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ABSTRACT

Divergence-free Tensor Densities in Two Dimensions

by

Tyler Hansen, Master of Science

Utah State University, 2023

Major Professor: Ian Anderson, Ph.D.
Department: Physics

The study of divergence-free tensors has a rich history, with origins dating back to
the advent of general relativity and the Einstein tensor. Currently, research in this topic
is focused towards the (non-)existence of divergence-free tensors which are not variational.
Should any such tensor exist, it could immediately be used to create a modified version
of general relativity. Working in two dimensions for simplicity, we derive a formula which
explicitly characterizes all variational, second rank tensor densities dependent on a metric
and its derivatives to arbitrary order. Additionally, we create a partial classification of all
symmetric, second rank, divergence-free tensor densities dependent on a metric, a scalar
field, and derivatives of the scalar field to arbitrary order. Using this partial result, a
classification of all symmetric, second rank, divergence-free tensor densities which depend
on up to five derivatives of the metric is produced. In particular, such tensor densities with
highest derivative of order one, two, three, or five do not exist, while the densities of order

zero and order four are variational.

(247 pages)
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PUBLIC ABSTRACT

Divergence-free Tensor Densities in Two Dimensions

Tyler Hansen

In physics, a common method for exploring the way a physical system changes over
time is to look at the system’s energy. Roughly speaking, the energy in these systems are
either motion-based (kinetic energy, a bullet in flight) or position-based (potential energy,
a rock sitting at the top of a hill). The difference between the system’s total kinetic and
potential energies is quantified by an expression called the Lagrangian. Using a special
procedure, this Lagrangian is massaged to produce a group of equations called the Euler-
Lagrange equations; if the initial configuration of the system is provided, the solution to
these equations fully predict the evolution of the system through time. Generally speaking,
the system itself is the primary object of interest, with the Lagrangian and Euler-Lagrange
equations found afterwards.

However, we may take an alternative route and start with a collection of equations
instead. For this “inverse problem”, we ask if this collection of equations represent a physical
system, that is, does there exist a Lagrangian whose Euler-Lagrange equations are the
starting equations? This thesis is dedicated to investigating the “inverse problem” for a
certain group of equations related to general relativity, the theory which governs gravity
at planetary scales and beyond. The equations tested do not cover all systems in general
relativity; for simplicity, we work in a world consisting of just two dimensions, instead of
the four dimensions (three of space and one of time) encountered in our daily lives. Even
with this restriction, the calculations involved are quite complicated, though we manage to

solve the “inverse problem” for the simplest cases.
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CHAPTER 1
INTRODUCTION

The purpose of this thesis is to classify symmetric, divergence-free, natural tensor
densities AY on a two-dimensional manifold M which are functions of a metric and its
partial derivatives to fifth order. Our main result asserts that A% is necessarily of order
4 in the metric and is the Euler-Lagrange expression of a natural Lagrangian which is a
function of the metric and its derivatives to order 2. The study of divergence-free tensors
has a long history, both in differential geometry and general relativity. However, virtually
all of the literature in this area is restricted to tensor densities of second order in the metric,
with the few exceptions typically focusing on the third order case, for example, Lovelock
[1] and Anderson and Pohjanpelto [2]. As we shall see, the classification of divergence-free
tensor densities is surprisingly difficult once one reaches order 5 in the metric, even in two

dimensions.

1.1 Notation and Literature Review

Before reviewing the relevant literature, we fix our notation. Let M be a smooth man-
ifold of dimension n with local coordinates ! = (x',22%,...,2"). A pseudo-Riemannian
metric on M is a nondegenerate, symmetric, covariant, rank two tensor field. The compo-
nents of a metric tensor in local coordinates are denoted by g;; and the metric signature is
(+,—) = (p, q), where p+q = n. We define an inverse metric tensor with components ¢g* via
gikg® = 5;, where 5} is the Kronecker delta, and denote g = | det g;;| as (the absolute value
of) the metric determinant. The Christoffel symbols of the metric Fijk define the unique
torsion-free connection for which the metric is covariantly constant. In local coordinates,
they are given by

‘ 1 .
szk = 5911 (Gj1k + Grij — Gjk) » (1.1)
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where commas denote partial derivatives and the summation convention is used throughout

this thesis. The Riemann curvature tensor on M is defined by the commutation relation
, , —
Xlljk - Xz|kj =R X, (1.2)

where the vertical bar denotes covariant differentiation with respect to the connection co-
efficients (1.1) and X? are the components of a (contravariant) vector field on M. In local

coordinates, the curvature tensor’s components are given by
Rl e =T — Dy + 1705 e — T 0L e (1.3)
The Ricci tensor, scalar curvature, and Einstein tensor are then defined as

y . 1 ..
R = Rik]—k, R = g¢g"R;j, and G = R;; — iRg”, (1.4)

respectively. The permutation symbol €1, permutation tensor 1" = gfl/Qeil“"'", and

generalized Kronecker delta

DA
S —det | 1 ., (1.5)

J1Jk

(I %
53'1 5Jk

will be used to write expressions in more compact form.
Fundamental to the subject matter of this thesis is the notion of a tensor concomitant
or natural tensor T" of the metric. This is a tensor (or tensor density) 7" dependent on the

metric and its partial derivatives up to some finite order that obeys the naturality condition

T(¢™---) =¢"[T(---)], (1.6)

where --- denotes the arguments of T" and ¢* is the map induced on tensor fields, and

their derivatives, by the local diffeomorphism ¢. A natural tensor dependent on partial
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derivatives to order r is said to be a natural tensor of order r. The general theory of tensor
concomitants is studied in Thomas [3] and Epstein [4], with the following theorem as the

key result.

Theorem 1. If T is a tensor concomitant which is polynomial in the metric, its inverse,
and derivatives thereof, then it may be expressed in terms of the metric, the inverse metric,
the permutation tensor, the curvature tensor and its covariant derivatives, and contractions

of these tensors.

Since the metric tensor and its inverse are natural tensors of order zero in the metric and
the curvature tensor is a natural tensor of metric order 2, an immediate consequence of
Theorem 1 is that no natural tensors of metric order 1 exist.

With our conventions set, we begin our literature review with the most physically
relevant case: the uniqueness of the Einstein tensor. Shortly after Einstein’s foundational
paper on general relativity, Hilbert [5] showed that the Einstein equations arise as the Euler-
Lagrange equations of what is now known as the Einstein-Hilbert action. The following
theorem, established in Cartan [6], Vermeil [7], and Weyl [8], proves the uniqueness of the

vacuum Einstein equations.
Theorem 2. Let n =4 and suppose AV satisfies the following conditions.

(A1) AY is a contravariant, rank 2 tensor concomitant of the metric tensor and its deriva-

tives up to second order, i.e., AY = A% (Gab: Gab,c; Yab,cd) -

(A2) A% is divergence-free, i.e., A, =0.

li
(A3) A is symmetric, i.e., AY = AJ?,

(Ad) AY is linear in second derivatives of the metric.
Then

A = qGY +bgij,

where a and b are constants.



.. oA
Moreover, (/gAY = 5 is the FEuler-Lagrange expression of the Lagrangian density
Gij
A= /g(aR +2b).

Many years later, Lovelock [9] proved a substantial generalization of Theorem 2.

Theorem 3. If AY satisfies (A1), (A2), and (A3) of Theorem 2, then

2p<n
ij gk sthi--hap Jij2 . J2p—1J2p ij
AY = Z apg 6kjl"'j2p Rh1h2 hap—1h2p +ag”, (1'7)
p=1

where a and a, are constants.

1s the Fuler-Lagrange expression of the Lagrangian density

. A
Additionally, \/gA" = 56

Gij

2p<n
hy--h i jop—17
A=g Z 2ap(5j11-..j;pRhlhsz2 e Rh2p*1h2p‘72p R 2a./9. (1'8)
p=1

When n = 4, (1.7) gives AY = aG" + bg" and (1.8) simplifies to A = ,/g(aR + 2b),
reproducing Theorem 2 without the linearity condition (A4). We note that the divergence-
free condition implies that A% is a polynomial natural tensor. Expanding on this result,
Lovelock [10] showed the symmetry condition (A3) to also be superfluous in 4 dimensions,
reducing the necessary conditions for the uniqueness of the Einstein tensor to (Al) and
(A2).

Theorem 3 can be generalized in two directions. First, one can introduce auxiliary
fields coupled to gravity and replace the divergence-free condition with a divergence identity
involving the field equations of the auxiliary fields. Second, one can let A% depend on higher
order derivatives of the metric. We discuss each of these options in turn.

Motivated by attempts to extend general relativity using metric-scalar field theories,

e.g., Bergmann [11], Horndeski [12] proved the following theorem.

Theorem 4. Let n =4 and suppose AV satisfies the following conditions.
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(A1) A% is a contravariant, rank 2 tensor density concomitant of the metric tensor, a scalar

field ¢, and both of their derivatives up to second order, i.e.,

Aij = Aij (gab; Gab,c; Gab,cds P P,as Sp,ab) .
(A2) Aij|j = 90|le where B = B(.gab; Yab,c; Gab,cd; L5 P,as Qp,ab) is a scalar denSity'
(A3) AY is symmetric, i.e., AV = A,

Then there exists a Lagrangian density X = X(gab; Gab,c: Gab,ed; 3 P,ai P.ab) Such that A s

variational.

The expressions for the tensor density A% and Lagrangian density A are rather complicated;
see Horndeski [12] for the explicit forms.

In a similar vein to Theorem 4, the experimental success of the Einstein-Maxwell equa-
tions and the requirement of magnetic monopoles in “grand unifying theories”, e.g., 't Hooft
[13] and Polyakov [14], motivated generalizations of Theorem 3 to metric-vector and metric-
bivector field theories, respectively. For the first, Lovelock [15] produced a modified version

of Theorem 3.
Theorem 5. Suppose AY satisfies the following conditions.

(A1) A s a contravariant, rank 2 tensor concomitant of the metric tensor, its deriva-

tives up to second order, and the first derivative of a covector field g p, i.e., AY =

Aij (gab; Yab,c> Gab,cd; Q;Z)a,b)-

:ath J

1j
(A2) A% Rl

where o' = aih(gab;wa’b) 18 a tensor and th = gijhk is the field

strength tensor Fup = Vg p — Yy q.
(A3) AY is symmetric, i.e., AY = AL,
Then AY is given by

2p<n
ij _ gk sthi-hop Jij2 . Jep—1J2p ij ik 1J _1 ij mkl
AV = E :a’Pg 6kjl"'j2pRh1h2 Rh2p71h2p +ag +b<F Flc 49 F¥F ),
p=1

(1.9)



where ay,,a, and b are constants.

. oA
Furthermore, /gAY = 5 is the Fuler-Lagrange expression of the Lagrangian density

9ij

2p<n
hy-h . o

A= \/§ Z 2ap6j11"'j2ipRh1h2]U2 T Rth—thpJ2p . + 2a\/§ + A,
p=1
where
1 g
—5by/gF Fj forn odd
A =14 (1.10)

b G Byt et By P

for n even

and ¢ is a constant.

We note that the permutation symbol term in (1.10) does not contribute to the Euler-
Lagrange expression (1.9) due to a lack of metric tensors.

It is well known, e.g., Lovelock and Rund [16, pp. 146-147], that the definition of Fj; in
(A2) of Theorem 5 is equivalent to the Bianchi identity eiachbda = 0. However, if magnetic
monopoles exist, the right side of the Bianchi identity gains a magnetic source term and
therefore no longer implies the existence of the vector potential 1,. Following this line of
thought, Lovelock [17] switched from the covectors of Theorem 5 to an antisymmetric tensor

F,; and produced the following theorem.
Theorem 6. Let n =4 and suppose AV satisfies the following conditions.

(A1) AY is a contravariant, rank 2 tensor density concomitant of the metric tensor, its

derivatives up to second order, and a second rank skew-symmetric tensor Fpop = —Fpg,

i.e., A = AY(gap; Gab,c; Gabed; Fab)-

(A1b) B' and C' are vector density concomitants of the metric tensor, its partial derivatives

up to second order, and the first covariant derivative of Fyp.
(Alc) If the manifold M is flat, i.e., Rqpeq = 0, then B = \/§Fij|j and C* = eijlejku.

(A2) Aijb. = o/kBk + ﬁika, where aik = aik(gab; Fu) and ﬁik, = ﬂik (gap; Fap) are nonzero

tensors.



(A3) AY is symmetric, i.e., AY = A,

Then A%, Bt and C' are given by

Aw:ava?%—m@<FmF@—4¢Hﬂ%y>+c¢w”, (1.11a)
B' = \/gF",, (1.11b)
C' = €M Fyy;, (1.11c)

where a,b, and c are scalars.

Additionally, AY = i
Gij

is the Euler-Lagrange expression of the Lagrangian density

1 g 1.
A= Vg(aR +20) + Sb/gFV Fyj + de M iy F, (1.12)

where d is another constant.

The expressions in (1.11) codify the Einstein-Maxwell equations upon setting each equal to
zero (source-free) or the appropriate source terms. As with Theorem 5, the permutation
symbol term in (1.12) does not contribute to the Euler-Lagrange expression (1.11a).

The final generalization of theories which couple auxiliary fields to gravity was given
by Anderson [18], who considered a collection of tensor fields pg, independent of the metric,

of arbitrary weight and rank.
Theorem 7. Suppose AV satisfies the following conditions.

(A1) A 4s a contravariant, rank 2 tensor concomitant of the metric tensor, indepen-

dent tensor fields pg, and both of their derivatives up to second order, i.e., AV =

A" (Gab; Gab.c; Jab.ed; PQ3 P03 PQ.ab)-

(A2) A% is divergence-free, i.e., A, =0.

¥
Then

P
AY = BY 4+ DY + EUX
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where BY is a tensor satisfying conditions (A1), (A2), and (A3) of Theorem 2, D¥ = — D7t
is a tensor satisfying (A1) and (A2), and EY* is a totally antisymmetric tensor with the

same functional dependency as (Al).

The form of A% above places strong restrictions on extensions to general relativity, as

exemplified by the following three corollaries to Theorem 7.
Corollary 1. A% obeys (A2) if and only if Aij“ =0.

Corollary 2. If AY is symmetric, then AY is independent of the fields pq and their deriva-

tives.

Corollary 3. If n = 4, then BY = aGY + bg", DY = 0, and, if AY is not dependent on
PQ,ab Eiik — eijkl(VQpQu + W), where V and Wy are arbitrary natural tensors dependent

on the metric and pq.

A symmetric stress-energy tensor is typically required in general relativity, e.g., Misner et al.
[19], and so Corollaries 1, 2, and 3 show that auxiliary fields cannot be used to modify the
dynamics of general relativity (beyond the standard stress-energy contribution).

The alternative option for extending general relativity is to consider tensors which
depend on more than two derivatives of the metric. The following theorem by Lovelock
[1] describes all divergence-free third order tensor densities in three dimensions. In this
three-dimensional context, the Cotton tensor

Ciji = Rijip — Riglj +

1
m=1) (Ryj9ic — Rixgis)

can be used to define the well known Cotton-York tensor [20, 21]
C7 = MR+ MR, (1.13)

Theorem 8. Let n = 3 and suppose AV satisfies the following conditions.

(A1) AY is a contravariant, rank 2 tensor density concomitant of the metric tensor and its

derivatives up to third order, i.e., AY = AY (Gabs Gab,c; Gab,cd; Jab,cde) -



(A2) A% is divergence-free, i.e., A, =0.

li
(A3) A is symmetric, i.e., AY = A,
Then A% is given by

A7 =a\/gG" +b./99" +cCY,

where a, b, and ¢ are constants.

Additionally, AY = i
09ij

is the Euler-Lagrange expression of the Lagrangian density

A = g(aR — 2b) + ce* Gr;?rﬁnj,k . %F?f gjr;k> .

The Cotton-York tensor C% (1.13) is both natural and variational [22]; it is the Euler-
Lagrange expression of the Lagrangian density given by the term with coefficient ¢ in The-
orem 8. However, this Lagrangian density is not natural and the Cotton-York tensor is not
the Euler-Lagrange expression of any natural Lagrangian [23].

The generalization of Theorem 3 to third order has proven to be considerably more
challenging than the original works, with no explicit solution in the literature for any dimen-
sion other than three. However, Anderson and Pohjanpelto [2] gives a partial generalization

of Theorem 3.
Theorem 9. Suppose AV satisfies the following conditions.

(A1) A s a contravariant, rank 2 tensor density concomitant of the metric tensor and its

derivatives up to third order, i.e., AY = AY (gab;gab,c;gab,cd;gab,cde).

(A2) AY is divergence-free, i.e., A =o0.

lj

(A3) AY is symmetric, i.e., AY = AL,

Then AY is variational and can be expressed as

N EY()), ifn=0,1,2 mod 4,
Al =
E9(\)4+CY¥, ifn=3 mod 4,
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where the Lagrangian X is a natural scalar density, EY()\) = is the associated Euler-
) 9ii
Lagrange expression, and C'3 is the generalized Cotton tensor associated with an invariant

polynomial P on so(p,q) of degree (n+1)/2.

The generalized Cotton tensors, like their namesake and simplest member the Cotton-York
tensor, are natural and variational but not the Euler-Lagrange expression of any natural
Lagrangian. Further details about the generalized Cotton tensors can be found in Anderson
[22].

Recently, a trio of papers on the topic have been published [24-26]. However, each
paper is lacking in sufficient rigor and clarity. We now discuss each paper in turn, including
our objections to the arguments presented therein. (In light of the issues present within
these papers, we believe that the question of natural, divergence-free tensors which are not

variational to still be open for tensors dependent on four or more derivatives of the metric.)

1.1.1 S. Deser and Y. Pang, “Are all identically conserved geometric tensors
metric variations of actions? A status report” 2019
In this paper [24], the authors claim to derive the most general symmetric, divergence-
free tensor A% dependent on up to six derivatives of the metric in two dimensions and show
it is variational. Their analysis depends on a heuristically motivated decomposition [labeled
as (7) in the paper]
A = (V'Y — g9O)T — %ginT + X9, (1.14)

where, if AY is of order k in the metric, then the scalar 7' (labeled as S in the paper) and
tensor X% are of order k — 2. If AY is variational, the scalar T takes the form T = SR for
a Lagrangian A. Notably, this decomposition fixes the position of the metric order k£ and
k — 1 terms in AY.

However, this decomposition is incorrect. The analysis of the divergence-free condi-

tion Alfj performed in Chapter 3 of this thesis allows for the following decomposition of a
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symmetric, divergence-free tensor density A% of metric order k in two dimensions
A = (VIVI — gIO)T + Do t=s Ry (o BV (1.15)

where T, D% %3 and E% are of metric order k — 2. We note that Ry(ay.ay_s) 18 Of

metric order kK — 1 and so the term [?ij‘“"'“’“*3R|(a1...ak73) is missing from the authors’

decomposition.

As an example of this discrepancy, we consider the Lagrangian
N = /g™ e Ry Ry P, (1.16)

where €% is the permutation tensor and P = P(R) is a scalar. So defined, \* is manifestly

*
of metric order 4. Calculations performed in Section 2.5.4 of this thesis show T = S
*
AU = —— are of metric order 4 and 6, respectively. When this Euler-Lagrange expression
Gij
is organized according to the authors’ decomposition, we find that X% must be of metric

and

order 5, a contradiction. Using the decomposition in (1.15), we see that the discrepancy

arises due to a term of the form
—€€"RI°R) 4oy P = D™ Ry (4. (1.17)

Additionally, one of the main results from our thesis is Theorem 10, which contains a
decomposition for the Euler-Lagrange expression of a natural Lagrangian A. Of particular

1
interest is the third term in this decomposition 3 (2 Symy,, S — Scab)|c. For an Euler-

Lagrange expression of metric order k, this term is typically of metric order k — 3

oA
and would appear in the E% term of the decomposition (1.15) or the X% term in the
authors’ proposed decomposition (1.14). However, in the case where A is degenerate, that
is, its Euler-Lagrange expression is lower order than would be expected (e.g., \*), this term

involving the tensor S%¢ can have metric order as high as (at least) k& — 1. Indeed, as seen

in the calculation of this term (2.39), this is the term which provides the discrepancy (1.17).
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We note that S%° vanishes identically for Lagrangians below metric order 4 and so \* is a
minimal example of this phenomenon.
In summary, the Lagrangian A\* and its Euler-Lagrange expression are counterexamples

to the general formula presented in this paper.

1.1.2 S. Deser, “Noether converse: All identically conserved geometric tensors
are metric variations of an action in (at least) D=2" 2019

For this paper [25], the author claims to present an analysis which proves that all

symmetric, divergence-free tensors are variational in two dimensions. We have three issues

with the analysis in this paper.

e First, we fail to understand why terms of the form Sym,; eikRm...R'j"', where the dots
denote additional contracted covariant derivative indices, have been excluded from

the decomposition ansatz

S g
A — §gUQ+yU, (1.18)

where @ is a scalar and Y is a tensor whose free indices are attached to derivatives

of R.

e Second, we don’t fully understand the author’s claim that a classification of all
divergence-free tensors may be reduced to the question of divergence-free Y-type ten-
sors (those tensors whose free indices are attached to derivatives of R like Y%). In
what follows, we attempt to reproduce Deser’s approach to the best of our under-

standing.

In particular, Deser appears to subtract the tensor Z% = Y% — Y% from both sides

of the ansatz (1.18) to get
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- )
The author then chooses Y% = —Q so that the previous equation becomes
Gij

1

Al _ 7 — 5gijQ+ oQ _ 1 OA

5gij  /900i;°

where A = ,/gQ. Using Noether’s second theorem, the divergence of this equation
becomes

AY 70— = AY = 79
|7 |7 |7 |7

Hence, A% is divergence-free if and only if Z%¥ is divergence-free.

At this point, the author claims Z% = Y% — Y% is a Y -type tensor and proceeds with
testing the conditions upon which Y-type tensors can be divergence-free. However,

0Q

because Y is a Y-type tensor by definition, this claim implies that Y¥ = 7 is
also a Y-type tensor. (We note that, as the variation of a scalar instead of a scl;lar
density, Noether’s second theorem cannot be invoked to say Y% is divergence-free.
Therefore, the problem cannot be reduced to testing the divergence of Y% alone.)
The requirement that not a single free g%/ term may appear in the variation of every
possible natural scalar () seems patently absurd. For example, consider the simplest
case Q = R, whose variation is (up to sign) the Ricci tensor R and hence equal to
% ¢“ R in two dimensions. As such, in our opinion, the study of divergence-free tensors

like Z¥ is simply a restatement of the original problem and does not constitute a

reduction in complexity.

Finally, Deser’s claim that no divergence-free Y-type tensors exist is not well sup-
ported (in addition to the previous arguments about the applicability of this claim to
the original problem). As a standalone argument, the analysis presented is insufficient
to fully support the claim: only a single case is examined in any detail and it is not

general enough to cover all possible Y-type tensors.



14

1.1.3 S. Deser, “All identically conserved gravitational tensors are metric vari-
ations of invariant actions” 2019

In this paper [26], the author claims to present an argument which proves that all

symmetric, divergence-free tensors are variational (in all dimensions). We have numerous

problems with this paper (especially in terms of rigor and clarity), though we will limit our

discussion to the following single issue.

e The author claims to split the problem into two cases, with a single exceptional 1.5 case
containing the Cotton-York tensor alone, and is seemingly unaware of the generalized
Cotton tensors (this is especially odd considering Anderson and Pohjanpelto [2] was
cited in Deser and Pang [24]). Seeing as the rest of the analysis claims to account for
all divergence-free tensors but does not present any non-natural actions, this omission

casts doubt on the overall claim of the paper.

1.2 Noether’s Theorems and Takens’ Problem

By virtue of Noether’s second theorem, there is a close relationship between divergence-
free tensors and Euler-Lagrange expressions, which we now review. Let w : F' — M be a fiber
bundle with dim F' = n 4+ m, and denote local adapted coordinates for = by (z?, f4) = (z)
where 1 < A < m. The r-th jet bundle of F, J"(F), has coordinates (z*; f*; f,‘?; e ;f717:41"'7:7‘).

A Lagrangian A is a function on J"(F) taking values in the n-forms of M, that is,
A=X(a A fd ) v

where v = d"z = dz! A --- Adz”. In general, we will use “Lagrangian” to refer to the
coefficient function A (or the scalar part L of A = ,/gL) instead of the full expression A.

We seek local cross sections f4 = o4 (2?) which yield extremals of the action functional

- doA oo
I A = Z. A.f..--.% 1-1
o] /UA(x,a g (%ax) v, (1.19)
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where U is a suitably chosen subset of the manifold M. Solutions to the variational principle

01 = 0 are found by solving the Euler-Lagrange equations

Ea(\) =0, (1.20)

where F4()\) = is the variational derivative or Euler-Lagrange expression of A with

SFA
respect to the fiber coordinates f4. To compute E4, we introduce the total derivative
operator
d 0
Di:dxz— +falafA+fabzaf e (121)

and the Euler-Lagrange expression is

Ea(A) = (—D)Jaaj:, (1.22)
T

where (=D); = (=1)¥D; = (=1)*D;, -+ D;, and the sum on J is over the ordered multi-

indices J = j; ---ji of all sizes 0 < k < r, with the kK = 0 case containing no derivatives,

Ji < Jit1,and 1 < j; <n.

In the calculus of variations there are two well-known theorems by Noether (see, e.g.,
Olver [27]). The first, referred to as Noether’s theorem or Noether’s first theorem, states
that each one parameter symmetry group of an action (1.19) defines a conservation law,
that is, a vector field whose total divergence vanishes on solutions to the Euler-Lagrange
equations (1.20). Examples of Noether’s first theorem include the pairings of time symme-
try with conservation of energy and translational (rotational) invariance with conservation
of (angular) momentum. Noether’s second theorem establishes a relationship between sym-
metries depending on arbitrary functions (of the base variables z*) and differential identities
involving the Euler-Lagrange expressions. By definition (1.6), natural tensors are preserved

by the action of the diffeomorphism group and so Noether’s second theorem states that a

differential identity should exist for any variational principle involving a natural Lagrangian.
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For natural Lagrangians depending solely on the metric and its derivatives, the differ-
ential identity is the vanishing covariant divergence of the Euler-Lagrange expression
EY(N),

;=0 (1.23)

Appendix E contains a fairly standard proof of this identity and a more detailed discussion
on Noether’s theorems. The differential identities of natural Lagrangians which depend on
the metric, a scalar field ¢ or a covector field ;, and both their derivatives to some finite

order is given in Horndeski [28], with the results

ij Loy
B0, = 2o B, (1.24)
and
ij Loi L i
EY(N); = _§FjE](/\) - §¢ E]()‘)Ija (1.25)
respectively, where E¥()\) = %, E()\) = g—)\, Ei()\) = %, and Fj; = ;; — ;. If the
v 12 wz

covector field v; is gauge invariant [that is, the transformation ¢; — 1; + ¢; leaves the
Lagrangian \ invariant for any scalar field ¢ = ¢(z%)], then the Euler-Lagrange expression

Ez()\) is divergence-free and (1.25) reduces to
E9()\): = —lei EJ () 1.26

We now observe that the differential identities (1.23), (1.24), and (1.26) are functionally
identical to the divergence conditions (A2) of the theorems from the literature review. In
particular, Theorems 2, 3, 7, 8, and 9 all follow the first type, while Theorems 4 and 5
correspond to the second and third types, respectively. (The one exception, Theorem 6, is
discussed at the end of Appendix E.) Each of these theorems showed A% to be variational

and suggests the following problem.

Let AY = A¥lg, fA] be a natural tensor which satisfies the differential identity

associated to the natural variational problem A = A[g, f4]. Is AY variational?
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A more general version of this problem (encompassing both Noether’s first and second
theorems) was originally put forward by Takens [29], who (in the context of the above
problem) showed that natural tensors which are dependent on the metric and its derivatives
to order 2 are variational. When compared with the method used to find Theorem 3, Takens’
approach is computation-light but does not produce the explicit formulas (1.7) and (1.8).
In the context of Noether’s first theorem, the generalization of this problem involves

pairs of symmetries and conservation laws instead of a differential identity.

Let A =0 be a system of differential equations which admits a finite number of

paired symmetries and conservation laws. Is A variational?

Takens proved that differential equations for a scalar field ¢(z?) and its derivatives to
order 2 which posses translational invariance and satisfy conservation of momentum are
variational. Similarly, differential equations for a scalar field which depend linearly on the
vector (go;go,i; CRTHE -) and whose symmetry-conservation law pairs contain at least one
pairing which involves the base coordinates z* are variational.

Generalizations of these two situations were obtained in Anderson and Pohjanpelto [30]
and Anderson and Pohjanpelto [31], respectively, with the latter considering polynomial dif-
ferential equations of any order. Their surprising result is that not all polynomial differential
equations with the symmetries and conservation laws of the Euclidean group are variational:
there exists a class of non-variational polynomial differential equations with members in ev-
ery dimension n > 2. The simplest member of this class is the two-dimensional differential

equation defined by the source form (see the reference for details)

1 U Uy Uy

L ZLu Luy Luy
As(1) = det du A dz A dy,

L2 L Ly Ly

L3 L3u Lu, .f?’uy

where v = u(z,y), u; = Dju, £ = Dy, + Dy, is the Laplacian, and the determinant is ex-

panded along the first column. So defined, Ay(1) represents a tenth order partial differential
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equation which is symmetric under translations and rotations, satisfies conservation of lin-
ear and angular momentum, and is not the Euler-Lagrange expression of any Lagrangian.
A similar class of non-variational differential equations may be created by replacing the
Euclidean group of translations and rotations with the Poincaré group of translations, ro-
tations, and boosts (hyperbolic rotations). The simplest member of this class is Ay (1) with
the obvious modification to the Laplacian.

That Ag(1) and its more complicated generalizations exist at all is quite surprising.
Fuclidean-invariant polynomial differential equations are a well-studied class of partial dif-
ferential equations (for example, the wave, heat, and Laplace equations in two or more
spatial dimensions) but no non-variational examples exist below tenth order. If we are
to classify the complicated equations described by natural tensor densities A%, then care

should be taken to ensure no strange counterexamples analogous to Ag(1) are missed.

1.3 Main Results

This motivates the current paper, which investigates contravariant, rank 2 tensor den-
sities in two dimensions which are dependent on more than two derivatives of the metric.
Restricting ourselves to two dimensions significantly reduces the computational difficulty
of the problem: the curvature tensor is proportional to the scalar curvature in dimension
2 and so Theorem 1 states that if 7" is a natural tensor, then the following conditions are

equivalent.

(1) T=T (gab; YGab,cs - - - ;gab,cl~'~cr+2)
(2) T =T (9ab; R; Ria; Riaps Ryave)s - - -5 RBy(ar-ar))

The choice of option (2) allows us to bypass computational difficulties caused by the non-
tensorial nature of partial derivatives of the metric and reduces the derivative order of the
problem by two. As indicated by matching the indexing variable r with the number of
derivatives of R, we will occasionally use the (symmetrized) covariant derivative order of

the scalar curvature instead of the metric order for describing various tensorial quantities,
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e.g., T = T(gap; R; R|,) is a natural tensor of curvature order 1 or a natural tensor of metric
order 3.

Our primary results are contained in the following three theorems, with the first of these
the previously mentioned general form for the Euler-Lagrange expression (with respect to

the metric) of any natural Lagrangian density A\ of curvature order r in two dimensions.

Theorem 10. Let n = 2. If A is a natural scalar density dependent on the metric and its
derivatives to order r 4 2, then X\ = /gL (where L is a scalar with the same functional

dependence as A\) and the Euler-Lagrange expression of A\ with respect to the metric is

6)\ a a a 1 al
=BV = Vg {(v VP — g bD) Er(L) - 59" RER(L)
Jab , . oL (1.27)
~ (2 (ab)e _ qeab - abL Yy
+2(S s )\c+29 * 99m|

oA
where 0 = ¢V ,Vy, is the d’Alembertian, VIER(L) = Egr(\) = 97 1s the Euler-Lagrange
expression of \ with respect to the scalar curvature, and S is a particular contravariant,

rank 3 tensor which is symmetric in its second and third indices.

The terms involving the Euler-Lagrange expression Er(L) are due to the variation of A
with respect to R [using the option (2) paradigm mentioned previously|, while the final two
terms come from the variation of \ with respect to the metric. The tensor S is built
from derivatives of the Lagrangian with respect to second and higher derivatives of R in a
fashion reminiscent of the Euler-Lagrange expression Er(L); it arises due to the non-trivial
commutation of variational and covariant derivatives, with the definition given in equation
(2.28) and a full derivation found in Section 2.4. As such, the S tensors do not appear in
Euler-Lagrange expressions for Lagrangians of metric order less than 4 [e.g., two dimensional
f(R) theories in general relativity]. Generally speaking, the first term in (1.27) is of metric
order 2r + 4 (double the Lagrangian metric order of r + 2, as expected), the second term
is of metric order 2r + 2, the covariant derivative of S is of metric order 2r + 1, and the

remaining two terms are of metric order r+ 2. However, degenerate Lagrangians reduce the
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order of certain terms [the Lagrangian A* given previously (1.16) is an example, see Section
2.5.4 for details].

The second theorem restricts the highest order terms for all divergence-free, symmetric,
contravariant, rank 2 tensor densities dependent on the metric, a scalar field (including the

scalar curvature), and derivatives of the scalar field to some finite order.

Theorem 11. Let n = 2. If AY is a symmetric, divergence-free tensor density dependent
on the metric, a scalar field ¢, and derivatives of the scalar field to order r, with r > 2,

then AY takes the form

HBo2ar—1

AT = M 0y B+ N P P10 (1.28)
20 o=t 1.28

+Dijalmaril30|(a1---ar,1) 4 E’LJ’

where B* % 4s a symmetric tensor density of scalar order r — 2 which obeys the symmetry
Bo1ar—2 8Bb1---br72

condition , DWaLar=1 ¢ g tensor density of scalar order r — 2

0P| (by-br—2)  OPl(a1-ar_2) B
which is symmetric in ij and a1 ---a,—1, and EY is a symmetric tensor density of scalar
order r — 2.

As this holds for all scalar fields p, it also holds for the scalar curvature ¢ = R, with

A% q natural tensor density of metric order r + 2.

The (scalar/metric) order of B % cannot be reduced further: in the simplest case r = 2,
B is of scalar order zero (see Chapter 4 for details). We note the similarity of (1.28) and
the double covariant derivative of Er(L) term in (1.27); a short calculation performed at
the end of Chapter 3 (3.17) reveals that the top order term in (1.27) can be cast in the form
(1.28), with B equal to the derivative of Er(L) with respect to Rj(,..q,).- A further
discussion about this theorem’s applications beyond the limited scope of the thesis can be
found at the end of Chapter 5.

Finally, we explicitly classify divergence-free, symmetric, contravariant, rank 2 tensor

densities dependent on the metric and its derivatives up to order 5 in two dimensions.
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Theorem 12. Let n = 2 and suppose AY is a symmetric, divergence-free, natural tensor
density. If AY is of metric order 0, e.g., AY = AY(gy,), then AY is variational and takes
the form

A = e /gqY,

where c is a constant and X\ = 2c,/q is the Lagrangian that has A as its Euler-Lagrange
expression A = EY()).
If AV is of metric order 4, then AY is variational and takes the form
g o d?L o d3L (-1)? .. dL (=1)7
ij ia _jb ia _jb L% > R iJ
AY = /g (5 € R‘“bidRQ + &' R|aR|b—dR3 + 5 9 RdR 5 9 L),
where L = L(R) is the scalar part of the Lagrangian density A = /gL that has AV qs its
Euler-Lagrange expression AY = EY()).
There are no symmetric, divergence-free, contravariant, rank 2 natural tensor densities

of metric order 1, 2, 3, or 5.

The proof of Theorem 12 proceeds by systematically constructing a system of differential and
algebraic identities which constitute the most general contravariant, rank 2 natural tensor
density which is symmetric, divergence-free, and of the appropriate order. As indicated by
the second statement of the theorem, this system frequently has no solution. For example,
the fifth metric order natural tensor density

R|d827P

i ia_j caP ia_j c op ia_j c
AY = \/g (26 EJbRKabC)Rl —— + 2¢ EJbR|aCR|bdg d% + 4e EjbR‘acR“,de 952

oS

0? 0 oP

R — ia ]bR i

“pras T°° MabaR
(_1)(1 7 0P ia_jb 82P ia _jb dQ (_1)(1 %

+ TRRI R‘]% + e'%d R|aR\bﬁ + e*%! R|aR|b@ + TRQ P s

+ 4 Sym;; 5i“5jbR|bR|C + amajbR|abQ

where P = P(R,S) and Q = Q(R) are scalar fields and S = g"’R|, Ry, was built using all
but one identity from the constructed system of equations. However, A% is not divergence-
free (see Appendix D for details), with A" T proportional to R/* (P — RQ), and there are

no divergence-free tensor densities which are fifth order in the metric.
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If \ is of metric order 4, then we expect E(\) to be of order 8. Hence, no metric order
4 Lagrangians would be expected to produce divergence-free tensors A% at metric orders
6 or 7. However, the degenerate Lagrangians mentioned previously can produce metric
order 6 Euler-Lagrange expressions from a metric order 4 Lagrangian (see Section 2.5.4).
This complication makes finding the solution to the metric order 6 case for Theorem 12
problematic and we have failed to complete the proof thereof for this thesis. In the interest
of further work in this space, we have placed the partial results in Appendix C. We note that
similar, though more tractable, complications were involved in solving the fifth order metric
case. Particularly, the presence of S derivatives of the scalar P in the tensor A% shown above
is contrary to the (expected) lack of third metric order Lagrangians until the sixth metric
order AY case. However, since no third metric order degenerate Lagrangians exist (such
a Lagrangian would, presumably, be proportional to % R;R); and so vanish identically),
we have obtained the null result found in Theorem 12. We expect such complications to
continue throughout the higher metric orders, e.g., degenerate Lagrangians of metric order 5
contributing to the metric order 7 analogue of Theorem 12, etc., on top of any contributions

from potential non-variational tensors.

1.4 Thesis Contents

We begin in Chapter 2 by exploring the variational principle for a Lagrangian A de-
pendent on the metric, a scalar field, and symmetrized covariant derivatives of the scalar
field. Requiring the action to be invariant under (proper) coordinate transformations forces
the Lagrangian to be a scalar density and we derive an “invariance identity” from this re-
striction which establishes a relation between the partial derivative of A with respect to the
metric and derivatives with respect to the scalar field and its derivatives. We consider a
first-order variation in the metric, computing the corresponding variational derivatives of
the Christoffel symbols and the scalar curvature. Upon identifying the scalar field as the
scalar curvature, these formulas are then used to compute the variational derivative of A and
hence deduce Theorem 10. We test the divergence-free condition of natural Lagrangians

(1.23) for low metric order Lagrangians using the formula (1.27). Finally, the chapter con-
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cludes by using a degenerate Lagrangian to produce terms with metric order lower than the
(theoretically maximum) metric order stated in Theorem 10.

Chapter 3 is devoted to proving Theorem 11, which will be used to simplify the proof
of Theorem 12 in Chapter 4. In a fashion similar to that of Chapter 2, we establish an
invariance identity for symmetric, rank 2 tensor densities A% and use it to derive a pair
of formulas for computing the covariant divergence of A”. The first of these formulas has
an explicit form (3.6) but most of the explicitly visible covariant derivatives of the scalar
field are not fully symmetrized, making it difficult to use in the context of Theorem 12. We
use the symmetrization formulas of Appendix A to produce a general form for this fully
symmetric formula (3.3) but the combinatorial problem presented by the symmetrization
formulas prevents us from explicitly describing this formula beyond a few of the highest
order terms. This chapter concludes with a proof of Theorem 11; completing the proof
requires some secondary results which also aid the proof of Theorem 12.

The proof of Theorem 12 is performed by cases in Chapter 4. We derive the explicit
form of the fully symmetric divergence-free condition (3.3) in each case using the low order
symmetrization formulas from Appendix A. The results of Chapter 3 are then used to
restrict the form of A%, with these changes substituted into the divergence-free condition.
The simplified equation, once the general theorems of Chapter 3 have been exhausted,
is then differentiated with respect to the symmetrized covariant derivatives of the scalar
field to produce new identities which are used to further restrict A%, with the new form
substituted back into the divergence-free condition. This process is repeated until the most
general tensor density with the desired properties is systematically built; as previously
mentioned above, the system of equations produced frequently has no solution.

We conclude in Chapter 5 by discussing possible extensions of the current work. Among
the topics covered are the limitations of the current approach to finding a full generalization
of Theorem 12, exemplified by the growing algebraic complexity of the problem over the
metric order 4, 5, and (incomplete) 6 cases; the potential application of the ideas in this

thesis to higher dimensional tensor densities; and some potential for this thesis’ primary



results to produce examples of non-variational tensors.
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CHAPTER 2
EULER-LAGRANGE FORMULAS FOR METRIC VARIATIONS

Chapter 2 starts by tailoring the notation used in the introduction to two dimensions.
The rest of the chapter develops a proof of Theorem 10 and explicitly verifies the divergence-
free condition (1.23) (see also Theorem 19 and the accompanying discussion) for low order

Lagrangians in the final section of this chapter.

2.1 Notation and Two Dimensions
We now restrict our attention to dim M = n = 2. In two dimensions the Riemann and

Ricci tensors are proportional to the scalar curvature via the formulas

. . R
(9501 — gid;) and Rij = = gij, (2.1)

Rlijk - 2

2
respectively.
Under a coordinate transformation of M given by the smooth (we note that this is an

overly strict restriction), invertible functions

the components of a (r, s) tensor field T transform via the equation

TalmaTb = 8@‘%1 8@‘? 8:5']1 83_:]6 it L (2.3)
10s 0 P Oxtir Oxbr Oxbs Jids

and the components of a (7, s) tensor density 7 of weight w satisfy the transformation law

w Y . .
= a1 _ 0z 0zt Jxht Oal o
bybs T orh Oxir Ozt Oxbs Jds

(2.4)

where J = det g;i is the Jacobian determinant of the transformation inverse to (2.2). We




26

assume J > 0, i.e., the transformation (2.2) is orientation preserving. So defined, the

covariant derivative of a contravariant, rank 1 tensor 7" is

Tl =T'; +17%,T", (2.5)

and the covariant derivative of a contravariant, rank 1 tensor density 7° of weight w is

=T T TR —wl, T, (2.6)
with the usual generalizations of these two formulas for tensors and tensor densities of any
rank and valence. Hereafter, tensor densities of unit weight will be referred to without
their weight and tensorial quantities of rank zero will be referred to as scalars, e.g. a scalar
density is a rank zero tensor density of unit weight. Similarly, contravariant and covariant
tensors of rank 1 will be called vectors and covectors, respectively, with corresponding terms
for rank 1 tensor densities of any weight.

Symmetrization of tensor indices will be denoted by parentheses or Sym;;..., e.g., T (abe)d

= Symgp. T and skew-symmetrized indices via square brackets or Skew;;..., e.g., Tlabeld —
Skewgp. T, Typically, Sym and Skew are used for (skew-)symmetrization of indices
which are not adjacent in a tensorial expression, e.g., Sym,, 7%*. The two-dimensional
(contravariant) permutation symbol € = €l is the rank 2 tensor density defined via
€'2 = 1. The corresponding covariant permutation symbol €;; is a tensor density of weight
—1 defined via the identity €7 ey = 5,@, where

5 9

8 = det = 6L6] — 810}

7 57
o 0
is the generalized Kronecker delta. The determinant of the metric g is a scalar density of

weight 2 and so the formula

e = ¢ (2.7)
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defines a rank 2 tensor field on M called the (contravariant) permutation tensor. So defined,

the permutation tensor obeys the following identities

Sl gkl — (—1)¢ (gikgjl _ gilgjk> 7 (2.8a)
eijert = (=1)7 (gik gt — 9ugjk) » (2.8b)
Ve, = (~1)15], (2.8¢)
ee;; = (—1)92, (2.8d)
where
€ij = gzkgjlfkl = (—1)q\/§€z‘j (2.9)

is the covariant permutation tensor. The factor of (—1)7 in (2.8) and (2.9) is noteworthy:
unlike the permutation symbols, the covariant and contravariant permutation tensors differ
by sign if there are an odd number of negative signs in the signature of the metric. In general,
the words “permutation symbol/tensor” will refer to either version of the symbol/tensor,

with index placement the determining factor.

2.2 Scalar Field Invariance Identity

We now show that if A is a natural scalar density dependent on the metric, a scalar
field ¢, and symmetrized covariant derivatives of ¢ up to order r, then it takes the form
A = /gL, where L is a scalar dependent on the same arguments as A. Additionally, L obeys
the invariance identity

oL 1 ,0L ia oL 3 oL T i oL

== =9 Pabg— — 59 Pabeq— — """ — 39 var > (2.10
d9ij 27 dp; Pa dppj 2 Pa “OPbej 9d Parra DPas--anj ( )

ia

where ©;,...i;, = ©|(iy...i),) 18 the k-th symmetrized covariant derivative of ¢, @ = gijgoj and,

: b _ bas
in general, 0, a \Yariiar = 9 Payoay, for 1< s < k.
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We start by letting m : F' — M define a fiber bundle with dim F' = 3 and local adapted

coordinates (2%, ) — (2%). Then, the corresponding action (1.19) is given by

I:/U)‘(gz’jS(P§4Pi§<Pij§---3‘Pi1-~~ir)’/7 (2.11)

where U is a suitably chosen subset of M and v = dz' A dz?. The highest order derivative
of any fiber coordinate in A, 7, is said to be the order of .

If we require (2.11) to be invariant under coordinate transformations (2.2), then A
must be a natural scalar density (as v is a natural scalar density of weight —1). Under a
coordinate transformation, A obeys an appropriately modified version of (2.4), with explicit

form

A (Gab; P; Pa; Pabs - - + 5 Pay-ar) = JA(Gigs 03 03 Pigs + + -5 Pigoviy) - (2.12)

The arguments of \ are covariant tensors (or scalars) and transform using a modified version

of (2.3)
Jab = JéJggij, (2.13a)
5=, (2.13b)
b = Japi, (2.13¢)
Bab = JiJL i, (2.13d)
Bave = JLT} TE i, (2.13¢)
Pay-ar = Jtzzll T J(i:@ir"irv (2'13f)
. Ox' . . s
where J, = 5 We replace the arguments of (2.12) with these relations, yielding the
z
equation

A (JZ;Jggij; @; Jipis J(iJgSOz‘j; i Jéﬁi%lmz’r) = JX(Gij: 05 Qi3 Piji - -3 Qi) - (2.14)
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Differentiating this equation with respect to g;;, ¢, @i, ..., ¥i;..;, reveals the tensorial nature

of these derivatives,

O\ O O\ o\ )N o\ o\ o\
Ji g — A g — , Ji . i
b Dgay  Dgi;t Do Op 0pa  Opi e T V-

while differentiating with respect to J* yields an identity for A

oA

O\ , O\ . , o
siscgl LSIOC) pii—— 4 = JKEN, (2.1
+(MJ,)+JM,,)¢J8%+ JEA, (2.15)

(51057, + Tablos) gu g+ Okbioig

7C

3} ; oJ
where K} = 87::(6:"3 is defined via JZJK]]“ = 6F and so 7% = JKj. Since (2.15) holds for all

transformations (2.2), it holds for the identity transformation z° = x* with J! = §! = K,
J =1, and XA = \. Substituting these changes into (2.15), we simplify the resulting equation

to get

O\ oA ; ; ;o O\
csJ i 5] ¢ BBV i 5] sc » R v
<6k5 (5 + 5 5 5b> gz‘]a + 5]65 8@@ (5k5a5b + 5a5k66) SO’L] agpab + 5kA

< 23 6)\>+ 8)\+< 2N 8)\>+ _se
T gy I 09ac gpk&pc Pk Ipej %kﬁwae F

2+ g N 49y, O TR ——
gkzag Soka @Imagolc 90k11~~~zr,1a = OpA-.

ic i1 lp_1C

Finally, we contract this equation with ¢** and solve for the partial derivative of A with
respect to the metric

N 1. 118)\

— g\ — =

ox 3 oA r O\
2 My ——— . (2.1
6@ ] 2g Spabc . 2g 90 1 ra a2---arj ( 6)

The equation (2.16) is called the invariance identity of A, an identity which A obeys
as a scalar density. The invariance identity may be used to extract information about the
form of A. First, we use the matrix calculus identity d(det A) = det Atr(A~'dA), where
tr is the trace, to compute the derivative of /g with respect to the metric (we use the full

expression g = | det g,g| to ensure no possible sign problems arise from the signature of the
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metric and ignore the summation convention for Greek indices in this calculation)

0/9 B 1 0| det gag
8gab 2./ | det ga/3| agab
B 1 | det gos| O det gag
2y/[det gag| det gapg  Ogab
1 /] det gag| i 09k (2.17)
= - — =" |det gaptr | g7 =25
2 detgap “Gap P\ 9 OYab
1 ij [ sasb
= 5\/|detga5| [gj (51‘ c%-)}
1 a
= 5\/.&9 ba
d x|z
where @|xl = Tl = for z # 0. If A has no ¢ dependence, then (2.16) reduces to
ox 1 i),
0gi; 2

With the context of (2.17), this equation is clearly satisfied by A = a,/g, where a is a
constant. Hence, A = /gL where L is a scalar dependent on the same arguments as A. In

particular, substituting this form of A into (2.16) yields the invariance identity for L

N oL 1 a oL
L+ - = m yE 2 za
, oL
e — — ral -
2 \/gg Ponar OPas- -arj
1 oL 1, 1 ,0L . AL 3, oL
- — 49, — Z ia 2 ia Y
5 V99 990 V9 (29 29 8, 9 Pab g T 9 e
OL
iaq
2g ()00«1 ar a(PQQ i >
oL 1,00 ., 9L 3, OL
aglj 2 8903 g @ab aSObJ 2 ()Oabca bc]
Tgml oL

2.3 Metric and Curvature Variation
With the form of A discovered, we now begin the process of computing the Euler-

Lagrange expression in Theorem 10. We start by identifying ¢ as the scalar curvature R,
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noting that X is now a function on the order r 4+ 2 jet bundle of metrics on M, and let g;;

be varied with respect to an infinitesimal variation parameterized by €

Gab —> Gab + €hap + O(€2), (2.18)

5 = hgp i8 & symmetric, non-degenerate, contravariant, rank 2 tensor. To first
€
e=0

order, the variation of the inverse metric can be computed by differentiating the identity

where

6¢ = gapg"® and solving the resulting equation for the variation of the inverse metric

be agcd

e=0 e

= —¢%¢"hg,. (2.19)
e=0

dg
= hapg™ + Gap

0= ('?6 (g“bgbc> €0 Oe

Using the matrix formula that was leveraged to find (2.17), the variation of the metric

determinant can be found with a short computation

99
Oe

agbc
= | det tr [ g®0 =2
| det gagl r<g e

0 . .
= gel et gas| ) =g tr (g bhbc) = 99" hap. (2.20)

e=0 e=0 e=0

With this result in hand, we compute the variation of the square root of the metric deter-

minant

99
Oe

1199 11

6:0_2\/§8€ 610_2\/§

Next, suppressing the evaluation at € = 0 for brevity, the variation of the Christoffel symbols

1
(ggabhab) = iﬁg“bhab. (2.21)

proceeds in a straightforward manner from the definition (1.1)

orey,. 10 [ 4 }
5 = 35¢ [g (9bd,c + Gedp — Gbe,d)

_ 19g* 1 wa | (O9ba 09ed Gpe
=5 0 (gbd,c+9cd,b_gbc7d)+29 [( e ’c+ e 7b— e y

1
—gfagedhef) (Gbd,c + edp — Gbe,d) + §gad (hvdc + Pedp — hie,d)

1
gfahef) e, + igad (hvd,c + Pedp — hie,d)

= igad (hbd,c + Pedp — hbe,d — 21 hed)

5
.

1
= igad (hbd,c + hcd,b - hbc,d - 2Febched + Fecdheb - Fecdheb + Febdhec - Febdhec)
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1
= §gad (hbd,c — T%ched — T qhen + Peap — T%ehed — T%ghec — hic,a + T€oqhen
+ FebdthC)

1 a
=59 U (hpdje + Peap — hueja) - (2.22)

where we have used the trivial commutation of partial and variational derivatives

oT; 8£
de  \ Oe i
ore, .

to arrive at the second line. Noting that this quantity is manifestly tensorial, we set —2t¢ =

oI, for brevity. With the variation of the Christoffel symbols computed, it is a simple

manner to compute the variation of the Riemann tensor using the local definition (1.3)

8%{“ = 886 (Fadb,c —Tep + T e — I l%)
=00 — 010 + 0T, I 0 + T¢g00% . — 613 I, — T¢4.0T%,
= (00 + 1900, — D400, ) — (61740 4+ D400, — D401 )
= (0T gp e + IO — D40, ) — (670 + D00 g — T00T %)
+ (T%e0T g — %0 4 )
= (5Fadb,c + 1,00y, — T°4,00% , — T9,.607, )
- (5Fadc,b + D00 g, — T g0 . — T 4007, )

= 5Fadb|c - 5Fadc|b'

The variation of the Ricci tensor and scalar curvature (1.4) quickly follow from this result

ORgy,  OR}%,,
de  Oe

b

69 d bd a a
= ?Rbd +g9 <51—‘ dbla — or da\b)
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This final expression can be cast in a more convenient form by expressing the variation of
the Christoffel symbols in terms of the metric variation hg,
I *Rbdhbd + (gbdélﬂadb) . - <gbd51—\ada> .

= Ry + (00T — 0T ,)

1
= —R"hyq + 3 [gbdgac (hdafp + hbad — havja) — 9“9 (hapja + Papja — hda|b)} c
1
= _Rbdhbd + 5 |:gacgbd (hda|bc + hba\dc - hdb|ac) - gabgcd (hab\dc + hdb|ac - hda\bc)i|

1
_ _Rabhab + 5 (29adgbchab|cd _ QQGbQthab\cd>
— _Rabhzzb + (gadgbc . gabgcd> hab|cd

1
= _gRgabhab + (_1)q+15acsbdhab|cd’ (223)

where the final line used (2.1) to substitute for the Ricci tensor and (2.8a) to simplify the
second term.

If the variation of the scalar curvature is multiplied by a tensor (density) 7' (with
indices suppressed for clarity), the covariant derivatives of hgp in (2.23) can be moved to T'

using “integration by parts”. Explicitly, we have

OR 1., ac
TE =T (—ZRQ bhab + (—1)q+15 Ebdhab|cd>

1
- _ggabRThab + (_1)q+16acedehab|cd

1
= =59 RThay + (~1)7e%e [ (Thaye) = T hae|

1
_ —§gabRThab + (_1)Q+15acebd |:(Thabc)d — (T|d hab) e + T|dc hab:|

1 a ac ac
_ [_29 PRT + (—1)7e Edeuc] hap + (—1)4+1gaeghd [(Thab|c)|d_ <f|dhab>J

1
= [—zg“bRT — (g“bng — g“dg”c) T|dc} hab + [(_1)q+15a05b6Thab\c
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+ (_1)q€ae€deId hab]

le

1
- <_29“bRT + 9% T g - Q“bDT> By + [ (~1)7 e Th

+ (—1)%ee™T, hab] : (2.24)

le

where 00 = ¢**V,V,, is the d’Alembertian.
Finally, we remark that covariant derivatives do not trivially commute with variational
derivatives. To see this, we compute the variational derivative of the covariant derivative

of a vector field X* which varies infinitesimally with the same parameter e as the metric

oXi M\ p i [OXF
- Tk xkppi (S0
<66>’j+(86 * ]k<86>

— (aX )|. + 0T X P (2.25)
J

Oe

The generalization of this formula to tensors and tensor densities of any rank is analogous
to the corresponding covariant derivative formulas: replacing the vector X with a covector
Z; changes the sign of the Christoffel symbol term (with the appropriate index labeling)

and higher rank tensors use multiple (index appropriate) copies of the two configurations.

2.4 Euler-Lagrange Expression for Natural Lagrangians
We now proceed with the proof of Theorem 10. To assist in this venture, we define the
tensorial quantities

oL
OR\(a1a5--ar)

8(11(12'“ar —

and, recursively for k=r—1,...,1,0,

oL

gauzg---ak - = @ _ ga1a2"'ak+1

8R|(a1a2._ak) lak+1’
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where k£ = 0 denotes & = gTI% - Ea‘a. For instance,

garazar—1 _ oL _ < oL >
8R|( 8R|(a1az--~ar)

ajaz--ar—1)

covimar s O _( oL > +< oL )
aR|(tl1t12'"ar72) 8R|(ala2"'(lr71) lar_1 aRKfllaz'"ar) |ar—1ar’

etc., with £ the covariant Euler-Lagrange expression of L with respect to R

oL oL oL OL
=FRr(L)= — — cee - —--— . (2.2
& r(L) R <8R|a> . + <8R|ab> w +---4(-1) <8R|(a1a2“'ar) > s (2.26)

The covariant derivatives in the above definitions are well defined as £91"% is a contravari-
ant, rank k tensor for all 0 < k < r. Similarly, £41% is symmetric in all of its indices. We

note that £7% is typically a natural tensor of metric order 2r + 2 — k.

