇2φ, Y ) det(U, Y )

+ a5 det(X,Y ) [det(U, Y )B(X,X;Y )− det(U,X)B(Y, Y ;X)]
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+ a6 det(X,Y )

[
∂B

∂φ
(U, Y ;X,X) det(∇φ, Y )− ∂B

∂φ
(U,X;Y, Y ) det(∇φ,X)

]
+ a6

∂B

∂φ
(Y,X;Y, Y ) det(∇φ,X) det(U,X)

+ a6
∂B

∂φ
(X,Y ;X,X) det(∇φ, Y ) det(U, Y )

}
+ det(X,Y ) [det(U, Y )Q(Y ;X,X)− det(U,X)Q(X;Y, Y )] .

We compare this expression with (C.6), noting that a1 = 2
3 , a3 = −2

3 , and a5 = a7 = −2

to match the corresponding terms. Taking (C.8) into account, we see that a0 = a2 = a4 =

a6 = 0. We perform these substitutions in the previous expression, leaving

D(U, Y,X,X,X;Y, Y ) +D(U,X, Y, Y, Y ;X,X)

=
1

3
RB(□,□;X,X;Y, Y ) [det(∇φ, Y ) det(U,X) + det(∇φ,X) det(U, Y )]

− 1

3
RB(∇φ,□;X,X;Y, Y ) [det(□, Y ) det(U,X) + det(□, X) det(U, Y )]

−B(X,X;Y, Y ;∇2φ)
[
det(∇2φ, Y ) det(U,X) + det(∇2φ,X) det(U, Y )

]
− ∂B

∂φ
(X,X;Y, Y ) [det(∇φ, Y ) det(U,X) + det(∇φ,X) det(U, Y )]

− det(X,Y ) [det(U, Y )B(X,X;Y )− det(U,X)B(Y, Y ;X)]

+ det(X,Y ) [det(U, Y )Q(Y ;X,X)− det(U,X)Q(X;Y, Y )]

=
1

3
RB(□,□;X,X;Y, Y ) [det(∇φ, Y ) det(U,X) + det(∇φ,X) det(U, Y )]

− 1

3
RB(∇φ,□;X,X;Y, Y ) [det(□, Y ) det(U,X) + det(□, X) det(U, Y )]

−B(X,X;Y, Y ;∇2φ)
[
det(∇2φ, Y ) det(U,X) + det(∇2φ,X) det(U, Y )

]
− ∂B

∂φ
(X,X;Y, Y ) [det(∇φ, Y ) det(U,X) + det(∇φ,X) det(U, Y )]

+ det(X,Y ) det(U,X) [B(Y, Y ;X)−Q(X;Y, Y )]

+ det(X,Y ) det(U, Y ) [Q(Y ;X,X)−B(X,X;Y )] .

The final two terms of this equation must cancel to match (C.6), i.e.,

0 = det(U,X) [B(Y, Y ;X)−Q(X;Y, Y )] + det(U, Y ) [Q(Y ;X,X)−B(X,X;Y )] ,
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where we have removed the common term det(X,Y ) from this condition using the arbitrary

nature of the X and Y covectors. Letting U = X, this equation reduces to

0 = det(X,Y ) [Q(Y ;X,X)−B(X,X;Y )]

or, equivalently, Q(Y ;X,X) = B(X,X;Y ).

Rewriting this expression as Bij;a = Qa;ij , we integrate with respect to φij to get

∫
Bij;a dφij = Qa +Na,

where Na is a vector density of scalar order 1. Differentiating this equation with respect to

φb, we have ∫
Bij;a;b dφij = Qa;b +Na;b.

The left side is explicitly symmetric in the indices ab, while the term Na;b is symmetric via

the invariance identity for a scalar order 1 vector density, i.e., Na;b = O;a;b for some scalar

order 1 scalar density O. Therefore, Qa;b = Qb;a.

Returning to the divergence-free condition (C.5), we remove those terms which are

quadratic in φabc using (C.6), yielding

0 = Symklmn ε
ikεjlBmn

[
2R(gjkφlmn − gklφjmn) +R|n(gjkφml − gkmφjl)

+
2

15
R2(gklgjmφn − gklgmnφj) +

1

5
R|mn(gjkφl − glkφj)

]
+
(
2 Symij Symklm ε

ikεjaBlm;bcφabc +Dijklm
)

×
[
−R(gklφmj − gjkφlm)− 1

4
R|m(gklφj − gjkφl)

]
+Dijabc;klφabc

[
−1

3
R(gklφj − gjkφl)

]
+ Eij;kl

[
φklj −

1

3
R(gklφj − gjkφl)

]
+
(
Dijabc;kφabc + Eij;k

)
φjk +

(
∂Dijabc

∂φ
φabc +

∂Eij

∂φ

)
φj . (C.9)
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We simplify this expression by expanding the symmetries and collecting similar terms. We

begin by simplifying the first term

Symklmnε
ikεjlBmn

[
2R(gjkφlmn − gklφjmn) +R|n(gjkφml − gkmφjl)

+
2

15
R2(gklgjmφn − gklgmnφj) +

1

5
R|mn(gjkφl − glkφj)

]
=

1

12

(
εikεjlBmn + εikεjmBln + εikεjnBlm + εilεjmBkn + εilεjnBkm + εimεjnBkl

+ εilεjkBmn + εimεjkBln + εinεjkBlm + εimεjlBkn + εinεjlBkm + εinεjmBkl
)

×
[
2R(gjkφlmn − gklφjmn) +R|n(gjkφml − gkmφjl)

+
2

15
R2(gklgjmφn − gklgmnφj) +

1

5
R|mn(gjkφl − glkφj)

]
=

1

12

{
2R
[
−(−1)qgilBmn − (−1)qgimBln − (−1)qginBlm + gjkε

ilεjmBkn

+ gjkε
ilεjnBkm + gjkε

imεjnBkl + 0 + 0 + 0 + gjkε
imεjlBkn + gjkε

inεjlBkm

+ gjkε
inεjmBkl

]
φlmn − 2R

[
(−1)qgijBmn + 0 + 0 + 0 + 0 + 0 + (−1)qgijBmn

+ gklε
imεjkBln + gklε

inεjkBlm + gklε
imεjlBkn + gklε

inεjlBkm + 0
]
φjmn

+R|n

[
−(−1)qgilBmn − (−1)qgimBln − (−1)qginBlm + gjkε

ilεjmBkn

+ gjkε
ilεjnBkm + gjkε

imεjnBkl + 0 + 0 + 0 + gjkε
imεjlBkn + gjkε

inεjlBkm

+ gjkε
inεjmBkl

]
φml −R|n

[
0 + (−1)qgijBln + gkmε

ikεjnBlm + gkmε
ilεjmBkn

+ gkmε
ilεjnBkm + gkmε

imεjnBkl + gkmε
ilεjkBmn + (−1)qgijBln

+ gkmε
inεjkBlm + 0 + 0 + gkmε

inεjmBkl
]
φjl +

2

15
R2
[
(−1)qBin + 0

+ gklgjmε
ikεjnBlm + 0 + gklgjmε

ilεjnBkm − (−1)qgklg
inBkl + (−1)qBin

− (−1)qBin + 0− (−1)qBin + 0 + 0
]
φn − 2

15
R2
[
(−1)qgijgmnB

mn

+ gklgmnε
ikεjmBln + gklgmnε

ikεjnBlm + gklgmnε
ilεjmBkn + gklgmnε

ilεjnBkm

+ (−1)qgijgklB
kl + (−1)qgijgmnB

mn + gklgmnε
imεjkBln + gklgmnε

inεjkBlm

+ gklgmnε
imεjlBkn + gklgmnε

inεjlBkm + (−1)qgijgklB
kl
]
φj

+
1

5
R|mn

[
−(−1)qgilBmn − (−1)qgimBln − (−1)qginBlm + gjkε

ilεjmBkn
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+ gjkε
ilεjnBkm + gjkε

imεjnBkl + 0 + 0 + 0 + gjkε
imεjlBkn + gjkε

inεjlBkm

+ gjkε
inεjmBkl

]
φl −

1

5
R|mn

[
(−1)qgijBmn + gklε

ikεjmBln + gklε
ikεjnBlm

+ gklε
ilεjmBkn + gklε

ilεjnBkm + gklε
imεjnBkl + (−1)qgijBmn + gklε

imεjkBln

+ gklε
inεjkBlm + gklε

imεjlBkn + gklε
inεjlBkm + gklε

inεjmBkl
]
φj

}
=

1

12

{
2R
[
−3(−1)qgilBmn + 6gjkε

ilεjmBkn
]
φlmn − 2R

[
2(−1)qgijBmn

+ 4gklε
imεjkBln

]
φjmn +R|n

[
−2(−1)qgilBmn − (−1)qginBlm

+ 2gjkε
ilεjmBkn + 2gjkε

ilεjnBkm + 2gjkε
inεjlBkm

]
φml −R|n

[
2(−1)qgijBln

+ 2gkmε
ikεjnBlm + 2gkmε

ilεjmBkn + gkmε
ilεjnBkm + 2gkmε

inεjkBlm
]
φjl

+
2

15
R2
[
2gklgjmε

ikεjnBlm − (−1)qgklg
inBkl

]
φn − 2

15
R2
[
4(−1)qgijgklB

kl

+ 8gklgmnε
ikεjmBln

]
φj +

1

5
R|mn

[
−(−1)qgilBmn − 2(−1)qgimBln

+ 2gjkε
ilεjmBkn + 2gjkε

imεjnBkl + 2gjkε
imεjlBkn

]
φl −

1

5
R|mn

×
[
2(−1)qgijBmn + 4gklε

ikεjmBln + 2gklε
imεjnBkl + 4gklε

imεjkBln
]
φj

}
=

1

12

{
2R
[
−5(−1)qgilBmn + 10gjkε

ilεjmBkn
]
φlmn

+R|n

[
−4(−1)qgilBmn − (−1)qginBlm + 4gjkε

ilεjmBkn + 2gjkε
ilεjnBkm

+ 4gjkε
inεjlBkm − 2gjkε

ijεlnBkm − gjkε
ilεmnBkj

]
φml

+
2

15
R2
[
10gklgjmε

ikεjnBlm − 5(−1)qgklg
inBkl

]
φn

+
1

5
R|mn

[
−3(−1)qgilBmn − 2(−1)qgimBln + 2gjkε

ilεjmBkn + 2gjkε
imεjnBkl

+ 6gjkε
imεjlBkn − 4gjkε

ikεlmBjn − 2gjkε
imεlnBjk

]
φl

}
=

(−1)q

12

{
2R
[
−5gilBmn + 10gjk(g

ijglm − gimgjl)Bkn
]
φlmn

+R|n

[
−4gilBmn − ginBlm + 4gjk(g

ijglm − gimgjl)Bkn

+ 2gjk(g
ijgln − gingjl)Bkm + 4gjk(g

ijgnl − gilgjn)Bkm

− 2gjk(g
ilgjn − gingjl)Bkm − gjk(g

imgln − ginglm)Bkj
]
φml

+
2

15
R2
[
10gklgjm(gijgkn − gingjk)Blm − 5gklg

inBkl
]
φn



131

+
1

5
R|mn

[
−3gilBmn − 2gimBln + 2gjk(g

ijglm − gimgjl)Bkn

+ 2gjk(g
ijgmn − gingjm)Bkl + 6gjk(g

ijglm − gilgjm)Bkn

− 4gjk(g
ilgkm − gimgkl)Bjn − 2gjk(g

ilgmn − ginglm)Bjk
]
φl

}
=

(−1)q

12

[
2R
(
−15gilBmn + 10glmBin

)
φlmn

+R|n

(
−14gilBmn − ginBlm + 4glmBin + 6glnBim − gimglngjkB

kj

+ ginglmgjkB
kj
)
φlm +

2

15
R2
(
10Bil − 15gjkg

ilBjk
)
φl

+
1

5
R|mn

(
−13gilBmn − 2gimBln + 8glmBin + 2gmnBil

− 2gilgmngjkB
jk + 2ginglmgjkB

jk
)
φl

]
=

(−1)q

6

(
−15RgilBmn + 10RglmBin

)
φlmn +

(−1)q

12

(
−14R|ng

ilBmn −R|iBlm

+ 4R|ng
lmBin + 6R|lBim −R|lgimgjkB

kj +R|iglmgjkB
kj
)
φlm

+
(−1)q

12

(
4

3
R2Bil − 2R2gjkg

ilBjk − 13

5
R|mng

ilBmn − 2

5
R|mng

imBln

+
8

5
R|mng

lmBin +
2

5
R|mng

mnBil − 2

5
R|mng

ilgmngjkB
jk

+
2

5
R|mng

inglmgjkB
jk

)
φl.

Using a similar procedure, we simplify the second term

(
2 Symij Symklm ε

ikεjaBlm;bcφabc +Dijklm
)

×
[
−R(gklφmj − gjkφlm)− 1

4
R|m(gklφj − gjkφl)

]
= −1

3

(
εikεjaBlm;bc + εjkεiaBlm;bc + εilεjaBkm;bc + εjlεiaBkm;bc + εimεjaBkl;bc

+ εjmεiaBkl;bc
)
φabc

(
Rgklφmj −Rgjkφlm +

1

4
R|mgklφj −

1

4
R|mgjkφl

)
−RgklφmjD

ijklm +RgjkφlmD
ijklm − 1

4
R|mgklφjD

ijklm +
1

4
R|mgjkφlD

ijklm

= −(−1)q

3
φabc

{
Rgklφmj

[(
gijgak − giagjk

)
Blm;bc +

(
gijgak − gjagik

)
Blm;bc

+
(
gijgal − giagjl

)
Bkm;bc +

(
gijgal − gjagil

)
Bkm;bc +

(
gijgam − giagjm

)
Bkl;bc

]
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−Rgjkφlm

[(
gijgak − giagjk

)
Blm;bc +

(
gijgak − gikgaj

)
Blm;bc

+
(
gijgal − giagjl

)
Bkm;bc +

(
gijgal − gilgaj

)
Bkm;bc

+
(
gijgam − giagjm

)
Bkl;bc +

(
gijgam − gimgaj

)
Bkl;bc

]
+

1

4
R|mgklφj

[(
gijgak − giagjk

)
Blm;bc +

(
gijgak − gikgja

)
Blm;bc

+
(
gijgal − giagjl

)
Bkm;bc +

(
gijgal − gilgaj

)
Bkm;bc

+
(
gijgam − giagjm

)
Bkl;bc +

(
gijgam − gimgaj

)
Bkl;bc

]
− 1

4
R|mgjkφl

[(
gijgak − giagjk

)
Blm;bc +

(
gijgal − giagjl

)
Bkm;bc

+
(
gijgal − gilgaj

)
Bkm;bc +

(
gijgam − giagjm

)
Bkl;bc +

(
gijgam − gimgja

)
Bkl;bc

]}
−RgklφmjD

ijklm +RgjkφlmD
ijklm − 1

4
R|mgklφjD

ijklm +
1

4
R|mgjkφlD

ijklm

= −(−1)q

3
φabc

[(
Rφmjg

ijBam;bc −Rφmjg
iaBjm;bc +Rφmjg

ijBam;bc −Rφmjg
jaBim;bc

+Rφmjg
ijBam;bc −Rφmjg

iaBjm;bc +Rφmjg
ijBam;bc −Rφmjg

jaBim;bc

+Rgklφmjg
ijgamBkl;bc −Rgklφmjg

iagjmBkl;bc
)

−
(
Rφlmg

iaBlm;bc − 2Rφlmg
iaBlm;bc +Rφlmg

iaBlm;bc −Rφlmg
iaBlm;bc

+Rφlmg
alBim;bc −Rφlmg

iaBlm;bc +Rφlmg
alBim;bc −Rφlmg

ilBam;bc

+Rφlmg
amBil;bc −Rφlmg

iaBml;bc +Rφlmg
amBil;bc −Rφlmg

imBal;bc
)

+
1

4
R|m

(
φjg

ijBam;bc − φjg
iaBjm;bc + φjg

ijBam;bc − φjg
jaBim;bc

+ φjg
ijBam;bc − φjg

iaBjm;bc + φjg
ijBam;bc − φjg

ajBim;bc

+ gklφjg
ijgamBkl;bc − gklφjg

iagjmBkl;bc + gklφjg
ijgamBkl;bc

− gklφjg
imgajBkl;bc

)
− 1

4
R|m

(
φlg

iaBlm;bc − 2φlg
iaBlm;bc

+ φlg
alBim;bc − φlg

iaBlm;bc + φlg
alBim;bc − φlg

ilBam;bc

+ φlg
amBil;bc − φlg

iaBml;bc + φlg
amBil;bc − φlg

imBal;bc
)]

−RgklφmjD
ijklm +RgjkφlmD

ijklm − 1

4
R|mgklφjD

ijklm +
1

4
R|mgjkφlD

ijklm

= −(−1)q

3
φabc

[(
4Rφmjg

ijBam;bc − 2Rφmjg
iaBjm;bc − 2Rφmjg

jaBim;bc
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+Rgklφmjg
ijgamBkl;bc −Rgklφmjg

iagjmBkl;bc
)

−
(
−3Rφlmg

iaBlm;bc + 4Rφlmg
alBim;bc − 2Rφlmg

ilBam;bc
)

+
1

4
R|m

(
4φjg

ijBam;bc − 2φjg
iaBjm;bc − 2φjg

jaBim;bc + 2gklφjg
ijgamBkl;bc

− gklφjg
iagjmBkl;bc − gklφjg

jagimBkl;bc
)
− 1

4
R|m

(
−3φlg

iaBlm;bc

+ 2φlg
alBim;bc − φlg

ilBam;bc + 2φlg
amBil;bc − φlg

imBal;bc
)]

−RgklφmjD
ijklm +RgjkφlmD

ijklm − 1

4
R|mgklφjD

ijklm +
1

4
R|mgjkφlD

ijklm

= −(−1)q

3
φabc

[
Rφmj

(
6gijBam;bc + giaBjm;bc − 6gjaBim;bc + gklg

ijgamBkl;bc

− gklg
iagjmBkl;bc

)
+

1

4
R|mφj

(
5gijBam;bc + giaBjm;bc − 4gjaBim;bc

+ 2gklg
ijgamBkl;bc − gklg

iagjmBkl;bc − gklg
jagimBkl;bc − 2gamBij;bc + gimBaj;bc

)]
−RgklφmjD

ijklm +RgjkφlmD
ijklm − 1

4
R|mgklφjD

ijklm +
1

4
R|mgjkφlD

ijklm.

We substitute these terms back into the divergence-free condition (C.9), yielding

0 =
(−1)q

6

(
−15RgilBmn + 10RglmBin

)
φlmn +

(−1)q

12

(
−14R|ng

ilBmn −R|iBml

+ 4R|ng
mlBin + 6R|lBim −R|lgimgkjB

kj +R|igmlgkjB
kj
)
φlm

+
(−1)q

12

(
−2R2gilgkmB

km +
4

3
R2Bil − 13

5
R|mng

ilBmn − 2

5
R|mng

imBln

+
8

5
R|mng

mlBin +
2

5
R|mng

mnBil − 2

5
R|mng

mngilgjkB
jk +

2

5
R|mng

ingjkg
mlBjk

)
φl

− (−1)q

3
φabc

[
Rφmj

(
6gijBam;bc + giaBjm;bc − 6gjaBim;bc + gklg

ijgamBkl;bc

− gklg
iagjmBkl;bc

)
+

1

4
R|mφj

(
5gijBam;bc + giaBjm;bc − 4gjaBim;bc

+ 2gklg
ijgamBkl;bc − gklg

iagjmBkl;bc − gklg
jagimBkl;bc − 2gamBij;bc + gimBaj;bc

)]
−RgklφmjD

ijklm +RgjkφlmD
ijklm − 1

4
R|mgklφjD

ijklm +
1

4
R|mgjkφlD

ijklm

+Dijabc;klφabc

[
−1

3
R(gklφj − gjkφl)

]
+ Eij;kl

[
φklj −

1

3
R(gklφj − gjkφl)

]
+
(
Dijabc;kφabc + Eij;k

)
φjk +

(
∂Dijabc

∂φ
φabc +

∂Eij

∂φ

)
φj . (C.10)
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We apply the differential operator UiXaXbXc
∂

∂φabc
to the divergence-free condition and

solve the resulting equation for Eij;kl

E(U,X;X,X)

=
(−1)q

6
[15Rg(U,X)B(X,X)− 10Rg(X,X)B(U,X)]

+
(−1)q

3

{
R
[
6g(U,∇2φ)B(X,∇2φ;X,X) + g(U,X)B(∇2φ,∇2φ;X,X)

− 6g(∇2φ,X)B(U,∇2φ;X,X) + g(U,∇2φ)g(X,∇2φ)B(□,□;X,X)

− g(U,X)g(∇2φ,∇2φ)B(□,□;X,X)
]
+

1

4
[5g(U,∇φ)B(X,∇R;X,X)

+ g(U,X)B(∇φ,∇R;X,X)− 4g(∇φ,X)B(U,∇R;X,X)

+ 2g(U,∇φ)g(X,∇R)B(□,□;X,X)− g(U,X)g(∇φ,∇R)B(□,□;X,X)

− g(U,∇R)g(X,∇φ)B(□,□;X,X)− 2g(X,∇R)B(U,∇φ;X,X)

+ g(U,∇R)B(X,∇φ;X,X)]

}
+

1

3
R [D(U,∇φ,X,X,X;□,□)

−D(U,□, X,X,X;□,∇φ)]−D(U,∇2φ,X,X,X;∇2φ)− ∂D

∂φ
(U,∇φ,X,X,X)

=
(−1)q

6

[
15Rg(U,X)B(X,X)− 10Rg(X,X)B(U,X) + 12Rg(U,∇2φ)B(∇2φ,X;X,X)

+ 2Rg(U,X)B(∇2φ,∇2φ;X,X)− 12Rg(∇2φ,X)B(∇2φ,U ;X,X)

+ 2Rg(U,∇2φ)g(X,∇2φ)B(□,□;X,X)− 2Rg(U,X)g(∇2φ,∇2φ)B(□,□;X,X)

+ g(U,∇φ)g(X,∇R)B(□,□;X,X)− 1

2
g(U,∇R)g(X,∇φ)B(□,□;X,X)

− 1

2
g(U,X)g(∇φ,∇R)B(□,□;X,X) +

1

2
g(U,X)B(∇φ,∇R;X,X)

− 2g(X,∇φ)B(∇R,U ;X,X)− g(X,∇R)B(∇φ,U ;X,X)

+
5

2
g(U,∇φ)B(∇R,X;X,X) +

1

2
g(U,∇R)B(∇φ,X;X,X)

]
+

1

3
R [D(U,∇φ,X,X,X;□,□)−D(U,□, X,X,X;□,∇φ)]

−D(U,∇2φ,X,X,X;∇2φ)− ∂D

∂φ
(U,∇φ,X,X,X). (C.11)
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Before proceeding further, we express D (C.7) using covector notation and expand the

permutation tensors using (2.8)

D(U,U,X,X,X)

= 2 det(U,X) det(U,∇2φ)B(X,X;∇2φ) + 2 det(U,X) det(U,∇φ)∂B
∂φ

(X,X)

− 2

3
R det(U,X) det(U,∇φ)B(X,X;□,□)

+
2

3
R det(U,X) det(U,□)B(X,X;∇φ,□) + det(U,X)2Q(X)

= (−1)q
[
2g(U,U)g(X,∇2φ)B(X,X;∇2φ)− 2g(U,∇2φ)g(U,X)B(X,X;∇2φ)

+ 2g(U,U)g(X,∇φ)∂B
∂φ

(X,X)− 2g(U,∇φ)g(U,X)
∂B

∂φ
(X,X)

− 2

3
Rg(U,U)g(X,∇φ)B(X,X;□,□) +

2

3
Rg(U,∇φ)g(U,X)B(X,X;□,□)

+
2

3
Rg(U,U)g(X,□)B(X,X;∇φ,□)− 2

3
Rg(U,□)g(U,X)B(X,X;∇φ,□)

+ g(U,U)g(X,X)Q(X)− g(U,X)g(U,X)Q(X)]

= (−1)q
[
2g(U,U)g(X,∇2φ)Q(∇2φ;X,X)− 2g(U,∇2φ)g(U,X)Q(∇2φ;X,X)

+ 2g(U,U)g(X,∇φ)∂B
∂φ

(X,X)− 2g(U,∇φ)g(U,X)
∂B

∂φ
(X,X)

− 2

3
Rg(U,U)g(X,∇φ)B(□,□;X,X) +

2

3
Rg(U,∇φ)g(U,X)B(□,□;X,X)

+
2

3
Rg(U,U)B(∇φ,X;X,X)− 2

3
Rg(U,X)B(∇φ,U ;X,X)

+ g(U,U)g(X,X)Q(X)− g(U,X)g(U,X)Q(X)

]
. (C.12)

With this result, we expand the D terms in (C.11). First, we expand the terms containing

derivatives of D with respect to φij , namely

1

3
RD(U,∇φ,X,X,X;□,□)

=
(−1)q

3
R

[
2g(U,∇φ)g(X,∇2φ)Q(∇2φ;X,X)− g(∇φ,∇2φ)g(U,X)Q(∇2φ;X,X)

− g(U,∇2φ)g(∇φ,X)Q(∇2φ;X,X) + 2g(U,∇φ)g(X,∇φ)∂B
∂φ

(X,X)

− g(∇φ,∇φ)g(U,X)
∂B

∂φ
(X,X)− g(U,∇φ)g(∇φ,X)

∂B

∂φ
(X,X)
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− 2

3
Rg(U,∇φ)g(X,∇φ)B(□a,□a;X,X) +

1

3
Rg(∇φ,∇φ)g(U,X)B(□a,□a;X,X)

+
1

3
Rg(U,∇φ)g(∇φ,X)B(□a,□a;X,X) +

2

3
Rg(U,∇φ)B(∇φ,X;X,X)

− 1

3
Rg(∇φ,X)B(∇φ,U ;X,X)− 1

3
Rg(U,X)B(∇φ,∇φ;X,X)

+ g(U,∇φ)g(X,X)Q(X)− g(U,X)g(∇φ,X)Q(X)

]
(;□,□)

=
(−1)q

3
R

[
2g(U,∇φ)g(X,∇2φ)Q(∇2φ;X,X)− g(∇φ,∇2φ)g(U,X)Q(∇2φ;X,X)

− g(U,∇2φ)g(∇φ,X)Q(∇2φ;X,X) + g(U,∇φ)g(X,∇φ)∂B
∂φ

(X,X)

− Sg(U,X)
∂B

∂φ
(X,X)− 1

3
Rg(U,∇φ)g(X,∇φ)B(□a,□a;X,X)

+
1

3
RSg(U,X)B(□a,□a;X,X) +

2

3
Rg(U,∇φ)B(∇φ,X;X,X)

− 1

3
Rg(∇φ,X)B(∇φ,U ;X,X)− 1

3
Rg(U,X)B(∇φ,∇φ;X,X)

+ g(U,∇φ)g(X,X)Q(X)− g(U,X)g(∇φ,X)Q(X)

]
(;□,□)

=
(−1)q

3
R

[
2g(U,∇φ)g(X,□)Q(□;X,X) + 2g(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X)

− g(∇φ,□)g(U,X)Q(□;X,X)− g(∇φ,∇2φ)g(U,X)Q(∇2φ;□,□;X,X)

− g(U,□)g(∇φ,X)Q(□;X,X)− g(U,∇2φ)g(∇φ,X)Q(∇2φ;□,□;X,X)

+ g(U,∇φ)g(X,∇φ)∂B
∂φ

(□,□;X,X)− Sg(U,X)
∂B

∂φ
(□,□;X,X)

− 1

3
Rg(U,∇φ)g(X,∇φ)B(□a,□a;□,□;X,X)

+
1

3
RSg(U,X)B(□a,□a;□,□;X,X) +

2

3
Rg(U,∇φ)B(□,□;∇φ,X;X,X)

− 1

3
Rg(∇φ,X)B(□,□;∇φ,U ;X,X)− 1

3
Rg(U,X)B(□,□;∇φ,∇φ;X,X)

+ g(U,∇φ)g(X,X)Q(X;□,□)− g(U,X)g(∇φ,X)Q(X;□,□)

]
=

(−1)q

3
R

[
2g(U,∇φ)Q(X;X,X) + 2g(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X)

− g(U,X)Q(∇φ;X,X)− g(∇φ,∇2φ)g(U,X)Q(∇2φ;□,□;X,X)

− g(∇φ,X)Q(U ;X,X)− g(U,∇2φ)g(∇φ,X)Q(∇2φ;□,□;X,X)

+ g(U,∇φ)g(X,∇φ)∂B
∂φ

(□,□;X,X)− Sg(U,X)
∂B

∂φ
(□,□;X,X)
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− 1

3
Rg(U,∇φ)g(X,∇φ)B(□a,□a;□,□;X,X)

+
1

3
RSg(U,X)B(□a,□a;□,□;X,X) +

2

3
Rg(U,∇φ)B(□,□;∇φ,X;X,X)

− 1

3
Rg(∇φ,X)B(□,□;∇φ,U ;X,X)− 1

3
Rg(U,X)B(□,□;∇φ,∇φ;X,X)

+ g(U,∇φ)g(X,X)Q(X;□,□)− g(U,X)g(∇φ,X)Q(X;□,□)

]
= (−1)q

[
1

3
Rg(U,∇φ)g(X,X)Q(X;□,□)− 1

3
Rg(U,X)g(X,∇φ)Q(X;□,□)

+
2

3
Rg(U,∇φ)Q(X;X,X)− 1

3
Rg(U,X)Q(∇φ;X,X)

− 1

3
Rg(X,∇φ)Q(U ;X,X) +

2

3
Rg(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X)

− 1

3
Rg(U,X)g(∇φ,∇2φ)Q(∇2φ;□,□;X,X)

− 1

3
Rg(U,∇2φ)g(X,∇φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,∇φ)g(X,∇φ)∂B

∂φ
(□,□;X,X)− 1

3
RSg(U,X)

∂B

∂φ
(□,□;X,X)

− 1

9
R2g(U,∇φ)g(X,∇φ)B(□a,□a;□,□;X,X)

+
1

9
R2Sg(U,X)B(□a,□a;□,□;X,X) +

2

9
R2g(U,∇φ)B(□,□;∇φ,X;X,X)

− 1

9
R2g(X,∇φ)B(□,□;∇φ,U ;X,X)− 1

9
R2g(U,X)B(□,□;∇φ,∇φ;X,X)

]

and

1

3
RD(U,□, X,X,X;∇φ,□)

=
(−1)q

3
R

[
2g(U,□)g(X,∇2φ)Q(∇2φ;X,X)− g(□,∇2φ)g(U,X)Q(∇2φ;X,X)

− g(U,∇2φ)g(□, X)Q(∇2φ;X,X) + 2g(U,□)g(X,∇φ)∂B
∂φ

(X,X)

− g(□,∇φ)g(U,X)
∂B

∂φ
(X,X)− g(U,∇φ)g(□, X)

∂B

∂φ
(X,X)

− 2

3
Rg(U,□)g(X,∇φ)B(□a,□a;X,X) +

1

3
Rg(□,∇φ)g(U,X)B(□a,□a;X,X)

+
1

3
Rg(U,∇φ)g(□, X)B(□a,□a;X,X) +

2

3
Rg(U,□)B(∇φ,X;X,X)

− 1

3
Rg(□, X)B(∇φ,U ;X,X)− 1

3
Rg(U,X)B(∇φ,□;X,X)
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+ g(U,□)g(X,X)Q(X)− g(U,X)g(□, X)Q(X)

]
(;∇φ,□)

=
(−1)q

3
R

[
g(U,□)g(X,∇φ)Q(□;X,X) + g(U,□)g(X,□)Q(∇φ;X,X)

+ 2g(U,□)g(X,∇2φ)Q(∇2φ;∇φ,□;X,X)− 1

2
g(□,∇φ)g(U,X)Q(□;X,X)

− 1

2
g(□,□)g(U,X)Q(∇φ;X,X)− g(□,∇2φ)g(U,X)Q(∇2φ;∇φ,□;X,X)

− 1

2
g(U,∇φ)g(□, X)Q(□;X,X)− 1

2
g(U,□)g(□, X)Q(∇φ;X,X)

− g(U,∇2φ)g(□, X)Q(∇2φ;∇φ,□;X,X) + 2g(U,□)g(X,∇φ)∂B
∂φ

(∇φ,□;X,X)

− g(□,∇φ)g(U,X)
∂B

∂φ
(∇φ,□;X,X)− g(U,∇φ)g(□, X)

∂B

∂φ
(∇φ,□;X,X)

− 2

3
Rg(U,□)g(X,∇φ)B(□a,□a;∇φ,□;X,X)

+
1

3
Rg(□,∇φ)g(U,X)B(□a,□a;∇φ,□;X,X)

+
1

3
Rg(U,∇φ)g(□, X)B(□a,□a;∇φ,□;X,X)

+
2

3
Rg(U,□)B(∇φ,□;∇φ,X;X,X)− 1

3
Rg(□, X)B(∇φ,□;∇φ,U ;X,X)

− 1

3
Rg(U,X)B(∇φ,□;∇φ,□;X,X) + g(U,□)g(X,X)Q(X;∇φ,□)

− g(U,X)g(□, X)Q(X;∇φ,□)

]
=

(−1)q

3
R

[
g(X,∇φ)Q(U ;X,X) + g(U,X)Q(∇φ;X,X)

+ 2g(X,∇2φ)Q(∇2φ;∇φ,U ;X,X)− 1

2
g(U,X)Q(∇φ;X,X)

− g(U,X)Q(∇φ;X,X)− g(U,X)Q(∇2φ;∇φ,∇2φ;X,X)

− 1

2
g(U,∇φ)Q(X;X,X)− 1

2
g(U,X)Q(∇φ;X,X)

− g(U,∇2φ)Q(∇2φ;∇φ,X;X,X) + 2g(X,∇φ)∂B
∂φ

(∇φ,U ;X,X)

− g(U,X)
∂B

∂φ
(∇φ,∇φ;X,X)− g(U,∇φ)∂B

∂φ
(∇φ,X;X,X)

− 2

3
Rg(X,∇φ)B(□a,□a;∇φ,U ;X,X) +

1

3
Rg(U,X)B(□a,□a;∇φ,∇φ;X,X)

+
1

3
Rg(U,∇φ)B(□a,□a;∇φ,X;X,X) +

2

3
RB(∇φ,U ;∇φ,X;X,X)

− 1

3
RB(∇φ,X;∇φ,U ;X,X)− 1

3
Rg(U,X)B(∇φ,□;∇φ,□;X,X)
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+ g(X,X)Q(X;∇φ,U)− g(U,X)Q(X;∇φ,X)

]
= (−1)q

[
1

3
Rg(X,X)Q(X;∇φ,U)− 1

3
Rg(U,X)Q(X;∇φ,X)

+
1

3
Rg(X,∇φ)Q(U ;X,X)− 1

3
Rg(U,X)Q(∇φ;X,X)− 1

6
Rg(U,∇φ)Q(X;X,X)

+
2

3
Rg(X,∇2φ)Q(∇2φ;∇φ,U ;X,X)− 1

3
Rg(U,X)Q(∇2φ;∇φ,∇2φ;X,X)

− 1

3
Rg(U,∇2φ)Q(∇2φ;∇φ,X;X,X) +

2

3
Rg(X,∇φ)∂B

∂φ
(∇φ,U ;X,X)

− 1

3
Rg(U,X)

∂B

∂φ
(∇φ,∇φ;X,X)− 1

3
Rg(U,∇φ)∂B

∂φ
(∇φ,X;X,X)

− 2

9
R2g(X,∇φ)B(□a,□a;∇φ,U ;X,X) +

1

9
R2g(U,X)B(□a,□a;∇φ,∇φ;X,X)

+
1

9
R2g(U,∇φ)B(□a,□a;∇φ,X;X,X) +

1

9
R2B(∇φ,U ;∇φ,X;X,X)

− 1

9
R2g(U,X)B(∇φ,□;∇φ,□;X,X)

]
.