Proof of Theorem 10. The functional derivative of the action (2.11) is found by computing
the variation of A = /gL

oA
I=[ —
) g 2
/ OX Ogay ~ OXNOR OX  ORy(4y-i,)
Jgap O€ OR Oe IRy ar) Oe

NG oL AL OR  OL OR,
= L =z
/U |:< " \/gagab> hab * \/§ (8R Oe + 8R|a Oe

8gab
NN oL aRl(ar--ar))} y
OR(q;.ar) Oe
— Loy, OL OLOR = OL ORj,
- /U Ve [(29 b agab) frab + <8R(‘36 + OR|, Oc
0L ORja-a,)
4ot OB oo e ﬂ V. (2.27)

The variation of the derivatives of R can be found by utilizing the commutation relation

oL
(2.25). We start with the top order term alone, noting that ————— = £,
OR)(ay-a)

garar M = gor

8R|(a1...aT_1)
Oe

De ) ~ 0 Bleaz--a, ) =
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_ 5FCQTQT1R|(W1,_,QT2):|

OR)(ay.a,_1) )
(561) ‘ar - (T - 1)(5F aralR\(cazwar_l)

— gar-ar

OR|(a;--a,_1) OR|(ay-a, 1)
— ay-@p _ N\2L77Hr—1) _ ai-ar — o \aiar—1)
B <5 e >|ar ¢ i Oe

—(r— 1)R‘(Ca?naril)gal"'(lr‘al_‘caTal‘

The first term of this expression is a total (covariant) divergence and will not contribute to

the variation of the action §/. We sum this final line with the » — 1 curvature order term
OL  ORja.a, 1)
OR|(a;-ar_1) Oe

and apply the commutation relation (2.25)

oL 1o aR|(a1~--a _1) .
Y E rearar ZHarar—1) 1 ai--ar ¢ Div(-- -
OR)(ay.-a,_1) E e, de (r = Dicaz-ar )& 0, + DIV(--)

ai-Qr—1 8R\(a1"'ar71) ai--a c :
=& " De - (T - 1)R|(ca2---ar_1)g or arar T DIV(' e )
ai--a 8R‘(‘l ar—2) ai--a c
= - (5 ! T71)|a,1_1 (;6 = - (7’ - 2)R|(ca2~~-aT72)g vt ar_1a1

_ (T _ 1)R‘(Cazmarfl)galmaTéFcaral + DiV(' .. )7

where we have collected the total divergences into the single term Div(---). This pattern
repeats for the remaining scalar curvature terms in (2.27), with each term producing a sec-

ondary Christoffel variation term via the commutation relation (2.25). The only exception
oL ORy,

IR, Oe
variational derivatives is used. In total, this procedure produces a final result of

to this is the penultimate term , where the trivial commutation of partial and

OLOR  OL OR|, OL  OR|a.a)
—_—— + + .04
OR O¢ 8R|a Oe aR'(al”'ar) Oe
OR aia c aiasa c aiazasa c
= Sa — [R|Cg 122 5T asa1 +2R|ca25 1a2a3 §T° asay +3R|(m2a3)g 1azazas 5T i
o (0= DRjeagoa, €T, ] + Div(--)
OR
= EE _ [R|cga1a2 4 2R|ca3€a1a2a3 + 3R‘(Ca3a4)ga1a2a3a4 4.

+ (r = D Rj(cagan)E™ "] 01, 4y + Div(---). (2.28)
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Defining the tensor S,%1%? = §_ %291 as the sum in square brackets, we express the variation
of the Christoffel symbols in terms of the metric (2.22) and remove the covariant derivatives

from hgp

S.405T¢,, = =8, g (adjp + Mwdja — habja)

N = N = N

N |

Scab (hac\b + hbc|a - hab|c)

( ghac | gbea _ Scab) hape

<2 gabe _ Scab) hab:|

_ % (2 gabe _ Scab) hap.

e le

The first term is a total divergence and we move it to the Div(---) term. Similarly, the first

term of (2.28) can be rewritten using (2.24)

g2 _

1
De <_29“be +9"9"E g — gabD5> hab + [(—1)q+1€“c€b65hab|c

+ (_1)q€ae€bdgldhab} |

and the second term of this expression is another total divergence. We use these results to

simplify (2.28), yielding an expression of the form

OLOR 0L OR, OL  IRa;--a,)
OR 0¢ ~ OR), Oec OR(a;-ar) Oe

_ [—;gabRS + g|ab _gang + % (25abc . Scab> :| hab +D1V( . )

le

We substitute this expression into (2.27) and use the Divergence theorem to convert the

integral over the total divergence Div(---) into a boundary term

_ 1 ab oL 1 ab |ab ab 1 abe cab
51_/(]{\@[29 Lot o= 0" RE € —g D5+2(25 S )|c B & v

+ /BU X1 (Vav), (2.29)

where X = X0, is the vector inside the final divergence term Div(---) = Div(X), U is the
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boundary of U, and . is the interior product. If Ay, and its first 7 + 1 covariant derivatives
vanish on the boundary U, then X = 0 and the boundary term vanishes identically.

By definition, the coefficient of hyp in (2.29) is the Euler-Lagrange expression of A with
respect to the metric

oA
5gab

= E®()\)
(2.30)

1 1 1 oL
=9 [(vavb . gabD> £ §gabR5 + 5 (25’(ab)c _ Scab)|c + §gabL + Sos |

Typically, /g€ = Er()\) = % is of metric order 2r + 2 (doubling the curvature order
from r to 2r). Hence, the first two terms are identical to their counterparts from (1.27)
and are of metric orders 2r 4+ 4 and 2r + 2, respectively. By inspection, the final two terms
are of metric order r + 2. Similarly, S%° is given by the bracketed tensor in (2.28), which

is dependent on £% (metric order 2r), and so the the derivative of S%° is of metric order

2r + 1. O

2.5 Special Cases

As mentioned in the opening to this chapter, £%()) is the Euler-Lagrange expression
of a natural Lagrangian which implies that E“b()\)|b vanishes identically by Noether’s second
theorem (E.13). We can put heavy restrictions on this identity by computing the divergence
of the first two terms in (2.30), which simplifies quite nicely

a a 1 al Qa C a C 1 a 1 a
[(v v —g bm) £- 39 bRS] = 0" E ea — "9 E e — 5 RE — SRE

|b

a Ci 1 a ]' a
=dg bg d (g|dbc — 8|cdb) — §R| E— §R5|
1 1
= 99" (Eave — Elaed) — 51—2'“5 - §R5|“

1 1
— 7gabgcdeebcgle o §R|a5 o 5Rg|a

1 1 1
= —igabQCdR(de@f — 0p9cd)€je — §R‘a5 - iRS‘“

1 1 1
_ _ = ae _ 9 ,0€ T plae la
SR (g™ —26") & — SRI"€ = JRE
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1 1 1
— —REla _ ZRlag _ ~pgla
2R5 2R & 2R5

1
= —iR‘“ER(L). (2.31)
With this result, the vanishing of E“b()\)|b is ensured by the following equation

1 1 oL
|:2 (2 Symab Sabc o Scab) + 7gabL +

1
= “RleER(L). 2.32
3 Dgar) )~ 2 r(L) (2.32)

We now confirm the vanishing of E“b()\)|b for the metric order 0, 2, and 3 cases.

2.5.1 Order 0
For A\ = \/gL(gap), the tensors S%¢ and Er(L) are identically zero. Correspondingly,

the variation (2.30) is

1 oL
O\ = —g% hap.

The invariance identity (2.10) in this case implies L is constant and so the variation is

OX = 539" ha = B hap,

where ¢ = L is a constant. The divergence of E? is identically zero as it is only dependent

on the metric.
2.5.2 Order 2
For A = /gL (gap; R), the tensor S° is identically zero and the variation (2.30) is

1 1 oL
SA=/g [(vavb - gabm) Er(L) — 5gabRER(L) + gL +

Div(---).
5 89ab} hap + Div(--+)

The invariance identity also vanishes in this case, so A = \/gL(R) and the variation of \ is

1 1
oA =/g [(vavb - g“bD) L' = Sg"RL' + 2g“’)L} hab, (2.33)
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dL

iR = ERr(L). Using (2.31), we see that the divergence of E%()\) vanishes

where L/ =

1 1
pv = {va [ (v ) 1 L+ L]
b
1 1
=i (g + 51
ol )

=0,
where we have used the identity

gabL‘b — gabL,b — gabL/RJ, — gabL/R|b — R\aL/
to write the second term of the penultimate line.

2.5.3 Order 3

For A = /gL(gap; R; R|,), the tensor Sab¢ is identically zero and the variation (2.30) is

1 1 oL
S\ = /g {(vavb - gabm) Er(L) = 59" RER(L) + 59°"L + Pos

hab

At first order in R the invariance identity (2.10) is

oL 1 o OL

agab B 2

1
Y _7R\a5b
oR, ~ 27

which implies the symmetry RI?€? = RIP£9. We substitute this expression into the variation,

yielding

1 1 1
S\ = /g [(vavb - gabm> Er(L) = 59" RER(L) + 59" L = SR"€"| hay = E™(Nhap.
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We now compute the divergence of the Euler-Lagrange expression

1 1 1
E®(\)p = {ﬁ [(V“V” - g“bD) Egr(L) - 5g“bRER(L) + 5gabL - 2R“5b] }w

1 a 1 a a a
=9 [—le Egr(L) + §L| R‘ W& - le 5”“,]

1 1 OL oL oL 1
_ T pla + ab - la &b
\/5[ SR ER(L) + g <ag o+ GERe+ g Rcb> SR

1
_ ~plach

Before proceeding, we recall that the metric compatibility of the connection can be used to

express the first derivative of the metric in terms of the Christoffel symbols

0 = gap|j = Gabj — T 0;9eb =T %90 == Gabj = I jgbe + 1% 9ae = 2Symgy, I gae. (2.34)

Using this expression and the invariance identity, we rewrite the first term in parenthesis

and finish the computation

10L

la
2 8RR

1 1 o
E®(\)p =7 [_QRGER(L) - zgab (Rhgj) (2T%j9ic) +

1 ab oc a a
+ 59 PER 0y — R‘ & = fR‘ 5%]

oL

. |
= L plaga) - Ly r sire, + LRl
\/.a_ R( ) 29 |cg ]b+2 aR

gb|b> + g 5CR|Cb

la ob

_ . 1 a 1 a c a
— /7 _ER\ Er(L) + 5R' ERr(L) + 39 be (R\c,b - R\drdcb) - *Rl |b€b:|

where we used the symmetry of the first two covariant derivatives of a scalar to arrive at

the final line.
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2.5.4 Degenerate Lagrangians

For a natural Lagrangian A of metric order r + 2, the corresponding Euler-Lagrange
expression typically has metric order 2r + 4. Lagrangians for which the Euler-Lagrange
expression possesses metric order lower than this value are said to be degenerate. As an
example of this phenomenon, we consider the natural Lagrangian presented in the intro-

duction (1.16)

N = gL = \/ggacgbdealech =Vg(-1)* <R|a|aR|b|b - R|abR|ab> P,

where P = P(R) is a scalar. For future reference, the scalar curvature derivatives of L* are

given by

on e Ry Rjcal”, (2.35)

where the prime denotes a derivative with respect to R, and

oL*

_ EaigbjR‘abP I Eicgde|ch _ 2€ia€jleabp. (2.36)

We note that A* is manifestly of metric order 4 and claim that the Euler-Lagrange expression
for \* is of metric order 6, i.e., \* is degenerate. To prove this claim, we check the metric
order of each term in the Euler-Lagrange expression (2.30).

By definition, the term %g“bL* is of metric order 4. Similarly, the derivative with
respect to the metric is given by the invariance identity for L* (2.10) and is fourth order in

the metric

6gij N 2 8R‘]

— R‘l ZkR
— 9 1y D) R\jl

=0- 2gikR‘kl€jaEle|abP
= —25jaele‘abR|iuP
= —2(-1)%9" Ru(¢"' 9" — ¢"° 9" ) Ry P

= 9(~1) (RWR”“ - R‘i“R'ﬂ) P. (2.37)
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Next, the S tensors are defined in (2.28) and take the form

oL*
st = Rt = Rl = Rl (22 Ry, P) = 2(=1)7R" (¢R" - R") P. (2.38)
|be

We now show that the term involving these tensors from the Euler-Lagrange expression of

A* (2.30) is fifth order in the metric by a direct calculation

2 Sym,;, $*¢ — S
( m. . §hac cab)

N

lc
— % {2(_1)qub (gachd\d _ Rlac) P 2(_1)qR|a (gbchd‘d B R‘bc) p

—2(-1)1R" (¢ R, R P|

le
— (_1)q _gbf (gacgde o gadgce) +gaf <gbcgde o gbdgce> _ gcf (gabgde . gadgbe)_

x (RjfRja.P)

le

— (_1)11 gbf (gacgde _gadgce) _|_gaf (gbcgde _ gbdgce> _gcf (gabgde _ gadgbe>

1

X {RfcR|deP + R|f |:R(dec) + g Symde R (gcdR\e - gdeR|c):| P+ RfRdeR|cP/}
— (1) [ (Rl plab _ pla plee . pld plab _ pla plee _ abpld ple le Rlab
= (-1)7 (R BRI - R _R" + R R — R RI" — g RIY R + R RI) P

1

+ (040 = g™ RIRyee) + 9°'9" R Ryace) ) P+ <R (RI“R" ~ RI“R" + RI“RI"

— RleRI® — 5g9b 4 RleRlb 4 Rlaglb — oRlaRlb 4 RleRlb _ gRleRlb _ ggab

4+ RleRl —oRleRl 4 4RlaRIY _oRlaRlb L 4RlaRI 4 454 _ QSgab> P

+ <R|aR\bR|d|d i R\bR|CR|ac + R\aR|bR|d‘d _ RlaR‘cR‘bc _ SgabRId‘d + SR\ab) Pl]
= (—1)4 <9acgbeR‘dR|(ced)P - QabgceR|de(ced)P + 3R‘C|CR|abP - 2R|a|eR|b6]-D

— g™ R R P +2R"RPR _P'— RPR.RI“P' — R“R.R"P' — Sg™ R P’

2
+ SRl p — 3RR|“RbP> . (2.39)
The two leading terms in this expression are of particular interest

(_l)q (gacgbeRldRKced)P o gabgceR\dRHced)P) _ —EaeebCR|dR|(cde)P



44

and, as a fifth order term not associated with the Euler-Lagrange expression of L* through
*

the curvature Er(L*) = SR is the discrepancy mentioned in the introduction (1.17).

For the two remaining terms, we compute the Euler-Lagrange expression of L* with

respect to R

oL* [ OL* oL*
*\ — —
Er(l’) = 3R (am)ﬁr <8R|ij>ij

= e bR Ry P + (2ei“ebe,abP>

|ij

= 9" Ry Rjcg P’ + 267 R i P + A"€7" Ry, Pj + 26" Ry, P

C 1
— gacsbdR‘abdeP’ + 2¢tagib [R|(abi) + gR Symyy, (giaRjp — gabRu)] P

¥
+4e™el [R(abi) + %R Sym,y, (giaRjp — 9abRi)] R; P’
+ 26" Ry, (RijP' + R;R;;P")
= 36" Ry Ry P’ + 2" R R R g P”
4 2¢tagit [0 + éRU (04 ginRjq — 29anR);) + éR (04 ginRjaj — 29avRyij) | P
+ 4etagit [0 + éR (0+ giRjo — 29 R};) | R P’
= 39" Ry RjcgP' + 26"e" Ry R Rjg P
— gape' e (R;R; + RR;j) P — 2gape™®c’°RR; R; P’
= 3e%e" Ry RicaP’ + 26" Rl RicRja P — gape®“e™ (RicRjq + RR)cq) P
— 290e" e RR) . R)q P’
=3(=1)%(g" 9" — g°'9") Rip RjcaP’ + 2(—1)% (9" 9" — 9°*9") Rjp R R} P"
— (-1)%°! (R.Rjq + RR).q) P — 2(—1)1g“RR| R ;'

= (~1) (3R'a|aR""bP’ — 3RIR,,,P' + 2SR _P" — 2R“RI’R,,,P" — 5P

~RR P - 2RSP’) , (2.40)

1
where, as in the intro, S = gameR‘b. Hence, the term §g“bRER(L*) is of metric order

4. We note that Er(L*) is of lower order than the term involving the S%¢ tensors (2.39),
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showing a different hierarchy for these terms than the typical orders presented in Theorem

10.

Finally, we find the metric order of the last term involving the double covariant deriva-
tive of Er(L*). As we seek the form of the highest order term in this expression, we only
consider the fourth order terms in Er(L*) when taking these derivatives and only consider
those terms for which both covariant derivatives act on the same R, tensor. We find this
expression to be of metric order 6 after the short calculation below

Er(L*);; = (—1)1 (33'“ aR“’le’ —3RIR P’ + 2SR|a|aP” —2RIRIPR,,P" — SP

~ RR“ P~ 2RSP')
i
Rl

|aij

.P+...)

|aij

— (—1) (6R'“ WP — 6R Ry P+ 2SR|“|az.jP” — 2R*RP R4 P"
— RR"

= (=1)" R ops; [Gg“bR|clcP’ _6RI®P P’ 4 254%P" — 2Rl Rl _ Rg“bP} ¥

= (—1)"Ry(apij) {6gabR‘c‘CP' — 6RI® P’ 42847 p" — oRlaRI P! _ Rg“bP} o

(2.41)

where the ellipsis denotes those terms which do not contain R)4.q in any fashion. We note
that both the third (A.1) and fourth (A.2) scalar order symmetrization formulas have been
used to arrive at the final line, for R — Rjap and Rjapi); — Rj(avij)» respectively. (The
additional terms arising from symmetrization are of lower order and so do not appear in

this top view.)

Er(L*);ij = €%€" [Riapij (6RjcaP’ + 2R R |gP” — geaRP)
+ 6]:E|abiR|cde/ -2 Symij gabR|iR|cdj (P + RP/)
+2Symy; Ry (6R|qR)jP" + AR ;R4 P" + 2R R4 R); P"")

+Ryeij (4R RgP" — 29apR)aP — 49 RR)gP') + - -+ |
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Taken together, the preceding calculations show the Euler-Lagrange expression for \*
to be of metric order 6 (in opposition to the expected metric order of 8 from a fourth
order Lagrangian). Using (2.30) and (2.41), we see that, at top order, the Euler-Lagrange

expression is given by

le

1 1
Eab()\*) — \/§ [(vavb _ gabD) ER(L*) _ §gabRER(L*) + 5 (2S(ba)c _ Scab)
1

oL*
+ 7gabL* + :|
2 agab

=9 [(9‘”9’” — g )ER(L*)ij + - - }
=/ (_1)q(gaigbj _gabgij)R ik 6gklR‘m P _6R|klP/+259klP//
|(ikl) |m
_oRFRIP" _ Rg’”P} v }
= /7 [gaiebjR‘(ijkl) <6gsz|mlmP/ _6RKpP 4 254" P — oRkRlLpr _ nglP>

+..]

Due to space constraints, complete derivations of Er(L*);;; and E®(\*) are available in

lij
Appendix B.

As mentioned in the introduction, this complicates the work of Chapter 4, where we
wish to identify all divergence-free tensor densities for low orders, as degenerate Lagrangians
produce extra terms that are of higher order than would be expected from a naive application
of Theorem 10. For example, in the case presented above, we see that the coefficient of
R)(ijr1) contains a number of terms proportional to Rj;; which would not be present in
the Euler-Lagrange expression of a Lagrangian of metric order 3. [The highest order term

in Eg(L) for a third order Lagrangian is proportional to R, R, which produces a term

proportional to R\aR|(bcde) for ER(L)W-}
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CHAPTER 3
DIVERGENCE-FREE TENSOR DENSITIES: GENERAL CASE

This chapter is devoted to proving Theorem 11. We begin by establishing an invariance
identity for symmetric, contravariant, rank 2 tensor densities and use it to compute the
covariant divergence. A number of preliminary results, which also aid the proof of Theorem
12 in Chapter 4, are established before completing the proof of Theorem 11. Finally, we

explore the similarities between Theorem 11 and Theorem 10 of Chapter 2.

3.1 Tensor Density Invariance Identity

If A% is a symmetric, natural tensor density dependent on the metric, a scalar field
¢, and symmetrized covariant derivatives of the scalar field up to order r, ie., AY =
AT (gap: 0304 - - - i Paya, ), then AY obeys the invariance identity

A7 1
agab B 2

(gabAij —gu AT _ gainb) _ lsoaAzj;b gl Al §gaz(plchij;bcd
2 2 (3.1)

aal

r TRy
__59 90(11“'(17“’4237 a2 ar.

While this equation is manifestly symmetric in the indices ¢j, we note that the symmetry
of the metric tensor implies the right side is also symmetric in ab.
We derive this identity in what follows. Under a coordinate transformation (2.2), A%

obeys a version of the transformation law (2.4). We rearrange this equation to
TETV AT Gty @3 Prs - -3 Pryoky) = JA® (Gedi 9505 - -5 Perover ) (3.2)

where J!' = %;E;. We adopt the shorthand notation

DA b _ OAT 92A%

Aij;ab--- — — —
OPap... Opap..  0¢ap..00ap..




48
etc., for derivatives of A% with respect to the scalar field and its derivatives.

We suppress the arguments of A and, using (2.13), explicitly show the transformed

arguments of A% in (3.2)
J{lebflij (J,?Jldgcd; ©; JEpes J,‘éJldgocd; J,‘;J[iJﬁlcpcde; ol J,i; e J;g:%lch) = JA®,

As with the scalar case, if we differentiate this equation with respect to gup, ¢, or @a,...q,
for 1 < k < r, then we see that the corresponding derivatives of A% are tensorial. We
differentiate this equation with respect to J,]:, yielding

oAl

Agri
FIET} (0405) e AT - 2T (SE05T + TE076F) pea AT

n sa 7b asn b\ Aij a 7b [ snsc 7d csm sd
(000377 + Je0y 8 ) AV 2T (G205 + JE0"5] ) gea

+ P! (5,:5;Jﬁj; Y JgJﬁa;za;) Peac ATHIM 4L = JER A,
where K7¥ is defined via JgKg = ¢S and hence BBTJf = JK7¥. Since this equation holds for

all transformations (2.2), it holds for the identity transformation ' = z* with AY = A%,
J =1,and J? = 6 = K°. Substituting this transformation into the equation above, we get

the identity

5aAnb 6bAan aAab 8Aab Aab;n Aij;nl Aij;kn
(f + 0y )+ gflagl ‘|‘gk:fagk +or +(‘Pfl + Pk )
n m
+ ((pﬂmAab;nlm + SOkfmAab;knm + SOklanb;kln> 4= 5?Aab
5(1Anb (5b Aan 9 0 ab Aab;n ) Aij;nl Aab;nlm R 5nAab
FAT F0p AT A+ gflagl—F(Pf + 204 + 3¢ fim +o=0pAT.
n

We contract this equation with g¢/ and solve for %ZZ, yielding the invariance identity (3.1)

given previously.

3.2 Covariant Divergence of Tensor Densities
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If AY is a symmetric, divergence-free, natural tensor density of order r in ¢, then it

satisfies the (fully symmetrized) divergence-free condition

— Atjiai-a ) . . .
0=A " (‘Pa1~~-arj + bjas Pas--ar — CarazPag-arj + + bayar_ 1 Pa, — Car--ar%)
1J;01Qp—
=+ AWaar-1 ((plll"'flr—lj + djaﬁpagmar,l - €a1a2@a3~-~ar,1j e da1-~~ar,2§0ar71
_ ) ij;a1-ar—2 . ) _ ,
eal---arq%) + A " (%Oal"'ar72] + Kjay Paz--a,—2 — larasPag--ar o]

et kal"-ar—390!1r—2 - lal"-ar—QSOj) +ot Aij;al@ (Spamgj + Yjar1Paz — Zalazgpj)
0AY

+ AT s+

(3.3)

where the coefficients bg, ..., , Ca;--a;» day---ay» €tC., are tensors dependent on the metric, scalar
curvature, and symmetrized covariant derivatives of the scalar curvature. While (3.3) only
contains covariant derivatives of the scalar curvature which are symmetrized, it is not trivial
to find the coefficient tensors b, ¢, d, etc., for higher scalar order AY (see Appendix A for
details).

We derive the divergence-free condition by starting with the covariant derivative of A%,
which is given by an appropriate modification of (2.6)

AV = AT 4T AN T AT T A

HAY HAY
= gapy + AT AT 4 9%

8gab
— Tk AV (3.4)

We desire a manifestly covariant version of this expression. To this end, we replace coor-
dinate partial derivatives by covariant derivatives with the appropriate Christoffel symbol

correction terms

ij;a1--ag . AtJa1ak . e - e
A ' (paln-ak,] - A ’ (Soalwak\] + r alj‘Peaznuk + + r akjsoaluuk_le)

= Al (Spa1-~~ak\j + krealjwe‘l?"'ak)
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and replace the partial derivative of the metric with a Christoffel symbol using the formula

(2.34). We perform these substitutions in (3.4) to get

iJ aAij YR ces
A = DGy (20 gac) + AV (0, ao + 1T 1Peag-—a,) + -+
a
ij

Oy

+ AT (o 4 2T 1 pen) + AT (0 + T 0e) + Q1+ Ty, A

Finally, we use the invariance identity (3.1) to replace the partial derivative of A% with
respect to the metric and simplify the resulting expression to arrive at a manifestly tensorial
version of (3.4)

AY

1 .. . . . . 1
! _ |:2 (gabAZj . gazAbj . gajAbz) . §@aAlJ’b . gal(pchz],bc .

B igaal S0‘11"'(17-AUJMQ ar:| (2Feblga6) + A ((plll"'ar” + Treml(peaz“'av-)

+ ook AT (o + 2Ty e) + AT (pap + Toqpe) + 9y AT Iy AM
_ <FeelAij _ FiblAbj _ FjblAbz' _ Iwebl(peAij;b _ 2Febl90ecAij;bc _

i5:bao-- a1
— 1T Peaya, AT7™ “*) + AT (ot T Peag-ar )
ij

dp

4t Aldsab (Qoab|l + Qreal@eb) + Alsa ((Pa\l + Feal(pe) 4 o+ FiklAkj

= A ar¢a1-~~ar|l + A7 ar71¢a1~--ar71\l +oet Alj7ab90ab|l + AZLGSDal + 8(p Pr-

(3.5)

If we require AY to be divergence-free, then changing the index [ to j causes the left side
of (3.5) to vanish, leaving
ij

A
0— Amm---msoal_“ar'j + Azj,a1---a7«71(pal._.ar71U Lt Alj7ab90ab|j + AV, + W%' (3.6)
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Using the symmetrization formulas from Appendix A, each term of the form g, ...q,;
in (3.6) may be replaced by a fully symmetrized covariant derivative term g, ...q,; and
a collection of lower order terms of all scalar orders from 1 to £ — 1 in . Additionally,
the lower order terms produced by the symmetrization process are linear in derivatives of
¢ (A.5). We substitute this linear expression into (3.6), yielding the fully symmetrized

divergence-free condition given above (3.3).

3.3 Divergence-free Tensor Densities: Preliminary Results
We now build towards the proof of Theorem 11. First, we require the following general

result about cyclic tensors and tensor densities in two dimensions.

Lemma 1. Let T2 be q tensor (density) on a two dimensional manifold M, where I
and Iy are symmetric multi-indices with |I1| = |Iz| = k > 0 and TN 12 = Tiihlz — izl

If 7O = O then TUI2 = 0.

Proof. The result follows via a dimensional argument with dim M = 2. Using covectors
X =X;d2", Y = Y; da?, and Z = Z;,da* on M, we may express the symmetries of 797112
using the notation

T (X, Xy, Z<k>) = Tl X, XYy, 7, (3.7)

where Y¥) denotes k copies of Y and Y7, is a collection of k copies of Y; contracted against
the index I; in 7%1/2. In this notation, the symmetry condition 7°U/1)%2 = 0 may be

represented by
T (X, vy ®;z0) =7 (X, 7520, 0) =7 (v, x:v®;20) 0. (3.8)

The symmetry condition allows us to cyclically permute the arguments of T up to a correc-

tion factor, e.g.,

1
- _ . v (k=m) y-(m). (k)
0 k—{—l[(k m+ DT (X, X; X YV g )

+mT (X, y; x(k=m+1) y(m-1), Z<k>)}
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m

s lbem) y(m). y ) — M
:>T(X,X,X ym). 7 ) e

T (X, y; x (k=m+1) y(m-1). Z(’“)) .

Since dim M = 2 and the covectors of M define a vector space, the span of the covectors
X,Y, Z is of dimension 0, 1, or 2. We now show T’ (X, X;Y®). Z(k)) = 0 for all cases, proving
the claim. We note that, as a multilinear map, if any of the arguments of 1" are the zero

covector 0, then T" vanishes identically.

e If span(X,Y, Z) is of dimension 0, then X =Y = Z = 0 and T(X, X;Y®); z(k))

vanishes identically.

e If span(X,Y, 7) is of dimension 1, then X, Y, and Z are linearly dependent. Without
loss of generality, we take Y = aX and Z = X for non-zero constants « and (5.

Hence, T takes the form

T (X7 ®; 200) = oFghT (X, X X0, x00) =0,

e If span(X,Y, 7) is of dimension 2, then two of X, Y, and Z are linearly independent.
Using the symmetries of T', there are two possible cases. First, we assume this to be
the case for Y and Z, i.e., we may write X = aY + $Z for constants a and S (with
at least one non-zero). We substitute this form for X into the definition (3.7) and

simplify the result using the symmetry condition (3.8)

T <X, X; v ®), Z(k)> =T (aY +BZ,aY +BZ Y™, Z(k)>
— Q2T (Y, Y.y ®. Z(’“)) + afT (Y, 7.7, Z<k>)
+ afT (Z, Y.y ®. Z(k)) + 82T (Z, Z: Y™, Z(k)>
=04+04+0+0

=0.
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For the second case, without loss of generality, we assume X and Z are linearly
independent, i.e., Y = aX + 57 for constants o and 8. Substituting this expression

into the definition, we find

T (X, X; v Z(’“)) =T (X, X:(aX + B2)R), Z<k>)

k
=Y (k N p) aFPPT (X, X; x(k-p) 70), Z(k)> . (3.9)

pi
where (z) is the binomial coefficient and the coefficients a* PSP are not identically
zero for at least one term in this sum as « and § cannot be zero simultaneously
(else T' = 0 identically by multilinearity). Examining the m-th term in this sum, we

cyclically permute the (..., X; X*=m) z(m). ) arguments, yielding

T (X X.X(k—m) Z(m). Z(k)) _ —LT (X Z.X(k—m+1) Z(m—l). Z(k)) ]
) ) ) ) k —-m + 1 ) ) ? )
The right side of this equation vanishes for all m = 0,1,...,k via the symmetry

condition and, therefore, each term in the sum (3.9) vanishes identically, leaving

T (X,X; y (k). Z(k)) —0.

O

Lemma 1 clearly generalizes to tensors which are covariant in ij/;/s and tensors which
posses additional indices (of any valence) beyond ijI;I3. An immediate corollary of Lemma
1 is produced by considering multiple partial derivatives of AY with respect to symmetrized

covariant derivatives of .

Corollary 4. If AUzl — 0 where s > 2 is an integer and |Iy| = |I| > 0 for some

9 <k < s, then AUlulzils — (),

We note that the multi-indices I through I, (excepting Ix) need not have the same number

of indices as I; and I, i.e., Corollary 4 holds so long as the multi-index contained in the
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cyclic identity has at least one additional multi-index of the same size (corresponding to
two derivatives of the same order). A corollary of Lemma 1 also exists for single partial

derivatives, though the conclusion is weaker than the multiple derivative case.
Corollary 5. If AU =0 and |I,| > 0, then AT =0 for |I1| = |Io|.
We now use Corollary 5 to establish the following proposition.

Proposition 1. If AY = AY(g.p; 05 @a; - - -5 Paya,) 18 a symmetric, divergence-free tensor

density with v > 1, then AY is at most linear in the highest order derivative of ¢.

Proof. Since A¥ is of scalar order r, the leading term in the divergence-free condition (3.3)
is the only term of scalar order r + 1. Hence, we differentiate (3.3) with respect to ;.5 ,

and obtain a cyclic identity for A%
0 = Albreibrbe), (3.10)

This cyclic identity satisfies Corollary 5, proving the claim. 0

We note that the cyclic identity alone suffices to prove the order 2 and 3 cases of Theorem
12, with proof given in Chapter 4.

With the linearity of A% in the highest order derivative of ¢ given by Proposition 1, we
show the highest scalar order term to be proportional to the product of two permutation

tensors by an algebraic argument.

Proposition 2. If AY = AY(g.p; 05 @a; - -5 Paya,) 18 a symmetric, divergence-free tensor
density with v > 2, then AY takes the form AV = @12, , B34 4 CU  where B

and CY are symmetric tensor densities of (at most) scalar order r — 1.

Proof. We define a rank r+2 tensor density UK = U@)(K) = Sym,; Sym g gikrgikaysks: ke

where K = k; - - - k, is a multi-index and V*3""* is the symmetric, rank r — 2 tensor density
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given by Vks«hkr — = +15rt55uArs?t“k3“'k’". Then, using the properties of the permutation

tensor (2.7), we have

r—1

Uir = 1 Sym;; Sym g ghrgikeg o Arsitukskr
_r —T_ 1 Sym,; Symy(=1)* (5;{5?31 - 65?15;) (5g5§2 — 5525%) ATsituks--ky
Tl <6l5k1535k2 Siokrgkags — gkgisighe 4 57?15%5525%) AT situks kg
= :;1 Sym,; Sym ( Aidskikakske _ pgikoikijhske _ pkjsikoks-ke o Ak1k2;ijk3~~~kr)
T

=— 1 Sym Symy (AZ] K9 Atkigkascke Ak1/€2;ijk3~~k’r> )
r+1

Since A¥ satisfies Proposition 1, it obeys the cyclic identity (3.10). We use the cyclic

identity to write

0=0+40
= (4 1) Laitekekn L giteikak)
2 2
= (r 4 1) Sym, Symy AR
= Symij SymK (Ailﬂ;jkz..-kr _|_Aij;k2---krk1 _’_AikQ;k‘S---krklj 4ot Aikr;jkl'"kr71>

= Sym; Symy (TAikl?j’fz"-kr + Aij;K) ’

which implies Sym,;; Sym Atkuiikaskr — _Z AUK | Similarly, we write
r

0=0+04+---4+0
— (7‘ + 1) (1Ak1(k2§ijk‘3'-~k‘r) + 1Ak‘2(k3§ijk‘4--~k‘m/€1) bt 1Akr(k1%ijk2“-kr1)>
T r r
= Symy; Symy (Aklmjk?’"'kr + Akitigkskeky o pkigikackekal Aklkr;ijkz---k%_l)

= Sym,; Symy [(r — 1) Akkasighske o QAikujkz---kT} :
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. 2 Lo 2
which implies Symz‘j SymK Akkasijhks ke — _71_71 Symz’j SymK Atk1;gka ke — r(r — 1)

We substitute these two results into the equation for U¥K and simplify the resulting ex-

Aij;K

pression
= r—1 » 9 2 .
UUK — S g AZ];K 7A’L_];K Azg;K
r 1 Y ymK[ Ty D)
_r—1 rr—1)+2(r—1)+2 K
r+1 r(r—1)
r—1/(r+1
_ Az],K
r+1 (7‘ — 1>
= AUK,
Integration of this result proves the claim upon stating V*s=*r = Bks-kr, O

Next, we show the tensor B% %" to be at most of scalar order r — 2.
Proposition 3. Let n = 2. If AY = AY(gay: 03 Pas - - -3 Paya,) i85 a symmetric, divergence-
free, natural tensor density with r > 2, then A% takes the form
AT = glmglozg, L, BWT0r 4 O (3.11)
where B % and CY are symmetric, natural tensor densities of scalar orders r — 2 and
r — 1, respectively.

Proof. Since A% satisfies Proposition 2, we may write

17 a1 ja as---a iJ
AY ="Ml g, BT+ CY

where B% % and C% are tensor densities of (at most) scalar order » — 1. Taking this
result into account, we inspect the divergence-free condition (3.3) and note that only the
first term in the second line is quadratic in scalar order r derivatives, taking the form
Aigsarar—1p o 5. The first line does not contain any scalar order r derivatives due to

the linearity of A%, while terms in the third and lower lines are at most linear in scalar
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order r derivatives due to the linearity of A% (all explicit ¢ derivatives in the third and
lower lines are of scalar order r — 2 or less).
As with Lemma 1, let U;, X;, and Yj denote covectors on M. We contract the

0
divergence-free condition with U; and apply the differential operators Xj, --- XjTai
Pjr i

0
and Yy, --- Ykrm, yielding the equation
1 Rr

0=UXj, - X; Vg, - Y <Aikr;k1-~kﬂ;j1~-jr i Az’jr;jl--~jrfl;k1-~kr>

= UXj, X, Y, - Vi <Ez‘j1Eijsz3~--jr;k1~~kT71 n 5z'k:1EjrkgBkgmkr;jl--mfl) .

-

Using the function notation introduced for Lemma 1, the previous equation may be written

as

0 = det(U, X) det(Y, X)B (X<”—2>; Y<’"—1>) +det(U,Y) det(X,Y)B (Y<’“—1>; X<’“—1>)

= det(Y; X) [det(U,X)B <X(T_2); Y@"—U) — det(U,Y)B (Y<’“—1>; X<’“—1>>] ,

where X = X;dz’ and det(U, X) = U; X;e¥ = g~ V2U; X;¢7 = g7'/2(U1 X3 — U X1). Since
the covectors X; and Y, were arbitrary, the expression in brackets must vanish for the

equation to hold
0 = det(U, X)B <X(T_2); Y(T_l)) —det(U,Y)B (Y“—?); X(’“_l)>
or, in coordinates,

_ iJ1 RJ2 - Jr—13k1ke—1 tk1 pka-kr—1;51Jr—1
0 = Symjl,,,jT71 13 B r T Symkl,_,kPl 3 B T =,

Expanding the symmetries (and ignoring the resulting coefficients due to the equality with

zero), we contract this equation with g5, and use (2.8c) to simplify the resulting equation

0= €ij (gijlBj?“'jr—l§k1"'kr—1 + gijzBj1j3"'jr—1§k1“'/€r—1 NS gijr—1 le“'jr—z;kl"'kr—l
1
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_ 6i/€1 BF2kr—13j1dr—1 _ EikQBklkB“'k'rfl;.7‘1"'.7‘7‘71 o EikrflBkl"'kT72;j1"'jr71>

— (_1)‘1 (23]‘2"']‘“1;/61“16771 + Bi2dacdr—1;k1 k-1 4o Bir—1J2:gr—2:k1-kr—1
_ Bkekr—vikigadr—1 _ gkiks-cke—iikegagro1 Bkl"'kr—Q;kr—ljZ"'jr—l)
— (_1)‘1 <rBj2'“jr—1;k1~~kr—1 _ Bk2~~~kr—1;/€1j2'“jr—1 _ Bk1k3~“kr—1;k2j2“'jr—1

.. Bkl“‘kr—2§kr—1j2"~jr—1)

— (_1)q |:7aBj2"'jr—l§k1"'kr—1 _ (7“ _ 1) Symk1~--kr_1 BF2kr—1:k1j2gr—1

The coefficient of (—1)7 is never zero and so the above equation is satisfied if and only if

the expression in parentheses vanishes
0= rBPrdraikiheot —(p 1) Symy, .y, BRReonkigzedeo (3.12)

We note that the » = 2 version of this equation leads to the claim immediately, with
0=2B#* — gk = pik1,

As Borar—2ib1br1 — Blav-ar—2)i(brbr—1) "5 choice of r — 1 (or r — 2) indices from the
collection of 2r — 3 indices ja - - - jr—1k;1 - - - ky—1 produces a unique version of (3.12), with a
total of (2::13) = (2::23) different equations, where (}) is the binomial coefficient. Hence,

there exists a (2::13) by (2::13) square matrix A which defines a matrix equation

Az =0

for the vector z of different index combinations B®@r-2:01br—1 = A row of A, denoted by
A;, defines its version of (3.12) via the “dot product” A; -z = 0.

We choose an index “basis” such that the diagonal entries of A are each r, corresponding
with the index combination B72Jr—1k1kr—1 from (3.12). The row A; represented by this

combination will be of the form

Ay= (- =1, =1, e =1, =1, —1,-),
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where each —1 corresponds to an index configuration B ks—1kst1-kr—2iksjo-jr—1 and the
remaining entries are zero. There are r — 1 such index configurations in (3.12) and so A

satisfies the Diagonal Dominance Theorem of linear algebra (see, e.g., Strang [32]).

Diagonal Dominance Theorem. A square matriz A is said to be diagonally dominant
if the magnitude of each diagonal entry is greater than the sum of the magnitudes for the
remaining (non-diagonal) entries in the corresponding row. If A is a diagonally dominant

matriz, then A is non-singular.

Hence, the only solution to the matrix equation Az = 0 is the trivial solution z = 0 and

Boar—2bibr—1 — () for all index choices. O

As examples of the matrix equation Az = 0 defined in the proof of Proposition 3, consider

the r = 3 equation

3 -1 -1\ [B% 0
Ar= (-1 3 -—1||B¥e|=[0]=0,
-1 -1 3 ) \Ba® 0

which is easily solved by introductory linear algebra techniques, and the substantially more

complicated r = 4 case

4 0 0 0 0 0 0 —1 —1 —1)\ [Bobhcde 0
0 4 0 0 0 —-1 —1 0 0 —1] | Boacbde 0
0 0 4 0 -1 0 -1 0 -1 0 Badicbe 0
0 0 0 4 -1 -1 0 -1 0 O© Baeibed 0
e 0 0 -1 -1 4 0 0 0 0 —1| | Bbeade _ 0 L
0 -1 0 -1 0 4 0 0 -1 0 Bbdiace 0
0 -1 -1 0 0 0 4 -1 0 0 Bbeiacd 0
-1 0 0 -1 0 0 -1 4 0 0 Bediabe 0
-1 0 -1 0 0 -1 0 0 4 0 Beesabd 0
-1 -1 0 0 -1 0 0 0 0 4 Bde;abe 0
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The matrix A rapidly grows in size but becomes dominated by zeros as r increases: for
r = 4 the matrix equation is a 10 by 10 matrix with 40 non-zero entries (40% nonzero), the
r =5 case is a 35 by 35 matrix with 175 non-zero entries (~14% nonzero), and the r = 10
case is a 24310 by 24310 matrix with 243100 non-zero entries (~0.041% nonzero). We now

proceed with the proof of Theorem 11.

Proof. Re-examining the divergence-free condition (3.3) and taking into account Propo-
sition 3, we observe that only the first term of the second line contains a scalar order
r derivative and more than one scalar order r — 1 derivative (it is the only term which

g 0
combines C¥ and g, ..q,). We apply the differential operators U; X,,, --- X

my ’
OPmy - m,

Yy, Y,

Nyr—1
OPny-np_y

,and Z,, -+ Z,

o1 to this equation, yielding
6@01"-0r71

0= UiXm1 T XmTYnl e anfleI oz, AP T 01O =

Or—1

— UiXm1 .. .erym .. 'an_1 YRR Zor_lClml;m2~~-m7,§nl"’”771§01"'0r71

=C (U,X;X(Tfl);Y(rfl);Z(T71)> .

By Corollary 4, this implies that C (U7 U, xXr=1),yr-1. 7 (T_l)) vanishes identically and
so C% is at most quadratic in order r — 1 derivatives of ¢. Inspecting the divergence-free
condition again, we note that only two terms depend on a single scalar order r deriva-
tive and at least one order r — 1 derivative: the first term contracted with A% ar—2
and, again, the first term contracted with A% % -1 We apply the differential operators

9 and Yy, ---Y, 9

Nr—1
aspnl'“nr—l

UiXomy - X

myr
E—

to (3.3), yielding

0= UiXm1 .. 'erYm ... an_l (A1m1;mQ---mr;m---nr_1 + A'Ln1§n2"'nr—1§ml"'mr)
— Usz1 . erYTu . anfl (szl;mg-nmr;nl-unr_l + 6zm1€n1m2Bm3-~-mr;n2-~-nr_1)

e (U,X; X =1, Y(T_l)) + det(U, X) det (Y, X)B (X(”_Q); Y@“—?)) .
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Solving this equation for C, we get
c (U, X; XD, Y(T_l)) — —det(U, X) det(Y, X)B (X(’“‘Q); Y(’"_Q)) . (3.13)
We change U to Y, yielding the equation
C <Y,X; X (=1, YO”*U) — —det(Y, X)?B (X@“*?); Y<’”*2>) ,
which, via the symmetries of C, is equivalent to the X < Y swapped equation

C (X’ Y; Y(r—l); X(T—l)) = —det(X, Y)2B (Y(r—Q);X(r—Q))

— —det(Y, X)2B (Y(”_Q);X(”_”) .

Hence, B (X(T*2);Y(r*2)) =B (Y(T*Q);X(T”)) and B®eribsbr ig symmetric under the
interchange of all a and b indices.

Returning to (3.13), we observe that if B (X(T_Q); Y(T_Q)) =0, then C (U, U, x(r=1),
Y(T’U) = 0 by Corollary 4. Similarly, if the left side of (3.13) is zero, then B%aribsar
vanishes identically. To prove this second statement, we switch to index notation and set
C =0 1in (3.13), contract the equation with a pair of permutation tensors, and expand the

symmetries

0 = _Eid1€b1a2 (Symal.“ar Symbrnbr_l E’Lal€bla2Ba3"'a7‘§b2"'br—1)

= —(=1)¥r + 1)eba, (Symm...ar Symy, ., EblaQB%“'““b?'”b“l)

= (=) (r + Depyay (Symal...(h_1 Symy, .5, _, 6b1a1B“Z'”“"*l;bf'b"*l)

1 r+1
= (—1)7" e 1)25b1a1

(651% Ba2"'ar71;b2"’brfl + 5b1042Bala3"'ar71§b2"'br71

et ebrflarflBal"’ar72§b1-~.br72) . (3_14)
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For 1 <1 < r — 1, we define the multi-indices &é- = ag- - A-1J014+1 - Gr_1, With d} =

az---a,_1. Next, we consider the % term of (3.14)

bk sl pk
£b1a1€bk‘alBa“1’bb1 =(-1)7 (5gf5gi - 51?115%) Bt
If | = 1 = k, then this expression simplifies to 2(—1)9B%ar—1:b2-b2-1  Gimilarly, if either
I =1 or k =1, then the expression simplifies to (—1)9B%@r-1:b2b2-1  There is one term
of the first kind and 2(r — 2) terms of the second kind in (3.14). Together, these terms sum
to

2(7“ _ 1)(_1)qBa2'~~ar71;b2~'b271‘

For | # 1 # k, we have (r — 2)? terms of the form

Al l;k Al ;l;k Al ;l;k:
Ebya €U B = (—1)1 <Ba’” b — B al)

e (*1)(] <Ba2--~aT;b2...br . Bdlbk’i)ﬁl> ‘

The (r — 2)? copies of the first term in parentheses combine with the 2(r — 1) copies given
earlier, totaling (r — 1)2 + 1 copies, while the (r — 2)? versions of the second term can be
expressed compactly by exploiting the symmetry of the indices ag---a,—1 and by ---b,_1.

We substitute this result into (3.14), yielding the equation

0= (1t D (G - 2 g 1] ot

— (r—2)? Symg,.q _, Symp,..p Bb2a3"'a*—“a2b3'“br—1} .
As the numeric coefficient outside the curly brackets is nonzero, the term inside must vanish

0= [(r — 1)2 + 1] Bozar—1ibarebro1 _ (r— 2)2 Symg,..q,_, Symy,..p Bb2as-ar—1iazbs-br—1
(3.15)
In a similar fashion to (3.12), we permute the indices of this equation to create a matrix

equation Ax = b. The square matrix A produced from (3.15) is diagonally dominant,
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with diagonal entries (r — 1)? 4+ 1, each row containing (r — 2)? copies of —1, and all
other entries zero. Hence, B @ -210r—2 yanishes identically by the Diagonal Domi-
nance Theorem when the left side of (3.13) is zero. Therefore, the kernel of the function
C (U, U; x (=1, Y(T_l)) is zero and we may express this function directly in terms of the

derivative of B.

Lemma 2. If CY obeys (3.13), then
o (U, U X1, Y<H)) — 2det(U, X) det(U, Y)B(X "2, y (=),
Proof. We begin with the ansatz

o (U, U x -1, Y“"”) — adet(U, X) det(Y,U)B (X<’"—2>; y<r—2>)
+ Bdet(U, X) det(Y, X)B (U, X3, y(r—2)>

+ydet(U,Y)det(X,Y)B (U, y(r—S);X(r—2)> ’

where «, 8, and ~ are numeric constants to be determined. We swap the X and Y entries

to get

C (U, U; Y(r—l);X(r—1)> = adet(U,Y) det(X,U)B (Y(T’—2);X(r—2))
+ Bdet(U,Y) det(X,Y)B (U, y(r=3). X(T_Q))

+ v det(U, X) det(Y, X)B (U, X3, y(r—z>) 7

8o v = 8 upon comparison with the starting ansatz. Expanding the symmetries, we replace

one U with an X to get

C (U, x: XUy 070 ) = 20+ det(U, X) det(¥, X) B (X2 v (2 |
+ g [O + det(U, X) det(Y, X)B (X(H); y<r—2>)

+ det(X,Y) det(X,Y)B (U, y(r=3). X(H))
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+det(U,Y) det(X,Y)B (X, y(r=3). X<T_2))} .
Using the cyclic identity
det(U,Y)r (X, ) +det(Y, X)7 (U,---) +det(X,U)7 (Y,---) =0, (3.16)
where 7 is a tensor (density), we replace the final term of the previous expression

c (U,X; x (=1, Y(T_l)) - %det(U,X) det(Y, X)B (X<r—2>; y(T—2))
+ g [det(U, X) det(Y, X)B ( x(r-2), y(H))
+det(X,Y) det(X,Y)B (U, y(r=3). X(r72>)
— det(Y, X)det(X,Y)B (U, y (=3, X(r72>)

— det(X,U) det(X, Y)B (Y025 X2

= (Oé ; B) det(U, X) det(Y,X)B (X(T72);Y(7"72)>
+ g [det(U,X) det(Y, X)B (X(r—g); Y(”—z))

+2det(X,Y) det(X,Y)B (U, y(r=3). X(T_Q))} .

Checking (3.13), we see = 0 and o« = —2. To prove the uniqueness of C, we consider the

difference between C' and the ansatz

A <U, U, X, Y(T_l)) —C (U, U;X(T—l);y(r—l)) _0 <U, ;X Y(r—l))
= C (U,Us XDy )

+ 2det(U, X) det(Y,U)B ( X2, W_z)) ‘
By replacing a U with an X, we get the equation

A (U, X,X(”*l),Y(“l)) _c (U7 X x (D, y(r—n)
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1 (r—2) (r—2)
+5 0+2da@ﬁdeaO€XjB(X Y ﬂ
::__det(Lc)()det(yg;g)fg<)(oua);y4r_2)>
+ det(U, X) det(Y, X)B <X(’"_2); y(r—2))

=0.

Hence, A (U, U, X (=1, Y(’”*l)) vanishes identically by Lemma 1 and C = C. O

In index notation, Lemma 2 states

Cij;a1--~ar71;b1-~br71 — 2Sym ) Symblu-br,l 5ia1€jb1Baz~~-ar71;bz~-br71

al-Qr_

and integration of this expression proves the claim. ]

3.4 Euler-Lagrange Expressions and Divergence-free Tensor Densities
The highest scalar order term from Theorem 10 can be seen to correspond with the
leading term of (1.28). Let Er(L) = £ be of curvature order k. The first term of (1.27) is

given by

siasjbé]ab =l (& oy — T € )
% R ,a+~-> -1, <Ra...a +>
<8R<a1...ak> o) o \ORyargy T

ia_j o ¢
= giedh { [5&() (R\(a1~~ak)a + kT alaR\(caz-~~ak)) + - }
ai--ag b

_ 2,_:me,_:]b

)

o€
—T°, { Ritaranre + k0% Ridosa +]}
b 8R(a1..,ak)< |(1-+-ax) 1ctY|(day k))

. o€
:5‘7‘0‘6-717 <R a + )
8R|(a1--~ak) [(ai-ak)a "

ia i o€
=€ €Jb <M)R|(al"'aka)b + - )
al--ag

ia o€
ay--ag
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where we have used the symmetrization formula (A.4) to arrive at the penultimate and final

lines. Comparing this final line with (1.28), we see

o€
Buar — 2 3.17
8R|(a3...ar) ( )
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CHAPTER 4
DIVERGENCE-FREE TENSOR DENSITIES: SPECIAL CASES

We now prove Theorem 12 by cases.

4.1 Order 0
It is well known, e.g., Lovelock and Rund [16, pp. 319], that the only symmetric,
divergence-free, contravariant, rank 2 tensor density dependent solely on the metric is A% =

c\/§gij , where c is a constant, and arises as the Euler-Lagrange expression of the Lagrangian

A =2c\/9.

4.2 Order 1
As mentioned in the introduction, no natural tensor densities of metric order 1 exist

by virtue of Theorem 1 (in any dimension n > 2).

4.3 Order 2

We assume A% = AY(g; ). The divergence-free condition (3.3) for this case is

[ 04l

We differentiate this equation with respect to ¢j, yielding the identity 85‘; = 0. Hence,

there are no symmetric, divergence-free, contravariant, rank 2 tensor densities dependent
on the metric and a scalar field in two dimensions.

When ¢ is identified with the scalar curvature R (so A% is second order in derivatives
of the metric), this result is not surprising: the summation in (1.7) vanishes identically for
dim M = 2, leaving only the inverse metric term. In effect, the vanishing of the general-
ized Einstein tensor (1.7) in two dimensions is because all information about the second

derivative of the metric is encoded in a scalar field, R.
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4.4 Order 3
We assume A% = AY(gu; ¢; 0a). The divergence-free condition (3.3) for this case is

OAY

-
0=A""pj0+ 55

We differentiate this equation with respect to ¢q, and get the cyclic identity A¥@b) = 0.

Creating three versions of this equation by cyclically permuting the indices

0= (Am;b i Aib;a) ’ 0= <Aab;i +Aai;b> ’ 0= (Abi;a _|_Aba;i) 7

NN
N | —
N | =

we sum the first two equations and subtract the third to get

0= <Aia;b +Aib;a +Aab;i +Aai;b _ Abi;a . Aba;i) _ 1 <2Aia;b) — Aia;b
5 .

N =

This implies that no symmetric, divergence-free, contravariant, rank 2 tensor densities de-
pendent on the metric, a scalar field, and the first derivative of the scalar field exist in two
dimensions. Equivalently, if we let ¢ = R, then there are no tensor densities of the given

type dependent on the metric and its first three derivatives.

4.5 Order 4
We assume AY = AY(guy; ©; Pa; 0ap)- The divergence-free condition is given by (3.3)
and we find the explicit form of this equation using (3.6) and the third scalar order sym-

metrization formula (A.1)

HAY
0= A9 g5+ A 0y + 55 ¥
14
1 OAY
= AV oy + 3B (95w — gmsﬂj)] + AT + o5 ¥
HAY 1 1 _—
= AT Moy + Ay + < 9 gRleA”’kl + 3ngzAZl’k]> ©j- (4.1)
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As A% satisfies the requirements of Theorem 11, AY takes the form
ij _ _ia_jb ia_jb 9B ija ij
AY =% B + &% cpagob%—i—D wa + EY, (4.2)

where B, DY = D7 and EY = EJ' are scalar/tensor densities dependent on the metric
and ¢. Using the invariance identity for a scalar density (2.16), we write B = /gP, where
P = P(yp) is a scalar. Similarly, D¥% vanishes identically (in two dimensions there are no
rank 3 tensors which are dependent on the metric and a scalar field). Using these results,

we substitute (4.2) into the divergence-free condition and simplify the resulting expression

L - o o oDia
0= <\/§€Zk€jbﬁpbP/+DUk> <ij+ (\/gswsjb(pabpl_i_\/Z]Ezagjbwaspbpu_i_880()0&
OF4Y 1 . 1 -
+ e — g\/gnglslksﬂP + §\/§ngl Symy,; 6Zk5l3P> ©;

. o o OEY
= ge* e oy P — /9" e 00 P’ + /g €7 paopip P + T@@j

_1)¢ . (=1) 0 .y e
— (3)\/§RP90 + (6)\/§ngz (29 gk — gligh — g kg”l) Pop;
OEY —1)4 ;o (=1 ;
= e - Sl varre - 5 grey
OET (1) .
- o RPy
5 ©j 5 VIRPY',

Differentiating this equation with respect to ¢;, we solve the resulting equation for the

partial derivative of E%
OFY (=11

5 5 —/gg RP.

Now, let the scalar ¢ be the scalar curvature R. We solve this equation using integration

by parts, with a final result of

1)4

. —1)¢ .. _
El]:( 21) \/gngL/_( 2

V99" L, (4.4)



70

where L = L(R) is a scalar such that P = L" = g% (the integration constant has been

absorbed into the definition of L). Combining (4.2) and (4.4), we see that A% is given by

. L L —1)¢ .. —1)4 ..
A :\/§5m€]bR|abL”+\/gglaEJbR|aR|bLm+( 2) \/§g”RL’—( 2) \/ggz]L

4.5
= /ge" e (L) 0 + (_21)q\/§ginL’ - (_21)q\/§gijL. )
As L is a function of R alone, AY can be identified as the Euler-Lagrange expression of a two
dimensional f(R) field theory, a generalization of general relativity which uses Lagrangians
of the form A = /gf(R). The metric signature factor of (—1) is necessary in (4.5) to
get the correct sign for each term upon expanding the permutation tensors using (2.8).
We note that (4.5) has (depending on the signature of the metric) opposite sign from the
A = /gL(R) Euler-Lagrange expression found in (2.33) and is due to the convention used

for the product of two permutation tensors (2.8). As expected, we reproduce the metric

order 0 case when L = —2(—1)%¢, where ¢ is a constant.

4.6 Order 5

We assume AY = A (gap; ©; ©a; Pab; Pave). As with the metric order 4 case, we find the
explicit form of the divergence-free condition (3.3) by starting with the covariant divergence
formula (3.6), substituting the fourth scalar order symmetrization formula (A.2) and using
the right side of equation (4.1) from the previous case to simplify the remaining terms

DAY

0= AT + AT G s+ ATR gy + D Pj

.. 1
= AWikim {gpklmj + [R (9jkPmt = gmiit) + 3 Rim (gju0n — gkl%')] }

OAY

1 | -
+ AT oy + ATy + <8¢ - gngzA”’kl + 3nglz42l’k]> ©;

— Aij;klm(pklmj + Aij;kl@klj + (Az],k . RgmlAij;klm + RgmzAlm’ljk> Okj

1 iksjlm ijskelm A" 1 ijkel | L ilikj
+ = (g A7 — g AV Rimpj + | 5 — 3 Rgn A7 + S Rgu A | ;.
4 9o 3 3

(4.6)
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As A% satisfies the requirements of Theorem 11, AY takes the form
Aij = E':Z‘agjbtpachc + ewejb@actpdec;d =+ Dijab(pab + Eija (47)

where B¢, D4 = piiab — pijba and EY = EJ are tensor densities of scalar order 1 and
B4 = B%¢, Using the invariance identity for a vector density, we may use this last property
to write B¢ = ,/gPi¢, where P = P(gij, 0, i) = P(i,5) is ascalar and S = g™, ¢p. Hence,

we rewrite (4.7) to
AT =\ [ge" T 0oy P + /e e Pacipra PP + DI gy + B (4.8)

and substitute this result into the divergence-free condition (4.6), simplifying the resulting

expression

0= <\/§€ik5ﬂP;m> Okimj + (2\/§ Symij Symy, 5ik6jbcpbdp;l;d + Dz’jkzl) Orij
+ <\/§5ia5jb80abcp;qk+\/_agmgijOacSOde;C;d;k+Dijab;kﬁpab+Eij;k
— V9Rgmi Symyg,, giheil pim 4 VIRGmi Symy ;. ailaij;k) Dkj

1 g . —
+ Z\fg (gkl Sym,, gligklpm _ g Symy,,. slkaﬂP’m) Rimp;

o op© o opisd  gpijab OE"Y
+ |:\/§Emgjb90abca¢ + \/§5w5]b90ac<ﬂbd 8(,0 + 8(,0 Pab + ag@
1 o . .
— 51w <2\/§ Sym,; Symy, e’ ppa P + D”“)
1 , -
+ gngz (2\@ Symy Symy,; €™y P + Dllk])] ©j

_ <\/§6¢k5jb%dp;l;d+Dijkz) ouj + (\/ggmsjb%bcp;c;k +Dz‘jab;k%b | gk
— VIR Symyy,, €% P 4\ [gRgyn Symy €™ P‘k) Prj

1 g , L
+ Z\/?? (le Sy, R Symym, 5zk5jlp’m) Rimpj

9P o gped  gpiiab HE
ia_jb ia _jb
+ |:\/§5 & Pabe 890 + \/§5 € PacPbd 8(,0 + 3(,0 Pab + 890

1 o . y
— 3Rgm (2\@ Symy; Symy, €™ ey P + D”“)
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+ %Rgm (2\/5 Sym;; Symy,; e ppg PP + D )] 2
= Doy + (Dij Wk ooy + EYF — \/gRgn Symy,, el P
+ VgRgmi Symyj, 5il5ij;k> Prj + i\@ <9kl Symy, el P

pPic o op:cd
+ /96" Pucpra 5

o . 0

— g1 Symyg, 6zk€]lp’m> Rinpj + [\/§€w€]b%bc 90

aDijab aEij
+ Pab + )

¥

e
1 . B -
+ 5 Rou (2\/§ Symy; Symy,; el pypq P 4+ DI )] ;. (4.9)

1 o . g
— 3 Bgn (2\@ Sym;; Symy, e’ gpa P + DY kl)

We differentiate this equation with respect to ¢y;; to get

A pic
0 = Symy,, D' 4 /g Sym,,, "%’ 90 ©j, (4.10)

which can be rearranged to the covector equation

D(X,Y,Y,Y) = —/gdet(X,Y) det(ch,Y)g];(;Y). (4.11)

As the kernel of this equation is non-trivial, we return to the divergence-free condition to
extract more information about D¥*. Using (4.10) to remove the third order ¢ terms from

the divergence-free condition, we get the following equation

0= (Dij“b;kgoab + Bk — VIRgmi Symy,,, giheil pim V9RGmi Symy 5”5ij*> %

1 » . o
+ Z\/ﬁ (gkl Sym,,, gligktpim _ g Symy,, . SZkeﬂP’m> Rimp;
o aP;c;d aDijab 8E2]
+ [\@EWEJ b Vactbd + ©ab + 9

dp dp
1 o o .
_ §R9kl (2\@ Sym,; Symy, etk eib gy pilid | Dukl)

1 A o
+ 31tk (2\@ Symy Symy,; e ppa PP + de])] ®j- (4.12)
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We contract this equation with U; and apply the differential operators X,Xj 3 and
Pab
Y .Yy 0 to get
a()Ocd
0=DU,Y, X, X;Y)+ DU X,Y,Y;X) + /g [det(U, X) det(Ve,Y)
P (4.13)
+ det(U,Y) det(Vp, X)] a—(, Y; X).
2

Setting Y = X, this equation simplifies to

0=D(U,X,X,X; X) + /gdet(U, X) det(Ve, X)g];(; X; X).

We note that this equation does not contain new information, as it is identical to the
equation produced by applying the differential operator X aa%a to (4.11). Equations (4.11)

and (4.13) give enough information to fully determine D%/,

Lemma 3. If D% obeys (4.11) and (4.13), then

D(X,X,Y,Y) = /g |2det(X,Y) det(X, w)?;(; Y) + det(X, Y)Q(Z]; +det(X,Y)%Q],

where Q = Q(¢) is a scalar.

Proof. We consider the ansatz

DX, X,Y,Y) = 2/ det(X,Y) det(X, Vi) 5L (:Y)
¥

which has the same symmetries as D%, We define a difference function A

A(X,X,Y,Y)=D(X,X,Y,Y) - D(X,X,Y,Y)

= D(X, X,Y,Y) = 2/ det(X,¥) det(X, Vo) o (.,
2
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also possessing the symmetries of D and D. Utilizing these symmetries, we replace one X

with a Y and use (4.11) to write

P
AX)Y,)Y)Y)=D(X,Y,Y.Y)— |0+ /gdet(X,Y) det(Y, Vgp)g@(; Y)
oP oP
= —V/gdet(X,Y) det(Ve, Y)ﬁ(; Y) = Vgdet(X,Y) det(Y, Vi) 90 (;Y)
=0.
This equation has a non-trivial kernel, with the solution given by
A(X, X, YY) = \/gdet(X,Y)?Q,
where Q = Q(cp, S) is a scalar. Hence, we may write
D(X,X,Y,Y)=D(X,X,Y,Y) + /g det(X,Y)*Q
P -
= 2y/gdet(X,Y) det(X, V(p)g(p(; Y) + g det(X, Y)QQ.
To identify Q, we use the symmetry of D to replace an X with a U
oP OP
+ /g det(U,Y) det(X,Y)Q
: : ;0 : :
and then apply the differential operator X* 3 to this equation
Pi
DUX,Y,Y; X)
oP oP
= /gdet(U,Y) det(X, V(p)%(; Y;X)+ /gdet(X,Y)det(U, X)%(; Y)

oP

+ /g det(X,Y) det(U, Vo) 90

GY;X) + /gdet(U,Y)det(X,Y)Q(; X).
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This equation is summed with an X < Y swapped copy of the same equation

D(UX,Y,Y; X) + D(U,Y, X, X;Y)

= /gdet(U,Y) det(X, ch)gi(; Y; X) 4+ /gdet(X,Y) det(U,X)gl:(; Y)
+ /g det(X,Y) det(U, w)a—P(; Y; X) + /gdet(U,Y) det(X,Y)Q(; X)

I
oP oP
+ Vg det(U, X) det(Y, VSD)%CX;Y) + Vg det(Y, X) det(U,Y)%(;X)

+ /g det(Y, X) det(U, w)aj(; X;Y) + /g det(U, X) det(Y, X)Q(; Y)

dp
= /gdet(U,Y) det(X, V«p)gf;(; Y; X) 4+ /gdet(U, X) det(Y, Vgp)g];(;X; Y)
+/gdet(X,Y) [det(U7 X)gi(; Y)— det(U,Y)gf;(;X)}

+ /g det(X,Y) [det(U,Y)Q(; X) — det(U, X)O(; y>} .
We simplify the terms in brackets using the Jacobi identity (3.16)

D(UX,Y,Y;X)+D(U,Y,X,X;Y)

= /gdet(U,Y) det(X, ch)g];(; Y; X) 4+ /gdet(U, X) det(Y, Vgo)a—P(;X; Y)

dp
+ /G det(X, V) [— det(x, ) 2L U)} + VG det(X, V) [det(X, Y)O( )

O
oP oP
= /gdet(U,Y) det(X, ch)%(; Y; X) 4+ /gdet(U, X) det(Y, Vga)%(;X; Y)

oP

+ /g det(X,Y)? [ — 8@} GU).

Comparing this result with (4.13), we see

where @ = Q(¢) is a scalar. O
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In index notation, Lemma 3 states that D7 takes the form

;b

g 9P
Db = 9. /g Sym;; Sym,;, £ ¢

. OP o
3 + /g Sym,, 5“153(’6— + /g Symy, 9e7°Q,  (4.14)
P P

where ¢! = ;. The vector ¢’ obeys the following identities

Pl =i =0,
QDifz'j = Eik(/?lcgij = (—1)%p; (4.15)
Plpwi = 5ij90jgik5km90m = (_1)q9jm90j90m = (=1)7S.

Returning to the divergence-free condition (4.12), we remove the terms quadratic in

©ap using (4.13) and get (leaving DY unchanged for brevity)

0= (Eij;k — V9RGmi Symyy,, gikeil pim 4 VRgmi Symy ;. sﬂeij?k> Okj
1 g , o
+ z\/‘a (gkl Symjlm &J]Eklp’m — Gkl Symklm Elkaﬂp’m) R‘mQOj

[ dp e + 0 §R9kl (2\@ Symy; e"%e7* P g + Dzakl>

(4.16)

1 , . o
+ gngzl (2\/§ Symil Symkj gzaslkpwd(pac + Dzlk]):| ©;.

We expand the symmetries and simplify the first term in (4.16) to get

(Eij;k — V9Rgmi Symyg,, gkgitpim 4 V9RGmi Symy . 8”5ij;’“> ik
= [Eij;k — %\@Rgml (5iksij;m + ghgimpil 4 gilgik pim 4 gilgjm pik y imojk pil
+ EimaﬂP;k) + %\/ﬁRgml (aileij;k + gllemh pid 4 gligmlpik | gij gmk pil
+ gthemi pil 4 eiksmlP?j)] Pk
= {Eij?k — %\/gR [gmle"ksij;m + (—1)qgijP?k} + é\/ﬁR (—gijP?]~C
+ gmﬁijsmkp;l) } ik

_ {E”’k - 3VoR [gmlflkgﬂp’m + (—1)qg”P”°} } Pk
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_ [Ez],k _ g(_1)q\/§R <gZ]PJ€ _ngP,z _|_ng7k)] Dk

_ [Ez],k - g(_1)q\/§R (2gsz,k o g]kPﬂ)] Piks

while similar procedures simplify the second

1 .. . o
Z\/ZJ (le Symjlm gt pm — Gkl SYMyym, Ezkf'?]lp’m> R|m90j
— ﬂ\/g [gkl (5235’“}77’” + €Zj6kmp’l + 5zlglf]P,m + 6zlekmp,j + 6zmeklp,g + 8zm€kjp,l>
— g (Eik&_jlp;m 1 gikggmpil 4 il gk pim il gmpik | im_jl pik Eimgjkp;l>]

X R|m30]
1
— VY

- |:2(_1)qgijp;m + 2gk16ik€ij;l + 29kl€im€ﬂp;k} } R|m(pj

{ {gklgijgkmp;l . (_1)qgijp;m _ (_1)qgimP;j + gkl€im€kjp;l:|

_ L
24

- QleEik€ij;l:| R‘mgpj

7 [gkzsije’“mP” —3(=1)1g7 P — (=1)g"" P + 3(—1)gc"" " PY

_ (_1)(1 g [(gjmp;i _ gimp;j) _ 3gijp§m _ gimp§j +3 (gij;i — gijp;m)

24
—9 (gijpm”b _ gimp;j)} R\mSOj
(71)(1 im p;i iJ pym
—7\/5(49 P — 8¢ P™) Ry
(—1)

= VI (g P =207 P™) R,

and third terms

aDz‘jab aEij 1 o N )
{aso%b + Dy gngz (2\@ Sym,; e%e7" Pl g + Dwkl)

1 ) L .
+ gngl (2\/§ Symil Symkj clalk picii Vac + Dzlk]) :| ©;

o Dijab OEY 1 o o . .
— { _ *ngl [\/g <€za€]k +€]a€zk> P,c,l(pac _’_Dz]kl:|

8(,0 Pab + 8(,0 3

+ gngl |:2\/§ <€Za€lkp707] + Ezagljp,c,k + Elagzkp,c,j + é_laé_z]P,c,kz) Pac + Dzlkg:| } 0]
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oDiab OEY (1)1 y o . L
= [ 9, Pt 5 (3)\/§R (gkz(g”g“’“ — 9% g7 + gr (g g™ — g7* gza)> Py,

1 iy —1)4 o N B -
— gngll)z]kl 4 <6)\/§R (0 _|_gkl(gzlgaj _ gmgaZ)P,C,k _ gzaP,c,]

+ gkl(gzlgya . g]lgza)P,c,k) Dac + 3nglDzlk]:| ©;

oDiiab OEY —1)4 o o o o
— [&pspabJr 680 - ( 3) \/gR (gzgp,c,zz 7gjaP,c,z +gz]P,C,a *ng’C’J) Dac

+ ( 6) \/§R (ga]P,c,z o gz]P,c,a _ gzaP,c,j +g]aP,c,z _ gzaP,c,]) Pae

1 g -
+ 5 R (—D”’“l + D’”‘“)} Pj

aDz‘jab OE —1)4 S o o
= [&p%b + Do - ( 3) VIR (QQZ]P’C’a — g PS — gmp,cd) Dac
—1)7 N 1 3 N
+ (6)\/§R (2gaJP7m e L ngP@J) Dae + gngl(_Dwk‘l + Dzlk]) ]
oDijab OEY 5 o 9 -
- ( 9p Pt o, o (CDWVGRGI P pue + S (= 1)TVGRG P g

1 » 1 .
- gngzD”kl + 3ngzDZlkj> ®j-
Using these simplified expressions, the divergence-free condition (4.16) is now given by

- [EW — VR (29”13’]6 B g]kpyl)} o+ 6) V3 (67" P = 2g7 P Ry
aDijab aEzj 5 L 9 o
+ ( oo et S, g (T DIVIRGIP pac + S (=1)TVgRGY P e

1 o -
— gngzD” ko gng;zD”k] ) ©j.-
(4.17)

We apply the differential operator U; X; X k% to this equation and solve for the derivative
J

of EY with respect to oy,

B(U,X: X) = 3(-1)"VGR 29U, X)P(X) - g(X. X)PGU)] - 52 (V.94 X.X)

+ 2GR, V) PG X5 X) — S(~1)VGRg(X, Vo) PG U X).

(4.18)
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We expand the symmetry of this equation by setting one X to Y and sum the resulting

equation with a version which has X and Y swapped

B(U.X:Y) + B(U.Y5X) = { S VIR0, X)PGY) + 20(0.Y)PGX) ~ 29(X.Y)PGU)

5 2
+ gx/ﬁRg(U, Vo)P(; X;Y) — §\/§R9(Ya Vo)P(;U; X)
oD

UVp, X,Y).
(9(10(7 ®, 7)

2
- SVARICX.TOPGUY) (1)1 -2
We create two additional copies of this equation by cyclically permuting U, X, and Y

B(X,Y5U) + B(XUY) = { 3 VAR RI(X.Y)PGU) + 20(X.0)PGY) - 20(¥.0) PG X)]

5 2
+ gx/ﬁRg(X, Vo)P(;Y;U) — gx/ﬁRg(U, Vo)P(; X;Y)
oD

X, Vo, Y, U
8@(7¢77)

- SVARIY. VPGV | (1)1 -2
B(YLUSX) + BY,X50) = {3 VAR Y. U)PX) + 20(Y, X)P(U) — 29(U, X)P(Y)

5 2
+ gx/ﬁRg(Y, Vo)P(;U; X) — §\/§R9(X> Vo)P(Y;U)
oD

Y, Vo,U, X).
890(7 », U, )

- SVARAUVOPGYX) | (1)1 -2

We sum the first two equations and subtract the third, with the left side of the resulting

equation given by 2E(U, X;Y). Dividing both sides of this equation by 2, we get

E(U,X;Y)

- (_21)(’ {g\/gR 29(U, X)P(;Y) +29(U,Y)P(; X) - 29(X,Y)P(;U)]

+ 2 VGRy(U, VPG X;Y) — 2 JGR(Y, Vo) PGU; X) — 2 \/gRe(X, Vo) P U3Y)
+ 2GR [29(X, Y)PGU) + 29(X, U)PGY) — 29(Y,U)P( X)]
+ 2 VIRI(X, VR PGYU) = 5 JGRA(U, Vo) P X5Y) = 2 GR(Y, V) PG X U)
— 2 VaR26(YU)P( X) + 29(Y, X)P(U) — 26(U, X)P(:Y)]

- gx/ﬁRg(Y, Vp)P(;U; X) + %x/ﬁRg(X, Vp)P(;Y;U) + %x/ﬁRg(M V) P(; Y;X)}
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1 oD oD oD
— | —2—(U. XY)—-2—(X Y, 2—(Y, X
+5 (220 x7) -2 (X, Ve YD) + 252 Ve U X))

= (1) { VAR BV X)PGY) - Y. U)P(X) - g(X.Y)P(U)

+ 2 VARI(U. VPG XSY) + 2 VaRI(X. )P YiU) ~ SVGRAY. VPG X:U) |

oD oD

D
_ = XY)- = iy X).
&p(U,Vso, ,Y) 90 (Y,Vp,U, X)

d
X, Ve, Y,
( 7v()07 7U)+a(p

Switching back to index notation, we substitute for D% using (4.14) and expand the

symmetries

4 .5 3
Ez‘]’k = (_1)(] <2\/§Rgsz7k — g\/gR Symw _g’LkP7'7 + g\/gR Symw SDI.F)"]J€ — 2\/§R(’0kp,’b,j>

Diajk 6Dkaij
— 2Sym,; W(’Da + W@a

. 4 -t o 3
= (—1) (2\/§ngpzk ~ 3VIRSym;; g* P 4 VIR Sym;; g - \/§Rg0kP’W>
1/( . ,0°P#* 2pik b 02DV p ; O°P
- QSymz] \/g |:2 <8U902 8()02 + ‘Eaj i a 2 + &' SOZ a 2 + & 901 8Q02 >
1/ . - %P 1 0% pii - 0%Pi
+ 3 (5”5‘““ + 5‘”5”“) <5802 + Q/>] Yo +/9 [2 <Eklﬁpf 02 + g%k 05?2
o2 pit L 02P IR i) [O?P
+eMipr——r 9.2 + ¥k 9.2 ) t3 (6’“5‘” +56”5k]> ( +Q >]

1;' . 4 l .« 5 i one .Z'.'
=(-1)1 (2\/§R9 TPk — 3 VIR Sym;; g "PI+ 3 VIR Sym;; ¢ Pk — 5\/§R¢kp’ ’J>

1 I AN P
+2 Symij \/g I: (90*90* 8 + PsPx agpg ) + 3 92 (E 90* + g' (P*) <8g02 + Q ):|
1 02 02 P 1 ki 82
_\/§|:2(90*(p*8 +90* *82 +2(€ ()0*—’_8 ¢*> +Q

= (1)1 <2\/§RSJ”P’k - *\/§R Sym;; g™ PY + 3 V9LiSymy, SOZP’M - 2\/§Rs0kP’Z’J>

02 pik ; R O0PP v i [OPP
+Syng\f[()0*90* 3 2 +90*90* a +5Zk903( <8(F)2+Ql>]

RO2PI (9P
— Symy; /g [%0* 92 + &%l <a¢2 + Q’)}
= (—1)¢ <2\/§R9”P’k - g\/ﬁR Sym,; g* P 4 g\/ﬁR Sym,; v - 2\/§RgakP’Z’7>

i PPE o e ki (PP o 4
+\/§90*90* 8902 + \/§ yrnij8 P a(pQ +Q ) ( '19)
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we rewrite the third and fourth terms in parenthesis

dQ@ y .0
wh "= =, Using P* = 2p"—
ere ) s sing © 55"

2\/53 Symy; @' P — %@ch’fpﬂ%f
5 (o L OP o’P\ 3 opP o0*p
= ~/gRSym,; ¢ ( 2¢’ 47 o - 29" —— + 4¢p'p)
5 VIl Symi; ¢ ( AT as2> N ( T 052)
10 oP L O2P LOP L O2P
= —/gRSym;; g%, Ryl ok —— — 3,/gRg"
5 VRt Sym;; g cpaer f woasg V9 9085 GwacpwaSQ
5 . PP
= g\/ﬁRSymij gF P4 f\/ﬁchlgojgo ﬁ — ffR i pik
oP i 0P

5 e 2

= = /gRSym,; ¢’F P gRp I — GRS
3 O\ k
+ (‘2\/§RQ”P>

5 (1 . 0P 3 RN | I
= 3vV9R Symy; g P+ <\ng¢¢]85 - \/§Rg”P> — 3 VGR Symy; gk P

4 % i 0P o\
- §\/§R8ymz’jgjkp’ + < VIR %_ng]P> :

as well as the fifth term

: ~82P;k : 62P ik ; 82
\/ESD*SOiTQOQ = <\/§¢*<’Oi8@2> —V/ge kSO*T — /g jk
2

92\ . 0P
= (ﬁ@i@lw) - 2\/§Symij e’ 90157802
We substitute these changes into (4.19), yielding the following equation

oy T4 .
Bk = (~1)4 {2\/§Rg”P’k ~ VIR Symy; g PV + [\@R Sym,; g7 P

OP , jO*P
( waso—\ng”P> } < PP 2)
0%p
—2,/gSymy; 5%*8 2] + 2,/g Symy; 8”“90*( >
ii ik i 8 3 i 82 ik
— -vrvarg P + [ S ViR G0 - Sevnvarg TP + Vil S

+ (Vaeiel) "
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oP (—1)¢ . . O’P
= )\fR” S+(2)\/§RQ”P+\/§¢1¢*82+W¢*¢ :

with the expression in parentheses equal to E% [the integration constant of F¥ = F¥(g;;, ¢)
= /99" F, where F = F () is a scalar, is absorbed into the definition of P]

(—1)¢ ;0P 0?pP (— )

EY = 7[1’%@ T \pr*ﬁ +V90.0lQ + ~——/gRg" P. (4.20)

Returning to the divergence condition (4.17), we use (4.18) to remove the second order ¢

terms, yielding

(1) im i oqij pim oEY 1 ikl | 1 ilkj
0= 6 \/§(9] Pt —2g9 P )R\m90j+ %—gnglDJ +§R9k1D e
(4.21)
Setting ¢ = R, we simplify this equation using (4.14) and (4.20)
—1)4 o i OEY 1 1 il
0= 7( ) 9 (¢ P — 297 P™) Ry, Ry + <8R - gngle’” + 5 RowD ”ff) R
( ) li oprP i oP (—1)4 i plj oP (_1)q 02P
2 1 4 ? ? J__— ‘7’ |.7 _
VI\ 2SR G — SR s ) T\ e VIR R g Ty VORRTRY 5as
;O°P i 1 (_1)q j (=1)¢ ) oP
% P ig ot
+fR 8R3+[R L Q"+ V99" P+ ~—"./gRg o
1 0 1iy O2P oP
_ 4 ik \*] |l ik _jl ik ]l
3ngl<\/§sym”5 RiR' 5 mms +V/gee 8R+\f5 £
1 ik plt i O°P ik _1;0P
+ 3ngl <4\fsymzl SymﬂcE Ry Rl]é?RaS + \/§Symjks 5]£
+ /g Sym,, 5““5”@)} Rj;
(- ) b (— )¢ I (= ) i O°P (—1)¢ i
—_ _ X 7 17 27 7 ’LP
VISR + VISR 4+ VISRRI' oo +0+ /g
( ) \zaP 1 ik pli pl Jk pli p|l &*P

+<—1)W§9“+<‘1)q\/§gm] [\f gut (< RYRI + 9 RL R 4 RERY

+5”R|*R|’“) 5535 T 3 fgkz (5 keld +ajslk) o T 3VI9m (5 keli
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+ 5”5”“) Q] } Rj;
(=1) i O°P L& ) (= ) i0 i plj
= L VGSRRI S+ g — fRR' 3R (- [2va (RLE:
2
+ Rl \J) 82§S+(1)q\/§gij+(1)q\/§gijQ} +{\/§ [—(—1)qR‘iR‘j+0+0
- RiRg) 2L f[ (-1 >g”+0}6 f[ - >g“+0}Q})RJ-
—1)¢ - H? — _
_ﬁRIiQ_\/gSRIZ%_E\[ |Z \/§RIZQ>
(=1) i PP (=1)1 i ( ) ;0P (=1)1 ;0P
7fSRR| 5Ros T 3 VIRIP + fRR' T\/§R1%| R
(=17 i PP (=) i
~ 5 VISRR'ghas — 5 VaRR'Q
- (_21) VIR (P — RQ).

We observe that the divergence of A% vanishes if P = RQ or R; = 0. In the first case, P is
a function of R only and A% reproduces the metric order 4 case (4.5) (with the Lagrangian
L implicitly defined via the equation R?Q = RL' — L), while the second case requires R to
be covariantly constant and hence A% is at most of metric order 2. Therefore, there are no
symmetric, divergence-free, contravariant, rank 2 tensor densities which are fifth order in

the metric.
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CHAPTER 5
CONCLUSION

In this thesis we presented a novel formula for the Euler-Lagrange expression of any
natural Lagrangian which depends on a metric and its derivatives to arbitrary order in
two dimensions, described the highest order terms for all symmetric, divergence-free ten-
sor densities dependent on a metric, a scalar field, and derivatives of the scalar field to
arbitrary order in two dimensions, and classified all symmetric, divergence-free tensor den-
sities dependent on a metric and its derivatives up to fifth order in two dimensions. The
formula for Euler-Lagrange expressions was derived using standard calculus of variations
techniques, though the use of Theorem 1 to replace derivatives of the metric with the cur-
vature scalar and derivatives thereof is, to our knowledge, new. The highest order terms
for symmetric, divergence-free tensor densities were found using techniques from invariant
theory, constraints produced by limiting the problem to two dimensions, and the sym-
metrization formulas of Appendix A. The same procedures are used in the classification
results of Chapter 4, with the explicit symmetrization formulas for these lower order cases
allowing for a complete solution in each case.

While the Euler-Lagrange expression formula (1.27) is applicable for Lagrangians of any
metric order, an explicit verification of the divergence-free condition (2.32) for all metric
orders is missing from the current work. The primary obstacles for this calculation are the
covariant derivatives of the S tensors, as these tensors contain explicit references to the
Lagrangian and require multiple applications of the chain rule to evaluate the covariant
derivatives, and the non-trivial algebraic manipulation required for the left and right sides
of (2.32) to be represented by the same expression. Also, we note that Theorem 10 can be
easily modified to work in any dimension for Lagrangians of the form A(g;;; R; R);; . . .) by not
substituting the two dimensional form for the Ricci tensor in the variation of the curvature

scalar (2.23). The remaining calculations which lead to the Euler-Lagrange expression
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(2.30) are (using an appropriately defined action) dimension-agnostic and yield the following

theorem.

Theorem 13. Let A be a Lagrangian defined on a manifold of finite dimension. If X is
dependent on the metric, curvature scalar R, and (symmetrized) covariant derivatives of R

to some finite order, then A = /gL and the Euler-Lagrange expression for X\ is given by

oA
5gab

1 1 oL
= ax7b _ _ab _ pabd - (ab)e _ qeabd —ab
NG [(V VPi—yg D) ER(L) = RER(L) + 5 (25 S )|c oyl 99ab]

The main result of Chapter 2, Theorem 10, is a special case of Theorem 13, as only in
two dimensions do Lagrangians of the form A(g;;; R; Ry .. .) coincide with Lagrangians
dependent solely on the metric and its derivatives (via Theorem 1).

The results of Chapters 3 and 4 can, in principle, be extended to any finite order.
However, as can be observed in Chapter 4 and Appendix C, the algebraic complexity of
the problem rises rapidly as the order of the candidate tensor increases. Ignoring the work
performed in Chapter 3, we observe that the metric order 2 case required a single calculation,
the order 3 case took two short calculations, the order 4 case took a page and half, the order
5 case required thirteen pages of work, and the (incomplete) order 6 case fills up 78 pages. A
reasonable limit for “by-hand” calculations appears to be sixth (or possibly seventh) metric
order and the steep trajectory of work involved suggests that even software-based aid would
become insufficient shortly thereafter. For tensors of arbitrary scalar order, expanding each
of the terms in (1.28) from Theorem 11 to their fullest extent (a full categorization of
symmetric, contravariant, second rank divergence-free tensor densities in two dimensions)
would require a complete version of (A.5) (see Appendix A for the complications involved)
and the algebraic difficulty of the ensuing system would be considerable, if not completely
intractable.

On the surface, extending this work to higher dimensions appears to be even more
difficult. The method used to derive the Euler-Lagrange formula from Chapter 2 should
work in higher dimensions, with the scalar curvature replaced by the Riemann tensor,

though the additional indices will complicate the situation. Moving to Chapter 3, it should
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be possible to find an analogue of the (fully symmetrized) divergence-free condition (3.3)
in terms of the metric, Riemann tensor, and covariant derivatives of the Riemann tensor,
which would work for any dimension. Even if the covariant derivatives are symmetrized
with appropriately modified symmetrization formulas, the Riemann curvature tensor itself
is not symmetric, which complicates the production of a condition analogous to the cyclic
identity (3.10). This cyclic identity lead to the linearity condition, Proposition 1, which is
predicated on Lemma 1 and its two dimensional proof. Absent some higher dimensional
analogue to the lemma, this issue appears to kill the current approach entirely. Even if
these problems have a resolution, the algebraic complexity of the resulting system would be
astronomical, likely precluding any feasible solution to the problem using this method.
Our results do suggest one possible avenue for producing a non-variational, divergence-
free tensor density. In particular, the index interchange symmetry for B% % given in
Theorem 11 is equivalent to stating that B % = T5%3 % that is, B* % is the curl of a

scalar T'. Using this result, equation (1.28) from Theorem 11 may be written in the form
AY — (Vivj _ gijD)T—i— Dijalmar_?)()oalmar,g + Eij,

where T', DU ar—s and E¥ are of scalar order r — 2. We note that the decomposition
(1.15) mentioned in the introduction is this expression with the identification ¢ = R. Unlike
the leading two terms of (1.28), D134, . and E¥ are not necessarily curls of the
scalar T' and so do not become completely absorbed into the derivatives of T'. Additionally,
the derivatives of T' produce lower order terms which must be taken from DY =3,
and E% producing the modified tilde versions of these tensors. We note that the original
form given in Theorem 11 is more useful in the context of Chapter 4 (all of the tensorial
quantities are symmetric, which makes computing derivatives of the expression easier) and
so have chosen to present that form as the primary version of the theorem.

We can go further and pull an additional term of the form —% ¢" RT from E' producing

the following corollary to Theorem 11.
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Corollary 6. Let AY be a symmetric, divergence-free tensor density defined on a two
dimensional manifold. If AY is dependent on the metric, a scalar field o, and (symmetrized)
covariant derivatives of the scalar field to some finite order k > 2, then AY admits the

decomposition

. L .. 1 .. ~ .. z ..
A9 — (vzvj _ gUD)T _ 5gURT + DZ]al‘..aT73<)0a1---a,«,3 4+ EY
= (V'V? —¢¥Y0O)T — §g”RT + XY, (5.1)
where T and X% are scalar/tensor densities of scalar order k — 2 and k — 1, respectively.
Additionally, XV is (at most) linear in k — 1 derivatives of .

This result bears a striking resemblance to the formula given in Theorem 10

S\ PR 1 .. 1 g g 1 .. oL
_ i _ 90 En(L) — —d 9 RE~(L — (99GNk _ gkij Z497,
Sor, = V9| (V'Y = 0) Ba(L) — 59" RER( )45 (28 —5M) 45 il
(5.2)

and, unsurprisingly, the two decompositions do coincide when we identify ¢ = R and A%
is variational, e.g., the metric order 4 case (4.5). Unfortunately, this corollary provides no
information about T" beyond its scalar (or, in the ¢ = R case, metric/curvature) order and
it is not immediately obvious if T' = SR for some natural Lagrangian A = ,/gL. Indeed, as
mentioned earlier in this conclusion, it is quite difficult to prove that A%, and therefore T,
is variational for even relatively low metric orders.

Conversely, Corollary 6 suggests it may be easier to produce a non-variational coun-
terexample by a direct calculation instead of a categorization approach, as was attempted
in Chapters 3 and 4. The divergence of (5.1) can be easily adapted to the calculations given
in equation (2.31), which leads to the following divergence-free condition for A%

A%

lj

1 .
=0 — 5R‘ZT = X, (5.3)

As such, a possible avenue forward would be to start with a known, non-variational scalar

(density) T and then construct a compensating tensor X% such that the above divergence
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condition on X% is satisfied. {This venture is made slightly easier by noting that X% is
(at most) of metric/curvature order one higher than 7" and is linear at this highest order.
We note the difference between this situation and the similar, but erroneous, decomposition
produced by Deser and Pang [24], which used the same metric order for 7" and X%.}
The tensor A% constructed from T and X% using (5.1) would then be guaranteed to be
divergence-free.

We stress that any tensor A% produced by this method is not guaranteed to be non-
variational, as it may be possible to rewrite terms from X% as the derivatives of a different
scalar T, producing a variational decomposition for A% in the form presented in Theorem
10. Candidate tensors produced using this method would likely need to be checked using
the Helmholtz conditions, the necessary and sufficient conditions for a differential equation
to be variational (see, e.g., section 5.4 of Olver [27]), and this calculation would constitute
a considerable undertaking in its own right. Still, if non-variational tensors A% do exist,
a clever use of this approach may produce a counterexample faster than any attempt to
categorize every divergence-free tensor by extending the techniques used by the authors in
the literature review or the methods given in this thesis.

The divergence-free condition (5.3) also suggests that it may be worth investigating
tensors of the type X% on their own merits; that is, those tensors which are linear in their
highest (curvature) scalar derivative and have divergence proportional to Rl (a metric order
5 example of such a tensor is given in Appendix D and was produced using the analysis in

Chapter 4).
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APPENDIX A
SYMMETRIZATION FORMULAS

Many of the computations performed in this thesis require the covariant derivatives of
scalar fields to be fully symmetrized, e.g., @abed OF R|(apcq)- Differentiation with respect to
and simplification of expressions involving these symmetrized derivatives then proceeds in a
relatively straightforward manner. However, any additional covariant derivatives will break
the symmetrization (e.g., Papedie) and terms of this sort must be fully symmetrized before
the previously mentioned differentiation and simplification can be performed.

We now derive a series of formulas which allow us to express terms of the form ¢)1); =
¢r1j, where I =1i;---is is a multi-index, as a fully symmetric derivative term ¢|7;) = ¢r;
and a collection of fully symmetrized, lower scalar order terms that describe the deviation of
the original expression from full symmetry. This reduction in scalar order is obtained using
the Riemann curvature tensor commutation formula (1.2). As we shall see, as s increases
these formulas become increasingly recursive, requiring reference to lower order formulas to
arrive at a non-recursive formula (which we have failed to find for the general case).

Since the first two covariant derivatives of a scalar field commute, we start with s = 2,

or third scalar order. This formula is found by the following computation

Plklj = Pkllj = Pklj T Pkilj — Pklj
= Pklj T Prij — % (S%uj + Prjj T <Pj1|k)
= Yk1j + Prlj — % (¢rij + 2 Symyy pip)
= Yk + % (<Pm|j — Symy, S%ju)
= Ppij — %Symu (P1ejt — Pirij)
= opij + %Symkl Ry%jipe
= Prij + %Symm R (g;x07 — gix65) e
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1
= Prj T3 Symy, R (9jk1 — qie;) - (A.1)

The fourth scalar order case proceeds in a similar fashion

Phkim|j = Pkimj T Pkim|j — Pkimj
1
= Pkimj + Pkim|j — (Soklmb + Pkijim + Pkjm|i + (lem|k)
3
= Phimj + 7 Symy,, (Primlj — Prtjim)

3 1
— SyMyp, | Pkim)j — 3 (@kzu + 2%;‘1)4

= Qkimj 1

3 [ 1
= Pkimj + 1 Symyy, Pkim|j — 3 (<Pm|j + 285 — QRijZ‘Pe)m:l

3 [ 1
= Pkimj T+ 1 Symy,y, Pkim|j — (390k1|g 2Rk€jl¢e)|m]

3 2
1 SYWprm | Prifms — Priljm T 5 (Rkeﬂ%)m}

= Qkimj +

3
= Pkimj + 4 Sy, | —2R;° mjPel T 5 3 (Rk jlPe |m:|

= Qkimj T SyMyy, [ RS jmPel + Rk jlPe |m]
1

= Pkimj + SyMy, R (9jk05 — gmid5) et + = [R (95107 — gin65) e m}

W

1 B (Ginemt = gmipt) + [R (9j1Pk —gkz%‘)hm}

= Pkimj + Symklm

3
= Pklmj + Symkzlm {

3 1
1 B Gikemt = gmieji) + 7 Bim (9j00k = 91aps)

+ 4R (9j196m — gkz%m)]

1
= Qkimj + Symy,, {R (GjkPmi — Gmkji) + 7 8im (gjier — gwj)] ; (A.2)

as does the fifth scalar order case

Pkimn|j = Pklimnj + Pkimn|j — Pklmnj

4
= Pimnj + = SYMytmn (Primnlj — Crimjin)

4 1
= Pklmnj T+ 5 SYM i | Phimnlj — 1 (Spklm\j + Pki|jm T 290\kjlm)|n
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4
= Pkimnj + - Symklmn

5 Pkimnl|j — kalmu + PEl|jm +2 (Sokl|j Rk:ejl@e) |m:| n}

= Pklmnj + - Symklmn Pkimnl|j — ‘Pklmu + S@Id\]m - (2Rkejl@e>‘m} |n}

5

(2Rk jl‘pe

= Qkimnj + ¢ Symklmn Pkimnl|j — 490klm|jn - (6Rkejm90el)‘n

4
= Pklmnj + Symklmn {(pklmnb @klmb +3 (@klm\] 2Rkejm(pel)
(2Rk jl(Pe |mn }

6
= Pklmnj + Symklmn |: (pk’lm\jn - SOklm\nj) + g (Rkejmsoel)‘n

2
+ g (Rkeﬂg)e) mn:|

6 2
= Phimnj + SYMyyn [ (R juspeim) + = (BiSjmpet) , + 5 (Bajie)
3
= Pklmnj + Symklmn { g]kéfz - 5]e'gkn) (pelm] + 5 [R (gjk67en - 6]egkm) Soel] In

1
+ [R (9167 — 059m1) ©e) |mn}

6 3
—R(gjxPnim — GknPjim) + =

= Qkimnj + Symklmn {5 5

1
+ 3 R~ )

(B (gjkpim — Grm®5i)]},

6 3
= Pkimnj + Symklmn |:R (gjkgonlm - gkn@jlm) + g (R|ngjk80ml + jok’gplmn

5

1
- R|ngkm90jl - ngmsﬂjln) + 5 (R\mngjk(pl + 2R|m9jk<ﬁln + jokcplmn

- R|mngkl80j - 2R\mgkl90jn - ngl¢|jmn):|
6
= Oklmnj T SYMpmy, 3R (gjkPnim — GenPjtm) + Rin (GikPmi — GkmPit)
1 4
+ 5R|mn (gixe1 — gripj) + gR (9jkPrmn — gkmso\z]'n)
6
= Phtmng + SYWkimn | = B (9jkPntm — GknPjim) + Bin (9jkPmi = Ghm2jt)
5

1 4
+ = Ry (g5k01 — grisps) + gR [9ixCtmn — Gkm (Plijn — ©jin + Pjin)] }

= Qkimnj + SYMppmn {QR (9kPimn — Gr1Pmnj) + Rpn (9ikPim — GriPjm)
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1 4 1
+ §R|mn (gjxe1 — gripj) — 5ngm Plign — 3 (20115 + ©jing)
= Pkimnj + SYMpimn [2R (9ikPumn — Gk1Pmnj) + Rin (GikPim — Gr1$jm)
1 4
+ 5R|mn (gjk()ol - gkl(pj) - Bngm (‘P|ljn - ()0|lnj)
= Pkimnj + Symklmn |:2R (gjk’gplmn - gkl@mnj) + R\n (gjk’QDlm - gkl@jm)
1 4 .
+ 5R|mn (gjxe1 — grip;) + ERka (R jnpe)
= Pklmnj + Symklmn |:2R (gﬂ“plmn - gkl‘Pmnj) =+ R\n (gjkﬁplm - gleij)
1 2 2 e e
+ 2 R (95101 = 911 p5) + 75 B G (95107, — gin05) e
= Qkimnj + SYMgpm, [QR (GjkPtmn — Gk1Pmng) + Rin (9iktm — Grivjm)

1 2
+ 5R|mn (gjrer — griej) + f,)Rngz (gjmspn — gmn(pj):| : (A.3)
The general s 4+ 1 case for a multi-index I =iy ...145, with i, = Piy.iv_1|jir.ia1> yields

P15 = Prj T eI — @iy

=15+ H% Sym; <901\j - ‘Pjs|is)
s 1

=1 Sy [W'j s (‘Pfs T T e 2‘9f2>|¢j
s 1

= o1+ S Symy {sou -3 [sol; +op ot

+2 (@iliﬂ - Rileﬂ2¢e>|i3“'is—1} Z}
1
S
1
S

—2(R;, %, 906)\1'3""'3—1} is}

s 1
= 1y + 7 Symy {8013' -3 [%01; i, o Ao, — 3 (2R, iy Pein)

—2(Ry, 906)\1'3"'7?5*1} is}

s
=75 + 8-1-71 Sym; {gajj — [QOfS + Yi, IS 3(Pj3 -2 (Rilejig()oe)lig...isil} Iis}

S
= r o Svmy {801 i~ [Spfs i+ 3 (irisily — 2R, iy Pein)

[ig--ds—1

|i4...i571
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5 1
= ey Sy <<P1|j T {8901; —(s—1) [(s — 2)Rz‘1€jisfl%i2'““*2}
—(s—2) [(S — 3)Rz’16ji572906i2.~is_3} lis—1 — -3 (2Rileji3(p6i2)|i4"'is_l
—2 (Rnejiz 906)\1'3"'735*1 }Iis>
1
=yt o Symy | = (@iy iy s |jis = Piria aling) T (5 = D(s = 2)

X (Rilejz's,ﬁpeiz--n‘s_z) + (s —=2)(s —3) (Rz‘lejis,g @eiz~--is_3>

|i5 |'L‘571is

+ .-+ 3(2) (Rilejig, Speiz)

1

s+1

+ .-+ 3(2) (Rileji3¢6i2)‘i4”'is +2(1) (Rheﬁg@e)i&--is]

lig-is

+2(1) (Rilejig Soe) is---is]

=15+ Sym; [5(5 -1) (Rilejz'ssoeizmis_l) +(s=1)(s—2) (Rilejis,l%izmis_z>

ls

1
= @15 + AT Sym; {S(S — 1) [R (gjir Pin-is — inis Pjin-is1) )

+ (5 = 1)(5 = 2) [R (jir Piz-rivms — Giriems Piinvinca) s, T

201 [R (950,91 — ginia?i) )y, } . (A.4)

We observe the full symmetry of the ¢ derivatives inside the parentheses but note the
covariant derivatives outside the square brackets do not lead to fully symmetric terms
(the index j is symmetric with respect to only the interior indices, e.g., the expression
SYMy @jiyis|ig-i, 15 only fully symmetric over the first three indices). For any finite s, it is
possible to reduce (A.4) to a form analogous to that of the low scalar order solutions (A.1),
(A.2), and (A.3), though reaching this solution is difficult. The application of the covariant
derivatives outside the bracketed expression to the second term inside produces expressions
that must be symmetrized for s > 3 as the index j is not automatically symmetrized like the
remaining indices (as can be seen in the derivation for the s = 4 case, starting with line 13
and the term ¢)j;,,). On the brighter side, the derivatives of R that arise from differentiating
the bracketed terms are automatically symmetrized due to the symmetrization on the index
I (remembering that we eventually want to perform the replacement ¢ = R so it is important

that all such derivatives are symmetrized).
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Inspecting (A.4) and comparing this result with the lower order formulas, we see that
the simplification procedure will produce terms which are linear in derivatives of , with a

general form of

Piyoivlj = Pirwing T SYM (PjiyPigeiy — QiyigPigering + =+ + Pjiyoip1 i — Qiyoin05) 5
(A.5)
where, for 2 < k < r, the coefficients F,,...q, and Qg,...q, are tensors dependent on the
metric, scalar curvature, and symmetrized covariant derivatives of the scalar curvature. As
previously mentioned, finding the explicit form for the coefficient tensors is challenging.
For example, examining the final term in square brackets from (A.4) and noting the
symmetry of the 7 indices, we observe that the outer covariant derivatives follow a binomial

expansion when applied to this term

Sym; [R (gji1 Piz — Giriz @j)]m...is = Symy |:R|'L3’ls (gjh Pig — g’i1i290j) +
§—2
+ < k >R|ik+3---is (gji190i2-~~ik+2 - gi1i2¢|ji3---ik+2)

(A.6)

For k > 2, the second ¢ term in each part of this expansion is not fully symmetrized, with
the index j applied first to . We use the commutation formula (1.2) to move the j index

to the end, producing a number of lower order terms reminiscent of (A.4)

Sym; Pljiz-igso — Sym; Plizfia-igsa
= Symy (‘Pligji4)‘i5,_ik+2
= Sym; (@figij — Ri4ai3j9oa)|i5...ik o

= Symy _(‘P\z‘guﬁs)\iﬁ...ik T (Rz‘4aji3%)|i5...z-k J

= SymI _(So\lszusj R15 13390(114 R15 14]sz3a)|i6‘..ik+2 + (Rm ]13S0a)‘i5~"ik+2:|

= Symy; _(90\i3i4isji6)|i7~--ik+z —2 (Ri5ai3j(pai4)|i6"'ik+2 T (Ri‘laj"?’gpa)lismikm]
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= Sym; [‘P|i3~--ik+2j + (k—1) <Rik+2aji390ai4"'ik+1>

+(k—2) (Rikﬂaji:s(pai‘*mik)\‘ toet+2 (Risaji330“i4)

2 lig-igy2

+ (R, iy ) \i5-~~ik+2}
(k—1)
= Symy {@is---ikuj + TR (gjik+290i3'“ik+1 - gik+2i390ji4“'ik+1)

k—2

[ig+t2
1
+ R (gjis Pisia = Gisis Pjia)jiginyn T 5 B (9jisis = Gigiai)jsy i
(k—1)
= Sym; {@i3"'ik+2j + TR (gji3¢i4“'ik+2 - gi3i490ji5“'ik+2>
(k—2)
+7 [R (Gjis Pinrinsr — GigiaPiis--insr)]
1
+[R (gji380i4i5 - gi3i4¢ji5)]‘i6...ik+2 + 9 (R (gjisspiz; - gi3i4¢j)]|i5...ik+2} .

k42

We use (A.4) to fully symmetrize the highest order term in this expression, noting that the

remaining terms can be combined

1
Symj Pljig-ippo = Piz-ipraj T m Sym; {k(k -1) [R (gji390i4-“ik+2 — Gigigyo iji4'“ik+1)]
+ (k= 1) (k = 2) [R(gjis Pisinn — Gisinr Piia-in)]

+2(1) [R(gjispis — gi3i490j)]|i5---ik+2 }

(k1)

+ Sym; {2R (gji3 Pig-ipyo — Yizia 90]'%'5"'1'1@+2)
(k—2)

+ 9 [R (gﬂsgpu'"ikﬂ - gi3i430ji5'"ik+1)]

likt2

likt2
1
+ [R (gji390i4i5 - gi3i490ji5)]\i6...7;k+2 + 5 [R (jSgsf’u - 9i3i490j)]|¢5...ik+2

(Qk + 1)(k — 1)
= Pigeigyoj T Sym] {M [R (gji3¢i4"'ik+2 - gi3i490ji5~"ik+2)]

(2k)(k —2)
W [R (gjis(tou'"ik“ - gisi4¢ji5---ik+1)] ligt2
k+4

+ m [R (gjigspi4i5 - gi3i4¢j’i5)]‘i6,_,ik+2

k+3
+ m [R (gji390i4 - gi3i4@j)]|i5...ik+2} .
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We substitute this result into (A.6), yielding

Sym[ [R (gjil Piog — gi1i2¢j)]\i3...i5

= Sym; |:Ri3--~is (GjirPia — Girintps) +

s—2
+ < k >R|i’“+3"'is <gﬂ1§0i2'“ik+2 — Yiviz {90i3~-"ik+2j
2k + 1)(k — 1)
Q(k T 2) [R (gji390i4'"ik+z - gi3i490ji5--~z'k+2)]
@)k —2)
2(k+1)
Y
k+1
k+3

+ 2+ 1) [R (gjispis — gi3i490j)]|i5,..ik+2}>

(R (gjisPigeinsy — YiziaPis-insr)]

ik +2

(R (9jis Pigis — g@m%g)hiﬁ...ik”

(2s —3)(s—3)
+ W (R (gjis(PM"-is - gi3i4@ji5---is)]
(2s —4)(s—4)
W [R (gji390i4---i5,1 - gi3i490ji5"-i571)] lis
5+2

s 1 (R (Gjis Piis — gi3i4@ji5)]‘i6...is

+ g R = e, )]
To continue further, we must re-use this procedure for the final term of each part of the
binomial expansion (those terms with i - - - ig 1o covariant derivatives) and use similar pro-
cedures to simplify the terms which do not have j as the first covariant derivative [and these
procedures must then be used on the remaining terms in (A.4)]. Owing to the incredibly
recursive nature of these calculations, we do not possess the explicit characterization of the
coefficient tensors P and @ from (A.5). An analysis of individual higher orders (64) might
lead to a recognizable pattern which could be leveraged to construct an inductive proof,
though we have refrained from pursuing this route due to a combination of time constraints

and the above results being sufficient to cover the scope of this thesis.
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APPENDIX B
DETAILED DEGENERATE LAGRANGIAN CALCULATIONS

In this appendix we perform more thorough calculations for the degenerate Lagrangian
A* given in Section 2.5.4. The symmetrization formulas (A.1) and (A.2) will be used ex-
tensively. We begin by deriving the expression for the double covariant derivative of the
Euler-Lagrange expression with respect to the curvature, a full version of (2.41), using the

third to last line of (2.40) as a starting point for index convenience

ERr(L"))5
= %" [(6Rpi Rjcal’ + 3RjupR)ca R P”)
+ (2Rjpi RjcRjgP" + 4Ry Ry R P + 2R 0y R).R 4R P")
— gab (2R )i RaP + R RjaR|;iP') — gap (RjiRjcaP + RR|c4; P + RR 4R P')
—29ap (RyRicRigP’ + 2RR i RjaP' + RR\Rja R P")]
= %" (6R)4pi RicaP’ + 3Ry Rical)iP" + 2R i R RjaP” + AR oy Ry i Rja P
+ 2R R R R P" — 2gap R RjaP — 39ab RicR|g R P’ — gap R)i R|cqg P
— 9abRR|cqi P — gab RR)cq R P’ — 49ab RR); R g P’ — 29abRR|cR\dR|z‘P”)U
= %" (6R4pij RjcaP’ + 6 Rjapi Ricaj P’ + 6Rjapi RcaR)j P + 6R oy Ry ca Ry P”
+ 3Ry RieaRyij P" + 3Ry RieaRi R P" + 2R i R RjaP” + AR i Roj R g P”
+ 2R R RjaR)j P" + 4R up; R)oi RjgP" + ARy R)eij RyaP” + ARy Ry Ry i P
+ 4Ry R i Rya Ry P" + 2R o R R g R P" + 4R o R Ry R P
+ 2R R Ry Ryij P" + 2Ry R Ry g R Ry PY — 2944 R)ij R)a P
— 29abR)ci Rjgj P — 29ap Rjci Rjg R P’ — 6gap R|cj RjaR)i P’ — 3gap R|Rjq R)i; P’
— 39abRicR|gR;i R|jP" — gabRjij RicaP — gav Ri Rjcaj P — gab Rji R)j Rjca P’

— 9abRjR)cai P — gabRRcaij P — gab RR)cai R P’ — gav R)j Rjca R)i P’
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— 9avRR|cqj R;iP" — gy RR|cqRi; P — gap RR| 4R} R P”
— 49ab R R|oi R|gP" — 49y RR i R|gP' — 4gay RR); Rig; P’
— 4guRR i R4R;;P" — 29up R R R|4R;P" — 49y RR o Rjg Ry P”
— 290 RR| R4 R)i; P" — 2guyRR R R R, P")
= %" [Rupij (6RcaP’ + 2R|.R|gP" — geaRP)
+ 6R‘abz-R|cde’ — 2Sym;; gap R}i R)cqj (P + RP’)
+ 2 Sym;; Rjqp; (GR‘CdR‘jP” + 4R|CjR|dP” + QR‘CRMRUPW)
+ Ricij (4R R4 P" — 2gap RjaP — 4gap RR) 4 P")
+ 3R\abR|cdR|ijP” + 4R|abR\ciR|de” + 3R|abR|cdR|iR‘jP’”
+ 2R‘abR|in‘CR|dP”/ =+ 4R|abR\ciR|dR|ij =+ 4R|abR|ch|dR‘iP'”
— 29ap R R4 P — 49ab RR)i R4 P — gab RicaR)i; P — gabRR|cqR)ij P’
+ 2R R R4 R Ry PY — 69ay R)i RjgR)j P’ — 490y RR|i R4 R j P"
— 69apR)cj Rja R P' — 49y RR|cj R R P" — 3gab R|R|a R P'
— 29ay RR) RjqR;j P" — 2gap R); R} RicaP’ — gav RR|cqR|; R); P"
— 59ab Rl RaR;R;;P" — 294y RR| R 4R ;R ;P"]
= gacghd ({R|(abij) + Sym,, [R (9jaRbi — gavRyi) + iRu (9ja Ry — gaij)]
1 1
+ gR\j (9iaRpp — gavR)i) + gR (giaRypj — gabR|ij>}

1
X (6R|qP" + 2R).R|4P" — geqRP) + 6 [R(azn') t3 Sym,y, R (giaRjp — gabR|i):|

1
X [Rchj) + 3 Symeg R (gjeRja — gcdRu)] P’

1
— 2Symy; gap R); |:R|(cdj) + gR (gjeRja — gcdR|j)] (P+ RP')

1

Symab R (giaR|b - gabR|i):| (6R|cdR|jP” + 4R\CjR|dPH
" 1
+ 2R\CR|dR|jP ) + R|(cz’j) + g Symci R (ngR|i — gCiRu)