Next, we expand the D term which is differentiated with respect to φi

D(U,∇2φ,X,X,X;∇2φ)

= (−1)q
[
2g(U,∇2φ)g(X,∇2

aφ)Q(∇2
aφ;X,X)− g(∇2φ,∇2

aφ)g(U,X)Q(∇2
aφ;X,X)

− g(U,∇2
aφ)g(∇2φ,X)Q(∇2

aφ;X,X) + 2g(U,∇2φ)g(X,∇φ)∂B
∂φ

(X,X)

− g(∇2φ,∇φ)g(U,X)
∂B

∂φ
(X,X)− g(∇2φ,∇φ)g(U,X)

∂B

∂φ
(X,X)

− 2

3
Rg(U,∇2φ)g(X,∇φ)B(□,□;X,X) +

1

3
Rg(∇2φ,∇φ)g(U,X)B(□,□;X,X)

+
1

3
Rg(U,∇φ)g(∇2φ,X)B(□,□;X,X) +

2

3
Rg(U,∇2φ)B(∇φ,X;X,X)

− 1

3
Rg(∇2φ,X)B(∇φ,U ;X,X)− 1

3
Rg(U,X)B(∇φ,∇2φ;X,X)

+ g(U,∇2φ)g(X,X)Q(X)− g(U,X)g(∇2φ,X)Q(X)

]
(;∇2φ)

= (−1)q
[
2g(U,∇2φ)g(X,∇2

aφ)Q(∇2
aφ;∇2φ;X,X)

− g(∇2φ,∇2
aφ)g(U,X)Q(∇2

aφ;∇2φ;X,X)

− g(U,∇2
aφ)g(∇2φ,X)Q(∇2

aφ;∇2φ;X,X)
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+ 2g(U,∇2φ)g(X,∇2φ)
∂B

∂φ
(X,X) + 2g(U,∇2φ)g(X,∇φ)∂B

∂φ
(X,X;∇2φ)

− g(∇2φ,∇2φ)g(U,X)
∂B

∂φ
(X,X)− g(∇2φ,∇φ)g(U,X)

∂B

∂φ
(X,X;∇2φ)

− g(∇2φ,∇2φ)g(U,X)
∂B

∂φ
(X,X)− g(∇2φ,∇φ)g(U,X)

∂B

∂φ
(X,X;∇2φ)

− 2

3
Rg(U,∇2φ)g(X,∇2φ)B(□,□;X,X)

− 2

3
Rg(U,∇2φ)g(X,∇φ)B(□,□;X,X;∇2φ)

+
1

3
Rg(∇2φ,∇2φ)g(U,X)B(□,□;X,X)

+
1

3
Rg(∇2φ,∇φ)g(U,X)B(□,□;X,X;∇2φ)

+
1

3
Rg(U,∇2φ)g(∇2φ,X)B(□,□;X,X)

+
1

3
Rg(U,∇φ)g(∇2φ,X)B(□,□;X,X;∇2φ)

+
2

3
Rg(U,∇2φ)B(∇2φ,X;X,X) +

2

3
Rg(U,∇2φ)B(∇φ,X;X,X;∇2φ)

− 1

3
Rg(∇2φ,X)B(∇2φ,U ;X,X)− 1

3
Rg(∇2φ,X)B(∇φ,U ;X,X;∇2φ)

− 1

3
Rg(U,X)B(∇2φ,∇2φ;X,X)− 1

3
Rg(U,X)B(∇φ,∇2φ;X,X;∇2φ)

+ g(U,∇2φ)g(X,X)Q(X;∇2φ)− g(U,X)g(∇2φ,X)Q(X;∇2φ)

]
= (−1)q

[
g(U,∇2φ)g(X,X)Q(∇2φ;X)− g(U,X)g(X,∇2φ)Q(∇2φ;X)

+ 2g(U,∇2φ)g(X,∇φ)∂Q
∂φ

(∇2φ;X,X)− 2g(U,X)g(∇φ,∇2φ)
∂Q

∂φ
(∇2φ;X,X)

+
2

3
Rg(U,∇2φ)Q(∇2φ;∇φ,X;X,X)− 1

3
Rg(X,∇2φ)Q(∇2φ;∇φ,U ;X,X)

− 1

3
Rg(U,X)Q(∇2φ;∇φ,∇2φ;X,X) + g(U,∇2φ)g(X,∇2

aφ)Q(∇2
aφ;∇2φ;X,X)

− g(U,X)g(∇2φ,∇2
aφ)Q(∇2

aφ;∇2φ;X,X)

− 2

3
Rg(U,∇2φ)g(X,∇φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,X)g(∇φ,∇2φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X) + 2g(U,∇2φ)g(X,∇2φ)

∂B

∂φ
(X,X)

− 2g(U,X)g(∇2φ,∇2φ)
∂B

∂φ
(X,X)− 1

3
Rg(U,∇2φ)g(X,∇2φ)B(□,□;X,X)
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+
1

3
Rg(U,X)g(∇2φ,∇2φ)B(□,□;X,X) +

2

3
Rg(U,∇2φ)B(∇2φ,X;X,X)

− 1

3
Rg(X,∇2φ)B(∇2φ,U ;X,X)− 1

3
Rg(U,X)B(∇2φ,∇2φ;X,X)

]
.

Finally, we produce the D term differentiated with respect to φ

∂D

∂φ
(U,∇φ,X,X,X)

= (−1)q
[
2g(U,∇φ)g(X,∇2φ)

∂Q

∂φ
(∇2φ;X,X)− g(∇φ,∇2φ)g(U,X)

∂Q

∂φ
(∇2φ;X,X)

− g(U,∇2φ)g(∇φ,X)
∂Q

∂φ
(∇2φ;X,X) + 2g(U,∇φ)g(X,∇φ)∂

2B

∂φ2
(X,X)

− g(∇φ,∇φ)g(U,X)
∂2B

∂φ2
(X,X)− g(U,∇φ)g(∇φ,X)

∂2B

∂φ2
(X,X)

− 2

3
Rg(U,∇φ)g(X,∇φ)∂B

∂φ
(□,□;X,X) +

1

3
Rg(∇φ,∇φ)g(U,X)

∂B

∂φ
(□,□;X,X)

+
1

3
Rg(U,∇φ)g(∇φ,X)

∂B

∂φ
(□,□;X,X) +

2

3
Rg(U,∇φ)∂B

∂φ
(∇φ,X;X,X)

− 1

3
Rg(∇φ,X)

∂B

∂φ
(∇φ,U ;X,X)− 1

3
Rg(U,X)

∂B

∂φ
(∇φ,∇φ;X,X)

+ g(U,∇φ)g(X,X)
∂Q

∂φ
(X)− g(U,X)g(∇φ,X)

∂Q

∂φ
(X)

]
= (−1)q

[
g(U,∇φ)g(X,X)

∂Q

∂φ
(X)− g(U,X)g(X,∇φ)∂Q

∂φ
(X)

+ 2g(U,∇φ)g(X,∇2φ)
∂Q

∂φ
(∇2φ;X,X)− g(U,X)g(∇φ,∇2φ)

∂Q

∂φ
(∇2φ;X,X)

− g(U,∇2φ)g(X,∇φ)∂Q
∂φ

(∇2φ;X,X) + g(U,∇φ)g(X,∇φ)∂
2B

∂φ2
(X,X)

− Sg(U,X)
∂2B

∂φ2
(X,X)− 1

3
Rg(U,∇φ)g(X,∇φ)∂B

∂φ
(□,□;X,X)

+
1

3
RSg(U,X)

∂B

∂φ
(□,□;X,X) +

2

3
Rg(U,∇φ)∂B

∂φ
(∇φ,X;X,X)

− 1

3
Rg(X,∇φ)∂B

∂φ
(∇φ,U ;X,X)− 1

3
Rg(U,X)

∂B

∂φ
(∇φ,∇φ;X,X)

]
.

We sum these four terms together using the coefficients from (C.11)

1

3
R [D(U,∇φ,X,X,X;□,□)−D(U,□, X,X,X;□,∇φ)]−D(U,∇2φ,X,X,X;∇2φ)

− ∂D

∂φ
(U,∇φ,X,X,X)
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= (−1)q
[
1

3
Rg(U,∇φ)g(X,X)Q(X;□,□)− 1

3
Rg(U,X)g(X,∇φ)Q(X;□,□)

+
2

3
Rg(U,∇φ)Q(X;X,X)− 1

3
Rg(U,X)Q(∇φ;X,X)

− 1

3
Rg(X,∇φ)Q(U ;X,X) +

2

3
Rg(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X)

− 1

3
Rg(U,X)g(∇φ,∇2φ)Q(∇2φ;□,□;X,X)

− 1

3
Rg(U,∇2φ)g(X,∇φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,∇φ)g(X,∇φ)∂B

∂φ
(□,□;X,X)− 1

3
RSg(U,X)

∂B

∂φ
(□,□;X,X)

− 1

9
R2g(U,∇φ)g(X,∇φ)B(□a,□a;□,□;X,X)

+
1

9
R2Sg(U,X)B(□a,□a;□,□;X,X) +

2

9
R2g(U,∇φ)B(□,□;∇φ,X;X,X)

− 1

9
R2g(X,∇φ)B(□,□;∇φ,U ;X,X)− 1

9
R2g(U,X)B(□,□;∇φ,∇φ;X,X)

]
− (−1)q

[
1

3
Rg(X,X)Q(X;∇φ,U)− 1

3
Rg(U,X)Q(X;∇φ,X)

+
1

3
Rg(X,∇φ)Q(U ;X,X)− 1

3
Rg(U,X)Q(∇φ;X,X)− 1

6
Rg(U,∇φ)Q(X;X,X)

+
2

3
Rg(X,∇2φ)Q(∇2φ;∇φ,U ;X,X)− 1

3
Rg(U,X)Q(∇2φ;∇φ,∇2φ;X,X)

− 1

3
Rg(U,∇2φ)Q(∇2φ;∇φ,X;X,X) +

2

3
Rg(X,∇φ)∂B

∂φ
(∇φ,U ;X,X)

− 1

3
Rg(U,X)

∂B

∂φ
(∇φ,∇φ;X,X)− 1

3
Rg(U,∇φ)∂B

∂φ
(∇φ,X;X,X)

− 2

9
R2g(X,∇φ)B(□a,□a;∇φ,U ;X,X) +

1

9
R2g(U,X)B(□a,□a;∇φ,∇φ;X,X)

+
1

9
R2g(U,∇φ)B(□a,□a;∇φ,X;X,X) +

1

9
R2B(∇φ,U ;∇φ,X;X,X)

− 1

9
R2g(U,X)B(∇φ,□;∇φ,□;X,X)

]
− (−1)q

[
g(U,∇2φ)g(X,X)Q(∇2φ;X)− g(U,X)g(X,∇2φ)Q(∇2φ;X)

+ 2g(U,∇2φ)g(X,∇φ)∂Q
∂φ

(∇2φ;X,X)− 2g(U,X)g(∇φ,∇2φ)
∂Q

∂φ
(∇2φ;X,X)

+
2

3
Rg(U,∇2φ)Q(∇2φ;∇φ,X;X,X)− 1

3
Rg(X,∇2φ)Q(∇2φ;∇φ,U ;X,X)

− 1

3
Rg(U,X)Q(∇2φ;∇φ,∇2φ;X,X) + g(U,∇2φ)g(X,∇2

aφ)Q(∇2
aφ;∇2φ;X,X)

− g(U,X)g(∇2φ,∇2
aφ)Q(∇2

aφ;∇2φ;X,X)
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− 2

3
Rg(U,∇2φ)g(X,∇φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,X)g(∇φ,∇2φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X) + 2g(U,∇2φ)g(X,∇2φ)

∂B

∂φ
(X,X)

− 2g(U,X)g(∇2φ,∇2φ)
∂B

∂φ
(X,X)− 1

3
Rg(U,∇2φ)g(X,∇2φ)B(□,□;X,X)

+
1

3
Rg(U,X)g(∇2φ,∇2φ)B(□,□;X,X) +

2

3
Rg(U,∇2φ)B(∇2φ,X;X,X)

− 1

3
Rg(X,∇2φ)B(∇2φ,U ;X,X)− 1

3
Rg(U,X)B(∇2φ,∇2φ;X,X)

]
− (−1)q

[
g(U,∇φ)g(X,X)

∂Q

∂φ
(X)− g(U,X)g(∇φ,X)

∂Q

∂φ
(X)

+ 2g(U,∇φ)g(X,∇2φ)
∂Q

∂φ
(∇2φ;X,X)− g(U,X)g(∇φ,∇2φ)

∂Q

∂φ
(∇2φ;X,X)

− g(U,∇2φ)g(X,∇φ)∂Q
∂φ

(∇2φ;X,X) + g(U,∇φ)g(X,∇φ)∂
2B

∂φ2
(X,X)

− Sg(U,X)
∂2B

∂φ2
(X,X)− 1

3
Rg(U,∇φ)g(X,∇φ)∂B

∂φ
(□,□;X,X)

+
1

3
RSg(U,X)

∂B

∂φ
(□,□;X,X) +

2

3
Rg(U,∇φ)∂B

∂φ
(∇φ,X;X,X)

− 1

3
Rg(X,∇φ)∂B

∂φ
(∇φ,U ;X,X)− 1

3
Rg(U,X)

∂B

∂φ
(∇φ,∇φ;X,X)

]
= (−1)q

[
g(U,X)g(X,∇φ)∂Q

∂φ
(X)− g(U,∇φ)g(X,X)

∂Q

∂φ
(X)

+ g(U,X)g(X,∇2φ)Q(∇2φ;X)− g(U,∇2φ)g(X,X)Q(∇2φ;X)

− 1

3
Rg(U,X)g(X,∇φ)Q(X;□,□) +

1

3
Rg(U,∇φ)g(X,X)Q(X;□,□)

+
1

3
Rg(U,X)Q(X;∇φ,X)− 1

3
Rg(X,X)Q(X;∇φ,U)

+
5

6
Rg(U,∇φ)Q(X;X,X)− 2

3
Rg(X,∇φ)Q(U ;X,X)

+ 3g(U,X)g(∇φ,∇2φ)
∂Q

∂φ
(∇2φ;X,X)− g(U,∇2φ)g(X,∇φ)∂Q

∂φ
(∇2φ;X,X)

− 2g(U,∇φ)g(X,∇2φ)
∂Q

∂φ
(∇2φ;X,X) + g(U,X)g(∇2φ,∇2

aφ)Q(∇2
aφ;∇2φ;X,X)

− g(U,∇2φ)g(X,∇2
aφ)Q(∇2

aφ;∇2φ;X,X) +
2

3
Rg(U,X)Q(∇2φ;∇φ,∇2φ;X,X)

− 1

3
Rg(U,∇2φ)Q(∇2φ;∇φ,X;X,X)− 1

3
Rg(X,∇2φ)Q(∇2φ;∇φ,U ;X,X)

− 2

3
Rg(U,X)g(∇φ,∇2φ)Q(∇2φ;□,□;X,X)
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+
1

3
Rg(U,∇2φ)g(X,∇φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X) + 2g(U,X)g(∇2φ,∇2φ)

∂B

∂φ
(X,X)

− 2g(U,∇2φ)g(X,∇2φ)
∂B

∂φ
(X,X) + Sg(U,X)

∂2B

∂φ2
(X,X)

− g(U,∇φ)g(X,∇φ)∂
2B

∂φ2
(X,X)− 1

3
Rg(U,X)g(∇2φ,∇2φ)B(□,□;X,X)

+
1

3
Rg(U,∇2φ)g(X,∇2φ)B(□,□;X,X) +

1

3
Rg(U,X)B(∇2φ,∇2φ;X,X)

− 2

3
Rg(U,∇2φ)B(∇2φ,X;X,X) +

1

3
Rg(X,∇2φ)B(∇2φ,U ;X,X)

− 2

3
RSg(U,X)

∂B

∂φ
(□,□;X,X) +

2

3
Rg(U,∇φ)g(X,∇φ)∂B

∂φ
(□,□;X,X)

+
2

3
Rg(U,X)

∂B

∂φ
(∇φ,∇φ;X,X)− 1

3
Rg(U,∇φ)∂B

∂φ
(∇φ,X;X,X)

− 1

3
Rg(X,∇φ)∂B

∂φ
(∇φ,U ;X,X) +

1

9
R2Sg(U,X)B(□a,□a;□,□;X,X)

− 1

9
R2g(U,∇φ)g(X,∇φ)B(□a,□a;□,□;X,X)

+
1

9
R2g(U,∇φ)B(□,□;∇φ,X;X,X) +

1

9
R2g(X,∇φ)B(□,□;∇φ,U ;X,X)

+
1

9
R2g(U,X)B(∇φ,□;∇φ,□;X,X)− 2

9
R2g(U,X)B(□,□;∇φ,∇φ;X,X)

− 1

9
R2B(∇φ,U ;∇φ,X;X,X)

]
.

We combine this result with the remaining terms in (C.11), yielding

E(U,X;X,X)

=
(−1)q

6

[
15Rg(U,X)B(X,X)− 10Rg(X,X)B(U,X) + 12Rg(U,∇2φ)B(∇2φ,X;X,X)

+ 2Rg(U,X)B(∇2φ,∇2φ;X,X)− 12Rg(∇2φ,X)B(∇2φ,U ;X,X)

+ 2Rg(U,∇2φ)g(X,∇2φ)B(□,□;X,X)− 2Rg(U,X)g(∇2φ,∇2φ)B(□,□;X,X)

+ g(U,∇φ)g(X,∇R)B(□,□;X,X)− 1

2
g(U,∇R)g(X,∇φ)B(□,□;X,X)

− 1

2
g(U,X)g(∇φ,∇R)B(□,□;X,X) +

1

2
g(U,X)B(∇φ,∇R;X,X)

− 2g(X,∇φ)B(∇R,U ;X,X)− g(X,∇R)B(∇φ,U ;X,X)

+
5

2
g(U,∇φ)B(∇R,X;X,X) +

1

2
g(U,∇R)B(∇φ,X;X,X)

]
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+ (−1)q
[
g(U,X)g(X,∇φ)∂Q

∂φ
(X)− g(U,∇φ)g(X,X)

∂Q

∂φ
(X)

+ g(U,X)g(X,∇2φ)Q(∇2φ;X)− g(U,∇2φ)g(X,X)Q(∇2φ;X)

− 1

3
Rg(U,X)g(X,∇φ)Q(X;□,□) +

1

3
Rg(U,∇φ)g(X,X)Q(X;□,□)

+
1

3
Rg(U,X)Q(X;∇φ,X)− 1

3
Rg(X,X)Q(X;∇φ,U)

+
5

6
Rg(U,∇φ)Q(X;X,X)− 2

3
Rg(X,∇φ)Q(U ;X,X)

+ 3g(U,X)g(∇φ,∇2φ)
∂Q

∂φ
(∇2φ;X,X)− g(U,∇2φ)g(X,∇φ)∂Q

∂φ
(∇2φ;X,X)

− 2g(U,∇φ)g(X,∇2φ)
∂Q

∂φ
(∇2φ;X,X) + g(U,X)g(∇2φ,∇2

aφ)Q(∇2
aφ;∇2φ;X,X)

− g(U,∇2φ)g(X,∇2
aφ)Q(∇2

aφ;∇2φ;X,X) +
2

3
Rg(U,X)Q(∇2φ;∇φ,∇2φ;X,X)

− 1

3
Rg(U,∇2φ)Q(∇2φ;∇φ,X;X,X)− 1

3
Rg(X,∇2φ)Q(∇2φ;∇φ,U ;X,X)

− 2

3
Rg(U,X)g(∇φ,∇2φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,∇2φ)g(X,∇φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X) + 2g(U,X)g(∇2φ,∇2φ)

∂B

∂φ
(X,X)

− 2g(U,∇2φ)g(X,∇2φ)
∂B

∂φ
(X,X) + Sg(U,X)

∂2B

∂φ2
(X,X)

− g(U,∇φ)g(X,∇φ)∂
2B

∂φ2
(X,X)− 1

3
Rg(U,X)g(∇2φ,∇2φ)B(□,□;X,X)

+
1

3
Rg(U,∇2φ)g(X,∇2φ)B(□,□;X,X) +

1

3
Rg(U,X)B(∇2φ,∇2φ;X,X)

− 2

3
Rg(U,∇2φ)B(∇2φ,X;X,X) +

1

3
Rg(X,∇2φ)B(∇2φ,U ;X,X)

− 2

3
RSg(U,X)

∂B

∂φ
(□,□;X,X) +

2

3
Rg(U,∇φ)g(X,∇φ)∂B

∂φ
(□,□;X,X)

+
2

3
Rg(U,X)

∂B

∂φ
(∇φ,∇φ;X,X)− 1

3
Rg(U,∇φ)∂B

∂φ
(∇φ,X;X,X)

− 1

3
Rg(X,∇φ)∂B

∂φ
(∇φ,U ;X,X) +

1

9
R2Sg(U,X)B(□a,□a;□,□;X,X)

− 1

9
R2g(U,∇φ)g(X,∇φ)B(□a,□a;□,□;X,X)

+
1

9
R2g(U,∇φ)B(□,□;∇φ,X;X,X) +

1

9
R2g(X,∇φ)B(□,□;∇φ,U ;X,X)

+
1

9
R2g(U,X)B(∇φ,□;∇φ,□;X,X)− 2

9
R2g(U,X)B(□,□;∇φ,∇φ;X,X)
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− 1

9
R2B(∇φ,U ;∇φ,X;X,X)

]
= (−1)q

[
g(U,X)g(X,∇φ)∂Q

∂φ
(X)− g(U,∇φ)g(X,X)

∂Q

∂φ
(X)

+ g(U,X)g(X,∇2φ)Q(∇2φ;X)− g(U,∇2φ)g(X,X)Q(∇2φ;X)

− 1

3
Rg(U,X)g(X,∇φ)Q(X;□,□) +

1

3
Rg(U,∇φ)g(X,X)Q(X;□,□)

+
1

3
Rg(U,X)Q(X;∇φ,X)− 1

3
Rg(X,X)Q(X;∇φ,U)

+
5

6
Rg(U,∇φ)Q(X;X,X)− 2

3
Rg(X,∇φ)Q(U ;X,X)

+ 3g(U,X)g(∇φ,∇2φ)
∂Q

∂φ
(∇2φ;X,X)− g(U,∇2φ)g(X,∇φ)∂Q

∂φ
(∇2φ;X,X)

− 2g(U,∇φ)g(X,∇2φ)
∂Q

∂φ
(∇2φ;X,X) + g(U,X)g(∇2φ,∇2

aφ)Q(∇2
aφ;∇2φ;X,X)

− g(U,∇2φ)g(X,∇2
aφ)Q(∇2

aφ;∇2φ;X,X) +
2

3
Rg(U,X)Q(∇2φ;∇φ,∇2φ;X,X)

− 1

3
Rg(U,∇2φ)Q(∇2φ;∇φ,X;X,X)− 1

3
Rg(X,∇2φ)Q(∇2φ;∇φ,U ;X,X)

− 2

3
Rg(U,X)g(∇φ,∇2φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,∇2φ)g(X,∇φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X) +

5

2
Rg(U,X)B(X,X)

− 5

3
Rg(X,X)B(U,X) +

1

3
g(U,X)g(∇2φ,∇2φ)

∂B

∂φ
(X,X)

− 2g(U,∇2φ)g(X,∇2φ)
∂B

∂φ
(X,X) + Sg(U,X)

∂2B

∂φ2
(X,X)

− g(U,∇φ)g(X,∇φ)∂
2B

∂φ2
(X,X) +

2

3
Rg(U,X)B(∇2φ,∇2φ;X,X)

+
4

3
Rg(U,∇2φ)B(∇2φ,X;X,X)− 5

3
Rg(X,∇2φ)B(∇2φ,U ;X,X)

− 2

3
Rg(U,X)g(∇2φ,∇2φ)B(□,□;X,X) +

2

3
Rg(U,∇2φ)g(X,∇2φ)B(□,□;X,X)

− 1

12
g(U,X)g(∇φ,∇R)B(□,□;X,X)− 1

12
g(U,∇R)g(X,∇φ)B(□,□;X,X)

+
1

6
g(U,∇φ)g(X,∇R)B(□,□;X,X) +

1

12
g(U,X)B(∇φ,∇R;X,X)

− 1

3
g(X,∇φ)B(∇R,U ;X,X)− 1

6
g(X,∇R)B(∇φ,U ;X,X)

+
5

12
g(U,∇φ)B(∇R,X;X,X) +

1

12
g(U,∇R)B(∇φ,X;X,X)
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− 2

3
RSg(U,X)

∂B

∂φ
(□,□;X,X) +

2

3
Rg(U,∇φ)g(X,∇φ)∂B

∂φ
(□,□;X,X)

+
2

3
Rg(U,X)

∂B

∂φ
(∇φ,∇φ;X,X)− 1

3
Rg(U,∇φ)∂B

∂φ
(∇φ,X;X,X)

− 1

3
Rg(X,∇φ)∂B

∂φ
(∇φ,U ;X,X) +

1

9
R2Sg(U,X)B(□a,□a;□,□;X,X)

− 1

9
R2g(U,∇φ)g(X,∇φ)B(□a,□a;□,□;X,X)

+
1

9
R2g(U,∇φ)B(□,□;∇φ,X;X,X) +

1

9
R2g(X,∇φ)B(□,□;∇φ,U ;X,X)

+
1

9
R2g(U,X)B(∇φ,□;∇φ,□;X,X)− 2

9
R2g(U,X)B(□,□;∇φ,∇φ;X,X)

− 1

9
R2B(∇φ,U ;∇φ,X;X,X)

]
. (C.13)

Lemma 5. If Eij obeys (C.13), then

E(U,U ;X,X) = Ẽ(U,U ;X,X)− det(U,X)2P, (C.14)

where Ẽij;kl is defined below and P is a scalar density which is of scalar order 2.

Proof. We start with the following ansatz

Ẽ(U,U ;X,X)

= (−1)q
[
a1g(U,U)g(X,∇φ)∂Q

∂φ
(X) + a2g(U,X)g(U,∇φ)∂Q

∂φ
(X)

+ a3g(U,X)g(X,∇φ)∂Q
∂φ

(U) + a4g(U,∇φ)g(X,X)
∂Q

∂φ
(U)

+ a5g(U,U)g(X,∇2φ)Q(∇2φ;X) + a6g(U,X)g(U,∇2φ)Q(∇2φ;X)

+ a7g(U,X)g(X,∇2φ)Q(∇2φ;U) + a8g(U,∇2φ)g(X,X)Q(∇2φ;U)

+ a9Rg(U,U)g(X,∇φ)Q(X;□,□) + a10Rg(U,X)g(U,∇φ)Q(X;□,□)

+ a11Rg(U,X)g(X,∇φ)Q(U ;□,□) + a12Rg(U,∇φ)g(X,X)Q(U ;□,□)

+ a13Rg(U,U)Q(X;∇φ,X) + a14Rg(U,X)Q(U ;∇φ,X)

+ a15Rg(U,X)Q(X;∇φ,U) + a16Rg(X,X)Q(U ;∇φ,U)

+ a17Rg(U,∇φ)Q(U ;X,X) + a18Rg(U,∇φ)Q(X;U,X)
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+ a19Rg(X,∇φ)Q(U ;U,X) + a20Rg(X,∇φ)Q(X;U,U)

+ a21g(U,U)g(∇φ,∇2φ)
∂Q

∂φ
(∇2φ;X,X) + a22g(U,X)g(∇φ,∇2φ)

∂Q

∂φ
(∇2φ;U,X)

+ a23g(X,X)g(∇φ,∇2φ)
∂Q

∂φ
(∇2φ;U,U) + a24g(U,∇φ)g(U,∇2φ)

∂Q

∂φ
(∇2φ;X,X)

+ a25g(U,∇2φ)g(X,∇φ)∂Q
∂φ

(∇2φ;U,X) + a26g(U,∇φ)g(X,∇2φ)
∂Q

∂φ
(∇2φ;U,X)

+ a27g(X,∇φ)g(X,∇2φ)
∂Q

∂φ
(∇2φ;U,U)

+ a28g(U,U)g(∇2φ,∇2
aφ)Q(∇2

aφ;∇2φ;X,X)

+ a29g(U,X)g(∇2φ,∇2
aφ)Q(∇2

aφ;∇2φ;U,X)

+ a30g(X,X)g(∇2φ,∇2
aφ)Q(∇2

aφ;∇2φ;U,U)

+ a31g(U,∇2φ)g(U,∇2
aφ)Q(∇2

aφ;∇2φ;X,X)

+ a32g(U,∇2φ)g(X,∇2
aφ)Q(∇2

aφ;∇2φ;U,X)

+ a33g(X,∇2φ)g(X,∇2
aφ)Q(∇2

aφ;∇2φ;U,U)

+ a34Rg(U,U)Q(∇2φ;∇φ,∇2φ;X,X) + a35Rg(U,X)Q(∇2φ;∇φ,∇2φ;U,X)

+ a36Rg(X,X)Q(∇2φ;∇φ,∇2φ;U,U) + a37Rg(U,∇2φ)Q(∇2φ;∇φ,U ;X,X)

+ a38Rg(U,∇2φ)Q(∇2φ;∇φ,X;U,X) + a39Rg(X,∇2φ)Q(∇2φ;∇φ,U ;U,X)

+ a40Rg(X,∇2φ)Q(∇2φ;∇φ,X;U,U)

+ a41Rg(U,U)g(∇φ,∇2φ)Q(∇2φ;□,□;X,X)

+ a42Rg(U,X)g(∇φ,∇2φ)Q(∇2φ;□,□;U,X)

+ a43Rg(X,X)g(∇φ,∇2φ)Q(∇2φ;□,□;U,U)

+ a44Rg(U,∇φ)g(U,∇2φ)Q(∇2φ;□,□;X,X)

+ a45Rg(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;U,X)

+ a46Rg(U,∇2φ)g(X,∇φ)Q(∇2φ;□,□;U,X)

+ a47Rg(X,∇φ)g(X,∇2φ)Q(∇2φ;□,□;U,U)

+ a48Rg(U,U)B(X,X) + a49Rg(U,X)B(U,X) + a50Rg(X,X)B(U,U)

+ a51g(U,U)g(∇2φ,∇2φ)
∂B

∂φ
(X,X) + a52g(U,X)g(∇2φ,∇2φ)

∂B

∂φ
(U,X)
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+ a53g(X,X)g(∇2φ,∇2φ)
∂B

∂φ
(U,U) + a54g(U,∇2φ)g(U,∇2φ)

∂B

∂φ
(X,X)

+ a55g(U,∇2φ)g(X,∇2φ)
∂B

∂φ
(U,X) + a56g(X,∇2φ)g(X,∇2φ)

∂B

∂φ
(U,U)

+ a57Sg(U,U)
∂2B

∂φ2
(X,X) + a58Sg(U,X)

∂2B

∂φ2
(U,X) + a59Sg(X,X)

∂2B

∂φ2
(U,U)

+ a60g(U,∇φ)g(U,∇φ)
∂2B

∂φ2
(X,X) + a61g(U,∇φ)g(X,∇φ)

∂2B

∂φ2
(U,X)

+ a62g(X,∇φ)g(X,∇φ)
∂2B

∂φ2
(U,U) + a63Rg(U,U)B(∇2φ,∇2φ;X,X)

+ a64Rg(U,X)B(∇2φ,∇2φ;U,X) + a65Rg(X,X)B(∇2φ,∇2φ;U,U)

+ a66Rg(U,∇2φ)B(∇2φ,U ;X,X) + a67Rg(X,∇2φ)B(∇2φ,U ;U,X)

+ a68Rg(U,∇2φ)B(∇2φ,X;U,X) + a69Rg(X,∇2φ)B(∇2φ,X;U,U)

+ a70Rg(U,U)g(∇2φ,∇2φ)B(□,□;X,X) + a71Rg(U,X)g(∇2φ,∇2φ)B(□,□;U,X)

+ a72Rg(X,X)g(∇2φ,∇2φ)B(□,□;U,U) + a73Rg(U,∇2φ)g(U,∇2φ)B(□,□;X,X)

+ a74Rg(U,∇2φ)g(X,∇2φ)B(□,□;U,X) + a75Rg(X,∇2φ)g(X,∇2φ)B(□,□;U,U)

+ a76g(U,U)g(∇φ,∇R)B(□,□;X,X) + a77g(U,X)g(∇φ,∇R)B(□,□;U,X)

+ a78g(X,X)g(∇φ,∇R)B(□,□;U,U) + a79g(U,∇R)g(U,∇φ)B(□,□;X,X)

+ a80g(U,∇R)g(X,∇φ)B(□,□;U,X) + a81g(U,∇φ)g(X,∇R)B(□,□;U,X)

+ a82g(X,∇R)g(X,∇φ)B(□,□;U,U) + a83g(U,U)B(∇φ,∇R;X,X)

+ a84g(U,X)B(∇φ,∇R;U,X) + a85g(X,X)B(∇φ,∇R;U,U)

+ a86g(U,∇φ)B(∇R,U ;X,X) + a87g(X,∇φ)B(∇R,U ;U,X)

+ a88g(U,∇φ)B(∇R,X;U,X) + a89g(X,∇φ)B(∇R,X;U,U)

+ a90g(U,∇R)B(∇φ,U ;X,X) + a91g(X,∇R)B(∇φ,U ;U,X)

+ a92g(U,∇R)B(∇φ,X;U,X) + a93g(X,∇R)B(∇φ,X;U,U)

+ a94RSg(U,U)
∂B

∂φ
(□,□;X,X) + a95RSg(U,X)

∂B

∂φ
(□,□;U,X)

+ a96RSg(X,X)
∂B

∂φ
(□,□;U,U) + a97Rg(U,∇φ)g(U,∇φ)

∂B

∂φ
(□,□;X,X)

+ a98Rg(U,∇φ)g(X,∇φ)
∂B

∂φ
(□,□;U,X) + a99Rg(X,∇φ)g(X,∇φ)

∂B

∂φ
(□,□;U,U)
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+ a100Rg(U,U)
∂B

∂φ
(∇φ,∇φ;X,X) + a101Rg(U,X)

∂B

∂φ
(∇φ,∇φ;U,X)

+ a102Rg(X,X)
∂B

∂φ
(∇φ,∇φ;U,U) + a103Rg(U,∇φ)

∂B

∂φ
(∇φ,U ;X,X)

+ a104Rg(U,∇φ)
∂B

∂φ
(∇φ,X;U,X) + a105Rg(X,∇φ)

∂B

∂φ
(∇φ,U ;U,X)

+ a106Rg(X,∇φ)
∂B

∂φ
(∇φ,X;U,U) + a107R

2Sg(U,U)B(□a,□a;□,□;X,X)

+ a108R
2Sg(U,X)B(□a,□a;□,□;U,X) + a109R

2Sg(X,X)B(□a,□a;□,□;U,U)

+ a110R
2g(U,∇φ)g(U,∇φ)B(□a,□a;□,□;X,X)

+ a111R
2g(U,∇φ)g(X,∇φ)B(□a,□a;□,□;U,X)

+ a112R
2g(X,∇φ)g(X,∇φ)B(□a,□a;□,□;U,U)

+ a113R
2g(U,∇φ)B(□,□;∇φ,U ;X,X) + a114R

2g(U,∇φ)B(□,□;∇φ,X;U,X)

+ a115R
2g(X,∇φ)B(□,□;∇φ,U ;U,X) + a116R

2g(X,∇φ)B(□,□;∇φ,X;U,U)

+ a117R
2g(U,U)B(∇φ,□;∇φ,□;X,X) + a118R

2g(U,X)B(∇φ,□;∇φ,□;U,X)

+ a119R
2g(X,X)B(∇φ,□;∇φ,□;U,U) + a120R

2g(U,U)B(□,□;∇φ,∇φ;X,X)

+ a121R
2g(U,X)B(□,□;∇φ,∇φ;U,X) + a122R

2g(X,X)B(□,□;∇φ,∇φ;U,U)

+ a123R
2B(∇φ,U ;∇φ,U ;X,X) + a124R

2B(∇φ,U ;∇φ,X;U,X)

+ a125R
2B(∇φ,X;∇φ,X;U,U)

]
.

where ai, bj , ck are constants to be determined. As with the proof for Dijabc, we define a

difference function

∆(U,U,X,X) = E(U,U ;X,X)− Ẽ(U,U ;X,X)

and replace a U with an X, using (C.13) to express E(U,X;X,X)

∆(U,X,X,X)

= E(U,X;X,X)− Ẽ(U,X;X,X)

= (−1)q
[
g(U,X)g(X,∇φ)∂Q

∂φ
(X)− g(U,∇φ)g(X,X)

∂Q

∂φ
(X)
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+ g(U,X)g(X,∇2φ)Q(∇2φ;X)− g(U,∇2φ)g(X,X)Q(∇2φ;X)

− 1

3
Rg(U,X)g(X,∇φ)Q(X;□,□) +

1

3
Rg(U,∇φ)g(X,X)Q(X;□,□)

+
1

3
Rg(U,X)Q(X;∇φ,X)− 1

3
Rg(X,X)Q(X;∇φ,U)

+
5

6
Rg(U,∇φ)Q(X;X,X)− 2

3
Rg(X,∇φ)Q(U ;X,X)

+ 3g(U,X)g(∇φ,∇2φ)
∂Q

∂φ
(∇2φ;X,X)− g(U,∇2φ)g(X,∇φ)∂Q

∂φ
(∇2φ;X,X)

− 2g(U,∇φ)g(X,∇2φ)
∂Q

∂φ
(∇2φ;X,X) + g(U,X)g(∇2φ,∇2

aφ)Q(∇2
aφ;∇2φ;X,X)

− g(U,∇2φ)g(X,∇2
aφ)Q(∇2

aφ;∇2φ;X,X) +
2

3
Rg(U,X)Q(∇2φ;∇φ,∇2φ;X,X)

− 1

3
Rg(U,∇2φ)Q(∇2φ;∇φ,X;X,X)− 1

3
Rg(X,∇2φ)Q(∇2φ;∇φ,U ;X,X)

− 2

3
Rg(U,X)g(∇φ,∇2φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,∇2φ)g(X,∇φ)Q(∇2φ;□,□;X,X)

+
1

3
Rg(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X) +

5

2
Rg(U,X)B(X,X)

− 5

3
Rg(X,X)B(U,X) +

1

3
g(U,X)g(∇2φ,∇2φ)

∂B

∂φ
(X,X)

− 2g(U,∇2φ)g(X,∇2φ)
∂B

∂φ
(X,X) + Sg(U,X)

∂2B

∂φ2
(X,X)

− g(U,∇φ)g(X,∇φ)∂
2B

∂φ2
(X,X) +

2

3
Rg(U,X)B(∇2φ,∇2φ;X,X)

+
4

3
Rg(U,∇2φ)B(∇2φ,X;X,X)− 5

3
Rg(X,∇2φ)B(∇2φ,U ;X,X)

− 2

3
Rg(U,X)g(∇2φ,∇2φ)B(□,□;X,X) +

2

3
Rg(U,∇2φ)g(X,∇2φ)B(□,□;X,X)

− 1

12
g(U,X)g(∇φ,∇R)B(□,□;X,X)− 1

12
g(U,∇R)g(X,∇φ)B(□,□;X,X)

+
1

6
g(U,∇φ)g(X,∇R)B(□,□;X,X) +

1

12
g(U,X)B(∇φ,∇R;X,X)

− 1

3
g(X,∇φ)B(∇R,U ;X,X)− 1

6
g(X,∇R)B(∇φ,U ;X,X)

+
5

12
g(U,∇φ)B(∇R,X;X,X) +

1

12
g(U,∇R)B(∇φ,X;X,X)

− 2

3
RSg(U,X)

∂B

∂φ
(□,□;X,X) +

2

3
Rg(U,∇φ)g(X,∇φ)∂B

∂φ
(□,□;X,X)