X (4RjqpRiaP" — 2gap R4 P — 49a RR4P") + 3R R cqR);; P”
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+ 4R, R i Rigi P" + 3RayRica R R|jP"" + 2Ry, Ryi; R o Rjg "
+ 4R, R RigR P + AR gy Rioj Rig Ry P — 29ab Rii Ry P
— 49 RRi R i P’ — 9 RcaR)ijP — g RR|caR)ij P’ + 2R p R Rya R R PV
— 69apR)ci RjaR)j P' — 49y RR i R|gR); P" — 6gab R|c; R|a R); P'
— 49y RR)cj RgR;i P" — 3gay R RjaR)i; P' — 2gay RR|RjqRy;; P
—29a R R|j R g P" — gay RR)cq R R P" — 5gay R R4 R); R); P
- 2gabRR|CR|dR|iRjPW)
— gacgbd <{R|(abij) + é (R (gjaRpi + 9jiRipa + 90 Rjia — 9abRjij — givRiaj
— 9aiRp;) + % (9jaRp Ry + gjiR o Ry + g0 Rjo Ry — gab Ry Ry
— g9isRioR); — 9ai RpR;)] + éR\j (9ia Ry — 9abR);) + %R (9iaRpp; — gabR|ij)}
X (6R|gP" + 2R R|4P" — gegRP)
+6 [RKCLM)RM) + éR (9iaByp = 9abR)i) Ry(ea) + éR (9ieRia = gealR);) By(avi
R (9iaRp + 9 Rjo — 29abRyi) (95eRja + gjaR)c — 2gcdR|j)] P’
— Yab {R|, |:R|(cd]) + SR (gjcRja — gcdR|j):|
+ Ry, |:R|(cdz) + SR (gicRiq — gcdR|i):| } (P + RP')
|:R|(abz + —R (gia Ry + giv Rja — 2gabRi)]
X (6R‘CdR|]P + 4R ;R4 P" + 2R| R4 R); P")
+ | By(ary) + R (gja R + gjo Rya — 29abR|j)]
% (6RjeqR;:P" + AR, R|4P" + 2R R 4R, P") }
+ [ Bij) + %R (9jeRyi + 9ijRic — 290¢R|j)]
X (4R R|gP" — 2gapRjqP — 4ga RR| 4 P')

+ 3R\abR|cdR|ijP” + 4R|abR\ciR|de” + 3R|abR|cdR|iR\jP
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+ 2Ry Ryij Rl R|aP" + 4Ry Rioi R R P" + ARy Ryoj Rja R, P
—20abR)oi R4 P — 49ap RR| i R4 P" — gap R|caR)ij P — gab RR|cqR)ij P
+ 2R R R g R R jPY — 690y Ryi RjaR|jP' — 49ab RR| i Ra R ; P
— 69abR|cj Rig R P' — 49ay RR ;R R; P" — 39y R)RjqR);; P’
— 29ap RR|cR|gR)ij P" — 29y R)i R|j RicaP’ — gy RR|cqR)i R); P

— 5gabR|cR|dR\iR|jP” - 2gabRR|CRdR|z‘RjP”/>
e 2 1 1 2
= gacghd |:(R|(abij) + gRgajR\bz‘ + *Rginmb - *Rgaiij - *Rgame

1 1 5
+ ~ 9o Rp R + gzgR|aR|b gathR‘] +

6 gazR|bR]>

6
X (6R|gP" + 2R R |4P" — geqRP)

+ <6R|(abi)R|(cdj) + 2Rgia Ry Ry(caj) — 2Rgab )i By(caj) + 2RGjc Ria R (abi)
1 2 1 2 1 2
— 2Rgca Ry By(api) + 6R GiaGjcRja Ry + ER givgjcRjaRjq — gR JavgjcR)aR);
1 1 1 1
+ 6R2giagde|cR\b + éRQQibgde|cR\a - §R2gabgde|cR|i - gRQQiagcdR\ij

1
- 7R29ibgcdR|jR|a +

3

2
3R2gabgcdeR|i) P

1 1
gRgabgch|dR|i + gRgabgcanR\ i — 9ab R By(cai)

+ <_gabR|iR|(cdj) -
1 1 /
- gRgabgiCRwR\j + 3R9abgcalti R (P+ RP')

+ (R abi) + RgzaR\b + 6Rgsz|a 3RgabR|i>

X 6R‘CdR|]P +4R|CJR|dP +2R|CR|dR‘] )

+

<R (abj) + joaR|b + jobR\a - 3Rgaij>

X (6R‘CdR|zP +4R|CZR‘dP + 2R|CR‘[1R|Z )

_|_

<R(0ij) + gjocRu + gRgin\c - 3RgciR|j>
X (4R\abR|dP” — anbR|dP — 4gabRR‘dP/)

+ 3R\abR|cdR|ijP// + 4R|abR‘ciR|deH + 3R|abR|cdR|iR\ij
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+ 2R‘abR|in‘cR|dP'” + 4R|abR‘ciR|dR|jP”' + 4R|abR|ch|dR‘Z-P’"
—29abR|oi R4 P — 49ap RR i R4 P — gab R|cqR}i; P — gab RR)caRyij P’
+ 2R R R g R R P — 6gap Ry RlaR); P’ — 4gab R Rya Ry P
— 69ab Rjcj Rja Ry P' — 49ap RRcj Ria Rji P" — 3gapR)RyaRij P’

— 29 RR| R4 R)ij P" — 29ap Ri Ry Rjca P’ — gap RR) g Ry R)j P”

— 59y RicRjaRji R P" — 29y RR| R 4R Ry P"

= %" (6R)qR)(apij) P’ + 4RGaj RicaRipi P’ + 2Rgij Rjap Rical’ — 2Rgai Ryyj Rjcal’
~ ARG Rica By P+ 00 RpRiRioaP + 305 Ria R RioaP” — 29 RioRyy Bia P
+ Gai Ry R R g P’ + 2R| . Rig R (apij P" + gRgajR|cR|dR\biP”
+ ;Rgin\CRuR\abP” - %RgaiR|cR|dR\bjPH - %RgabR\CRldeijPH
+ 200 Ry R R R P + <05 R RpRR P — g R RiaRiR; P

1 ) X
+ 39aiRpBicRjaBy; P" — RgeaByanip P — 3 3

1 2

3 3
1 5 1

— 19 1t9eadii Ra B + 5 R9avgealli By P — - Rgaigeallyp 1) P

R?gajgcaRiyiP — ~R*geagij Riap P

1
+ = RgaigeaRip; P + % R*gabgeaR)ij P — gRgajgcdeRuP

+ 6R|(api) R (cajy P’ + 2Rgia Rp R)(caj) P’ — 2Rgab R)i Ry (caj) P’
1
6

1 2 / 1 2 / 1 2 /
+ s gngjcRalt” — §R gavGieljaltl” + R giagjaltjcRp P

+ 2Rg;cRia Ry (abiy P’ — 2RgeaR); Ry (aoiy P + = R*giagjc RjaRp P’

1 1 1
+ ERQQibgde|cR|aP/ - gRQQabgde\chiP, - gRQQiagcdR\ijP '

1 2
— —R’gingeaR); R, P + gRQg(lbgcdRURﬁP/ = 9ab )i By(caj) P

3
1 1
- gRgabgchuRuP + gRgabgcdR\iRUP — Jab R Ry(caiy P
1 1
- gRgabgichR\jP + gRgabgcdR\iRUP — Rgap R}; Ry(cqj) P’
1 1
- §R29abgch|dR\iP/ + gRQQabgcdRthjP " — RgavR); Ry(cai) P’

1 1
- §R2gabgicR|dR\jPI + §R2gabgcdR|iR|jP/ + 6.R); R|caR)(api) P"
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+ RngwRUR‘CdPH + RgibR|aR|jR|ch” - 2RgabR|iR‘jR|ch”

2 2
+ 4Ry R Ry (qpi) P" + gRgiaR|bR\dR|ch” + gRgibR\aR|dR|ch”

4 1

- §RgabR|dR‘iR|CjP// + 2R|CR‘dR|jR‘(abi)Pm + gRng|bR|cR\dR|jP”/
1 2

+ gRgimeR‘chR‘ij — gRgabR|cR|dR\iR|ij + 6R|iR\cdR|(abj)PH

+ RgjaRyRi RicaP" + RgjpR|o R RjcaP" — 2Rga R} R); R|caP"

2 2
+ 4R4 R i Ry(apj) P" + gjoaRwRuRmP” + gjobR|aR|dR\ciP”

4 1

- §R9abR|dR\jR|cz‘P// + 2R|CR‘dR|iR‘(abj)Pm + gjoaR\bRkR\dRﬂP”/
1 2

+ gjobR‘aR‘chRﬁPm — gRgabR|cR|dR\iR|ij + 4R|dR\abR|(cij)PH

2 2 4
+ gjocR|iR|dR\abP” + gRgin\cRuRmbP” - gRgciR|dR\jR|abPH

1 1
= 29ab R R (cij) P — gRgabgch\dRh'P - gRgabgin\deP
2
3
2 4
- §R29abgin|cR\dP/ + gRQQabQCiR\dRUP/ + 3R RjcaRyi; P’

+ 2 Rga g Ry P~ ARgas BB P’ — = 29050 Ry, P
+ 4R, R i Rigi P + 3Ry RieaRji R; P" + 2R oy Ryij Ric Ry g P
+ 4Ry Ry Rla R P" + ARy Ryoj RigRi P" — 2gay Rjei Rigj P
— 49 BR i Rigj P — gab RicaR)ij P — gan RR|caRyij P’ + 2R o R Ry R R P
— 69ap R)ci RjaR)j P" — 4gay RR i RgR); P" — 6gap Ric; R g R)i P!
— 49y RR)c; RgR;i P" — 3gap R|RjaR)i; P’ — 2gay RR|Rjq Ry;; P"
— 290 R R R|cgP’ — gay RR|cqR; R|jP" — 594y R R|qR); R|; P"
— 29, RR R R, R jP”’>
= (=1) <9ab90d - gadgbc) (6RjcaR(abij) P + 2R RiaRy(avij) P" — RgcaR)(abij) P
+ 6R(abi) Ry (cdj) P + 6 Ry Rica R (abiy P + 4RjaR|cj Ry (abi) P”
+ 4R 4R i Ry (aj) P + 6 Ry Rica Ri(ab) P + 4R)aR o R i) P"
+ 2R Rig R Ry (aiy P + 2R R Ryi Ry(avj) P"" + 2Rgje Rja Ry(apiy P’

— 2RgcaR)j R)(api) P' + 2Rgia Rp R (caj) P' — 3RGab R)i R (caj) P' — gabRi Ry(ca) P



— 4Rgap Ria R (cij) P’ = 290 RjaR)(cijy P — 9av R|j Rj(caiy P — Rgab R Ry(cai) P’
+ 3R\abR|cdR|ijP” + 4R|abR\ciR|de” + 3R|Z’R‘jR|abR|ch”/
+ QR‘CR|dR|abR|Z-ij + 4R|dR|jR‘abR‘ciPm + 4R|dR\iR|abR|chm
— 29ab )i R4 P — gab R|cqR);; P + 4Rgaj Ry Ricq P’
— 2Rgai Ry Ricq P’ + 2Rgij Ry RicaP' — 4Rgap R)caRyij P’

4
— 4RguyR1oi R4 P’ — RgapRjeaR)i; P’ + 2R R gR;R); R}y PY

1
+ 9ai Ry R Rica P + gajRpp R RicaP’ + §gin|aR|bR\ch/
9

- §gabR|iR\jR|chI — 69gap RjqR); Rci P' — 6gap Rja R R); P’

10
— 39ab R R R);; P — 5Rgap R R R g P" — ?RgabRkR\dRh’jP”

16
3

4
+ gRgajR|cR|dR\biP” + RgaiR\bRUR\ch// + RgajR|bR|iR|ch//

2 2
+ gRgaiR|bR\dR|ch// + gRgajR\bRwR\ciP” + RgbiR|aR|jR|ch”

2 2
+ gRgbiR|aR\dR|ch” + RgbijR“R‘ch” + gRgbjR|aR\dR|ciP”

4 2 4
— gRgciR\dejR\abP” + gRgch|iR|dR|abP” + gRgin|cR\dR|abPH

2 1 2
+ §R2gabgcdR|ijP + §R2gaigcdR\bjP - gRQQajgcdR\biP
1 35 1

- §R29cdgin|abP - EQabR\cR|dR|iR|jP” + ggaiR|bR|cR\dR|jP”

1 1 10
+ 390 RpRicRaRP" + 295 Ria Ry R\ RaP" — < RgapRjoRiaRyi Ry P

16 2
RgapR|gR); R)c; P" — ?RgabR|dR|jR|ciP” - gRQaiRk:R\debjP”

3

1 13 1
+ §R9bjR\aR\cR|dR|¢Pm + 15 t9abgealti ;P + 5 Rgavgeiljali); P

2 1 1
- gRgabgchuRuP - gRgabgin\cRWP - 6RgaigcdR|bR\jP

1 1 4
- gRgajgcdeRuP — 15 19cagij Ria P + gRQQabgcdR\iRUP,

2
- §R2gabgch|dR\iP/ + R*gabgei RjaR | P' — R*gavgej RjaR)i P’

2 1 1
- §R29abgin|cR\dP/ + 6R29ai9ch\bR|dP/ + 6R29aigde|bR|cP/

1 1 1
- gRZQaigcdeR\jP/ + éRngigchmRMP/ + gRggbigde\aRk:P,

1 1 1
+ *RgaiR“,R‘chR‘jPW + gRgajR“,RkR‘dR“PW + gRgbiR|aR|cR\dR|ij

106
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L p2 R, R; P’
- g Gbigcddr|qdn);
= (-1)¢ |:<696dR|a|aR|(abij)P/ — 6R‘abR‘(abij)P/) + (QSgabRKabij)P”
— 2R R Ry a1ig) P") = Rg" Ri(anisy P + (69”9 By By ey P
— 696" Ry R P’ ) + (69 Ry R Ry(apiy P" = 6B R Ry (i) P" )
+ (4gabR‘CRlchl(abi)P” - 4R|aR‘b|jR|(abz‘)P”> + (4gabR‘CR|ciR|(abj)PH
— ARIR Ry P") + (69 R R Ry P = 6R ;R Ry, P")
+ (4R|CR|Q‘QR|(cij)P” _ 4R|dR|CdR|(cz'j)P”) + (QSgabRURKabi)PW
— 2RIRP Ry Ry P") + (289 Ry Ry P — 2R RV Ry Ry, P )
+ <2Rg“bR|jR‘(abi)P’ . 2RR|“R|(ajZ-)P’) — 2Rg™ Ry Ry () P’
+ (2RngR‘Z-R|(Cdj)P’ — 2RR|CR|(Cij)P’) — 3Rg“ R Ry(cap P’ — 9°"R)i R)(caj) P
c c cd cd
—ARRI°Ry(cij) P' — 2R R(0ij) P — §°' R R)(caiy P — Ry R} Ry (can) P’
+ (3R, R R

P = 3R Ry P ) + (4R R Ry P

|
- 4R|CdR|ciR‘de”> + <3R‘Z-R|jR|a

aR|C CP/// _ 3R|iR‘jR‘CdR‘CdP/”>

+ (28R R P" — 2R“R'Ri Ry P") + (AR°Ry; R Ry P"

|
~ ARGR R R P ) + (4R R R

\aR|CjP”/ _ 4R|dR|iR‘CdR‘CjP//,>

d c c b
—2R" RyP— R" RyP+ (4RR' _RyjiP' — 4RR| UR‘Z,ZP’>

|
+ (—QRR R
|4

P’ +2RR" Ry P') + (2Rg,;R" R P

~ 2Rgi R RyP') — ARR" Ry P’ — ARR"| Ry P' — RR" Ry;; P’

la 4 a plb 4 le
+ (28R R;R" P — 2RI RV Ry R Ry PO) + (Ry R R, P

c c c 1 c
~ RCR;RiP') + (R RY P~ RCRRyP') + <2Sgin| P

P’ —6RI°R;R,P' — 6RI°R,;R, ;P

1 cpld 9 lc
- 5%}2' Rl Rch’> - SRR R

— 3SRy;;P' — 5RR;R;R"

10 16
P - gRSRmP” - ?RR‘0R|iR|CjP”

16 ., 2 2 4
- ERR‘ R;R P+ <—3RSRZ-]-P” + gRR‘ R|iR|bjP”> + <3RSR|jiP”
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P’ — RRCR);RiiP")

4l le
— ZRR RURWP”) + (RR,R; RS,

3
+ (RR;R; R P" = RRER Ry P") +0+0

c 2
+ (RRhRUR' P’ - RR‘dRUR‘diP”) + <3RR|CRZ-R|CjP” —~ 3RSRWP”>

‘ 2 2
+ (RR;RyR" P" — RRVR; Ry P") + <3RR|CR|jR|ciP” - SRSRWP”)

P//

4 la 41 2 la

+ < JRRR;R" P"+ SRR RijP”) + <3RR|ZRJR la
2
5

4 . 4
RRl RhRmP’) (3ngin' P”—SRginmRbRMbP”)

la

9 1 5 2 o 1, e 35 7

+ 5R Ry P+ SRRy P = SRRy P — S RogiRY P — = SRR P" + 0
10

1 1
+0+0— SRSRR;P" +0+0+0+0+ g’RR‘iRUP + SRR ;P
2 1 1 1 1
- gRR\zRUP - gRSQijP - gRRhR\JP - ERR\ZRUP - ERSQMP
8 2 2 2 2 2 2 2
+ gR R|7;R‘jP/ — gR R|Z'R‘jP/ + R R\iRUP/ - R R\z‘RUP, — gR SgijP/

+0+ <6R Rj;R;P' — éR SgijP/> - gR Ry Ry; P + gR Ry Ry; P’
L R, P/ LR R R P
IR A I 0— E i G
B abple ab ab
= (1)1 <69 R Ry(avi) P = 6R' " Ry(apis) P’ + 259" Ry(apij) P’

— 2RI“RI R (44i) P" — Rg™ R (avij) P + 69°° 9" Ry(avi) R (ca) P

— 699" Ry i) Ry eay P’ + 69" R} R Ry (aiy P" + 69" Ry R Ry a) P"

le
— 6R|jRI R (piy P" — 6R;; R Ry(pjy P" + 49" RI°R0j R iy P’

+ 49" RIR i Ry (ay) P" — 4R1R" Ry(apiy P" — 4RI*R" Ry (01, P"

¥ |i

+ AR R Ry (44 P — AR R Ry P + 289 By Ry qpiy P
+ 289" R Ry (apjy P — 2RI“RIP R R) 4y P"" — 2R RI°R}; Ry (o) P""
— Rg* R} R)(abiy P’ — Rg“" RyiR)(abj) P’ — 8RR R (i) P’ — ¢*" R} R (apiy P

ab a \a ‘b |a |b
= 9" Ry Ryany) P = 2R By(aigy P + 3R RY) Ry P+ AR BT Ry P"

b
|aR| |bP///

~ 3Ry R R R P" + AR R R" R P" + ARV R, R" Ry P

— 3RI®R Ry P" — AR R ;R P" + 3R, R); R



109

— 4R} R ;R Ry P" — 4R, R R Ry, P" + 2SR Ry;;P"

—2RIRPR,,Ry;;P" — 3RR", Ry;;P' — 6RR‘“URWP’ + 2Rgin|a‘aR|b P’

|
Ry P~ R

|
— 2Rg;;RI’R ., P' — 2R

| |
20 . 20 . 5 a
— 3 RRR);RjoiP" — " RR"R);Ro;P" — SRR Ry R

Ri;P —ARSR;;P"

‘aP//

4 . 4 u
+ gRksiqin' P’ — gRginlaR‘mebP” +2SR,;R;R", PY

|
—2RRPR;R )Ry P — TRIR; R P — TRIR; Ryo; P!

1 ¢ 1 5 c
+ Lsg, Re P - SRR R 0P — §R‘iR|jR| P = 3SR ;P

1 35 10 3
2 2 e
+ R RWP — §R gij R CP — FSRMRIJ'PH — gRSR‘iRUP”’ + §RRIZ'RIJ'P

|
O e po 02 ' p2q.
S RSgyP + SRR R; P — R*Sg;P' ). (B.1)

Next, we substitute this result into (2.30), using (1.16), (2.37), (2.40), and (2.39) for the

remaining terms

1 1 1 oL*
ab _ axyb _ _ab _ —,ab - bad _ gdab - abrx
E (M-x/ﬁ[(v Vi-yg D)S 29 R5+2 <2Symab5 S )\d+29 L +agab

=9 [(—1)q <9aigbj - Qabgij> <6ngR‘e‘eR\(cdij)Pl — 6RI Ry( ;) P’
+ 259 Ry (caij) P" — 2R R Ry(caijy P" — B9 Ry(caij) P + 69’9 Ry(caiy Ry(e )P’
— 697 9" R|(caiy Riesj) P’ + 69°' Ry R" | Ry caiy P" + 69°' Ry R R (e P"
— 6RjRI R (ogiy P" — 6 R R R0y P" + 49°*RI°R); Ry (ai P"

Ci € Cc d Cc
+ g R Ry iRy oqjy P" — AR R Ry(eaiy P" — ARIR Ry (o) P"
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cpld cd cd
+ ARI°R |dR|(cij)PH — 4R|CR| R|(dij)P// + 2S¢ R\jR|(cdi)PW

cd c pld cpld
+2S89° R Ry (cgjy P"" — 2RI R R Ry (caiy P”" — 2RIRI" R Ry (o) P
cd cd c cd
— Rg“" Ry R)(cai P’ — Rg™ RyiR(cajyP' — 8RRI“Ry(0ijy P’ — ¢ R} R} cai) P

— 0“Ry;Ry(oq)P — 2RI°R;(0iyP + 3R R R;P" + 4R R R, P"

|
_ 3R|CdR|cdR|ijP// — 4R|CdR|c@'R\de// + BRIiR\J'R‘C

|d \

|[d
cR |dP

— 3Ry R); R ReaP"" + 4R|CRUR‘d|dR|cz'P”/ + 4R‘CR|iR|d\dR\chm
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— 4R R;RI“R 4 P" — 4R R;R"'R) 4; P"" + 2SR Ry P

— 2RIRIRqRy;;P" — 3RR" R);;P' — 6RR| Rj;P' +2Rg; R R P’

|
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‘CP//

4 c 4 c
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1 1 5
+ §Sgin|C‘cP/ ~ 9 R R R P! - 51~z|,-1~zuz~z"fcp’

1 ¢ 1
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+ 5RR|ZR|]P — ERSQUP + gR R|iR|jP/ — R SgijP,>

—1)4 . ¢
_ (2>gab R (3 RC R P' = 8RR P + 2SR _P" — 2RI°RIR) oy P"

~ SP—RR" P 2RSP’) +(-1)7 (g“gbeR‘dRKCed)P — 9"°9° RYR(ceay P

le

+ 3R RI"P — 2R RlP — g R R P+2R“RVR" P

| |
— RPR,RI“°P' — RI°R RI"**P" — Sg“bR|c|cP’ + SRlebpr — gRRmR'bP)

le

(=) ab (gle pld |cd q ( plabple la  plbe
Ty (R e~ B Rlcd>P—2(—1) (R R, - R R )P
=(-1)%/g <6gcdR€€R|(ade)P’ _ GgabgcdgefRH‘iR\(Cdef)P/ _ 6RlcdR\(abcd)Pl

+ 69abgcdR‘efR|(Cdef) P+ 2SgaegbfgcdR|(cdef) P’ 2SgabgcdgefR|(cdef) P
. 2R|CR‘dR‘(ade)PH + 29abg€fR‘cR‘dR|(Cdef)P// - RngR|(ade)P
+ RgabnggefR\(cdef)P + 6gcdgefR|(aCd)Rl(bef) P 6gabgcdgefR\(cdi)RI(efi)P/

o ngeR|(cda) R|(cde)Pl + 6gabR|(Cde)R‘(Cde) P+ chdR|bR|e e}z|(acd) P

— 69" RI°RY R)(ogey P" + 6gcdR|“R‘e‘€R|(de)P” — 6g%gdRle Rl Rl P

If
. 6R|bR|CdR|(acd) PI/ + 69abR‘eR‘cdR‘(Cde) PI/ _ 6R‘aR‘CdR|(bcd) P//

+ GQGbR‘eR‘CdR‘(Cde) P + 4gcdR|eR\beR\(acd)P// _ 4gabngR‘fR|8fR‘(Cde) P

+4geaR) R R "D P" — 49 g R R Ry (o) P — 4R R R P”

+ 49" RIRI Ry ooy P" — 4R, R BRI P 4 4g°P RICRI Ry g P
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+ 4gabgin|CR|CdR dii PN + ZSgcdeR‘(acd)P/// _ 251 ab R Rl(cde)P/l/
|(dij) 9 Gedlyje

|d

4 QSngRMR\(bcd) pr_ 2SgabgcdR|eR\(6de) p_ 2R|bR‘CR|dR|(CLCd) p

+ 2gabR|cR|dR\eR‘(Cde) P 2R|aR|cR|dR|(de) P 4 2gabR|cR|dR|eR|(Cde)P”/
_ RgcdR‘bR‘(“Cd)P’ + RgabgcdR‘eR\(Cde) p_ RgcdR|aR|(bcd) p

+ Rg*gea R RV P' — 8RR R ") P + 8Rg™ g RI°Ry (i) P’

— 9eaRVRI“DP 4 g R Ry(cge) P — geaRI“RI*“D P + g*°g** R Ry ey P
— 2R RV P + 2g° g RICR iy P + 3R|C|CR|d|dR|“bP”

_ 3gabR\c CR\d dR\e ep// n 4R|c

CR|a|dR|de// . 4gabR\C CR\deR‘dePn

| | | \
o 3R|CdR|CdR|abP// + 3gabR|CdR|cdR|e

|eP// B 4R|cdR|acR|de//

+ 4gabR‘C|dR‘d|eR‘€ CP” + 3R|aR|bR|CICR|dIdPl// _ 3SgabR‘C cR‘d dP///

\
_ 3R|(ZR|bR‘CdR‘CdP/// + SSgabR|cdR|CdP/// + 4R|CR|bR|d

‘dR|acP///

b d
— 44" RleR! R‘e|eR\chm + 4R|CR|aR|d|dR|bcP/// . 4gabR|cR|dR|e 6R|chm

|
o 4R|CR‘lecdR|adP/// + 4gabR|cR|eR|cdR|deP/// - 4R|CR|aR‘bdR|CdP///

+ 49" R R RI“R 4, P" + 2SR _RI“P" — 254" R" R P"

| |
— 2RI°RIR BRI P" + 29" RICRI R,y R, P" — 3RR"

‘ R|abP/
c

+3Rg"R R P'—6RR" R“P +6R¢™RI“R 4P —2Rg"*R" R

| | |
+ 2RgabR‘cdR|CdPI . 2R|G|CR‘bCP + 2gabR‘CdR‘ch o R‘c

CP// _ ?RR‘CR‘leaCP”

Rlavp

le

+9®R" R P —ARSRI®P" + 1RS¢ R

B |
20 ab plc pld n 20 b 20
+ 5 Ry RIRIR), P §RR|CR|“R‘ °p’ 4+ ERg“”R‘01?,“1J%|cd1”’

5 a c 5 c
— SRRIRPRS P" 1 SRSg“ R P" ~ %ngabR'c

| | |
+2SRIRPRI_PW — 252g" RIY PY) — 2RIRPRIFRIR o PY)
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, 1 1
_ 7R|CR|L1R‘ CP/ + 7gabR|cR|dech/ - §SgabR|C CP/ + §gabR|CR|dR‘CdP/
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4
CP// + gRgabR|cR|dR‘ch//
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_ RanbR‘Cl

10 10 3 3
- ?RSR‘“R“’P’” + ?RS2g“bP”/ + 5RR‘“R”’P — §RSgabP

Lo ab le 35 la plb 39 @2 ab i

) ) ) 3 c
+ERSQabP+§R2R|aR‘bP/—gRQSgabP/—i-RQSgabPI—iRgabR‘ lCR\d P

1
cP// + RgabR|cR|dech// 4 5ngabp

|d

+ ;RgabR\Cdech/ _ ngabR‘c‘

1
+ §R2gabR|CICP _ R2Sgabpl + gacgbeR‘de(ced)P _ gabgceR‘dRKced)P
+ 3R RI"P — 2R RI"P — g™ R

R P+ 2RIRVRE, P

\
. R‘bR|dR|adPl o RlaR‘dedel _ SgabRIC
1
2

|
P+ SRICP — gRRiaR‘bP

bple la plb
+-g"R P +2R" R CP)

CR\d|dP B %gabR\cdech _ oplabple
= (-1)%/g [Rchef) (GQaegbfgcdR\iliP/ B 6gabgcdgefR|i|iP/ + 6gabgcdR|efP/
- 6gaegbe|ch/ - anegbe|cR|dP// + 2gabgefR\cR\dP// + QSgaegbfgcalP"
_ QSgabgcdgefP// i Rgabgcdgefp _ Rgaegbfgcdp> + Ry(ede) Ry som)
% <69acgbfgdegghpl _ 6gabgcdgfggehpl I Ggabgcfgdggehpl _ 69acgbfgdggehpl>
+ Ry(ede) <6gacgdeR|bR|f|fP// T 6gbcgdeR|aR|f|fP// _ 12gabgcdR|eR\f‘fP//
— 69"RPR 4. P" — 69" RI"RI%P" 1 129" RIFRI“!P" + 49°¢g% R ; RI"! P"
+ 4gbcgd€R‘fR|afP” o 89abgcdR|fR|efP// o 4gacR|dR|beP// _ 4gbcR|dR|aeP//
+ 8gabR\cR\dePu + 4gacgbdR|eR|f|fP// o 4gabgcdR|eR|f|fP//
- 4gacgbdR|fR\efP// + 4gabgcdR|fR|efP// o 29acR|bR|dR|eP///
— 2¢g*RICRICRIE P 4 4g®P RICRIARIE P 4+ 286t gl Rl P 4 28 g%¢ gt RIP P
- 4SgabgcdR|eP/// - SRgacgbdR\eP/ o RgbcgdeR|aP/ _ RgacgdeR|bP/
n 10RgabgcdR|eP/ _ gacgbdR|eP _ gbcgdeR\aP _ gacgdeR\bP I 4gabgcdR|eP>
+ RicgRier Righ (3gacgbdgefgghpl/ _ 3gacgbdgeggfhpll i 4gacgbegdfgghP//
_ 4gacgbegdggfhpl/ _ gabgcegdfgghpll _ 3gabgcdgefgghpll I 4gabgchgdegfgpll>

+ R|cdR|ef <3gcdgefR|aRbP/// _ SQCegde|aR|bP/// + 4gacgefR|bR|dP///
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- 4gacgdeR\bR\me + 4gbcgefR\aR|dP/// B 4gbcgdeR|aR\fP/// B 2gacgbdR\eR|fP///
- 6gabgcdR\eR\fPl// + 8gabgdeR\cR\fP/// + 2Sgacgbdgefplll + 3SgabgcegdfP///
19
. 5SgabgcdgefP/// - 6Rgacgbfgdepl - BRgacgbdgefP/ + ?Rgabgcegdfpl
1 1
o §RgabnggefP/ - 2gacgbfgdep + 5gabgcdgefp . ;gabgcegdfp>
+R _@RgGCR‘bRMPN _ %RgbCR‘aRMP// + gRgalechdP//
led \ 73 3 3
o gRgcdRmR‘bP// . 4ngacgbdpll + ?RSQGbQCdPN + ZSRlaR|bgch(4)
. 2R|aR|bR‘CR‘dP(4) + 2SgabR|cR|dP(4) . Zs2gabgcdp(4) o 89acR|bR‘dPI
2
- 8gbcR|aR\dP/ o %gcdR\aRwP/ + ?ggath:R\dpl N 2Sgacgbdpl + 4Sgabgcdpl
+ Rancgde _ éRQQngch> _ %SRMR“)P” + %SQQabP” _ %RSR‘GRH?PH/

10 ) ) 5) 7
+§RS29abPH/+§R2R‘QR|bP/_§R2Sgabpl+6RR‘aR|bP_ﬁRSQabP .

We conclude by verifying the divergence-free condition (2.32) directly using (1.16), (2.37),
and (2.39)

1 1 oL*
) Sbad _ Qdab - abL*
{2 ( Symap 5 >|d Tt e b

= [(—1)‘1 (Qacgb€R|dR(ced)P - gabQC€R|dR\(ced)P+ 3R|C|chabP - 2]:3‘a|eR|beP
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g c d le | | c
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= R'CdR|cd) P

~2(-1)7 (R R"

le
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b

ac  be ab ce a c 1 a c d
— (~1) <g 9" RBieeay P~ g9 “RRieeay P+ BRI P — Zg™ R R P

|
]' C C
- §g“bR|CdR|CdP + 2RleRlR] P = RPRR“P' — RI“Ry R P’ — Sg® Rl P

+ SRlabp’ gRRaR“’P)
12

= (=1)7 (gacgbegdf Rt RyceayP — 9" 99" Rt R (ceay P + 9°°9" 9 R)eaR)e s P
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1 1
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— gV R | Ry(ean) + gR (gbcRja — geaRp) | P
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APPENDIX C
THE ORDER 6 CASE

We assume AY = AY(gap: ©; Pa; Pab; Pabe; Pabed)- As with the previous cases, we pro-
duce the divergence-free condition (3.3) by starting with the covariant divergence equa-
tion (3.6), using the fifth scalar order symmetrization formula (A.3) and the symmetrized
divergence-free condition from the previous case (4.6) to fully symmetrize the equation

QAY

0 = ATty AT s + AT M oy + ATE gy + "oy ¥

= Alsklmn [sokzmnj + 2R(gjkimn — griPjmn) + Rin(gjkemi — Grmepjt)

2 1
+ BR2(gklgjm80n = Ggmn5) + & Bjmn (95501 — glk‘;oj)} (C.1)

1
+ Aiikim |:<Pk:lmj — R(gk1Pmj — GikPim) — ZR|m(gkl90j - gjksm)}

ok o A p o gk, o OAY
ouij = 3 Rgnes — giner) | + A" o+ 9, i

As AY gatisfies the requirements of Theorem 11, A% takes the form
Aij — EiagijOabchCd + 5m5jd¢abc§0defBbc;ef + Dijabc(pabc + Eij, (CZ)

where B¢ = Bde pijabe — plig)labe) and E = EJ% are tensor densities of scalar order
2 and Bedel = Beficd. We substitute this result into the divergence-free condition (C.1),

yielding

0 = Symy,,,, e Fel B™ [2R(gjks0lmn = gkiPimn) + Rin(gjkoml — Gkmpii)

1

2
+ — R*(grigjmPn — IkiGmnPs) + 3

15 Rimn(gjrer — glk%‘)]

+ (2 Symij Symyy, €ik€jaBlm;chOabc + Dijklm) [@klmj — R(gk1omj — gjkPim)
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ZR\m(gkl@j - gjk‘ﬁl)] + <5la5jb50abchCd’kl + glaedd BraefM g b Dges

o 1
+ DR g e + E”’kl) {‘Pklj — = R(grip; — gjksﬁl)]

3
+ (Eianb(pabchcd;k + 5m5debc;ef;k§0achDdef + Dijabak@abc + Eij;k) Dk

N zaejb chd N 6ia6jd 8Bbc;ef N 6Dijabc N aEij .
Pabed 8@ 090 PabcPdef 890 Pabe a(p P

= Symy,,, £ B™" [ZR(gijplmn — griPjmn) + Rin(gikPmi — Grmeit)

1
= Rjmn (9K — gm%’)]

2
+ — R (grigjmPn — Grigmnpj) + 5

15

1
s R(grip; — gjk@z)}

R(grip; — ngl)] + glagidpgbecffl g e Pder [—3

o 1
n Dzjabc,kl%bc + Euykl) {‘Pklj — gR(gk[(,Oj - gjk(Pl):|

za i chd i jdaBbc;ef aDijabc aEU
+ € Vabed 0o + g% B PabePdef + T%bc + W Pj

= Symy,,, £ B™ [QR(gjmmn — gkipjmn) + Rin (956 Pmi — GemPit)
2 1
+ 15R (9k19jmPn — grigmne;) + = Bimn 9k 01 — 91605)

+ DI s + (2 Sym;; Symyy,, el B g, 4+ DY klm)

1
X |:R(gkl()0mj — 9jkPlm) — ZR\m(gleOj - ij:@l)]

. ] L . 1
+ ( 17 uhea BOER 4 EwEJdeC’ef’leDachDdef) {—33(916180]‘ - ijsﬁz)]
1
+ (D”abc M oape + B kl) |:‘Pklj - gR(glej - gjk(Pl):|
+ (f'?wffj P Pabea B + eIl Bk o g + DR G + B ;k) ik

8BCd 8Bbc ef 8Dijabc aEz’j
i ) ©; (C.3)

+ (EiagijOade g + gled 9o PabcPdef T W@abc + %
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We apply the differential operator U; X, Xp X Xy to this condition and solve the

N Pabed
resulting equation for D¥abe

DU, XW) = det(U, X) %RB(X,X; 0,0) det(Ve, X) — éRB(X,X; Vi, ) det(d, X)

~ BX, X3 V) det( Vg, X) - G2 (X, X) det(Vip, X)) (C.4)

where the [J symbol denotes contraction with a metric index and V2 denotes contraction
with an index of a second derivative of . Seeking more information, we use this equation

to remove the fourth order ¢ terms from (C.3), leaving

0 = Symy,,,, e Fel B™ [QR(nglmn — gkiPimn) + Rin(gjkomi — Gempii)

2 1
+ ERQ(QkZQijOn — Jk1GmnP;5) + gR\mn(gjkcpz - gzksaj)]

+ (28ymy Symy, £ By 1 D)

1
X [—R(gwmj = 9ikPim) = 3 Bim (gu0j — gjkWI)}

1

+ glagid gheefikl b pae s [—3R(gkl$@j - gijOl)]

. 1
+ (D”abc’klsoabc + E”’“) [sﬂkzj — g Rlgmes — gjw?l)}
+ (Eia&.debc;ef;k(pabc(pdef + Dijabc;k(pabc + Eij;k) Pik

_OBYseS §Diiabe OEY
+ <€m€]d 890 PabcPdef + Wsoabc + 8@) Pj- (C5)

0 0
Applying the differential operators U; X, Xy X.—— and Y;Y.Yy—— to (C.5), we solve
aSoabc aSpdef

the resulting equation for Didabeief

D(U,Y,X,X,X;Y,Y)+D(U,X,Y,Y,Y; X, X) (C.6)

1 1
= det(U, X) nget(Vgp, Y)B(X,X;Y,Y;0,0) — nget(D,Y)B(X,X;Y,Y; V,0)

B
¥



121

where (X < Y') indicates a second copy of the previous expression with X and Y swapped.
We set Y = X in (C.6) to get
DU X, X, X, X;X,X)
1 1
= det(U, X) §Rdet(ch,X)B(X,X;X,X;D,D) — nget(D,X)B(X,X;X,X;ch,D)

B
— det(V?9, X)B(X, X; X, X; V) — det(Vp, X)ZJX’ X; X, X)|,

0
noting that this equation is identical to applying the differential operator X,Xp 3 to
PLab
(C.4).
Lemma 4. If D% obeys (C.4) and (C.6), then
g o . HBYe
D = 28ym;; Symp €6 P B + 2 Symy; Symey,. "ol —
¥
2 P )
— 5 RSym;; Sym,. 1907 g BYE™ (C.7)

3
2 o . o
+ §R Sym;; Sym g, glagimy e BYSF + Sym . ™70 QC,

where Q° is a vector density of scalar order 2 such that Q5% = B qnd Q% = QI+,

Proof. Using the fifth metric order case as a blueprint, we consider the ansatz

DU, U, X®) = det(U, X) |apRB(U, X;0,0) det(Vy, X) + ay RB(X, X;0,0) det(Ve, U)

+ aaRB(U, X; Vi, 0) det(0, X) + asRB(X, X; Vo, O) det(O, U)
+ a4 B(U, X; V2p) det(V3p, X) + a5 B(X, X; VZp) det(V3p, U)
0B

0B
+ aﬁa—so(U,X) det(Vy, X) + a7%(X, X)det(Vep,U)]| .

We define the difference function

A(U,U,X,X,X)=D(U,UX,X,X)- DU,UX,X,X)
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and convert one U to an X, using (C.4) to express D(X,Y,Y,Y,Y)

AU, X, X, X, X)
=D(U,X,X,X,X)-DU,X,X,X,X)

1 1
= det(U, X) [3RB(X,X; 0,00) det(Vep, X) — 5RB(X, X; Vip, 0) det(0. X)
1
—5 det(U, X) [aORB(X,X; 0,0)det(Vp, X) + a1 RB(X, X;0,0) det(V, X)

+ asRB(X, X; V,0) det(0, X) + asRB(X, X; Vi, ) det (0, X)

+a4B(X, X;V2p) det(V2p, X) + a5 B(X, X; V) det(VZ¢p, X)

+ aﬁgi(X, X)det(Vp, X) + wgi(X, X)det(Vp, X)

1 1
= det(U, X) gRB(X,X; 0,0) det(Vp, X) — gRB(X,X;Vgo, 0O) det(Od, X)

B
— B(X, X; V2p) det(V2p, X) — 22 (X, X) det(Vip, X)

dp
ag + ay

~ 2 RB(X, X:;0,0) det(Vip, X) - g2+ 93

RB(X, X; Ve, 0) det(d, X)

st aron
2 Oy

a4 + as
2

B(X, X;V?p) det(VZp, X) (X, X)det(Ve, X)| .

Comparing the like terms in this expression, we observe that if

awt+a 1 agt+az 1 as+as

ag +ar
2 3 2 3 2 N

= —1, and -1, (C.8)

then A(U, X (4)) = 0. As with the previous case, this equation has a non-trivial kernel, with

solution

A(U,U, X, X, X) = det(U, X)*Q(X),

where Q' is a vector density of scalar order 2. To determine @ and the a; constants, we

substitute the definition of A into the above equation and solve for D

DU, U, X, X,X) =D(U,U, X, X, X) + det(U, X)*Q(X)
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= |aoRB(U, X;0,0)det(Ve, X) + a1 RB(X, X;0,0) det(Ve, U)
+ asRB(U, X; Vip,0) det(0, X) + a3RB(X, X; Vi, ) det (T, U)
+ ayB(U, X; V) det(V3p, X) + a5 B(X, X; V) det(V3p, U)
+ aﬁgi(U, X)det(Ve, X) + mgi(x, X)det(Ve,U)| det(U, X)

+ det(U, X)2Q(X).
Next, we change a U toa Y

D(U,Y, X, X, X)

1
= 5 det(Y, X) |apRB(U, X; 0,00) det(Vip, X) + a1 RB(X, X; 0, 00) det(Vip, U)

+a;RB(U, X; Vi, 0) det(d, X) + asRB(X, X; Vi, ) det(, U)

+ a4 B(U, X; V?p) det(V2p, X) + asB(X, X; V2p) det(V3p, U)

0B B
+ a5 (U, X) det(Vip, X) + “7(2@()(’ X) det(Vep, U)

1
+ 3 det(U, X) |aoRB(Y, X;0,0) det(Ve, X) + a1 RB(X, X;0,0) det(Ve, Y)
+ aaRB(Y, X;Vp,0)det(0, X) + asRB(X, X; Vp,0) det(,Y)
+ a4 B(Y, X; V2p) det(V3p, X) + a5 B(X, X; V?¢) det(VZ¢,Y)

0B 0B
+ aﬁw(Y, X) det(Vgp, X) + a7%(X, X) det(Vgp, Y)

+ det(U, X) det(Y, X)Q(X)

and apply the differential operator Y, Y to this equation

0
8Soab
D(U,Y,X,X,X;Y,Y)

_det(Y, X)

5 aoRB(U, X;0,0;Y,Y) det(Vy, X) + a1 RB(X, X; 0,0, Y, Y) det(V, U)

+aaRB(U, X;Vp,[0;Y,Y)det(O, X) + asRB(X, X; Ve, 0; Y, Y) det (3, U)

+a4B(U, X;Y) det(Y, X) + as B(U, X; V2, Y, Y) det(V3p, X)
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+asB(X, X;Y)det(Y,U) 4+ as B(X, X; V20, Y,Y) det(VZp, U)

0B 0B X
+ aﬁ%(U’X; Y,Y)det(Vp, X) + a7%(X,X; Y,Y)det(Vp,U)| + det(2U,)

x lagRB(Y, X;0,00; YY) det(Vp, X) + a1 RB(X, X; 0,00, Y, Y) det(Vy, Y)
+auRB(Y,X; Ve, 0, Y,Y) det(0, X) + asRB(X, X; Vi, 3, Y, Y) det (T, Y)
+ayB(Y, X;Y)det(Y, X) + ayB(Y, X; V30, Y, Y) det(V3p, X)
+asB(X, X;Y)det(Y,Y) 4+ as B(X, X; V30, Y,Y) det(V3p,Y)

0B

B
+ aga—(Y, X;Y,Y)det(Vp, X) + cwg—(X, X;Y,Y)det(Vp,Y)
2 ®

+ det(U, X) det(Y, X)Q(X;Y,Y)
1
=3 {alRB(D, 0 X, X; Y, Y) [det(Vep, U) det(Y, X) + det(Ve, V) det (U, X))

+a3RB(Vy,0; X, X;Y,Y) [det(0, U) det(Y, X) + det(0,Y) det (U, X)]
+ayB(U, X;Y)det(Y, X)? + a4 B(Y, X;Y) det(Y, X) det(U, X)

+ a5B(X, X;Y) det(Y,U) det(Y, X)

+a5B(X, X;Y,Y; V) [det(VZp, U) det(Y, X) + det(VZ¢, Y) det(U, X)]

+ Mgi(X, X;Y,Y) [det(Vp,U) det(Y, X) + det(Ve,Y) det(U, X)]

+aoRB(0,0;U, X;Y,Y) det(Vp, X) det (Y, X)
+agRB(0,0;Y, X;Y,Y) det(Ve, X) det(U, X)
+ aaRB(V, 0, U, X;Y,Y) det(0, X) det(Y, X)
+ ayRB(Ve,3; Y, X;Y,Y) det(0, X) det (U, X)
+ a4B(U, X;Y,Y; V2p) det(V3p, X) det(Y, X)
+ayB(Y, X:;Y,Y; V2p) det(VZp, X) det(U, X)
+ aﬁa—B(U, X;Y,Y)det(Vep, X) det(Y, X)

Oy

+ aﬁgi(Y, X;Y,Y)det(Vy, X) det(U, X)} + det(U, X) det(Y, X)Q(X;Y,Y).
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We produce a copy of this equation with X and Y swapped and sum the two together,

using the symmetries of B to simplify the resulting expression

D(U,Y, X, X, X;Y,Y)+ D(U,X,Y,Y,Y; X, X)
1
=3 {alRB(D, 0, X, X;Y,Y) [det(Ve,U) det(Y, X) + det(Vp, Y) det(U, X)]

+a3RB(Vy,0; X, X; Y, Y) [det(0, U) det(Y, X) + det(0, Y) det(U, X)]
+a4B(U, X;Y) det(Y, X)? + a4 B(Y, X; Y) det(Y, X) det(U, X)

+asB(X, X;Y)det(Y,U) det(Y, X)

+asB(X, X;Y,Y; V%) [det(VZp, U) det(Y, X) + det(V3p, Y) det(U, X)]

B
+ “7(;0()(’ X;Y,Y) [det(Vp,U)det(Y, X) + det(Ve, Y) det(U, X)]

+aoRB(0,0; U, X; Y, Y) det(Vy, X) det(Y, X)

+aoRB(0,0;Y, X;Y,Y) det(Ve, X) det(U, X)

+ aaRB(Vp,0;U, X;Y,Y) det(d, X) det(Y, X)

+aaRB(Vg,0;Y, X;Y,Y) det(0, X) det (U, X)

+ a4B(U, X;Y,Y; V2p) det(V3p, X) det (Y, X)

+ ayB(Y, X;Y,Y; V2p) det(VZp, X) det(U, X)
OB

+ aﬁai(Uy X7 K Y) det(v@7 X) det<Yv X)
¥

B
+ a6g(p(Y, X;Y,Y)det(Vp, X)det(U, X)} + det(U, X) det(Y, X)Q(X; Y,Y)

+ % {alRB(D, 0;Y,Y; X, X) [det(Ve, U) det(X,Y) + det(Vip, X) det(U, Y)]
+azRB(Vp,0;Y,Y; X, X) [det(0, U) det(X,Y) 4 det(0, X) det(U, Y)]

+ a4B(U,Y; X)det(X,Y)? + a4 B(X,Y; X) det(X,Y) det(U,Y)

+asB(Y,Y; X)det(X,U) det(X,Y)

+asB(Y,Y; X, X; V) [det(VZp,U) det(X,Y) + det(VZp, X) det(U,Y)]

+ cwgB(Y, Y; X, X)[det(Vo,U)det(X,Y) + det(Vp, X) det(U,Y)]
¥
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+agRB(0,0; U,Y; X, X) det(Ve,Y) det(X, Y)

+aoRB(0,0; X, Y; X, X) det(Vp, Y) det(U, Y)

+aaRB(Vp,0;U,Y; X, X)det(0,Y) det(X,Y)

+aaRB(Vp,0; X, Y; X, X) det(0,Y) det(U, Y)

+ a4B(U,Y; X, X; V2p) det(V3p,Y) det(X,Y)

+ ayB(X,Y; X, X;V2p) det(VZ,Y) det(U,Y)
OB

a6 (U,Y: X, X) det(Vip, Y) det(X,Y)
@

+ a6gi(X, Y; X, X)det(Ve,Y) det(U, Y)} + det(U,Y) det(X,Y)Q(Y; X, X)

1
=3 {alRB(D, 0, X, XY, Y) [det(Ve,Y) det(U, X) + det(V, X) det(U,Y)]
+asRB(Ve,0; X, X;Y,Y) [det(0,Y) det(U, X ) + det(Od, X) det(U, Y)]
+a5B(X, X;Y,Y; V%) [det(VZp,Y) det(U, X) + det(VZp, X) det(U, Y)]
OB

+ CL7%(X, X;Y,Y) [det(Vep,Y) det(U, X) 4 det(Vp, X) det(U, Y)]

+ agRdet(X,Y) [B(O,0; U,Y; X, X) det(Ve, Y)

— B(O,0;U, X;Y,Y)det(Vep, X)] + agRB(0,0;Y, X; Y, Y) det(V, X) det(U, X)
+aoRB(0,0; X, Y; X, X) det(Ve, Y) det(U, Y)

+ aaRdet(X,Y) [B(Ve, 0;U,Y; X, X) det(0,Y)

— B(Ve,0;U, X;Y,Y) det(0, X)] + asRB(V,0; Y, X; Y, Y) det(0, X) det (U, X)
+aaRB(Ve,0; X, Y; X, X) det(O,Y) det(U, Y)

+asdet(X,Y)? [B(U, X;Y) + B(U,Y; X))

+a4det(X,Y) [B(X,Y; X)det(U,Y) — B(Y, X;Y) det(U, X)]

+asdet(X,Y) [B(U,Y; X, X; V) det(Vp,Y)

— B(U, X;Y,Y;V2p) det(Vp, X)] + a1 B(Y, X; Y, Y; V20) det(VZp, X) det(U, X)
+a4B(X,Y; X, X; V%) det(V,Y) det(U,Y)

+ as det(X,Y) [det(U, Y)B(X, X;Y) — det(U, X)B(Y,Y; X)]
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B B
+ ag det(X,Y) (;O(U,Y;X, X)det(Vp,Y) — (;p(U’X;Y’ Y)det(Ve, X)

B
+ aﬁg(y, X;Y,Y) det(Vep, X) det(U, X)
2

+ %gi(x, Y X, X) det(Vep, Y) det(U, Y)}

+det(X,Y) [det (U, Y)Q(Y; X, X) — det(U, X)Q(X;Y,Y)] .

We compare this expression with (C.6), noting that a; = %, ag = —%, and a5 = a7y = —2
to match the corresponding terms. Taking (C.8) into account, we see that ag = as = a4 =

ag = 0. We perform these substitutions in the previous expression, leaving

DWU,Y,X,X,X;Y,Y)+ DU, X,Y,Y,Y; X, X)
= éRB(D, O0; X, X; YY) [det(Vp,Y) det(U, X) + det(Vp, X) det(U, Y)]
- %RB(V@, O, X, X; YY) [det(0,Y) det (U, X) + det(, X) det(U, Y)]
— B(X, X;Y,Y;V?p) [det(VZp,Y) det(U, X) + det(VZp, X) det(U,Y)]
OB

- %(X, X;Y,Y)[det(Vp,Y)det(U, X) + det(Vp, X)det(U,Y)]

— det(X,Y) [det(U,Y)B(X, X;Y) — det(U, X)B(Y,Y; X)]
+ det(X,Y) [det(U, V)Q(Y; X, X) — det(U, X)Q(X;Y,Y)]
- %RB(D, 0: X, X2 Y, V) [det (Vip, V) det (U, X) + det(Vep, X) det(U, V)]
- éRB(w, 0, X, X; Y, V) [det(0,Y) det(U, X) + det(0, X) det (U, Y)]
— B(X,X;Y,Y;V?0p) [det(VZp,Y) det(U, X) + det(VZ¢p, X) det(U,Y)]
OB

— 5o (X.X:Y.Y) [det(Vep, V) det(U, X) + det(Vep, X) det(U, V)]
@

+det(X,Y) det(U, X) [B(Y,Y; X) — Q(X;Y,Y)]

+det(X,Y)det(U,Y) [Q(Y; X, X) — B(X, X;Y)].
The final two terms of this equation must cancel to match (C.6), i.e.,

0 = det(U, X) [B(Y,Y; X) — Q(X;Y,Y)] + det(U,Y) [Q(Y; X, X) — B(X, X;Y)],
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where we have removed the common term det(X,Y") from this condition using the arbitrary

nature of the X and Y covectors. Letting U = X, this equation reduces to

or, equivalently, Q(Y; X, X) = B(X, X;Y).

Rewriting this expression as B¥i¢ = Q%% we integrate with respect to ©ij to get
/Biﬂ‘%a dpij = Q4+ N°,

where N is a vector density of scalar order 1. Differentiating this equation with respect to

vy, We have

/Bijﬂl;b d@ij — Qa;b + Na;b.

The left side is explicitly symmetric in the indices ab, while the term N%® is symmetric via
the invariance identity for a scalar order 1 vector density, i.e., N%* = 0% for some scalar

order 1 scalar density O. Therefore, Q% = Q¥®, 0

Returning to the divergence-free condition (C.5), we remove those terms which are

quadratic in @gp. using (C.6), yielding

0= Symklmn gikEﬂan |:2R(gjk:§0lmn - gk‘l@jmn) + R|n(gjk<pml - gk’m@jl)

2 1
+ BRQ(gklgijOn — GkGmnPj) + gR|mn(9jk<Pl - gzwg')]

+ (2 Sym;; Symy,,, gikgiaglmbe, 4 Dijklm)
1
X |:—R(gkl§0mj - gjk‘le) - ZR\m<gkl¢j — gjk(Pl):|

- 1 1
+ DidabeRl e [—SR(QM%‘ — gjk@l)] + B [%lj — gR(gkl(Pj — 9jk1)

aDijabc 8Eij
W@abc + a(p Pj-

+ (Dijabc;k()oabc +Eij;k> Qi + < (CQ)
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We simplify this expression by expanding the symmetries and collecting similar terms. We

begin by simplifying the first term

Symppmne*el B™" [QR(QJ'Wzmn — griPjmn) + Rin(gjkomi — Jkmepii)

2 1
+ 153 (k1gjmPn = Grigmne;) + ¢ Rimn (95501 = 91805)

— % (Eikglemn + 6ilcgijln + 8z'lcgjnBlm + 6“5ijkn + 5ilgjn‘Bkm 4+ €im€janl
+ EilEjkan + 2,_:imgjk‘Bln + gmgjkBlm + gimglekn + ginEjZBkm + gingijkl)
X |:2R(gjk901mn = griPjmn) + Rin(gikemi — Grmeit)

2 1
+ ERQ(legijOn — GKGmnPj) + gR\mn(gjk@l — JIkp;)

- {2R [0 B — (1)1 B — (~1)7g" B 4 gjpieim B
+ gjkEHEjanm + gjkaimsj"Bkl +0+0+0+ gjksimslek" + gjkemeﬂBkm
+ gjksmaij’ﬂ Pmn — 2R [(=1)7g"B™ +0+040+0+ 0+ (=1)%gY B™"
+ gre™ e B + greel* B + gyl BM + gjyetel BM™ + 0} Pjmn
4 By [~(-1)7g B — (1)1 B~ (<1)g" B 1 gl B
+ gjre’ Legn ghm 4 gjkeimsj"Bkl +0+0+0+ gjkeimslek" + gjkemsﬂBkm
+ gjkemsijkl} Omi — Rpn [0 + (—1)qgijBl” + Geme eI B + g eilei™ BFN
+ GemeteBF™ 4 gy et Mel" BM 1 gkmsilajkBm" + (-1)1gY Bn

+gkm€in€jkBlm +0+ 0+gkm5in<€ijkl} Vil + i R2 [(_1)qun +0

9
+ guigjme™ e B + 0 4 gragjme e B — (—1)%gug™ B + (—1)1B™

— (=1)B"™ 40— (=1)9B™ + 0+ 0] ¢, — —RQ [(—1)%9" g B™

+ Gu1Gmne T B 4 011 Gmne eI B+ g11gmne ™ BFY + gy gmne’ei™ BF™
+ (=) g B* + (=1)99" grun B™" + grigmne""e’* B™ + grigmne"e’* B
+ gklgmneimslek” + gklgmnemsﬂBkm + (—1)qgijglekl ©;

+ ER\mn _(_1)qulen _ (_1>qumBln _ (_l)qgmBlm + gjkgzlgijkn
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+ gpel eI BE 4 g eI BR 40 40 4+ 0 + gyeMeIl BE 1 gy cineil ghm
+ gk BM ) — %R‘mn (=1)9g"9 B™ 4 gpet*edm Bt 4 g etk ein gim
+ g™ BE 4 gretem B 4 getmein B L (—1)4g1 B 4 g etk B
+ gre™e* B + ge™el BM + gl BE M 4 gklé‘mEijkl] ‘Pj}
- % {23 [—3(—1)qgile" n ﬁgjksilgﬂ’mB’m} Gimn — 2R [2(—1)1g" B™
49 ™ B i+ Ry [ <2167 BT — (~1)1g "B
+ 2gjksilsijk” + 29jk5ilsj”Bkm + 29jk5i"5ﬂBkm] om1 — Ry, [2(—1)qgijBl”
+ 20kme FeI" B 4 2gpm et eI BFY 4 gimeted™ BF T 4 ngmemsjkBlm} ©ji
+ I%RQ [2gkzgjm€ik€jn3lm - (—1)qgklgi"3kl] On — %RQ [4(—1)qgij9k13kl
+ 809 I B 5+ L Ry [~(-1)1 BT — 2(-1)16™ B
+ 291" B 4 2g4e™eI™ BM 4 ngkgimeﬂB’m] o — éRW
X [2(—1)qgiij” + 4gklsik5ijl" + 2gkleim5j”Bkl + 4gklaim€jkBl”} @j}
— % {23 [—5(—1)qg“Bm" + IOijEilsijlm} Dl
+ Ry, [—4(—1)‘79”3”‘” — (—1)%g"B"™ 4 4¢3 I B 1 2g,3,c% " BF™
+ 4gjksm5lekm - 2gjk5ij5l"Bkm — gjksilem”Bkj} Oml
- %RQ [109k19jm5ik "B — 5(—1)qgmgi”B’ﬂ Pn
+ éR‘mn [—3(—1)491'13’”" —2(=1)%g"" B" + 2g;4"e/™ B*" + 296" e B
+ 69jk€im€ﬂBk" — 4gjk£ikelmBj" — ngkgimsl”Bjk] 901}
(1)

= {2R [—59“3’"" + 10g;x(g" g™ — gimgﬂ)Bk”] Plmn

+ R|n [_4gilen . ginBlm + 4gjk(gijglm _ gimgjl)Bkn
+ 2gjk(gijgln . gingjl)Bkm + 4gjk(gijgnl o gilgjn)Bkm
. 2gjk(gilgjn . gingjl)Bkm . gjk(gimgln . ginglm)Bkj} Ol

9 3 o .
+ [109ugjm(g” g — g"g’* B — 5gkl!]mBkl] @n



1 . . .. . .
+ gR\mn _3glemn _ ngmBln + Qij(gZ]glm _ gzmgjl)Bkn
+ 29jk(gijgmn _ gingjm)Bkl + 69jk(gijglm - gilgjm)Bkn

. 4gjk(gilgkm . gimgkl)Bjn . 2gjk(gilgmn . ginglm)Bjk] QOZ}

(_1)(] il pmn Im pin
= =5~ |2R (—159 B™ 1 104'™ B ) Dt
+ R|n (_14gilen _ ginBlm + 4glmBin + 6glnBim _ gimglngjkBkj
. . 2 . o
+ gmglmgjkBk]> Oim + ERQ <1Ole - 15gjkglejk> o
1 ) ) ) .
+ 5R\mn (_13glemn _ 2gszln + 8glmBm + 29mnle
il _mn _ njk in Im _ njk
—29"9"" 9B 4+ 29" 9" g B ) 901]
—1)¢ ) . —1)¢9 . .
_ ( 6) (_15Rglemn + 10Rglman> Oimn + ( 12) (_14R|ng7,len - R\zBlm
—1)4 /4 ) _ 13 ) 2 )
+ ( 12) <3RQBZZ _ 2R29jkgle]k _ ER|mnglemn _ gR|mngszln
8 ‘ 2 o9 ) ,
+ gR\mnglman + gR\mngmnBZl . gRlmngzlgmngjkBjk
2

*35

RmnginglmgjkBjk> Pr-
Using a similar procedure, we simplify the second term

(2 Sym;; Symyy,, el B g, 4+ D klm)
1
X |:_R(gkl90mj — GjkPim) — ZRIm(leSOj - gjk‘;pl)]
— _1 (EikgjaBlm;bc + &_jkgiaBlm;bc + 5z'lejaBlcm;bc + é_jleiaBkm;bc + gimé_jaBkl;bc
gm cia gklibe R . _ Ra. }R -—ER )
+e'e Pabe | LLk1Pm;j 9jkPim + 1 UmIkiPs = J i m kP

y em 1 o )
= Rgiapmi DV + Ryjupun DI = 2 Rimgiaoi DV + 4 Rimgjuor DV

—1)e g o ) g o ]
— _( 3) Pabe {nglsomj |:<gzjgak _gzag]k) Blm,bc + <gz]gak _gjagzk) Blm,bc

+ <gijgal _ giagjl> Bkm;bc + <gijgal . gjagil) Bkm;bc + (gijgam . giagjm) Bkl;bc}
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— Rgjrfim [<gijgalc _ giagjk> plmbe | <gz‘jgak _ gikgaj) Blmibe
i <gijgal _ gmgﬂ> phmibe 4. (gijgal _ gilgaj) Blmibe
1 (gijgam _ giagjm) Bibe (gijgam _ gimgaj) Bkl;bc}
1 %R|m9kl§0j [(gijgak _ giagjk> plmibe 4 (gijgak: _ gikgja> pglmibe
i <gijgal _ giagjl) phmibe 4. (gijgal _ gz'lgaj) Blmibe
i (gijgam _ giagjm) Bibe (gijgam _ gimgaj) Bkl;bc}
_ %RW%M [(gijgak _ giagjk> plmibe | (gijgal - gmgﬂ) phmsbe
i <gijgal _ gilgaj> phmibe 4. (gijgam _ giagjm) Bhibe (gijgam _ gimgja) Bkl;bc} }

ij i 1 . 1 B
_ nglQOmjDUklm + jok@lmDZ]klm _ 1R|mgkl¢jDUklm + ZR\mgjk(PlDUklm

—1)e g A o y . S
— _( 3) abe I:(R(pmjgz]Bam,bc . RtpmjgzaB]m,bc + Rsomjgszam,bc o Rgomjg]aB’m’bc
+ RsomjgijBam;bc _ R(pmjgiaBjm;bc + R(pmjgijBam;bc _ RgijgjaBim;bc
+ Rgpiomjg g"™ B — ngzsomjgmgijk“bC)
(R iaBlm;bc —9R iaBlm;bc R iaBlm;bc - R iaBlm;bc
Pimd Pimg + RYimyg Pimd

R alBim;bc - R iaBlm;bc R alBim;bc - R ilBam;bc
+ Lpimyg Pimd + RQimg Pimd

R amBil;bc - R iaBml;bc R amBil;bc - R imBal;bc
+ Lpimyg Pimg + pimg Pimg

ER . ijBam;bc o iaBjm;bc . ijBam;bc . jaBim;bc
+ 4 |m \ P59 ¥ig + ©;g Pig
+ Sajgij‘Bam;bc . (pjgiaBjm;bc + (pjgijBam;bc _ (pjgajBim;bc
amBkl;bc

ijkl;bc amBkl;bc

+ greig”g — gupig™y + greig”g
- gkzgojgimgajBkl;bc) o %le (SolgiaBlm;bc o 2(PlgmBlm;bC
+ (plgalBim;bc _ (plgiaBlm;bc + ()OlgalBim;bc _ QOlgilBam;bc

+ SDlgamBil;bc _ sDlgia,Bml;bc + (plgamBil;bc _ (,OlgimBal;bC) :|

ij i 1 . 1 B
_ nglQOmjDuklm + jok@lmDZ]klm _ 1R|mgkl¢jDUklm + ZR\mgjk(PlDUklm

—1)4 g _ o o
_ ( 3 ) Dabe |: (4R(ijgz]Bam,bc _ QRQOmjgmB]m’bc _ 2Rg0mjg]aB’m’bc
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+ Roipmig" " BX Y — Ropiomsg™ g™ B
- <_3R‘le9i“31m;bc + 4Ry, g™ B — 2Rs0zmg”B“m;bC)
. i pambe ia gjmsbe ja gimibe ij am ghlsbe
g Fiim <490jg B = 209" BT = 20597 BT + 2900597 97 BT
— gusg " " B — gruipigtg™ BE) — R (—3song“Blmvbc
4 290lgalBim;bc _ (plgilBam;bc + 2¢lgamBil;bc - (plgimBal;bc) :|

ij L 1 . 1 B
- nglgomijklm + jok(plmeklm - ZR|mgleOjD”klm + ZR‘mgjk(plDUklm

(=17
3

Pabe [mej (69” pamibe | gia gimibe _ ggja gimibe | o o gam phisbe
— grg" g’ mBkl’bc> + 1 Bims (5g”Bam"’C 4+ gia pimibe _ 4gia gimsbe
+ 29197 g BMYC — gig"t g BEEYC — )y g% g™ BNV — 29 B - g B“j5bc>]

g 7 1 y 1 y
_ ngl@mjDUklm + jok(leDUklm _ ZR|mgkl(PjDUklm + ZR\mgjk@lDUklm-

We substitute these terms back into the divergence-free condition (C.9), yielding

0=

—1)e , . —1)4 4 .
( . ) (_15Rgllen + 10Rglman> Clmn + ( 12) (_14R|nglemn . R|zBml
—1)¢ ) 4 . 13 . 2 .
+ ( 12) (_2R2gzlgkmBkm + §R2le . gR\mngllen _ gR\mnglmBln

8 ) 2 . 2 ) ) 2 ) )
™ B 2 R ™ B = S R ™"+ L™ B )

(=1)¢
3

Pabe [Rspmj (Ggij pamsbe 4 giapimbe _ g oja pimibe 4 o gid gam phlibe

_ gklgiagijkl;bc) n iRm% <5gijBam;bc + gilagimibe _ 4 gia gimibe

4 nglgijgamBkl;bc _ gklgiagijkl;bc . gklgjagimBkl;bc . 2gamBij;bc + gimBaj;bc> ]
— Rgkipmi D™ + Rgjpipim DIH™ — %R im0 D7F 4 %ngjksﬁzDijklm

— 1
+ Dpidabekl y [—R(gkmj - gijOZ)] + skl [@klj _

1
3 =R(grip; — gjk(Pl)]

3
aDijabc GE”
o

Wsoabc + % (ClO)

+ (Dijabc;k%bc + Eij;k) ik + <



We apply the differential operator U; X,XpX,
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to the divergence-free condition and
Pabe

solve the resulting equation for E

EU,X; X, X)

- (_61)(1 [15Rg(U, X)B(X, X) — 10Rg(X, X)B(U, X)]

—1)¢
N (3) {R [69(U, V20) B(X, V2p; X, X) + g(U, X)B(VZp, V20; X, X)

— 69(V2¢, X)B(U, V?¢; X, X) + g(U, V¢)g(X, V?¢) B[O, J; X, X)
—9(U, X)g(V?¢, V0)B(O,0; X, X)] + % [59(U, V¢)B(X,VR; X, X)
+g(U,X)B(Vy,VR; X, X) — 49(V, X)B(U,VR; X, X)

+29(U, V)g(X, VR)B(O,0; X, X) — g(U, X)g(Ve, VR)B(O,; X, X)
— g(U,VR)g(X,V¢)B(O,0; X, X) — 29(X, VR)B(U,Vy; X, X)
+g(U,VR)B(X,V¢; X, X)] } + 1R [D(U, Ve, X, X, X;0,0)

3

D
- D(U,0, X, X, X300, V)] = D(U, V¥, X, X, X5 V) — ‘wa, Ve, X, X, X)

—1)4
_ ey 15Rg(U, X)B(X, X) — 10Rg(X, X)B(U, X) + 12Rg(U, V2¢)B(VZp, X; X, X)

6
+2Rg(U, X)B(V?p, V2p; X, X) — 12Rg(V3p, X)B(V?p,U; X, X)

+ 2Rg(U,V2p)g(X,V?¢)B(O,0; X, X) — 2Rg(U, X )g(V?p, V2p)B(O,0; X, X)
+g(U, Ve)g(X,VR)B(O,; X, X) — %g(U, VR)g(X,Ve)B(O,0; X, X)

- %g(U,X)g(Vgo, VR)B(O,0: X, X) + %g(U, X)B(Ve, VR; X, X)
—29(X,V¢)B(VR,U; X, X) — g(X,VR)B(Vy,U:; X, X)

5 1
+29(U, Vo) B(VR, X; X, X) + 59(U, VR) B(V, X; X, X)

1
+ gR[D(U, Vo, X, X, X;0,0)— DU,0, X, X, X;0,Vp)]
oD

— D(U, V¢, X, X, X;V%p) — %(U, Vo, X, X, X). (C.11)
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Before proceeding further, we express D (C.7) using covector notation and expand the

permutation tensors using (2.8)

D(U,U, X, X, X)
= 2det(U, X) det(U, V20)B(X, X; V%) + 2det(U, X) det (U, w)gi(x, X)
_ %R det(U, X) det(U, Vi) B(X, X 0, 00)
+ gR det(U, X) det(U,0)B(X, X; Vi,0) 4 det(U, X)*Q(X)

= (—1)7 [29(U,U)g(X,V?p)B(X, X; V?p) — 29(U, V?¢)g(U, X)B(X, X; V*¢)
OB OB

+ 29(Ua U)g(Xv V(,D)%(X,X) - 2g(Ua VLp)g(U,X)%(X,X)

- %Rg(U, U)g(X, Vo) B(X, X0, 00) + ;Rg(U, Vo)g(U, X)B(X, X:0,00)
+ %Rg(U, U)g(X,0)B(X, X;Vep,0) — ;RQ(U,D)g(U,X)B(X,X; V,0)
+9(U,U)g(X, X)Q(X) — g(U, X)g(U, X)Q(X)]

= (=1)7|29(U, U)g(X, V?0)Q(VZp; X, X) — 29(U, VZ¢)g(U, X)Q(V?¢; X, X)

T 29U D)g(X, Vsc))?i(x X) — 29(U, V)g(U, X)ij(X, X)

2 2
- gRg(U, U)g(X,Ve)B(O,0, X, X) + gRg(U, V)g(U, X)B(O,0; X, X)

2 2
+ gRQ(Ua U)B(VQP,X,X, X) - gRg(U,X)B(VQO, U,X,X)

+9(U7 U)Q(XvX)Q(X) _g(U7 X)Q(U7 X)Q(X) : (C‘12)

With this result, we expand the D terms in (C.11). First, we expand the terms containing

derivatives of D with respect to ¢;;, namely

%RD(U, Vo, X, X, X;0,0)

- (_zal)qR 29(U, V)g(X, V20)Q(V2¢; X, X) — g(Ve, V20)g(U, X)Q(V?p; X, X)
— g(U,V?0)g(Ve, X)Q(V?p; X, X) +29(U, V) g(X, vw)aﬁ(x,x)

dp
(X, X) — g(U, Vo)g(Ve, X) 22 (x, x)

OB
—9(Ve, Vo)g(U, X
9(Ve, Vo)g(U, X) 90

e
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2 1
- gRg(U, V)g(X,Ve)B(Og, Og; X, X) + gRg(Vso, V)g(U, X)B(Og, 04 X, X)

1 2
+ gRg(U, Vi)g(V, X)B(Og, Oa; X, X) + gRg(U7 Ve)B(Vp, X; X, X)
1

1

+9(U, Ve)g(X, X)Q(X) — g(U, X)g(Ve, X)Q(X)| (0,0

- (_31)qR 29(U, V)g(X, V20)Q(V; X, X) — g(Vip, V29)g(U, X)Q(V: X, X)

oB
—9(U.V0)g(Ve, X)Q(Ve: X, X) + (U, Veo)g (X, Vo) (X, X)
B 1
- 89(U, )5 (X, X) = 3 Rg(U, Vi)g(X, V) B(Ca, i X, X)

1 2
+ 5 RSg(U, X)B(Co, Ous X, X) + S Rg(U, Vo) B(Vip, X X, X)

1 1

+9(U, Ve)g(X, X)Q(X) — g(U, X)g(Ve, X)Q(X)| (0,0

= (_:gl)qR 29(U, Ve)g(X,D)Q(0; X, X) + 29(U, V)g(X, VZ0)Q(VZ¢; 1, 1 X, X)

—9(Ve,D)g(U, X)Q(D; X, X) — g(Vp, V)9 (U, X)Q(VZ¢; 0, 0; X, X)

OB OB
+9(U,V)g(X, V@)%(D,D;X,X) - Sg(U,X)%(DD;X,X)

1
— 2 Rg(U,Vp)g(X, V) B(La, Oe; 0, 0; X, X)

3
1 2

+ S RSg(U, X)B(Ca, D3 0,0 X, X) + 2 Rg(U, V) BO, 0; Vg, X: X, X)
1 1

+ g(Uv Vg@)g(X, X)Q(X» D7 D) - g(Ua X)g(V(p, X)Q(X» D» D)

B (?})QR 29(U, Vo)Q(X; X, X) + 29(U, V)g(X, V20)Q(V?¢; 0, 0; X, X)

—9(U, X)Q(Ve; X, X) — g(Ve, V20)g(U, X)Q(V?p; 0,0, X, X)

—9(Ve, X)QU; X, X) — g(U, V?p)g(Ve, X)Q(V?p;0,0; X, X)

0B 0B



1
- gRg(Uv Vgﬁ)g(X, V@)B(Daa Da; Da D7 X7 X)

1 2
+ 3 RSg(U, X)B(la, Uas 1,0, X, X) + 2 Rg(U, V) BL, 1; Vip, X3 X, X)

1 1

= (-1)7 |3 Rg(U, Vo)g(X, X)Q(X:0,0) — 3 Ra(U, X)g(X, V)Q(X; 0, 0)

+ 2 Rg(U, VR)QUX; X, X) — 3 Re(U, X)Q(Vi X, X)

3
1 2
- gRg(X, Vp)QU; X, X) + gRg(U, Ve)g(X, Vi)Q(Vie; 0,0, X, X)
1
— 3 R9(U, X)g(Ve, V2p)Q(Vip; O0,0; X, X)
1
= 3R9(U, V29)g(X, V) Q(VZ; 0, 00; X, X)
1 OB 1 OB
- X COOXX) - - X)22(O,0: X, X
+ 3Rg(U,VsO)9( , V) &p( 0, X, X) 3RSQ(U7 )aso( 0 X, X)
1
= 579U, V)g(X, Vi) B(Ca, 0a; 0, 03; X, X)

1 2
+ 57 89(U, X) B(0a, 0as 0, 0; X, X) + SR*g(U, Vi) B(D, T; Vip, X X, X)

1 1
— 5B 9(X, Vo) B(O,0: Ve, U3 X, X) — S R(U, X)B(0,0; Vo, Vs X, X)

and

1
JRD(U.0, X, X, X; Ve, )

- (_31 " R |29(U,0)g(X, T20)Q(V20: X, X) — (0, V20)g(U, X)Q(V2g; X, X)

— g(U, V20)g(0, X)Q(V?: X, X) + 29(U, D)g(X, w@i(x X)

— g(@. V(U X)‘?E(X, X) — g(U, w>g<D,X>?i<X,X>

2 1
- gRg(U7 D)Q(Xv VSO)B(D(M Da; X? X) + gRg(D, VQD)Q(U, X)B(Dav Da; Xa X)

1 2
+ gRg(U, V)g(d, X)B(He, Oa; X, X) + gRg(U, O)B(Ve, X; X, X)

1 1
- gRQ(D,X)B(V(,D,U,X,X) - gRg(UaX)B(VQOaDa)QX)

137
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+9(U,D)g(X, X)Q(X) — g(U, X)g(, X)Q(X) | (; Ve, )

= CR |0, 000(x, 99)0(0: X, %) + (0, D) (X, D)Q(T: X, X)

+29(U, D)g(X, V)@V Vo, 0 X, X) — 5901, Vi)g(U, X)Q(T: X, X)

~ 59(0.D)9(U, X)Q(V: X, X) — (0, V)g(U, X)Q(V2; Vip, T X, X)

~ 59U, V)g(0, X)Q(T: X, X) ~ 59U, D)g(0, X)Q(Vi: X, X)
- (U, V2 2)g(0, XV Vi, T X, X) + 20(0, D)y X, Vi)

0B 0B

(Ve,0; X, X)

—9(0, Ve)g(U, X)

2
- §R9(U7 D)Q(X, VSO)B(DCM Da; VQO, Dv X7 X)

1
+ §Rg([:|7 V(P)Q(U, X)B(Da7 Da; VQO, Dv X7 X)

1
+ gRg(U, V)g(O, X)B(Og, Oq; Vi, 0; X, X)

1
+ S Rg(U,0)B(Ve,0; Ve, X; X, X) — gRg(D,X)B(Vso, O, Ve, U; X, X)

— W N

w

- g(U, X)g(D, X)Q(X7 VQO, D)

G 9(X,Vo)QU; X, X) 4 g(U, X)Q(V; X, X)

+29(X, V20)Q(V6: Vo, Us X, X) — 29U, X)Q(Vip: X, X)

—9(U. X)Q(Vi; X, X) — g(U, X)Q(V*¢: Voo, Vi X, X))

~ 59U V)Q(X: X, X) — g(U, X)Q(Vp; X, X)

- 9(U.T*0)QT6: Vi, X3 X, X) + 29(X. V)5 (V. Ui X, X)
-9, X)g

Rg(X, V) B(Oa, Oa; Vo, Us X, X) + 3 Rg(U, X) B0, D Vip, Vi X, X)

(Ve Vi X, X) — (U, V) ‘;0 (Y, X: X, X)

2
RQ(U VSO) (Da,Da,V@,X,X,X) + gRB(V%UaV%XaXaX)

CO\!—‘OJ\HOJ\[\')
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+g(Xa X)Q(vawv U) - g(Ua X)Q(Xa VC,O,X)
= (-1)7 |3 Ry(X, X)QX; Vi, U) — 5 Rg(U, X)Q(X; Vip, X)

+ SRI(X, V)QUU X, X) = ZRg(U, X)Q(Vs X, X) = £Rg(U, T£)QUX: X, X)

3
+ ZRg(X, V)Q(V; Vo, U X, X) — 3 Rg(U, X)Q(V0; Vi, Vs X, X)
— éRg(U, V20)Q(VZp; Vo, X5 X, X) + ;Rg(X ch)g (Vo,U; X, X)
- 3RO X) 52 (V6. Vi X, X) = g Ry(U, Vo) 3 (Vi X X, X)
— SR(X, V) B(00, 0 V,U3 X, X) + 29U, X) B0, Ui Vi, V5 X, X)

1 1
+ 529U, V) B(Oa, 0o Vip, X5 X, X) + S R B(Vep, U3 Vip, X X, X))

1

Next, we expand the D term which is differentiated with respect to ¢;

D(U,V%p, X, X, X; V)

= (=1)7 |29(U, V*¢)g(X,Vep)Q(Vap; X, X) — g(V2¢, Vap)g(U, X)Q(Vep; X, X)

oB
dp
(X, X)

g(U, Vip)g(V2e, X)Q(Vip; X, X) + 29(U, VZp)g(X, Vo)

oB
Oy

(X, X)

OB
(X, X) — g(V?p,Vo)g(U, X)%

2 1

1 2
+ 3 R9(U, V)g(Vie, X)B(0,00; X, X) + S Rg(U, V*¢) B(Vp, X; X, X)

1 1
- gRg(VQCPvX)B(VQDa U; Xa X) - gRg(U,X)B(VQO, VQQD;XaX)

+ 9(U, VZ9)g(X, X)Q(X) — g(U, X)g(V?p, X)Q(X)| (; V)

— 9(V?¢, V)g(U, X)

= (=1)7 |29(U, V*9)g(X,V2p)Q(Vap; Vip; X, X)

— 9(V2p, V20)g(U, X)Q(V2p; Vip; X, X)

—g9(U, V2p)g(VZp, X)Q(V2p; Vi X, X)
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+29(U, V3p)g(X, V%)?E(X, X) +29(U, V?p)g(X, Vso)gi(X, X; V)
~ 9V, VR)glU, X) 5 (X, X) = 920, Vo0, X) 5 (X, X: 92)
~ 4V, T, ) G (X, X) - 6(V20, DU, ) 5 (X, X V24)
- %RQ(U, Vie)g(X, Vi) B(O,0; X, X)
- %RQ(M V20)9(X, Vo) B(O,0; X, X; V)
+ %Rg(vztp, VZ)g(U, X)B(0,0; X, X)
+ 2 Rg(V%0, Vi)g(U, X) B(O, 0 X, X; V)
+ %Rg(lﬁ V3)g(Ve, X)B(O,0; X, X)

1

+ < Rg(U,V)g(Vp, X)B(O,0; X, X; VZp)

3
2 2

+ 3Rg(U, V*)B(VZ, X; X, X) + S Rg(U, V*¢) B(Vep, X; X, X; VZ¢)
1 1

= 3R9(Vi, X)B(V?0, U; X, X) = 2 Rg(V?, X)B(Vp, U; X, X; V)

1 1
- gRg(U,X)B(stD, Vi X, X) — 3R9(U, X)B(Ve, V3p; X, X;V3p)

+9(U, V20)g(X, X)Q(X; VZ9) — g(U, X)g(V?¢, X)Q(X; V)

= (—=1)7 |g(U, V?0)g(X, X)Q(V?¢; X) — g(U, X)g(X, V?¢)Q(V?¢; X)

0 0
+2g9(U, V*p)g(X, W);jw%; X,X)—29(U,X)g(Ve, VQSO)ag(stD; X, X)

2 1
+ 3Ry (U, V20)Q(V2p; Vi, X5 X, X) — 3 R9(X, V20)Q(V2p; Vi, U; X, X)

1
- gRg(U,X)Q(VQSD; Vi, V20 X, X) + g(U, V20)g(X, V20)Q(V2p; Vip; X, X)

—9(U, X)g(V?0, Vip)Q(Vip; Vi X, X)

2
— ZRg(U,V?p)g(X,V)Q(Vp; O0,00; X, X)

3
1
+ 3 R9(U, X)g(Ve, Vi) Q(V2; 0, 00; X, X)
1 0B
+ 3R9(U. Ve)g(X, V20)Q(VP6i 0,0 X, X) + 29(U, Vg (X, V) 5o (X, X)

0B 1
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1 2
+ 5 Rg(U, X)g(Vp, V20) B0, 0; X, X) + S Rg(U, V29) B(V?¢, X; X, X)

1 1
— 3 R9(X, VI)B(V?,U; X, X) = 5 Rg(U, X) B(V?p, Vi X, X) | .

Finally, we produce the D term differentiated with respect to ¢

oD
%(Uv VSO7X7X>X)

9Q 2Q
Oy dp
B, 9?B
ag(VQso; X, X) +29(U,V)g(X, Vo) — 9,2 (

2 2
~ 0(V, VRlalU,X) 5 5 (X,X) — (U, Volal(Ti. X) 5 5 (X.X)

2 OB 1 OB
— S Rg(U,V)g(X,Vy)— (0,0, X, X) + 3R9(V%Vs0) g(U, X)a

3 A
1 OB 2 OB
+§R9(U, Vs@)g(Vso,X)a (0,0, X, X) + 3Rg(U V@)a (Ve, X; X, X)

= (—1)7 |29(U, V) g(X, VZp) == (V20; X, X) — g(V, VZ0)g(U, X) == (V?p; X, X)

— g(U, V?¢)g(Ve, X) X, X)

(0,0 X, X)

0B 0B

~ 3RV, X) 5 (Vo Us X, X) = 3 Ro(U, X) 5V, Vi X, X)
0 0

+9(U,T9)g(X, X) G2 (X) — 9(U, X)g(Vip. X) 52 (X)

oQ 9Q
5o () — 0(U. X)g(X. V) ()

o o
+29(U, V)g(X, Vgso)ag(v%; X,X) —g(U,X)g(Ve, V%)ag
2 0Q , o 9?B
—9(U,Vo)g(X, VSO)@(V ©; X, X) +9(U,Ve)g(X, Vw)f&pz (X, X)

0’B 1 OB
1 B

+ 3RSg(U X)g (0,0, X, X) + Rg(U V(p)g

0B

Jp

= (=17 |9(U,Vp)g(X, X)

(V205 X, X)

- S9UX)5 S(E0:X,X)

(Ve, X; X, X)

1 0B
— 5 Rg(X, V)

3 , af(Vso,U X, X)—*Rg(U X))o

(Vo, Vi X, X) | .
We sum these four terms together using the coefficients from (C.11)

1
gR[D(U, Ve, X, X, X;0,0) - D(U,0, X, X, X;0,Ve)] — DU, V2, X, X, X; V%)

oD

— —(U, Vg, X, X, X
8[70(’ SO7 ) J )



+

—+

L1
9

_.|_

+

OIN Wl Wl W

+

+

_.|_

142

1)1 éRg(U, V)g(X, X)Q(X;0,0) — éRg(U,X)g(X, Vp)Q(X;0,0)

Ry(U, Vo)Q(X; X, X) = 3 Ry(U, X\)Q(V: X, X)
Rg(X, V)Q(U; X, X) + 2 Rg(U, V)g(X, Vi) Q(Ve; 0, 0; X, X)
Rg(U, X)g(Vep, V29)Q(V?¢; 0,0 X, X)

Rg(U, V*9)g(X,Ve)Q(Vip; 0,0, X, X)

0B

0B
Rg(U, Vig)g(X, Vi) 5

Oy

§R29(U, V)g(X,Ve)B(O,, 0 0,0; X, X)

(DDXX)—%RS v, )220, 0 X, X)

— Wl Wl Wl W~ Wl

2
R*Sg(U, X) B(0a, Ui 0,0 X, X) + S R9(U, Vo) B(O, 0 Vip, X: X, X)

1 1
g 9(X, Vo) B(O,0: Ve, Us X, X) — s R (U, X) B(0, 0: Vo, Vipi X, X)

(-1)¢ [3Rg(X, X)Q(X: Ve, U) — £ Rg(U, X)Q(X; Vi, X)
SRIX, VR)QU: X, X) — 3 Ro(U, X)Q(Vi X, X) ~ £ Ry(U, Vo) Q(X: X, X)
Rg(X, P20)Q(V25: Vi, U3 X, X) = 5 Ro(U, X)Q(V5 Vip, Vi X, X)

0B
Oy

(Ve, X; X, X)

9
Rg(U,V?p)Q(V?¢; Vi, X; X, X) + = Rg(X, Vi) ——

OB
(Vo,Vp; X, X) — *Rg(U Vo)~

0B
Ry(U,X)%5 5o

I
(X, Vo) B(a, 005 Vg, U X, X) + S R2(U, X)B(a, D5 Vip, Vipi X, X)

1 1

§B20(U, V) B(O0, 00 Ve, X; X, X) + SR B(Ve, Us Vip, X X, X)
1

§R29(U,X)B(V¢,D;W,D;X,X)

(—1)7 |g(U, V20)g(X, X)Q(Vp; X) — g(U, X)g(X, VZ0)Q(VZp; X)

2Q 2Q
Oy O
9 1

SRo(U, V20)Q(V2p; Vo, X5 X, X) — S Rg(X, V20)Q(V2p; Vi, Us X, X)
1

S R9(U, X)Q(V29: Voo, V2 X, X) + g(U, V29)9(X, Vip)Q(Vap: Vi X, X)

9(U, X)g(V?0, V2i0)Q(Vap; Vi X, X)

29(U, V29)g(X, Vo)== (VZ¢p; X, X) — 29(U, X)g(Ve, V) —=(V?p; X, X)
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\)

= 3R9(U, VZ0)g(X, V)Q(VZ¢: 00,03, X, X)

1
+ 3 R9(U, X)9(Veo, Vi) Q(V7; 0, 00; X, X)

1 0B
+ 3R9(U. Ve)g(X, VE0)Q(V2e: 0,0 X, X) + 29(U, Vi)g (X, Vo) 5
0B
O

(X, X)
—29(U, X)g(V2¢, V?p) 2 (X, X) — *RQ(U,VQSD)Q(XW%)B(D,D;X,X)

1 2
+ 3 Rg(U, X)g(V?p, V2) B0, 0; X, X) + S Rg(U, V*¢) B(V?¢, X; X, X)

3
~ SRo(X, V29 BV, Us X, X) 1 Rg(U, X)B(V?6, V%0: X, X)
oQ oQ
— (=14 _ _v
(=17 |g(U,Vp)g(X, X)&p( ) g(U,X)g(V%X)aSO(X)
o \0Q o 5 \0Q o
+29(U,Vp)g(X,V w)%(v 0; X, X) —g(U,X)g(Vep,V ¢)%(V 0; X, X)
2 0Q 2 B
—g(U,Vop)g(X, V@)@(V ¢; X, X) +9(U, Vo)g(X, Wﬁ)a 5 (X, X)
82 1 OB
" ;ngw X)Z (O,0: X, X) + gRg(lf, w@ﬁm,x; X, X)

8
= (-1)7 gV, X)g(X, V) T2 (X) — U Vil X, X)?fj( )

+9(U, X)g(X, V29)Q(VZp; X) — g(U, V20)g(X, X)Q(V?¢; X)
— SR9(U, X)g(X, Vo)Q(X; 0,00 + 5 Re(U, Tip)g (X, X)Q(X; 0, 0)

+ SRg(U, X)Q(X; Vi, X) = 3 Ry(X, X)Q(X; Vi, U)

3
5 2
0 0
+39(U, X)g(Ve, v%)ag(v%; X, X) = 9(U, V)9 (X, V¢)£(V2<ﬁ; X, X)
9Q

—29(U, V)g(X, V%)== (V20 X, X) + g(U, X)g(VZ0, V2p)Q(Vap; VZi; X, X)

e

— (U, V?0)g(X, Vap)Q(Vap; V2o X, X) + Rg(U X)Q(VZp; Vo, Vp; X, X)
1

— SRy(U, PP )Q(V; Vo, X; X, X) = 2Rg(X, V9)Q(V265 Vo, Us X, X)

2
— 3 R9(U. X)g(Ve, V20)Q(Vip; 0,0; X, X)
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1
+ =Rg(U, V*0)g(X,Vp)Q(Vp; 0,00 X, X)

3
1 2 2 2 2 aB
+ gRg(U, V)g(X,Vip)Q(Vip; 0,0, X, X) + 29(U, X)g(Vp,V w)@(X,X)
OB 9B
—29(U, V?0)g(X,V?0) =— (X, X) + Sg(U, X) -— (X, X)
dyp dy
0*B 1 S
—9(U, Vp)g(X, V@)W(X,X) - gRg(U,X)g(V 0, Vi)B(O,0; X, X)
1 1
+ 3 R(U, V29)g(X, V2) B(D, 0; X, X) + S Rg(U, X) B(V?p, VZi; X, X)
2 1
2 OB 2 OB
— ZRSqg(U, X)=2(0O,0: X, X) + ~Rg(U. X COoxX. X
3 q(U, )8s0( 05 X, )+3 (U, V)g( ,Vw)&p( 0, X, X)
2 OB 1 OB
“Rg(U, X) == X, X) - = = X:X. X
+3 g(U, )&p (Vo, Ve, X, X) 3R9(U, V) % (Vo, X; X, X)
1 OB

1
- 7R9(X7 VQD)?(VQO,UV)CX) + §R259(U7 X)B(D(Iv[la;[lvm;X7X)

—_ W

— —R%*g(U,V)g9(X,Ve)B(O,,0,;0,0; X, X)

Ne)

1 1

+ 5 R9(U, Vo) B0, 00; Vip, X; X, X) + S R*g(X, Vo) B0, 0; Ve, U; X, X))
1 2
1

— §RQB(W, U:Vp, X;: X, X)|.

We combine this result with the remaining terms in (C.11), yielding

E(U,X;X,X)
= (_61)(1 [15Rg(U, X)B(X, X) — 10Rg(X, X)B(U, X) + 12Rg(U, V*¢) B(V?p, X; X, X)
+ 2Rg(U, X)B(V?¢,V%p; X, X) — 12Rg(V%p, X)B(V?p,U; X, X)
+2Rg(U, V3p)g(X,V3p)B(O,0; X, X) — 2Rg(U, X)g(V?p, V?p)B(O,0; X, X)
+g(U,V)g(X, VR)B(O,; X, X)) — %g(U, VR)g(X,Ve)B(O,0; X, X)
- %g(U,X)g(Vw, VR)B(O, 05 X, X) + 3o(U, X) B(Ve, VR; X, X)
—29(X,V¢)B(VR,U; X, X) — g(X,VR)B(Vp,U: X, X)

5 1
+ §g(U, Ve)B(VR,X; X, X) + §g(U, VR)B(Vy,X; X, X)



145

Q Q

+ (=1 |9(U, X)g(X, Ve )390( ) —9(U, Ve)g(X, X)aso( )

+9(U, X)g(X, V*0)Q(Vp; X) — g(U, VZ¢)g(X, X)Q(V*p; X)

~ SRg(U, X)g(X, Vo)Q(X:0,00) + 1 Ry(U, Vp)g(X, X)Q(X;01,0)

+ SRo(U, X)Q(X; Vi, X) = 3 Ry(X, X)Q(X: Vi, U)

3
5 2
0 0
+39(U, X)g(Ve, v2so)£<v2cp; X, X) = g(U, V2p)g(X, w>a§<vzw; X, X)

9Q

—29(U, V)g(X, V%)%(V%; X, X) + 9(U, X)g(V2p, V20)Q(V2p; V0 X, X)

—9(U,V?9)g(X,V2p)Q(Vip; Vip; X, X) + Rg(U X)Q(V2p; Vi, Vip; X, X)
1
—3Ry(U, V20)Q(V2¢; Vi, X5 X, X) — gRg(X, V20)Q(VZp; Vo, U; X, X)

2
- 3R9(U, X)g(Vep, V20)Q(Vp;0,0; X, X)

1
+ 5 Rg(U, V20)9(X, Ve)Q(Vip; 0,0; X, X)

1 oB
T 39U, Ve)g(X, VE)Q(VPe: 0,10 X, X) + 29(U, X)g(V2, Vi) 52
>’B
a 2

(X, X)

OB
—29(U, V?p)g(X, V¢ )a

0’B
8 2

(X, X))+ S9(U, X)=—= (X, X)

— G(U.V)a(X, V) 25 (X, X) — £ Ry(U, X)g(V2p, V2) B(O,0; X, X)

3

1 1
+ 5 Rg(U, V2)g(X, V2) B(O, 0; X, X) + S Rg(U, X) B(V?p, VZi; X, X)

2 1
- gRg(U, V2p)B(VZp, X; X, X) + 5Rg(X V2p)B(VZp,U; X, X)

2 rsew, )22 (0,0 x, x) + 3Rg(U Vo)g(X, w)g’i

3 dy
2 0B

Do

1 0B
~ ZRg(X,
3Rg( Vp)— 0

1
= 579U, V)g(X, Vi) B(Ca, 0a; 0, 03; X, X)

1 1
+ 5 R9(U, Vo) B(O,0; Voo, X; X, X) + S R*g(X, V) B0, 1 Vo, U; X, X))

(0,0 X, X)

0B

(Veo, U; X, X) + 9RZSg(U X)B (Da,Da;D,D;X,)O

1 2
+ §RQQ(U, X)B(Vp,; Ve, [0; X, X)) — §RZQ(U,X)B(D, 0; Vi, Vi; X, X)
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1
— B B(Ve, U; Voo, X5 X, X)

= (1) |g(U, X)g(X, w>gfj<x> (U, Ve)a(X. X)Zfﬁ(X)

+9(U, X)g(X, V2)Q(V*¢; X) — g(U, VZ0)g(X, X)Q(V?p: X)
~ SRg(U, X)g(X, V)QUX;0,0) + 3 Ry(U, Vip)g(X, X)Q(X; 0,0)

+ SRg(U, X)QUX; Vi, X) = 3 Ry(X, X)Q(X; Vi, 1)

3
5 2
+ S Rg(U, V) Q(X; X, X) = £ Rg(X, V)Q(Us X, X)
0 0
+39(U. X)g(Tip. V) 52 (V61 X, X) = U, VPp)gl(X, Vi) 52 (V21 X, X)

0
—29(U, V)g(X, VQ@)ai(VQsO; X, X) + 9(U, X)g(V2p, V20)Q(V2p; V0 X, X)

2
— 9(U, VZ0)g(X, Vap)Q(Vaw; Vi X, X) + S Rg(U, X)Q(VZ; Vip, Vs X, X)
1 1
= 3R, V20)Q(VZ9: Vip, X3 X, X) — 2 Rg(X, V2)Q(V?¢; Vo, U3 X, X))

9
— ZRg(U, X)g(V, VZ)Q(Vp; 0,0, X, X)

3
1
+ 3 R9(U, V29)g(X, V) Q(VZ; 0, 0; X, X)
1 5
+ 3 R9(U, V)9 (X, V29)Q(VZ; 00, 0 X, X) + S Rg(U, X) B(X, X)
5 1 s o OB
OB 9B
—29(U, V? X, V20)— (X, X))+ Sg(U, X)——(X, X
g(U, VZp)g(X,V w)aso( , X))+ Sg(U, )8902( , X)
0’B 2 S
4
+ L Rg(U, V20)B(V%p, X: X, X) — 2 Rg(X, V) B(V?6,U; X, X)
2 2
- gRg(U,X)g(VQsD, VZ)B(O,0; X, X) + 3R, V20)g(X, V) B(O,0; X, X)
1 1
1 1
+ gg(U, Vp)g(X,VR)B(O,0; X, X) + ﬁg(U,X)B(VsD, VR; X, X)

1 1
- gg(X, Ve)B(VR,U; X, X) — gg(X, VR)B(Vy,U; X, X)

5 1

Eg(Ua VR>B(V907Xa Xa X)
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2 OB 2 OB
- = X) — (O, 0. X, X — X — (0. 0: X, X
3R59(U, )&p( O X, X)) + 3R9(U,Vs0)g( , V) 8g0( 0 X, X)
2 OB 1 OB
= X)=— X, X) - = — X; X, X
1 OB 1,
- gRg(X, V@)%(V% U: X, X)+ ol Sg(U, X)B(,,0,;0,0; X, X)
1
— 5 720(U, V) g(X, Vo) B(Da, 0as 0,15 X, X)
1 1
+ 579U, Vo) B(O,0; Voo, X; X, X) + S R*g(X, V) B0, T; Vo, U; X, X))

1 2
+ 579U, X)B(Ve,0; Voo, 0 X, X) — SR*g(U, X) B(0,0; Vg, Vg X, X)

1

— o FPB(Ve, U Ve, X; X, X)) | (C.13)
Lemma 5. If EY obeys (C.13), then

E(U,U;X,X)=EU,U; X, X) —det(U, X)?P, (C.14)

where BT s defined below and P is a scalar density which is of scalar order 2.

Proof. We start with the following ansatz

EU,U; X, X)

oQ

= (=17 |a1g(U,U)g(X, Vo) 5~ (X) + a2g(U, X)g(U, Vw)%(X)

+ asg(U, X)g(X, w@ﬁfw) +asg(U, Vi)g(X, X>‘3f§<v>

2Q
dp

+asg(U, U)g(X, V20)Q(V?p; X) + asg(U, X)g(U, V>0)Q(V?¢; X)
+arg(U, X)g(X, V20)Q(V?0; U) + asg(U, V) g(X, X)Q(V¢; U)

+ agRg(U,U)g(X, Vo)Q(X;1,0) + a10Rg(U, X)g(U, Ve)Q(X; 1, 1)
+ anRg(U, X)g(X, Ve)Q(U; 1, 0) + a12Rg(U, V)g(X, X)Q(U; 0, 0)
+a13Rg(U,U)Q(X; Ve, X) + araRg(U, X)Q(U; Vo, X)

+a15Rg(U, X)Q(X; Vo, U) + arsRg(X, X)Q(U; Ve, U)

+ a17Rg(U,Vp)Q(U; X, X) + a1sRg(U,V)Q(X; U, X)
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+ a19Rg(X,V)QU; U, X) + a0Rg(X,Vp)Q(X;U,U)

) )
+ a2 g(U,U)g(Ve, v%)ag(v%; X, X) + asg(U, X)g(Ve, v%>£<v2so; U, X)
2 \0Q 2 1 0Q o
+ az39(X, X)g(Ve, V w)%(v ©;U,U) + a2ug(U,V)g(U,V @)%(V 0; X, X)
9 0Q o 2 \0Q
+ azsg9(U, V7p)g(X, V@)%(V 0 U, X) + ag9(U,Ve)g(X,V @)%(V ©; U, X)
0
+amg (X, Vela(X. V) G2 (Ve U.0)

+azsg(U, U)g(V9, Vo) Q(Vap; Vie; X, X)

+a209(U, X)g(V?¢, Vo) Q(Vap; Vie; U, X)

+az09(X, X)g(V20, Vo) Q(Vap; V2e; U, U)

+a319(U, VZ0)g(U, Vap)Q(Vip; V2o; X, X)

+az29(U, V20)g(X, Vap)Q(Vap; Vo U, X)

+a339(X, V20)g(X, Vo) Q(Vap; Vie; U,U)

+a34Rg(U, U)Q(V?0; Vi, V35 X, X) + azs Rg(U, X)Q(V?¢; Vo, VZip; U, X))
+azsRg(X, X)Q(V?¢; Voo, V20; U, U) + azr Rg(U, V) Q(V; Vo, U; X, X)
+azsRg(U, V20)Q(V?90; Vi, X; U, X) + azg Rg(X, VZ0)Q(V?9; Vo, U; U, X)
+asRg(X, V20)Q(Vp; Vi, X; U, U)

+anRg(U,U)g(Ve, V0)Q(Vip; 0,0; X, X)

+anRg(U, X)g(Ve, V)Q(Vp; 0,00, U, X)

+aRg(X, X)g(Ve, V20)Q(V2e; 0,0; U, U)

+a1Rg(U,V)g(U, V:0)Q(V?p; 0, 0; X, X)

+ a5 Rg(U, V) g(X, VZ0)Q(Vp; 0, 0; U, X)

+assRg(U, V) g(X, V) Q(Vp; 0,0, U, X)

+ a7 Rg(X, V) g(X, VZ0)Q(V2p; 0,0, U, U)

+ aysRg(U,U)B(X, X) 4+ ag9Rg(U, X)B(U, X) + as0Rg(X, X)B(U,U)
0B 0B

90 (X, X) + ase9(U, X)g(Vp, V=) 90 (U, X)

+ CL519(U, U)Q(VZQD, VQSO)



OB OB
+as39(X, X)g(Vp, V) o= %

P (U,U) + as49(U, V2<p)g(U, V2cp)

(X, X)

0B 0B
T assg(U, V3p)g(X, Vo) 52 (U, X) + asog (X, V3e)g (X, V) 52
>’B 9°B 9°B
52 (X, X) + assSg(U, X)a 5 (U, X) + a5059(X, X)O 3

0’B 0’B
a 2 (X X) —|—(1619(U VSO) (Xav@)a 2

2

0°B
+ ag29(X, Vp)g(X, V@)TSDZ(

(U, U)
+as5789(U,U) (U,U)
+ agog(U, V)g(U, V) —— (U, X)
U,U) + agzsRg(U, U)B(V?p, V3p; X, X)

+ asaRg(U, X)B(Vp,VZp; U, X) + ass Rg(X, X) B(VZp, V2; U, U)
+ assRg(U, V?p)B(VZp,U; X, X) + agrRg(X, V) B(V?¢p,U; U, X)

+ CLGgRQ(U, V2QD)B(V2()0, Xa U7 X) + aGQRg(X7 vzgo)B(vzsoa X7 U7 U)
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+ CL70RQ(U, U)g<v2¢7 vzgp)B<D7 D7 X: X) + a71Rg(U7 X)g(v2§07 V2SO)B(|:|7 Da U7 X)

+ arRg(X, X)g(V?p,V20)B(O,0; U, U) + arsRg(U, VZ¢)g(U, VZ¢)B(O,0; X, X)

+araRg(U,V?9)g(X, V?)B(0,0; U, X) + ars Rg(X, VZ9)g(X, V) B(O,0; U, U)

+a769(U,U)g(Ve, VR)B(L,00; X, X) + ar7g(U, X)g(Ve, VR)B(O,0; U, X)
+ a739(X, X)g(Ve, VR)B(L, L; U, U) + areg(U, VR)g(U, V) B(L, [J; X, X)
+agog(U,VR)g(X,Ve)B(O,0;U, X) + ag19(U, Ve)g(X,VR)B(O,T; U, X)
+ ag29(X, VR)g(X, V) B(O,0;U,U) + assg(U,U)B(Vp, VR; X, X)

+ assg(U, X)B(Vp, VR, U, X) + ag59(X, X)B(Veo, VR; U, U)
+ageg(U,Vo)B(VR,U; X, X) 4+ ag79(X,Vo)B(VR,U; U, X)
+aggg(U,Vo)B(VR, X;U, X) + ageg(X,Ve)B(VR, X;U,U)

+ agg(U,VR)B(V,U; X, X) + ang(X,VR)B(Vp,U; U, X)

+ a92.g(Ua VR)B(V(Pv X; U7 X) + (Iggg(X, VR)B(V()Ov X; U7 U)
0B
dp

0B OB
+ agsRSg(X, X)— 90 (0,0, U,U) + ag7Rg(U, V) g(U, Vgo)a

B
+ agsRSg(U, U)g (0,0, X, X) + ags RSg(U, X) =— (3, 3; U, X)

(0,0; X, X)

0B 0B
+ aggRg(U, V)g(X, V@)%(D,D;U,X) + agoRg(X, Ve)g(X, VSO)a (0,0,0,0)
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(Vo, Vi U, X)

0B 0B
+ a100Rg(U,U) -~ o (Vo, Ve X, X) + a101Rg(U, X) — 90

0B
Vo, Vo, U, U) + ajosRg(U, Vgo)a—(

0B
Vo, X;U, X) + a5 Rg(X, V@)a

0B
+ alogRg(X, X)ai(

0B
+ a104Rg(U, V@)af(

Vo, U; X, X)
(Vo,U; U, X)

0B
+a106Rg(X Vgp)a
+ alogRQSg(U,X)B(Da,Da; 0,0:;U, X) + a109R Sg(X, X)B(O.,0e; 0,0, U,U)

(Veo, X;U,U) + a107R2Sg(U, U) B(Oa, Og; O, 0 X, X)

+ allORQ.g(U7 VQO)Q(U, VSO)B(DLU Da; D7 Da X? X)

+ a111R%g(U, V)g(X, V) B(Oq, 040, 0; U, X)

+ a119R?g(X, V) g(X,Ve)B(O,, 0,;0,0; U, U)

+ a113R?g(U,V)B(O,0; Ve, U; X, X) + a114R*g(U, V) B(O,0; Ve, X; U, X)
+ a115R*g(X,Vo)B(O,0; Vi, U; U, X) + a116R*g(X, V) B(O,0; Vo, X; U, U)
+ a117R?g(U,U)B(V,0; Vo, 0; X, X) 4+ a118R?g(U, X)B(V,0; Ve, 0; U, X)
+ a119R?g(X, X)B(V,0; Vi, 0: U, U) + a120R*g(U, U)B(O,0; Vo, Vg:; X, X)
+ alglRQQ(U, X)B(O,0:; Ve, Vp, U, X) + a122R2g(X, X)B(O,0:; Ve, Ve, U, U)
+ a193R?’B(Vo,U; Vo, U; X, X) 4+ a124R*B(V,U; Vo, X; U, X)

+ a195R*B(V, X; Vo, X; U, U)| .

where a;, b;, cj, are constants to be determined. As with the proof for Db we define a

difference function

AU U, X,X) = E(U,U; X, X) — E(U,U; X, X)

and replace a U with an X, using (C.13) to express E(U, X; X, X)

AU, X, X, X)

=EU,X;X,X)-EU,X; X, X)

oQ
Oy

9Q

= (1) |9, X)g(X, V) 5 i

(X) —9(U, Vp)g(X, X) == (X)
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+9(U, X)g(X,V?0)Q(Vp; X) — g(U, VZ¢)g(X, X)Q(Vp; X)

~ SR(U, X)g(X, V)QUX;0,0) + 3 Rg(U, V)g(X, X)Q(X: 0,0)

+ 5 Rg(U, X)QUX; Vip, X) — 5 Rg(X, X)Q(X; V5, U)

+ 2Rg(U, V9)QUX; X, X) - S Ry(X, Vo)Q(U; X, X)

o P
+39(U, X)g(Ve, VQsO)ag(V?@; X, X) - g(U V¢)g(X, W)ag(v%; X, X)

0
— 29(U. V)g(X, v%o)ag(v?so; X, X) + 9(U, X)g(V2p, V20)Q(V2: V2p; X, X)

2
= 9(U, V2)g(X, Vip)Q(Vaw; Vi X, X) + S Rg(U, X)Q(Vp; Vip, Vs X, X)
1 1
— 3 R9(U, V20)Q(V¢; Vip, X; X, X) = 2 Rg(X, V*0)Q(V7¢; Vip, Us X, X)

2
— ZRg(U, X)g(Ve, VZ0)Q(VZp;0,0; X, X)

3
+ S R(U, V30)g(X, V)Q(V2: 0, 0 X, X)
- éRg(U, Ve)g(X,V20)Q(Vie: 0,0, X, X) + gRg(MX)B(X,X)
= SRICXX)BU.X) + 39(U, X)g(V0, V) 5 (X, X)
- 20U, V)X, V) 20X, X) + 80U, )5 (X, X)

2

0°B 2

4

+ S Rg(U, V20)B(V%p, X: X, X) — 2 Rg(X, V) B(V?6,U; X, X)

2 2

— 3 Ro(U, X)g(Vp,V20)B(O,0; X, X) + 3R9(U, V20)g(X,V?)B(O,0; X, X)
1 1

1 1
+ gg(U, Vp)g(X,VR)B(O,00; X, X) + 29

1 1

1
+ 159(U, Vo) BOYR, X; X, X) + 159(U, VR)B(Vig, X; X, X)

2 OB 2 OB
_z X)) (0.0 X, X) + = X COooX X
3R59(U, )&O( O X, )+3RQ(U;V30>9( ’v¢)8¢( 0 X, X)
2 OB
2z ob
+3R9(U’X)6gp

(U, X)B(Ve, VRE; X, X)

0B

— (Vo, X; X, X
8@( (107 ’ ’ )

1
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1 OB 1,
- gRg(Xa V@)%(V%U, Xa X) + §R Sg(U7X)B(DaaDa;DaD;X7X)

1
~ §F9(U.Ve)g(X, Vi) B(Ta, 0 0,05 X, X)

1 1
+ 5B 9(U, V) B(O,0; Voo, X; X, X) + 5 R2g(X, Vo) B(O,T; Vip, U X, X)

1 2
+ 579U, X)B(Ve,00; Voo, 0 X, X) — SR*g(U, X) B(0,0; Vg, Vg X, X)

1
— g B(Ve, UiV, X; X, X)

— (=17 |a19(U, X)g(X, V(p)gg(X) + %Q(X,X)Q(U, VSO)?)g(X)
+ 2 Xg(X, T T2 + PalX, X)glX, Vo) g2 0)

+ Dol X)g(X. T GEX) + Go(X. Tola(X. X) G2 )

+ %Q(U, V(p)g(X,X)gg(X) +asg(U, X)g(X, V20)Q(V2p; X)

+ 59X, X)g(U, V) Q0 X) + T9(U. X)g(X. V*9)Q(V*: X)

+ 59X, X)g(X. VO)Q(V3e:U) + T g(U. X)g(X, V@) Q(V?¢: X)

+ 59X, V2R)g(X. X)Q(V3e:U) + T g(U, V0)g(X, X)Q(V2p: X)