+
2

3
Rg(U,X)

∂B

∂φ
(∇φ,∇φ;X,X)− 1

3
Rg(U,∇φ)∂B

∂φ
(∇φ,X;X,X)
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− 1

3
Rg(X,∇φ)∂B

∂φ
(∇φ,U ;X,X) +

1

9
R2Sg(U,X)B(□a,□a;□,□;X,X)

− 1

9
R2g(U,∇φ)g(X,∇φ)B(□a,□a;□,□;X,X)

+
1

9
R2g(U,∇φ)B(□,□;∇φ,X;X,X) +

1

9
R2g(X,∇φ)B(□,□;∇φ,U ;X,X)

+
1

9
R2g(U,X)B(∇φ,□;∇φ,□;X,X)− 2

9
R2g(U,X)B(□,□;∇φ,∇φ;X,X)

− 1

9
R2B(∇φ,U ;∇φ,X;X,X)

]
− (−1)q

[
a1g(U,X)g(X,∇φ)∂Q

∂φ
(X) +

a2
2
g(X,X)g(U,∇φ)∂Q

∂φ
(X)

+
a2
2
g(U,X)g(X,∇φ)∂Q

∂φ
(X) +

a3
2
g(X,X)g(X,∇φ)∂Q

∂φ
(U)

+
a3
2
g(U,X)g(X,∇φ)∂Q

∂φ
(X) +

a4
2
g(X,∇φ)g(X,X)

∂Q

∂φ
(U)

+
a4
2
g(U,∇φ)g(X,X)

∂Q

∂φ
(X) + a5g(U,X)g(X,∇2φ)Q(∇2φ;X)

+
a6
2
g(X,X)g(U,∇2φ)Q(∇2φ;X) +

a6
2
g(U,X)g(X,∇2φ)Q(∇2φ;X)

+
a7
2
g(X,X)g(X,∇2φ)Q(∇2φ;U) +

a7
2
g(U,X)g(X,∇2φ)Q(∇2φ;X)

+
a8
2
g(X,∇2φ)g(X,X)Q(∇2φ;U) +

a8
2
g(U,∇2φ)g(X,X)Q(∇2φ;X)

+ a9Rg(U,X)g(X,∇φ)Q(X;□,□) +
a10
2
Rg(X,X)g(U,∇φ)Q(X;□,□)

+
a10
2
Rg(U,X)g(X,∇φ)Q(X;□,□) +

a11
2
Rg(X,X)g(X,∇φ)Q(U ;□,□)

+
a11
2
Rg(U,X)g(X,∇φ)Q(X;□,□) +

a12
2
Rg(X,∇φ)g(X,X)Q(U ;□,□)

+
a12
2
Rg(U,∇φ)g(X,X)Q(X;□,□) + a13Rg(U,X)Q(X;∇φ,X)

+
a14
2
Rg(X,X)Q(U ;∇φ,X) +

a14
2
Rg(U,X)Q(X;∇φ,X)

+
a15
2
Rg(X,X)Q(X;∇φ,U) +

a15
2
Rg(U,X)Q(X;∇φ,X)

+
a16
2
Rg(X,X)Q(X;∇φ,U) +

a16
2
Rg(X,X)Q(U ;∇φ,X)

+
a17
2
Rg(X,∇φ)Q(U ;X,X) +

a17
2
Rg(U,∇φ)Q(X;X,X)

+
a18
2
Rg(X,∇φ)Q(X;U,X) +

a18
2
Rg(U,∇φ)Q(X;X,X)

+
a19
2
Rg(X,∇φ)Q(X;U,X) +

a19
2
Rg(X,∇φ)Q(U ;X,X)
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+ a20Rg(X,∇φ)Q(X;U,X) + a21g(U,X)g(∇φ,∇2φ)
∂Q

∂φ
(∇2φ;X,X)

+
a22
2
g(X,X)g(∇φ,∇2φ)

∂Q

∂φ
(∇2φ;U,X) +

a22
2
g(U,X)g(∇φ,∇2φ)

∂Q

∂φ
(∇2φ;X,X)

+ a23g(X,X)g(∇φ,∇2φ)
∂Q

∂φ
(∇2φ;U,X) +

a24
2
g(X,∇φ)g(U,∇2φ)

∂Q

∂φ
(∇2φ;X,X)

+
a24
2
g(U,∇φ)g(X,∇2φ)

∂Q

∂φ
(∇2φ;X,X) +

a25
2
g(X,∇2φ)g(X,∇φ)∂Q

∂φ
(∇2φ;U,X)

+
a25
2
g(U,∇2φ)g(X,∇φ)∂Q

∂φ
(∇2φ;X,X) +

a26
2
g(X,∇φ)g(X,∇2φ)

∂Q

∂φ
(∇2φ;U,X)

+
a26
2
g(U,∇φ)g(X,∇2φ)

∂Q

∂φ
(∇2φ;X,X) + a27g(X,∇φ)g(X,∇2φ)

∂Q

∂φ
(∇2φ;U,X)

+ a28g(U,X)g(∇2φ,∇2
aφ)Q(∇2

aφ;∇2φ;X,X)

+
a29
2
g(X,X)g(∇2φ,∇2

aφ)Q(∇2
aφ;∇2φ;U,X)

+
a29
2
g(U,X)g(∇2φ,∇2

aφ)Q(∇2
aφ;∇2φ;X,X)

+ a30g(X,X)g(∇2φ,∇2
aφ)Q(∇2

aφ;∇2φ;U,X)

+ a31g(U,∇2φ)g(X,∇2
aφ)Q(∇2

aφ;∇2φ;X,X)

+
a32
2
g(X,∇2φ)g(X,∇2

aφ)Q(∇2
aφ;∇2φ;U,X)

+
a32
2
g(U,∇2φ)g(X,∇2

aφ)Q(∇2
aφ;∇2φ;X,X)

+ a33g(X,∇2φ)g(X,∇2
aφ)Q(∇2

aφ;∇2φ;U,X)

+ a34Rg(U,X)Q(∇2φ;∇φ,∇2φ;X,X) +
a35
2
Rg(X,X)Q(∇2φ;∇φ,∇2φ;U,X)

+
a35
2
Rg(U,X)Q(∇2φ;∇φ,∇2φ;X,X) + a36Rg(X,X)Q(∇2φ;∇φ,∇2φ;U,X)

+
a37
2
Rg(X,∇2φ)Q(∇2φ;∇φ,U ;X,X) +

a37
2
Rg(U,∇2φ)Q(∇2φ;∇φ,X;X,X)

+
a38
2
Rg(X,∇2φ)Q(∇2φ;∇φ,X;U,X) +

a38
2
Rg(U,∇2φ)Q(∇2φ;∇φ,X;X,X)

+
a39
2
Rg(X,∇2φ)Q(∇2φ;∇φ,X;U,X) +

a39
2
Rg(X,∇2φ)Q(∇2φ;∇φ,U ;X,X)

+ a40Rg(X,∇2φ)Q(∇2φ;∇φ,X;U,X)

+ a41Rg(U,X)g(∇φ,∇2φ)Q(∇2φ;□,□;X,X)

+
a42
2
Rg(X,X)g(∇φ,∇2φ)Q(∇2φ;□,□;U,X)

+
a42
2
Rg(U,X)g(∇φ,∇2φ)Q(∇2φ;□,□;X,X)
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+ a43Rg(X,X)g(∇φ,∇2φ)Q(∇2φ;□,□;U,X)

+
a44
2
Rg(X,∇φ)g(U,∇2φ)Q(∇2φ;□,□;X,X)

+
a44
2
Rg(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X)

+
a45
2
Rg(X,∇φ)g(X,∇2φ)Q(∇2φ;□,□;U,X)

+
a45
2
Rg(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X)

+
a46
2
Rg(X,∇2φ)g(X,∇φ)Q(∇2φ;□,□;U,X)

+
a46
2
Rg(U,∇2φ)g(X,∇φ)Q(∇2φ;□,□;X,X)

+ a47Rg(X,∇φ)g(X,∇2φ)Q(∇2φ;□,□;U,X) + a48Rg(U,X)B(X,X)

+
a49
2
Rg(X,X)B(U,X) +

a49
2
Rg(U,X)B(X,X) + a50Rg(X,X)B(U,X)

+ a51g(U,X)g(∇2φ,∇2φ)
∂B

∂φ
(X,X) +

a52
2
g(X,X)g(∇2φ,∇2φ)

∂B

∂φ
(U,X)

+
a52
2
g(U,X)g(∇2φ,∇2φ)

∂B

∂φ
(X,X) + a53g(X,X)g(∇2φ,∇2φ)

∂B

∂φ
(U,X)

+ a54g(U,∇2φ)g(X,∇2φ)
∂B

∂φ
(X,X) +

a55
2
g(X,∇2φ)g(X,∇2φ)

∂B

∂φ
(U,X)

+
a55
2
g(U,∇2φ)g(X,∇2φ)

∂B

∂φ
(X,X) + a56g(X,∇2φ)g(X,∇2φ)

∂B

∂φ
(U,X)

+ a57Sg(U,X)
∂2B

∂φ2
(X,X) +

a58
2
Sg(X,X)

∂2B

∂φ2
(U,X) +

a58
2
Sg(U,X)

∂2B

∂φ2
(X,X)

+ a59Sg(X,X)
∂2B

∂φ2
(U,X) + a60g(U,∇φ)g(X,∇φ)

∂2B

∂φ2
(X,X)

+
a61
2
g(X,∇φ)g(X,∇φ)∂

2B

∂φ2
(U,X) +

a61
2
g(U,∇φ)g(X,∇φ)∂

2B

∂φ2
(X,X)

+ a62g(X,∇φ)g(X,∇φ)
∂2B

∂φ2
(U,X) + a63Rg(U,X)B(∇2φ,∇2φ;X,X)

+
a64
2
Rg(X,X)B(∇2φ,∇2φ;U,X) +

a64
2
Rg(U,X)B(∇2φ,∇2φ;X,X)

+ a65Rg(X,X)B(∇2φ,∇2φ;U,X) +
a66
2
Rg(X,∇2φ)B(∇2φ,U ;X,X)

+
a66
2
Rg(U,∇2φ)B(∇2φ,X;X,X) +

a67
2
Rg(X,∇2φ)B(∇2φ,X;U,X)

+
a67
2
Rg(X,∇2φ)B(∇2φ,U ;X,X) +

a68
2
Rg(X,∇2φ)B(∇2φ,X;U,X)

+
a68
2
Rg(U,∇2φ)B(∇2φ,X;X,X) + a69Rg(X,∇2φ)B(∇2φ,X;U,X)
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+ a70Rg(U,X)g(∇2φ,∇2φ)B(□,□;X,X)

+
a71
2
Rg(X,X)g(∇2φ,∇2φ)B(□,□;U,X)

+
a71
2
Rg(U,X)g(∇2φ,∇2φ)B(□,□;X,X)

+ a72Rg(X,X)g(∇2φ,∇2φ)B(□,□;U,X)

+ a73Rg(U,∇2φ)g(X,∇2φ)B(□,□;X,X)

+
a74
2
Rg(X,∇2φ)g(X,∇2φ)B(□,□;U,X)

+
a74
2
Rg(U,∇2φ)g(X,∇2φ)B(□,□;X,X)

+ a75Rg(X,∇2φ)g(X,∇2φ)B(□,□;U,X)

+ a76g(U,X)g(∇φ,∇R)B(□,□;X,X) +
a77
2
g(X,X)g(∇φ,∇R)B(□,□;U,X)

+
a77
2
g(U,X)g(∇φ,∇R)B(□,□;X,X) + a78g(X,X)g(∇φ,∇R)B(□,□;U,X)

+
a79
2
g(X,∇R)g(U,∇φ)B(□,□;X,X) +

a79
2
g(U,∇R)g(X,∇φ)B(□,□;X,X)

+
a80
2
g(X,∇R)g(X,∇φ)B(□,□;U,X) +

a80
2
g(U,∇R)g(X,∇φ)B(□,□;X,X)

+
a81
2
g(X,∇φ)g(X,∇R)B(□,□;U,X) +

a81
2
g(U,∇φ)g(X,∇R)B(□,□;X,X)

+ a82g(X,∇R)g(X,∇φ)B(□,□;U,X) + a83g(U,X)B(∇φ,∇R;X,X)

+
a84
2
g(X,X)B(∇φ,∇R;U,X) +

a84
2
g(U,X)B(∇φ,∇R;X,X)

+ a85g(X,X)B(∇φ,∇R;U,X) +
a86
2
g(X,∇φ)B(∇R,U ;X,X)

+
a86
2
g(U,∇φ)B(∇R,X;X,X) +

a87
2
g(X,∇φ)B(∇R,X;U,X)

+
a87
2
g(X,∇φ)B(∇R,U ;X,X) +

a88
2
g(X,∇φ)B(∇R,X;U,X)

+
a88
2
g(U,∇φ)B(∇R,X;X,X) + a89g(X,∇φ)B(∇R,X;U,X)

+
a90
2
g(X,∇R)B(∇φ,U ;X,X) +

a90
2
g(U,∇R)B(∇φ,X;X,X)

+
a91
2
g(X,∇R)B(∇φ,X;U,X) +

a91
2
g(X,∇R)B(∇φ,U ;X,X)

+
a92
2
g(X,∇R)B(∇φ,X;U,X) +

a92
2
g(U,∇R)B(∇φ,X;X,X)

+ a93g(X,∇R)B(∇φ,X;U,X) + a94RSg(U,X)
∂B

∂φ
(□,□;X,X)
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+
a95
2
RSg(X,X)

∂B

∂φ
(□,□;U,X) +

a95
2
RSg(U,X)

∂B

∂φ
(□,□;X,X)

+ a96RSg(X,X)
∂B

∂φ
(□,□;U,X) + a97Rg(U,∇φ)g(X,∇φ)

∂B

∂φ
(□,□;X,X)

+
a98
2
Rg(X,∇φ)g(X,∇φ)∂B

∂φ
(□,□;U,X)

+
a98
2
Rg(U,∇φ)g(X,∇φ)∂B

∂φ
(□,□;X,X)

+ a99Rg(X,∇φ)g(X,∇φ)
∂B

∂φ
(□,□;U,X) + a100Rg(U,X)

∂B

∂φ
(∇φ,∇φ;X,X)

+
a101
2
Rg(X,X)

∂B

∂φ
(∇φ,∇φ;U,X) +

a101
2
Rg(U,X)

∂B

∂φ
(∇φ,∇φ;X,X)

+ a102Rg(X,X)
∂B

∂φ
(∇φ,∇φ;U,X) +

a103
2
Rg(X,∇φ)∂B

∂φ
(∇φ,U ;X,X)

+
a103
2
Rg(U,∇φ)∂B

∂φ
(∇φ,X;X,X) +

a104
2
Rg(X,∇φ)∂B

∂φ
(∇φ,X;U,X)

+
a104
2
Rg(U,∇φ)∂B

∂φ
(∇φ,X;X,X) +

a105
2
Rg(X,∇φ)∂B

∂φ
(∇φ,X;U,X)

+
a105
2
Rg(X,∇φ)∂B

∂φ
(∇φ,U ;X,X) + a106Rg(X,∇φ)

∂B

∂φ
(∇φ,X;U,X)

+ a107R
2Sg(U,X)B(□a,□a;□,□;X,X) +

a108
2
R2Sg(X,X)B(□a,□a;□,□;U,X)

+
a108
2
R2Sg(U,X)B(□a,□a;□,□;X,X) + a109R

2Sg(X,X)B(□a,□a;□,□;U,X)

+ a110R
2g(U,∇φ)g(X,∇φ)B(□a,□a;□,□;X,X)

+
a111
2
R2g(X,∇φ)g(X,∇φ)B(□a,□a;□,□;U,X)

+
a111
2
R2g(U,∇φ)g(X,∇φ)B(□a,□a;□,□;X,X)

+ a112R
2g(X,∇φ)g(X,∇φ)B(□a,□a;□,□;U,X)

+
a113
2
R2g(X,∇φ)B(□,□;∇φ,U ;X,X) +

a113
2
R2g(U,∇φ)B(□,□;∇φ,X;X,X)

+
a114
2
R2g(X,∇φ)B(□,□;∇φ,X;U,X) +

a114
2
R2g(U,∇φ)B(□,□;∇φ,X;X,X)

+
a115
2
R2g(X,∇φ)B(□,□;∇φ,X;U,X) +

a115
2
R2g(X,∇φ)B(□,□;∇φ,U ;X,X)

+ a116R
2g(X,∇φ)B(□,□;∇φ,X;U,X) + a117R

2g(U,X)B(∇φ,□;∇φ,□;X,X)

+
a118
2
R2g(X,X)B(∇φ,□;∇φ,□;U,X) +

a118
2
R2g(U,X)B(∇φ,□;∇φ,□;X,X)

+ a119R
2g(X,X)B(∇φ,□;∇φ,□;U,X) + a120R

2g(U,X)B(□,□;∇φ,∇φ;X,X)

+
a121
2
R2g(X,X)B(□,□;∇φ,∇φ;U,X) +

a121
2
R2g(U,X)B(□,□;∇φ,∇φ;X,X)



157

+ a122R
2g(X,X)B(□,□;∇φ,∇φ;U,X) + a123R

2B(∇φ,U ;∇φ,X;X,X)

+
a124
2
R2B(∇φ,X;∇φ,X;U,X) +

a124
2
R2B(∇φ,U ;∇φ,X;X,X)

+ a125R
2B(∇φ,X;∇φ,X;U,X)

]
= (−1)q

[(
1− a1 −

a2
2

− a3
2

)
g(U,X)g(X,∇φ)∂Q

∂φ
(X)

+
(
−1− a2

2
− a4

2

)
g(U,∇φ)g(X,X)

∂Q

∂φ
(X)

+
(
1− a5 −

a6
2

− a7
2

)
g(U,X)g(X,∇2φ)Q(∇2φ;X)

+
(
−1− a6

2
− a8

2

)
g(U,∇2φ)g(X,X)Q(∇2φ;X)

+

(
−1

3
− a9 −

a10
2

− a11
2

)
Rg(U,X)g(X,∇φ)Q(X;□,□)

+

(
1

3
− a10

2
− a12

2

)
Rg(U,∇φ)g(X,X)Q(X;□,□)

+

(
1

3
− a13 −

a14
2

− a15
2

)
Rg(U,X)Q(X;∇φ,X)

+

(
−1

3
− a15

2
− a16

2

)
Rg(X,X)Q(X;∇φ,U)

+

(
5

6
− a17

2
− a18

2

)
Rg(U,∇φ)Q(X;X,X)

+

(
−2

3
− a17

2
− a19

2

)
Rg(X,∇φ)Q(U ;X,X)

+
(
3− a21 −

a22
2

)
g(U,X)g(∇φ,∇2φ)

∂Q

∂φ
(∇2φ;X,X)

+
(
−1− a24

2
− a25

2

)
g(U,∇2φ)g(X,∇φ)∂Q

∂φ
(∇2φ;X,X)

+
(
−2− a24

2
− a26

2

)
g(U,∇φ)g(X,∇2φ)

∂Q

∂φ
(∇2φ;X,X)

+
(
1− a28 −

a29
2

)
g(U,X)g(∇2φ,∇2

aφ)Q(∇2
aφ;∇2φ;X,X)

+
(
−1− a31 −

a32
2

)
g(U,∇2φ)g(X,∇2

aφ)Q(∇2
aφ;∇2φ;X,X)

+

(
2

3
− a34 −

a35
2

)
Rg(U,X)Q(∇2φ;∇φ,∇2φ;X,X)

+

(
−1

3
− a37

2
− a38

2

)
Rg(U,∇2φ)Q(∇2φ;∇φ,X;X,X)

+

(
−1

3
− a37

2
− a39

2

)
Rg(X,∇2φ)Q(∇2φ;∇φ,U ;X,X)
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+

(
−2

3
− a41 −

a42
2

)
Rg(U,X)g(∇φ,∇2φ)Q(∇2φ;□,□;X,X)

+

(
1

3
− a44

2
− a46

2

)
Rg(U,∇2φ)g(X,∇φ)Q(∇2φ;□,□;X,X)

+

(
1

3
− a44

2
− a45

2

)
Rg(U,∇φ)g(X,∇2φ)Q(∇2φ;□,□;X,X)

+

(
5

2
− a48 −

a49
2

)
Rg(U,X)B(X,X)

+

(
−5

3
− a49

2
− a50

)
Rg(X,X)B(U,X)

+

(
1

3
− a51 −

a52
2

)
g(U,X)g(∇2φ,∇2φ)

∂B

∂φ
(X,X)

+
(
−2− a54 −

a55
2

)
g(U,∇2φ)g(X,∇2φ)

∂B

∂φ
(X,X)

+
(
1− a57 −

a58
2

)
Sg(U,X)

∂2B

∂φ2
(X,X)

+
(
−1− a60 −

a61
2

)
g(U,∇φ)g(X,∇φ)∂

2B

∂φ2
(X,X)

+

(
2

3
− a63 −

a64
2

)
Rg(U,X)B(∇2φ,∇2φ;X,X)

+

(
4

3
− a66

2
− a68

2

)
Rg(U,∇2φ)B(∇2φ,X;X,X)

+

(
−5

3
− a66

2
− a67

2

)
Rg(X,∇2φ)B(∇2φ,U ;X,X)

+

(
−2

3
− a70 −

a71
2

)
Rg(U,X)g(∇2φ,∇2φ)B(□,□;X,X)

+

(
2

3
− a73 −

a74
2

)
Rg(U,∇2φ)g(X,∇2φ)B(□,□;X,X)

+

(
− 1

12
− a76 −

a77
2

)
g(U,X)g(∇φ,∇R)B(□,□;X,X)

+

(
− 1

12
− a79

2
− a80

2

)
g(U,∇R)g(X,∇φ)B(□,□;X,X)

+

(
1

6
− a79

2
− a81

2

)
g(U,∇φ)g(X,∇R)B(□,□;X,X)

+

(
1

12
− a83 −

a84
2

)
g(U,X)B(∇φ,∇R;X,X)

+

(
−1

3
− a86

2
− a87

2

)
g(X,∇φ)B(∇R,U ;X,X)

+

(
−1

6
− a90

2
− a91

2

)
g(X,∇R)B(∇φ,U ;X,X)

+

(
5

12
− a86

2
− a88

2

)
g(U,∇φ)B(∇R,X;X,X)
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+

(
1

12
− a90

2
− a92

2

)
g(U,∇R)B(∇φ,X;X,X)

+

(
−2

3
− a94 −

a95
2

)
RSg(U,X)

∂B

∂φ
(□,□;X,X)

+

(
2

3
− a97 −

a98
2

)
Rg(U,∇φ)g(X,∇φ)∂B

∂φ
(□,□;X,X)

+

(
2

3
− a100 −

a101
2

)
Rg(U,X)

∂B

∂φ
(∇φ,∇φ;X,X)

+

(
−1

3
− a103

2
− a104

2

)
Rg(U,∇φ)∂B

∂φ
(∇φ,X;X,X)

+

(
−1

3
− a103

2
− a105

2

)
Rg(X,∇φ)∂B

∂φ
(∇φ,U ;X,X)

+

(
1

9
− a107 −

a108
2

)
R2Sg(U,X)B(□a,□a;□,□;X,X)

+

(
−1

9
− a110 −

a111
2

)
R2g(U,∇φ)g(X,∇φ)B(□a,□a;□,□;X,X)

+

(
1

9
− a113

2
− a114

2

)
R2g(U,∇φ)B(□,□;∇φ,X;X,X)

+

(
1

9
− a113

2
− a115

2

)
R2g(X,∇φ)B(□,□;∇φ,U ;X,X)

+

(
1

9
− a117 −

a118
2

)
R2g(U,X)B(∇φ,□;∇φ,□;X,X)

+

(
−2

9
− a120 −

a121
2

)
R2g(U,X)B(□,□;∇φ,∇φ;X,X)

+

(
−1

9
− a123 −

a124
2

)
R2B(∇φ,U ;∇φ,X;X,X)

−
(a3
2

+
a4
2

)
g(X,∇φ)g(X,X)

∂Q

∂φ
(U)

−
(a7
2

+
a8
2

)
g(X,∇2φ)g(X,X)Q(∇2φ;U)

−
(a11

2
+
a12
2

)
Rg(X,∇φ)g(X,X)Q(U ;□,□)

−
(a14

2
+
a16
2

)
Rg(X,X)Q(U ;∇φ,X)

−
(a18

2
+
a19
2

+ a20

)
Rg(X,∇φ)Q(X;U,X)

−
(a22

2
+ a23

)
g(X,X)g(∇φ,∇2φ)

∂Q

∂φ
(∇2φ;U,X)

−
(a25

2
+
a26
2

+ a27

)
g(X,∇φ)g(X,∇2φ)

∂Q

∂φ
(∇2φ;U,X)

−
(a29

2
+ a30

)
g(X,X)g(∇2φ,∇2

aφ)Q(∇2
aφ;∇2φ;U,X)
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−
(a32

2
+ a33

)
g(X,∇2φ)g(X,∇2

aφ)Q(∇2
aφ;∇2φ;U,X)

−
(a35

2
+ a36

)
Rg(X,X)Q(∇2φ;∇φ,∇2φ;U,X)

−
(a38

2
+
a39
2

+ a40

)
Rg(X,∇2φ)Q(∇2φ;∇φ,X;U,X)

−
(a42

2
+ a43

)
Rg(X,X)g(∇φ,∇2φ)Q(∇2φ;□,□;U,X)

−
(a45

2
+
a46
2

+ a47

)
Rg(X,∇φ)g(X,∇2φ)Q(∇2φ;□,□;U,X)

−
(a52

2
+ a53

)
g(X,X)g(∇2φ,∇2φ)

∂B

∂φ
(U,X)

−
(a55

2
+ a56

)
g(X,∇2φ)g(X,∇2φ)

∂B

∂φ
(U,X)

−
(a58

2
+ a59

)
Sg(X,X)

∂2B

∂φ2
(U,X)

−
(a61

2
+ a62

)
g(X,∇φ)g(X,∇φ)∂

2B

∂φ2
(U,X)

−
(a64

2
+ a65

)
Rg(X,X)B(∇2φ,∇2φ;U,X)

−
(a67

2
+
a68
2

+ a69

)
Rg(X,∇2φ)B(∇2φ,X;U,X)

−
(a71

2
+ a72

)
Rg(X,X)g(∇2φ,∇2φ)B(□,□;U,X)

−
(a74

2
+ a75

)
Rg(X,∇2φ)g(X,∇2φ)B(□,□;U,X)

−
(a77

2
+ a78

)
g(X,X)g(∇φ,∇R)B(□,□;U,X)

−
(a80

2
+
a81
2

+ a82

)
g(X,∇R)g(X,∇φ)B(□,□;U,X)

−
(a84

2
+ a85

)
g(X,X)B(∇φ,∇R;U,X)

−
(a87

2
+
a88
2

+ a89

)
g(X,∇φ)B(∇R,X;U,X)

−
(a91

2
+
a92
2

+ a93

)
g(X,∇R)B(∇φ,X;U,X)

−
(a95

2
+ a96

)
RSg(X,X)

∂B

∂φ
(□,□;U,X)

−
(a98

2
+ a99

)
Rg(X,∇φ)g(X,∇φ)∂B

∂φ
(□,□;U,X)

−
(a101

2
+ a102

)
Rg(X,X)

∂B

∂φ
(∇φ,∇φ;U,X)

−
(a104

2
+
a105
2

+ a106

)
Rg(X,∇φ)∂B

∂φ
(∇φ,X;U,X)
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−
(a108

2
+ a109

)
R2Sg(X,X)B(□a,□a;□,□;U,X)

−
(a111

2
+ a112

)
R2g(X,∇φ)g(X,∇φ)B(□a,□a;□,□;U,X)

−
(a114

2
+
a115
2

+ a116

)
R2g(X,∇φ)B(□,□;∇φ,X;U,X)

−
(a118

2
+ a119

)
R2g(X,X)B(∇φ,□;∇φ,□;U,X)

−
(a121

2
+ a122

)
R2g(X,X)B(□,□;∇φ,∇φ;U,X)

−
(a124

2
+ a125

)
R2B(∇φ,X;∇φ,X;U,X)

]
.

We assume ∆(U,X,X,X) vanishes identically and solve for the 125 different a variables.

The resulting system of equations is heavily underdetermined, with solution

a1 = 2 + a4 a2 = −2− a4 a3 = −a4 a4 = a4

a5 = 2 + a8 a6 = −2− a8 a7 = −a8 a8 = a8

a9 = −2

3
+ a12 a10 =

2

3
− a12 a11 = −a12 a12 = a12

a13 =
2

3
+ a16 a14 = −a16 a15 = −2

3
− a16 a16 = a16

a17 = a17 a18 =
5

3
− a17 a19 = −4

3
− a17 a20 = −1

6
+ a17

a21 = 3− a22
2

a22 = a22 a23 = −a22
2

a24 = a24

a25 = −2− a24 a26 = −4− a24 a27 = 3 + a24 a28 = 1− a29
2

a29 = a29 a30 = −a29
2

a31 = −1− a32
2

a32 = a32

a33 = a33 a34 =
2

3
− a35

2
a35 = a35 a36 = −a35

2

a37 = a37 a38 = −2

3
− a37 a39 = −2

3
− a37 a40 =

2

3
+ a37

a41 = −2

3
− a42

2
a42 = a42 a43 = −a42

2
a44 = a44

a45 =
2

3
− a44 a46 =

2

3
− a44 a47 = −2

3
+ a44 a48 =

5

2
− a49

2

a49 = a49 a50 = −5

3
− a49

2
a51 =

1

3
− a52

2
a52 = a52

a53 = −a52
2

a54 = −2− a55
2

a55 = a55 a56 = −a55
2
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a57 = 1− a58
2

a58 = a58 a59 = −a58
2

a60 = −1− a61
2

a61 = a61 a62 = −a61
2

a63 =
2

3
− a64

2
a64 = a64

a65 = −a64
2

a66 = a66 a67 = −10

3
− a66 a68 =

8

3
− a66

a69 =
1

3
+ a66 a70 = −2

3
− a71

2
a71 = a71 a72 = −a71

2

a73 =
2

3
− a74

2
a74 = a74 a75 = −a74

2
a76 = − 1

12
− a77

2

a77 = a77 a78 = −a78
2

a79 = a79 a80 = −1

6
− a79

a81 =
1

3
− a79 a82 = − 1

12
+ a79 a83 =

1

12
− a84

2
a84 = a84

a85 = −a85
2

a86 = a86 a87 = −2

3
− a86 a88 =

5

6
− a86

a89 = − 1

12
+ a86 a90 = a90 a91 = −1

3
− a90 a92 =

1

5
− a90

a93 =
1

12
+ a90 a94 = −2

3
− a95

2
a95 = a95 a96 = −a95

2

a97 =
2

3
− a98

2
a98 = a98 a99 = −a98

2
a100 =

2

3
− a101

2

a101 = a101 a102 = −a101
2

a103 = a103 a104 = −2

3
− a103

a105 = −2

3
− a103 a106 =

2

3
+ a103 a107 =

1

9
− a108

2
a108 = a108

a109 = −a108
2

a110 = −1

9
− a111

2
a111 = a111 a112 = −a111

2

a113 = a113 a114 =
2

9
− a113 a115 =

2

9
− a113 a116 = −2

9
+ a113

a117 =
1

9
− a118

2
a118 = a118 a119 = −a118

2
a120 = −2

9
− a121

2

a121 = a121 a122 = −a121
2

a123 = −1

9
− a124

2
a124 = a124

a125 = −a124
2
.

We note the above solution contains 38 free variables. Using the assumption ∆(U,X,X,X)

= 0, we have that ∆(U,U,X,X) = det(U,X)2P , where P is a scalar density of scalar order

2. Hence, we may rearrange the definition of ∆(U,U,X,X) to get

E(U,U ;X,X) = Ẽ(U,U ;X,X)−∆(U,U,X,X) = Ẽ(U,U ;X,X)− det(U,X)2P. (C.15)



163

On top of the numerous free variables in the above system of equations, there is no immediate

route for integrating (C.15). To find addition information and lock down some of the

a variables, we use (C.11) to remove the third order φ terms from the divergence-free

condition (C.10), leaving

0 =
(−1)q

12

(
−14R|ng

ilBmn −R|iBml + 4R|ng
mlBin + 6R|lBim −R|lgimgkjB

kj

+R|igmlgkjB
kj
)
φlm +

(−1)q

12

(
−2R2gilgkmB

km +
4

3
R2Bil − 13

5
R|mng

ilBmn

− 2

5
R|mng

imBln +
8

5
R|mng

mlBin +
2

5
R|mng

mnBil − 2

5
R|mng

mngilgjkB
jk

+
2

5
R|mng

ingjkg
mlBjk

)
φl −RgklφmjD

ijklm +RgjkφlmD
ijklm − 1

4
R|mgklφjD

ijklm

+
1

4
R|mgjkφlD

ijklm + Eij;kl

[
−1

3
R(gklφj − gjkφl)

]
+ Eij;kφjk +

∂Eij

∂φ
φj . (C.16)

We apply the differential operator UiXjXk
∂

∂φjk
to this equation and solve for Eij;k

E(U,X;X)

=
(−1)q

12

[
14g(U,X)B(X,∇R) + g(U,∇R)B(X,X)− 4g(X,X)B(U,∇R)

− 6g(∇R,X)B(U,X) + g(∇R,X)g(U,X)B(□,□)− g(U,∇R)g(X,X)B(□,□)

+ 14g(U,∇2φ)B(∇2φ,∇R;X,X) + g(U,∇R)B(∇2φ,∇2φ;X,X)

− 4g(∇2φ,∇2φ)B(U,∇R;X,X)− 6g(∇R,∇2φ)B(U,∇2φ;X,X)

+ g(∇R,∇2φ)g(U,∇2φ)B(□,□;X,X)− g(U,∇R)g(∇2φ,∇2φ)B(□,□;X,X)

+ 2R2g(U,∇φ)B(□,□;X,X)− 4

3
R2B(U,∇φ;X,X)

+
13

5
g(U,∇φ)B(∇2R,∇2R;X,X) +

2

5
g(U,∇2R)B(∇φ,∇2R;X,X)

− 8

5
g(∇2R,∇φ)B(U,∇2R;X,X)− 2

5
g(∇2R,∇2R)B(U,∇φ;X,X)

+
2

5
g(∇2R,∇2R)g(U,∇φ)B(□,□;X,X)− 2

5
g(U,∇2R)g(∇2R,∇φ)B(□,□;X,X)

]
+

1

4
[D(U,∇φ,□,□,∇R;X,X)−D(U,□,□,∇φ,∇R;X,X)]
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+R [D(U,X,□,□, X)−D(U,□,□, X,X)]

+R
[
D(U,∇2φ,□,□,∇2φ;X,X)−D(U,□,□,∇2φ,∇2φ;X,X)

]
+
R

3
[E(U,∇φ;□,□;X,X)− E(U,□;□,∇φ;X,X)]

− E(U,∇2φ;∇2φ;X,X)− ∂E

∂φ
(U,∇φ;X,X),

We expand the symmetry by replacing an X with a Y , multiplying both sides by 2 to

remove the numeric coefficient from the left side

E(U,X;Y ) + E(U, Y ;X)

=
(−1)q

12

[
14g(U, Y )B(X,∇R) + 14g(U,X)B(Y,∇R) + 2g(U,∇R)B(X,Y )

− 8g(X,Y )B(U,∇R)− 6g(∇R, Y )B(U,X)− 6g(∇R,X)B(U, Y )

+ g(∇R, Y )g(U,X)B(□,□) + g(∇R,X)g(U, Y )B(□,□)

− 2g(U,∇R)g(X,Y )B(□,□) + 14g(U,∇2φ)B(∇2φ,∇R;X,Y )

+ g(U,∇R)B(∇2φ,∇2φ;X,Y )− 4g(∇2φ,∇2φ)B(U,∇R;X,Y )

− 6g(∇R,∇2φ)B(U,∇2φ;X,Y ) + 2g(∇R,∇2φ)g(U,∇2φ)B(□,□;X,Y )

− 2g(U,∇R)g(∇2φ,∇2φ)B(□,□;X,Y ) + 4R2g(U,∇φ)B(□,□;X,Y )

− 8

3
R2B(U,∇φ;X,Y ) +

26

5
g(U,∇φ)B(∇2R,∇2R;X,Y )

+
4

5
g(U,∇2R)B(∇φ,∇2R;X,Y )− 16

5
g(∇2R,∇φ)B(U,∇2R;X,Y )

− 4

5
g(∇2R,∇2R)B(U,∇φ;X,Y ) +

4

5
g(∇2R,∇2R)g(U,∇φ)B(□,□;X,Y )

− 4

5
g(U,∇2R)g(∇2R,∇φ)B(□,□;X,Y )

]
+R [D(U, Y,□,□, X) +D(U,X,□,□, Y )

− 2D(U,□,□, X, Y )] +
1

2
[D(U,∇φ,□,□,∇R;X,Y )−D(U,□,□,∇φ,∇R;X,Y )]

+ 2R
[
D(U,∇2φ,□,□,∇2φ;X,Y )−D(U,□,□,∇2φ,∇2φ;X,Y )

]
+

2R

3
[E(U,∇φ;□,□;X,Y )− E(U,□;□,∇φ;X,Y )]

− 2E(U,∇2φ;∇2φ;X,Y )− 2
∂E

∂φ
(U,∇φ;X,Y ).



165

We permute the covectors to produce two additional copies of this equation and sum the

first of these with the original version while subtracting the third:

E(U,X;Y ) + E(U, Y ;X) + E(X,Y ;U) + E(X,U ;Y )− E(Y, U ;X)− E(Y,X;U) =

2E(U,X;Y ).