+ agRg(U, X)g(X, V)Q(X;0.0) + “L Rg(X, X)g(U, Ve)Q(X: 0, 0)
+ %5 Ry(U. X)g(X, Vo)Q(X:0,0) + - Ry(X, X)g(X, Ve)Q(U: 01, 0)
+ 75 Ry(U. X)g(X, Vo)Q(X:0,0) + 5 Ry(X, Vip)g(X. X)Q(U: 0. 0)
+ 2 Rg(U, Ve)g(X, X)Q(X:0,0) + arsRg(U, X)Q(X; Vg, X)

+ 5 Rg(X, X)Q(U:s Vo, X) + T Rg(U, X)Q(X: Vip, X)

+ 75 Ry(X. X)Q(X: Ve, U) + 5 Ry(U, X)Q(X: Vg, X)

+ S Rg(X, X)Q(X: Vi, U) + P Ry(X, X)Q(U: Vo, X)

+ STRY(X, VO)QU: X, X) + T Rg(U, Vo)Q(X; X, X)

+ %5 Ry(X. V@) QX U, X) + 55* Rg(U. Vo) Q(X; X, X)

+ S Rg(X. VR)QUX: U.X) + S Rg(X, V)Q(U; X, X)
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0
+ a2 Rg(X,V)Q(X;U, X) + a1 g(U, X)g(Ve, VQ@)Q(V2¢; X, X)

dp
a 0 a 0
+ %Q(X,X)Q(WJ, v%)ai(v%; U X)+ %Q(U, X)g(Ve, V2¢)£(V2¢;X7X)

B, a o0Q

+ a39(X, X)g(Ve, VQw)ag(Vzw; U X)+ %Q(X, V)g(U, Vzw)%
a24 2 aQ 2 azs 2 aQ 2

+ TQ(UaVSO)g(X,V ¢)%(V 0 X, X)+ TQ(X,V @)g(X,VsO)%(V 0, U, X)
ags 9 0Q , aze 9 0@ o

+ 79(U,V @)Q(X,V@%(V 0 X, X)+ 79(X,V¢)9(X,V w)%(v 0, U, X)
a26 9 1 0Q o 5 1 0Q o

+ TQ(U, V)g(X,V ¢)%(V ©; X, X) + azg(X,Vp)g(X,V @)%(V ©; U, X)

+ a2s9(U, X)g(Vp, Vap)Q(Vap; Vi; X, X)

(V2p; X, X)

a
+ ?g(X, X)g(VZp, V20)Q(V2p; V20; U, X)

a
+ %g(U, X)g(V2p, V20)Q(V2p; VZp; X, X)
+ a309(X, X)g(VZ, V2)Q(Vip; Vi U, X)
+as19(U, VZ9)g(X, Vap)Q(Vip; Vip; X, X)

[0
+ =5 9(X, V20)g(X, Vi) Q(Vap: V2p: U X)

a
+ %Q(U, V20)g(X, V20)Q(Vip; Vip; X, X)

+az39(X, V20)g(X, Vap)Q(Vap; Vi U, X)

T aRg(U. X)Q(V0: Vip, Vs X, X) + 7 Ry(X, X)Q(V?¢: Vo, Vp: U, X)
+ %RQ(U,X)Q(V%; Vo, V20 X, X) + ags Rg(X, X)Q(V?p; Vo, Vi, U, X)
+ %RQ(X, V20)Q(V3¢; Vo, Us X, X) + %RQ(U, V20)Q(V¢; Vi, X; X, X)
+ 5 Ra(X. V2 Q)Q(V2: Vo, X: UL X) 4 T Ry(U, V*0)Q(V2: Vg, X: X, X)
+ 55 Ry(X, V30)Q(Ve: Vo, X; U, X) 4 7 Ry(X, V) Q(V2: Vip, Us X, X)
+ awRy(X, V20)Q(V?¢; Vi, X; U, X)

+anRg(U, X)g(Ve, V0)Q(Vp; 0,0; X, X)

+ %Rg(ﬁﬂ X)g(V, V20)Q(V2p; 0,0, U, X)

+ %RQ(U,X)Q(V% V20)Q(Vp; O0,0; X, X)



+asRg(X, X)g(Ve, V@)Q(V?e; 0,0; U, X)
+ %RQ(K V)g(U, V?9)Q(V2e; 0,0; X, X)
+ 55 Ro(U. Ve)g(X, V) Q(Vpi 0,1 X, X)
+ 55 Ry(X, Ve)g(X, V2p)Q(Vp: 0, 0: U, X)

+ 2 Rg(U, Vg (X, V20)Q(Vei 0, 0: X, X)

+ SERg(X, V2)g(X, V) Q(V3e: 0. 0: U, X)

+ %RQ(U, V20)g(X,Ve)Q(Vie; 0,0, X, X)

+ asrRg(X, V) g(X, V20)Q(V?p; 0,0, U, X) + assRg(U, X)B(X, X)

+ P Rg(X, X)B(U.X) + “* Rg(U, X) B(X, X) + asoRg(X, X) B(U, X)

+as19(U, X)g(V2¢, V%)gi (;i
+ B(U, X09(V20, T20) 5 (X X) + asag (X, X)g(Vp, T2) 5 (U, X)
+asug(U, V(X Vo) 5 (X, X) + “Sg(X. Vplgl(X, Vo) 5 (U, X)
+ S0, P )g(X, V) S (X, X) + asag (X, Tp)gl(X, V2) 5 (U, X)
+ as7Sg(U, X)ZZS(X, X) + 2 5g(x, X)gjjj(U, X) + 22Sg(U. X)?Z‘Z(X, X)
+ as9Sg(X, X)@(Ua X) + aeog(U, V)g(X, v@)(;jf;(

02
82B ag1 62B
92 (U, X) + —-9(U, Ve)g(X, V«P)%Q

0’°B
+ a629(X, V)g(X, V<P)8702(U7 X) + agsRg(U, X)B(V?p, VZp; X, X)
a64

+ S Rg(X, X)B(V?6, V2 U, X) + S Rg(U, X) BV, V20 X, X)

Qa
(X, X) + 2 g(X, X)g(VZp, V)

: . X)

X, X)

Q
+ =5 9(X, Ve)g(X, Vi) (X, X)

+agsRg(X, X)B(V2p, V2p; U, X) + %Rg(Xv V) B(V2¢,U; X, X)
+ %RQ(U, V) B(Vip, X; X, X) + %RQ(X, V2p)B(V?p, X3 U, X)
+ %RQ(X, V0)B(Vp,U; X, X) + %RQ(X, V20)B(Vp, X;U, X)

+ %RQ(U, V20)B(V?9, X; X, X) + aggRg(X, VZ0) B(Vp, X; U, X)
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+ aroRg(U, X)g(VZp, V) B(O,0; X, X)

+ SFRg(X, X)g(V?p, V2p) B, 0: U, X)

+ %Rg(U, X)g(V2p, V20)B(O,0; X, X)
+anaRg(X, X)g(V?p, V) B(O,0; U, X)
+anRg(U, V20)g(X,V?¢)B(O,0; X, X)
- %RQ(X, VZ0)g(X, V?¢)B(O,0; U, X)
+ S Rg(U, V2)g(X, V?¢) B(O, 0 X, X)
+arsRg(X, V)g(X, Vi) B(O,0; U, X)

+ areg(U. X)g(Vip, VR)B(O, 0; X, X) + g (X, X)g(Vep, VR)B(O, 0 U, X)

+ SL9(U. X)g(Vep, VR)B(O,05 X, X) + arsg (X, X)g(Vep, VR) B(O, 0 U, X)

+ “9(X. VR)g(U, Vo) B(O,0: X, X) + 2 g(U, VR)g(X, Vi) B(, 0 X, X)

+ SP9(X. VR)g(X, Vi) BO,0: U, X) + 2 g(U, VR)g(X, Vig) B(O, 1 X, X)

+ SH9(X, Ve)g(X, VR)B(O, 0; U, X) + g (U, Veo)g(X, VR)B(D, 0; X, X)

+ a82g(X7 VR)Q(X, VSO)B(I:L D7 Uu X) + Cngg(U, X)B(VQO, VRa X: X)

+ (X, X)B(V, VR U, X) + 2 g(U, X) B(Vip, VR; X, X)

+ assg(X, X)B(Vp, VR U, X) + 2 (X, Vi) B(VR,Us X, X)

+ %Q(U, Ve)B(VR, X; X, X) + %9(?@ Ve)B(VR, X3 U, X)

BT+ 8 B TR0)

+ 989U, V) BIVR, X3 X, X) + asog (X, Vo) B(VR, X; U, X)

+ S29(X, VR)B(Vi, U3 X, X) + S0g(U, VR)B(Vip, X X, X)

+ SL9(X. VR)B(Vip, X; U, X) + Lg(X, VR)B(Vep, Us X, X)

+ S29(X. VR)B(Vp, X; U, X) + S29(U, VR)B(Vep, X; X, X)

B
+a93g(X, VR)B(VQO,X;U,X) +Q94RSQ(U’X)3¢(D’D;X’X)

155



156
B B
+ 8 RSg(x, )22 (0,0:0,X) + %0 RSg(U,3) 22 (0. 0: X, X)
2 (o[%) Oy
0B OB
+ ags RSg(X, X)—— a0 (0,0U, X) + agrRg(U, V) g(X, V(p)a (0,0, X, X)

0B
+ 5 RIX, Velg(X, V) 5 (0,050, X)

0B
Oy
0B
Oy

X) 5 (Ve ViU, X) + 2 Ro(U, X) 5

(V. Vi X) + B2 Rg X, V) 5 (VU3 X, X)

n %Rg(u V)g(X, V) 220,00 X, X)

0B
(D L UX)+a100Rg(U X)a

(Vo,Ve; X, X)

+ agoRg(X,V)g(X, V) — (Vo, Vg X, X)

+ SRy (X,

OB

+ alogRg(X, X)ai
OB OB

+ ﬁRg(U Vi) 3 (Vo, X: X, X) + ﬂRg(X V) 50 (Vo X:U, X)

+ U g0, V0) I0 (g, X: X, X) + U1 Rg(X, V) 02 (Vi XU, X)

dp Do
a105 0B OB
+ 5 ——Rg(X, V@)a (Vo,U; X, X) + ar06 Rg(X, V@)a (Vo, X;U, X)

0108

+ a107R?Sg(U, X)B(O,,0a; 0, 0; X, X) + —=R%Sg(X, X)B(O,, 0,; 0,0, U, X)

+ %RQSg(U,X)B(Da, Oe; 0,0, X, X) + a100R*Sg(X, X)B(O,, 0,; 0,0, U, X)

+ a110R%*g(U, V) g(X, V) B(Oy, 0g; 0, 0; X, X)

+ SHER(X, V)9 (X, Vo) B(Da, 0 0, 05U, X)

+ 5 R g(U.Vo)g(X, V) B(Oa, D 0,1 X, X)

-+ QIIQRZQ(Xv th)g(X, VSO)B(DGJ Da; D7 |:|7 U7 X)

+ 2 R(X, V) B(O, 05 Vo, Us X, X) + 52 R2 (U, V) B(O, 1 Vg, X5 X, X)

+ %R%(X, V) B(O,0; Vi, X: U, X) + ﬂRZ 9(U, V) B(O,0; Vo, X; X, X)
+%R29(X,V90) (0,0 Vg, X5 U, X) +

+ a116R%*g(X,Vo)B(O,0; Vi, X; U, X) + a117R*g(U, X)B(V,0; Vo, 0; X, X)

12151% 9(X, V) B(O,0; Ve, U; X, X)

+ SER(X, X)B(Ve, 0; Vo, 05U, X) + “5E R2(U, X)B(Vep, [ Vip, [ X, X)

+ a119R?g(X, X)B(V,0; Vi, 0: U, X) + a120R*g(U, X)B(O,0; Vo, V: X, X)

+ “2LRY(X, X)B(0,05 Vo, Vs U, X) + 2L R2(U, X)B(O, 0 Vip, Vi X, X)
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+ a122R?g(X, X)B(O,0; Vo, V; U, X) + a123R*B(V, U; Vi, X: X, X)

a124 a124

——R’B(Vp,X;Vp, X;U,X) + ——R*B(Ve,U; Vo, X; X, X)

+ a125RQB(Vgo, X:Vo, X: U, X)}

(1 - 2 - 2 g x0e0x v S200)
+(-1- 2 - 9) o T, 1) G2 00)
(105 =5 = ) 90 X)g(X. VR)Q(VPe: X)

+
|
|
|
|
NG
s
S
<
<
s
e
=
o
<
5
>

+

—ag — — — > Rg(U, X)g(X, Ve)Q(X;0,0)

_|_

e ) Rg(U,Ve)g(X, X)Q(X;0,0)

>R9(U,X)Q(X;V<p, X)

+

_____ > Rg(X, X)Q(X;Ve,U)

_|_

F- - ) RO VR X X)

_l’_

+
/\/\/\/—‘\/\/—\/—\
w

|

)

=

w

|

|

|

|

_____ ) Rg(X,Ve)Q(U; X, X)

- (3 —ag — %) 9(U, X)g(Vo, st@)gg(v%; X, X)

+ (—1 -~ % -~ %) 9(U, V3p)g(X, v@)gg(v%; X, X)
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o ) Rg(U,V)g(X,V20)Q(Vip;0,0; X, X)

(2 s 29) Ry(U, X)B(X, X)
5  ag
+ _5_7_0450 RQ(X,X)B(U,X)
1 0B
+ (2 —as — 2 ) g(U, X)g(Vp, V2p) = (X, X)
3 e
+(-2—as— =) g(U,V X, V2o) == (X, X
(=2 = a4 = 53 ) 9(U, V)9 (X, V) 5 (X, X)
ass 823
+(1— a5 — 7) S9(U, X) 57 (X, X)
ag 9B
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a
=24 a33) 9(X,V20)g(X, V20)Q(V2p; Vi, U, X)

a
% + aga) Rg(X, X)Q(V?¢; Vo, V2 U, X)
G ) Ry(X. V29)Q(Ve: Vi, X: U X)
a
2+ a43) Ry(X, X)g(Ve, V*0)Q(V: 0. 0: U, X)
% + o+ a47) Rg(X, V)g(X, V)Q(V; 0,0, U, X)
52 2,598

5 ) 9(X Ve, V2 )8 (U, X)
a 0B
— (S +a G)gXTVQ XTV2>8¢QLX>
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7 9) Sg(X (U X)
a 0’B
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)
=
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% n QSB) 9(X. X)B(Vy,VR;U, X)
% n % i a&g) 9(X,V)B(VR, X;U, X)
S+ T2 4 agg ) 9(X, VR)B(Ve, X3 U, X)

+a96> RSg(X, X)gB(D 0: U, X)

0B
+ CL99> Rg(X,Vp)g(X,Vp)— 95
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0B
+ a102> Rg(X, X)—— g
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+ > + a6

a1 =2+ ay
as = 2+ ag
2 +
ag = —5 T a12
3
2 +
aiz = 5 T+ aie
3
air = air
ot — as2
21 = O — —(/—
2
ags = —2 —azy
az9 = a29
ass = a33
az7 = a3y
2 a49
a41 = —5 — (&~
3 2
2
Q45 = 5 — Q44
3
49 = Q49
o as2
53 = —
2

a9 = -2 — a4
ag — -2 - as
2
aip = 5 — 012
3
aig = —aie
5
alg = 5 — aiy
3
ag2 = a22
age = —4 — az
a a29
30 = ———
2
2  ass
ag4 = 5 — —5~
3 2
2
asg = —5 — asr
3
a42 = a42
2
aq6 = 5 — Q44
3
5 ag
aso = —5 — 5~
3 2
a5y = ass
sy =—2—
2

+ at09) R2S9(X, X)B(Ca, 0o 0,0 U, X)
+ anz) B9(X, Vi)g(X, Vip) B, 0 0. 0: U, X)
) R2(X, V) B0, 0; Vo, X3 U, X)

+an) R%g(X. X)B(Ve. 0 Vo, O: U, X)
+ a1z ) R%(X, X)B(O,0: Vi, Vipi U, X)

+ a125> R2B(Vy, X; Ve, X;U, X)| .

a3 = —a4
a7 = —das
ajlp = —ai2
2
a5 = —5 —aie
3
4
a9 = —5 — aiy
3
Gon — a22
23 = —
2

ag7 = 3+ a4

ass
agr = —1 — —=
2
ass = ass
2
azg = —- — asr
3
a Q42
43 = ——-
2
2
ag7 = —= + aq4q
3
1 as
asy = - — —-
3 2
ass = as5

The resulting system of equations is heavily underdetermined, with solution

a4 = a4
ag = as
a2 = a2
aie = aie
! +
a0 = —; T aiy
6
a24 = Q24
a29
apg=1——
2
azz = as2
a ass
36 = ———
2
2
a4 = 5 +aszy
3
aq4 = Q44
5 a49
asg =5 — —
2 2
a52 = 452
_ Gs5
ase = ———
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We assume A(U, X, X, X) vanishes identically and solve for the 125 different a variables.
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air
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agy

= ai1o01

5 — @103

@108

a113

1

9

ai118

2

= a121

a124

as8 =

a62

age =

aro

ar4 =

ar8

ag2

age =

ago =

a94

agg =

@102

a106 =

a110

= as8
_ %1
2
= ae6
2 an
3 2
= ar4
_ s
2
Ly
=——+a
12 79
= ase
= agQ
2 ags
32
= agsg
:_al()l
2
24
=—+4a
3 103
_ 1 am
9 2
2
=—-—a
9 113
= G118
_ w2
2

_ asg
=Ty
2 a4
W3
10
ag7 = —g — Q66
ar1 = ari
_ an
=Ty
arg = ary
1 as4
Wy
2
agy = 3 asge
1
agl = *g — ago
ags = ags
_ agg
agg = — 2
a103 = 103
1 aies
aio7r = § - T
a111 = G111
2
ails = § — a113
a1
a119 = T
1 aj
ai23 = 9 9

ae61
ago = —1— b
aeq = a64
8
ae8 = 3 ae6
_ an
=Ty
1 a7
S TR
1
agp = 6 arg
agq = Qg4
5
agg = 6 ase
1
agy = 5 agp
ags
“w =Ty
2 aion
ai00 = 37 o
2
aio4 = —g — aios
a108 = @108
ai
a2 = Ty
2
aile = 9 + a113
2w
a120 = 9 o
a124 = G124
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We note the above solution contains 38 free variables. Using the assumption A(U, X, X, X)

= 0, we have that A(U, U, X, X) = det(U, X)2P, where P is a scalar density of scalar order

2. Hence, we may rearrange the definition of A(U,U, X, X) to get

EU,U;X,X)=E(UU;X,X) - A(U,U,X,X)=EU,U; X, X) —det(U, X)?P. (C.15)
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O

On top of the numerous free variables in the above system of equations, there is no immediate
route for integrating (C.15). To find addition information and lock down some of the
a variables, we use (C.11) to remove the third order ¢ terms from the divergence-free

condition (C.10), leaving

(_1)(1 il pmn |t pml ml Rin |l pim [t _im kj
O:T<—14R|ng B™ — RiiB™ 4 4R, g™ B" + 6R!'B™ — Rlg™g,; B¥
. . —1)4 . 4 .13 ,

+ Rligmlg B ) i + Ly 12) (—QRQg”gkmBkm + SR B!~ ZRypg "B

2 , 8 , 2 o9 , )
_ glengszln + glengmle + glengmnle o gRImngmngdgjkBjk
92 . . » 3 1 .

+ gR|mngmgjkgmlBj k> @1 — Rgriom; D™ + Rgipppm DIH™ — ZR|mgkl§0jDZ‘7klm

OE

1 ) T
+ ZlenglD”klm + E9HM [3R(gkl¢j — gire) | + E7 i + 0 P

(C.16)

0
We apply the differential operator U; X ija— to this equation and solve for EF
Pjik

E(U,X;X)

_ (_1;)‘1 14g(U, X)B(X,VR) + g(U, VR)B(X, X) — 4g(X, X)B(U, VR)

—69(VR,X)B(U, X) + ¢g(VR, X)g(U,X)B(O,0) — ¢(U, VR)g(X, X)B(0,0)
+ 149(U, V20)B(V%¢,VR; X, X) + g(U, VR)B(V?p, V?¢; X, X)
—49(V%p,V2p)B(U,VR; X, X) — 69(VR,V*0)B(U, V?p; X, X)
+9(VR, VZp)g(U, V?0)B(O,0; X, X) — g(U, VR)g(V*¢, V20) B(O,0; X, X)

4
+2R%*g(U,Vp)B(O,0; X, X) — ngB(U, Vp; X, X)

13 2

+ Eg(U, Vy)B(V2R,V’R; X, X) + 5g(U, V2R)B(Vp,V?’R; X, X)
8 2

- gg(V2R, VSO)B(U’ VQRa X: X) - gg(V2R, V2R)B(U) VSO, Xa X)

2
+ £9(V2R, VER)g(U, V) B0, 0; X, X) = 2g(U, V2R)g(V*R, Vi) B(D, T; X, X)

+

B~ = ot N

[D(U,V,0,0,VR; X, X) — D(U,0,0, Ve, VR; X, X)]
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+ R[D(U,X,0,0,X) — D(U,0,0, X, X)]
+ R [D(U,V?,0,0,V?¢; X, X) — D(U,0,0, V¢, V?p; X, X))
R
+ 3 [EU Ve 00X, X) — E(U, 00, Ve X, X))
oE

- E(Ua v2907v2()07 X7 X) - %(Ua VQD7X,X),

We expand the symmetry by replacing an X with a Y, multiplying both sides by 2 to

remove the numeric coeflicient from the left side

E(U,X:;Y)+ E(U,Y;X)

= (E;)q 149(U,Y)B(X, VR) + 14g(U, X)B(Y, VR) + 29(U, VR) B(X,Y)

—8¢(X,Y)B(U,VR) — 69(VR,Y)B(U, X) — 69(VR, X)B(U,Y)
+9(VR,Y)g(U,X)B(0O,0) 4+ ¢(VR, X)g(U,Y)B(0O,0)
—2¢9(U,VR)g(X,Y)B(O,0) + 149(U, V*0)B(V?*p,VR; X, Y)
+g(U,VR)B(V?p,V?0:; X,Y) — 49(V%p,V20)B(U,VR; X, Y)
—69(VR,V?0)B(U,V?p; X,Y) +29(VR, V2p)g(U,V30)B(O,0; X,Y)
—2¢(U,VR)g(V?p,V20)B(O,0; X,Y) + 4R*¢(U,V¢)B(O,0; X,Y)

2
— §RZB(U, V; X,Y) + gg(U, Vy)B(V2R,V?R; X,Y)

16

+=9(U,V R)B(Ve, V'R X,Y) = =g(V*R, V) B(U, V' R; X, Y)

4
9(V2R,VZR)B(U,V; X,Y) + £g(V*R, V'R)g(U, Vi) B(O,0; X, Y)

U > OV s Ot s W

9(U, V?R)g(V*R,Ve)B(0,0; X,Y)| + R[D(U,Y,0,0, X) + DU, X,0,0,Y)
1
—2D(U,0,0,X,Y)] + 3 [D(U,Ve,0,0,VR; X,Y) — D(U,0,0,Vy, VR; X, Y)]

+ 2R [D(U,V?¢,0,0,V%p; X,Y) — D(U, 0,0, Vg, VZp; X,Y))]
2R

+t5 [E(U,Ve; 0,0, X,Y) — E(U,0;0,Ve; X, Y)]

oF
—2B(U,V?¢; V20 X, Y) — 2%(& Ve; X,Y).
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We permute the covectors to produce two additional copies of this equation and sum the

first of these with the original version while subtracting the third:

E(U,X;Y)+ EWU,Y;X)+ E(X,Y;U)+ E(X,U;Y) - E(Y,U;X) — E(Y,X;U) =

2B(U, X;Y).

We divide both sides of the equation by 2 and simplify

E(U,X;Y)
= % [E(U,X;Y)+ E(U,Y; X))+ E(X,Y;U)+ E(X,U;Y) - E(Y,U; X)— E(Y,X;U)]
= % {(_1;)(1 [149(U, Y)B(X,VR) + 149(U, X)B(Y,VR) + 29(U,VR)B(X,Y)

—8¢(X,Y)B(U,VR) — 69(VR,Y)B(U, X) — 69(VR, X)B(U,Y)

+ 9(VR,Y)g(U,X)B(0O,0) + g(VR, X)g(U,Y)B(0O,0)
—2¢9(U,VR)g(X,Y)B(0O,0) + 149(U, V*0)B(V?*p,VR; X, Y)

+ g(U,VR)B(V?¢,V2p; X,Y) — 4g(V2p,V20)B(U,VR; X,Y)
—69(VR,V?0)B(U,V?p; X,Y) +29(VR, V2p)g(U,V30)B(O,0; X,Y)
—2¢(U,VR)g(V?p,V20)B(O,0; X,Y) + 4R*¢(U,V¢)B(O,0; X,Y)

8 2
- SRRBU,Y; X,Y) + 29U, V) B(VPR, VAR X, Y)

16

+=9(U,V R)B(Ve, V'R X,Y) = =g(V*R, V) B(U, V' R; X, Y)

4
9(V2R,VZR)B(U,V; X,Y) + £g(V*R, V'R)g(U, Vi) B(O,0; X, Y)

U > OV s Ot s W

9(U, V?R)g(V?R,Ve)B(0,0; X,Y)| + R[D(U,Y,0,0, X) + DU, X,0,0,Y)
1
—-2D(U,0,0,X,Y)] + 3 [D(U,Ve,0,0,VR; X,Y) — D(U,0,0,Vep,VR; X, Y)]

+ 2R [D(U,V?¢,0,0,V%p; X,Y) — D(U, 0,0, VZp, VZp; X,Y))]
2R

+t5 [E(U,Ve; 0,0, X,Y) — E(U,0;0,Ve; X, Y)]

OF
—2B(U,V?p; V0 X,Y) — 2%(& V; X,Y)
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* (Eg)q 14g(X,U)B(Y, VR) + 14g(X,Y)B(U, VR) + 29(X, VR)B(Y,U)

—8¢(Y,U)B(X,VR) — 6g(VR,U)B(X,Y) — 6g(VR,Y)B(X,U)
+g(VR,U)g(X,Y)B(O,0) + g(VR,Y)g(X,U)B(O,0)
—29(X,VR)g(Y,U)B(O,0) + 149(X, V?p)B(VZp, VR;Y,U)

+ g(X,VR)B(V?p,V%0;Y,U) — 49(V*p, V?p)B(X,VR;Y,U)
—69(VR, V?0)B(X,V?p;Y,U) + 29(VR, V9)g(X, V) B(O,0;Y, U)
—2¢(X,VR)g(V?p,V?p)B(0,0;Y,U) 4+ 4R?*¢(X,V¢)B(O,0; Y, U)

— §RQB(X, Vo, Y,U) + ?g(x, Vo)B(V?R,V?R;Y,U)

16

+ g(Xv V2R)B(V(Pv V2R; Y: U) - Eg(szv V‘P)B(X7 VQR; Y7 U)

4
9(V2R,V’R)B(X,V:Y.U) + £g(V*R,V’R)g(X, Vo) B, 0: Y. U)

9(X, V2R)g(V?R, V) B(O,0;Y,U) | + R[D(X,U,0,0,Y) + D(X,Y,0,0,0)

U > OV s Ot s W

1
- QD(X7D7[17Y7 U)} + 5 [D<X7 VQ07D7D7VR7 Y7 U) - D(X7D7D7V(pa VRv}/aU)]

+2R [D(X,V?%p,0,0,Vp; Y, U) — D(X,0,0, VZp, VY, U)]
2R

+t5 [E(X,Vp;0,0,Y,U) — E(X,0;0,Ve; Y, U)|
E
—2B(X,V?¢; V20, Y, U) — 2%(& VY, U)

_ (—lé)q 149(Y, X)B(U,VR) + 14¢(Y,U)B(X,VR) + 2¢(Y, VR)B(U, X)

—8¢(U,X)B(Y,VR) — 69(VR, X)B(Y,U) — 6g(VR,U)B(Y, X)
+9(VR,X)g(Y,U)B(0,0) + g(VR, U)g(Y, X)B(0, 1)
—2¢(Y,VR)g(U, X)B(O,0) + 14g(Y, V20)B(V?p, VR; U, X)

+g(Y, VR)B(V?p, V3, U, X) — 49(V%p,V20)B(Y,VR; U, X)

— 69(VR, VZ0)B(Y,V?0; U, X) + 29(VR, V29)g(Y, V?¢) B(O,0; U, X)
—2¢(Y,VR)g(V?p,V?¢)B(O,0;U, X) + 4R%¢(Y,V)B(O,0; U, X)

— gRQB(Y, Vo, U, X) + ?Q(Y, Vy)B(V2R,V?R;U, X)

4 1
+ 2V, VP R)B(Ve, VR;U, X) — L 9(V*R, Vo) B(Y, V2R U, X)
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- %g(VgR, V2R)B(Y,Vp; U, X) + %g(VQR, V2R)g(Y,Vy)B(O,0;U, X)
— %g(Y, V2R)g(V?R,Ve)B(O,0; U, X)| — R[D(Y,X,0,0,U) + D(Y,U,0,0, X)
—2D(Y,0,0,U, X)] — % [D(Y,Vy,0,0,VR; U, X) — D(Y,0,0,Vy, VR; U, X))
— 2R [D(Y,V%p,0,0,V?p; U, X) — D(Y,0,0,V?p, V2p; U, X)]

2R

- [EX Ve 0,0,U,X) - EY, 00, Ve U, X))

OF
+2E(Y,V2¢; Vi U, X) + 25, Y- Ve U,X)}

= <_2}l)q 369(U, X)B(Y,VR) — 8¢(U,Y)B(X,VR) — 8¢(X,Y)B(U, VR)

29(U,VR)B(X,Y) 4+ 29(X,VR)B(U,Y) — 14¢(Y,VR)B(U, X)

+4g(U, X)g(Y, VR)B(O,0) — 2¢9(U,Y)g(X, VR)B(O, )
—2¢(U,VR)g(X,Y)B(O,0) + 149(U, V*p)B(V?*p,VR; X, Y)
+g(U,VR)B(V?p,V3p; X, Y) — 49(V3p,V20)B(U,VR; X,Y)

— 69(VR,V?p)B(U,V%0; X,Y) + 29(U, VZ0)g(VR, V20)B(0O,; X, Y)
—29(U,VR)g(V?p,V2)B(O,0; X,Y) + 4R%¢(U, V) B(O,; X, Y)

— gRQB(U, Vo, X,Y) + ?Q(U, Vy)B(V2R,V?R; X,Y)

16
+£9(U, V' R)B(Ve, VR X,Y) — —g(V*R, Vo) B(U, V'R; X, Y)

IS

4
- 7g<v2R7 VZR)B(Uv v@v X7 Y) + gg(sza VZR)Q(U, VSO)B(‘:h D7 X7 Y)

— —g(U,V*R)g(V’R,V)B(0O,0; X,Y) + 149(X, V?¢) B(V?p, VR; Y,U)

O] =~ Ot

+9(X,VR)B(V?¢, V2¢; Y, U) — 49(V, V) B(X, VR; Y, U)

— 69(VR, V*0)B(X,V?¢; Y, U) 4 29(X, V?9)g(VR, V) B(0,0; Y, U)
—29(X,VR)g(V?p, V)B(0O,0;Y,U) + 4R%*¢(X, V) B(O,0; Y, U)

— ngB(X, VoY, U) + ?g(x, V¢)B(V2R,V?R;Y,U)

16
+ 29(X, VER)B(Vep, VIR Y, U) — —9(V*R, Vi) B(X, V2R Y, U)

e~ Ot

4
- *g(sz, VQR)B(Xv VQOa Y7 U) + 59(V2R7 VQR)Q(X7 V(P)B(D, D7 Y7 U)

t
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— %g(X, V2R)g(V?R,V)B(O,0;Y,U) — 14¢(Y, V20)B(VZp, VR; U, X)
— 9(Y,VR)B(V?p, V0 U, X) 4 49(V?¢, V?0) B(Y, VR; U, X)
+69(VR, V@) B(Y, V0, U, X) — 29(Y, V?¢)g(VR, V?¢) B(O,0; U, X)
+29(Y,VR)g(V?p, V2p)B(O,0; U, X) — 4R?¢(Y, V) B(O,0; U, X)
+ ngB(Y, Vo; U, X) — ?g(Y, V¢)B(V2R,V*R;U, X)

4 16
~ 29V, V2 R)B(Vo, VIR U, X) + £ g(V*R, Vi) B(Y, V'R; U, X)

4
+29(V’R,V*R)B(Y, Vi U, X) — gg(VQR VZR)g(Y,Ve)B(0,0; U, X)

IS

+-9(Y,V’R)g(V’R,V¢)B(0,0; U, X)

Ut

+R[D(U,X,0,0,Y) - D(U,0,0,X,Y) — D(X,0,0,Y,U) + D(Y,0,0,U, X))

—_

+ 4 [D(U, Ve, 0,0, VR X, Y) = D(U, 0,0, Voo, VR; X, Y)

+ D(X,V,0,0,VR;Y,U) — D(X,0,0,Vp,VR; Y, U)

— D(Y,V,0,0,VR; U, X) + D(Y,0,0,Vp, VR; U, X)]

+ R [D(U,V?2p,0,0,V*¢; X,Y) — D(U, 0,0, V2, VZp; X, Y)

+ D(X,V?p,0,0,V3p; Y,U) — D(X,0,0, Vg, V2, Y, U)

— D(Y,V?p,0,0,V?p; U, X) + D(Y,0,0, V¢, VZp; U, X)]

+ g [E(U,Ve;0,0; X,Y) — E(U,0;0,Ve; X,Y) + E(X,Ve; 0,00, Y, U)

— BE(X,0;0,Ve;Y,U) — E(Y,Vo;0,0:; U, X) + E(Y,00;0,Vp; U, X)]
+2[-E(U,V?¢; V2 X,Y) — E(X,V20; V20, Y, U) + E(Y, VZ; V20; U, X)]

oF oF oF
+2 —*(U,W;X,Y)—*(X,Vw;Y,UHa (Y, Ve U, X)| .

Ay Ay dp

To proceed further, we utilize the symmetry of E¥ and set U = X

E(X,X;Y)

_ (—21)‘1 369(X, X)B(Y,VR) — 8¢(X,Y)B(X,VR) — 8¢(X,Y)B(X, VR)

29(X,VR)B(X,Y) + 29(X,VR)B(X,Y) — 14¢(Y, VR)B(X, X)



+4¢9(X, X)g(Y,VR)B(O,0) — 2¢(X,Y)g(X, VR)B(Od,0)
—2¢(X,VR)g(X,Y)B(O,0) + 14¢9(X, V3p)B(V?*p,VR; X,Y)

+ g(X,VR)B(V?p,V%0; X,Y) — 49(V?p,V?p)B(X,VR; X,Y)
—6g(VR,V?p)B(X,V%p; X,Y) 4 29(X, VZ0)g(VR, V?¢)B(O,0; X,Y)
—29(X,VR)g(V?p,V20)B(O,0; X,Y) + 4R?g(X, V) B(O,0; X, Y)

- %RQB(X, Ve, X,Y) + ?g(X, Ve)B(V?R,V?R; X,Y)

+ —g(X,V2R)B(Vy,V?R; X,Y) — ?q(v?R, V¢)B(X,V?R; X,Y)

= O]

4

= Ot

— —g(X,V?R)g(V*R,V)B(0,0; X, Y) + 149(X, V29) B(V2p, VR; Y, X)

ot

+ 9(X,VR)B(V?p, V%Y, X) — 49(V?¢,V?p)B(X,VR; Y, X)
—69(VR, V) B(X,V?p; Y, X) + 29(X, V20)g(VR, V) B(O,0; Y, X)

8

2
- SRB(X, VY, X) + 2 g(X, Vo) B(VAR, V2R, X)

16
+ 29(X, VER)B(Vep, VPR Y, X) = —=g(V*R, Vo) B(X, V'R; Y, X)

= O

4

= Ot

— —9(X,V*R)g(V*R, Vo) B(O,0; Y, X) — 14g(Y, V?¢) B(V?p, VR; X, X)

ot

— 9(Y,VR)B(V?p, V?p; X, X) + 49(V?¢, V20)B(Y,VR; X, X)
+29(Y, VR)g(V¢, V) B(0,0; X, X) — 4R%g(Y, V) B(0,; X, X)

8 26
+ S RB(Y, Vg X, X) = =g(Y, V) B(V'R, V2 ; X, X)

4 1
~ gV, VR)B(Ve, VAR X, X) + L g(V*R, V) B(Y, V*R; X, X)

= Ot

4
+ -9(V2R, V?R)B(Y, Vi X, X) = =g(V2R. V*R)g(Y, Vi) B0, 0; X, X)

+

Ot i~ ot

g(Y,V’R)g(V*R,V)B(O,0; X, X)

169

+R[D(X,X,0,0,Y) - D(X,0,0,X,Y) — D(X,0,0,Y, X) + D(Y, 0,0, X, X)]
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1
+ 1 [D(X,Vp,0,0,VR; X,Y) — D(X,0,00,Vp, VR; X, Y)

+ D(X,Ve,0,0,VR;Y, X) — D(X,0,00,Vy, VR; Y, X)
— D(Y,Vo,0,0,VR; X, X) + D(Y,00,0,Vep, VR; X, X)]
+ R [D(X,V%,0,0,V%p; X, Y) — D(X, 0,0, VZp, V2p; X,Y)
+ D(X,V2%p,0,0,V%0: Y, X) — D(X,0,0, V3, V2p; Y, X)
— D(Y,V?p,0,0,V?¢; X, X) + D(Y, 0,0, VZp, V2¢; X, X)]
R

+ 3 [BX Ve OO XY) - B(X, 00, Ve X Y) + E(X, Ve O, LY, X)

- E(X,0;0,Vey; Y, X) - E(Y,V; 0,0, X, X) + E(Y,0;0,Vg; X, X)]

+2[-B(X, V2 V20 X, Y) — E(X, V20; V20, Y, X) + E(Y, VZp; V0 X, X)]

ok ok oF
2| ——(X ; X, Y)— —(X Y, X —(Y, ; X, X
+2 |-G Ve X Y) - G2 T Y X) + S T X, X)
-1y

24

=L [369(X, X)B(Y,VR) — 16g(X,Y)B(X,VR) + 49(X,VR)B(X,Y)

—14¢(Y,VR)B(X, X) + 4g9(X, X)g(Y, VR)B(0,0)
—49(X,Y)g(X,VR)B(O,0) 4 28¢(X, V?¢)B(V?¢, VR; X,Y)
+29(X,VR)B(V2p,V2p; X,Y) — 89(Vp,V20)B(X,VR; X,Y)
—129(VR,V20)B(X, V%0, X,Y) + 49(X, V2p)g(VR, V3p)B(O,0; X, Y)
—49(X,VR)g(V%p,V?p)B(0,0; X,Y) 4+ 8R?*¢(X,Vy¢)B(O,0; X,Y)

- ?323()(, V; X,Y) + 55—2g(X, Vy)B(V2R,V’R; X,Y)

+ —g(X,V?R)B(Vy,V?’R; X,Y) — %g(sz, Ve)B(X,V?R; X,Y)

oo O] co

8
~ 9(VR,VR)B(X, Vi X, Y) + -g(V?R, V’R)g(X, Vo) B(O.0; X, Y)

oo Ot

— -9(X,V*R)g(V*R, Vo) B(O,0; X, Y) — 14g(Y, V?¢) B(V?p, VR; X, X)

t

—g(Y,VR)B(V?¢,V?¢; X, X) + 49(V?¢, V*¢) B(Y,VR; X, X)
+69(VR, V20)B(Y, V¢p; X, X) — 29(Y, V?p)g(VR, V?¢)B(O,0; X, X)
+2¢(Y, VR)g(VZp, VZ0)B(O,0; X, X) — 4R%¢(Y, V) B(O,0; X, X)

8 26
+ 3R B(Y, Vi X, X) = =g(Y, V) BV’ R, VR; X, X)
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16
— 9.V R)B(Vp, V2R; X, X) + =g(V*R, Vo) B(Y, V'R; X, X)
4

9(Y,V2R)g(V?R,Vy)B(O,0; X, X)

+
Ol = Ot > Ot

[D(X,X,0,0,Y) - 2D(X,0,0,X,Y) + D(Y,0,0, X, X)]

+ o+
- 3

1 2D(X, Ve, 0,0, VR X, Y) ~ 2D(X,0,0, Ve, VR; X, Y)

— D(Y, Ve, 0,0, VR X, X) + D(Y, 0,0, Vi, VR; X, X)]
+ R[2D(X,V?p,0,0,V?p; X, Y) — 2D(X, 0,0, V¢, VZp; X, Y)
- D(Y7 v2w7 D7 Dv VQSOa X7 X) + D(Y7 Da D7 VQ()O’ v2§07 X7 X)]

R
+ 5 RE(X, Ve 0,0:X,Y) - 2B(X, 050, Ve X, Y)

- E(Y,Vo; 0,0, X, X) + E(Y,0; 0, Vp; X, X)]

+2[2B(X, V20 V20 X, Y) + E(Y, VZ¢; V; X, X))
oE or

2 (-2
+ Oy Oy

(X, Ve; X, Y) + (Y, Ve; X, X)| . (C.17)

Next, we utilize (C.12) to express the D terms with no derivatives

D(X,Xx,0,0,Y)

- (—31)‘1 { [QQ(X, X)g(Y, VZ0)Q(V7p) — 29(X, VZ0)g(X,Y)Q(V7¢)

2 2
- gRg(Xv X)g(Yv VQO)B(DCH Da) + gRQ(X, V@)Q(Xv Y)B(DCH Da)

+ gRg(XyX)B(V% Y) - gRg(Xv Y)B(V%X)] ¢05.0)

+2 20X, X)g(0, T*IQ(T30) - 20(X. Ty (X. DIQ(T)

— ZRg(X, X)9(0, V) B(Os D) + 5 Rg(X, Tp)g(X, D) B(C, )
n gRg(X,X)B(ch, 0) — %Rg()C O)B(Ve, X)] GY,0)

0B 0B
0B 0B

_29(X7 Vgp)g(X, Y) (DvD) _4g(X7 V(P)g(X’ D)i(Y’D)

dp Ay
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— 29(X, X)g(¥,0)Q(0) - 9(X, X)g(0, D)Q(Y) + 29(X, D)g(X, Y)Q(O)
T g(X. D)g(X, D)Qm}

= (—31)‘1 { [29(){7 X)g(Y,D)Q(O) 4 2¢(X, X)g(Y, VZ0)Q(V3p;0,0)

—29(X,0)g(X,Y)Q(O) — 29(X, VZ9)g(X,Y)Q(V?¢; 0,0

2 2
- gRg(X, X)g(Ya V@)B(Da, Da; D: D) + gRg(Xa v¢>g(X7 Y)B(Da7 Da; D7 D)

2 2

+2 90X, X)g(0,Y)Q() + (X, X)g(0.0)Q(Y)
+29(X, X)g(0, V)Q(VA: Y, 0) = g(X,V)g(X, )Q(D)
- 9(X. 0)g(X.D)Q(Y) — 29X, V2¢)g(X, D)Q(V*¢: Y. )
— SR9(X, X)9(0, V) B(Oay O ¥,0) + 2 Rg(X, V2)g(X, 0) B0y D ¥, 0)

2 2
+ 2 R(X, X)B(Ve.0Y,0) - SR(X, DBV, X:¥.0)

0B 0B
+29(X, X)g(Y, V) -—(0,0) + 49(X, X) ——(Y, Vo)

Oy dy

0B 0B

~29(X, X)Q(Y) — 29(X, X)Q(Y) + 29(X, Y)Q(X) + g(X., X)Q(Y)}

= EDT X X)) + 20(X, X)a(Y, V20)Q(V2e: 00, 0)

— 29(X, V)Q(X) — 29(X, V3p)g(X, V)Q(V e 0, 0)

~ 2Rg(X, X)g(¥, V) B(a, T0ai 0,00 + > Rg(X, Vip)g (X, ¥) B(Ch, 0 0.1)
+ gRg(X,X)B(ch, y;0,0) - %Rg(X, Y)B(Ve, X;0,0)

+29(X, X)QY) + 49(X, X)Q(Y) + 49(X, X)Q(V35: Y, V2¢)

— 29(X,YV)Q(X) — 29(X, X)Q(Y) — 4g(X, V2)Q(VEp; X, V)

~ SR(X, X)B(0h, D Y, Vi) + 3 Ry(X, V) B0, Das X, Y)

4 4
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OB OB
+29(X, X)g(Y, Vi) 5~ (0, 0) + 49(X, X) 5~ (¥, V)
@ v
0B, o5

- QQ(X, VSO)Q(Xa Y) agp DvD) - 49(X7 VQP)%(*}QY)

—39(X, X)Q(Y) + 29(X, Y)Q(X)

_ (—31)q 39(X, X)Q(Y) — 2¢(X, Y)Q(X) + 29(X, X)g(Y, V20)Q(V2e; 0, 0)

—29(X, V20)g(X,Y)Q(V3p; 0,0) + 49(X, X)Q(V3p; Y, V)

0B
—49(X, V?0)Q(V2p; X, Y) + 29(X, X)g(Y, V@)%(D, 0)

OB OB OB
—29(X X, V)2 (0, 0) + 4g(X, X) == (Y, —49(X Xy
9(X,Ve)g(X, )890( ,0) +4g9(X, )6@( , Vo) — 4g( ,VsO)&P( ,Y)

2 2
- §R9(X7 X)g(Ya VQO)B(D(M Da; Da D) + gRg(Xv V@)Q(Xv Y)B(Dav Da; Dv D)

2 2
— SRg(X, X)B(Ve,Y:0,0) - ZRg(X,Y)B(Ve, X:0,0)

4 4
+ gRg(X, Ve)B(X,Y;0,0) + gRg(X,X)B(V% 0,v,0)

4
- 3RB(V@7XaX7Y):| ’

D(X,0,0,X,Y)

= 5 {2 |20 Diax, 7200(7%0) - (0. P p0(x. 10T
— (X, Vp)g(0, X)Q(V%) — 5 Rg(X, D)g(X, V) B0, o)
+ £ Rg(0, Vip)g (X, X)B(Cas Cl) + 5 Rg(X, ¥)g(0, X) B(Cas Cl)

+ SRg(X,D)B(Ve, X) = £Rg(0, X)B(Vg, X) = 3 Rg(X, X)B(V, 0)| G 0,Y)

+2 [20(X,D)9(0, V3)Q(V26) — 4(0, V)9 (X, D)Q(V2)
— (X, V)g(0,0)Q(V?9) — 3 Ry(X, D)g(0, V) B0, o)

1 1
+ - Rg(0,Ve)g(X,0)B(4, 0a) + 5 Rg(X, V) g(O,0)B(0,, Oa)

3 3
2 1 1

+2 [29(X, 0)g(Y, V20)Q(VZp) — 9(0, VZp)g(X,Y)Q(V7p)

— (X, Vp)g(0,Y)Q(V26) — 3 Ry(X, D)g(Y, V) B, )
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1 1
+ 3 R9(0, V)9 (X, Y) B(Ha, Ha) + 5 Rg(X, Vip)g(8, Y) B(La, Do)
2 1 1

0B 0B

T 49(X, O)g(, w@fj(x o) - 2g<m,w>g<x,x>?§<m,y>
~29(0, Ve)g(X, D)?ﬁ(& Y) — 29(0, Vo)g(X. Y)Zﬁ(X, m)
~29(X, Ve)g(D, X)‘z,im, Y) — 2g(X, Vi)g(D, D)‘Zf(X, Y)
~2g(x, V¢>g<m,y>?3<x, 0) — 29(X. 0)g(X, D)Q(Y) — 29(X. D)g(X. Y)Q(D)

— 26(X, D)g(0, V)QX) + g(X, X)g(0,D)Q(Y) + g(X, X)g(, Y)Q(D)
+ 9(X,D)g(0, X)QY) + g(X, Y)g(@, X)Q(D) + (X, 0)g(0, Y)Q(X)
+g(X V0.0

- {2 [goc D)g(X, D)Q(Y) + ¢(X, Dg(X, Y)Q(D)

+29(X, D)g(X, V2R QT 0, Y) — 59(0,D)g(X, X)Q(Y)

~ 590, )g(X, X)Q(D) — (0, Vp)g(X, X)Q(V2;0,Y)

1

— 59(X,0)g(0, X)Q(Y) ~ %g(X, Y)g(0, X)Q(O)

2
—9(X, V2p)g(0, X)Q(V2: 1, Y) — S Rg(X,D)g(X, Vi) B(Ca, O 0. Y)

1 1

3
+ ;RQ(X, O)B(Ve, X;0,Y) — %Rg(D,X)B(V(p,X; 0,Y)
- R OBV D0V 422X THQT) - (X, THQT)
— 24(X, V30)Q(V2¢) — 3 Ry(X, V) B0, ) + 5Ry(X, V) By )
+ 2 Rg(X, Vo) B(Oa, 0a) + S RB(Vi, X) — 2 RB(Vp, X)
- GRB(V6.X)| (X.) 42 [o(X. 0¥, 1)QD) + 5(X. Dlg(¥.D)QX)

+29(X, D)g(Y, V20V X,0) — 29(0, X)g(X, V)Q(D)
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~ 500, D)g(X, V)Q(X)  9(01, V*p)g(X, V)Q(V; X, 1)
— 59X, X)g(0,Y)Q(T) ~ Lo(X, D)o, V)Q(X)
— (X, T20)g(0, V)V X, 0) = S Rg(X, D)oY, V) B(Oay Ol X, 0)

1 1
+ gRg(D, V)g(X,Y)B(O,,04; X, 0) + gRg(X, V)g(O,Y)B(0,, Og; X, 0)

+ 2 Rg(X,0)B(Ve, ¥; X,0) — s R(0,Y)B(Vep, X; X, )

~ SRg(X,Y)B(Vi,0: X, 0) | +4g(X, w)gi(x, Y) + dg(X, w)gf(x,m
+4g(Y, W)?B(X X) - (X7X)(;B(V<p, V) —29(X, V@)ZB(X Y)

~ 29X V)32 (X, V) ~ (X V)5 (X, Y) ~ 49(X. V)5 (X.Y)

- 29X, T3 (X,Y) - 20(X, X)QUY) ~ 29(X. V)QX) - 20(X.¥)Q(X)
+29(X, X)Q(Y) + g(X, X)Q(Y) + g(X, X)Q(Y) + g(X,Y)Q(X) + g(X,Y)Q(X)

29X, Y)Q(X)}

_ {2 [g(X, X)Q(Y) + (X, Y)Q(X) +29(X, VZp)Q(V¢; X, Y)

6
— (X, X)QY) ~ 39X, X)Q(Y) — g(X, X)Q(V?5; V24, Y)

— S0(X,X)QY) — Lg(X,VIQ(X) — g(X, V)Q(V2p: X, V)
~ 2Rg(X, V) B0 O X, Y) + 5 Rg(X, X)B(Dh, Dl Vi, ¥)

1 2 1
+ §RQ(X,VQ0)B(DQ,DG,X,Y) + gRB(VQD,X,X,Y) - gRB(VQO,X,X,Y)

~ SR 0BV TOY)| +2 | -g(X. T0QT2) + §R(X. )BT

- §R3<w,x>] (XY)+2 [gocX)Q(X) +9(X,Y)Q(X)

+29(7, V3)Q(V7p: X, X) — S9(X,V)QX) — (X, V)Q(X)
g V)Q(T?6: X, V) — 1g(X, X)Q(Y) — Lg(X.V)Q(X)
~ (X, V)Q(V; X,Y) ~ R(Y, V) B(Oh Oy X, X)

1 1
+ gRg(X, Y)B({s,0a; X, Vo) + gRg(X, V)B(4,Og; X,Y)
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2 1 1
+ gRB(V(p,Y,X,X) - gRB(ng,X,X, Y) - gRg(X,Y)B(V¢7DaXa D)

0B
+49(Y, V) —

0B 0B
R (X, X) =29 (X,X)%(V% V) —29(X,Y)o—

9 (X, Vo)
—29(X, V) — 05

Op
_ (-
6

(0 Y)+ 29X, 0Q() |

{2[3ox 11000 - o(x. 1)Q) + X, PPR)QTH )

— (X, X)Q(V20: V24, ¥) — s Ry(X, V) BO, 05 X, )

+ %Rg(X,X)B(D, O;Ve,Y) + éRB(VgO,X;X, Y)

- R OBV, DO Y)| 2|~ 30X X)QY) - J9(X.1)QX)
—9(X, V?0)Q(V?p: X,Y) + %RQ(X, V)B(0,0; X, Y)

- GRBTG. X X,Y)| 42| - 5(X.0QY) + 20(Y. V0)Q(Tpi X, X)
(X, YV)Q(V6: X, V%) — g(X, V2R)Q(V20; X,Y)  SR(Y, V) B(O,0: X, X)
+ éRg(X, Y)B(O,0; X, Vo) + %RQ(X, Ve)B(O,0; X,Y)
+SRB(Vi,Y: X, X) = RB(Vi, X; X,Y) — L Rg(X,Y)B(Vp, 0; X, D)
0B 0B

+49(Y, V)5 (X, X) = 29(X. X) 5 (V9. Y) = 29(X.V) 3D (X,9)
- 20X V)G (X.Y) + 20(X. X)QY)

U ag(x, X)Q(Y) + 49(, V20)Q(V20: X, X) — 29(X, V2p)Q(T26; X, V)

—29(X, X)Q(V?¢; V20, Y) — 29(X, Y)Q(V¢; X, V)
2 2

+ gRg(X, X)B(Da D; Y7 V(,D) - gRg(X, X)B(v907 D; Y7 D)
2 2

+ 2 Rg(X, Vo) BO,0: X, V) — %R(Y Vo) B(O,0; X, X)

3
+ iRB(V(p,Y X, X) - §RB(vcp,X X,Y) +4g(Y, VQO)ZB (X, X)
OB OB OB
f2g(X,X)%(V%Y) —29(X,Y)— a0 (X, V) —29(X, W))a (X, )],



and

D(Y,0,0, X, X)
_ (=

3

{ [29@ Y)9(0, V20)Q(V20) — 9(0, V2)g(Y, D)Q(Vp)

— Y, P20)g(0, 0)Q(V%9) — 2 Rg(Y, D)g(0, Vip) By o)

1 1
+ gRg“:‘? th)g(Y, D)B(D(“ Da) + 7Rg(Y7 VSD)Q(EL D)B(Da7 Da)

3

2 1

- RV D)B(T0,0)| (XX + 2 |20(0V)g(X, TR)Q(T?)