We divide both sides of the equation by 2 and simplify

E(U,X;Y )

=
1

2
[E(U,X;Y ) + E(U, Y ;X) + E(X,Y ;U) + E(X,U ;Y )− E(Y, U ;X)− E(Y,X;U)]

=
1

2

{
(−1)q

12

[
14g(U, Y )B(X,∇R) + 14g(U,X)B(Y,∇R) + 2g(U,∇R)B(X,Y )

− 8g(X,Y )B(U,∇R)− 6g(∇R, Y )B(U,X)− 6g(∇R,X)B(U, Y )

+ g(∇R, Y )g(U,X)B(□,□) + g(∇R,X)g(U, Y )B(□,□)

− 2g(U,∇R)g(X,Y )B(□,□) + 14g(U,∇2φ)B(∇2φ,∇R;X,Y )

+ g(U,∇R)B(∇2φ,∇2φ;X,Y )− 4g(∇2φ,∇2φ)B(U,∇R;X,Y )

− 6g(∇R,∇2φ)B(U,∇2φ;X,Y ) + 2g(∇R,∇2φ)g(U,∇2φ)B(□,□;X,Y )

− 2g(U,∇R)g(∇2φ,∇2φ)B(□,□;X,Y ) + 4R2g(U,∇φ)B(□,□;X,Y )

− 8

3
R2B(U,∇φ;X,Y ) +

26

5
g(U,∇φ)B(∇2R,∇2R;X,Y )

+
4

5
g(U,∇2R)B(∇φ,∇2R;X,Y )− 16

5
g(∇2R,∇φ)B(U,∇2R;X,Y )

− 4

5
g(∇2R,∇2R)B(U,∇φ;X,Y ) +

4

5
g(∇2R,∇2R)g(U,∇φ)B(□,□;X,Y )

− 4

5
g(U,∇2R)g(∇2R,∇φ)B(□,□;X,Y )

]
+R [D(U, Y,□,□, X) +D(U,X,□,□, Y )

− 2D(U,□,□, X, Y )] +
1

2
[D(U,∇φ,□,□,∇R;X,Y )−D(U,□,□,∇φ,∇R;X,Y )]

+ 2R
[
D(U,∇2φ,□,□,∇2φ;X,Y )−D(U,□,□,∇2φ,∇2φ;X,Y )

]
+

2R

3
[E(U,∇φ;□,□;X,Y )− E(U,□;□,∇φ;X,Y )]

− 2E(U,∇2φ;∇2φ;X,Y )− 2
∂E

∂φ
(U,∇φ;X,Y )
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+
(−1)q

12

[
14g(X,U)B(Y,∇R) + 14g(X,Y )B(U,∇R) + 2g(X,∇R)B(Y, U)

− 8g(Y, U)B(X,∇R)− 6g(∇R,U)B(X,Y )− 6g(∇R, Y )B(X,U)

+ g(∇R,U)g(X,Y )B(□,□) + g(∇R, Y )g(X,U)B(□,□)

− 2g(X,∇R)g(Y,U)B(□,□) + 14g(X,∇2φ)B(∇2φ,∇R;Y,U)

+ g(X,∇R)B(∇2φ,∇2φ;Y, U)− 4g(∇2φ,∇2φ)B(X,∇R;Y,U)

− 6g(∇R,∇2φ)B(X,∇2φ;Y,U) + 2g(∇R,∇2φ)g(X,∇2φ)B(□,□;Y, U)

− 2g(X,∇R)g(∇2φ,∇2φ)B(□,□;Y,U) + 4R2g(X,∇φ)B(□,□;Y,U)

− 8

3
R2B(X,∇φ;Y,U) +

26

5
g(X,∇φ)B(∇2R,∇2R;Y,U)

+
4

5
g(X,∇2R)B(∇φ,∇2R;Y,U)− 16

5
g(∇2R,∇φ)B(X,∇2R;Y, U)

− 4

5
g(∇2R,∇2R)B(X,∇φ;Y, U) +

4

5
g(∇2R,∇2R)g(X,∇φ)B(□,□;Y,U)

− 4

5
g(X,∇2R)g(∇2R,∇φ)B(□,□;Y, U)

]
+R [D(X,U,□,□, Y ) +D(X,Y,□,□, U)

− 2D(X,□,□, Y, U)] +
1

2
[D(X,∇φ,□,□,∇R;Y,U)−D(X,□,□,∇φ,∇R;Y,U)]

+ 2R
[
D(X,∇2φ,□,□,∇2φ;Y,U)−D(X,□,□,∇2φ,∇2φ;Y,U)

]
+

2R

3
[E(X,∇φ;□,□;Y, U)− E(X,□;□,∇φ;Y,U)]

− 2E(X,∇2φ;∇2φ;Y,U)− 2
∂E

∂φ
(X,∇φ;Y,U)

− (−1)q

12

[
14g(Y,X)B(U,∇R) + 14g(Y,U)B(X,∇R) + 2g(Y,∇R)B(U,X)

− 8g(U,X)B(Y,∇R)− 6g(∇R,X)B(Y, U)− 6g(∇R,U)B(Y,X)

+ g(∇R,X)g(Y,U)B(□,□) + g(∇R,U)g(Y,X)B(□,□)

− 2g(Y,∇R)g(U,X)B(□,□) + 14g(Y,∇2φ)B(∇2φ,∇R;U,X)

+ g(Y,∇R)B(∇2φ,∇2φ;U,X)− 4g(∇2φ,∇2φ)B(Y,∇R;U,X)

− 6g(∇R,∇2φ)B(Y,∇2φ;U,X) + 2g(∇R,∇2φ)g(Y,∇2φ)B(□,□;U,X)

− 2g(Y,∇R)g(∇2φ,∇2φ)B(□,□;U,X) + 4R2g(Y,∇φ)B(□,□;U,X)

− 8

3
R2B(Y,∇φ;U,X) +

26

5
g(Y,∇φ)B(∇2R,∇2R;U,X)

+
4

5
g(Y,∇2R)B(∇φ,∇2R;U,X)− 16

5
g(∇2R,∇φ)B(Y,∇2R;U,X)
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− 4

5
g(∇2R,∇2R)B(Y,∇φ;U,X) +

4

5
g(∇2R,∇2R)g(Y,∇φ)B(□,□;U,X)

− 4

5
g(Y,∇2R)g(∇2R,∇φ)B(□,□;U,X)

]
−R [D(Y,X,□,□, U) +D(Y,U,□,□, X)

− 2D(Y,□,□, U,X)]− 1

2
[D(Y,∇φ,□,□,∇R;U,X)−D(Y,□,□,∇φ,∇R;U,X)]

− 2R
[
D(Y,∇2φ,□,□,∇2φ;U,X)−D(Y,□,□,∇2φ,∇2φ;U,X)

]
− 2R

3
[E(Y,∇φ;□,□;U,X)− E(Y,□;□,∇φ;U,X)]

+ 2E(Y,∇2φ;∇2φ;U,X) + 2
∂E

∂φ
(Y,∇φ;U,X)

}
=

(−1)q

24

[
36g(U,X)B(Y,∇R)− 8g(U, Y )B(X,∇R)− 8g(X,Y )B(U,∇R)

2g(U,∇R)B(X,Y ) + 2g(X,∇R)B(U, Y )− 14g(Y,∇R)B(U,X)

+ 4g(U,X)g(Y,∇R)B(□,□)− 2g(U, Y )g(X,∇R)B(□,□)

− 2g(U,∇R)g(X,Y )B(□,□) + 14g(U,∇2φ)B(∇2φ,∇R;X,Y )

+ g(U,∇R)B(∇2φ,∇2φ;X,Y )− 4g(∇2φ,∇2φ)B(U,∇R;X,Y )

− 6g(∇R,∇2φ)B(U,∇2φ;X,Y ) + 2g(U,∇2φ)g(∇R,∇2φ)B(□,□;X,Y )

− 2g(U,∇R)g(∇2φ,∇2φ)B(□,□;X,Y ) + 4R2g(U,∇φ)B(□,□;X,Y )

− 8

3
R2B(U,∇φ;X,Y ) +

26

5
g(U,∇φ)B(∇2R,∇2R;X,Y )

+
4

5
g(U,∇2R)B(∇φ,∇2R;X,Y )− 16

5
g(∇2R,∇φ)B(U,∇2R;X,Y )

− 4

5
g(∇2R,∇2R)B(U,∇φ;X,Y ) +

4

5
g(∇2R,∇2R)g(U,∇φ)B(□,□;X,Y )

− 4

5
g(U,∇2R)g(∇2R,∇φ)B(□,□;X,Y ) + 14g(X,∇2φ)B(∇2φ,∇R;Y, U)

+ g(X,∇R)B(∇2φ,∇2φ;Y, U)− 4g(∇2φ,∇2φ)B(X,∇R;Y, U)

− 6g(∇R,∇2φ)B(X,∇2φ;Y,U) + 2g(X,∇2φ)g(∇R,∇2φ)B(□,□;Y,U)

− 2g(X,∇R)g(∇2φ,∇2φ)B(□,□;Y,U) + 4R2g(X,∇φ)B(□,□;Y,U)

− 8

3
R2B(X,∇φ;Y,U) +

26

5
g(X,∇φ)B(∇2R,∇2R;Y,U)

+
4

5
g(X,∇2R)B(∇φ,∇2R;Y,U)− 16

5
g(∇2R,∇φ)B(X,∇2R;Y, U)

− 4

5
g(∇2R,∇2R)B(X,∇φ;Y, U) +

4

5
g(∇2R,∇2R)g(X,∇φ)B(□,□;Y,U)
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− 4

5
g(X,∇2R)g(∇2R,∇φ)B(□,□;Y,U)− 14g(Y,∇2φ)B(∇2φ,∇R;U,X)

− g(Y,∇R)B(∇2φ,∇2φ;U,X) + 4g(∇2φ,∇2φ)B(Y,∇R;U,X)

+ 6g(∇R,∇2φ)B(Y,∇2φ;U,X)− 2g(Y,∇2φ)g(∇R,∇2φ)B(□,□;U,X)

+ 2g(Y,∇R)g(∇2φ,∇2φ)B(□,□;U,X)− 4R2g(Y,∇φ)B(□,□;U,X)

+
8

3
R2B(Y,∇φ;U,X)− 26

5
g(Y,∇φ)B(∇2R,∇2R;U,X)

− 4

5
g(Y,∇2R)B(∇φ,∇2R;U,X) +

16

5
g(∇2R,∇φ)B(Y,∇2R;U,X)

+
4

5
g(∇2R,∇2R)B(Y,∇φ;U,X)− 4

5
g(∇2R,∇2R)g(Y,∇φ)B(□,□;U,X)

+
4

5
g(Y,∇2R)g(∇2R,∇φ)B(□,□;U,X)

]
+R [D(U,X,□,□, Y )−D(U,□,□, X, Y )−D(X,□,□, Y, U) +D(Y,□,□, U,X)]

+
1

4
[D(U,∇φ,□,□,∇R;X,Y )−D(U,□,□,∇φ,∇R;X,Y )

+D(X,∇φ,□,□,∇R;Y,U)−D(X,□,□,∇φ,∇R;Y,U)

−D(Y,∇φ,□,□,∇R;U,X) +D(Y,□,□,∇φ,∇R;U,X)]

+R
[
D(U,∇2φ,□,□,∇2φ;X,Y )−D(U,□,□,∇2φ,∇2φ;X,Y )

+D(X,∇2φ,□,□,∇2φ;Y,U)−D(X,□,□,∇2φ,∇2φ;Y,U)

−D(Y,∇2φ,□,□,∇2φ;U,X) +D(Y,□,□,∇2φ,∇2φ;U,X)
]

+
R

3
[E(U,∇φ;□,□;X,Y )− E(U,□;□,∇φ;X,Y ) + E(X,∇φ;□,□;Y, U)

− E(X,□;□,∇φ;Y,U)− E(Y,∇φ;□,□;U,X) + E(Y,□;□,∇φ;U,X)]

+ 2
[
−E(U,∇2φ;∇2φ;X,Y )− E(X,∇2φ;∇2φ;Y,U) + E(Y,∇2φ;∇2φ;U,X)

]
+ 2

[
−∂E
∂φ

(U,∇φ;X,Y )− ∂E

∂φ
(X,∇φ;Y, U) +

∂E

∂φ
(Y,∇φ;U,X)

]
.

To proceed further, we utilize the symmetry of Eij and set U = X

E(X,X;Y )

=
(−1)q

24

[
36g(X,X)B(Y,∇R)− 8g(X,Y )B(X,∇R)− 8g(X,Y )B(X,∇R)

2g(X,∇R)B(X,Y ) + 2g(X,∇R)B(X,Y )− 14g(Y,∇R)B(X,X)
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+ 4g(X,X)g(Y,∇R)B(□,□)− 2g(X,Y )g(X,∇R)B(□,□)

− 2g(X,∇R)g(X,Y )B(□,□) + 14g(X,∇2φ)B(∇2φ,∇R;X,Y )

+ g(X,∇R)B(∇2φ,∇2φ;X,Y )− 4g(∇2φ,∇2φ)B(X,∇R;X,Y )

− 6g(∇R,∇2φ)B(X,∇2φ;X,Y ) + 2g(X,∇2φ)g(∇R,∇2φ)B(□,□;X,Y )

− 2g(X,∇R)g(∇2φ,∇2φ)B(□,□;X,Y ) + 4R2g(X,∇φ)B(□,□;X,Y )

− 8

3
R2B(X,∇φ;X,Y ) +

26

5
g(X,∇φ)B(∇2R,∇2R;X,Y )

+
4

5
g(X,∇2R)B(∇φ,∇2R;X,Y )− 16

5
g(∇2R,∇φ)B(X,∇2R;X,Y )

− 4

5
g(∇2R,∇2R)B(X,∇φ;X,Y ) +

4

5
g(∇2R,∇2R)g(X,∇φ)B(□,□;X,Y )

− 4

5
g(X,∇2R)g(∇2R,∇φ)B(□,□;X,Y ) + 14g(X,∇2φ)B(∇2φ,∇R;Y,X)

+ g(X,∇R)B(∇2φ,∇2φ;Y,X)− 4g(∇2φ,∇2φ)B(X,∇R;Y,X)

− 6g(∇R,∇2φ)B(X,∇2φ;Y,X) + 2g(X,∇2φ)g(∇R,∇2φ)B(□,□;Y,X)

− 2g(X,∇R)g(∇2φ,∇2φ)B(□,□;Y,X) + 4R2g(X,∇φ)B(□,□;Y,X)

− 8

3
R2B(X,∇φ;Y,X) +

26

5
g(X,∇φ)B(∇2R,∇2R;Y,X)

+
4

5
g(X,∇2R)B(∇φ,∇2R;Y,X)− 16

5
g(∇2R,∇φ)B(X,∇2R;Y,X)

− 4

5
g(∇2R,∇2R)B(X,∇φ;Y,X) +

4

5
g(∇2R,∇2R)g(X,∇φ)B(□,□;Y,X)

− 4

5
g(X,∇2R)g(∇2R,∇φ)B(□,□;Y,X)− 14g(Y,∇2φ)B(∇2φ,∇R;X,X)

− g(Y,∇R)B(∇2φ,∇2φ;X,X) + 4g(∇2φ,∇2φ)B(Y,∇R;X,X)

+ 6g(∇R,∇2φ)B(Y,∇2φ;X,X)− 2g(Y,∇2φ)g(∇R,∇2φ)B(□,□;X,X)

+ 2g(Y,∇R)g(∇2φ,∇2φ)B(□,□;X,X)− 4R2g(Y,∇φ)B(□,□;X,X)

+
8

3
R2B(Y,∇φ;X,X)− 26

5
g(Y,∇φ)B(∇2R,∇2R;X,X)

− 4

5
g(Y,∇2R)B(∇φ,∇2R;X,X) +

16

5
g(∇2R,∇φ)B(Y,∇2R;X,X)

+
4

5
g(∇2R,∇2R)B(Y,∇φ;X,X)− 4

5
g(∇2R,∇2R)g(Y,∇φ)B(□,□;X,X)

+
4

5
g(Y,∇2R)g(∇2R,∇φ)B(□,□;X,X)

]
+R [D(X,X,□,□, Y )−D(X,□,□, X, Y )−D(X,□,□, Y,X) +D(Y,□,□, X,X)]
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+
1

4
[D(X,∇φ,□,□,∇R;X,Y )−D(X,□,□,∇φ,∇R;X,Y )

+D(X,∇φ,□,□,∇R;Y,X)−D(X,□,□,∇φ,∇R;Y,X)

−D(Y,∇φ,□,□,∇R;X,X) +D(Y,□,□,∇φ,∇R;X,X)]

+R
[
D(X,∇2φ,□,□,∇2φ;X,Y )−D(X,□,□,∇2φ,∇2φ;X,Y )

+D(X,∇2φ,□,□,∇2φ;Y,X)−D(X,□,□,∇2φ,∇2φ;Y,X)

−D(Y,∇2φ,□,□,∇2φ;X,X) +D(Y,□,□,∇2φ,∇2φ;X,X)
]

+
R

3
[E(X,∇φ;□,□;X,Y )− E(X,□;□,∇φ;X,Y ) + E(X,∇φ;□,□;Y,X)

− E(X,□;□,∇φ;Y,X)− E(Y,∇φ;□,□;X,X) + E(Y,□;□,∇φ;X,X)]

+ 2
[
−E(X,∇2φ;∇2φ;X,Y )− E(X,∇2φ;∇2φ;Y,X) + E(Y,∇2φ;∇2φ;X,X)

]
+ 2

[
−∂E
∂φ

(X,∇φ;X,Y )− ∂E

∂φ
(X,∇φ;Y,X) +

∂E

∂φ
(Y,∇φ;X,X)

]
=

(−1)q

24

[
36g(X,X)B(Y,∇R)− 16g(X,Y )B(X,∇R) + 4g(X,∇R)B(X,Y )

− 14g(Y,∇R)B(X,X) + 4g(X,X)g(Y,∇R)B(□,□)

− 4g(X,Y )g(X,∇R)B(□,□) + 28g(X,∇2φ)B(∇2φ,∇R;X,Y )

+ 2g(X,∇R)B(∇2φ,∇2φ;X,Y )− 8g(∇2φ,∇2φ)B(X,∇R;X,Y )

− 12g(∇R,∇2φ)B(X,∇2φ;X,Y ) + 4g(X,∇2φ)g(∇R,∇2φ)B(□,□;X,Y )

− 4g(X,∇R)g(∇2φ,∇2φ)B(□,□;X,Y ) + 8R2g(X,∇φ)B(□,□;X,Y )

− 16

3
R2B(X,∇φ;X,Y ) +

52

5
g(X,∇φ)B(∇2R,∇2R;X,Y )

+
8

5
g(X,∇2R)B(∇φ,∇2R;X,Y )− 32

5
g(∇2R,∇φ)B(X,∇2R;X,Y )

− 8

5
g(∇2R,∇2R)B(X,∇φ;X,Y ) +

8

5
g(∇2R,∇2R)g(X,∇φ)B(□,□;X,Y )

− 8

5
g(X,∇2R)g(∇2R,∇φ)B(□,□;X,Y )− 14g(Y,∇2φ)B(∇2φ,∇R;X,X)

− g(Y,∇R)B(∇2φ,∇2φ;X,X) + 4g(∇2φ,∇2φ)B(Y,∇R;X,X)

+ 6g(∇R,∇2φ)B(Y,∇2φ;X,X)− 2g(Y,∇2φ)g(∇R,∇2φ)B(□,□;X,X)

+ 2g(Y,∇R)g(∇2φ,∇2φ)B(□,□;X,X)− 4R2g(Y,∇φ)B(□,□;X,X)

+
8

3
R2B(Y,∇φ;X,X)− 26

5
g(Y,∇φ)B(∇2R,∇2R;X,X)
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− 4

5
g(Y,∇2R)B(∇φ,∇2R;X,X) +

16

5
g(∇2R,∇φ)B(Y,∇2R;X,X)

+
4

5
g(∇2R,∇2R)B(Y,∇φ;X,X)− 4

5
g(∇2R,∇2R)g(Y,∇φ)B(□,□;X,X)

+
4

5
g(Y,∇2R)g(∇2R,∇φ)B(□,□;X,X)

]
+R [D(X,X,□,□, Y )− 2D(X,□,□, X, Y ) +D(Y,□,□, X,X)]

+
1

4
[2D(X,∇φ,□,□,∇R;X,Y )− 2D(X,□,□,∇φ,∇R;X,Y )

−D(Y,∇φ,□,□,∇R;X,X) +D(Y,□,□,∇φ,∇R;X,X)]

+R
[
2D(X,∇2φ,□,□,∇2φ;X,Y )− 2D(X,□,□,∇2φ,∇2φ;X,Y )

−D(Y,∇2φ,□,□,∇2φ;X,X) +D(Y,□,□,∇2φ,∇2φ;X,X)
]

+
R

3
[2E(X,∇φ;□,□;X,Y )− 2E(X,□;□,∇φ;X,Y )

− E(Y,∇φ;□,□;X,X) + E(Y,□;□,∇φ;X,X)]

+ 2
[
−2E(X,∇2φ;∇2φ;X,Y ) + E(Y,∇2φ;∇2φ;X,X)

]
+ 2

[
−2

∂E

∂φ
(X,∇φ;X,Y ) +

∂E

∂φ
(Y,∇φ;X,X)

]
. (C.17)

Next, we utilize (C.12) to express the D terms with no derivatives

D(X,X,□,□, Y )

=
(−1)q

3

{[
2g(X,X)g(Y,∇2φ)Q(∇2φ)− 2g(X,∇2φ)g(X,Y )Q(∇2φ)

− 2

3
Rg(X,X)g(Y,∇φ)B(□a,□a) +

2

3
Rg(X,∇φ)g(X,Y )B(□a,□a)

+
2

3
Rg(X,X)B(∇φ, Y )− 2

3
Rg(X,Y )B(∇φ,X)

]
(;□,□)

+ 2

[
2g(X,X)g(□,∇2φ)Q(∇2φ)− 2g(X,∇2φ)g(X,□)Q(∇2φ)

− 2

3
Rg(X,X)g(□,∇φ)B(□a,□a) +

2

3
Rg(X,∇φ)g(X,□)B(□a,□a)

+
2

3
Rg(X,X)B(∇φ,□)− 2

3
Rg(X,□)B(∇φ,X)

]
(;Y,□)

+ 2g(X,X)g(Y,∇φ)∂B
∂φ

(□,□) + 4g(X,X)g(□,∇φ)∂B
∂φ

(Y,□)

− 2g(X,∇φ)g(X,Y )
∂B

∂φ
(□,□)− 4g(X,∇φ)g(X,□)

∂B

∂φ
(Y,□)
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− 2g(X,X)g(Y,□)Q(□)− g(X,X)g(□,□)Q(Y ) + 2g(X,□)g(X,Y )Q(□)

+ g(X,□)g(X,□)Q(Y )

}
=

(−1)q

3

{[
2g(X,X)g(Y,□)Q(□) + 2g(X,X)g(Y,∇2φ)Q(∇2φ;□,□)

− 2g(X,□)g(X,Y )Q(□)− 2g(X,∇2φ)g(X,Y )Q(∇2φ;□,□)

− 2

3
Rg(X,X)g(Y,∇φ)B(□a,□a;□,□) +

2

3
Rg(X,∇φ)g(X,Y )B(□a,□a;□,□)

+
2

3
Rg(X,X)B(∇φ, Y ;□,□)− 2

3
Rg(X,Y )B(∇φ,X;□,□)

]
+ 2

[
g(X,X)g(□, Y )Q(□) + g(X,X)g(□,□)Q(Y )

+ 2g(X,X)g(□,∇2φ)Q(∇2φ;Y,□)− g(X,Y )g(X,□)Q(□)

− g(X,□)g(X,□)Q(Y )− 2g(X,∇2φ)g(X,□)Q(∇2φ;Y,□)

− 2

3
Rg(X,X)g(□,∇φ)B(□a,□a;Y,□) +

2

3
Rg(X,∇φ)g(X,□)B(□a,□a;Y,□)

+
2

3
Rg(X,X)B(∇φ,□;Y,□)− 2

3
Rg(X,□)B(∇φ,X;Y,□)

]
+ 2g(X,X)g(Y,∇φ)∂B

∂φ
(□,□) + 4g(X,X)

∂B

∂φ
(Y,∇φ)

− 2g(X,∇φ)g(X,Y )
∂B

∂φ
(□,□)− 4g(X,∇φ)∂B

∂φ
(X,Y )

− 2g(X,X)Q(Y )− 2g(X,X)Q(Y ) + 2g(X,Y )Q(X) + g(X,X)Q(Y )

}
=

(−1)q

3

[
2g(X,X)Q(Y ) + 2g(X,X)g(Y,∇2φ)Q(∇2φ;□,□)

− 2g(X,Y )Q(X)− 2g(X,∇2φ)g(X,Y )Q(∇2φ;□,□)

− 2

3
Rg(X,X)g(Y,∇φ)B(□a,□a;□,□) +

2

3
Rg(X,∇φ)g(X,Y )B(□a,□a;□,□)

+
2

3
Rg(X,X)B(∇φ, Y ;□,□)− 2

3
Rg(X,Y )B(∇φ,X;□,□)

+ 2g(X,X)Q(Y ) + 4g(X,X)Q(Y ) + 4g(X,X)Q(∇2φ;Y,∇2φ)

− 2g(X,Y )Q(X)− 2g(X,X)Q(Y )− 4g(X,∇2φ)Q(∇2φ;X,Y )

− 4

3
Rg(X,X)B(□a,□a;Y,∇φ) +

4

3
Rg(X,∇φ)B(□a,□a;X,Y )

+
4

3
Rg(X,X)B(∇φ,□;Y,□)− 4

3
RB(∇φ,X;X,Y )
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+ 2g(X,X)g(Y,∇φ)∂B
∂φ

(□,□) + 4g(X,X)
∂B

∂φ
(Y,∇φ)

− 2g(X,∇φ)g(X,Y )
∂B

∂φ
(□,□)− 4g(X,∇φ)∂B

∂φ
(X,Y )

− 3g(X,X)Q(Y ) + 2g(X,Y )Q(X)

]
=

(−1)q

3

[
3g(X,X)Q(Y )− 2g(X,Y )Q(X) + 2g(X,X)g(Y,∇2φ)Q(∇2φ;□,□)

− 2g(X,∇2φ)g(X,Y )Q(∇2φ;□,□) + 4g(X,X)Q(∇2φ;Y,∇2φ)

− 4g(X,∇2φ)Q(∇2φ;X,Y ) + 2g(X,X)g(Y,∇φ)∂B
∂φ

(□,□)

− 2g(X,∇φ)g(X,Y )
∂B

∂φ
(□,□) + 4g(X,X)

∂B

∂φ
(Y,∇φ)− 4g(X,∇φ)∂B

∂φ
(X,Y )

− 2

3
Rg(X,X)g(Y,∇φ)B(□a,□a;□,□) +

2

3
Rg(X,∇φ)g(X,Y )B(□a,□a;□,□)

− 2

3
Rg(X,X)B(∇φ, Y ;□,□)− 2

3
Rg(X,Y )B(∇φ,X;□,□)

+
4

3
Rg(X,∇φ)B(X,Y ;□,□) +

4

3
Rg(X,X)B(∇φ,□;Y,□)

− 4

3
RB(∇φ,X;X,Y )

]
,

D(X,□,□, X, Y )

=
(−1)q

6

{
2

[
2g(X,□)g(X,∇2φ)Q(∇2φ)− g(□,∇2φ)g(X,X)Q(∇2φ)

− g(X,∇2φ)g(□, X)Q(∇2φ)− 2

3
Rg(X,□)g(X,∇φ)B(□a,□a)

+
1

3
Rg(□,∇φ)g(X,X)B(□a,□a) +

1

3
Rg(X,∇φ)g(□, X)B(□a,□a)

+
2

3
Rg(X,□)B(∇φ,X)− 1

3
Rg(□, X)B(∇φ,X)− 1

3
Rg(X,X)B(∇φ,□)

]
(;□, Y )

+ 2

[
2g(X,□)g(□,∇2φ)Q(∇2φ)− g(□,∇2φ)g(X,□)Q(∇2φ)

− g(X,∇2φ)g(□,□)Q(∇2φ)− 2

3
Rg(X,□)g(□,∇φ)B(□a,□a)

+
1

3
Rg(□,∇φ)g(X,□)B(□a,□a) +

1

3
Rg(X,∇φ)g(□,□)B(□a,□a)

+
2

3
Rg(X,□)B(∇φ,□)− 1

3
Rg(□,□)B(∇φ,X)− 1

3
Rg(X,□)B(∇φ,□)

]
(;X,Y )

+ 2

[
2g(X,□)g(Y,∇2φ)Q(∇2φ)− g(□,∇2φ)g(X,Y )Q(∇2φ)

− g(X,∇2φ)g(□, Y )Q(∇2φ)− 2

3
Rg(X,□)g(Y,∇φ)B(□a,□a)
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+
1

3
Rg(□,∇φ)g(X,Y )B(□a,□a) +

1

3
Rg(X,∇φ)g(□, Y )B(□a,□a)

+
2

3
Rg(X,□)B(∇φ, Y )− 1

3
Rg(□, Y )B(∇φ,X)− 1

3
Rg(X,Y )B(∇φ,□)

]
(;X,□)

+ 4g(X,□)g(X,∇φ)∂B
∂φ

(□, Y ) + 4g(X,□)g(□,∇φ)∂B
∂φ

(X,Y )

+ 4g(X,□)g(Y,∇φ)∂B
∂φ

(X,□)− 2g(□,∇φ)g(X,X)
∂B

∂φ
(□, Y )

− 2g(□,∇φ)g(X,□)
∂B

∂φ
(X,Y )− 2g(□,∇φ)g(X,Y )

∂B

∂φ
(X,□)

− 2g(X,∇φ)g(□, X)
∂B

∂φ
(□, Y )− 2g(X,∇φ)g(□,□)

∂B

∂φ
(X,Y )

− 2g(X,∇φ)g(□, Y )
∂B

∂φ
(X,□)− 2g(X,□)g(X,□)Q(Y )− 2g(X,□)g(X,Y )Q(□)

− 2g(X,□)g(□, Y )Q(X) + g(X,X)g(□,□)Q(Y ) + g(X,X)g(□, Y )Q(□)

+ g(X,□)g(□, X)Q(Y ) + g(X,Y )g(□, X)Q(□) + g(X,□)g(□, Y )Q(X)

+ g(X,Y )g(□,□)Q(X)

}
=

(−1)q

6

{
2

[
g(X,□)g(X,□)Q(Y ) + g(X,□)g(X,Y )Q(□)

+ 2g(X,□)g(X,∇2φ)Q(∇2φ;□, Y )− 1

2
g(□,□)g(X,X)Q(Y )

− 1

2
g(□, Y )g(X,X)Q(□)− g(□,∇2φ)g(X,X)Q(∇2φ;□, Y )

− 1

2
g(X,□)g(□, X)Q(Y )− 1

2
g(X,Y )g(□, X)Q(□)

− g(X,∇2φ)g(□, X)Q(∇2φ;□, Y )− 2

3
Rg(X,□)g(X,∇φ)B(□a,□a;□, Y )

+
1

3
Rg(□,∇φ)g(X,X)B(□a,□a;□, Y ) +

1

3
Rg(X,∇φ)g(□, X)B(□a,□a;□, Y )

+
2

3
Rg(X,□)B(∇φ,X;□, Y )− 1

3
Rg(□, X)B(∇φ,X;□, Y )

− 1

3
Rg(X,X)B(∇φ,□;□, Y )

]
+ 2

[
2g(X,∇2φ)Q(∇2φ)− g(X,∇2φ)Q(∇2φ)

− 2g(X,∇2φ)Q(∇2φ)− 2

3
Rg(X,∇φ)B(□a,□a) +

1

3
Rg(X,∇φ)B(□a,□a)

+
2

3
Rg(X,∇φ)B(□a,□a) +

2

3
RB(∇φ,X)− 2

3
RB(∇φ,X)

− 1

3
RB(∇φ,X)

]
(;X,Y ) + 2

[
g(X,□)g(Y,X)Q(□) + g(X,□)g(Y,□)Q(X)

+ 2g(X,□)g(Y,∇2φ)Q(∇2φ;X,□)− 1

2
g(□, X)g(X,Y )Q(□)



175

− 1

2
g(□,□)g(X,Y )Q(X)− g(□,∇2φ)g(X,Y )Q(∇2φ;X,□)

− 1

2
g(X,X)g(□, Y )Q(□)− 1

2
g(X,□)g(□, Y )Q(X)

− g(X,∇2φ)g(□, Y )Q(∇2φ;X,□)− 2

3
Rg(X,□)g(Y,∇φ)B(□a,□a;X,□)

+
1

3
Rg(□,∇φ)g(X,Y )B(□a,□a;X,□) +

1

3
Rg(X,∇φ)g(□, Y )B(□a,□a;X,□)

+
2

3
Rg(X,□)B(∇φ, Y ;X,□)− 1

3
Rg(□, Y )B(∇φ,X;X,□)

− 1

3
Rg(X,Y )B(∇φ,□;X,□)

]
+ 4g(X,∇φ)∂B

∂φ
(X,Y ) + 4g(X,∇φ)∂B

∂φ
(X,Y )

+ 4g(Y,∇φ)∂B
∂φ

(X,X)− 2g(X,X)
∂B

∂φ
(∇φ, Y )− 2g(X,∇φ)∂B

∂φ
(X,Y )

− 2g(X,Y )
∂B

∂φ
(X,∇φ)− 2g(X,∇φ)∂B

∂φ
(X,Y )− 4g(X,∇φ)∂B

∂φ
(X,Y )

− 2g(X,∇φ)∂B
∂φ

(X,Y )− 2g(X,X)Q(Y )− 2g(X,Y )Q(X)− 2g(X,Y )Q(X)

+ 2g(X,X)Q(Y ) + g(X,X)Q(Y ) + g(X,X)Q(Y ) + g(X,Y )Q(X) + g(X,Y )Q(X)

+ 2g(X,Y )Q(X)

}
=

(−1)q

6

{
2

[
g(X,X)Q(Y ) + g(X,Y )Q(X) + 2g(X,∇2φ)Q(∇2φ;X,Y )

− g(X,X)Q(Y )− 1

2
g(X,X)Q(Y )− g(X,X)Q(∇2φ;∇2φ, Y )

− 1

2
g(X,X)Q(Y )− 1

2
g(X,Y )Q(X)− g(X,∇2φ)Q(∇2φ;X,Y )

− 2

3
Rg(X,∇φ)B(□a,□a;X,Y ) +

1

3
Rg(X,X)B(□a,□a;∇φ, Y )

+
1

3
Rg(X,∇φ)B(□a,□a;X,Y ) +

2

3
RB(∇φ,X;X,Y )− 1

3
RB(∇φ,X;X,Y )

− 1

3
Rg(X,X)B(∇φ,□;□, Y )

]
+ 2

[
−g(X,∇2φ)Q(∇2φ) +

1

3
Rg(X,∇φ)B(□a,□a)

− 1

3
RB(∇φ,X)

]
(;X,Y ) + 2

[
g(Y,X)Q(X) + g(X,Y )Q(X)

+ 2g(Y,∇2φ)Q(∇2φ;X,X)− 1

2
g(X,Y )Q(X)− g(X,Y )Q(X)

− g(X,Y )Q(∇2φ;X,∇2φ)− 1

2
g(X,X)Q(Y )− 1

2
g(X,Y )Q(X)

− g(X,∇2φ)Q(∇2φ;X,Y )− 2

3
R(Y,∇φ)B(□a,□a;X,X)

+
1

3
Rg(X,Y )B(□a,□a;X,∇φ) +

1

3
Rg(X,∇φ)B(□a,□a;X,Y )
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+
2

3
RB(∇φ, Y ;X,X)− 1

3
RB(∇φ,X;X,Y )− 1

3
Rg(X,Y )B(∇φ,□;X,□)

]
+ 4g(Y,∇φ)∂B

∂φ
(X,X)− 2g(X,X)

∂B

∂φ
(∇φ, Y )− 2g(X,Y )

∂B

∂φ
(X,∇φ)

− 2g(X,∇φ)∂B
∂φ

(X,Y ) + 2g(X,X)Q(Y )

}
=

(−1)q

6

{
2

[
1

2
g(X,Y )Q(X)− g(X,X)Q(Y ) + g(X,∇2φ)Q(∇2φ;X,Y )

− g(X,X)Q(∇2φ;∇2φ, Y )− 1

3
Rg(X,∇φ)B(□,□;X,Y )

+
1

3
Rg(X,X)B(□,□;∇φ, Y ) +

1

3
RB(∇φ,X;X,Y )

− 1

3
Rg(X,X)B(∇φ,□;□, Y )

]
+ 2

[
−1

2
g(X,X)Q(Y )− 1

2
g(X,Y )Q(X)

− g(X,∇2φ)Q(∇2φ;X,Y ) +
1

3
Rg(X,∇φ)B(□,□;X,Y )

− 1

3
RB(∇φ,X;X,Y )

]
+ 2

[
−1

2
g(X,X)Q(Y ) + 2g(Y,∇2φ)Q(∇2φ;X,X)

− g(X,Y )Q(∇2φ;X,∇2φ)− g(X,∇2φ)Q(∇2φ;X,Y )− 2

3
R(Y,∇φ)B(□,□;X,X)

+
1

3
Rg(X,Y )B(□,□;X,∇φ) + 1

3
Rg(X,∇φ)B(□,□;X,Y )

+
2

3
RB(∇φ, Y ;X,X)− 1

3
RB(∇φ,X;X,Y )− 1

3
Rg(X,Y )B(∇φ,□;X,□)

]
+ 4g(Y,∇φ)∂B

∂φ
(X,X)− 2g(X,X)

∂B

∂φ
(∇φ, Y )− 2g(X,Y )

∂B

∂φ
(X,∇φ)

− 2g(X,∇φ)∂B
∂φ

(X,Y ) + 2g(X,X)Q(Y )

}
=

(−1)q

6

[
−2g(X,X)Q(Y ) + 4g(Y,∇2φ)Q(∇2φ;X,X)− 2g(X,∇2φ)Q(∇2φ;X,Y )

− 2g(X,X)Q(∇2φ;∇2φ, Y )− 2g(X,Y )Q(∇2φ;X,∇2φ)