)

+
Wl Wl WlN

(3, V)9 (Y, X)Q(V?¢) — g(Y, VZ¢)g(O, X)Q(V>¢)

Rg(Y,0)g(X, V) B(Ta.0a) + + Rg(0, V) g(¥, X)B(0,, O,)

3

Ro(Y, V9)g(0), X)B(a, 0) + > Rg(Y, ) B(Vp, X)

Rg(0,X)B(Ve,Y) — sRg(Y, X)B(V4,0)| X,0)

0B 0B

+29(Y,0)g(0, Vi) 5— (X, X) +4g(Y,0)g(X, V) —(X,0)

Oy dp
OB OB

—9(0,Ve)g(Y, D)%(X, X) —2¢(0,V)g(Y, X)%(X, 0)
0B 0B

- g(Y7 Vw)g(D’D)i(X’ X) - 29(Y7 V@)Q(D,X)i(X, D)

—29(Y,0)g(X,D)Q(X) — g(¥,D)g(X, X)Q(O) + ¢(¥,O)g(0, X)Q(X)

oy dp

T (¥, X)g(0, D)Q(X) + (¥, X)g(C, X)@(D)}

_ (=

3

3

3

+2

{ [290/, VR)Q(V2e) — 9(Y, V0)Q(V2e) — 2(Y, V0)Q(V2p)

2 1 2
- 7Rg<Y7 VSO)B(DGH Da) + gRg(Y, V@)B(Da, Da) + gRg(K VQO)B(D(M Da)

2 2 1
+2RB(Y.V9) - SRB(Vp,Y) — JRE(V.Ve)| (X, )

[gm, Y)9(X, X)QO) + ¢(0, Y)g(X, D)Q(X)

+29(0,Y)g(X, V20)Q(V76: X, D) — (0, X)g(¥, X)Q(0)

1

~ 59(0,0)9(Y, X)Q(X) — ¢(0. V?0)g(Y, X)Q(V?¢; X, )

2

177
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~ 590V, X)g(0, X)Q(D) ~ S9(¥, Dg(0, X)Q(X)
— g, T20)g(0, X)Q(VP; X, ) — 2 Rg(Y, D)g(X, Vip) By D X, 0)

1 1
+ 3 R9(0, V)g (Y, X)B(Ha, U X, 1) + 3 Rg(Y, Vip)g(U, X) B(Ua, Ua; X, 1)

+ §Rg(Y, O)B(Vy, X; X,0) — le(D, X)B(Ve,Y; X,0)

— %RQ(Y, X)B(Vp,0; X, D)} + 2¢(Y, Vgo)gB (X, X) +49(X, V(p)gB(X Y)
gy, w>§B<X X) = 20(Y,X) 57 (X, V) ~ 20(Y, V) 5 (X, X)

- 29(¥,T9) 32 (X, X) ~ 29X, Y)QX) ~ (X, X)QUY) + (X, Y)Q(X)
+29(X,Y)Q(X)+ ¢9(X,Y)Q }

= (_31)(] { [29(Y7X)Q(X) +29(Y, V20)Q(V%p; X, X) — g(Y, X)Q(X)

—g(Y,V20)Q(V?¢; X, X) — 29(Y, X)Q(X) — 29(Y, VZ0)Q(V?¢; X, X)

\V)

1
— 3R9(Y, Vo) B(L, L, X, X) + S Rg(Y, Vo) B, 1J; X, X)

N O

+ 2 Rg(Y, V) B(O,0; X, X) + S RB(Y, Vi X, X) — - RB(Vp, V3 X, X)
- JRBY. X0 42 (X X)0QUY) + 9(X.Y)QX)

29(X, V20 Q(V6: X, Y) — Lg(X,V)Q(X) — g(X,V)Q(X)

— g(X, V)V X, 9%6) — Lg(X,V)Q(X) — 19(X,V)Q(X)

— (Y, P2R)Q(VP: X, X) — SRg(X, V) BO, 0 X, Y)

1 1
+ S Rg(Y, X)B(0,0: X, Vip) + < Rg(Y, Vo) B, 0 X, X)

3
2 1 1
+ gRB(V¢7XaX7Y) - gRB(ng,Y, X7X) - gRg(X,Y)B(VQD,D,X, D)
0B 0B 0B

99 e

(X, X)QY) + 29(X, Y>Q<X>}

9

= CUMox x000r) - 9(XV)Q(X) - 20(X,V)Q(V2: X, V%)

+49(X, VZ0)Q(Vp; X, Y) — 3g(Y, V20)Q(V?¢; X, X)
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2 4
+ R9(X.Y)B(O.0: X, Vi) = S Rg(X. Vi) B, 0: X, Y)

4
+Rg(Y, V) B(O,0: X, X) + g RB(X, Vg X,Y) — RB(Y, Vg X, X)

0B 0B

~ SROUX.YV)B(V. 0 X.0) = 20(X.¥) 5 (X. V) = 39(Y. Vi) 5 (X, X)

0B
+49(X,Vo)—

5, X7

We combine these terms using the coefficients from (C.17) and simplify the result

RID(X,X,0,0,Y) — 2D(X,0,0,X,Y) + D(Y,0,0, X, X)]

= E R 36X, X)Q0r) 200X, V)QUX) +20(X, X)g (Y, V)@V 0,0

—29(X, V) g(X,Y)Q(Vp; 0,0) + 49(X, X)Q(Vp; Y, VZp)
4g(X. V20)Q(V20: X, V) + 29(X, X)g (Y. w@i(m,m

- 29X, T)g(X,Y) 5 (0.0) + g(X. X) 52 (Y, V) ~ 49(X, V) 3D (X.Y)

dp
2
— 3R9(X, X)g(Y, Vi) B([a, B B, 1) + gRg(X, V)g(X,Y)B(Ua, Hg; 0, 0)
2 2
4 4
+3Rg(X, Vo) B(X,Y;0,0) + 2 Rg(X, X)B(Ve, ;Y. 1)
4 2(—1)1

+29(X, X)g(Y, V0)Q(V?¢;0,0) — 29(X, VZ0)g(X,Y)Q(V?p; 0,0)
+49(X, X)Q(V?¢; Y, V2p) — 49(X, V?0)Q(V?p; X,Y)

+ 29X X)g(Y, V)5 (0.0) = 29(X. V)g(X,¥) 5 (0.0
0B

0B
+49(X, X)— 0

Oy
2
- gRg(Xa X)Q(Y, VSO)B(DCU Da; Da D) + gRg(X, VQO)g(X, Y)B(Da) Da; D7 D)

2 2
4 4
+ gRg(X, V)B(X,Y;0,0) + gRg(XvX)B(V% 05 Y, 0)

- rBve x| + 5 R g 000) - s Q)

(Y, V) —4g(X, V) —(X,Y)

3
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—29(X,Y)Q(V?p; X, V?p) + 49(X, VZ0)Q(VZ¢; X, Y) — 39(Y, VZp)Q(V?¢; X, X)
2 4
+3Rg(X,Y)B(L, 0, X, V) — 2 Rg(X, Vo) B(L, 0, X, Y)
4
+ Ry(Y, V) BO,0: X, X) + s RB(X, Vs X,Y) — RB(Y, Vs X, X)

— SRO(XY)B(Ve,0:X,0) — 29X, Y) 50 (X, V) — 39(Y, V) G (X, X)

OB
+49(X, Vo) —(X,Y
g( @)agj( )

(=17

5 | 2R9(X, X)Q(Y) + Rg(X,Y)Q(X) — 4Rg(X, X)Q(V2p;Y, V)

—2Rg(X,Y)Q(V?p; X, V) + 8Rg(X, VZ0)Q(V3p; X, Y)

—3Rg(Y, V?¢)Q(V?p; X, X) — 2Rg(X, X)g(Y, VZ0)Q(V?p; 0,0)

L 2Rg(X, Y )g(X, V20)Q(V2e; 0, 0) — 2Rg(X, X)g(V, V) 22 (00, )

dp
0B 0B

dp
OB OB OB
—9Rg(X.Y)==(X X Z(xy) - Y. X x
Rg(X, )090( , V) +8Rg( ’V(’D)&p( ,Y') = 3Rg( ,VsO)&O( , X)

2 2
+ S R(X, X)g(¥, Vo) B(a, D 0.0) = S R?(X,Y)g(X, Vi) B[O, Dz 0, 1)

2 4
+ 3 Rg(X, X)B(Y, Vip; 0,00) + S R%g(X, V) B(X, Vep; 0, 00)
8
+ R2g(Y, Vo) B(X, X;0,00) — 2 R%g(X, Vi) B(X, V30, 00)

4 2

+ §R2B(X, Y;X,Vo)| . (C.18)

Next, we consider the D terms in (C.17) which are differentiated with respect to ¢;; and

are contracted against a second derivative of . We use D(X, X,[0,[0,Y) from above as a

starting point for the first term

D(X,V?,00,0, V2 X, Y)

(=D

= [69(X, V20)Q(Vp) — 29(V?9, V20)Q(X) — 29(X, V) Q(V7¢)

6
+49(X,V20)g(V20, V20)Q(V2p; 0,0) — 29(V3p, V2p)g(X, VZ)Q(Vip; 0,0)
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—29(X, V20)g(V20, V20)Q(V2p; 0,0) + 8¢(X, V) Q(VZp; Vi, V2)

—49(V2p, V20)Q(Vip; X, V2p) — 4g(X, V20)Q(Vap; V2, V20)
0B 0B
P (0,0) — 29(V?p, V) g(X, Vi )a (O,0)

OB
—29(X, V)g(V3p, VQ@)((T

+49(X,V?0)g(V?p, Vi) ——

0B
(O.0) +89(X, V20) 5 (V2. Vo)

OB 0B
—4g(V? #. V) g (X Vi) — 19(X, Vo) 5

4
- 3 Rg(X, V20)g(V2p, V) B(O,, Og; 0, 0)

2
+ 3R9(V?p, Vip)g (X, VZ0) B(Ta, 0a; 0, 0)

2
+ 3 R9(X, Vip)g(V2p, V20) B([a, 0a; 0, 0)

4 2
2 4
= 3R9(X,V29)B(Ve, VZi 0,00) + 2 Rg(V?p, Vi) B(X, Vi; 0, 00)

4 8
+ 3 Rg(X, Vo)B(V,V2p;0,0) + 3 R(X, V20)B(Ve,0; V2, 0)
4 4

- gRB(V%V%; X, Vo) - BBV, X; V3, V20)| 6 X,Y)a

V20, V2p)

= El a0 2010w - 209, v20)0(x)

+29(X, V20)g(VZ0, V20)Q(Vip; 0,0) — 29(X, V2p)g(Vie, VZ)Q(Vie:; O,0)

+89(X, VZ0)Q(Vip; Vi, Vip) — 49(V20, Vi) Q(Vip; X, VZ)

- 490X, VE)QTEe V2, V) + 20(X, T20)g(V, Vi) 3 (0. 0)
- 29X, V)g(Tp. T) 5 (0,0) + 89(X, V) 5 (V6. Vi)
~19(p.T9) 5 (X, V%) ~ 49X, V)5 (6. V)
— SRY(X, V3)g(V9, Vi) B, 0 0, 0)
+ ;RQ(X, V)g(V?0, V20) B(Ua, Uas 0, 00) — 2Rg(X, V29) B(Vep, V2 1, 1)
— 2Rg(V%, V) B(X, V50, 0) + 3 Ry(V2, Vi) BX, V2 0,0
+ RI(X, Vo) BV, Vi 0,00) + S Ry (X, V20)B(Vep, 0 V2, 0)
4

4
— 3RB(Ve, V201 X, V) = 2 RB(Vip, X; V2, V20) | (X, V)a
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- (_61)(1 49(X, V0)Q(V?0; X, Y) = 29(V?p, V20)Q(X; X, Y)

+9(X, V20)g(V2e, X)Q(Y;0,0) + g(X, V9)g(VZ9, Y)Q(X; 0, 0)

+29(X, V20)g(V0, Vap)Q(Vae; 0,0, X, V) — g(X, X)g(VZe, VZe)Q(Y;0,0)
— 9(X,Y)g(VZ¢, V20)Q(X;0,0) — 29(X, Vi) g(Ve, V)Q(Vip; 0,0; X, Y)
+49(X, V20)Q(X; V20, Y) +49(X, VZ0)Q(Y; V¢, X)

+89(X, V20)Q(Vip; Vo, Vap; X, Y) — 29(VZp, X)Q(Y; X, V)
—29(V29,Y)Q(X; X, V?p) — 49(V29, Vip)Q(Viap; X, Vie; X, Y)

—29(X, X)Q(Y; V29, V) — 29(X, Y)Q(X; V29, Vi)

0B
— 49(X, Vep)Q(Vaps Vi, Vier X Y) +29(X, Vie)g (Vi Vi) 5 (B0 X, Y)

OB
(V2p,V; X,Y)

OB

—29(X 20, V20)— (O, 0: X, Y X. V2p)—

9(X,Vp)g(Vop, V 30)8@( X, Y) +8g(X, V 90)890
OB OB

(X, V?0: X.Y) —49(X ——(V%0. V20 XY

&p( , Vi X, Y) — 4g( 7V¢)8¢(V%V¢7 Y)

2
— gRg(X, V20)9(V2p, V) B(0,, 0, 0,0, X, Y)

2
+ 3 R9(X, Vip)g(Vie, V2) B([a, 0as 0,0 X, Y)

— 49(V?p, V)

2
—2Rg(X,V?¢)B(Vep, V0,0, X,Y) — §R9(V290, V2p)B(X,Ve; 0,0, X, Y)
4 4
+ gRg(VQ% V)B(X,V2p; 0,0, X,Y) + 3 R9(X, V)B(VZp, V20, 0; X, Y)

8 4
+ 3 R9(X, Vi) B(Ve, [0 Vi, [, X,Y) = 2RB(Vp, Vi X, Vipr X, Y)

4
— 3 RB(Ve, X; Vi, Vi X, Y)

+9(X, V20)g(X, V)Q(Y;0,0) — g(X, X)g(V2p, VZ0)Q(Y; 0, D)

+9(X, V2p)g(Y, V20)Q(X;0,0) — g(X, Y)g(Vp, VZ0)Q(X; 0, 0)

+4g(X, V20)Q(X; Y, V20) +29(X, VZ0)Q(Y; X, V2p) — 29(Y, VZ9)Q(X; X, VZ¢)
—29(X, X)Q(Y; Vi, Vi) — 29(X, Y)Q(X; Vi, V)

+29(X, V) g(VZ0, V2p)Q(Vap; 0,0, X, Y)
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—29(X, V20)g(V20, V20)Q(V2p; 0,0 X, Y)
+89(X, V20)Q(Vip; Vi, Vap; X, Y) — 49(VZp, Vap)Q(Vap; X, Vi, X, Y)

0B
~ 49X, Vap)Q(Vapi Vi, Vier X.Y) +29(X, Vio)g (Vi Vi) 5 (B D X, Y)

OB B
—29(X, V)g(V3p, VQ@)%(D, 0; X,Y) +8g(X, v%)?ﬂp(v%’ V; X,Y)

0B 0B
—49(Vie, Vo) o (X Vi X, Y) =~ dg(X, V) 5 (Vi Vip X, Y)

2
= 3R9(X, V20)g(V?0, Vo) B(Th, 0 0, 0 X, )
2
+ 3 R9(X, V) g(Vp, V) B(C, Uas 0,0 X, V)
2
—2Rg(X, V*0)B(Vip, Vi 0,0; X, Y) — 2Rg(V?, V29) B(X, Vip; 1,05 X, V)

4 4
+ 3 R9(Ve, Vo) BX, VZps 0, 0: X, Y) + 2 Rg(X, Vo) B(Vp, Vi 0,0 X, Y)

3
8 4
+ 3 Rg(X, V2p)B(Vp,0; V2,0, X, Y) — gRB(V%V%; X, Vip; X,Y)

4
— gRB(w,X;V%,V%; X, V)|,

where the a subscript on the outer second derivative (; X,Y), is a reminder to pass over V¢
terms without the subscript as the corresponding ;; term is outside the derivative, i.e.,
D(X,V%p,0,0,V%p; X,Y) = DUkmiabg ... We use D(Y,[0,00, X, X) as the starting

point for the next term

D(X,0,00, V%, V20 X, Y)

- <_31 S (920, 720)000) - 9726, X)Q(T26) - 29(V2, X)Q(V2p: V20, T2¢)

+49(VZ, Vap)Q(Vaw; Vi, X) — 39(X, Vo) Q(Vap; Vi, Vo)

+ gRg(V%, X)B(0,0; V2, V) — %Rg(v%, Ve)B(0,0; Ve, X)
+ Ry(X,V)B(O,0; V%, V) + %RB(V%, V; Vi, X)

— RB(X,Vp; Vi, V) — %Rg(vz% X)B(Ve,0; Ve, 0)

OB OB
—29(V?p, X)%(VQ% V) — 39(X, V@)%(V% V)
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OB
+49(V20, Vo) —(VZ0, X)| X, Y)a

Oy
= (_31)q 9(V20, V20)Q(X; X,Y) — g(V2p, X)Q(Vp; X,Y)

— 9(VZ0, X)Q(X; V30, Y) — g(VZp, X)Q(Y; V¢, X)

—29(V29, X)Q(Vip; V2o, Vg X, Y) + 29(V2, X)Q(Y; V0, X)

+29(V20, Y)Q(X; V2, X) + 49(V29, Vo) Q(Vaw; Vi, X; X, Y)

- gg(X,X)Q(Y;VZ% Vi) — gg(X,Y)Q(X;VZ% V)

~ 39(X. V3$)Q(VEs V2, V26 X, 1) + 2 Ry(V2p, X)B(O,0: V26, Vi X.Y)

4
- *RQ(V%D, V(P)B(Dv D; VQQO, X; X7 Y) + Rg(Xa V(p)B(D, D; VQSOa VQQD; Xa Y)

3
4

+ gRB(VQso, Vi V2, X; X,Y) — RB(X,Vg; Vi, V2 X,Y)
2 OB

OB OB
—39(X, V)= (VZp, V2 X,Y) + 49(V?, V¢)%(V2% X;X,Y)

I
- (—31)‘1 9(V, V20)Q(X; X, Y) — 9(X, VZ0)Q(V?p; X, Y)

— 9(X, V?0)Q(X;Y, V?p) + g(X, VZ0)Q(Y; X, V3p) + 29(Y, VZ0)Q(X; X, V?p)

3 3
- 59(X7X)Q(Y;V2s0, V) — ig(X,Y)Q(X;VQso, V3p)

—29(X, V?0)Q(Vap; V2, Vop; X, Y) +49(V3e, Vap)Q(Vap; X, Vi X, Y)
2
= 39(X, Vap)Q(Vawps V2, Vi X, Y) + S Rg(X, V) B(L,1; V2, Vs X, V)

4
— 3R9(V, Vo) B(O,0; X, V2 X,Y) + Rg(X, Vi) B(0, 0; V2, Vi X, Y)

4
+ 3 RB(V 9, Vi X, Vi X,Y) — RB(X, Vi Vi, Vi X, Y)
2 OB
-~ gRg(Vzw,X)B(V% 0, V2, 0, X,Y) — 29(V2¢,X)%(V2% V; X,Y)

0B
(V20, V20, X, Y) + 49(VZp, Vo)

0B
—39(X, Vo) 90

— X. Vo X, V).
aSD (7 80’ 7)

The third term uses D(X, X,0,[0,Y) as the base again, yielding

D(Y,V?p,0,0,V%p; X, X)
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= E a0r. v0)a(v2) - 0(V26, T2)Q(Y) — oY, T2)Q(V%)

+29(Y, V20)g(V2p, V2p)Q(Vap; 0,0) — g(VZe, Vap)g(Y, Vie)Q(Vie; O,0)

— 9(Y, V20)g(V20, V20)Q(V2p; 0,0) + 4g(Y, VZ0)Q(V2p; V2, V20)

—29(V2p, Vap)Q(Vip; Y, V) — 29(Y, Vi) Q(Vap; Vi, V2p)

OB OB
+2g(Y, V) g(VZp, Vs@)a (O0,0) — g(V2p, Vp)g(Y, VQ@)%(D,D)
2 2 OB 2 (OB o
—9(Y,Vp)g(Vip, V w)%(ﬂﬂ) +4g(Y,V w)%(v ©, Vo)
OB OB
-9 2 =Y 2 —92q(Y. e 2 2
g(V so,Vw)&p( , V20) — 29( ,Vw)&p(v @, V°p)
9
= R9(Y, V*0)g(V¢, Vip) B((a, 0a; 0, 0)
1
+ gRg(VZgo, V)g(Y,V2p)B(O,,0,;0,0)
1
+ 3 Rg(Y, Ve)g(V2e, V) B(0,, Oa; 0,0)
9 1
— S Ro(Y, V2p)B(Ve, Vip;0,0) — gRg(V%, V2p)B(Ve,Y;0,0)
1 9
— 3R9(Y, V*0)B(Vip, Vi 0,0) + 2 Rg(VZ, Vo) B(Y, V243 0, 1)
9 4
+ 3 Rg(Y, V)B(VZp, Vip;0,0) + 3RV, V%) B(Vp,; Ve, 0)

2 2
— 3RB(Ve, V291 Y, Vi) = SRB(Ve,Y; Vi, V29) | (; X, X)a
—1)4
= E oy, v20)(v2) - (7%, v2e00)

+9(Y,V?0)g(V20, V2p)Q(Vap; 0,0) — g(Y, Vap)g(Vie, VZe)Q(Vie; 0,0)

+4g(Y, V20)Q(Vip; V3, Vip) — 29(V2p, V20)Q(Vip; Y, V)
OB
9o

(V2p, Vo)

—29(Y, V20)Q(Vip; Vi, V20) + g(Y, VZ0)g(VZp, Vi) —(0,0)

9B
dp
V2, V)

OB
g(Y,V)g(Vip, V=) 90

OB OB
—92¢(V? T2V V20) — 29(Y. V) ==
g(V so,Vw)&p( , V3p) — 2g( ,Wﬁ)&p(

1
= 3 R9(Y, V*0)g(V?¢, Vip) B((a, 0; 0, 0)

1
+ 5 R(Y, V)g(VZ, Vi) B(O,, 0,;0,0) — Rg(Y, V) B(Ve, Ve;0,0)
1 2

— gRg(VQ% V2p)B(Y,Vy; 0,0) + gRg(Vch, V)B(Y, Vp;0,0)

(3,0) + 4g(Y, V¢)
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2 4
+ 3R9(Y. Vo) BV, V2: 0, 0) + S Rg(Y, V29) B(Vp, [ V2, 1)

2 2
— 3RB(Ve, Vi Y, V) = SRB(Y, Vi Vi, V2p) | (i X, X)a

= (_31)q 29(}/, VZLP)Q(VQSD; X,X) B g(V2g0, VZ(P)Q(Y;X,X)

+9(Y, V20)g(V2p, X)Q(X;0,00) + g(Y, V?0)g(V¢, Vap) Q(Vap; 0,0 X, X)
— 9(Y, X)g(V?p, V20)Q(X;0,0) — g(Y, Vap)g(VZe, V20)Q(Vap; 0,0 X, X)
+49(Y, VZ0)Q(X; V0, X) + 49(Y, VZ0)Q(Vip; Vi, Vip; X, X)
= 29(V?0, X)Q(X:Y, V9) — 29(V?0, Vop)Q(Vop; Y, V20 X, X)
= 29(Y, X)Q(X; V20, V?0) — 29(Y, Vo) Q(Vip; Vi, Vi X, X)

OB OB
+9(Y, V30)g(VZ0, Vo) — (0,0, X, X) — g(Y, V) g(VZe, Vi) —

o 5, (00 X, X)
+4g(Y, V2¢)?Z(V2907 Ve X, X) —29(Ve, W)g]j(Yy Vi X, X)
—29(Y, ch)f;l;(vzw, VZp; X, X)
— éRg(Y, VZ0)g(V2@, Vi) B(Oa, 0a; 0, 0 X, X)
+ SRg(Y, V9)g(V3, V29) B0y O 0,05 X, X)
~ Ry(Y, V) B(Vp, Vi; 0,0 X, X) — S Rg(V26, V@) B(Y, Vi 0,0 X, X)
- %Rg(v%, Vo)B(Y,V2p;0,0: X, X) + %RQ(Y, V)B(V3p, Vip:0,0; X, X)
+ %Rg(Y, V2p)B(Vp,0; V3, 0; X, X) — %RB(V@, V2, Y, V20: X, X)

p
- 3RB(Y, Ve; Vi, Vi X, X)

= (_31)61 29()/’ VQSO)Q(VQQO; X, X) — Q(VQQD, v2<,0)Q(Y; X,X)

+4g(Y, V20)Q(X; X, V2p) — 29(X, VZ0)Q(X: Y, VZp) — 29(X,Y)Q(X; Vg, V2p)
+9(X, V20)g(Y, V0)Q(X;0,0) — (X, Y)g(Vp, VZ9)Q(X;0,0)

+9(Y, V20)g(VZ0, Vo) Q(Vap; 0,0; X, X) + 49(Y, VZ0)Q(Vip; Vi, Vag; X, X)
— 9(Y, Vi)g(Vie, V20)Q(Vap; 0,0; X, X) — 29(V?p, Vo) Q(Vap; Y, Vs X, X)

OB
—29(Y, V20)Q(VZp; V2, V20; X, X) + g(Y, V) g(V2p, Vi) ——

0 (0,0, X, X)
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OB OB
— g(Y, V)g(V?e, VQso)%(D, 0; X, X) + 4g(Y, VQ@)%(VQ% Ve; X, X)

0B 0B
—29(Vie, Vo) 5o (Y, Vi X, X) = 2(Y. Vo) 5 (Vi Vi X, X)

1
— 3 Ra(Y, V20)g(V2p, V) B(O,, 00 0,0; X, X)

1
+ 3 Rg(Y, V)g(V2p, V) B(C, Do 0,03 X, X)

1
= Rg(Y, V?0) B(Vep, V2pi 1,1 X, X) = 2 Rg(V7, V2) B(Y, Vips 0,05 X, X))

2 2
+ 3R9(V2, V) B(Y, V2 0,0 X, X) + S Rg(Y, Vo) BV, V2 1,1 X, X))

4 2
+ 3 Rg(Y, V29) BV, [0; V29, 0; X, X) — SRB(Ve, V29V, V2; X, X))

2
- 3RB(Y,Vy; V2, Vi X, X)| .
We use D(Y,0,0, X, X) as the final base, yielding

D(Y,0,0,V?%p, VZp; X, X)

—1)¢
- 31) 9(V2, V20)Q(Y) = 9(V?0,Y)Q(VZp) — 29(V?¢,Y)Q(Vip; Vi, Vi)

+49(V2p, V2p)Q(Vap; V2, Y) — 3g(Y, V2p)Q(Vip; Ve, V2p)
2 4
+ 3 R9(V2,Y)B(O, 0 Vi, Vo) — 2Rg(V2e, Vi) B(L, T V2, Y)
4
+ Rg(Y, V) B(O,0; V2, V) + gRB(VQ% Vi; V20, Y)

9
— RB(Y,V; V2, V) — gRg(VQsD, Y)B(Ve,0; Vi, 0)

OB OB
—90(V20. V) 22 (V2 —30(Y b o2 2
9(V=p, )8@ (VZp, V) —3g9(Y, V) % (VZp, V)
2 8B 2
+4g(V %W)faw (VZp,Y)| X, X),

N (—31)‘1 9(V0, V20)Q(Y; X, X) — g(Y, V20)Q(V¢; X, X)

—29(V20,Y)Q(X; V20, X) — 29(V?0,Y)Q(Vip; Vi, Vap; X, X)
+49(V20, X)Q(X; V20, Y) + 49(Vp, V2)Q(Vap; V0, Y; X, X)
—39(Y, X)Q(X; V¢, V29) — 3g(Y, V2p)Q(Vip; Vi, Vip; X, X)

2 4
+ 3 R9(V2,Y)B(O,0: Vi, Vi X, X) = 2 Rg(V2e, Vo) B(O, 0 V2, Vi X, X)



4
+ Rg(Y, V) B(O, 0 Vi, Vi X, X) + 2 RB(VZp, Vi V2, V3 X, X))
2
= RB(Y, Vi V2, V201 X, X) = SRg(V?p,Y) B(Vip, 1; V2, [0; X, X)

B
(V2p,V; X, X) — 3g(Y, Vso)a (V2p,V%p; X, X)

OB
_ 2
29(V=p,Y) o

dp

OB

4q(V? -

+49(V7p, Vo) 90
(—1)9

= 9(Ve, V?0)Q(Y; X, X) — (Y, V?p)Q(V¢; X, X)

(V2p,V; X, X)

—29(Y, V?0)Q(X; X, Vp) + 49(X, V) Q(X; Y, VZp)

—39(X,Y)Q(X; V20, V2p) — 29(Y, V?9)Q(Vip; Vi, Vip; X, X)

+49(V2p, V2p)Q(Vap; Y, Vip; X, X) — 3g(Y, V2p)Q(Vip; Vi, Vip; X, X)
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2 4
+ 3 R9(Y, V20) B(O, 0 Vi, Vips X, X) — = Rg(V20, Vi) B0, 0; Y, V2 X, X)

4
+ Rg(Y, V) B(O,0; V3, V¢, X, X) + gRB(sto, Vi Y, V3, X, X)
9
— RB(Y,V; V2, V20, X, X) — SRe(Y, V2p)B(V,0; V2, 0; X, X)
OB OB
—29(Y, VQ@)%(V%, Ve, X, X) — 3g(Y, V@)%(V%, VZp; X, X)

0B
+ 49(VZp, V)

——(Y.V3¢: X, X)| .
agp(7v¢7 Y )

We combine these four terms using the coefficients from (C.17) and simplify

R[2D(X,V?%p,0,0,V?p; X, Y) — 2D(X, 0,0, V2, VZp; X, Y)
— D(Y,V?p,0,0,V?¢p; X, X) + D(Y, 0,0, V¢, V¢; X, X)]
= Ok ag(x, v2)Q(v76: X,¥) — 20(V26, V2)QUX: X, V)
+9(X, V20)g(X, VZ)Q(Y;0,0) — g(X, X)g(Vie, VZ0)Q(Y;0,0)

+9(X,V20)g(Y, V0)Q(X;0,0) — g(X,Y)g(Vie, V2)Q(X;0,0)

+49(X, VZQ)Q(X;Y, V) 4 29(X, V20)Q(Y; X, VZp) — 29(Y, VZ9)Q(X; X, VZp)

—29(X, X)Q(Y; VZp, V2p) — 29(X,Y)Q(X; V¢, Vo)

+29(X, VZ)g(V20, V2p)Q(Vip; 0,0; X, Y)



—29(X,V20)g(V20, V20)Q(V2p; 0,00 X, Y)
+89(X, V20)Q(Vip; Vi, Vap; X, Y) — 49(VZp, Vap)Q(Vap; X, Vi, X, Y)

—4g(X, Vi) Q(Vaw: Ve, Ve X,Y) +29(X, VZe)g(V so,w)‘; (0,0: X,Y)

B

2 XY
agp(v SO>V90a 9 )

OB
—29(X, V)g(V3p, V%)%

0B 0B
— 4g(V?, VsO)a (X, V%0 X,Y) — 4g(X, V@)@(V%, VZp; X,Y)
2
- 3 R9(X, V20)g(VZ, V) B(Ha, 0a; 0,0; X, Y)

2
+ 3 R9(X, V) g(Vp, V2p) B(C, Uas 0, 0; X, V)
2
= 2Rg(X, V*0)B(Vep, Vi 0,0 X, Y) — 2Rg(VZ, V29) B(X, Vip; 1,05 X, V)

4 4
+ 3 R9(Ve, Vo) B(X, VZpi 0, 0: X, Y) + 2 Rg(X, Vo) B(Vp, Vi 0,0 X, Y)

3
8 4
+ 3 Rg(X, VE9) B(Vp, [0; V2, 0 X,Y) = 2RB(Vep, Vi X, V2; X, Y)
2(—1)1

4
- 3RB(Ve, X; V2, Vip; X,Y)} - R [Q(VQ% VZ0)Q(X; X,Y)

3
— 9(X, V?0)Q(V?0; X,Y) — g(X, VZ0)Q(X; Y, VZp) + (X, V)Q(Y; X, V)
+29(¥, V2R)QUX X, V) — Sg(X, X)Q(Y; ¥, V)
_ § .2 2 _ 2 2 2 2

H9(XY)QX; Vi, Vi) = 29(X, VEp)Q(Vaw; Vi, Vg X, Y)
+49(V20, Vap)Q(Vap: X, V20 X, Y) = 39(X, Vop)Q(Vaw; Vi, V2 X, Y)
- ;RQ(X, V2p)B(O,0; V%, Ve; X,Y) — gRg(VQQO, V)B(O,0; X, V3p; X,Y)
+ Rg(X,Vp)B(O,0; V¢, Vi X, Y) + gRB(VQLp, Vi, X,V X,Y)
— RB(X,V; Vi, V0 X|Y) — gRg(Vgcp, X)B(Ve,0; V2, 0; X,Y)

0B 0
—29(Vie, X) 5 (Vi Vi X.Y) = 39(X, V) 5o (Vi Vi X, V)

B
agp(

+ 49(V%p, V) — OB (X,V3p; X, Y)] + (—31)(1R [29(1/, V2p)Q(V3p; X, X)

dy
— 9(V?,V20)Q(Y; X, X) + 49(Y, VZ0)Q(X; X, VZp)
—29(X, V?0)Q(X;Y, V?p) — 29(X,Y)Q(X; V¢, V3p)

+9(X, V2p)g(Y, V20)Q(X;0,0) — g(X,Y)g(Vp, VZ)Q(X;0,0)

189
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+9(Y,V20)g(V0, V2p)Q(Vap; 0, 0; X, X) + 49(Y, VZ0)Q(Vap; Vi, Vi X, X)
— g(Y,V20)g(V?0, V20)Q(Vip; O0,0; X, X) — 29(VZp, V2p)Q(Vip; Y, Vi X, X)

- 29(Y, V30)QTi0 V2, T X, X) Y. P)g V. V) 5 (0.0 X, X)

OB OB
— g(Y, V)g(V?e, V%)%(D, 0, X, X) + 4g(Y, Vzw)%(

V2, V20 X, X)

V20, Vi X, X)
0B 0B
-9 -
9(V3, V@)a &p(
1
— 3 Ry(Y, V20)g(VZp, V) B(Ha, Oa; 0,0 X, X)

1
+ 3R9(Y, V) g(V2p, V) B((a, 0 0, 0; X, X)

1
= Rg(Y, V?0) B(Vep, VZpi 1, 1; X, X) = 2 Rg(V2, V29) B(Y, Vs 0,05 X, X)

(Y, V3p; X, X) — 2¢(Y, V)

2 2
+ 3 R9(Ve, Vo) B(Y, Vi 0,0 X, X) + SRy (Y, Vo) BV, Vs 0, 0 X, X)
4 2
+ 3 Rg(Y, VZ9) B(Vip, 0; Vi, [0, X, X) — SRB(Vep, V2 Y, Vi1 X, X)

2 —1)¢
- 3RB(Y, Vi, Vi, Vi X, X)] - (?))R [Q(VQ%VQSO)Q(Y;X, X)

9(YV, V20)Q(V?p; X, X) — 29(Y, V20)Q(X; X, V29) + 49(X, VZp)Q(X; Y, V)
= 39(X, Y)Q(X; V29, V3p) — 29(Y, VZ0)Q(Vip; V2, Vig; X, X)
+49(V20, Vap)Q(Vap: Y, Vie; X, X) = 39(Y, V30)Q(Vaw: Vi, V20 X, X)
+ ;RQ(Y, V) B(O,0; V¢, Ve X, X) — gRg(VQsD, Ve)B(O,0;Y, Vip; X, X)
+ Rg(Y,V)B(O,0; V2, Vi0; X, X) + gRB(V% Vi Y, Vi X, X)
— RB(Y,Vg; Vi, Vi X, X) — %Rg(Y, V2p)B(Vp,0; V3,0, X, X)

0B
—29(Y, VQ@O)%(VQ% Vi X, X) = 3¢(Y, Vo) 5

B
8(p(v2307 V2§0§ Xa X)

0B
+49(V20, Vo) — (Y, V?¢; X, X)

dp
—1\4q
) —4Rg(V?p, V?0)Q(X; X,Y) — 2Rg(V?p, V?0)Q(Y; X, X)

—2Rg(X,Y)g(V2p, V?0)Q(X;0,0) — Rg(X, X)g(VZp, VZ¢)Q(Y;0,0)
+2Rg(X, V20)g(Y, VZ9)Q(X;0,0) + Rg(X, V)g(X, V2p)Q(Y;0,0)

+2Rg(X,Y)Q(X; Vi, V2p) + Rg(X, X)Q(Y; V¢, V)
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+6Rg(X, VZ0)Q(V?p; X,Y) 4+ 3Rg(Y, VZ0)Q(V¢; X, X)

+2Rg(X, V20)g(V?0, Vap)Q(Vap; 0,0; X, Y)

+ Rg(Y, V?0)g(V?p, Vo) Q(Vap; 0,00 X, X)

— 2Rg(X, Vae)g(V2e, V0)Q(Vop; O0,0; X, Y)

— Rg(Y, Vip)g(Vie, V0)Q(Vap; 0,0; X, X)

+12Rg(X, VZ0)Q(V20: V2, V20 X, Y) + 6Rg(Y, VZ0)Q(V2ip; V2, V2 X, X)
— 12Rg(V2¢, V30)Q(Vap: X, V20 X, Y) — 6Rg(Vp, Vip)Q(Vip: Y, Vip: X, X)

+2Rg(X, V2p)Q(Vap; V2o, V2 X, Y) + Rg(Y, V2p)Q(Vap; Vi, Vi X, X)
oB
I
(0,0, X, X)

+2Rg(X, VZp)g(VZp, Vo) —(0,0; X, Y)

OB
+ Rg(Y, V%p)g(VZp, V) — 9

- 2RY(X, V)g(V2, Vo) 5O (O X Y)

0B
~ Rg(Y, Ve)g(VPe, V) 5o (0.0 X, X)
9B
O

0B
— 12Rg(V*p, V) — P

9B

dp
B

(X, V0 X,Y) — 6Rg(V?o, V@)g(p(Y, V2p; X, X)

+12Rg(X, V2p)——(V%p,V; X, Y) + 6Rg(Y, V) = (VZp, Vip; X, X)

0B
+2Rg(X,V
g( 90)690

2
- gRQg(X, V20)9(V20, V) B(O,a, 00 0,0, X, Y)

0B

- éR2g(Y> V%) g(VZp, Vi) B(Oa, Oo; 0,0; X, X)

+ ;RQQ(X, Ve)g(VZp, V20) B(0a, Oo; 0, 0; X, Y)

+ SR(Y, Vo)g(P, V20) B, Ui 0, 05 X, X)

— 2R%g(X,V%p)B(0,0; Vi, Vip; X, Y) — R%g(Y, V) B(O,0; Vo, VZe; X, X)
—2R%g(X,V)B(0O,0; V%, V2p; X,Y) — R%g(Y,Vp)B(O,0; V¢, Vg X, X)
+4R%g(V2p,V)B(O,0; X, V2p; X, Y) + 2R?g(V2p, V) B(O,0;Y, VZp; X, X)

2 1
— 3B29(Vi, Vi) B(O, 0, X, Vi X,Y) — 2 R*g(V2e, V) B0, 03 Y, Vi X, X)
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4 2 2 2 2 2 2 2
+ gR 9(X,Vo)B(O,0; V7, Vg; X, Y) + gR gV, Ve)B(O,0; V7, Vg, X, X)
4 2 2 2 2 2 2 2
+4R?g(X,V?0)B(V,0; V2,0, X, Y) + 2R*g(Y, V?0) B(V, 0; Ve, 0; X, X)
4 2
— 3R B(V2, V20 X, Vi X, Y) = SRB(Vp, V2 Y, Vg X, X)
—AR?B(V?p,V; X, V3¢, X,Y) — 2R?B(V?¢, V; Y, V29, X, X)

+2R?B(V?%p, V20; X,V; X,Y) + R?B(V%p, V20, Y, Vi, X, X) | .

The remaining D terms follow in a similar fashion, with V2 replaced by a combination of

Ve and VR. We use D(X, X,[0,00,Y) to express the first term

D(X,Ve,0,0,VR; X,Y)

- (_31 L 39X, V0)Q(VR) - (V. TRIQ(X) - g(X. VRIQ(V)

+29(X, V) g(VR, VZ)Q(Vp;0,0) — g(Ve, V) g(X, VR)Q(Vp; 0,0)
— 9(X,V?0)g(V, VR)Q(V2p; 0, 0) + 49(X, V) Q(V2p; VR, V)

—29(Ve, V20)Q(VZp; X, VR) — 29(X, V20)Q(V?p; Vi, VR)

+29(X, Vp)g(VR, Vw)g]j(m, O) — 9(Ve, Vo)g(X, VR)Z?(D, 0)

- 9(X, Tpg(V, TR (0,0) + 49(X, V) 5 (TR, )

- 29(T. V)5 (X.VR) ~ 29(X. V)5 (V4. VE)

~ 2Rg(X, Vp)g(VR, V) BT, D 0,0)

+ SRg(Vo, Vip)g (X, VR)B(Ch (i 0,0)

+ %Rg(X, V(p)g(VgD, VR)B(DG, Ue; O, D) — %Rg(X, V@)B(V(p, VR;U, D)
_ %Rg(Vgo, VR)B(Ve, X;0,00) — %RQ(X, VR)B(Ve, Ve 0, 0)

+ ;RQ(V(,D, V(p)B(X, VR;0,0) + %RQ(X, V(p)B(th, VR;[O,0)

4 2
+ gRg(X, Ve)B(Vy,0;VR,O) — gRB(V% Vg; X, VR)
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\V)

(_

ZRB(Vp, X;Ve, VR)| X, Y)

w

q

[
~—

39(X,Vo)Q(VR) — g(Vp, VR)Q(X) — g(X, VR)Q(V)

w

+29(X,Ve)g(VR, V0)Q(V?p;0,0) — g(X, VR)g(V, VZ0)Q(VZp; 0,0)
— 9(X,V?0)g(Vp, VR)Q(V2p; 0, 0) + 49(X, V) Q(V2¢; VR, V)

—29(Ve, V2)Q(V2p; X, VR) — 29(X, V20)Q(V?p; Vi, VR)

0B 0B 0B
+9(X, Vo)g(VR, V@)%(Da 0) — Sg(X, VR)%(D 0) - QS%(X, VR)
B 1
+ 29X, V)5 (VR V) + g RSg(X, VR)B(Da, Oui 0.0

~ SRg(X, V)g(VR, V) BTy, 0 0,00) ~ 3 Ry(Vip, VR)B(Vg, X;0,0)
_ %Rg(X, VR)B(Ve, Ve: 0, 0) + gRSB(X, VR0, 0)

+ %Rg(X, Vo)B(Vep,O; VR, O) — %RB(VQO, Ve; X, VR)

~ 2RB(X, ViV, VR) | X, )

_ (—31)q 39(X,Vo)Q(VR; X,Y) — g(Ve, VR)Q(X; X,Y) — g(X,VR)Q(Vy; X,Y)

+9(X, Vp)g(VR, X)Q(Y;0,0) + g(X, Ve)g(VR,Y)Q(X; 1, 1)

1
+29(X,Ve)g(VR, Vi0)Q(Vp; 0,0, X,Y) — 39X, VR)g(Vep, X)Q(Y30,00)

- %g(X, VR)g(Ve,Y)Q(X;0,0) — (X, VR)g(Ve, VZ)Q(V3p; 0,0, X, Y)

— 590X, X)g(Ve, TRIQY; 0,0) - Z9(X, V)g(Vp, VRIQ(X; 0, 0)

— 9(X,V?0)g(Vp, VR)Q(V¢;0,0; X,Y) + 29(X, Vo) Q(X; VR,Y)
+29(X, Ve)Q(Y; VR, X) +49(X, Vo) Q(V2p; VR, Vp; X, Y)
—9(Ve, X)Q(Y; X, VR) — g(Vp,Y)Q(X; X, VR)
—29(Ve, V0)Q(V?0; X, VR; X,Y) — g(X, X)Q(Y; Vi, VR)
— 9(X,Y)Q(X; Ve, VR) — 29(X, V?0)Q(V?p; Vi, VR; X, Y)

0B 0B

0B

OB
— 9282 (X, VR: X.Y) + 29(X = XY
S&p( ,VR; X, Y) + 2¢( ’V‘p)ago(VR’V@’ ,Y)
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1
+ 7RSQ(X7 VR)B(DLH Da; |:|, D; X’ Y)

3
1

— 39(X; Vp)g(VR, Vi) B(La, Uos 1, 1 X, Y)
1 1

2 4
+ 3 RSB(X, VR:O,0: X,Y) + g Rg(X, V) B(Vep, O; VR, 0 X, Y)

2 2

_ (31),1 39(X, Vo)Q(VR; X,Y) — g(X, VR)Q(Vi; X,Y) — g(Vip, VRIQ(X: X, Y)

+9(X, Vp)g(X, VR)Q(Y;0,0) + g(X, Vp)g(Y, VR)Q(X; T,00)
+29(X, Vp)Q(X;Y,VR) + g(X,Vp)Q(Y; X,VR) — g(Y,Vp)Q(X; X, VR)
- Q(X, X)Q(Y, V% VR) - g(X’ Y)Q(Xv V(,O, VR)

— 59X, VR)(Y, Vo)Q(X30,0) - 59(X, X)g(Ve, TRIQY; 0,0

- S V)9V, TRIQU 0,0) = 59(X, Te)g(X, VRIQ(Y; 0,0

+29(X,Ve)g(VR, V20)Q(Vip; 0,0, X,Y)
— 9(X,VR)g(Ve, V?p)Q(Vip; 0,0, X,Y)
— 9(X,V?0)g(Ve, VR)Q(VZ; 0,0 X, Y) + 49(X, V) Q(V2p; VR, V3, X, Y)

—29(Ve, V?9)Q(VZ¢p; X, VR; X, Y) — 29(X, V?9)Q(V?¢p; Vi, VR; X, Y)
B B
+ (XL TR(VR Vo) 5 (OO X.Y) = Sy(X, VRS2 (O.0:X.Y)
0B 0B

— 92872 (X VR: X.Y) +29(X. Vo) = (VR.Vo: XY
8@(, ,,)+g(,<p)a¢( ,V; X,Y)

1
+ gRSg(X, VR)B(DCM Da; D7 Da X? Y)

1
- gRg(X, ch)g(VR, V(P)B(Day Ue; U, 05 X, Y)

1 1
- gRg(V% VR)B(O,00; X, Vg; X, Y) — gRg(X, VR)B(O,0; Ve, Vg; X, Y)

2 4
+ gRSB(D, O, X, VR; X,)Y) + gRg(X, Vo)B(Ve,O; VR, 0; X, Y)

2 2
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while the second term is easily produced from the second term of the previous case

D(X,0,0,Vp, VR; X, Y)

- (_31)q 9(Ve, VR)Q(X; X, V) - %Q(Xv Ve)Q(VER; X,Y) — %g(X, VR)Q(Vi; X,Y)

~ S9(X, VRIQUX Y, VR) ~ Lo(X, VRIQ(X; Y, V) + 59(X, Ve)QY: X, VR)

— Mo =

9(X, VR)Q(Y; X, Vo) + g(Y, Vp)Q(X; X, VR) + g(Y, VR)Q(X; X, Vi)

N W N

9(X, X)Q(Y; Vi, VR) ~ Sg(X, Y)Q(X; Vi, VR)

— 9(X,V)Q(Vap; VR, Viap; X,Y) = (X, VR)Q(V;9; Vo, Viagp; X, Y)
+29(Ve, V20)Q(V20; X, VR; X, Y) 4+ 29(VR, V20)Q(V30; X, Vip; X, Y)
—39(X,V20)Q(V20; Vo, VR; X,Y) + 3Rg(X Vp)B(O,0; VR, Vy; X,Y)

1
+ gRg(X, VR)B(Dv D; VSO7 VQO; Xa Y) - gRg(VQD, VQD)B(Da D;Xa VR;Xv Y)

2
— gRg(VPu Vo)B(O,0; X, Vg; X,Y) + Rg(X,Ve)B(O,0; Vo, VR; X, Y)

2 2
+ §RB(V<,0, Ve; X,VR; X,Y) + gRB(VR, Vi, X,Ve; X, Y)

1
~ RB(Vp, VR; X, Vi X.Y) = g Rg(Vip, X) B(Vip, [ VR, [ X, Y)
1 OB
= 3B9(VR, X)B(Ve, i Vi, 0 X, Y) — g(Vep, X)%(VR, Ve, X,Y)

OB
(Vo,Vp; X,Y) = 39(X, V) —

_g(vR,x)2B 5o

0 (Vo,VR; X,Y)

OB
(X,VR; X,Y) +2g(VR, V) =—

9 (X, Vg; X,Y)

OB
+29(Ve, Vo) — 90

—
|
—
~—
Q

oV, VRIQUX: X, ¥) = 29(X, Vo)Q(VR: X, Y) — 59(X, VRIQ(Vi X,Y)

w

9(X, Ve)QX: Y, VR) ~ Jg(X, VRIQ(X; Y, V) + 1(X, Ve)Q(Y: X, VR)

9(X, VR)Q(Y; X, Vo) +g(Y, V)Q(X; X, VR) + g(Y, VR)Q(X; X, Vi)

w\oowM—th—‘

3
9(X, X)Q(Y;Vy,VR) — 59(X,Y)Q(X; Ve, VR)
— 9(X,Vo)Q(Vap; VR, Vep; X,Y) — g(X, VR)Q(Vip; Vo, Vap; X,Y)
+29(Ve, Vap)Q(Vep; X, VR, X, Y) + 29(VR, Viap)Q(Vap; X, Vi; X, Y)

= 39(X, Vip)Q(Vap: Vi, VR X, Y) + 3Rg(X V) B(0,0; VR, Vig; X, Y)
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1 2
+ gRg(X, VR)B(O,0; Ve, Vg; X, Y) — gRg(VsD, Ve)B(O,0; X, VR; X,Y)

2 2

1 1
1

B
- 3RO BBV, 05, 0 X, ) ~ 4g(X, Vi) 5 (VR Vi X,Y)

B B
0B
+29(VR, VSO)%(Xa Vi, X,Y)| -
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APPENDIX D
COMPUTATION OF FIFTH ORDER DIVERGENCE

This appendix is dedicated to computing the divergence of a tensor A% which can be

produced using the analysis in Chapter 4.6. We combine (4.8), (4.14), and (4.20) to obtain

AT = /g e Ry ape) P + /967 Ry Rppa PP + DRy, + B

JOP g O?P
29 75 + 4Rl Rd852>

7 8 7 j 6
+ [4y/g Sym,; Sym,, e GRER‘baRaS + /g Sym,, e'4e7® <8R + Q)} Riap
(—=1)7

= 2,/ge"" e’ R abC)R O 5+ VIEE Ry Ripg <

0P

L& ) fRR'ZR‘] + N s ( o Q) + VIR P

oP 0P 2P
= 2\fslasjbR‘(abc)R| 55 T2Vo "M Ry Ripag ™ 55 TAVE el Ry Rpa BRI 5 G2
ia pli plb &*P ia_jb opP
+4\fSme€ R;R R|abaRaS+\/§€ € R\ab ﬁ—i_Q
0P 1)¢ iy
e ) fRR'lR‘J +\fR (8R2 +Q> ( 2) VRGP, (D.1)

where R'f = sin‘j, P = P(R,S) and Q = Q(R) are scalars, Q' = % etc., and S =
g“bR‘aRw.