+
2

3
Rg(X,X)B(□,□;Y,∇φ)− 2

3
Rg(X,X)B(∇φ,□;Y,□)

− 2

3
Rg(X,Y )B(∇φ,□;X,□) +

2

3
Rg(X,Y )B(□,□;X,∇φ)

+
2

3
Rg(X,∇φ)B(□,□;X,Y )− 4

3
R(Y,∇φ)B(□,□;X,X)

+
4

3
RB(∇φ, Y ;X,X)− 2

3
RB(∇φ,X;X,Y ) + 4g(Y,∇φ)∂B

∂φ
(X,X)

− 2g(X,X)
∂B

∂φ
(∇φ, Y )− 2g(X,Y )

∂B

∂φ
(X,∇φ)− 2g(X,∇φ)∂B

∂φ
(X,Y )

]
,
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and

D(Y,□,□, X,X)

=
(−1)q

3

{[
2g(□, Y )g(□,∇2φ)Q(∇2φ)− g(□,∇2φ)g(Y,□)Q(∇2φ)

− g(Y,∇2φ)g(□,□)Q(∇2φ)− 2

3
Rg(Y,□)g(□,∇φ)B(□a,□a)

+
1

3
Rg(□,∇φ)g(Y,□)B(□a,□a) +

1

3
Rg(Y,∇φ)g(□,□)B(□a,□a)

+
2

3
Rg(Y,□)B(∇φ,□)− 1

3
Rg(□,□)B(∇φ, Y )

− 1

3
Rg(Y,□)B(∇φ,□)

]
(;X,X) + 2

[
2g(□, Y )g(X,∇2φ)Q(∇2φ)

− g(□,∇2φ)g(Y,X)Q(∇2φ)− g(Y,∇2φ)g(□, X)Q(∇2φ)

− 2

3
Rg(Y,□)g(X,∇φ)B(□a,□a) +

1

3
Rg(□,∇φ)g(Y,X)B(□a,□a)

+
1

3
Rg(Y,∇φ)g(□, X)B(□a,□a) +

2

3
Rg(Y,□)B(∇φ,X)

− 1

3
Rg(□, X)B(∇φ, Y )− 1

3
Rg(Y,X)B(∇φ,□)

]
(;X,□)

+ 2g(Y,□)g(□,∇φ)∂B
∂φ

(X,X) + 4g(Y,□)g(X,∇φ)∂B
∂φ

(X,□)

− g(□,∇φ)g(Y,□)
∂B

∂φ
(X,X)− 2g(□,∇φ)g(Y,X)

∂B

∂φ
(X,□)

− g(Y,∇φ)g(□,□)
∂B

∂φ
(X,X)− 2g(Y,∇φ)g(□, X)

∂B

∂φ
(X,□)

− 2g(Y,□)g(X,□)Q(X)− g(Y,□)g(X,X)Q(□) + g(Y,□)g(□, X)Q(X)

+ g(Y,X)g(□,□)Q(X) + g(Y,X)g(□, X)Q(□)

}
=

(−1)q

3

{[
2g(Y,∇2φ)Q(∇2φ)− g(Y,∇2φ)Q(∇2φ)− 2g(Y,∇2φ)Q(∇2φ)

− 2

3
Rg(Y,∇φ)B(□a,□a) +

1

3
Rg(Y,∇φ)B(□a,□a) +

2

3
Rg(Y,∇φ)B(□a,□a)

+
2

3
RB(Y,∇φ)− 2

3
RB(∇φ, Y )− 1

3
RB(Y,∇φ)

]
(;X,X)

+ 2

[
g(□, Y )g(X,X)Q(□) + g(□, Y )g(X,□)Q(X)

+ 2g(□, Y )g(X,∇2φ)Q(∇2φ;X,□)− 1

2
g(□, X)g(Y,X)Q(□)

− 1

2
g(□,□)g(Y,X)Q(X)− g(□,∇2φ)g(Y,X)Q(∇2φ;X,□)



178

− 1

2
g(Y,X)g(□, X)Q(□)− 1

2
g(Y,□)g(□, X)Q(X)

− g(Y,∇2φ)g(□, X)Q(∇2φ;X,□)− 2

3
Rg(Y,□)g(X,∇φ)B(□a,□a;X,□)

+
1

3
Rg(□,∇φ)g(Y,X)B(□a,□a;X,□) +

1

3
Rg(Y,∇φ)g(□, X)B(□a,□a;X,□)

+
2

3
Rg(Y,□)B(∇φ,X;X,□)− 1

3
Rg(□, X)B(∇φ, Y ;X,□)

− 1

3
Rg(Y,X)B(∇φ,□;X,□)

]
+ 2g(Y,∇φ)∂B

∂φ
(X,X) + 4g(X,∇φ)∂B

∂φ
(X,Y )

− g(Y,∇φ)∂B
∂φ

(X,X)− 2g(Y,X)
∂B

∂φ
(X,∇φ)− 2g(Y,∇φ)∂B

∂φ
(X,X)

− 2g(Y,∇φ)∂B
∂φ

(X,X)− 2g(X,Y )Q(X)− g(X,X)Q(Y ) + g(X,Y )Q(X)

+ 2g(X,Y )Q(X) + g(X,Y )Q(X)

}
=

(−1)q

3

{[
2g(Y,X)Q(X) + 2g(Y,∇2φ)Q(∇2φ;X,X)− g(Y,X)Q(X)

− g(Y,∇2φ)Q(∇2φ;X,X)− 2g(Y,X)Q(X)− 2g(Y,∇2φ)Q(∇2φ;X,X)

− 2

3
Rg(Y,∇φ)B(□,□;X,X) +

1

3
Rg(Y,∇φ)B(□,□;X,X)

+
2

3
Rg(Y,∇φ)B(□,□;X,X) +

2

3
RB(Y,∇φ;X,X)− 2

3
RB(∇φ, Y ;X,X)

− 1

3
RB(Y,∇φ;X,X)

]
+ 2

[
g(X,X)Q(Y ) + g(X,Y )Q(X)

+ 2g(X,∇2φ)Q(∇2φ;X,Y )− 1

2
g(X,Y )Q(X)− g(X,Y )Q(X)

− g(X,Y )Q(∇2φ;X,∇2φ)− 1

2
g(X,Y )Q(X)− 1

2
g(X,Y )Q(X)

− g(Y,∇2φ)Q(∇2φ;X,X)− 2

3
Rg(X,∇φ)B(□,□;X,Y )

+
1

3
Rg(Y,X)B(□,□;X,∇φ) + 1

3
Rg(Y,∇φ)B(□,□;X,X)

+
2

3
RB(∇φ,X;X,Y )− 1

3
RB(∇φ, Y ;X,X)− 1

3
Rg(X,Y )B(∇φ,□;X,□)

]
− 2g(X,Y )

∂B

∂φ
(X,∇φ)− 3g(Y,∇φ)∂B

∂φ
(X,X) + 4g(X,∇φ)∂B

∂φ
(X,Y )

− g(X,X)Q(Y ) + 2g(X,Y )Q(X)

}
=

(−1)q

3

[
g(X,X)Q(Y )− g(X,Y )Q(X)− 2g(X,Y )Q(∇2φ;X,∇2φ)

+ 4g(X,∇2φ)Q(∇2φ;X,Y )− 3g(Y,∇2φ)Q(∇2φ;X,X)
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+
2

3
Rg(X,Y )B(□,□;X,∇φ)− 4

3
Rg(X,∇φ)B(□,□;X,Y )

+Rg(Y,∇φ)B(□,□;X,X) +
4

3
RB(X,∇φ;X,Y )−RB(Y,∇φ;X,X)

− 2

3
Rg(X,Y )B(∇φ,□;X,□)− 2g(X,Y )

∂B

∂φ
(X,∇φ)− 3g(Y,∇φ)∂B

∂φ
(X,X)

+ 4g(X,∇φ)∂B
∂φ

(X,Y )

]
.

We combine these terms using the coefficients from (C.17) and simplify the result

R[D(X,X,□,□, Y )− 2D(X,□,□, X, Y ) +D(Y,□,□, X,X)]

=
(−1)q

3
R

[
3g(X,X)Q(Y )− 2g(X,Y )Q(X) + 2g(X,X)g(Y,∇2φ)Q(∇2φ;□,□)

− 2g(X,∇2φ)g(X,Y )Q(∇2φ;□,□) + 4g(X,X)Q(∇2φ;Y,∇2φ)

− 4g(X,∇2φ)Q(∇2φ;X,Y ) + 2g(X,X)g(Y,∇φ)∂B
∂φ

(□,□)

− 2g(X,∇φ)g(X,Y )
∂B

∂φ
(□,□) + 4g(X,X)

∂B

∂φ
(Y,∇φ)− 4g(X,∇φ)∂B

∂φ
(X,Y )

− 2

3
Rg(X,X)g(Y,∇φ)B(□a,□a;□,□) +

2

3
Rg(X,∇φ)g(X,Y )B(□a,□a;□,□)

− 2

3
Rg(X,X)B(∇φ, Y ;□,□)− 2

3
Rg(X,Y )B(∇φ,X;□,□)

+
4

3
Rg(X,∇φ)B(X,Y ;□,□) +

4

3
Rg(X,X)B(∇φ,□;Y,□)

− 4

3
RB(∇φ,X;X,Y )

]
− 2(−1)q

3
R

[
3g(X,X)Q(Y )− 2g(X,Y )Q(X)

+ 2g(X,X)g(Y,∇2φ)Q(∇2φ;□,□)− 2g(X,∇2φ)g(X,Y )Q(∇2φ;□,□)

+ 4g(X,X)Q(∇2φ;Y,∇2φ)− 4g(X,∇2φ)Q(∇2φ;X,Y )

+ 2g(X,X)g(Y,∇φ)∂B
∂φ

(□,□)− 2g(X,∇φ)g(X,Y )
∂B

∂φ
(□,□)

+ 4g(X,X)
∂B

∂φ
(Y,∇φ)− 4g(X,∇φ)∂B

∂φ
(X,Y )

− 2

3
Rg(X,X)g(Y,∇φ)B(□a,□a;□,□) +

2

3
Rg(X,∇φ)g(X,Y )B(□a,□a;□,□)

− 2

3
Rg(X,X)B(∇φ, Y ;□,□)− 2

3
Rg(X,Y )B(∇φ,X;□,□)

+
4

3
Rg(X,∇φ)B(X,Y ;□,□) +

4

3
Rg(X,X)B(∇φ,□;Y,□)

− 4

3
RB(∇φ,X;X,Y )

]
+

(−1)q

3
R

[
g(X,X)Q(Y )− g(X,Y )Q(X)
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− 2g(X,Y )Q(∇2φ;X,∇2φ) + 4g(X,∇2φ)Q(∇2φ;X,Y )− 3g(Y,∇2φ)Q(∇2φ;X,X)

+
2

3
Rg(X,Y )B(□,□;X,∇φ)− 4

3
Rg(X,∇φ)B(□,□;X,Y )

+Rg(Y,∇φ)B(□,□;X,X) +
4

3
RB(X,∇φ;X,Y )−RB(Y,∇φ;X,X)

− 2

3
Rg(X,Y )B(∇φ,□;X,□)− 2g(X,Y )

∂B

∂φ
(X,∇φ)− 3g(Y,∇φ)∂B

∂φ
(X,X)

+ 4g(X,∇φ)∂B
∂φ

(X,Y )

]
=

(−1)q

3

[
−2Rg(X,X)Q(Y ) +Rg(X,Y )Q(X)− 4Rg(X,X)Q(∇2φ;Y,∇2φ)

− 2Rg(X,Y )Q(∇2φ;X,∇2φ) + 8Rg(X,∇2φ)Q(∇2φ;X,Y )

− 3Rg(Y,∇2φ)Q(∇2φ;X,X)− 2Rg(X,X)g(Y,∇2φ)Q(∇2φ;□,□)

+ 2Rg(X,Y )g(X,∇2φ)Q(∇2φ;□,□)− 2Rg(X,X)g(Y,∇φ)∂B
∂φ

(□,□)

+ 2Rg(X,Y )g(X,∇φ)∂B
∂φ

(□,□)− 4Rg(X,X)
∂B

∂φ
(Y,∇φ)

− 2Rg(X,Y )
∂B

∂φ
(X,∇φ) + 8Rg(X,∇φ)∂B

∂φ
(X,Y )− 3Rg(Y,∇φ)∂B

∂φ
(X,X)

+
2

3
R2g(X,X)g(Y,∇φ)B(□a,□a;□,□)− 2

3
R2g(X,Y )g(X,∇φ)B(□a,□a;□,□)

+
2

3
R2g(X,X)B(Y,∇φ;□,□) +

4

3
R2g(X,Y )B(X,∇φ;□,□)

+R2g(Y,∇φ)B(X,X;□,□)− 8

3
R2g(X,∇φ)B(X,Y ;□,□)

− 4

3
R2g(X,X)B(Y,□;∇φ,□)− 2

3
R2g(X,Y )B(∇φ,□;X,□)−R2B(X,X;Y,∇φ)

+
8

3
R2B(X,Y ;X,∇φ)

]
. (C.18)

Next, we consider the D terms in (C.17) which are differentiated with respect to φij and

are contracted against a second derivative of φ. We use D(X,X,□,□, Y ) from above as a

starting point for the first term

D(X,∇2φ,□,□,∇2φ;X,Y )

=
(−1)q

6

[
6g(X,∇2φ)Q(∇2φ)− 2g(∇2φ,∇2φ)Q(X)− 2g(X,∇2φ)Q(∇2φ)

+ 4g(X,∇2φ)g(∇2φ,∇2
aφ)Q(∇2

aφ;□,□)− 2g(∇2φ,∇2
aφ)g(X,∇2φ)Q(∇2

aφ;□,□)
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− 2g(X,∇2
aφ)g(∇2φ,∇2φ)Q(∇2

aφ;□,□) + 8g(X,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ)

− 4g(∇2φ,∇2
aφ)Q(∇2

aφ;X,∇2φ)− 4g(X,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ)

+ 4g(X,∇2φ)g(∇2φ,∇φ)∂B
∂φ

(□,□)− 2g(∇2φ,∇φ)g(X,∇2φ)
∂B

∂φ
(□,□)

− 2g(X,∇φ)g(∇2φ,∇2φ)
∂B

∂φ
(□,□) + 8g(X,∇2φ)

∂B

∂φ
(∇2φ,∇φ)

− 4g(∇2φ,∇φ)∂B
∂φ

(X,∇2φ)− 4g(X,∇φ)∂B
∂φ

(∇2φ,∇2φ)

− 4

3
Rg(X,∇2φ)g(∇2φ,∇φ)B(□a,□a;□,□)

+
2

3
Rg(∇2φ,∇φ)g(X,∇2φ)B(□a,□a;□,□)

+
2

3
Rg(X,∇φ)g(∇2φ,∇2φ)B(□a,□a;□,□)

− 4

3
Rg(X,∇2φ)B(∇φ,∇2φ;□,□)− 2

3
Rg(∇2φ,∇2φ)B(∇φ,X;□,□)

− 2

3
Rg(X,∇2φ)B(∇φ,∇2φ;□,□) +

4

3
Rg(∇2φ,∇φ)B(X,∇2φ;□,□)

+
4

3
Rg(X,∇φ)B(∇2φ,∇2φ;□,□) +

8

3
Rg(X,∇2φ)B(∇φ,□;∇2φ,□)

− 4

3
RB(∇φ,∇2φ;X,∇2φ)− 4

3
RB(∇φ,X;∇2φ,∇2φ)

]
(;X,Y )a

=
(−1)q

6

[
4g(X,∇2φ)Q(∇2φ)− 2g(∇2φ,∇2φ)Q(X)

+ 2g(X,∇2φ)g(∇2φ,∇2
aφ)Q(∇2

aφ;□,□)− 2g(X,∇2
aφ)g(∇2φ,∇2φ)Q(∇2

aφ;□,□)

+ 8g(X,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ)− 4g(∇2φ,∇2
aφ)Q(∇2

aφ;X,∇2φ)

− 4g(X,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ) + 2g(X,∇2φ)g(∇2φ,∇φ)∂B
∂φ

(□,□)

− 2g(X,∇φ)g(∇2φ,∇2φ)
∂B

∂φ
(□,□) + 8g(X,∇2φ)

∂B

∂φ
(∇2φ,∇φ)

− 4g(∇2φ,∇φ)∂B
∂φ

(X,∇2φ)− 4g(X,∇φ)∂B
∂φ

(∇2φ,∇2φ)

− 2

3
Rg(X,∇2φ)g(∇2φ,∇φ)B(□a,□a;□,□)

+
2

3
Rg(X,∇φ)g(∇2φ,∇2φ)B(□a,□a;□,□)− 2Rg(X,∇2φ)B(∇φ,∇2φ;□,□)

− 2

3
Rg(∇2φ,∇2φ)B(X,∇φ;□,□) +

4

3
Rg(∇2φ,∇φ)B(X,∇2φ;□,□)

+
4

3
Rg(X,∇φ)B(∇2φ,∇2φ;□,□) +

8

3
Rg(X,∇2φ)B(∇φ,□;∇2φ,□)

− 4

3
RB(∇φ,∇2φ;X,∇2φ)− 4

3
RB(∇φ,X;∇2φ,∇2φ)

]
(;X,Y )a
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=
(−1)q

6

[
4g(X,∇2φ)Q(∇2φ;X,Y )− 2g(∇2φ,∇2φ)Q(X;X,Y )

+ g(X,∇2φ)g(∇2φ,X)Q(Y ;□,□) + g(X,∇2φ)g(∇2φ, Y )Q(X;□,□)

+ 2g(X,∇2φ)g(∇2φ,∇2
aφ)Q(∇2

aφ;□,□;X,Y )− g(X,X)g(∇2φ,∇2φ)Q(Y ;□,□)

− g(X,Y )g(∇2φ,∇2φ)Q(X;□,□)− 2g(X,∇2
aφ)g(∇2φ,∇2φ)Q(∇2

aφ;□,□;X,Y )

+ 4g(X,∇2φ)Q(X;∇2φ, Y ) + 4g(X,∇2φ)Q(Y ;∇2φ,X)

+ 8g(X,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ;X,Y )− 2g(∇2φ,X)Q(Y ;X,∇2φ)

− 2g(∇2φ, Y )Q(X;X,∇2φ)− 4g(∇2φ,∇2
aφ)Q(∇2

aφ;X,∇2φ;X,Y )

− 2g(X,X)Q(Y ;∇2φ,∇2φ)− 2g(X,Y )Q(X;∇2φ,∇2φ)

− 4g(X,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,Y ) + 2g(X,∇2φ)g(∇2φ,∇φ)∂B
∂φ

(□,□;X,Y )

− 2g(X,∇φ)g(∇2φ,∇2φ)
∂B

∂φ
(□,□;X,Y ) + 8g(X,∇2φ)

∂B

∂φ
(∇2φ,∇φ;X,Y )

− 4g(∇2φ,∇φ)∂B
∂φ

(X,∇2φ;X,Y )− 4g(X,∇φ)∂B
∂φ

(∇2φ,∇2φ;X,Y )

− 2

3
Rg(X,∇2φ)g(∇2φ,∇φ)B(□a,□a;□,□;X,Y )

+
2

3
Rg(X,∇φ)g(∇2φ,∇2φ)B(□a,□a;□,□;X,Y )

− 2Rg(X,∇2φ)B(∇φ,∇2φ;□,□;X,Y )− 2

3
Rg(∇2φ,∇2φ)B(X,∇φ;□,□;X,Y )

+
4

3
Rg(∇2φ,∇φ)B(X,∇2φ;□,□;X,Y ) +

4

3
Rg(X,∇φ)B(∇2φ,∇2φ;□,□;X,Y )

+
8

3
Rg(X,∇2φ)B(∇φ,□;∇2φ,□;X,Y )− 4

3
RB(∇φ,∇2φ;X,∇2φ;X,Y )

− 4

3
RB(∇φ,X;∇2φ,∇2φ;X,Y )

]
=

(−1)q

6

[
4g(X,∇2φ)Q(∇2φ;X,Y )− 2g(∇2φ,∇2φ)Q(X;X,Y )

+ g(X,∇2φ)g(X,∇2φ)Q(Y ;□,□)− g(X,X)g(∇2φ,∇2φ)Q(Y ;□,□)

+ g(X,∇2φ)g(Y,∇2φ)Q(X;□,□)− g(X,Y )g(∇2φ,∇2φ)Q(X;□,□)

+ 4g(X,∇2φ)Q(X;Y,∇2φ) + 2g(X,∇2φ)Q(Y ;X,∇2φ)− 2g(Y,∇2φ)Q(X;X,∇2φ)

− 2g(X,X)Q(Y ;∇2φ,∇2φ)− 2g(X,Y )Q(X;∇2φ,∇2φ)

+ 2g(X,∇2φ)g(∇2φ,∇2
aφ)Q(∇2

aφ;□,□;X,Y )
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− 2g(X,∇2
aφ)g(∇2φ,∇2φ)Q(∇2

aφ;□,□;X,Y )

+ 8g(X,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ;X,Y )− 4g(∇2φ,∇2
aφ)Q(∇2

aφ;X,∇2φ;X,Y )

− 4g(X,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,Y ) + 2g(X,∇2φ)g(∇2φ,∇φ)∂B
∂φ

(□,□;X,Y )

− 2g(X,∇φ)g(∇2φ,∇2φ)
∂B

∂φ
(□,□;X,Y ) + 8g(X,∇2φ)

∂B

∂φ
(∇2φ,∇φ;X,Y )

− 4g(∇2φ,∇φ)∂B
∂φ

(X,∇2φ;X,Y )− 4g(X,∇φ)∂B
∂φ

(∇2φ,∇2φ;X,Y )

− 2

3
Rg(X,∇2φ)g(∇2φ,∇φ)B(□a,□a;□,□;X,Y )

+
2

3
Rg(X,∇φ)g(∇2φ,∇2φ)B(□a,□a;□,□;X,Y )

− 2Rg(X,∇2φ)B(∇φ,∇2φ;□,□;X,Y )− 2

3
Rg(∇2φ,∇2φ)B(X,∇φ;□,□;X,Y )

+
4

3
Rg(∇2φ,∇φ)B(X,∇2φ;□,□;X,Y ) +

4

3
Rg(X,∇φ)B(∇2φ,∇2φ;□,□;X,Y )

+
8

3
Rg(X,∇2φ)B(∇φ,□;∇2φ,□;X,Y )− 4

3
RB(∇φ,∇2φ;X,∇2φ;X,Y )

− 4

3
RB(∇φ,X;∇2φ,∇2φ;X,Y )

]
,

where the a subscript on the outer second derivative (;X,Y )a is a reminder to pass over∇2φ

terms without the subscript as the corresponding φij term is outside the derivative, i.e.,

D(X,∇2φ,□,□,∇2φ;X,Y ) = Dijklm;abgklφjm. We use D(Y,□,□, X,X) as the starting

point for the next term

D(X,□,□,∇2φ,∇2φ;X,Y )

=
(−1)q

3

[
g(∇2φ,∇2φ)Q(X)− g(∇2φ,X)Q(∇2φ)− 2g(∇2φ,X)Q(∇2

aφ;∇2φ,∇2
aφ)

+ 4g(∇2φ,∇2
aφ)Q(∇2

aφ;∇2φ,X)− 3g(X,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ)

+
2

3
Rg(∇2φ,X)B(□,□;∇2φ,∇φ)− 4

3
Rg(∇2φ,∇φ)B(□,□;∇2φ,X)

+Rg(X,∇φ)B(□,□;∇2φ,∇2φ) +
4

3
RB(∇2φ,∇φ;∇2φ,X)

−RB(X,∇φ;∇2φ,∇2φ)− 2

3
Rg(∇2φ,X)B(∇φ,□;∇2φ,□)

− 2g(∇2φ,X)
∂B

∂φ
(∇2φ,∇φ)− 3g(X,∇φ)∂B

∂φ
(∇2φ,∇2φ)
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+ 4g(∇2φ,∇φ)∂B
∂φ

(∇2φ,X)

]
(;X,Y )a

=
(−1)q

3

[
g(∇2φ,∇2φ)Q(X;X,Y )− g(∇2φ,X)Q(∇2φ;X,Y )

− g(∇2φ,X)Q(X;∇2φ, Y )− g(∇2φ,X)Q(Y ;∇2φ,X)

− 2g(∇2φ,X)Q(∇2
aφ;∇2φ,∇2

aφ;X,Y ) + 2g(∇2φ,X)Q(Y ;∇2φ,X)

+ 2g(∇2φ, Y )Q(X;∇2φ,X) + 4g(∇2φ,∇2
aφ)Q(∇2

aφ;∇2φ,X;X,Y )

− 3

2
g(X,X)Q(Y ;∇2φ,∇2φ)− 3

2
g(X,Y )Q(X;∇2φ,∇2φ)

− 3g(X,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,Y ) +
2

3
Rg(∇2φ,X)B(□,□;∇2φ,∇φ;X,Y )

− 4

3
Rg(∇2φ,∇φ)B(□,□;∇2φ,X;X,Y ) +Rg(X,∇φ)B(□,□;∇2φ,∇2φ;X,Y )

+
4

3
RB(∇2φ,∇φ;∇2φ,X;X,Y )−RB(X,∇φ;∇2φ,∇2φ;X,Y )

− 2

3
Rg(∇2φ,X)B(∇φ,□;∇2φ,□;X,Y )− 2g(∇2φ,X)

∂B

∂φ
(∇2φ,∇φ;X,Y )

− 3g(X,∇φ)∂B
∂φ

(∇2φ,∇2φ;X,Y ) + 4g(∇2φ,∇φ)∂B
∂φ

(∇2φ,X;X,Y )

]
=

(−1)q

3

[
g(∇2φ,∇2φ)Q(X;X,Y )− g(X,∇2φ)Q(∇2φ;X,Y )

− g(X,∇2φ)Q(X;Y,∇2φ) + g(X,∇2φ)Q(Y ;X,∇2φ) + 2g(Y,∇2φ)Q(X;X,∇2φ)

− 3

2
g(X,X)Q(Y ;∇2φ,∇2φ)− 3

2
g(X,Y )Q(X;∇2φ,∇2φ)

− 2g(X,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ;X,Y ) + 4g(∇2φ,∇2
aφ)Q(∇2

aφ;X,∇2φ;X,Y )

− 3g(X,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,Y ) +
2

3
Rg(X,∇2φ)B(□,□;∇2φ,∇φ;X,Y )

− 4

3
Rg(∇2φ,∇φ)B(□,□;X,∇2φ;X,Y ) +Rg(X,∇φ)B(□,□;∇2φ,∇2φ;X,Y )

+
4

3
RB(∇2φ,∇φ;X,∇2φ;X,Y )−RB(X,∇φ;∇2φ,∇2φ;X,Y )

− 2

3
Rg(∇2φ,X)B(∇φ,□;∇2φ,□;X,Y )− 2g(∇2φ,X)

∂B

∂φ
(∇2φ,∇φ;X,Y )

− 3g(X,∇φ)∂B
∂φ

(∇2φ,∇2φ;X,Y ) + 4g(∇2φ,∇φ)∂B
∂φ

(X,∇2φ;X,Y )

]
.

The third term uses D(X,X,□,□, Y ) as the base again, yielding

D(Y,∇2φ,□,□,∇2φ;X,X)
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=
(−1)q

3

[
3g(Y,∇2φ)Q(∇2φ)− g(∇2φ,∇2φ)Q(Y )− g(Y,∇2φ)Q(∇2φ)

+ 2g(Y,∇2φ)g(∇2φ,∇2
aφ)Q(∇2

aφ;□,□)− g(∇2φ,∇2
aφ)g(Y,∇2φ)Q(∇2

aφ;□,□)

− g(Y,∇2
aφ)g(∇2φ,∇2φ)Q(∇2

aφ;□,□) + 4g(Y,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ)

− 2g(∇2φ,∇2
aφ)Q(∇2

aφ;Y,∇2φ)− 2g(Y,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ)

+ 2g(Y,∇2φ)g(∇2φ,∇φ)∂B
∂φ

(□,□)− g(∇2φ,∇φ)g(Y,∇2φ)
∂B

∂φ
(□,□)

− g(Y,∇φ)g(∇2φ,∇2φ)
∂B

∂φ
(□,□) + 4g(Y,∇2φ)

∂B

∂φ
(∇2φ,∇φ)

− 2g(∇2φ,∇φ)∂B
∂φ

(Y,∇2φ)− 2g(Y,∇φ)∂B
∂φ

(∇2φ,∇2φ)

− 2

3
Rg(Y,∇2φ)g(∇2φ,∇φ)B(□a,□a;□,□)

+
1

3
Rg(∇2φ,∇φ)g(Y,∇2φ)B(□a,□a;□,□)

+
1

3
Rg(Y,∇φ)g(∇2φ,∇2φ)B(□a,□a;□,□)

− 2

3
Rg(Y,∇2φ)B(∇φ,∇2φ;□,□)− 1

3
Rg(∇2φ,∇2φ)B(∇φ, Y ;□,□)

− 1

3
Rg(Y,∇2φ)B(∇φ,∇2φ;□,□) +

2

3
Rg(∇2φ,∇φ)B(Y,∇2φ;□,□)

+
2

3
Rg(Y,∇φ)B(∇2φ,∇2φ;□,□) +

4

3
Rg(Y,∇2φ)B(∇φ,□;∇2φ,□)

− 2

3
RB(∇φ,∇2φ;Y,∇2φ)− 2

3
RB(∇φ, Y ;∇2φ,∇2φ)

]
(;X,X)a

=
(−1)q

3

[
2g(Y,∇2φ)Q(∇2φ)− g(∇2φ,∇2φ)Q(Y )

+ g(Y,∇2φ)g(∇2φ,∇2
aφ)Q(∇2

aφ;□,□)− g(Y,∇2
aφ)g(∇2φ,∇2φ)Q(∇2

aφ;□,□)

+ 4g(Y,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ)− 2g(∇2φ,∇2
aφ)Q(∇2

aφ;Y,∇2φ)

− 2g(Y,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ) + g(Y,∇2φ)g(∇2φ,∇φ)∂B
∂φ

(□,□)

− g(Y,∇φ)g(∇2φ,∇2φ)
∂B

∂φ
(□,□) + 4g(Y,∇2φ)

∂B

∂φ
(∇2φ,∇φ)

− 2g(∇2φ,∇φ)∂B
∂φ

(Y,∇2φ)− 2g(Y,∇φ)∂B
∂φ

(∇2φ,∇2φ)

− 1

3
Rg(Y,∇2φ)g(∇2φ,∇φ)B(□a,□a;□,□)

+
1

3
Rg(Y,∇φ)g(∇2φ,∇2φ)B(□a,□a;□,□)−Rg(Y,∇2φ)B(∇φ,∇2φ;□,□)

− 1

3
Rg(∇2φ,∇2φ)B(Y,∇φ;□,□) +

2

3
Rg(∇2φ,∇φ)B(Y,∇2φ;□,□)
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+
2

3
Rg(Y,∇φ)B(∇2φ,∇2φ;□,□) +

4

3
Rg(Y,∇2φ)B(∇φ,□;∇2φ,□)

− 2

3
RB(∇φ,∇2φ;Y,∇2φ)− 2

3
RB(Y,∇φ;∇2φ,∇2φ)

]
(;X,X)a

=
(−1)q

3

[
2g(Y,∇2φ)Q(∇2φ;X,X)− g(∇2φ,∇2φ)Q(Y ;X,X)

+ g(Y,∇2φ)g(∇2φ,X)Q(X;□,□) + g(Y,∇2φ)g(∇2φ,∇2
aφ)Q(∇2

aφ;□,□;X,X)

− g(Y,X)g(∇2φ,∇2φ)Q(X;□,□)− g(Y,∇2
aφ)g(∇2φ,∇2φ)Q(∇2

aφ;□,□;X,X)

+ 4g(Y,∇2φ)Q(X;∇2φ,X) + 4g(Y,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ;X,X)

− 2g(∇2φ,X)Q(X;Y,∇2φ)− 2g(∇2φ,∇2
aφ)Q(∇2

aφ;Y,∇2φ;X,X)

− 2g(Y,X)Q(X;∇2φ,∇2φ)− 2g(Y,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,X)

+ g(Y,∇2φ)g(∇2φ,∇φ)∂B
∂φ

(□,□;X,X)− g(Y,∇φ)g(∇2φ,∇2φ)
∂B

∂φ
(□,□;X,X)

+ 4g(Y,∇2φ)
∂B

∂φ
(∇2φ,∇φ;X,X)− 2g(∇2φ,∇φ)∂B

∂φ
(Y,∇2φ;X,X)

− 2g(Y,∇φ)∂B
∂φ

(∇2φ,∇2φ;X,X)

− 1

3
Rg(Y,∇2φ)g(∇2φ,∇φ)B(□a,□a;□,□;X,X)

+
1

3
Rg(Y,∇φ)g(∇2φ,∇2φ)B(□a,□a;□,□;X,X)

−Rg(Y,∇2φ)B(∇φ,∇2φ;□,□;X,X)− 1

3
Rg(∇2φ,∇2φ)B(Y,∇φ;□,□;X,X)

+
2

3
Rg(∇2φ,∇φ)B(Y,∇2φ;□,□;X,X) +

2

3
Rg(Y,∇φ)B(∇2φ,∇2φ;□,□;X,X)

+
4

3
Rg(Y,∇2φ)B(∇φ,□;∇2φ,□;X,X)− 2

3
RB(∇φ,∇2φ;Y,∇2φ;X,X)

− 2

3
RB(Y,∇φ;∇2φ,∇2φ;X,X)

]
=

(−1)q

3

[
2g(Y,∇2φ)Q(∇2φ;X,X)− g(∇2φ,∇2φ)Q(Y ;X,X)

+ 4g(Y,∇2φ)Q(X;X,∇2φ)− 2g(X,∇2φ)Q(X;Y,∇2φ)− 2g(X,Y )Q(X;∇2φ,∇2φ)

+ g(X,∇2φ)g(Y,∇2φ)Q(X;□,□)− g(X,Y )g(∇2φ,∇2φ)Q(X;□,□)

+ g(Y,∇2φ)g(∇2φ,∇2
aφ)Q(∇2

aφ;□,□;X,X) + 4g(Y,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ;X,X)

− g(Y,∇2
aφ)g(∇2φ,∇2φ)Q(∇2

aφ;□,□;X,X)− 2g(∇2φ,∇2
aφ)Q(∇2

aφ;Y,∇2φ;X,X)

− 2g(Y,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,X) + g(Y,∇2φ)g(∇2φ,∇φ)∂B
∂φ

(□,□;X,X)
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− g(Y,∇φ)g(∇2φ,∇2φ)
∂B

∂φ
(□,□;X,X) + 4g(Y,∇2φ)

∂B

∂φ
(∇2φ,∇φ;X,X)

− 2g(∇2φ,∇φ)∂B
∂φ

(Y,∇2φ;X,X)− 2g(Y,∇φ)∂B
∂φ

(∇2φ,∇2φ;X,X)

− 1

3
Rg(Y,∇2φ)g(∇2φ,∇φ)B(□a,□a;□,□;X,X)

+
1

3
Rg(Y,∇φ)g(∇2φ,∇2φ)B(□a,□a;□,□;X,X)

−Rg(Y,∇2φ)B(∇φ,∇2φ;□,□;X,X)− 1

3
Rg(∇2φ,∇2φ)B(Y,∇φ;□,□;X,X)

+
2

3
Rg(∇2φ,∇φ)B(Y,∇2φ;□,□;X,X) +

2

3
Rg(Y,∇φ)B(∇2φ,∇2φ;□,□;X,X)

+
4

3
Rg(Y,∇2φ)B(∇φ,□;∇2φ,□;X,X)− 2

3
RB(∇φ,∇2φ;Y,∇2φ;X,X)

− 2

3
RB(Y,∇φ;∇2φ,∇2φ;X,X)

]
.

We use D(Y,□,□, X,X) as the final base, yielding

D(Y,□,□,∇2φ,∇2φ;X,X)

=
(−1)q

3

[
g(∇2φ,∇2φ)Q(Y )− g(∇2φ, Y )Q(∇2φ)− 2g(∇2φ, Y )Q(∇2

aφ;∇2φ,∇2
aφ)

+ 4g(∇2φ,∇2
aφ)Q(∇2

aφ;∇2φ, Y )− 3g(Y,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ)

+
2

3
Rg(∇2φ, Y )B(□,□;∇2φ,∇φ)− 4

3
Rg(∇2φ,∇φ)B(□,□;∇2φ, Y )

+Rg(Y,∇φ)B(□,□;∇2φ,∇2φ) +
4

3
RB(∇2φ,∇φ;∇2φ, Y )

−RB(Y,∇φ;∇2φ,∇2φ)− 2

3
Rg(∇2φ, Y )B(∇φ,□;∇2φ,□)

− 2g(∇2φ, Y )
∂B

∂φ
(∇2φ,∇φ)− 3g(Y,∇φ)∂B

∂φ
(∇2φ,∇2φ)

+ 4g(∇2φ,∇φ)∂B
∂φ

(∇2φ, Y )

]
(;X,X)a

=
(−1)q

3

[
g(∇2φ,∇2φ)Q(Y ;X,X)− g(Y,∇2φ)Q(∇2φ;X,X)

− 2g(∇2φ, Y )Q(X;∇2φ,X)− 2g(∇2φ, Y )Q(∇2
aφ;∇2φ,∇2

aφ;X,X)

+ 4g(∇2φ,X)Q(X;∇2φ, Y ) + 4g(∇2φ,∇2
aφ)Q(∇2

aφ;∇2φ, Y ;X,X)

− 3g(Y,X)Q(X;∇2φ,∇2φ)− 3g(Y,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,X)

+
2

3
Rg(∇2φ, Y )B(□,□;∇2φ,∇φ;X,X)− 4

3
Rg(∇2φ,∇φ)B(□,□;∇2φ, Y ;X,X)
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+Rg(Y,∇φ)B(□,□;∇2φ,∇2φ;X,X) +
4

3
RB(∇2φ,∇φ;∇2φ, Y ;X,X)

−RB(Y,∇φ;∇2φ,∇2φ;X,X)− 2

3
Rg(∇2φ, Y )B(∇φ,□;∇2φ,□;X,X)

− 2g(∇2φ, Y )
∂B

∂φ
(∇2φ,∇φ;X,X)− 3g(Y,∇φ)∂B

∂φ
(∇2φ,∇2φ;X,X)

+ 4g(∇2φ,∇φ)∂B
∂φ

(∇2φ, Y ;X,X)

]
=

(−1)q

3

[
g(∇2φ,∇2φ)Q(Y ;X,X)− g(Y,∇2φ)Q(∇2φ;X,X)

− 2g(Y,∇2φ)Q(X;X,∇2φ) + 4g(X,∇2φ)Q(X;Y,∇2φ)

− 3g(X,Y )Q(X;∇2φ,∇2φ)− 2g(Y,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ;X,X)

+ 4g(∇2φ,∇2
aφ)Q(∇2

aφ;Y,∇2φ;X,X)− 3g(Y,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,X)

+
2

3
Rg(Y,∇2φ)B(□,□;∇2φ,∇φ;X,X)− 4

3
Rg(∇2φ,∇φ)B(□,□;Y,∇2φ;X,X)

+Rg(Y,∇φ)B(□,□;∇2φ,∇2φ;X,X) +
4

3
RB(∇2φ,∇φ;Y,∇2φ;X,X)

−RB(Y,∇φ;∇2φ,∇2φ;X,X)− 2

3
Rg(Y,∇2φ)B(∇φ,□;∇2φ,□;X,X)

− 2g(Y,∇2φ)
∂B

∂φ
(∇2φ,∇φ;X,X)− 3g(Y,∇φ)∂B

∂φ
(∇2φ,∇2φ;X,X)

+ 4g(∇2φ,∇φ)∂B
∂φ

(Y,∇2φ;X,X)

]
.

We combine these four terms using the coefficients from (C.17) and simplify

R
[
2D(X,∇2φ,□,□,∇2φ;X,Y )− 2D(X,□,□,∇2φ,∇2φ;X,Y )

−D(Y,∇2φ,□,□,∇2φ;X,X) +D(Y,□,□,∇2φ,∇2φ;X,X)
]

=
(−1)q

3
R

[
4g(X,∇2φ)Q(∇2φ;X,Y )− 2g(∇2φ,∇2φ)Q(X;X,Y )

+ g(X,∇2φ)g(X,∇2φ)Q(Y ;□,□)− g(X,X)g(∇2φ,∇2φ)Q(Y ;□,□)

+ g(X,∇2φ)g(Y,∇2φ)Q(X;□,□)− g(X,Y )g(∇2φ,∇2φ)Q(X;□,□)

+ 4g(X,∇2φ)Q(X;Y,∇2φ) + 2g(X,∇2φ)Q(Y ;X,∇2φ)− 2g(Y,∇2φ)Q(X;X,∇2φ)

− 2g(X,X)Q(Y ;∇2φ,∇2φ)− 2g(X,Y )Q(X;∇2φ,∇2φ)

+ 2g(X,∇2φ)g(∇2φ,∇2
aφ)Q(∇2

aφ;□,□;X,Y )
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− 2g(X,∇2
aφ)g(∇2φ,∇2φ)Q(∇2

aφ;□,□;X,Y )

+ 8g(X,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ;X,Y )− 4g(∇2φ,∇2
aφ)Q(∇2

aφ;X,∇2φ;X,Y )

− 4g(X,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,Y ) + 2g(X,∇2φ)g(∇2φ,∇φ)∂B
∂φ

(□,□;X,Y )

− 2g(X,∇φ)g(∇2φ,∇2φ)
∂B

∂φ
(□,□;X,Y ) + 8g(X,∇2φ)

∂B

∂φ
(∇2φ,∇φ;X,Y )

− 4g(∇2φ,∇φ)∂B
∂φ

(X,∇2φ;X,Y )− 4g(X,∇φ)∂B
∂φ

(∇2φ,∇2φ;X,Y )

− 2

3
Rg(X,∇2φ)g(∇2φ,∇φ)B(□a,□a;□,□;X,Y )

+
2

3
Rg(X,∇φ)g(∇2φ,∇2φ)B(□a,□a;□,□;X,Y )

− 2Rg(X,∇2φ)B(∇φ,∇2φ;□,□;X,Y )− 2

3
Rg(∇2φ,∇2φ)B(X,∇φ;□,□;X,Y )

+
4

3
Rg(∇2φ,∇φ)B(X,∇2φ;□,□;X,Y ) +

4

3
Rg(X,∇φ)B(∇2φ,∇2φ;□,□;X,Y )

+
8

3
Rg(X,∇2φ)B(∇φ,□;∇2φ,□;X,Y )− 4

3
RB(∇φ,∇2φ;X,∇2φ;X,Y )

− 4

3
RB(∇φ,X;∇2φ,∇2φ;X,Y )

]
− 2(−1)q

3
R

[
g(∇2φ,∇2φ)Q(X;X,Y )

− g(X,∇2φ)Q(∇2φ;X,Y )− g(X,∇2φ)Q(X;Y,∇2φ) + g(X,∇2φ)Q(Y ;X,∇2φ)

+ 2g(Y,∇2φ)Q(X;X,∇2φ)− 3

2
g(X,X)Q(Y ;∇2φ,∇2φ)

− 3

2
g(X,Y )Q(X;∇2φ,∇2φ)− 2g(X,∇2φ)Q(∇2

aφ;∇2φ,∇2
aφ;X,Y )

+ 4g(∇2φ,∇2
aφ)Q(∇2

aφ;X,∇2φ;X,Y )− 3g(X,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,Y )

+
2

3
Rg(X,∇2φ)B(□,□;∇2φ,∇φ;X,Y )− 4

3
Rg(∇2φ,∇φ)B(□,□;X,∇2φ;X,Y )

+Rg(X,∇φ)B(□,□;∇2φ,∇2φ;X,Y ) +
4

3
RB(∇2φ,∇φ;X,∇2φ;X,Y )

−RB(X,∇φ;∇2φ,∇2φ;X,Y )− 2

3
Rg(∇2φ,X)B(∇φ,□;∇2φ,□;X,Y )

− 2g(∇2φ,X)
∂B

∂φ
(∇2φ,∇φ;X,Y )− 3g(X,∇φ)∂B

∂φ
(∇2φ,∇2φ;X,Y )

+ 4g(∇2φ,∇φ)∂B
∂φ

(X,∇2φ;X,Y )

]
+

(−1)q

3
R

[
2g(Y,∇2φ)Q(∇2φ;X,X)

− g(∇2φ,∇2φ)Q(Y ;X,X) + 4g(Y,∇2φ)Q(X;X,∇2φ)

− 2g(X,∇2φ)Q(X;Y,∇2φ)− 2g(X,Y )Q(X;∇2φ,∇2φ)

+ g(X,∇2φ)g(Y,∇2φ)Q(X;□,□)− g(X,Y )g(∇2φ,∇2φ)Q(X;□,□)
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+ g(Y,∇2φ)g(∇2φ,∇2
aφ)Q(∇2

aφ;□,□;X,X) + 4g(Y,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ;X,X)

− g(Y,∇2
aφ)g(∇2φ,∇2φ)Q(∇2

aφ;□,□;X,X)− 2g(∇2φ,∇2
aφ)Q(∇2

aφ;Y,∇2φ;X,X)

− 2g(Y,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,X) + g(Y,∇2φ)g(∇2φ,∇φ)∂B
∂φ

(□,□;X,X)

− g(Y,∇φ)g(∇2φ,∇2φ)
∂B

∂φ
(□,□;X,X) + 4g(Y,∇2φ)

∂B

∂φ
(∇2φ,∇φ;X,X)

− 2g(∇2φ,∇φ)∂B
∂φ

(Y,∇2φ;X,X)− 2g(Y,∇φ)∂B
∂φ

(∇2φ,∇2φ;X,X)

− 1

3
Rg(Y,∇2φ)g(∇2φ,∇φ)B(□a,□a;□,□;X,X)

+
1

3
Rg(Y,∇φ)g(∇2φ,∇2φ)B(□a,□a;□,□;X,X)

−Rg(Y,∇2φ)B(∇φ,∇2φ;□,□;X,X)− 1

3
Rg(∇2φ,∇2φ)B(Y,∇φ;□,□;X,X)

+
2

3
Rg(∇2φ,∇φ)B(Y,∇2φ;□,□;X,X) +

2

3
Rg(Y,∇φ)B(∇2φ,∇2φ;□,□;X,X)

+
4

3
Rg(Y,∇2φ)B(∇φ,□;∇2φ,□;X,X)− 2

3
RB(∇φ,∇2φ;Y,∇2φ;X,X)

− 2

3
RB(Y,∇φ;∇2φ,∇2φ;X,X)

]
− (−1)q

3
R

[
g(∇2φ,∇2φ)Q(Y ;X,X)

− g(Y,∇2φ)Q(∇2φ;X,X)− 2g(Y,∇2φ)Q(X;X,∇2φ) + 4g(X,∇2φ)Q(X;Y,∇2φ)

− 3g(X,Y )Q(X;∇2φ,∇2φ)− 2g(Y,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ;X,X)

+ 4g(∇2φ,∇2
aφ)Q(∇2

aφ;Y,∇2φ;X,X)− 3g(Y,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,X)

+
2

3
Rg(Y,∇2φ)B(□,□;∇2φ,∇φ;X,X)− 4

3
Rg(∇2φ,∇φ)B(□,□;Y,∇2φ;X,X)

+Rg(Y,∇φ)B(□,□;∇2φ,∇2φ;X,X) +
4

3
RB(∇2φ,∇φ;Y,∇2φ;X,X)

−RB(Y,∇φ;∇2φ,∇2φ;X,X)− 2

3
Rg(Y,∇2φ)B(∇φ,□;∇2φ,□;X,X)

− 2g(Y,∇2φ)
∂B

∂φ
(∇2φ,∇φ;X,X)− 3g(Y,∇φ)∂B

∂φ
(∇2φ,∇2φ;X,X)

+ 4g(∇2φ,∇φ)∂B
∂φ

(Y,∇2φ;X,X)

]
=

(−1)q

3

[
−4Rg(∇2φ,∇2φ)Q(X;X,Y )− 2Rg(∇2φ,∇2φ)Q(Y ;X,X)

− 2Rg(X,Y )g(∇2φ,∇2φ)Q(X;□,□)−Rg(X,X)g(∇2φ,∇2φ)Q(Y ;□,□)

+ 2Rg(X,∇2φ)g(Y,∇2φ)Q(X;□,□) +Rg(X,∇2φ)g(X,∇2φ)Q(Y ;□,□)

+ 2Rg(X,Y )Q(X;∇2φ,∇2φ) +Rg(X,X)Q(Y ;∇2φ,∇2φ)
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+ 6Rg(X,∇2φ)Q(∇2φ;X,Y ) + 3Rg(Y,∇2φ)Q(∇2φ;X,X)

+ 2Rg(X,∇2φ)g(∇2φ,∇2
aφ)Q(∇2

aφ;□,□;X,Y )

+Rg(Y,∇2φ)g(∇2φ,∇2
aφ)Q(∇2

aφ;□,□;X,X)

− 2Rg(X,∇2
aφ)g(∇2φ,∇2φ)Q(∇2

aφ;□,□;X,Y )

−Rg(Y,∇2
aφ)g(∇2φ,∇2φ)Q(∇2

aφ;□,□;X,X)

+ 12Rg(X,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ;X,Y ) + 6Rg(Y,∇2φ)Q(∇2
aφ;∇2φ,∇2

aφ;X,X)

− 12Rg(∇2φ,∇2
aφ)Q(∇2

aφ;X,∇2φ;X,Y )− 6Rg(∇2φ,∇2
aφ)Q(∇2

aφ;Y,∇2φ;X,X)

+ 2Rg(X,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,Y ) +Rg(Y,∇2
aφ)Q(∇2

aφ;∇2φ,∇2φ;X,X)

+ 2Rg(X,∇2φ)g(∇2φ,∇φ)∂B
∂φ

(□,□;X,Y )

+Rg(Y,∇2φ)g(∇2φ,∇φ)∂B
∂φ

(□,□;X,X)

− 2Rg(X,∇φ)g(∇2φ,∇2φ)
∂B

∂φ
(□,□;X,Y )

−Rg(Y,∇φ)g(∇2φ,∇2φ)
∂B

∂φ
(□,□;X,X)

+ 12Rg(X,∇2φ)
∂B

∂φ
(∇2φ,∇φ;X,Y ) + 6Rg(Y,∇2φ)

∂B

∂φ
(∇2φ,∇φ;X,X)

− 12Rg(∇2φ,∇φ)∂B
∂φ

(X,∇2φ;X,Y )− 6Rg(∇2φ,∇φ)∂B
∂φ

(Y,∇2φ;X,X)

+ 2Rg(X,∇φ)∂B
∂φ

(∇2φ,∇2φ;X,Y ) +Rg(Y,∇φ)∂B
∂φ

(∇2φ,∇2φ;X,X)

− 2

3
R2g(X,∇2φ)g(∇2φ,∇φ)B(□a,□a;□,□;X,Y )

− 1

3
R2g(Y,∇2φ)g(∇2φ,∇φ)B(□a,□a;□,□;X,X)

+
2

3
R2g(X,∇φ)g(∇2φ,∇2φ)B(□a,□a;□,□;X,Y )

+
1

3
R2g(Y,∇φ)g(∇2φ,∇2φ)B(□a,□a;□,□;X,X)

− 2R2g(X,∇2φ)B(□,□;∇φ,∇2φ;X,Y )−R2g(Y,∇2φ)B(□,□;∇φ,∇2φ;X,X)

− 2R2g(X,∇φ)B(□,□;∇2φ,∇2φ;X,Y )−R2g(Y,∇φ)B(□,□;∇2φ,∇2φ;X,X)

+ 4R2g(∇2φ,∇φ)B(□,□;X,∇2φ;X,Y ) + 2R2g(∇2φ,∇φ)B(□,□;Y,∇2φ;X,X)

− 2

3
R2g(∇2φ,∇2φ)B(□,□;X,∇φ;X,Y )− 1

3
R2g(∇2φ,∇2φ)B(□,□;Y,∇φ;X,X)
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+
4

3
R2g(X,∇φ)B(□,□;∇2φ,∇2φ;X,Y ) +

2

3
R2g(Y,∇φ)B(□,□;∇2φ,∇2φ;X,X)

− 4

3
R2g(X,∇2φ)B(□,□;∇2φ,∇φ;X,Y )− 2

3
R2g(Y,∇2φ)B(□,□;∇2φ,∇φ;X,X)

+ 4R2g(X,∇2φ)B(∇φ,□;∇2φ,□;X,Y ) + 2R2g(Y,∇2φ)B(∇φ,□;∇2φ,□;X,X)

− 4

3
R2B(∇2φ,∇2φ;X,∇φ;X,Y )− 2

3
R2B(∇2φ,∇2φ;Y,∇φ;X,X)

− 4R2B(∇2φ,∇φ;X,∇2φ;X,Y )− 2R2B(∇2φ,∇φ;Y,∇2φ;X,X)

+ 2R2B(∇2φ,∇2φ;X,∇φ;X,Y ) +R2B(∇2φ,∇2φ;Y,∇φ;X,X)

]
.

The remaining D terms follow in a similar fashion, with ∇2φ replaced by a combination of

∇φ and ∇R. We use D(X,X,□,□, Y ) to express the first term

D(X,∇φ,□,□,∇R;X,Y )

=
(−1)q

3

[
3g(X,∇φ)Q(∇R)− g(∇φ,∇R)Q(X)− g(X,∇R)Q(∇φ)

+ 2g(X,∇φ)g(∇R,∇2φ)Q(∇2φ;□,□)− g(∇φ,∇2φ)g(X,∇R)Q(∇2φ;□,□)

− g(X,∇2φ)g(∇φ,∇R)Q(∇2φ;□,□) + 4g(X,∇φ)Q(∇2φ;∇R,∇2φ)

− 2g(∇φ,∇2φ)Q(∇2φ;X,∇R)− 2g(X,∇2φ)Q(∇2φ;∇φ,∇R)

+ 2g(X,∇φ)g(∇R,∇φ)∂B
∂φ

(□,□)− g(∇φ,∇φ)g(X,∇R)∂B
∂φ

(□,□)

− g(X,∇φ)g(∇φ,∇R)∂B
∂φ

(□,□) + 4g(X,∇φ)∂B
∂φ

(∇R,∇φ)

− 2g(∇φ,∇φ)∂B
∂φ

(X,∇R)− 2g(X,∇φ)∂B
∂φ

(∇φ,∇R)

− 2

3
Rg(X,∇φ)g(∇R,∇φ)B(□a,□a;□,□)

+
1

3
Rg(∇φ,∇φ)g(X,∇R)B(□a,□a;□,□)

+
1

3
Rg(X,∇φ)g(∇φ,∇R)B(□a,□a;□,□)− 2

3
Rg(X,∇φ)B(∇φ,∇R;□,□)

− 1

3
Rg(∇φ,∇R)B(∇φ,X;□,□)− 1

3
Rg(X,∇R)B(∇φ,∇φ;□,□)

+
2

3
Rg(∇φ,∇φ)B(X,∇R;□,□) +

2

3
Rg(X,∇φ)B(∇φ,∇R;□,□)

+
4

3
Rg(X,∇φ)B(∇φ,□;∇R,□)− 2

3
RB(∇φ,∇φ;X,∇R)
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− 2

3
RB(∇φ,X;∇φ,∇R)

]
(;X,Y )

=
(−1)q

3

[
3g(X,∇φ)Q(∇R)− g(∇φ,∇R)Q(X)− g(X,∇R)Q(∇φ)

+ 2g(X,∇φ)g(∇R,∇2φ)Q(∇2φ;□,□)− g(X,∇R)g(∇φ,∇2φ)Q(∇2φ;□,□)

− g(X,∇2φ)g(∇φ,∇R)Q(∇2φ;□,□) + 4g(X,∇φ)Q(∇2φ;∇R,∇2φ)

− 2g(∇φ,∇2φ)Q(∇2φ;X,∇R)− 2g(X,∇2φ)Q(∇2φ;∇φ,∇R)

+ g(X,∇φ)g(∇R,∇φ)∂B
∂φ

(□,□)− Sg(X,∇R)∂B
∂φ

(□,□)− 2S
∂B

∂φ
(X,∇R)

+ 2g(X,∇φ)∂B
∂φ

(∇R,∇φ) + 1

3
RSg(X,∇R)B(□a,□a;□,□)

− 1

3
Rg(X,∇φ)g(∇R,∇φ)B(□a,□a;□,□)− 1

3
Rg(∇φ,∇R)B(∇φ,X;□,□)

− 1

3
Rg(X,∇R)B(∇φ,∇φ;□,□) +

2

3
RSB(X,∇R;□,□)

+
4

3
Rg(X,∇φ)B(∇φ,□;∇R,□)− 2

3
RB(∇φ,∇φ;X,∇R)

− 2

3
RB(X,∇φ;∇φ,∇R)

]
(;X,Y )

=
(−1)q

3

[
3g(X,∇φ)Q(∇R;X,Y )− g(∇φ,∇R)Q(X;X,Y )− g(X,∇R)Q(∇φ;X,Y )

+ g(X,∇φ)g(∇R,X)Q(Y ;□,□) + g(X,∇φ)g(∇R, Y )Q(X;□,□)

+ 2g(X,∇φ)g(∇R,∇2φ)Q(∇2φ;□,□;X,Y )− 1

2
g(X,∇R)g(∇φ,X)Q(Y ;□,□)

− 1

2
g(X,∇R)g(∇φ, Y )Q(X;□,□)− g(X,∇R)g(∇φ,∇2φ)Q(∇2φ;□,□;X,Y )

− 1

2
g(X,X)g(∇φ,∇R)Q(Y ;□,□)− 1

2
g(X,Y )g(∇φ,∇R)Q(X;□,□)

− g(X,∇2φ)g(∇φ,∇R)Q(∇2φ;□,□;X,Y ) + 2g(X,∇φ)Q(X;∇R, Y )

+ 2g(X,∇φ)Q(Y ;∇R,X) + 4g(X,∇φ)Q(∇2φ;∇R,∇2φ;X,Y )

− g(∇φ,X)Q(Y ;X,∇R)− g(∇φ, Y )Q(X;X,∇R)

− 2g(∇φ,∇2φ)Q(∇2φ;X,∇R;X,Y )− g(X,X)Q(Y ;∇φ,∇R)

− g(X,Y )Q(X;∇φ,∇R)− 2g(X,∇2φ)Q(∇2φ;∇φ,∇R;X,Y )

+ g(X,∇φ)g(∇R,∇φ)∂B
∂φ

(□,□;X,Y )− Sg(X,∇R)∂B
∂φ

(□,□;X,Y )

− 2S
∂B

∂φ
(X,∇R;X,Y ) + 2g(X,∇φ)∂B

∂φ
(∇R,∇φ;X,Y )
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+
1

3
RSg(X,∇R)B(□a,□a;□,□;X,Y )

− 1

3
Rg(X,∇φ)g(∇R,∇φ)B(□a,□a;□,□;X,Y )

− 1

3
Rg(∇φ,∇R)B(∇φ,X;□,□;X,Y )− 1

3
Rg(X,∇R)B(∇φ,∇φ;□,□;X,Y )

+
2

3
RSB(X,∇R;□,□;X,Y ) +

4

3
Rg(X,∇φ)B(∇φ,□;∇R,□;X,Y )

− 2

3
RB(∇φ,∇φ;X,∇R;X,Y )− 2

3
RB(X,∇φ;∇φ,∇R;X,Y )

]
=

(−1)q

3

[
3g(X,∇φ)Q(∇R;X,Y )− g(X,∇R)Q(∇φ;X,Y )− g(∇φ,∇R)Q(X;X,Y )

+ g(X,∇φ)g(X,∇R)Q(Y ;□,□) + g(X,∇φ)g(Y,∇R)Q(X;□,□)

+ 2g(X,∇φ)Q(X;Y,∇R) + g(X,∇φ)Q(Y ;X,∇R)− g(Y,∇φ)Q(X;X,∇R)

− g(X,X)Q(Y ;∇φ,∇R)− g(X,Y )Q(X;∇φ,∇R)

− 1

2
g(X,∇R)g(Y,∇φ)Q(X;□,□)− 1

2
g(X,X)g(∇φ,∇R)Q(Y ;□,□)

− 1

2
g(X,Y )g(∇φ,∇R)Q(X;□,□)− 1

2
g(X,∇φ)g(X,∇R)Q(Y ;□,□)

+ 2g(X,∇φ)g(∇R,∇2φ)Q(∇2φ;□,□;X,Y )

− g(X,∇R)g(∇φ,∇2φ)Q(∇2φ;□,□;X,Y )

− g(X,∇2φ)g(∇φ,∇R)Q(∇2φ;□,□;X,Y ) + 4g(X,∇φ)Q(∇2φ;∇R,∇2φ;X,Y )

− 2g(∇φ,∇2φ)Q(∇2φ;X,∇R;X,Y )− 2g(X,∇2φ)Q(∇2φ;∇φ,∇R;X,Y )

+ g(X,∇φ)g(∇R,∇φ)∂B
∂φ

(□,□;X,Y )− Sg(X,∇R)∂B
∂φ

(□,□;X,Y )

− 2S
∂B

∂φ
(X,∇R;X,Y ) + 2g(X,∇φ)∂B

∂φ
(∇R,∇φ;X,Y )

+
1

3
RSg(X,∇R)B(□a,□a;□,□;X,Y )

− 1

3
Rg(X,∇φ)g(∇R,∇φ)B(□a,□a;□,□;X,Y )

− 1

3
Rg(∇φ,∇R)B(□,□;X,∇φ;X,Y )− 1

3
Rg(X,∇R)B(□,□;∇φ,∇φ;X,Y )

+
2

3
RSB(□,□;X,∇R;X,Y ) +

4

3
Rg(X,∇φ)B(∇φ,□;∇R,□;X,Y )

− 2

3
RB(∇φ,∇φ;X,∇R;X,Y )− 2

3
RB(∇φ,∇R;X,∇φ;X,Y )

]
,
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while the second term is easily produced from the second term of the previous case

D(X,□,□,∇φ,∇R;X,Y )

=
(−1)q

3

[
g(∇φ,∇R)Q(X;X,Y )− 1

2
g(X,∇φ)Q(∇R;X,Y )− 1

2
g(X,∇R)Q(∇φ;X,Y )

− 1

2
g(X,∇φ)Q(X;Y,∇R)− 1

2
g(X,∇R)Q(X;Y,∇φ) + 1

2
g(X,∇φ)Q(Y ;X,∇R)

+
1

2
g(X,∇R)Q(Y ;X,∇φ) + g(Y,∇φ)Q(X;X,∇R) + g(Y,∇R)Q(X;X,∇φ)

− 3

2
g(X,X)Q(Y ;∇φ,∇R)− 3

2
g(X,Y )Q(X;∇φ,∇R)

− g(X,∇φ)Q(∇2
aφ;∇R,∇2

aφ;X,Y )− g(X,∇R)Q(∇2
aφ;∇φ,∇2

aφ;X,Y )

+ 2g(∇φ,∇2
aφ)Q(∇2

aφ;X,∇R;X,Y ) + 2g(∇R,∇2
aφ)Q(∇2

aφ;X,∇φ;X,Y )

− 3g(X,∇2
aφ)Q(∇2

aφ;∇φ,∇R;X,Y ) +
1

3
Rg(X,∇φ)B(□,□;∇R,∇φ;X,Y )

+
1

3
Rg(X,∇R)B(□,□;∇φ,∇φ;X,Y )− 2

3
Rg(∇φ,∇φ)B(□,□;X,∇R;X,Y )

− 2

3
Rg(∇R,∇φ)B(□,□;X,∇φ;X,Y ) +Rg(X,∇φ)B(□,□;∇φ,∇R;X,Y )

+
2

3
RB(∇φ,∇φ;X,∇R;X,Y ) +

2

3
RB(∇R,∇φ;X,∇φ;X,Y )

−RB(∇φ,∇R;X,∇φ;X,Y )− 1

3
Rg(∇φ,X)B(∇φ,□;∇R,□;X,Y )

− 1

3
Rg(∇R,X)B(∇φ,□;∇φ,□;X,Y )− g(∇φ,X)

∂B

∂φ
(∇R,∇φ;X,Y )

− g(∇R,X)
∂B

∂φ
(∇φ,∇φ;X,Y )− 3g(X,∇φ)∂B

∂φ
(∇φ,∇R;X,Y )

+ 2g(∇φ,∇φ)∂B
∂φ

(X,∇R;X,Y ) + 2g(∇R,∇φ)∂B
∂φ

(X,∇φ;X,Y )

]
=

(−1)q

3

[
g(∇φ,∇R)Q(X;X,Y )− 1

2
g(X,∇φ)Q(∇R;X,Y )− 1

2
g(X,∇R)Q(∇φ;X,Y )

− 1

2
g(X,∇φ)Q(X;Y,∇R)− 1

2
g(X,∇R)Q(X;Y,∇φ) + 1

2
g(X,∇φ)Q(Y ;X,∇R)

+
1

2
g(X,∇R)Q(Y ;X,∇φ) + g(Y,∇φ)Q(X;X,∇R) + g(Y,∇R)Q(X;X,∇φ)

− 3

2
g(X,X)Q(Y ;∇φ,∇R)− 3

2
g(X,Y )Q(X;∇φ,∇R)

− g(X,∇φ)Q(∇2
aφ;∇R,∇2

aφ;X,Y )− g(X,∇R)Q(∇2
aφ;∇φ,∇2

aφ;X,Y )

+ 2g(∇φ,∇2
aφ)Q(∇2

aφ;X,∇R;X,Y ) + 2g(∇R,∇2
aφ)Q(∇2

aφ;X,∇φ;X,Y )

− 3g(X,∇2
aφ)Q(∇2

aφ;∇φ,∇R;X,Y ) +
4

3
Rg(X,∇φ)B(□,□;∇R,∇φ;X,Y )
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+
1

3
Rg(X,∇R)B(□,□;∇φ,∇φ;X,Y )− 2

3
Rg(∇φ,∇φ)B(□,□;X,∇R;X,Y )

− 2

3
Rg(∇R,∇φ)B(□,□;X,∇φ;X,Y ) +

2

3
RB(∇φ,∇φ;X,∇R;X,Y )

− 1

3
RB(∇R,∇φ;X,∇φ;X,Y )− 1

3
Rg(X,∇φ)B(∇φ,□;∇R,□;X,Y )

− 1

3
Rg(X,∇R)B(∇φ,□;∇φ,□;X,Y )− 4g(X,∇φ)∂B

∂φ
(∇R,∇φ;X,Y )

− g(X,∇R)∂B
∂φ

(∇φ,∇φ;X,Y ) + 2g(∇φ,∇φ)∂B
∂φ

(X,∇R;X,Y )

+ 2g(∇R,∇φ)∂B
∂φ

(X,∇φ;X,Y )

]
.
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APPENDIX D

COMPUTATION OF FIFTH ORDER DIVERGENCE

This appendix is dedicated to computing the divergence of a tensor Aij which can be

produced using the analysis in Chapter 4.6. We combine (4.8), (4.14), and (4.20) to obtain

Aij =
√
gεiaεjbR|(abc)P

;c +
√
gεiaεjbR|acR|bdP

;c;d +DijabR|ab + Eij

= 2
√
gεiaεjbR|(abc)R

|c∂P

∂S
+

√
gεiaεjbR|acR|bd

(
2gcd

∂P

∂S
+ 4R|cR|d∂

2P

∂S2

)
+

[
4
√
g Symij Symab ε

iaR
|j
⋆ R

|b ∂
2P

∂R∂S
+
√
g Symab ε

iaεjb
(
∂P

∂R
+Q

)]
R|ab

+
(−1)q

3

√
gRR|iR|j ∂P

∂S
+
√
gR

|i
⋆R

|j
⋆

(
∂2P

∂R2
+Q′

)
+

(−1)q

2

√
gRgijP

= 2
√
gεiaεjbR|(abc)R

|c∂P

∂S
+ 2

√
gεiaεjbR|acR|bdg

cd∂P

∂S
+ 4

√
gεiaεjbR|acR|bdR

|cR|d∂
2P

∂S2

+ 4
√
g Symij ε

iaR
|j
⋆ R

|bR|ab
∂2P

∂R∂S
+
√
gεiaεjbR|ab

(
∂P

∂R
+Q

)
+

(−1)q

3

√
gRR|iR|j ∂P

∂S
+
√
gR

|i
⋆R

|j
⋆

(
∂2P

∂R2
+Q′

)
+

(−1)q

2

√
gRgijP, (D.1)

where R
|i
⋆ = εijR|j , P = P (R,S) and Q = Q(R) are scalars, Q′ =

dQ

dR
, etc., and S =

gabR|aR|b.

First, we find Aij
|j “by hand”, computing the divergence of each term using the third

(A.1) and fourth (A.2) scalar order symmetrization formulas and the covariant derivative

formulas S|j = 2R|iR|ij and

P|i = P,i = R,i
∂P

∂R
+ S,i

∂P

∂S
= R|i

∂P

∂R
+ S|i

∂P

∂S
= R|i

∂P

∂R
+ 2R|iR|ij

∂P

∂S
.

Defining Aij
1 = 2

√
gεiaεjbR|(abc)R

|c ∂P
∂S , the divergence of this first term is given by

Aij
1 |j =

(
2
√
gεiaεjbR|(abc)|jR

|c + 2
√
gεiaεjbR|(abc)R

|c
|j

) ∂P
∂S

+ 2
√
gεiaεjbR|(abc)R

|c
(
∂P

∂S

)
|j
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= (−1)q
{
2
√
g
(
gijgab − gibgja

)[
R|(abcj) −

1

3
R
(
gabR|cj + gbcR|aj + gacR|bj − gjaR|bc

− gjbR|ac − gjcR|ab
)
− 1

12

(
gabR|cR|j + gbcR|aR|j + gacR|bR|j − gjaR|bR|c

− gjbR|cR|a − gjcR|aR|b
)]
R|c + 2

√
g
(
gijgab − gibgja

)
R|(abc)R

|c
|j

}
∂P

∂S

+ 2
√
gεiaεjbR|(abc)R

|cR|j
∂2P

∂R∂S
+ 4

√
gεiaεjbR|(abc)R

|cR|dR|dj
∂2P

∂S2

=

[
−2

3

√
gR
(
2R|ijR|j +R|ijR|j +R|ijR|j −R|ijR|j −R|ijR|j −R|iR|abg

ab −R|ijR|j

−R|iR|abg
ab −R|ijR|j + 2R|ijR|j +R|ijR|j +R|ijR|j

)
− 1

6

√
g
(
2SR|i + SR|i

+ SR|i − SR|i − SR|i − SR|i − SR|i − SR|i − SR|i + 2SR|i + SR|i + SR|i
)

+ 2
√
g
(
R|icR|(abc)g

ab −R|(ibc)R|bc

)] ∂P
∂S

(−1)q + 2
√
gεiaεjbR|(abc)R

|cR|j
∂2P

∂R∂S

+ 4
√
gεiaεjbR|(abc)R

|cR|dR|dj
∂2P

∂S2

= (−1)q
[
−2

3

√
gR
(
4R|ijR|j − 2R|iR|abg

ab
)
− 1

3

√
gSR|i + 2(−1)q

√
g
(
R|icR|(abc)g

ab

−R|(ibc)R|bc

)] ∂P
∂S

+ 2(−1)q
√
g
(
gijgab − gibgja

)
R|(abc)R

|cR|j
∂2P

∂R∂S

+ 4
√
g
(
gijgab − gibgja

)
R|(abc)R

|cR|dR|dj
∂2P

∂S2

=

[
−2

3

√
gR
(
4giaR|b − 2R|igab

)
R|ab −

1

3

√
gSR|i + 2

√
g
(
R|icgab − giaR|bc

)
R|(abc)

]
× ∂P

∂S
(−1)q + 2(−1)q

√
g
(
R|iR|cgab − giaR|bR|c

)
R|(abc)

∂2P

∂R∂S

+ 4(−1)q
√
g
(
gabR|cR|dR

|id − giaR|bR|dR
|cd
)
R|(abc)

∂2P

∂S2
. (D.2)

Defining Aij
2 = 2

√
gεiaεjbR|acR|bdg

cd ∂P
∂S , we compute its divergence

Aij
2 |j =

(
2
√
gεiaεjbR|acjR|bdg

cd + 2
√
gεiaεjbR|acR|bdjg

cd
) ∂P
∂S

+ 2
√
gεiaεjbR|acR|bdg

cd

(
∂P

∂S

)
|j

=

{
2
√
gεiaεjb

[
R|(acj) −

1

6
R
(
2gacR|j − gjaR|c − gjcR|a

)]
R|bdg

cd

+ 2
√
gεiaεjbR|ac

[
R|(bdj) −

1

6
R
(
2gbdR|j − gjbR|d − gjdR|b

)]
gcd
}
∂P

∂S

+ 2
√
gεiaεjbR|acR|bdg

cdR|j
∂2P

∂R∂S
+ 4

√
gεiaεjbR|acR|bdg

cdR|eR|ej
∂2P

∂S2
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= (−1)q
{
2
√
g
(
gijgab − gibgja

)[
R|(acj) −

1

6
R
(
2gacR|j − gjaR|c − gjcR|a

)]
R|bdg

cd

− 1

3

√
gR
(
gijgab − gibgja

)
R|ac

(
2gbdR|j − gjbR|d − gjdR|b

)
gcd
}
∂P

∂S

+ 2
√
gεiaεjbR|acR|bdg

cdR|j
∂2P

∂R∂S
+ 4

√
gεiaεjbR|acR|bdg

cdR|eR|ej
∂2P

∂S2

= (−1)q
{
2
√
g

[
R|(iac)R|ac −

1

6
R
(
2RiR|abg

ab −R|ijR|j −R|ijR|j

)
−R|icR|(abc)g

ab

+
1

6
R
(
2R|ijR|j − 2R|ijR|j −R|ijR|j

)]
− 1

3

√
gR
(
2RiR|abg

ab −R|ijR|j

−R|ijR|j − 2R|ijR|j +R|ijR|j +RiR|abg
ab
)} ∂P

∂S

+ 2(−1)q
√
g
(
gijgab − gibgja

)
R|acR|bdg

cdR|j
∂2P

∂R∂S

+ 4(−1)q
√
g
(
gijgab − gibgja

)
R|acR|bdg

cdR|eR|ej
∂2P

∂S2

= (−1)q
[
2
√
g
(
giaR|bc −R|iagbc

)
R|(abc) +

1

3

√
gR
(
−5R|igab + 4giaR|b

)
R|ab

]
∂P

∂S

+ 2(−1)q
√
g
(
gacgbdR|i − gicgbdR|a

)
R|abR|cd

∂2P

∂R∂S
+ 4(−1)q

√
g
(
gifgabgcdR|e

− gibgafgcdR|e
)
R|acR|bdR|ef

∂2P

∂S2
. (D.3)

We sum these two divergences, yielding

Aij
1 |j +Aij

2 |j = (−1)q
[
−2

3

√
gR
(
4giaR|b − 2R|igab

)
R|ab −

1

3

√
gSR|i + 2

√
g
(
R|icgab

− giaR|bc
)
R|(abc)

]
∂P

∂S
+ 2(−1)q

√
g
(
R|iR|cgab − giaR|bR|c

)
R|(abc)

∂2P

∂R∂S

+ 4(−1)q
√
g
(
gabR|cR|dR

|id − giaR|bR|dR
|cd
)
R|(abc)

∂2P

∂S2

+ (−1)q
[
2
√
g
(
giaR|bc −R|iagbc

)
R|(abc) +

1

3

√
gR
(
−5R|igab

+ 4giaR|b
)
R|ab

]
∂P

∂S
+ 2(−1)q

√
g
(
gacgbdR|i − gicgbdR|a

)
R|abR|cd

∂2P

∂R∂S

+ 4(−1)q
√
g
(
gifgabgcdR|e − gibgafgcdR|e

)
R|acR|bdR|ef

∂2P

∂S2

= (−1)q
[
−1

3

√
gR
(
4giaR|b +R|igab

)
R|ab −

1

3

√
gSR|i

]
∂P

∂S
+ 2(−1)q

√
g

×
(
R|iR|cgab − giaR|bR|c

)
R|(abc)

∂2P

∂R∂S
+ 4(−1)q

√
g
(
gabR|cR|dR

|id
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− giaR|bR|dR
|cd
)
R|(abc)

∂2P

∂S2
+ 2(−1)q

√
g
(
gacgbdR|i − gicgbdR|a

)
R|abR|cd

× ∂2P

∂R∂S
+ 4(−1)q

√
g
(
gifgabgcdR|e − gibgafgcdR|e

)
R|acR|bdR|ef

∂2P

∂S2
.

(D.4)

Defining Aij
3 = 4

√
gεiaεjbR|acR|bdR

|cR|d ∂2P
∂S2 , the divergence of Aij

3 is

Aij
3 |j =

(
4
√
gεiaεjbR|acjR|bdR

|cR|d + 4
√
gεiaεjbR|acR|bdjR

|cR|d + 4
√
gεiaεjbR|acR|bdR

|c
|jR

|d

+ 4
√
gεiaεjbR|acR|bdR

|cR
|d
|j

) ∂2P
∂S2

+ 4
√
gεiaεjbR|acR|bdR

|cR|d
(
∂2P

∂S2

)
|j

= (−1)q
{
4
√
g
(
gijgab − gibgja

)[
R|(acj) −

1

6
R
(
2gacR|j − gjaR|c − gjcR|a

)]
R|bdR

|cR|d

+ 4
√
g
(
gijgab − gibgja

)(
0− 1

6
R(2gbdR|j − gjbR|d − gjdR|b)

)
R|acR

|cR|d

+ 4
√
g
(
gijgab − gibgja

)
R|acR|bdR

|c
|jR

|d + 0

}
∂2P

∂S2

+ 4
√
gεiaεjbR|acR|bdR

|cR|dR|j
∂3P

∂S2∂R
+ 8

√
gεiaεjbR|acR|bdR

|cR|dR|eR|ej
∂3P

∂S3

= (−1)q
{
4
√
g

[
R|(ibc)R|bdR|cR

|d − 1

6
R
(
2R|iR|jR|kR|jk − SR|ijR|j −R|iR|bR|dR|bd

)
−R|ijR|jR

|cR|(abc)g
ab +

1

6
R
(
2SR|ijR|j − 2SR|ijR|j − SR|ijR|j

)]
− 2

3

√
gR
(
2R|iR|bR|dR|bd − SR|ijR|j −R|iR|bR|dR|bd − 2R|iR|bR|dR|bd

+ SR|ijR|j +R|iR|bR|dR|bd

)
+ 4

√
g
(
R|iaR|abR

|bcR|c −R|ijR|jR|abR
|ab
)} ∂2P

∂S2

+ 4(−1)q
√
g
(
gijgab − gibgja

)
R|acR|bdR

|cR|dR|j
∂3P

∂S2∂R
+ 0

= (−1)q
[
4
√
g
(
giaR|bdR|cR|d −R|ijR|jR

|cgab
)
R|(abc) −

2

3

√
gRR|iR|jR|kR|jk

+ 4(−1)q
√
g
(
giagbegcfR|d − giagcegdfR|b

)
R|abR|cdR|ef

]
∂2P

∂S2

+ 4(−1)q
√
g
(
gabR|iR|cR|d − gibR|aR|cR|d

)
R|acR|bd

∂3P

∂S2∂R
. (D.5)

The sum of the first three terms is given by

Aij
1 |j+A

ij
2 |j +Aij

3 |j
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= (−1)q
[
−1

3

√
gR
(
4giaR|b +R|igab

)
R|ab −

1

3

√
gSR|i

]
∂P

∂S
+ 2(−1)q

√
g

×
(
R|iR|cgab − giaR|bR|c

)
R|(abc)

∂2P

∂R∂S
+ 4(−1)q

√
g
(
gabR|cR|dR

|id

− giaR|bR|dR
|cd
)
R|(abc)

∂2P

∂S2
+ 2(−1)q

√
g
(
gacgbdR|i − gicgbdR|a

)
R|abR|cd

× ∂2P

∂R∂S
+ 4(−1)q

√
g
(
gifgabgcdR|e − gibgafgcdR|e

)
R|acR|bdR|ef

∂2P

∂S2

+ (−1)q
[
4
√
g
(
giaR|bdR|cR|d −R|ijR|jR

|cgab
)
R|(abc) −

2

3

√
gRR|iR|jR|kR|jk

+ 4(−1)q
√
g
(
giagbegcfR|d − giagcegdfR|b

)
R|abR|cdR|ef

]
∂2P

∂S2

+ 4(−1)q
√
g
(
gabR|iR|cR|d − gibR|aR|cR|d

)
R|acR|bd

∂3P

∂S2∂R

= −(−1)q

3

√
gR
(
4giaR|b +R|igab

)
R|ab

∂P

∂S
− (−1)q

3

√
gSR|i∂P

∂S

− 2

3
(−1)q

√
gRR|iR|jR|kR|jk

∂2P

∂S2

+ 2(−1)q
√
g
(
gacgbdR|i − gicgbdR|a

)
R|abR|cd

∂2P

∂R∂S

+ 4(−1)q
√
g
(
gabR|iR|cR|d − gibR|aR|cR|d

)
R|acR|bd

∂3P

∂S2∂R

+ 2(−1)q
√
g
(
R|iR|cgab − giaR|bR|c

)
R|(abc)

∂2P

∂R∂S
. (D.6)

Defining Aij
4 = 2Symij ε

iaεjcR|cR|ab
∂P ;b

∂R = 4
√
g Symij ε

iaεjcR|cR
|bR|ab

∂2P
∂R∂S , the divergence

of this term is

Aij
4 |j = 2

√
g
(
εiaεjc + εjaεic

)(
R|cjR|abR

|b +R|cR|abjR
|b +R|cR|abR

|b
|j

)
∂2P

∂R∂S

+ 2
√
g
(
εiaεjc + εjaεic

)
R|cR|abR

|b
(
∂2P

∂R∂S

)
|j

= 2
√
g

((
gijgac − gicgja

) [
0 +R|cR

|b
(
R|(abj) −

1

6
R(2gabR|j − gjaR|b − gjbR|a)

)
+R|cR|abR

|b
|j

]
+
(
gijgac − gjcgia

){
|cjR|abR

|b +R|cR
|b
[
R|(abj) −

1

6
R
(
2gabR|j

− gjaR|b − gjbR|a
)]

+R|cR|abR
|b
|j

})
∂2P

∂R∂S
(−1)q + 2(−1)q

√
g
[(
gijgac − gicgja

)
×R|cR|abR

|b +
(
gijgac − gjcgia

)
R|cR|abR

|b
](

R|j
∂3P

∂R2∂S
+ 2R|dR|dj

∂3P

∂R∂S2

)
= 2(−1)q

√
g

({
gijR|aR|b

[
R|(abj) −

1

6
R
(
2gabR|j − gjaR|b − gjbR|a

)]
+R|iaR|abR

|b
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− gjaR|iR|b
[
R|(abj) −

1

6
R
(
2gabR|j − gjaR|b − gjbR|a

)]
−R|iR|abR

|ab
}

+

{
R|iaR|abR

|b + gijR|aR|b
[
R|(abj) −

1

6
R
(
2gabR|j − gjaR|b − gjbR|a

)]
+R|iaR|abR

|b −R|iaR|ag
jcR|cj − giaR|jR|b

[
R|(abj) −

1

6
R
(
2gabR|j

− gjaR|b − gjbR|a
)]

−R|iaR|abR
|b
})

∂2P

∂R∂S
+ 2(−1)q

√
g
(
gijR|aR|b − gjaR|iR|b

+ gijR|aR|b − giaR|jR|b
)
R|ab

(
R|j

∂3P

∂R2∂S
+ 2R|cR|cj

∂3P

∂R∂S2

)
= 2(−1)q

√
g

[
gijR|aR|bR|(abj) −

1

6
R
(
2SR|i − SR|i − SR|i

)
+ 2R|iaR|abR

|b

− gjaR|iR|bR|(abj) +
1

6
R
(
2SR|i − 2SR|i − SR|i

)
−R|iR|abR

|ab

− 1

6
R
(
2SR|i − SR|i − SR|i

)
−R|iaR|ag

jcR|cj +
1

6
R
(
2SR|i − SR|i − SR|i

)]
× ∂2P

∂R∂S
+ 2(−1)q

√
g
(
2gijR|aR|b − gjaR|iR|b − giaR|jR|b

)
R|ab

(
R|j

∂3P

∂R2∂S

+ 2R|cR|cj
∂3P

∂R∂S2

)
= 2(−1)q

√
g
(
giaR|bR|c −R|iR|agbc

)
R|(abc)

∂2P

∂R∂S
− (−1)q

3

√
gRSR|i ∂

2P

∂R∂S

+ 2(−1)q
√
g
(
2giagbcR|d − gacgbdR|i − giagcdR|b

)
R|abR|cd

∂2P

∂R∂S

+ 2(−1)q
√
g
(
R|iR|aR|b − SgiaR|b

)
R|ab

∂3P

∂R2∂S

+ 4(−1)q
√
g
(
gidR|aR|bR|c − gadR|iR|bR|c

)
R|abR|cd

∂3P

∂R∂S2
(D.7)

and we sum this value with the previous three divergences to get

4∑
k=1

Aij
k |j = −(−1)q

3

√
gR
(
4giaR|b +R|igab

)
R|ab

∂P

∂S
− (−1)q

3

√
gSR|i∂P

∂S

− 2

3
(−1)q

√
gRR|iR|jR|kR|jk

∂2P

∂S2

+ 2(−1)q
√
g
(
gacgbdR|i − gicgbdR|a

)
R|abR|cd

∂2P

∂R∂S

+ 4(−1)q
√
g
(
gabR|iR|cR|d − gibR|aR|cR|d

)
R|acR|bd

∂3P

∂S2∂R

+ 2(−1)q
√
g
(
R|iR|cgab − giaR|bR|c

)
R|(abc)

∂2P

∂R∂S
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+ 2(−1)q
√
g
(
giaR|bR|c −R|iR|agbc

)
R|(abc)

∂2P

∂R∂S
− (−1)q

3

√
gRSR|i ∂

2P

∂R∂S

+ 2(−1)q
√
g
(
2giagbcR|d − gacgbdR|i − giagcdR|b

)
R|abR|cd

∂2P

∂R∂S

+ 2(−1)q
√
g
(
R|iR|aR|b − SgiaR|b

)
R|ab

∂3P

∂R2∂S

+ 4(−1)q
√
g
(
gidR|aR|bR|c − gadR|iR|bR|c

)
R|abR|cd

∂3P

∂R∂S2

= −(−1)q

3

√
gR
(
4giaR|b +R|igab

)
R|ab

∂P

∂S
− (−1)q

3

√
gSR|i∂P

∂S

− 2

3
(−1)q

√
gRR|iR|jR|kR|jk

∂2P

∂S2
− (−1)q

3

√
gRSR|i ∂

2P

∂R∂S

+ 2(−1)q
√
g
(
giagbcR|d − giagcdR|b

)
R|abR|cd

∂2P

∂R∂S

+ 2(−1)q
√
g
(
R|iR|aR|b − SgiaR|b

)
R|ab

∂3P

∂R2∂S
. (D.8)

Defining Aij
5 =

√
gεiaεjbR|ab

(
∂P
∂R +Q

)
, we compute the divergence

Aij
5 |j =

√
gεiaεjbR|abj

(
∂P

∂R
+Q

)
+
√
gεiaεjbR|ab

(
∂P

∂R
+Q

)
|j

=
√
gεiaεjb

[
R|(abj) −

1

6
R
(
2gabR|j − gjaR|b − gjbR|a

)](∂P
∂R

+Q

)
+
√
g
(
gijgab − gibgja

)
R|ab

(
R|j

∂2P

∂R2
+R|cR|cj

∂2P

∂R∂S
+R|jQ

′
)

= (−1)q
√
g

[
0− 1

6
R
(
2gijR|j + gibR|b + 0

)](∂P
∂R

+Q

)
+ (−1)q

√
g
(
R|igab − gibR|a

)
R|ab

(
∂2P

∂R2
+Q′

)
+ 2(−1)q

√
g
(
gidgabR|c − gibgadR|c

)
R|abR|cd

∂2P

∂R∂S

= −(−1)q

2

√
gRR|i

(
∂P

∂R
+Q

)
+ (−1)q

√
g
(
gabR|i − gibR|a

)
R|ab

(
∂2P

∂R2
+Q′

)
+ 2(−1)q

√
g
(
gidgabR|c − gibgadR|c

)
R|abR|cd

∂2P

∂R∂S
. (D.9)

We sum this result with the previous four terms, yielding

5∑
k=1

Aij
k |j = −(−1)q

3

√
gR
(
4giaR|b +R|igab

)
R|ab

∂P

∂S
− (−1)q

3

√
gSR|i∂P

∂S

− 2

3
(−1)q

√
gRR|iR|jR|kR|jk

∂2P

∂S2
− (−1)q

3

√
gRSR|i ∂

2P

∂R∂S



204

+ 2(−1)q
√
g
(
giagbcR|d − giagcdR|b

)
R|abR|cd

∂2P

∂R∂S

+ 2(−1)q
√
g
(
R|iR|aR|b − SgiaR|b

)
R|ab

∂3P

∂R2∂S
− (−1)q

2

√
gRR|i

(
∂P

∂R
+Q

)
+ (−1)q

√
g
(
gabR|i − gibR|a

)
R|ab

(
∂2P

∂R2
+Q′

)
+ 2(−1)q

√
g
(
gidgabR|c − gibgadR|c

)
R|abR|cd

∂2P

∂R∂S

= −(−1)q

3

√
gR
(
4giaR|b +R|igab

)
R|ab

∂P

∂S
− (−1)q

3

√
gSR|i∂P

∂S

− 2

3
(−1)q

√
gRR|iR|jR|kR|jk

∂2P

∂S2
− (−1)q

3

√
gRSR|i ∂

2P

∂R∂S

+ 2(−1)q
√
g
(
R|iR|aR|b − SgiaR|b

)
R|ab

∂3P

∂R2∂S
− (−1)q

2

√
gRR|i

(
∂P

∂R
+Q

)
+ (−1)q

√
g
(
gabR|i − gibR|a

)
R|ab

(
∂2P

∂R2
+Q′

)
. (D.10)

Computing the divergence of Aij
6 = (−1)q

3

√
gRR|iR|j ∂P

∂S , we have

Aij
6 |j =

(−1)q

3

√
gR|jR

|iR|j ∂P

∂S
+

(−1)q

3

√
gRR

|i
|jR

|j ∂P

∂S
+

(−1)q

3

√
gRR|iR

|j
|j
∂P

∂S

+
(−1)q

3

√
gRR|iR|j

(
∂P

∂S

)
|j

=
(−1)q

3

√
gSR|i∂P

∂S
+

(−1)q

3

√
gR
(
giaR|b +R|igab

)
R|ab

∂P

∂S

+
(−1)q

3

√
gRSR|i ∂

2P

∂R∂S
+

2

3
(−1)q

√
gRR|iR|jR|kR|jk

∂2P

∂S2
. (D.11)

Summing with the previous result, we get

6∑
k=1

Aij
k |j = −(−1)q

3

√
gR
(
4giaR|b +R|igab

)
R|ab

∂P

∂S
− (−1)q

3

√
gSR|i∂P

∂S

− 2

3
(−1)q

√
gRR|iR|jR|kR|jk

∂2P

∂S2
− (−1)q

3

√
gRSR|i ∂

2P

∂R∂S

+ 2(−1)q
√
g
(
R|iR|aR|b − SgiaR|b

)
R|ab

∂3P

∂R2∂S
− (−1)q

2

√
gRR|i

(
∂P

∂R
+Q

)
+ (−1)q

√
g
(
gabR|i − gibR|a

)
R|ab

(
∂2P

∂R2
+Q′

)
+

(−1)q

3

√
gSR|i∂P

∂S

+
(−1)q

3

√
gRSR|i ∂

2P

∂R∂S
+

(−1)q

3

√
gR
(
giaR|b +R|igab

)
R|ab

∂P

∂S

+
2

3
(−1)q

√
gRR|iR|jR|kR|jk

∂2P

∂S2
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= −(−1)q
√
gRgiaR|bR|ab

∂P

∂S
+ 2(−1)q

√
g
(
R|iR|aR|b − SgiaR|b

)
R|ab

∂3P

∂R2∂S

− (−1)q

2

√
gRR|i

(
∂P

∂R
+Q

)
+ (−1)q

√
g
(
gabR|i − gibR|a

)
R|ab

(
∂2P

∂R2
+Q′

)
.

(D.12)

Computing the divergence of Aij
7 =

√
gR

|i
⋆R

|j
⋆

(
∂2P
∂R2 +Q′

)
=

√
gεiaεjbR|aR|b

(
∂2P
∂R2 +Q′

)
, we

have

Aij
7 |j =

√
gεiaεjbR|ajR|b

(
∂2P

∂R2
+Q′

)
+
√
gεiaεjbR|aR|bj

(
∂2P

∂R2
+Q′

)
+
√
gεiaεjbR|aR|b

(
∂2P

∂R2
+Q′

)
|j

= (−1)q
√
g
(
gijgab − gibgja

)
R|ajR|b

(
∂2P

∂R2
+Q′

)
+ 0 +

√
gεiaεjbR|aR|b

(
R|j

∂3P

∂R3

+ 2R|cR|cj
∂3P

∂R2∂S
+R|jQ

′′
)

= (−1)q
√
g
(
giaR|b − gabR|i

)
R|ab

(
∂2P

∂R2
+Q′

)
+ (−1)q

√
g
(
Sgij −R|iR|j

)
×
(
0 + 2R|cR|cj

∂3P

∂R2∂S
+ 0

)
= (−1)q

√
g
(
giaR|b − gabR|i

)
R|ab

(
∂2P

∂R2
+Q′

)
+ 2(−1)q

√
g
(
SgiaR|b −R|iR|aR|b

)
×R|ab

∂3P

∂R2∂S
. (D.13)

We sum this term with the previous results to get

7∑
k=1

Aij
k |j = −(−1)q

√
gRgiaR|bR|ab

∂P

∂S
+ 2(−1)q

√
g
(
R|iR|aR|b − SgiaR|b

)
R|ab

∂3P

∂R2∂S

− (−1)q

2

√
gRR|i

(
∂P

∂R
+Q

)
+ (−1)q

√
g
(
gabR|i − gibR|a

)
R|ab

(
∂2P

∂R2
+Q′

)
+ (−1)q

√
g
(
giaR|b − gabR|i

)
R|ab

(
∂2P

∂R2
+Q′

)
+ 2(−1)q

√
g
(
SgiaR|b −R|iR|aR|b

)
R|ab

∂3P

∂R2∂S

= −(−1)q
√
gRgiaR|bR|ab

∂P

∂S
− (−1)q

2

√
gRR|i

(
∂P

∂R
+Q

)
. (D.14)
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Computing the divergence of Aij
8 = (−1)q

2

√
gRgijP , we get

Aij
8 |j =

(−1)q

2

√
gR|jg

ijP +
(−1)q

2

√
gRgijP|j

=
(−1)q

2

√
gR|iP +

(−1)q

2

√
gRgij

(
R|j

∂P

∂R
+R|kR|jk

∂P

∂S

)
=

(−1)q

2

√
gR|iP +

(−1)q

2

√
gRR|i∂P

∂R
+ (−1)q

√
gRgiaR|bR|ab

∂P

∂S
, (D.15)

and summing this term with the previous seven terms yields the final result of

8∑
k=1

Aij
k |j = −(−1)q

√
gRgiaR|bR|ab

∂P

∂S
− (−1)q

2

√
gRR|i

(
∂P

∂R
+Q

)
+

(−1)q

2

√
gR|iP

+
(−1)q

2

√
gRR|i∂P

∂R
+ (−1)q

√
gRgiaR|bR|ab

∂P

∂S

=
(−1)q

2

√
gR|i(P −RQ). (D.16)

We check the previous “by hand” computation with custom Maple code. For coding

simplicity, we have expanded the permutation tensors in all terms using (2.7) and absorbed

the factor of (−1)q into the scalars P and Q throughout the Maple code. We begin by

loading the DifferentialGeometry, Tensor, and ATensor packages. The first two are

standard Maple packages for handling manifolds and tensorial quantities, respectively, while

the third is a custom module (with code found at the end of this appendix) designed to

compute the tensorial coefficients of the scalar fields P and Q (and their derivatives) in Aij .

Figure D.1: Loading packages.

We initialize a two dimensional manifold M with local coordinates (x, y) using the DGEn-

vironment command from the DifferentialGeometry package and define an arbitrary

conformal Lorentzian metric g. [As all two dimensional metrics are conformally flat, this is

the most generic metric with (+,-) signature. The Riemannian case follows in an identical
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matter, with the same general results, and has been omitted for brevity.]

Figure D.2: Initialization of a Lorentzian manifold.

We produce the curvature scalar R and its first three symmetrized covariant derivatives

using the Init command of the ATensor package and label them accordingly.

Figure D.3: Curvature scalar derivatives.

The output for these commands are suppressed with a colon for brevity; the use of a

very general metric produces rather intractable expressions, with a few of the subsequent

calculations going beyond Maple’s one million character limit. For example, we note that

R|a comprises three lines, R|ab takes up fifteen lines, and R|(abc) requires 71 lines to express.

Next, we define a number of useful intermediate quantities: the inverse metric, square

root of the determinant, the raised covariant derivative of the metric, the scalar S =

gabR|aR|b, and the tensor R|aR|ab.

Figure D.4: Intermediate quantities.

Then we define the scalar fields P (R,S) and Q(R), and compute a number of different

partial derivatives.
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Figure D.5: Scalar fields and their partial derivatives.

Finally, we compute the covariant derivative of the scalar expressions in Aij (D.1): in order,

we have Q|a,

(
dQ

dR

)
|a
, P|a,

(
∂P

∂R

)
|a
,

(
∂P

∂S

)
|a
,

(
∂2P

∂R2

)
|a
,

(
∂2P

∂S2

)
|a
, and

(
∂2P

∂S∂R

)
|a
.

Figure D.6: Scalar fields and their covariant derivatives.

Before continuing, we define Bij
1 = 2

√
gεiaεjbR|(abc)R

|c, Bij
2 = 2

√
gεiaεjbR|acR|bdg

cd,

etc., and note that these tensor densities are computed using the B# commands of the

ATensor package. In particular, we use the Div command of the ATensor package to

compute the divergence of each Bij
# term and subtract from this value the “by-hand” calcu-

lations for the divergence contained in the divB# command of the ATensor package, with

the difference returning zero in each case.
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Figure D.7: Divergence of Bij
# terms.

We now compute the divergence of the eight Aij
# terms in (D.1), using the chain rule and

the B# (and divB#) commands to express the divergence of each term, and sum the terms

together.

Figure D.8: Divergence of Aij .

We compare this sum with the “by-hand” computation for Aij
|j (D.16) by subtracting the

two results and find the difference to be zero, confirming the “by-hand” calculations done

previously.
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Figure D.9: Confirmation of “by-hand” calculations.

The source code for the ATensor package is listed below.

ATensor := module ( )

description ”A package c o n t a i n i n g commands r e l a t i n g to the f i f t h o r d e r

symmetr ic ( 2 , 0 ) t e n s o r d e n s i t y t ha t i s not d i v e r g enc e=f r e e . ” ;

option package ;

export In i t , Div , B1 , B2 , B3 , B4 , B5 , B6 , B7 , B8 , divB1 , divB2 , divB3 , divB4 ,

divB5 , divB6 , divB7 , divB8 ;

# Throughout t h i s module lowercase l e t t e r s a f t e r the i n i t i a l name ( g f o r the

metric , R f o r the Ricc i s c a l a r / covar ian t d e r v i a t i v e s ) i n d i c a t e lower

i n d i c e s and uppercase l e t t e r s denote upper ind i ce s , wi th summation

no ta t i on in e f f e c t . As an example , RAaD = gAB Rabc gCD denotes the t race

o f the f i r s t two i nd i c e s and the ra i s ed t h i r d index o f the symmetrized

t h i r d covar ian t d e r i v a t i v e o f the Ricc i s c a l a r .

# Command l i s t

I n i t := proc ( g )

local C, R, Ra , Rab , R3 , Rabc ;

description ”Computes and r e t u r n s the R i c c i s c a l a r and f i r s t t h r e e symmetr i zed

c o v a r i a n t d e r i v a t i v e s computed from a g i v en me t r i c t e n s o r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Compute the Levi=Civ i t a connect ion o f the metr ic .

C := Ch r i s t o f f e l ( g ) ;

# Compute the Ricc i s c a l a r .
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R := Ri c c i S c a l a r ( g ) ;

# Compute the f i r s t covar ian t d e r i v a t i v e o f the Ricc i s c a l a r .

Ra := Covar iantDer ivat ive (R,C) ;

# Compute the second covar ian t d e r i v a t i v e o f the Ricc i s c a l a r .

Rab := Covar iantDer ivat ive (Ra ,C) ;

# Compute the ( unsymmetrized ) t h i r d covar ian t d e r i v a t i v e o f the Ricc i s c a l a r .

R3 := Covar iantDer ivat ive (Rab ,C) ;

# Symmetrize the t h i r d covar ian t d e r i v a t i v e o f the Ricc i s c a l a r .

Rabc := Symmetr izeIndices (R3 , [ 1 , 2 , 3 ] , ”Symmetric ” ) ;

# Return the metr ic and 4 computed t en so r s .

[ g , R, Ra , Rab , Rabc ]

end proc :

Div := proc (T, g )

local C, de l ta T ;

description ”Computes the d i v e r g e n c e o f a rank 2 symmetr ic c o n t r a v a r i a n t

t e n s o r u s i n g the Lev i=C i v i t a conne c t i on o f the g i v en me t r i c . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor , D i f f e r en t i a lGeomet ry

:=Tools ;

# Compute the Levi=Civ i t a connect ion o f the metr ic .

C := Ch r i s t o f f e l ( g ) ;

# Take the covar ian t d e r i v a t i v e o f the g iven tensor .

de l ta T := Covar iantDer ivat ive (T,C) ;

# Return zero i f de l t a T i s zero . I f de l t a T i s nonzero , con t rac t one index o f

the g iven tensor wi th the covar ian t d e r i v a t i v e index .

i f eva lb (DGinfo ( delta T , ”TensorType” ) = [ [ ” con bas ” , ” con bas ” , ” cov ba s ” ] , [ [

” bas ” , 1 ] ] ] ) = ’ f a l s e ’

then return 0

else Contrac t Ind i ce s ( delta T , [ [ 2 , 3 ] ] )

end i f

end proc :

B1 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , rootg , gIJ , RA, RAbc , RAac , gIJ RAac , gIJ RAac RD

, gIJ RAac RC , RIJc , RIJc RD , RIJc RC ;
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description ”Computes the term l i n e a r i n t h i r d o r d e r d e r i v a t i v e s i n the t e n s o r

A from a l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the f i r s t t h r e e

symmetr i zed c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the square roo t o f the determinant o f the metr ic .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the in v e r s e metr ic f o r r a i s i n g i n d i c e s .

gIJ := Inve r s eMet r i c ( g i j ) ;

# Raise the index o f the f i r s t covar ian t d e r i v a t i v e o f the Ricc i s c a l a r

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# There are two terms in B1 : both terms i n v o l v e the product o f two metrics ,

wi th the f i r s t term t r a c i n g two i nd i c e s o f the t h i r d covar ian t d e r i v a t i v e

o f the metr ic and the second term ra i s i n g the f i r s t two i nd i c e s o f the

metr ic . Computing the f i r s t term , r a i s e the f i r s t index o f the t h i r d

covar ian t d e r i v a t i v e and con t rac t over the f i r s t and second i nd i c e s .

RAbc := RaiseLowerIndices ( gIJ , Rabc , [ 1 ] ) ;

RAac := Contrac t Ind i ce s (RAbc , [ [ 1 , 2 ] ] ) ;

# Mul t i p l y the t raced t h i r d covar ian t d e r i v a t i v e by an inv e r s e metr ic and a

ra i s ed index f i r s t covar ian t d e r i v a t i v e .

gIJ RAac := evalDG( gIJ &t RAac) ;

gIJ RAac RD := evalDG( gIJ RAac &t RA) ;

# Contract the t h i r d index o f the t h i r d covar ian t d e r i v a t i v e wi th the f i r s t

covar ian t d e r i v a t i v e .

gIJ RAac RC := Contrac t Ind i ce s ( gIJ RAac RD , [ [ 3 , 4 ] ] ) ;

# Computing the second term , r a i s e both the f i r s t and second i nd i c e s o f the

t h i r d covar ian t d e r i v a t i v e .

RIJc := RaiseLowerIndices ( gIJ , RAbc , [ 2 ] ) ;

# Contract the remaining lower index o f the t h i r d covar ian t d e r i v a t i v e wi th a

ra i s ed index f i r s t covar ian t d e r i v a t i v e

RIJc RD := evalDG(RIJc &t RA) ;

RIJc RC := Contrac t Ind i ce s (RIJc RD , [ [ 3 , 4 ] ] ) ;
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# Take the d i f f e r e n c e between the two terms and mu l t i p l y the r e s u l t by a

f a c t o r o f 2* roo tg

evalDG(2* rootg &t ( gIJ RAac RC = RIJc RC) )

end proc :

B2 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , rootg , gIJ , Rab Rcd , Rab RcD , Rab RcB , Rab RCB,

Rab RAB, gIJ Rab RAB , RIb RcB , RIb RJB ;

description ”Computes the term quad r a t i c i n second o r d e r d e r i v a t i v e s on l y i n

the t e n s o r A from a l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the

f i r s t t h r e e symmetr i zed c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the square roo t o f the determinant o f the metr ic .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the in v e r s e metr ic f o r r a i s i n g i n d i c e s .

gIJ := Inve r s eMet r i c ( g i j ) ;

# There are two terms in B2 : both terms i n v o l v e the product o f two metrics ,

wi th the f i r s t term con t ra c t i n g the two second covar ian t d e r i v a t i v e s and

the second term ra i s i n g s i n g l e i n d i c e s . In both terms , we compute the

product o f two second covar ian t d e r i v a t i v e s and con t rac t a pa i r o f i n d i c e s

between the two .

Rab Rcd := evalDG(Rab &t Rab) ;

Rab RcD := RaiseLowerIndices ( gIJ , Rab Rcd , [ 4 ] ) ;

Rab RcB := Contrac t Ind i ce s (Rab RcD , [ [ 2 , 4 ] ] ) ;

# Sta r t i n g wi th the f i r s t term , con t rac t across the remaining i n d i c e s and

mu l t i p l y by the in v e r s e metr ic .

Rab RCB := RaiseLowerIndices ( gIJ , Rab RcB , [ 2 ] ) ;

Rab RAB := Contrac t Ind i ce s (Rab RCB, [ [ 1 , 2 ] ] ) ;

gIJ Rab RAB := evalDG( gIJ &t Rab RAB) ;

# For the second term , r a i s e both remaining lower i n d i c e s .

RIb RcB := RaiseLowerIndices ( gIJ , Rab RcB , [ 1 ] ) ;

RIb RJB := RaiseLowerIndices ( gIJ , RIb RcB , [ 2 ] ) ;
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# Take the d i f f e r e n c e between the two terms and mu l t i p l y the r e s u l t by a

f a c t o r o f 2* roo tg

evalDG(2* rootg &t ( gIJ Rab RAB = RIb RJB) )

end proc :

B3 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , rootg , gIJ , RA, Rab Rcd , Rab Rcd RE RF ,

Rab Rcd RB RD , Rab RCd RB RD , Rab RAd RB RD , gIJ Rab RAd RB RD ,

RIb Rcd RB RD , RIb RJd RB RD ;

description ”Computes the term quad r a t i c i n second o r d e r and f i r s t o r d e r

d e r i v a t i v e s i n the t e n s o r A from a l i s t c o n t a i n i n g the met r i c , R i c c i

s c a l a r , and the f i r s t t h r e e symmetr i zed c o v a r i a n t d e r i v a t i v e s o f the R i c c i

s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the square roo t o f the determinant o f the metr ic .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the in v e r s e metr ic f o r r a i s i n g i n d i c e s .

gIJ := Inve r s eMet r i c ( g i j ) ;

# Raise the index o f the f i r s t covar ian t d e r i v a t i v e o f the Ricc i s c a l a r

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# There are two terms in B3 : both terms i n v o l v e the product o f two metrics ,

wi th the f i r s t term con t ra c t i n g the two second covar ian t d e r i v a t i v e s and

the second term ra i s i n g s i n g l e i n d i c e s . In both terms , we compute the

product o f two second covar ian t d e r i v a t i v e s and con t rac t each wi th a

ra i s ed f i r s t covar ian t d e r i v a t i v e .

Rab Rcd := evalDG(Rab &t Rab) ;

Rab Rcd RE RF := evalDG(Rab Rcd &t RA &t RA) ;

Rab Rcd RB RD := Contrac t Ind i ce s (Rab Rcd RE RF , [ [ 2 , 5 ] , [ 3 , 6 ] ] ) ;

# Sta r t i n g wi th the f i r s t term , con t rac t across the remaining i n d i c e s and

mu l t i p l y by the in v e r s e metr ic .

Rab RCd RB RD := RaiseLowerIndices ( gIJ , Rab Rcd RB RD , [ 2 ] ) ;

Rab RAd RB RD := Contrac t Ind i ce s (Rab RCd RB RD , [ [ 1 , 2 ] ] ) ;
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gIJ Rab RAd RB RD := evalDG( gIJ &t Rab RAd RB RD) ;

# For the second term , r a i s e both remaining lower i n d i c e s .

RIb Rcd RB RD := RaiseLowerIndices ( gIJ , Rab Rcd RB RD , [ 1 ] ) ;

RIb RJd RB RD := RaiseLowerIndices ( gIJ , RIb Rcd RB RD , [ 2 ] ) ;

# Take the d i f f e r e n c e between the two terms and mu l t i p l y the r e s u l t by a

f a c t o r o f 4* roo tg

evalDG(4* rootg &t (gIJ Rab RAd RB RD = RIb RJd RB RD) )

end proc :

B4 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , rootg , gIJ , RA, Rab Rc RD , Rab Rc RB , Rab RC RB ,

Rab RA RB , gIJ Rab RA RB , RIb Rc RB , RIb RJ RB , sym RIb RJ RB ;

description ”Computes the term quad r a t i c i n f i r s t o r d e r and l i n e a r i n second

o r d e r d e r i v a t i v e s i n the t e n s o r A from a l i s t c o n t a i n i n g the met r i c , R i c c i

s c a l a r , and the f i r s t t h r e e symmetr i zed c o v a r i a n t d e r i v a t i v e s o f the

R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the square roo t o f the determinant o f the metr ic .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the in v e r s e metr ic f o r r a i s i n g i n d i c e s .

gIJ := Inve r s eMet r i c ( g i j ) ;

# Raise the index o f the f i r s t covar ian t d e r i v a t i v e o f the Ricc i s c a l a r

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# There are two terms in B4 : both terms i n v o l v e the product o f two metrics ,

wi th the f i r s t term con t ra c t i n g between a f i r s t and second d e r i v a t i v e and

the second term ra i s i n g the two f r e e i n d i c e s . In both terms , we compute

the product o f a second covar ian t d e r i v a t i v e and two f i r s t covar ian t

d e r i v a t i v e s ( one up , one down) , con t r a c t i n g across the second covar ian t

d e r v i a t i v e and the upper f i r s t covar ian t d e r i v a t i v e .

Rab Rc RD := evalDG(Rab &t Ra &t RA) ;

Rab Rc RB := Contrac t Ind i ce s (Rab Rc RD , [ [ 2 , 4 ] ] ) ;
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# For the f i r s t term , con t rac t across the remaining i n d i c e s and mu l t i p l y by

the in v e r s e metr ic .

Rab RC RB := RaiseLowerIndices ( gIJ , Rab Rc RB , [ 2 ] ) ;

Rab RA RB := Contrac t Ind i ce s (Rab RC RB , [ [ 1 , 2 ] ] ) ;

gIJ Rab RA RB := evalDG( gIJ &t Rab RA RB) ;

# For the second term , r a i s e both remaining lower i n d i c e s then symmetrize .

RIb Rc RB := RaiseLowerIndices ( gIJ , Rab Rc RB , [ 1 ] ) ;

RIb RJ RB := RaiseLowerIndices ( gIJ , RIb Rc RB , [ 2 ] ) ;

sym RIb RJ RB := Symmetr izeIndices (RIb RJ RB , [ 1 , 2 ] , ”Symmetr ic ” ) ;

# Take the d i f f e r e n c e between the two terms and mu l t i p l y the r e s u l t by a

f a c t o r o f 4* roo tg

evalDG(4* rootg &t ( gIJ Rab RA RB = sym RIb RJ RB) )

end proc :

B5 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , rootg , gIJ , RAb, RAa, gIJ RAa , RIb , RIJ ;

description ”Computes the term l i n e a r i n second o r d e r d e r i v a t i v e s i n the

t e n s o r A from a l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the f i r s t

t h r e e symmetr i zed c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the square roo t o f the determinant o f the metr ic .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the in v e r s e metr ic f o r r a i s i n g i n d i c e s .

gIJ := Inve r s eMet r i c ( g i j ) ;

# There are two terms in B5 : both terms i n v o l v e the product o f two metrics ,

wi th the f i r s t term t r a c i n g the second d e r i v a t i v e and the second term

ra i s i n g both i n d i c e s o f the second d e r i v a t i v e .

# For the f i r s t term , compute the t race o f the second d e r i v a t i v e and mu l t i p l y

by an inv e r s e metr ic .

RAb := RaiseLowerIndices ( gIJ , Rab , [ 1 ] ) ;

RAa := Contrac t Ind i ce s (RAb, [ [ 1 , 2 ] ] ) ;

gIJ RAa := evalDG( gIJ &t RAa) ;



217

# For the second term , r a i s e both remaining lower i n d i c e s then symmetrize .

RIb := RaiseLowerIndices ( gIJ , Rab , [ 1 ] ) ;

RIJ := RaiseLowerIndices ( gIJ , RIb , [ 2 ] ) ;

# Take the d i f f e r e n c e between the two terms and mu l t i p l y the r e s u l t by a

f a c t o r o f roo tg

evalDG( rootg &t ( gIJ RAa = RIJ ) )

end proc :

B6 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , rootg , gIJ , RA, R RI RJ ;

description ”Computes the term quad r a t i c i n f i r s t o r d e r d e r i v a t i v e s and l i n e a r

i n the R i c c i s c a l a r i n the t e n s o r A from a l i s t c o n t a i n i n g the met r i c ,

R i c c i s c a l a r , and the f i r s t t h r e e symmetr i zed c o v a r i a n t d e r i v a t i v e s o f the

R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the square roo t o f the determinant o f the metr ic .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the in v e r s e metr ic f o r r a i s i n g i n d i c e s .

gIJ := Inve r s eMet r i c ( g i j ) ;

# Raise the index o f the f i r s t covar ian t d e r i v a t i v e o f the Ricc i s c a l a r

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# There i s one term in B6 , comprised o f a Ricc i s c a l a r and two ra i s ed f i r s t

covar ian t d e r i v a t i v e s , wi th a c o e f f i c i c e n t o f 1/3* roo tg .

R RI RJ := evalDG(R * RA &t RA) ;

evalDG(1/3* rootg &t R RI RJ )

end proc :

B7 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , rootg , gIJ , RA, Ra RB , Ra RA, gIJ S , RI RJ ;

description ”Computes the term quad r a t i c i n f i r s t o r d e r d e r i v a t i v e s i n the

t e n s o r A from a l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the f i r s t

t h r e e symmetr i zed c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;
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uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the square roo t o f the determinant o f the metr ic .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the in v e r s e metr ic f o r r a i s i n g i n d i c e s .

gIJ := Inve r s eMet r i c ( g i j ) ;

# Raise the index o f the f i r s t covar ian t d e r i v a t i v e o f the Ricc i s c a l a r

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# There are two terms in B7 : both terms i n v o l v e the product o f two metrics ,

wi th the f i r s t term con t ra c t i n g the two f i r s t d e r i v a t i v e s and the second

r a i s i n g the i n d i c e s o f both .

# For the f i r s t term , con t rac t the two f i r s t d e r i v a t i v e s and mu l t i p l y by an

inv e r s e metr ic .

Ra RB := evalDG(Ra &t RA) ;

Ra RA := Contrac t Ind i ce s (Ra RB , [ [ 1 , 2 ] ] ) ;

g IJ S := evalDG( gIJ *Ra RA) ;

# For the second term , r a i s e both f i r s t d e r i v a t i v e s .

RI RJ := evalDG(RA &t RA) ;

# Take the d i f f e r e n c e between the two terms and mu l t i p l y the r e s u l t by a

f a c t o r o f roo tg

evalDG( rootg &t ( gIJ S = RI RJ ) )

end proc :

B8 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , rootg , gIJ ;

description ”Computes the term l i n e a r i n the R i c c i s c a l a r i n the t e n s o r A from

a l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the f i r s t t h r e e

symmetr i zed c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the square roo t o f the determinant o f the metr ic .
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rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the in v e r s e metr ic f o r r a i s i n g i n d i c e s .

gIJ := Inve r s eMet r i c ( g i j ) ;

# There i s one term in B8 , c on s i s t i n g o f the Ricc i t ensor and an inv e r s e

metr ic mu l t i p l i e d by a f a c t o r o f 1/2* roo tg .

evalDG(1/2*R* rootg &t gIJ )

end proc :

divB1 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , gIJ , rootg , RA, Ra RB , S , R Rab RC , R RIb RC ,

R RIb RB , R RAa RI , S RI , Rabc Rde , RAbc RDI , RAac RCI , RIBC Rde , RIBC Rbc

;

description ”Computes the d i v e r g e n c e o f the B1 term i n the t e n s o r A from a

l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the f i r s t t h r e e symmetr i zed

c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the in v e r s e metr ic .

gIJ := Inve r s eMet r i c ( g i j ) ;

# Compute the square roo t o f the metr ic determinant .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the ra i s ed f i r s t covar ian t d e r i v a t i v e o f R.

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# Compute S = Ra RA.

Ra RB := evalDG(Ra &t RA) ;

S := Contrac t Ind i ce s (Ra RB , [ [ 1 , 2 ] ] ) ;

# Compute a l l 5 terms o f divB1 .

# The f i r s t term con s i s t s o f R, as w e l l as a second and f i r s t d e r i v a t i v e , wi th

the second d e r i v a t i v e con t rac t ed aga in s t the f i r s t d e r i v a t i v e and wi th

i t s f r e e index ra i s ed .

R Rab RC := evalDG(R * Rab &t RA) ;

R RIb RC := RaiseLowerIndices ( gIJ , R Rab RC , [ 1 ] ) ;

R RIb RB := Contrac t Ind i ce s (R RIb RC , [ [ 2 , 3 ] ] ) ;
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# The second term i s s im i l a r to the f i r s t term but wi th the second d e r i v a t i v e

t raced and the f i r s t d e r i v a t i v e ra i s ed .

R RAa RI := Contrac t Ind i ce s (R RIb RC , [ [ 1 , 2 ] ] ) ;

# The t h i r d index i s the product o f S and a ra i s ed f i r s t d e r i v a t i v e .

S RI := evalDG(S*RA) ;

# The fou r t h term i s the product o f one second and one t h i r d d e r i v a t i v e . wi th

two i nd i c e s t raced on the t h i r d d e r i v a t i v e and the remaining index

con t rac t ed aga in s t a second d e r i v a t i v e . The f r e e index on the second

d e r i v a t i v e i s r a i s e d .

Rabc Rde := evalDG(Rabc &t Rab) ;

RAbc RDI := RaiseLowerIndices ( gIJ , Rabc Rde , [ 1 , 4 , 5 ] ) ;

RAac RCI := Contrac t Ind i ce s (RAbc RDI , [ [ 1 , 2 ] , [ 3 , 4 ] ] ) ;

# The f i f t h term i s s im i l a r to the f ou r t h but the second d e r i v a t i v e i s

con t rac t ed aga in s t two o f the t h i r d d e r i v a t i v e ’ s i n d i c e s and the remaining

index i s r a i s ed .

RIBC Rde := RaiseLowerIndices ( gIJ , Rabc Rde , [ 1 , 2 , 3 ] ) ;

RIBC Rbc := Contrac t Ind i ce s (RIBC Rde , [ [ 2 , 4 ] , [ 3 , 5 ] ] ) ;

# The c o e f f i c i e n t s o f each term are =8/3 f o r term one , +4/3 f o r term two , =1/3

f o r term three , +2 fo r term four , and =2 f o r term f i v e . Sum a l l f i v e and

mu l t i p l y by roo tg .

evalDG( rootg &t (=8/3*R RIb RB + 4/3*R RAa RI = 1/3*S RI + 2*RAac RCI = 2*

RIBC Rbc) )

end proc :

divB2 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , gIJ , rootg , RA, Rabc Rde , RIBC Rde , RIBC Rbc ,

RAbc RDI , RAac RCI , R Rab RI , R RAb RI , R RAa RI , R RIa RA ;

description ”Computes the d i v e r g e n c e o f the B2 term i n the t e n s o r A from a

l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the f i r s t t h r e e symmetr i zed

c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the in v e r s e metr ic .
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gIJ := Inve r s eMet r i c ( g i j ) ;

# Compute the square roo t o f the metr ic determinant .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the ra i s ed f i r s t covar ian t d e r i v a t i v e o f R.

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# Compute a l l 4 terms o f divB2 . The f i r s t term i s the product o f one second

and one t h i r d d e r i v a t i v e . The second d e r i v a t i v e i s con t rac t ed aga in s t two

o f the t h i r d d e r i v a t i v e ’ s ind i ce s , wi th the remaining index ra i s e d .

Rabc Rde := evalDG(Rabc &t Rab) ;

RIBC Rde := RaiseLowerIndices ( gIJ , Rabc Rde , [ 1 , 2 , 3 ] ) ;

RIBC Rbc := Contrac t Ind i ce s (RIBC Rde , [ [ 2 , 4 ] , [ 3 , 5 ] ] ) ;

# The second term i s s im i l a r to the f i r s t but wi th two i nd i c e s t raced on the

t h i r d d e r i v a t i v e and the remaining index con t rac t ed aga in s t a second

d e r i v a t i v e . The f r e e index on the second d e r i v a t i v e i s r a i s ed .

RAbc RDI := RaiseLowerIndices ( gIJ , Rabc Rde , [ 1 , 4 , 5 ] ) ;

RAac RCI := Contrac t Ind i ce s (RAbc RDI , [ [ 1 , 2 ] , [ 3 , 4 ] ] ) ;

# The t h i r d term con s i s t s o f R, as w e l l as a second and f i r s t d e r i v a t i v e , wi th

the second d e r i v a t i v e t raced and the f i r s t d e r i v a t i v e r a i s ed .

R Rab RI := evalDG(R * Rab &t RA) ;

R RAb RI := RaiseLowerIndices ( gIJ , R Rab RI , [ 1 ] ) ;

R RAa RI := Contrac t Ind i ce s (R RAb RI , [ [ 1 , 2 ] ] ) ;

# The fou r t h term i s s im i l a r to the t h i r d term but wi th the second d e r i v a t i v e

con t rac t ed aga in s t the f i r s t d e r i v a t i v e and wi th i t s f r e e index ra i s e d .

R RIa RA := Contrac t Ind i ce s (R RAb RI , [ [ 2 , 3 ] ] ) ;

# The c o e f f i c i e n t s o f each term are +2 fo r term one , =2 f o r term two , =5/3 f o r

term three , and +4/3 f o r term four . Sum a l l f our and mu l t i p l y by roo tg .

evalDG( rootg &t (2*RIBC Rbc = 2*RAac RCI = 5/3*R RAa RI + 4/3*R RIa RA) )

end proc :

divB3 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , gIJ , rootg , RA, Rabc Rde RF RG , RIbc RDe RF RG ,

RIbc RBe RC RE , RBbc RIe RC RE , R Rab RC RD RE , R Rab RA RB RI ,

Rab Rcd Ref RG , RIb RCd REf RG , RIb RBd RDf RF , RAB Rcd RIf RG ,

RAB Rab RIf RF ;



222

description ”Computes the d i v e r g e n c e o f the B3 term i n the t e n s o r A from a

l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the f i r s t t h r e e symmetr i zed

c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the in v e r s e metr ic .

gIJ := Inve r s eMet r i c ( g i j ) ;

# Compute the square roo t o f the metr ic determinant .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the ra i s ed f i r s t covar ian t d e r i v a t i v e o f R.

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# Compute a l l 5 terms o f divB3 . The f i r s t term i s the product o f one th i rd ,

one second , and two f i r s t d e r i v a t i v e s . The f r e e index i s on the t h i r d

d e r i v a t i v e , wi th the remaining i n d i c e s con t rac t ed aga in s t a second and

f i r s t d e r i v a t i v e . The second index o f the second d e r i v a t i v e i s con t rac t ed

aga in s t the f i n a l f i r s t d e r i v a t i v e .

Rabc Rde RF RG := evalDG(Rabc &t Rab &t RA &t RA) ;

RIbc RDe RF RG := RaiseLowerIndices ( gIJ , Rabc Rde RF RG , [ 1 , 4 ] ) ;

RIbc RBe RC RE := Contrac t Ind i ce s (RIbc RDe RF RG , [ [ 2 , 4 ] , [ 3 , 6 ] , [ 5 , 7 ] ] ) ;

# The second term i s the same product as the f i r s t , wi th the t h i r d d e r i v a t i v e

t raced over two i nd i c e s and con t rac t ed wi th a f i r s t d e r i v a t i v e on the

remaining index , as w e l l as a f i r s t d e r i v a t i v e con t rac t ed aga in s t the

second d e r i v a t i v e . The f r e e index on the second d e r i v a t i v e i s r a i s e d .

RBbc RIe RC RE := Contrac t Ind i ce s (RIbc RDe RF RG , [ [ 1 , 2 ] , [ 3 , 6 ] , [ 5 , 7 ] ] ) ;

# The t h i r d term con s i s t s o f R, t h r e e f i r s t d e r i v a t i v e s , and one second

d e r i v a t i v e . The second d e r i v a t i v e i s con t rac t ed aga in s t two o f the f i r s t

d e r i v a t i v e s .

R Rab RC RD RE := evalDG(R * Rab &t RA &t RA &t RA) ;

R Rab RA RB RI := Contrac t Ind i ce s (R Rab RC RD RE , [ [ 1 , 3 ] , [ 2 , 4 ] ] ) ;

# The fou r t h term conta ins one f i r s t d e r i v a t i v e and th r ee second d e r i v a t i v e s .

One o f the second d e r i v a t i v e s i s con t rac t ed over a s i n g l e index wi th each

o f the o ther two second d e r i v a t i v e s , wi th one f r e e index ra i s e d and the

o ther con t rac t ed wi th the f i r s t d e r i v a t i v e .
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Rab Rcd Ref RG := evalDG(Rab &t Rab &t Rab &t RA) ;

RIb RCd REf RG := RaiseLowerIndices ( gIJ , Rab Rcd Ref RG , [ 1 , 3 , 5 ] ) ;

RIb RBd RDf RF := Contrac t Ind i ce s (RIb RCd REf RG , [ [ 2 , 3 ] , [ 4 , 5 ] , [ 6 , 7 ] ] ) ;

# The f i f t h term conta ins the same product as the four th , wi th two o f the

second d e r i v a t i v e s con t rac t ed aga in s t each o ther and the remaining second

d e r i v a t i v e con t rac t ed aga in s t the f i r s t d e r i v a t i v e . The f r e e index on t h i s

l a s t second d e r i v a t i v e i s r a i s ed .

RAB Rcd RIf RG := RaiseLowerIndices ( gIJ , Rab Rcd Ref RG , [ 1 , 2 , 5 ] ) ;

RAB Rab RIf RF := Contrac t Ind i ce s (RAB Rcd RIf RG , [ [ 1 , 3 ] , [ 2 , 4 ] , [ 6 , 7 ] ] ) ;

# The c o e f f i c i e n t s o f each term are +4 fo r terms one and four , =4 f o r terms

two and f i v e , and =2/3 f o r term three . Sum a l l f i v e and mu l t i p l y by roo tg .

evalDG( rootg &t (4*RIbc RBe RC RE = 4*RBbc RIe RC RE = 2/3*R Rab RA RB RI + 4*

RIb RBd RDf RF = 4*RAB Rab RIf RF) )

end proc :

divB4 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , gIJ , rootg , RA, Ra RB , S , RIbc , RIbc RD RE ,

RIbc RB RC , RAab, RAab RC RI , RAab RB RI , R S RI , Rab Rcd RE , RIB Rcd RE ,

RIB Rbe RE , RAB Rcd RI , RAB Rab RI , RIb RCd RE , RIe RCc RE ;

description ”Computes the d i v e r g e n c e o f the B4 term i n the t e n s o r A from a

l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the f i r s t t h r e e symmetr i zed

c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the in v e r s e metr ic .

gIJ := Inve r s eMet r i c ( g i j ) ;

# Compute the square roo t o f the metr ic determinant .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the ra i s ed f i r s t covar ian t d e r i v a t i v e o f R.

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# Compute S = Ra RA.

Ra RB := evalDG(Ra &t RA) ;

S := Contrac t Ind i ce s (Ra RB , [ [ 1 , 2 ] ] ) ;
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# Compute a l l 6 terms o f divB4 . The f i r s t term r a i s e s the f i r s t index o f a

t h i r d covar ian t d e r i v a t i v e and con t r a c t s the remaining i n d i c e s aga in s t two

f i r s t covar ian t d e r i v a t i v e s .

RIbc := RaiseLowerIndices ( gIJ , Rabc , [ 1 ] ) ;

RIbc RD RE := evalDG(RIbc &t RA &t RA) ;

RIbc RB RC := Contrac t Ind i ce s (RIbc RD RE , [ [ 2 , 4 ] , [ 3 , 5 ] ] ) ;

# The second term t ra c e s o f f two i nd i c e s o f a t h i r d covar ian t d e r i v a t i v e ,

c on t r a c t s the remaining index aga in s t a f i r s t covar ian t d e r i v a t i v e , and

mu l t i p l i e s by another f i r s t covar ian t d e r i v a t i v e .

RAab := Contrac t Ind i ce s (RIbc , [ [ 1 , 2 ] ] ) ;

RAab RC RI := evalDG(RAab &t RA &t RA) ;

RAab RB RI := Contrac t Ind i ce s (RAab RC RI , [ [ 1 , 2 ] ] ) ;

# The t h i r d term i s R*S mu l t i p l i e d by a ra i s ed f i r s t covar ian t d e r i v a t i v e .

R S RI := evalDG(R * S * RA) ;

# The fou r t h term i s the product o f two second and one f i r s t d e r i v a t i v e s ,

c on t r a c t i n g the two second d e r i v a t i v e s a ga in s t each other , wh i l e

con t r a c t i n g one f r e e index aga in s t a f i r s t d e r i v a t i v e and r a i s i n g the

remaining f i r s t index .

Rab Rcd RE := evalDG(Rab &t Rab &t RA) ;

RIB Rcd RE := RaiseLowerIndices ( gIJ , Rab Rcd RE , [ 1 , 2 ] ) ;

RIB Rbe RE := Contrac t Ind i ce s (RIB Rcd RE , [ [ 2 , 3 ] , [ 4 , 5 ] ] ) ;

# The f i f t h term con s i s t s o f the same product as the f ou r t h term but wi th the

two second d e r i v a t i v e s con t rac t ed aga in s t each o ther and the f i r s t

d e r i v a t i v e has the f r e e index .

RAB Rcd RI := RaiseLowerIndices ( gIJ , Rab Rcd RE , [ 1 , 2 ] ) ;

RAB Rab RI := Contrac t Ind i ce s (RAB Rcd RI , [ [ 1 , 3 ] , [ 2 , 4 ] ] ) ;

# The s i x t h term i s s im l i l a r to the f ou r t h and f i f t h , wi th the t race o f one

second d e r i v a t i v e mu l t i p l i e d by a second d e r i v a t i v e con t rac t ed aga in s t a

f i r s t d e r i v a t i v e wi th the f r e e index ra i s e d .

RIb RCd RE := RaiseLowerIndices ( gIJ , Rab Rcd RE , [ 1 , 3 ] ) ;

RIe RCc RE := Contrac t Ind i ce s (RIb RCd RE , [ [ 2 , 5 ] , [ 3 , 4 ] ] ) ;

# The c o e f f i c i e n t s o f each term are +2 fo r term one , =2 f o r terms two , f i v e

and s ix , =1/3 f o r term three , and +4 fo r term four . Sum a l l s i x and

mu l t i p l y by roo tg .
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evalDG( rootg &t (2*RIbc RB RC = 2*RAab RB RI = 1/3*R S RI + 4*RIB Rbe RE = 2*

RAB Rab RI = 2*RIe RCc RE) )

end proc :

divB5 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , gIJ , rootg , RA;

description ”Computes the d i v e r g e n c e o f the B5 term i n the t e n s o r A from a

l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the f i r s t t h r e e symmetr i zed

c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the in v e r s e metr ic .

gIJ := Inve r s eMet r i c ( g i j ) ;

# Compute the square roo t o f the metr ic determinant .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the ra i s ed f i r s t covar ian t d e r i v a t i v e o f R.

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# Compute divB5 . The only term i s =1/2* roo tg *R mu l t i p l i e d by a ra i s ed f i r s t

covar ian t d e r i v a t i v e .

evalDG(=1/2*R* rootg &t RA)

end proc :

divB6 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , gIJ , rootg , RA, Ra RB , S , S RI , Rab RC , Rab RB ,

RIb RB , R RIb RB , RaB, RaA, RaA RI , R RaA RI ;

description ”Computes the d i v e r g e n c e o f the B6 term i n the t e n s o r A from a

l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the f i r s t t h r e e symmetr i zed

c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the in v e r s e metr ic .
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gIJ := Inve r s eMet r i c ( g i j ) ;

# Compute the square roo t o f the metr ic determinant .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the ra i s ed f i r s t covar ian t d e r i v a t i v e o f R.

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# Compute S = Ra RA.

Ra RB := evalDG(Ra &t RA) ;

S := Contrac t Ind i ce s (Ra RB , [ [ 1 , 2 ] ] ) ;

# Compute the t h r e e terms o f divB6 . The f i r s t term i s S mu l t i p l i e d by a ra i s ed

f i r s t covar ian t d e r i v a t i v e .

S RI := evalDG(S * RA) ;

# The second term con t ra c t s one ra i s ed f i r s t covar ian t d e r i v a t i v e o f R with a

second covar ian t d e r i v a t i v e and r a i s e s the remaining index , wh i l e

mu l t i p l y i n g by R.

Rab RC := evalDG(Rab &t RA) ;

Rab RB := Contrac t Ind i ce s (Rab RC , [ [ 2 , 3 ] ] ) ;

RIb RB := RaiseLowerIndices ( gIJ , Rab RB , [ 1 ] ) ;

R RIb RB := evalDG(R * RIb RB) ;

# The t h i r d term conta ins a ra i s ed f i r s t d e r i v a t i v e and the t race o f a second

d e r i v a t i v e , wh i l e mu l t i p l y i n g by R.

RaB := RaiseLowerIndices ( gIJ , Rab , [ 2 ] ) ;

RaA := Contrac t Ind i ce s (RaB , [ [ 1 , 2 ] ] ) ;

RaA RI := evalDG(RaA * RA) ;

R RaA RI := evalDG(R * RaA RI) ;

# Sum a l l t h r e e terms and mu l t i p l y by 1/3* roo tg .

evalDG(1/3* rootg &t ( S RI + R RIb RB + R RaA RI) )

end proc :

divB7 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , gIJ , rootg , RA, Rab RC , Rab RB , RIb RB , RaB, RaA,

RaA RI ;

description ”Computes the d i v e r g e n c e o f the B7 term i n the t e n s o r A from a

l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the f i r s t t h r e e symmetr i zed

c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;
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# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the in v e r s e metr ic .

gIJ := Inve r s eMet r i c ( g i j ) ;

# Compute the square roo t o f the metr ic determinant .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the ra i s ed f i r s t covar ian t d e r i v a t i v e o f R.

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# Compute the two terms o f divB7 . The f i r s t term con t ra c t s one ra i s ed f i r s t

covar ian t d e r i v a t i v e o f R with a second covar ian t d e r i v a t i v e and r a i s e s

the remaining index .

Rab RC := evalDG( RA &t Rab) ;

Rab RB := Contrac t Ind i ce s (Rab RC , [ [ 1 , 2 ] ] ) ;

RIb RB := RaiseLowerIndices ( gIJ , Rab RB , [ 1 ] ) ;

# The second term conta ins a ra i s ed f i r s t d e r i v a t i v e and the t race o f a second

d e r i v a t i v e .

RaB := RaiseLowerIndices ( gIJ , Rab , [ 2 ] ) ;

RaA := Contrac t Ind i ce s (RaB , [ [ 1 , 2 ] ] ) ;

RaA RI := evalDG(RaA * RA) ;

# Sub t rac t the second term from the f i r s t and mu l t i p l y by roo tg .

evalDG( rootg &t (RIb RB = RaA RI) )

end proc :

divB8 := proc ( t en s o r s )

local g i j , R, Ra , Rab , Rabc , gIJ , rootg , RA;

description ”Computes the d i v e r g e n c e o f the B8 term i n the t e n s o r A from a

l i s t c o n t a i n i n g the met r i c , R i c c i s c a l a r , and the f i r s t t h r e e symmetr i zed

c o v a r i a n t d e r i v a t i v e s o f the R i c c i s c a l a r . ” ;

uses Di f f e rent ia lGeometry , D i f f e r en t i a lGeomet ry :=Tensor ;

# Name the metr ic and compute the Ricc i s c a l a r and i t s f i r s t t h r e e symmetrized

covar ian t d e r i v a t i v e s us ing I n i t .

g i j , R, Ra , Rab , Rabc := op ( t en so r s ) ;

# Compute the in v e r s e metr ic .

gIJ := Inve r s eMet r i c ( g i j ) ;
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# Compute the square roo t o f the metr ic determinant .

rootg := Metr icDens ity ( g i j , 1 ) ;

# Compute the ra i s ed f i r s t covar ian t d e r i v a t i v e o f R.

RA := RaiseLowerIndices ( gIJ ,Ra , [ 1 ] ) ;

# Compute divB8 .

evalDG(1/2* rootg &t RA)

end proc :

end module :
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APPENDIX E

THE CALCULUS OF VARIATIONS AND NOETHER’S THEOREMS

For manifolds M and N , a symmetry of a function f : M → N is a transformation

(2.2) which leaves the function unchanged, i.e., f(x̄) = f(x). A symmetry of a (differential

or algebraic) system of equations ∆ = 0 is a transformation which maps solutions to other

solutions, i.e., if y is a solution to a system of equations ∆ = 0, then ȳ is also a solution.

A variational symmetry of a functional I[fA] is a transformation of the fiber bundle F

(both the base manifold and the dependent variables fA) which leaves the action (1.19)

unchanged.

More formally, let G be a connected local group of transformations, i.e., a collection

of transformations of the type (2.2) which form a s-dimensional connected Lie group under

composition. We denote the action of an element g ∈ G on a valid point xi ∈ M by g · xi.

A function f :M → N is said to be G-invariant if f(g · xi) = f(xi) for all g ∈ G and for all

xi ∈M such that g · xi is defined. A real-valued G-invariant function ζ :M → R is said to

be an invariant of G. The group action G is fully characterized by a collection of s vector

fields on M called the infinitesimal generators of G. In particular, the following well-known

theorem (see, e.g., Olver [27]) relates these vector fields with the invariants of G.

Theorem 14. Let G be a connected group of transformations acting on the manifold M .

A smooth, real-valued function ζ :M → R is an invariant function for G if and only if

Xiζ,i = 0 (E.1)

for all xi ∈M and every infinitesimal generator Xi of G.

A symmetry group of a system of equations ∆ = 0 is a local group of transformations

G acting on the space of independent and dependent variables for the system (the fiber
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bundle F of the system) with the property that whenever u = f(xi) is a solution of ∆ then

u = g · f(xi) is also a solution.

The r-th prolongation of a vector field

X = Xi(xj , fB)∂i +XA(xj , fB)
∂

∂fA
, (E.2)

is the vector field

pr(r)X = X +XA
J (x

i, fA(r))
∂

∂fA,J
(E.3)

defined on the r-th jet space of the fiber bundle Jr(F ) and where the sum over J is to be

done over all (unordered) multi-indices J = (j1, . . . , jn) of sizes 1 ≤ k ≤ r. The coefficient

functions XA
J are dependent on the base coordinates xi, the dependent variables fA, and

derivatives of fA to order r, with explicit formula

XA
J (x

i, fA(r)) = DJ

(
XA −XifA,i

)
+XifA,Ji. (E.4)

The expression in parentheses is also called the characteristic of the vector field X, defined

as the m-tuple of functions

QA = XA −XifA,i . (E.5)

Then the formula (E.4) can be rewritten more compactly as

pr(r)X = XiDi +DJQ
A ∂

∂fA,J
. (E.6)

The variational symmetry group of a functional I[fA] is the local group of transforma-

tions G on the fiber bundle F which leave the value of the action (1.19) unchanged. Locally,

the infinitesimal generators of this symmetry group are given by vector fields on F (E.2)

and the corresponding version of Theorem 14 is the following.
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Theorem 15. A connected group of transformations G acting on a subset of F is a varia-

tional symmetry group of the functional (1.19) if and only if

pr(r)X(λ) + λDiX
i = 0 (E.7)

for all (xi, fA) ∈ F and every infinitesimal generator X.

A well-known theorem (e.g., Theorem 4.14 of Olver [27]) of the calculus of variations

relates the symmetries of the Lagrangian λ and Euler-Lagrange equations E(λ) = 0.

Theorem 16. If X is a symmetry of the Lagrangian λ, then X is also a symmetry of the

Euler-Lagrange equations E(λ) = 0.

The converse to this theorem is generally not true; consider the two dimensional wave

equation u,11 − u,22 − u,33 = 0 and its Lagrangian λ = 1
2(u

2
,1 − u2,2 − u2,3). If v(t, x, y) is a

solution, then the dilation transformation x̄i = axi for a ̸= 0 transforms v to v(at, ax, ay)

which still solves the 2D wave equation. However, the Lagrangian scales by a factor of a2.

A system of differential equations ∆(xi, fA(r)) = 0 is locally solvable at the point

(xi0, f
A
0,(r)) ∈ V∆ = {(xi, fA(r)) : ∆(x, fA(r)) = 0} if there exists a smooth solution fA = uA(xi)

of the system, defined for all xi in a neighborhood of xi0, which has the initial conditions

fA0,(r) = pr(r) uA(xi). The system is locally solvable if it is locally solvable at every point

in the subvariety V∆. The system is said to be nondegenerate if at every point in the sub-

variety it is both locally solvable and of maximum rank. The following theorem gives the

infinitesimal criteria for a system of differential equations.

Theorem 17. Let ∆(xi, fA(r)) = 0 be a nondegenerate system of differential equations. A

connected local group of transformations G acting on an open subset of the fiber bundle F

is a symmetry group of the system if and only if

pr(r)X[∆x(x
i, fA(r))] = 0, x = 1, . . . , s, whenever ∆(xi, fA(r)) = 0, (E.8)

for every infinitesimal generator X of G.
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A conservation law of the functional I[fA] is an equation of the form

DivP = DiP
i = 0 (E.9)

which is satisfied for all solutions fA = fA(xi) of the variational principle δI = 0. Here

Div is the total divergence operator, an appropriate total derivative (1.21) applied to the

horizontal part of a generalized vector field P on F

P = P i∂i + PA ∂

∂fA
, (E.10)

where the component functions P i and PA are functions of the base coordinates xi, the

fiber coordinates fA, and derivatives of the fiber coordinates to some finite order. A trivial

conservation law of the first kind is a conservation law (E.9) such that P vanishes identically

on solutions to the Euler-Lagrange equations. A trivial conservation law of the second kind

is a conservation law which holds for all functions fA, regardless of whether they solve the

Euler-Lagrange equations. Two conservation laws are said to be equivalent if they differ

by a trivial conservation law (any linear combination of the two types). If DivP = 0

is a conservation law of an Euler-Lagrange equation E(λ) = 0, the characteristic of this

conservation law is given by the equation

DivP = Q · E = Qv∆v, (E.11)

where the characteristic Q is a s-tuple function of the base manifold, the fiber coordinates

fA, and their derivatives to finite order and ∆v is the Euler-Lagrange form E(λ) = ∆v∧dfv.

Conservation laws and variational symmetries are related via the well-known Noether’s

(first) theorem, e.g., Olver [27].

Theorem 18. If a transformation T is a variational symmetry of the action I, then there

exists a corresponding conservation law. This correspondence is one to one for systems
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which are nondegenerate (up to equivalence classes of variational symmetries and equiva-

lence classes of nontrivial conservation laws).

In particular, if X is an infinitesimal generator of a one-parameter local group of sym-

metries of the variational problem I[fA] and Qa (E.5) is the corresponding characteristic of

X, then Qa is also the characteristic of a conservation law for the Euler-Lagrange equations

EA(L) = 0, i.e., there exists P = (P1, . . . , Pn) such that (E.11) is satisfied for v = 1, . . . ,m.

If the variational problem I[fA] is degenerate (in that the Euler-Lagrange equations are

under- or over-determined), then the system is governed by Noether’s second theorem [27].

Theorem 19. The action I[fA] admits an infinite dimensional group of variational sym-

metries linearly parameterized by an arbitrary function h(xi) and its derivatives if and only

if there exist differential operators DA (not all zero) for 1 ≤ i ≤ m such that

DAEA(λ) = 0 (E.12)

for all xi and fA, i.e., the variational principle is under-determined.

The symmetry group parameterized by h in the theorem is also known as a gauge symmetry.

As an example of Noether’s second theorem, consider the action I[g] where the Lagrangian

λ[g] is a natural tensor density of metric order r. Then, if ϕ is a diffeomorphism, the action

I is invariant under diffeomorphisms as seen by considering the two metrics g and ϕ∗g:

I[g] =

∫
U
λ[g]ν

=

∫
ϕ(U)

λ[g] ν

=

∫
U
ϕ∗(λ[g] ν)

=

∫
U
λ[ϕ∗g]ϕ∗ν

= I[ϕ∗g],
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where we have used the fact that (sub-)manifolds are invariant under diffeomorphisms to

arrive at the second line. The diffeomorphism group is of infinite dimension and so Noether’s

second theorem states there must exist a differential identity of the type (E.12) for this

problem. Explicitly, if Xi is an infinitesimal generator of the diffeomorphism ϕ, then the

variation of the metric [to first order gij → gij + ϵhij +O(ϵ2)] with respect to ϕ is given by

the Lie derivative of the metric with respect to the vector field X = Xi∂i

hij = LXgij

= X⌟ dgij + d(X⌟gij)

= Xkgij,k +
(
gilX

l
)
,j
+
(
gjlX

l
)
,i

= Xk
(
gij|k + Γl

kiglj + Γl
kjgil

)
+ gil

(
X l

|j − Γl
jkX

k
)
+ gjl

(
X l

|i − Γl
ikX

k
)

= Xkgij|k + gilX
l
|j + gjlX

l
|i

= Xi|j +Xj|i,

where d is the exterior derivative and ⌟ is the interior product. The variation of the action

is then

δI =

∫
U
δλ[g] ν

=

∫
U

(
δλ

δgij
hij +

δλ

δgij,k
hij,k + · · ·+ δλ

δgij,k1···kr
δhij,k1···kr

)
ν

=

∫
U
Eij(λ)hij ν

=

∫
U
Eij(λ)(Xi|j +Xj|i) ν

= 2

∫
U
Eij(λ)Xi|j ν

= 2

∫
U

{
−Xi∇jE

ij(λ) +∇j

[
Eij(λ)Xi

]}
ν

= −2

∫
U
Xi∇jE

ij(λ) ν + 2

∫
∂U
Eij(λ) (Xi⌟ ν) ,

where the divergence theorem was used to arrive at the final line and ∂U is the boundary
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of U . We assume the diffeomorphism is the identity transformation on the boundary ∂U

(otherwise the manifold would “tear”) and so Xi vanishes there, removing the boundary

term. Since the action is diffeomorphism invariant, the variation of the action vanishes and

we are left with the equation

0 =

∫
U
Xi∇jE

ij(λ) ν =

∫
U
Eij(λ)|jXi ν.

Since this equation must hold for any diffeomorphism (and hence any infinitesimal generator

Xi), we now have the explicit form for the differential identity implied by Theorem 19

Eij(λ)|j = 0, (E.13)

with the differential operator DA given by the covariant derivative. We note that this is a

trivial conservation law of the first kind mentioned earlier.

With this result in hand, almost all of the theorems from the literature review in

Chapter 1 can be thought of as inverse versions of Noether’s second theorem. In particular,

Theorems 2, 3, 7, 8, and 9 all have differential identities of the form (E.13), while Theorems

4 and 5 have differential identities of the form

Eij(λ)|j =
1

2
φ|iE(λ) (E.14)

and

Eij(λ)|j = −1

2
F i

j E
j(λ)− 1

2
ψiEj(λ)|j , (E.15)

respectively, where E(λ) =
δλ

δφ
and Ei(λ) =

δλ

δψi
.

Theorem 6 is the only exception: as detailed in Lovelock [17], the differential identity

is given explicitly by

Eij(λ)|j = αi
bB

b + βibC
b

= λ

[
√
gF i

b

(
F bj

|j

)
− 1

4

√
ggiaϵabcdF

cd
(
ϵbjklFkl|j

)]
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= λ
√
g

{
F i

k F
kj
|j +

1

4
gia
[
δja

(
δkc δ

l
d − δlcδ

k
d

)
− δka

(
δjcδ

l
d − δlcδ

j
d

)
+ δla

(
δjcδ

k
d − δkc δ

j
d

)]
F cdFkl|j

}
= λ

√
g

[
F i

k F
kj
|j +

1

2
gia
(
δjaδ

k
c δ

l
d − δkaδ

j
cδ

l
d + δlaδ

j
cδ

k
d

)
F cdFkl|j

]
= λ

√
g

[
F i

k F
kj
|j +

1

2
gia
(
F cdFcd|a − F cdFad|c + F cdFda|c

)]
= λ

√
g

[
F i

k F
kj
|j +

1

2
gia
(
F cdFcd|a − 2F cdFad|c

)]
= λ

√
g

(
F i

k F
kj
|j − F i

k|j F
jk +

1

2
F jk|iFjk

)
= λ

√
g

(
F i

k F
kj
|j + F i

k|j F
kj +

1

2
F jk|iFjk

)
.

On the other hand, the Euler-Lagrange expression of λ with respect to the skew-symmetric

tensor Fij is

δλ

δFij
=

∂λ

∂Fij
= b

√
gF ij + d ϵijklFkl,

which has a divergence similar to the form above

δλ

δFij |j
= b

√
gF ij

|j + d ϵijklFkl|j = bBi + dCi

but it is not proportional. This failure is a known property of any electromagnetic field the-

ory: no variational theory of electromagnetism exists which uses the electric and magnetic

fields E and B alone as the dependent variables (or, equivalently, just the field strength

tensor Fab as shown). Instead, the use of covector potentials ψi as the dynamic variables is

required.
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