First, we find A ; by hand”, computing the divergence of each term using the third
(A.1) and fourth (A.2) scalar order symmetrization formulas and the covariant derivative
formulas S); = 2R|iR|ij and

oP oP oP oP oP

Pi:Pﬂ-:R-f—l—S-—:R‘iﬁ—{—ﬂiﬁ:}%p

op
|
i9r T s +2R

R Rij gg-

Defining Aij = 2\/§5iasjbR|(abC)R‘Cg—g, the divergence of this first term is given by

z ia_jb ia _jb le opP ia _ib c OP
A1j|j (2\[5 g’ R|(abc)| Rl +2\[E el R|(abC)R |>as +2\f5 el R\(abC)RI (aS ;
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g . 1
= (_1)(1 {2\/§ (g”gab - glbg]a> |:R|(abcj) - gR (gabR|cj + gbcR\aj + gacR|bj - gjaR|bc

1
— 9isRjac — 9jeRjap) — B (9av R R); + goe R Rj + gacRipR); — gjaRpR)e

c i) a ib _ja aP
— gip R Ry — gchaRb):| R +2yg (9 g™ — g'g/ ) R\(abC)R| g} 95
L 0%pP 0*P
ia _jb ia _jb c
+ 2\/§€ g’ R\(abc)R| R‘] DROS +4\/>6 gl R|(abc)R| Rl R\dj 952

2 i 7, i i 7 7 a i

= [—3\@3 (2R| IR+ RYR; + R"R; — RVR; — R"R); — RIR,,¢" — RI R
i ab i ) ) ) ) )
— R'Rjug™ — RV Ry + 2R Ry + RU Ry + RURy) — =g (2SR" + SR

+ SR — SRl — §RIi — §Rli — SRl — SRl — SRl + 28Rl + SRV + SR“)

ic a or ia_j ¢ o°p
+21/5 (R Ry(any g — R )ch)] 55 ("D + 29" Ry RRyj o

0*P
Rigj g 052
2 . 1 ; ;
= (_1)q |:_3\/§R (4R|Z]R‘j - 2R|ZR|abgab> - g\/ﬁSRlz + 2(_1)q\/§ (R‘ZCRKabc)gab
, oP g . 9P
_ pl|@@be) el ij ab b _ja le

R Rbc)] 55 T2(=1) \/§(g 9" —9"9 )R\(ab@R R\JaRas

ij a ib_ja c o°pP

+4v3 (979" = 9" ) Ry R RV Rigy 5.0

2 4 . . 4
_ [‘3\/51% (1g°R® ~ 2Rlig™) Ry, - 3\/§SR'Z + 25 (Rieg™ - g R") R(abc>]

9*P
%*°) ARHS
o*pP
557

+ 4y/ge" €1 R (g RI° R/

P | |
x %(—1)‘1 +2(-1)1/g (R‘ZR‘Cgab ~ g“R"R") Ry

+4(-1)%/g (gabR|CR‘dR|id - giaRle‘decd) Ry(abe) (D.2)

Defining Agj = QﬁEiQSjbR|a0R‘bdngg%, we compute its divergence

oprP

AZQJU <2\/>€m€] R|aCJR\bdg +2f51a5] R|acR\bdjg ) 99

oprP
—1-2[6“163 R|acR|bdg < >
95/

o 1
= {2\/§€w€]b [R(acj) - ER (2gacR\j - gjaR\c - gch|a):| R\bdng

+2/ge e Ry, {R(bdj) - éR (2gsaR); — gjpRjq — gdeb)} g d} 25
0’P - 0’P

+2y/ge" e Ry Ripag®* R, i5E95 4/95" " Ry Rjpag ™ R Ryoj 5 G2
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5 . 1
= (=1)1 {2\/5 (gwgab - gnga> |:R|(acj) - éR (29acR)j — gjaR)e — gch|a)] Rjpag™

1 iJ a b _ja c opr
- gx/ﬁR <9 Tgeb — g'tg? ) Rjac (290aR); — gjvRja — g5aRp) 9 d} 35

ia _jb cd 82P ia _jb cd ple 82P
+2,/ge"e R|acR|bd.g R‘j AROS +4./ge"e R|acR|bdg R R|ej 952
iac 1 i ab i i ic ab
= (~1)4 {2\/5 [R“ JRjpe — R <2R Riup9™ — R"R); — R JRU) — RIRy(ape)9

1 ij ij ij 1 i ab ij
+ R (2RI R); - 2R Ry - R JRU)] — S VIR (2R Riwg™ - RV R,

) ) ) | P
i i 1 7 ab

_R‘]le_2R|]RIJ+R|]R|J+RR|abg >}as

7 .a b _ja C aQP

215 (699" ~ 79" ) RacBipas By

L o %P
ij ab ib_ja cd ple

+4(_1)q\/§ (g ]g -9 g] )R|acR\bdg R‘ R|ej 052

, . 1 , , opP
— (_1\¢ ia plbe _ plia be - _Epliab ia p|b

(-1) [2\/57(9 R — RI%g) Ry + 5 /GR (—5Rg™ + 49" R )Rmb} o
q ac ,bd pli ic bd pla &P q if ~ab_cd ple
+2(-1) \/§<g g R"—g"“g"R >R|abR\cdaRaS+4(_1) \/57(9 9"9“R

o’p

b _af cdple
— 99" g R®) Rioc RpaRies 55 (D.3)
We sum these two divergences, yielding
ij ij q| 2 ia plb li -ab 1 b lic ab
AY o+ AY = (1) —g\/§R<4g Rl — 9Rlig )R|ab—§\/§SR +2\/§<R g
4 oP 4 ; 9*pP
__ia plbe _1\¢ li ple ,ab _ _ia plb plc
9“R )R(abc):| 55 T 2(-1) \/§(R R"™ — g"R"R )R\(abc)aRas
a c % ia c 82P
+4(-1)75 (" RRGR — g RVRGR™) Ry 55
ia C ia . bc 1 i al
+ (-1 {wa (9B = RI“g) Ry + 5 v/gR (—5R'g™
~ oP , ~ 0*P
ia p|b _1\¢ ac bd plt _ _ic bd pla
+4g"R )R|ab] o5 + 207G (970" RY = g g R ) Ry Bl
iof ab_c e b _af c e 82P
+4(-1)%/g (g TgebgedRle — ggel g Rl ) RiocRpaRies 5oz
1 . . 1 | OP
= (-1) {—3\/§R (49’“1%"’ + R'lg“”) Ryqy — 3¢§5R|Z] 55 T2=1g

2
« R|’LR|C ab _ iaR|bR\c R o°p + 4(_1)q\/> abR|cR R\zd
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3 Ci 82P ac 7 ic a
— g RPR 4R} R)(spe) 7rag + 2(—1)7/7 (9*°™RI" — "¢ RI*) R4y R
oS

0?P 0?P
- if ab _cdple  ib_af cdple
X 5pag T4 \/,6(9 979 R — 9" g™ g“R )R\aCRwdR\efaSQ-

(D.4)

Defining A = 4[5“51bR|aCR‘bdR‘CR‘d852 , the divergence of A

Agf'] (4\f5w57bR‘ach|bdR|chd +4,/ge" e Ry Rpyg RIFRI? 4 4, /g Ry Rypg R ¥ Rl
ia _J cpld P ia 8 P
+4\/gee” Ry Rppg RIR! | j) Sgz TAVEE e’ Ry Rpg RI° R ( 5 52>.
J

- L 1 .
= (-1)744v7 (979" — 6 ¢"*) | Rj(aej) — = R (29acR)j — gjaR)e — gjcRja) | BppaRI°RI
6

g . 1 .
+4y/g <g“gab - ga9”> (0 - gR(ngdRU — gipRjg — gdeb)) Ry, R°RI

ij ab zb a e 6 P
+ 4\/§ (g ]g J ) R|acR|bdR 1j RI + 0} 852

o PP PP
ia_jJb cpld
+4y/ge" e R, Rjpa R°R"R SGioR 358

. 1 o g .
— (—1) {4\/5 [R|(ZbC)R|bdR|CR|d L (2R"R'JR|'“RU,€ — SRWR; — R'ZR‘bR‘dRM)

+8y/ge"e R, Rpa RI°R"RI° R, ;

i c ab g % )
— RYRRR oy g™ + <R (2SR Ry — 2SRV R — SR JRU)}

2 . y , .
— SVOR <2R"R|bR|dR‘bd — SR"R); — RIR"RIYRy,, — 2RI RIP RIV R,

+ SRR + RIRPRIRy, ) +4./5 (R Ry R Ry, — R R)j Ry R } 32;2)
417G (899 — 6°0) Rioo Ria BRI Ry -0 40

= (~1) [4\/5 (9 R™RI°Ryy — R R;RIG™ ) Ry(ape - g\/gRR“R'jR‘kRUk
+4(—1)0/g (giagbegch\d 3 gmgcegde\b) RabR|cdRef] 3251;’
+4(-1)7/g (gabR‘iRl%W - gibR|“R|CR|d> RjoeRjb agzg = (D.5)

The sum of the first three terms is given by

+ AY

A9 4 AY
31j

1\1 2\]
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= (-1)¢ [—fR (4gWR"’+R‘Z ab) Rjap — fSRZ} Z]; +2(-1)%/g

i plc a ia c 82 a c 7
x (RIRlg™ — g RVR )RK“”C)*@RaS +4(-1)"g (g RIR, R
ia c a P ac i ic a
— g RO RURI) Ry 52 + 2(=1)"V/g (99" B = 66" R") Ry Rl

0*pP

9*P 4(—1)¢ if ab cdR|e ib_af cdR\e R .Ru+R
+4(-1)"/g (9" 9%y 99" g jacBpaRles 5 a3

* 9ROS
ia c i c a 2 % j
+ (1) [4\/5 (g RMRIR, — R R Rlcg b) Ri(un) — 5 VIRR'RVR" Ry,

or
052

3
ac 8520R
oP  (—1)

(_1)11 ia p|b |t ab |’L
— 4 —
3 \@R(g RE+ Ry )R'“”as 5 VISR 85
2 Py 9*P
—g(—l)q\/gRR‘ R\JRIkRUkW
bd pli e bdpl &P
+2(-1)%/g (g“g R'—g"g Ra) R|abR|cdaR85

+4(-1)1/g (giagbegchld _ giagcegde\b) R|abR|cdR|ef]

q abpli plepld _ ib pla ple pld PP
+4(=1)1g (9" RV BRI = g RRR) Rioe R gy
82

+2(=1)"/g (RIR g™ — g RVR) Ry 5o

(D.6)
Defining Aij = 2Sym,; 5i“€jCR|CR|ab%L;%b = 4,/g Sym;; emachkR'bR‘ab%, the divergence
of this term is

9*P
OROS

2 ia_jc a_ic |b
Af ) =2vg (9 e )<R|ch|abR + RjcRu; R + R.R R |>

o . 0P
ia_jc ja _ic b ~ -
+2,/g (e%€° + €)% )R‘CRMR <8R85>U

g o 1
=27 ((gzjgac _ gzcgja) [0 + R|CR|b (R(abj) - ER(anbRU - gjaR“, - gﬂ,R|a)>

b ij ac jc ia 1
+ RicRjgp R j] + (979" — 9% ){JRabR' + R [Ruaby) o1 (20w R);

aQP 1] ac ic ja

— gjaRp — gjbRa):| + R|cRabR|bj}> 3R35(_1)q +2(-1)%/g {(g 1% — g"g’ )
0%P

R 5reas

g o o3P
x R R R + (97" — g7°g™) R|CR‘abR|b} ( +2RR g ——— 5 )

ROS?

iJ pla 1 ia
=2(-1)"Vg <{g 'RRP [Ruabj) — 5B (200 R); — gjaRp — gjbRa)] + R Ry, R



202
— ¢°RIRP |R -—13(2 Rj; — gjaRpp — gjpRia) | — RIR o, RI®
|(abj) 6 Gabdl; — Gjallip — Gjblijq |ab
ia ] pla 1
+ {R' Ri,R" + g RI*RP [R(abj) — R (29 R); — gjaRyp — gjme)}

. . . o 1
ia b ia c ia b
+ RI“R R — R R, ¢’°R.; — "RV R/ [R|(abj)—6R(29abR|j

. 2P g o
ia b 7 a plb a pli plb
gjangjbRa)} ~ RI“Ry R }) Sae + 2=1)g (97 RR — g RV R
g o B3P 03P
iy plaplb _ _iapliplb Ly s le vy s
+ g RIeRIY — giaRliR )R,a,, <R|]8R285+2R R'CﬂaRam)

=2(-1)%/g [ginlebRKabj) — éR (25}2“ — SRl — SPJZ') + 2RI R, R
— " RVRP Ry + éR (2SR — 2SRl - SR") - RIR R
. éR (253“ _ SRl - SR”) — RIR,¢°R,; + éR (253'%’ _ SRl - SRi)}
x ai; +2(-1)/g (207 R R — ¢ RVR — " RVR") Ry, <Rj(§£g

PP
RICR .~
2R RCJaRaS2>
2P (—1)
OROS 3
_1\q ia bepld  ac bdpli  ta_cd plb
+2( 1)\/§(29 g°R" —g"¢"R" — g"" g’ R >R|abR|cdaRaS
03P
R 5205

+ 4(_1)q\/§ <gidR|aR|bR|c _ gadeiR‘bR‘c)

=2(-1)%/g (ng‘bR|C - R“R‘“gbc> Ry(abe)

+2(-1)1/g (RliRlaR‘b - sgwR‘b)

PP

R|abR|Cd8RaS2 (D7)

and we sum this value with the previous three divergences to get

4
i o (=1 iaplb | pli ab or  (-1)1 i OP
;A“_ 5 VIR (19°R" + Blg") Russ - ViSRI 5o

2 i linkn O°P
—g(—l)q\/ﬂ%}ﬂ RIR! lek@
. . 0*pP
_1\¢ ac bdpli _ _ic bd pla
+2(-1)"5 (99" R ~ g 6" B ) Ry Rioa 5 oo
PP
Ruig5ooR
o0’pP
OROS

+4(-1)1/g (ga”R“RlCRld _ gimeR'CR'd) Riae

+2(-1)%/yg (R“R‘Cgab - ng‘bR‘c) R (abe)



ia c 1 pla be 62P —1)7 i
+2(-1)%/g (¢*RPRIc — RliRlagb ) Ri(ab) 555 — (3)\/§RSR|
2P

+ 2(_1)q\/§ <2giagbcR\d - gacgbdR|z gzagcdR|b> R\abR|cd SROS
o3p
( Rl 5o
+4(-1)1/g (gidR‘“Rlec - gadR‘iR‘bR|C) R Ria 555

_1)e , . oP (—
= —(3)\/§R <4gwR|b + Rllgab> R|ab£ — QISR&
0? P

2 .y 0%pP (—1)
_ 21\ li pli plk e S i &
(-1)%/gRR"RR RU VIRSR RS

3 k552
ia_bepld _ ia_cdplb &P
+2(-1)%/g (gzag cRld _ giaged gl ) R‘“bR‘CdaRas

93P
R pzgs

+2(-1)1y/g (R'RIR® — g R")
o3P

+2(-1)1/g (R'%‘“R'b - SgiaRlb)
Defining Aéj = \/§€i“6jbR|ab (g—; + Q), we compute the divergence

? a _j opP a or
A5]| = \/ge 5JbR|abj ( + Q) +\/ge EJbR|ab ( + Q)

5
ia 1 op
= \/ge eJb [R (abj) — 6R (2gabR|j — gjaRpp — gﬂ,R|a)} <8R + Q>
g . 2P o*pP
ij ab ib
+ \/§ (g Jg —4g g]a) R|ab <R|J OR2 + R‘CR|C] OROS + RUQ >
1 g . oP
= (—l)q\/§ [0 — ER (QQ”RU + gsz|b + O)] < + Q)

, A %P
+(=1)1/g (Rlzgab _ gsz|a) R]ab <8R2 + Q)

id _a c b _a c 82
+2(-1)%g (g g Rlc — g g Rl ) RlalecdaRag
1y . (0P i g o’p
_ _(2)\@33 (aR + Q> + (=17 (9 R — g"RI") Ry, <aRz t
82

+ 2(_1>Q\/§ <gidgabR|C _ gibgadR\c> R|abR|cdaR8S

We sum this result with the previous four terms, yielding

_ ) ta p|b |t ab or (_1)q
ZAM]_—ifR(ng RP + Rlig™) Ry e -
2 - 92P pn 92p
_ 21 li pli plk T ) li 7~
3( 1)?/gRR" RV R" R, j, k552 VIRSR RIS
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ia bc ia c 62P
+2(-1)%/g (9 g"Rl4 — g'g dR'b) RiapBleaypos
. | PP (1) (0P
2(—1)4¢ li plapld ia p|b |2
+2(=1)"/g (RIR R = S RY) Rz — 2 VGRR" (55 +Q

bl b ol 5%2P
_1\4 a i1 a
G (R R R (G + @)
: : °pP
_1)¢ id abplc b ad plc
+2(-1)"/g (99" R" — g™ R) Ry Rleay e
—1)e 4 , oP (—
= —(?))\/ER (4ng|b + R\lgab) Rlab% — Q\[SRIZ
2 i 0P (—1) 0? P
— 214 li pli Rk — i 2~
(-1)%/gRR"RVR" R, ;;, VIRSR 8R85
\/ERR <(‘)R+Q>

3 LPYE
—1)4 li plaplb _ g iaplb _
+ o 1)\/§<RRR Sg R>R|abaR285
S 0*P
—_1)\4 abplt _ _ibpla
N G )R|ab(aR2+@) (D.10)

Computing the divergence of Aéj = #\/ERR“RU g—g, we have

N G [P ),
Ay = S5 VARG RIRI S+

8P
85

or

(_ ) % i
> /gRR" RV 135

(=1)7 inli (OF

+ VRRI'RY (35>|j
_ (=D

3

]_ q s

opP
o0*p
082"

. OP —1)¢ ) .
\/§SR|Z(9S+( 3) \/§R <gzaR|b+R|zgab)

?P 2
li pli plk
5pag T 5(~VVIRRRIRFR ;o

+ (_Sl)q\ngSR“ (D.11)

Summing with the previous result, we get

6
i (_1)q ia b i _ab opP (_ ) i
D I G ) Rugs ~ g VIS g

2 0’pP (—1)q . 9°P
_z li pli plk _ = i
3( 1)%\/gRR"RY R" R j, kg2 VIRSR RIS

+ 2(_1)Q\/§ (R\iR\aRU) o SgiaRIb) R|ab 822‘25 ( ) fRR'Z <g§ Q)
(— )

- 92pP oP
_1\¢ abpli _ ibpla =4 li 4
+( 1)\/5(9 R gR)R|ab<aR2+Q>+ VISR

82P (_1)(] ia p|b |7 ,ab orP
RIS T (g R+ g )R‘“”as

(—1)q\/§RR|iRUR‘kR|jk

( ) VIRSRI Z—

o*pP

+ 952

00\1\3



205

. oP . , PP
_ _(_1\¢ ia p|b el 1\¢ li pla pld ia p|b
= —(~1)"\/gRg" RP Ry +2(~1) \/§<R Rl“Rl — 54i° R )R'a”amas
=1 i (9P g = (sabpli _ b ple o°p
— S VIRR (5= +Q +(—1)¢§(g R — "R )R‘ab 8R2+Q

(D.12)

Computing the divergence of A7 = /GRI R (am +Q ) = G R Ry, (% + Q'), we
have
ij ia_jb o*p , ia_jb 2P /
A7 = Ve e R Ry e T Q) + V9" e’ Ry Ry apr T Q

o 2P
+ \/EEW&?JI)RWRM <8R2 +Q )
lj

17 a ib _ja 82P ia_j 83P
— (~1)7/g (g igab _ gibgi ) Ri;Rypy <aR2 + Q’> +0+ /g R, Ry, <R|jaR3
. o’p
+2RI°R,; 57705 R,jQ”>
_ (71)q\/§ (giaR|b . gabR|z’> R \ 82P +Q ( )q\/§ (ng'j N R\ZR\])
la 3R2
L P

) . o2p . )
— (_1)q\/§ (ng|b - gath) R|ab <6R2 + Q/) + 2(_1)q\/§ (ngaR\b - R|1R\aR|b>

o’p
We sum this term with the previous results to get
’ oP o%P
Z ia p|b i pla plb ia p|b
;A;U = —(~1)"VgRg" R R s + 2(=1)"/g (RTRRY = Sg" RI) Rigy e
(_1)(] | opP q ab pli ib pla O*P /
S VIRRT (S5 4+ Q)+ ( 1)\/§<g R gR)R|ab ot
. . 2P
ia p|b ab pli
+(-1)7vg ("R’ — g R')R|ab<aR2 +Q>
+2(-1)1/g (sgiaR‘b - RliR‘aRlb) Ria 018%2]; S

= —(—1)q\/§ngRle|abg—§ - ﬂfRR'Z <g§ + Q) (D.14)
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Computing the divergence of Agj = UP, we get

Azy _ (71)q\/§R sz+( ) ng”Pb

817
_ 2 ) \fR‘ZP—l—( )
(= )

_ =y ) VIRIP +

; OP ., OP
VRgY (RUaR + Rl Rmas)
: oP
fRR'Z ( 1)q\/§R9mR|bR\ab%7 (D15)

and summing this term with the previous seven terms yields the final result of

8

YA, = —(—1)q\/§RQiaR'bRabg§ — | (g; * Q) - (_21)q\/§RliP
k=1
—1)2 P , oP
i 2) + ()R R Ry o
= (_;)q\/gRi(P — RQ). (D.16)

We check the previous “by hand” computation with custom Maple code. For coding
simplicity, we have expanded the permutation tensors in all terms using (2.7) and absorbed
the factor of (—1)7 into the scalars P and @ throughout the Maple code. We begin by
loading the DifferentialGeometry, Tensor, and ATensor packages. The first two are
standard Maple packages for handling manifolds and tensorial quantities, respectively, while
the third is a custom module (with code found at the end of this appendix) designed to

compute the tensorial coefficients of the scalar fields P and Q (and their derivatives) in A%.

> with (ATensor) ;
[B1, B2, B3, B4 B5, Bo, B7, BS, Div, Init, divB1, divB2, divB3, divB4, divB5, divBo, divB7, divBS) m

|:> with(DifferentialGeometry):
|:> with (Tensor) :

Figure D.1: Loading packages.

We initialize a two dimensional manifold M with local coordinates (x,y) using the DGEn-
vironment command from the DifferentialGeometry package and define an arbitrary
conformal Lorentzian metric g. [As all two dimensional metrics are conformally flat, this is

the most generic metric with (4,-) signature. The Riemannian case follows in an identical
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matter, with the same general results, and has been omitted for brevity.]

> DGEnvironment [Manifold] ([x,y],M)
Manifold: M @

M > g := evalDG(F(x,y)*(dx &t dx - dy &t dy))
g:=F(x,y) dc@dx —F(x,y) dv@dy [6)]

Figure D.2: Initialization of a Lorentzian manifold.

We produce the curvature scalar R and its first three symmetrized covariant derivatives

using the Init command of the ATensor package and label them accordingly.

|:M > TensorList := Init(g):
[M > gij, R, Ra, Rab, Rabc := op(TensorlList):

Figure D.3: Curvature scalar derivatives.

The output for these commands are suppressed with a colon for brevity; the use of a
very general metric produces rather intractable expressions, with a few of the subsequent
calculations going beyond Maple’s one million character limit. For example, we note that
R, comprises three lines, Ry, takes up fifteen lines, and R|(q) requires 71 lines to express.

Next, we define a number of useful intermediate quantities: the inverse metric, square
root of the determinant, the raised covariant derivative of the metric, the scalar S =

g“bR‘aRw, and the tensor R'“R|ab.

M > gIJ := InverseMetric(gij)
1 1
alJ = Fooo) 0.®9, o) aj_®aj @
M > rootg := MetricDensity(gij,1)
F)
rootg =\ ~F(x,¥)° 1y ®
|:M > RA := RaiseLowerIndices(gIJ,Ra,[1]):
|:M > § := ContractIndices(Ra &t RA, [[1,2]]):
[M > RA_Rab := ContractIndices(RA &t Rab, [[1,2]]):

Figure D.4: Intermediate quantities.

Then we define the scalar fields P(R,S) and Q(R), and compute a number of different

partial derivatives.
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M >p := plr,s)
| P:=p(r,s) ®
[ > Q = q(x)
0:=q(r) (]
M > dp := [P,seq(diff(p,r$i),i=1..3), seq(diff (P,ssi),i=1..3), diff(P,r, s), diff(P,r,r,s), diff(P,r,s,s)]
ap = pr ). L pir 5, Lo pir5), Lo plr ). 2 ptr ). e pr5), o g 5), <o pr,5). —Es plr ). —2—pi(r.5) ®
25): 3 =552 53 2 5): 55 ) g 25): Bsor b o ) S or B
M > dg := [Q,seq(diff(Q,r$i),i=1..3)]
d ¢ &
40 = |a(r), - alr). 7 alr). 5 alr) ®

Figure D.5: Scalar fields and their partial derivatives.

Finally, we compute the covariant derivative of the scalar expressions in A% (D.1): in order,

pave 0, (9Q) p (OP\ (9P\ (PY (0PY (5P
we have las dR |a; las OR |a7 BYS ‘a? OR2 ‘a7 552 Ia) an 0SOR |a.

[ > Diff ¢ := evalDG(Ra * dg[2]):

[M > Diff_dqd.ll := evalDG(Ra * dQ[3]):

[ > Diff P := evalDG(Ra * dP[2] + 2 * RA_Rab * dP[5]):

[ > Diff dPAR := evalDG(Ra * dP[3] + 2 * RA_Rab * dP[B]):

[ > Diff dpds := evalDG(Ra * dP[8] + 2 * RA Rab * dP[6]):

[ > Diff d2PdR2 := evalDG(Ra * dB[4] + 2 * RA_Rab * dE[9]):
[ > Diff d2Pds2 := evalDG(Ra * dB[10] + 2 * RA Rab * dP[7]):
[ > Diff d2PdSdR := evalDG(Ra * dP[9] + 2 * RA Rab * dP[10]):

Figure D.6: Scalar fields and their covariant derivatives.

Before continuing, we define Bij = 2\/§6ia6jbR‘(abC)R|C, B;j = 2\/§6i“€jbR|acR|bdng,
etc., and note that these tensor densities are computed using the B# commands of the
ATensor package. In particular, we use the Div command of the ATensor package to
compute the divergence of each B;i term and subtract from this value the “by-hand” calcu-
lations for the divergence contained in the divB# command of the ATensor package, with

the difference returning zero in each case.
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evalDG (Div (Bl (TensorList) ,gij)

evalDG (Div (B2 (TensorList) ,gij)

evalDG (Div (B3 (TensorList) ,gij)

evalDG (Div (B4 (TensorList) ,gij)

evalDG (Div (B5 (TensorList) ,gij)

evalDG (Div (Bé (TensorList) ,gij)

evalDG (Div (B7 (TensorList) ,gij)

evalDG (Div (BB (TensorList) ,gij)

Figure D.T:

divBl (TensorList))

01, ®8_

divB2 (TensorList))

01, ®8_

divB3 (TensorList))

01,83,

divB4 (TensorList))

01,83

divB5 (TensorList))

01, ®3_

divB6 (TensorList))

01,®3_

divB7 (TensorList))

01, ®8_

divB8 (TensorList))

01, ®8_

Divergence of B;i terms.

209

an
an
an
as)
a4)
as
ae)

an

We now compute the divergence of the eight A;{ terms in (D.1), using the chain rule and

the B# (and divB#) commands to express the divergence of each term, and sum the terms

together.

B R R R R R R R R R R R R R R R R R R R

VVVVVVVVVVVVVVVVVVVYVVVYVVVYVY

I

We

DivAlPartl := evalDG(divBl (TensorList) * dP[5]):
DivAlPart2 := ContractIndices (Bl (TensorList) &t
DivAl := evalDG(DivAlPartl + DivAl1Part2):
DivA2Partl := evalDG(divB2(TensorList) * dP[5]):
DivA2Part2 := ContractIndices (B2 (TensorlList) &t
DivA2 := evalDG(DivA2Partl + DivA2Part2):
DivA3Partl := evalDG(divB3(TensorList) * dP[6]):
DivA3Part2 := ContractIndices (B3 (TensorList) &t
DivA3 := evalDG(DivA3Partl + DivA3Part2):
DivA4Partl := evalDG(divB4 (TensorList) * dP[8]):
DivA4Part2 := ContractIndices (B4 (TensorlList) &t
DivA4 := evalDG(DivA4Partl + DivA4Part2):
DivASPartl := evalDG(divB5(TensorList) * (dE[2]
DivASPart2 := ContractIndices(BS5(TensorList) &t
DivAS5 := evalDG(DivASPartl + DivASPart2):
DivA6Partl := evalDG(divB6 (TensorList) * dP[5]):
DivA6FPart2 := ContractIndices(B6(TensorList) &t
DivA6 := evalDG(DivA6Partl + DivA6Part2):
DivA7Partl := evalDG(divB7 (TensorList) * (dP[3]
DivA7Part2 := ContractIndices(B7(TensorList) &t
DivA7 := evalDG(DivA7Partl + DivAT7Part2):
DivA8Partl := evalDG(divB8 (TensorList) * dP[1]):
DivA8FPart2 := ContractIndices (B8 (TensorList) &t
DivA8 := evalDG(DivABPartl + DivA8Part2):

a := [DivAl,DivA2 DivA3 DivA4 DivA5,6 DivA6,DivA7,
SUM := evalDG(add(a[i],i=1..8)):

(Diff_drds),[[2,3]1]1):

(Diff dpds),[[2,3]]1):

(Diff d2pds2),[[2,3]]):

(Diff d2pdsdr),[[2,3]1]):

+ dQlll)):

(Diff dpdrR + Diff Q),[[2,3]]1):
(Diff_dpds),[[2,3]]1):

+ dQl2])):

(Diff_d2PdR2 + Diff_dQdr), [[2,3]1]):

Diff P,[[2,3]1]):

DivA8]:

Figure D.8: Divergence of A%,

compare this sum with the “by-hand” computation for Ag (D.16) by subtracting the

two results and find the difference to be zero, confirming the “by-hand” calculations done

previously.
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[M > Diva := evalDG(1l/2 * rootg &t RA * (dP[1] - R * dQ[1]))
. 2
Divd == —ZF(Y:J_]E[[p(r,s]F(\',_\:]’+F(\',_1'][:?F(\',J-‘]Jq(ﬂ]—ﬂ\ \}(-—F(\ 1)]9(1')—[; (x¥) ] q(1]+(% X, (18)
2 3 3 2
.r)] qtr)]J Fan)’ Ha—"m_\—,;-)]n\—,_‘f{ v Ft\,y-)]F(.\;r}’%(L,Ft.\;r ] (L rien ]F(\ 1)+7[ (x 1)] 2 Fix
(Lo | axdy” | ad | ax | ar?
a e a : 1
_‘.]]F(\;_‘.}+2[ F(n)][a (x. ] )—3(63 Fn}] [FF(\:_‘-)]-Q—B[EF(\;_\.}] ]]1,1,®ax— 2}_(\:“]3[[1;(;;
3 (@ 8 oV 8 ( @
£ ) | S £ Jat) —Fey) [—F(n}] N = (a5 Fen ) g + (g Fs )qm]J—F(\ " [a\za‘
2 2 2
1]] (xy)” +(661 \1]] \1‘})+2[;7F(\;]'}][6i}7(\ 1)]}’7(\;]‘]74[;*;}'(\;_1‘]][%F(\;]‘ ]F(‘V"')+2[%&-F(“”][%
[l 3 8 [l 2
F(\',_\']]F(\;_y:] +3 [EF(\',_\')] -3 [aF(\',_\']] [EF“‘”] ]]1‘”®6-‘
=M > evalDG(SUM - DivA)
01,,®8 a9

Figure D.9: Confirmation of “by-hand” calculations.

The source code for the ATensor package is listed below.

ATensor := module ()

description "A package containing commands relating to the fifth order
symmetric (2,0) tensor density that is not divergence—free.";

option package;

export Init, Div, Bl, B2, B3, B4, B5, B6, B7, B8, divB1, divB2, divB3, divB4,
divB5, divB6, divB7, divB§;

# Throughout this module lowercase letters after the initial name (g for the
metric, R for the Ricci scalar/covariant derviatives) indicate lower
indices and uppercase letters denote upper indices, with summation
notation in effect. As an example, RAaD = gAB_Rabc_gCD denotes the trace

of the first two indices and the raised third indexr of the symmetrized

third covariant derivative of the Ricci scalar.

# Command list

Init := proc(g)

local C, R, Ra, Rab, R3, Rabc;

description "Computes and returns the Ricci scalar and first three symmetrized
covariant derivatives computed from a given metric tensor.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Compute the Levi—Civita connection of the metric.

C := Christoffel (g);

# Compute the Ricci scalar.
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R := RicciScalar(g);

# Compute the first covariant derivative of the Ricci scalar.
Ra := CovariantDerivative (R,C);

# Compute the second covariant derivative of the Ricci scalar.
Rab := CovariantDerivative (Ra,C);

# Compute the (unsymmetrized) third covariant derivative of the Ricci scalar.
R3 := CovariantDerivative (Rab,C);

# Symmetrize the third covariant derivative of the Ricci scalar.
Rabc := Symmetrizelndices (R3,[1,2,3], "Symmetric");

# Return the metric and 4 computed tensors.

[g, R, Ra, Rab, Rabc]

end proc:

Div := proc(T,g)

local C, delta_T;

description "Computes the divergence of a rank 2 symmetric contravariant
tensor using the Levi—Civita connection of the given metric.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor, DifferentialGeometry
:—Tools;

# Compute the Levi—Civita comnnection of the metric.

C := Christoffel (g);

# Take the covariant derivative of the given tensor.

delta_T := CovariantDerivative (T,C);

# Return zero if delta.T is zero. If delta_T is nonzero, contract one index of
the given tensor with the cowvariant derivative indez.

if evalb(DGinfo(delta_T ,” TensorType”) = [["con_bas”, "con_bas”, "cov_bas”"], []
"bas”, 1]]]) = ’false’

then return 0

else ContractIndices(delta-T, [[2,3]])

end if

end proc:

Bl := proc(tensors)
local gij, R, Ra, Rab, Rabc, rootg, glJ, RA, RAbc, RAac, glJ_.RAac, glJ_.RAac_.RD
, glJ_.RAac_.RC, RIJc, RIJc_RD, RIJc.RC;
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description " Computes the term linear in third order derivatives in the tensor
A from a list containing the metric, Ricci scalar, and the first three
symmetrized covariant derivatives of the Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives wusing Init.

gij, R, Ra, Rab, Rabc := op(tensors);

# Compute the square root of the determinant of the metric.

rootg := MetricDensity(gij ,1);

# Compute the inverse metric for raising indices.

glJ := InverseMetric(gij);

# Raise the index of the first covariant derivative of the Ricci scalar

RA := RaiseLowerIndices(glJ ,Ra,[1]);

# There are two terms in Bl: both terms involve the product of two metrics,
with the first term tracing two indices of the third covariant derivative
of the metric and the second term raising the first two indices of the
metric. Computing the first term, raise the first index of the third
covariant derivative and contract over the first and second indices.

RAbc := RaiseLowerIndices(glJ,Rabc,[1]) ;

RAac := ContractIndices (RAbc,[[1,2]]);

# Multiply the traced third covariant derivative by an inverse metric and a
raised index first cowvariant derivative.

glJ_RAac := evalDG(glJ &t RAac);

glJ_RAac_RD := evalDG(glJ_RAac &t RA);

# Contract the third index of the third cowvariant derivative with the first
covariant derivative.

glJ_.RAac_RC := ContractIndices (glJ.RAac.RD, [[3,4]]);

# Computing the second term, raise both the first and second indices of the
third covariant derivative.

RIJc := RaiseLowerIndices(glJ, RAbec, [2]);

# Contract the remaining lower index of the third covariant derivative with a
raised index first covariant derivative

RIJc.RD := evalDG(RIlJc &t RA);

RIJc_RC := ContractIndices (RIJc.RD, [[3,4]]);
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# Take the difference between the two terms and multiply the result by a
factor of 2xrootg
evalDG (2xrootg &t (glJ_-RAac_.RC — RIJc.RC))

end proc:

B2 := proc(tensors)

local gij, R, Ra, Rab, Rabc, rootg, glJ, Rab_Rcd, Rab_RcD, Rab_RcB, Rab_RCB,
Rab_RAB, glJ_Rab_RAB, RIb_RcB, RIb_RJB;

description "Computes the term quadratic in second order derivatives only in
the tensor A from a list containing the metric, Ricci scalar, and the
first three symmetrized covariant derivatives of the Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives wusing Init.

gij , R, Ra, Rab, Rabc := op(tensors);

# Compute the square root of the determinant of the metric.

rootg := MetricDensity(gij ,1);

# Compute the inverse metric for raising indices.

glJ := InverseMetric(gij);

# There are two terms in B2: both terms involve the product of two metrics,
with the first term contracting the two second covariant derivatives and
the second term raising single indices. In both terms, we compute the
product of two second covariant derivatives and contract a pair of indices
between the two.

Rab_Rcd := evalDG (Rab &t Rab);

Rab_RcD := RaiseLowerIndices(glJ, Rab_Recd, [4]);

Rab_RcB := ContractIndices (Rab_ReD, [[2,4]]);

# Starting with the first term, contract across the remaining indices and
multiply by the inverse metric.

Rab_RCB := RaiseLowerlIndices(glJ,Rab_RcB, [2]);

Rab_RAB := ContractIndices (Rab.RCB, [[1,2]]);

glJ_Rab_RAB := evalDG(glJ &t Rab_RAB);

# For the second term, raise both remaining lower indices.

RIb_RcB := RaiseLowerIndices(glJ, Rab_RcB, [1]);

RIb_RJB := RaiseLowerIndices(glJ, RIb_RcB, [2]);



# Take the difference between the two terms and multiply the result by a
factor of 2xrootg
evalDG (2xrootg &t (glJ_-Rab_.RAB — RIb_RJB))

end proc:

B3 := proc(tensors)

local gij, R, Ra, Rab, Rabc, rootg, glJ, RA, Rab_Rcd, Rab_Rcd_RE_RF,
Rab_Rcd_RB_RD, Rab_.RCd_RB_RD, Rab_RAd_RB_RD, glJ_.Rab_.RAd_RB_RD,
RIb_Rcd_RB_RD, RIb_RJd_RB_RD;

description "Computes the term quadratic in second order and first order

derivatives in the tensor A from a list containing the metric, Ricci
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scalar, and the first three symmetrized covariant derivatives of the Ricci

scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized

covariant derivatives using Init.
gij, R, Ra, Rab, Rabc := op(tensors);
# Compute the square root of the determinant of the metric.
rootg := MetricDensity(gij,1);
# Compute the inverse metric for raising indices.
glJ := InverseMetric(gij);
# Raise the index of the first covariant derivative of the Ricci scalar

RA := RaiseLowerIndices(glJ,Ra,[1]);

# There are two terms in B3: both terms involve the product of two metrics,

with the first term contracting the two second covariant derivatives and

the second term raising single indices. In both terms, we compute the
product of two second covariant derivatives and contract each with a
raised first covariant derivative.

Rab_Recd := evalDG(Rab &t Rab);

Rab_Rcd_RE_RF := evalDG(Rab_Rcd &t RA &t RA);

Rab_Rcd_RB_.RD := ContractIndices (Rab_.Red_RE_RF ,[[2,5],[3,6]]);

# Starting with the first term, contract across the remaining indices and

multiply by the inverse metric.
Rab_.RCd-RB_RD := RaiseLowerIndices(glJ, Rab_Rcd_.RB_RD, [2]);
Rab.RAd.RB_RD := ContractIndices (Rab.RCA_RB.RD, [[1,2]]);
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glJ_Rab_RAd_RB_RD := evalDG(glJ &t Rab_.RAd_RB.RD);

# For the second term, raise both remaining lower indices.

RIb_-Rcd_RB_.RD := RaiseLowerIndices(glJ, Rab_.Rcd_RB.RD, [1]);

RIb_RJA_-RB_RD := RaiseLowerIndices(glJ, RIb_.Rcd-RB_RD, [2]);

# Take the difference between the two terms and multiply the result by a
factor of 4xrootg

evalDG (4xrootg &t (glJ_.Rab_.RAd_RB_.RD — RIb_RJd_.RB_.RD))

end proc:

B4 := proc(tensors)

local gij, R, Ra, Rab, Rabc, rootg, glJ, RA, Rab_Rc.RD, Rab_Rc.RB, Rab_RC_RB,
Rab_RA_RB, glJ_.Rab_.RA_RB, RIb_Rc_RB, RIb_RJ.RB, sym_RIb_RJ_RB;

description "Computes the term quadratic in first order and linear in second
order derivatives in the tensor A from a list containing the metric, Ricci
scalar, and the first three symmetrized covariant derivatives of the
Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives using Init.

gij , R, Ra, Rab, Rabc := op(tensors);

# Compute the square root of the determinant of the metric.

rootg := MetricDensity(gij,1);

# Compute the inverse metric for raising indices.

glJ := InverseMetric(gij);

# Raise the index of the first cowvariant derivative of the Ricci scalar

RA := RaiseLowerIndices(glJ,Ra,[1]);

# There are two terms in B4: both terms involve the product of two metrics,
with the first term contracting between a first and second derivative and
the second term raising the two free indices. In both terms, we compute
the product of a second covariant derivative and two first covariant
derivatives (one up, one down), contracting across the second covariant
derviative and the upper first covariant derivative.

Rab_Rc.RD := evalDG(Rab &t Ra &t RA);

Rab_Rc_.RB := ContractIndices (Rab_.Rc.RD, [[2,4]]);
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# For the first term, contract across the remaining indices and multiply by
the inverse metric.

Rab_RCRB := RaiseLowerIndices(glJ, Rab_-Rc.RB, [2]);

Rab.RA_RB := ContractIndices (Rab.RC_RB, [[1,2]]);

glJ_Rab_.RA_RB := evalDG(glJ &t Rab_RA_RB);

# For the second term, raise both remaining lower indices then symmetrize.

RIb_Rc_RB := RaiseLowerIndices(glJ, Rab_Rc.RB, [1]);

RIb_RJ_RB := RaiseLowerIndices(glJ, RIb_.Rc_RB, [2]);

sym_RIb_RJ_.RB := Symmetrizelndices (RIb_.RJ.RB, [1,2], "Symmetric");

# Take the difference between the two terms and multiply the result by a
factor of 4xrootg

evalDG (4xrootg &t (glJ_-Rab_RA_RB — sym_RIb_RJ_RB))

end proc:

B5 := proc(tensors)

local gij, R, Ra, Rab, Rabc, rootg, gIJ, RAb, RAa, gIlJ.RAa, RIb, RIJ;

description "Computes the term linear in second order derivatives in the
tensor A from a list containing the metric, Ricci scalar, and the first
three symmetrized covariant derivatives of the Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives wusing Init.

gij , R, Ra, Rab, Rabc := op(tensors);

# Compute the square root of the determinant of the metric.

rootg := MetricDensity(gij ,1);

# Compute the inverse metric for raising indices.

glJ := InverseMetric(gij);

# There are two terms in B5: both terms involve the product of two metrics,
with the first term tracing the second derivative and the second term
raising both indices of the second derivative.

# For the first term, compute the trace of the second derivative and multiply
by an inverse metric.

RAb := RaiseLowerIndices(glJ, Rab, [1]);

RAa := ContractIndices (RAb, [[1,2]]);

glJ_.RAa := evalDG(glJ &t RAa);
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# For the second term, raise both remaining lower indices then symmetrize.

RIb := RaiseLowerIndices(glJ, Rab, [1]);

RIJ := RaiseLowerIndices(glJ, RIb, [2]);

# Take the difference between the two terms and multiply the result by a
factor of rootg

evalDG (rootg &t (glJ_.RAa — RIJ))

end proc:

B6 := proc(tensors)

local gij, R, Ra, Rab, Rabc, rootg, glJ, RA; R_.RI_.RJ;

description "Computes the term quadratic in first order derivatives and linear
in the Ricci scalar in the tensor A from a list containing the metric,
Ricci scalar, and the first three symmetrized covariant derivatives of the
Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Riccti scalar and its first three symmetrized
covariant derivatives wusing Init.

gij , R, Ra, Rab, Rabc := op(tensors);

# Compute the square root of the determinant of the metric.

rootg := MetricDensity(gij,1);

# Compute the inverse metric for raising indices.

glJ := InverseMetric(gij);

# Raise the index of the first covariant derivative of the Ricci scalar

RA := RaiseLowerIndices(glJ,Ra,[1]);

# There is one term in B6, comprised of a Ricci scalar and two raised first
covariant derivatives , with a coefficicent of 1/3xrootg.

R_RI_RJ := evalDG(R % RA &t RA);

evalDG (1/3*rootg &t R_RI_RJ)

end proc:

B7 := proc(tensors)

local gij, R, Ra, Rab, Rabc, rootg, gIlJ, RA, RaRB, RaRA, gIJ_.S, RI_.RJ;

description "Computes the term quadratic in first order derivatives in the
tensor A from a list containing the metric, Ricci scalar, and the first

three symmetrized covariant derivatives of the Ricci scalar.”;
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uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives using Init.

gij , R, Ra, Rab, Rabc := op(tensors);

# Compute the square root of the determinant of the metric.

rootg := MetricDensity(gij ,1);

# Compute the inverse metric for raising indices.

glJ := InverseMetric(gij);

# Raise the index of the first cowvariant derivative of the Riccit scalar

RA := RaiseLowerIndices(glJ,Ra,[1]);

# There are two terms in B7: both terms involve the product of two metrics,
with the first term contracting the two first derivatives and the second
raising the indices of both.

# For the first term, contract the two first derivatives and multiply by an
tnverse metric.

Ra_RB := evalDG(Ra &t RA);

Ra_RA := ContractIndices(Ra_RB, [[1,2]]);

glJ_S := evalDG(glJ*RaRA);

# For the second term, raise both first derivatives.

RI_RJ := evalDG(RA &t RA);

# Take the difference between the two terms and multiply the result by a
factor of rootg

evalDG (rootg &t (glJ_S — RI_RJ))

end proc:

B8 := proc(tensors)

local gij, R, Ra, Rab, Rabc, rootg, glJ;

description "Computes the term linear in the Ricci scalar in the tensor A from
a list containing the metric, Ricci scalar, and the first three
symmetrized covariant derivatives of the Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives wusing Init.

gij , R, Ra, Rab, Rabc := op(tensors);

# Compute the square root of the determinant of the metric.
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rootg := MetricDensity(gij,1);

# Compute the inverse metric for raising indices.

glJ := InverseMetric(gij);

# There is one term in B8, consisting of the Ricci temnsor and an inverse
metric multiplied by a factor of 1/2xrootg.

evalDG (1/2*Rxrootg &t glJ)

end proc:

divB1 := proc(tensors)

local gij, R, Ra, Rab, Rabc, glJ, rootg, RA, Ra_RB, S, R.Rab.RC, R_RIb_RC,
R_RIb_RB, R_RAa_RI, S_RI, Rabc_Rde, RAbc_RDI, RAac_.RCI, RIBC_Rde, RIBC_Rbc

description "Computes the divergence of the Bl term in the tensor A from a
list containing the metric, Ricci scalar, and the first three symmetrized
covariant derivatives of the Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricct scalar and its first three symmetrized
covariant derivatives wusing Init.

gij , R, Ra, Rab, Rabc := op(tensors);

# Compute the inverse metric.

glJ := InverseMetric(gij);

# Compute the square rToot of the metric determinant.

rootg := MetricDensity(gij ,1);

# Compute the raised first covariant derivative of R.

RA := RaiseLowerIndices(glJ,Ra,[1]);

# Compute S = Ra_RA.

Ra_RB := evalDG(Ra &t RA);

S := ContractIndices (Ra_RB, [[1,2]]);

# Compute all 5 terms of divBI1.

# The first term consists of R, as well as a second and first derivative , with
the second derivative contracted against the first derivative and with
its free index raised.

R_Rab_RC := evalDG(R * Rab &t RA);

R_RIb_.RC := RaiseLowerIndices(glJ, R.Rab.RC,[1]) ;

R_RIb_.RB := ContractIndices (R-RIb_.RC, [[2,3]]);
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# The second term is similar to the first term but with the second derivative
traced and the first derivative raised.

R_-RAa_RI := ContractIndices (R-RIb_RC, [[1,2]]);

# The third index is the product of S and a raised first derivative.

S_RI := evalDG(S*RA);

# The fourth term is the product of one second and one third derivative. with
two indices traced on the third derivative and the remaining index
contracted against a second derivative. The free indexr on the second
derivative s raised.

Rabc_Rde := evalDG(Rabc &t Rab);

RAbcRDI := RaiseLowerIndices(glJ, Rabc.Rde, [1,4,5]);

RAac_RCI := ContractIndices (RAbc_RDI, [[1,2],[3,4]]);

# The fifth term is similar to the fourth but the second derivative 1is
contracted against two of the third derivative ’s indices and the remaining
index is raised.

RIBC_Rde := RaiseLowerIndices(glJ, Rabc_Rde, [1,2,3]);

RIBC_Rbc := ContractIndices (RIBC_Rde, [[2,4],[3,5]]);

# The coefficients of each term are —8/8 for term one, +4/3 for term two, —1/3
for term three, +2 for term four, and —2 for term five. Sum all five and
multiply by rootg.

evalDG (rootg &t (—8/3*R_RIb_.RB + 4/3xR_RAa_RI — 1/3%*S_RI + 2xRAac.RCI — 2x
RIBC_Rbc))

end proc:

divB2 := proc(tensors)

local gij, R, Ra, Rab, Rabc, glJ, rootg, RA, Rabc_Rde, RIBC_Rde, RIBC_Rbc,
RAbc_RDI, RAac.RCI, R_Rab_RI, R_.RAb_RI, R_.RAa_RI, R_RIla_RA;

description "Computes the divergence of the B2 term in the tensor A from a
list containing the metric, Ricci scalar, and the first three symmetrized
covariant derivatives of the Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives wusing Init.

gij, R, Ra, Rab, Rabc := op(tensors);

# Compute the inverse metric.
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glJ := InverseMetric(gij);

# Compute the square root of the metric determinant.

rootg := MetricDensity(gij,1);

# Compute the raised first covariant derivative of R.

RA := RaiseLowerIndices(glJ,Ra,[1]);

# Compute all 4 terms of divB2. The first term is the product of one second
and one third derivative. The second derivative is contracted against two
of the third derivative ’s indices, with the remaining indexr raised.

Rabc_Rde := evalDG (Rabc &t Rab);

RIBC_Rde := RaiseLowerIndices(glJ, Rabc.Rde, [1,2,3]);

RIBC_Rbc := ContractIndices (RIBC_Rde, [[2,4],[3,5]]);

# The second term is similar to the first but with two indices traced on the
third derivative and the remaining index contracted against a second
derivative. The free index on the second derivative is raised.

RAbc_RDI := RaiseLowerIndices(glJ, Rabc_Rde, [1,4,5]);

RAac_RCI := ContractIndices (RAbc_RDI, [[1,2],[3,4]]);

# The third term consists of R, as well as a second and first derivative , with
the second derivative traced and the first derivative raised.

R_Rab_RI := evalDG(R % Rab &t RA);

R_-RAb.RI := RaiseLowerIndices(glJ, R.Rab.RI,[1]);

R_RAa_RI := ContractIndices (R-RAb_RI, [[1,2]]);

# The fourth term is similar to the third term but with the second derivative
contracted against the first derivative and with its free indexr raised.

R_RIa_RA := ContractIndices (R.RAb_RI, [[2,3]]);

# The coefficients of each term are +2 for term one, —2 for term two, —5/8 for
term three, and +4/3 for term four. Sum all four and multiply by rootg.

evalDG (rootg &t (2xRIBC_Rbc — 2%*RAac_.RCI — 5/3*R_RAa_RI + 4/3*R_RIa_RA))

end proc:

divB3 := proc(tensors)

local gij, R, Ra, Rab, Rabc, glJ, rootg, RA, Rabc.Rde_RF_RG, RlIbc_.RDe RF_RG,
RIbc.RBe_.RC_RE, RBbc_.RIe. RC_RE, R_Rab_RC_RD_RE, R_Rab_RA_RB_RI,
Rab_Rcd_Ref_ RG, RIb_.RCd_REf.RG, RIb_RBd_RDf RF, RAB_Rcd-RIf RG,
RAB_Rab_RIf_RF;
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description "Computes the divergence of the B3 term in the tensor A from a
list containing the metric, Ricci scalar, and the first three symmetrized
covariant derivatives of the Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives wusing Init.

gij, R, Ra, Rab, Rabc := op(tensors);

# Compute the inverse metric.

glJ := InverseMetric(gij);

# Compute the square root of the metric determinant.

rootg := MetricDensity(gij,1);

# Compute the raised first cowvariant derivative of R.

RA := RaiseLowerIndices(glJ ,Ra,[1]);

# Compute all 5 terms of divB8. The first term is the product of one third,
one second, and two first derivatives. The free index is on the third
derivative , with the remaining indices contracted against a second and
first derivative. The second index of the second derivative is contracted
against the final first derivative.

Rabc_Rde_RF_RG := evalDG (Rabc &t Rab &t RA &t RA);

RIbc_.RDe_.RF_RG := RaiseLowerIndices(glJ ,Rabc_Rde_. RF_RG, [1,4]);

RIbc_.RBe_.RC_RE := ContractIndices (RIbc.RDe.RF_RG, [[2,4],[3,6],[5,7]]);

# The second term is the same product as the first , with the third derivative
traced owver two indices and contracted with a first derivative on the
remaining indexr, as well as a first derivative contracted against the
second derivative. The free index on the second derivative is raised.

RBbc_RIe_ RC_RE := ContractIndices (RIbc. RDe RF_RG, [[1,2],[3,6],[5,7]]);

# The third term consists of R, three first derivatives, and one second
derivative. The second derivative is contracted against two of the first
derivatives.

R_Rab_RC_RD_RE := evalDG(R * Rab &t RA &t RA &t RA);

R_Rab_RA_RB_RI := ContractIndices (R.Rab.RC_RD.RE, [[1,3],[2,4]]);

# The fourth term contains one first derivative and three second derivatives.
One of the second derivatives is contracted over a single index with each
of the other two second derivatives, with one free index raised and the

other contracted with the first derivative.
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Rab_Rcd_Ref_ RG := evalDG (Rab &t Rab &t Rab &t RA);

RIb_.RCd_REf_.RG := RaiseLowerIndices(glJ, Rab_Rcd-Ref RG, [1,3,5]);

RIb_.RBA_RDf RF := ContractIndices (RIb_.RCd-REf. RG, [[2,3],[4,5],[6,7]]);

# The fifth term contains the same product as the fourth, with two of the
second derivatives contracted against each other and the remaining second
derivative contracted against the first derivative. The free index on this
last second derivative is raised.

RAB_Rcd RIf_ RG := RaiseLowerIndices(glJ, Rab_Rcd_Ref RG, [1,2,5]);

RAB_Rab_RIf RF := ContractIndices (RAB_Rcd RIf RG, [[1,3],[2,4],[6,7]]);

# The coefficients of each term are +4 for terms one and four, —j for terms
two and five, and —2/3 for term three. Sum all five and multiply by rootg.

evalDG (rootg &t (4*RIbc_RBe_.RC_RE — 4%*RBbc_RIe. RC_RE — 2/3*xR_Rab_RA_RB_RI + 4x
RIb_RBd_RDf RF — 4xRAB_Rab_RIf_RF))

end proc:

divB4 := proc(tensors)

local gij, R, Ra, Rab, Rabc, glJ, rootg, RA, Ra_RB, S, RIlbc, RIbc_RD RE,
RIbc_.RB_RC, RAab, RAab_RC_RI, RAab_RB_RI, R_S_RI, Rab_Rcd-RE, RIB_Rcd_RE,
RIB_Rbe_.RE, RAB_Rcd-RI, RAB_Rab_RI, RIb_RCd_-RE, Rle_.RCc_RE;

description "Computes the divergence of the B4 term in the tensor A from a
list containing the metric, Ricci scalar, and the first three symmetrized
covariant derivatives of the Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives wusing Init.

gij , R, Ra, Rab, Rabc := op(tensors);

# Compute the inverse metric.

glJ := InverseMetric(gij);

# Compute the square root of the metric determinant.

rootg := MetricDensity(gij,1);

# Compute the raised first covariant derivative of R.

RA := RaiseLowerIndices(glJ,Ra,[1]);

# Compute S = Ra_RA.

Ra_RB := evalDG(Ra &t RA);

S := ContractIndices (Ra_RB, [[1,2]]);
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# Compute all 6 terms of divB4. The first term raises the first index of a
third covariant derivative and contracts the remaining indices against two
first covariant derivatives.

RIbc := RaiseLowerIndices (glJ,Rabc,[1]) ;

RIbc.RD_RE := evalDG(RIbc &t RA &t RA);

RIbc_.RB_.RC := ContractIndices (RIbc. RD.RE, [[2,4],[3,5]]);

# The second term traces off two indices of a third covariant derivative ,
contracts the remaining inder against a first cowvariant derivative , and
multiplies by another first covariant derivative.

RAab := ContractIndices (RIbc, [[1,2]]);

RAab_RC_RI := evalDG(RAab &t RA &t RA);

RAab_RB_RI := ContractIndices (RAab_RC_RI, [[1,2]]);

# The third term is RxS multiplied by a raised first covariant derivative.

R_S_RI := evalDG(R * S % RA);

# The fourth term is the product of two second and one first derivatives,
contracting the two second derivatives against each other, while
contracting one free index against a first derivative and raising the
remaining first index.

Rab_Rcd_-RE := evalDG(Rab &t Rab &t RA);

RIB_.Rcd_RE := RaiseLowerIndices(glJ, Rab_.Rcd.-RE, [1,2]);

RIB_Rbe_ RE := ContractIndices (RIB_Red_-RE, [[2,3], [4,5]]);

# The fifth term consists of the same product as the fourth term but with the
two second derivatives contracted against each other and the first
derivative has the free indez.

RAB_Rcd.RI := RaiseLowerIndices(glJ, Rab_Rcd_RE, [1,2]);

RAB_Rab_RI := ContractIndices(RAB_Red-RI, [[1,3], [2,4]]);

# The sixth term is simlilar to the fourth and fifth , with the trace of one
second derivative multiplied by a second derivative contracted against a
first derivative with the free indexr raised.

RIb_.RCd-RE := RaiseLowerIndices(glJ, Rab_Rcd_RE, [1,3]);

RIe_.RCc.RE := ContractIndices (RIb_RCd_RE, [[2,5],[3,4]]);

# The coefficients of each term are +2 for term one, —2 for terms two, five
and siz, —1/3 for term three, and +4 for term four. Sum all siz and

multiply by rootg.
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evalDG (rootg &t (2*RIbc.RB_.RC — 2xRAab_RB_RI — 1/3«xR_S_RI + 4*RIB_Rbe RE — 2x
RAB_Rab_RI — 2+RIe_RCc_RE))

end proc:

divB5 := proc(tensors)

local gij, R, Ra, Rab, Rabc, glJ, rootg, RA;

description "Computes the divergence of the B5 term in the tensor A from a
list containing the metric, Ricci scalar, and the first three symmetrized
covariant derivatives of the Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives using Init.

gij , R, Ra, Rab, Rabc := op(tensors);

# Compute the inverse metric.

glJ := InverseMetric(gij);

# Compute the square rToot of the metric determinant.

rootg := MetricDensity(gij ,1);

# Compute the raised first covariant derivative of R.

RA := RaiseLowerlIndices(glJ,Ra,[1]);

# Compute divB5. The only term is —1/2%rootg*R multiplied by a raised first
covariant derivative.

evalDG(—1/2«Rxrootg &t RA)

end proc:

divB6 := proc(tensors)

local gij, R, Ra, Rab, Rabc, glJ, rootg, RA, RaRB, S, S_RI, Rab.RC, Rab_RB,
RIb_RB, R_-RIb_RB, RaB, RaA, RaA_RI, R_RaA_RI;

description "Computes the divergence of the B6 term in the tensor A from a
list containing the metric, Ricci scalar, and the first three symmetrized
covariant derivatives of the Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives wusing Init.

gij, R, Ra, Rab, Rabc := op(tensors);

# Compute the inverse metric.
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glJ := InverseMetric(gij);

# Compute the square root of the metric determinant.

rootg := MetricDensity(gij,1);

# Compute the raised first covariant derivative of R.

RA := RaiseLowerIndices(glJ,Ra,[1]);

# Compute S = Ra_RA.

Ra_RB := evalDG(Ra &t RA);

S := ContractIndices (Ra_RB, [[1,2]]);

# Compute the three terms of divB6. The first term is S multiplied by a raised
first covariant derivative.

S_RI := evalDG(S * RA);

# The second term contracts one raised first covariant derivative of R with a
second covariant derivative and raises the remaining indexr, while
multiplying by R.

Rab_RC := evalDG(Rab &t RA);

Rab_RB := ContractIndices (Rab_RC, [[2,3]]);

RIb_RB := RaiseLowerIndices(glJ, Rab.RB, [1]);

R_RIb_.RB := evalDG(R % RIb_RB);

# The third term contains a raised first derivative and the trace of a second
derivative , while multiplying by R.

RaB := RaiseLowerIndices(glJ, Rab, [2]);

RaA := ContractIndices (RaB,[[1,2]]);

RaA_RI := evalDG(RaA % RA);

R_RaA_RI := evalDG(R % RaA_RI);

# Sum all three terms and multiply by 1/3%rootg.

evalDG (1/3*rootg &t (S_-RI + R_RIb_.RB + R_RaA_RI))

end proc:

divB7 := proc(tensors)

local gij, R, Ra, Rab, Rabc, glJ, rootg, RA, Rab_.RC, Rab_RB, RIb_RB, RaB, RaA,
RaA_RI;

description "Computes the divergence of the B7 term in the tensor A from a
list containing the metric, Ricci scalar, and the first three symmetrized

covariant derivatives of the Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;
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# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives using Init.

gij , R, Ra, Rab, Rabc := op(tensors);

# Compute the inverse metric.

glJ := InverseMetric(gij);

# Compute the square Toot of the metric determinant.

rootg := MetricDensity(gij ,1);

# Compute the raised first covariant derivative of R.

RA := RaiseLowerIndices(glJ,Ra,[1]);

# Compute the two terms of divB7. The first term contracts one raised first
covariant derivative of R with a second covariant derivative and raises
the remaining index.

Rab_RC := evalDG( RA &t Rab);

Rab RB := ContractIndices (Rab.RC, [[1,2]]);

RIb_.RB := RaiseLowerIndices(glJ, Rab.RB, [1]);

# The second term contains a raised first derivative and the trace of a second
derivative .

RaB := RaiseLowerIndices(glJ, Rab, [2]);

RaA := ContractIndices (RaB,[[1,2]]);

RaA_RI := evalDG(RaA % RA);

# Subtract the second term from the first and multiply by rootg.

evalDG (rootg &t (RIb_RB — RaA_RI))

end proc:

divB8 := proc(tensors)

local gij, R, Ra, Rab, Rabc, glJ, rootg, RA;

description "Computes the divergence of the B8 term in the tensor A from a
list containing the metric, Ricci scalar, and the first three symmetrized
covariant derivatives of the Ricci scalar.”;

uses DifferentialGeometry , DifferentialGeometry:—Tensor;

# Name the metric and compute the Ricci scalar and its first three symmetrized
covariant derivatives wusing Init.

gij, R, Ra, Rab, Rabc := op(tensors);

# Compute the inverse metric.

glJ := InverseMetric(gij);
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# Compute the square root of the metric determinant.
rootg := MetricDensity(gij,1);

# Compute the raised first cowvariant derivative of R.
RA := RaiseLowerIndices(glJ,Ra,[1]);

# Compute divB8.

evalDG (1/2+rootg &t RA)

end proc:

end module:
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APPENDIX E
THE CALCULUS OF VARIATIONS AND NOETHER’S THEOREMS

For manifolds M and N, a symmetry of a function f : M — N is a transformation
(2.2) which leaves the function unchanged, i.e., f(Z) = f(x). A symmetry of a (differential
or algebraic) system of equations A = 0 is a transformation which maps solutions to other
solutions, i.e., if y is a solution to a system of equations A = 0, then ¥ is also a solution.
A variational symmetry of a functional I[f“] is a transformation of the fiber bundle F
(both the base manifold and the dependent variables f4) which leaves the action (1.19)
unchanged.

More formally, let G be a connected local group of transformations, i.e., a collection
of transformations of the type (2.2) which form a s-dimensional connected Lie group under
composition. We denote the action of an element g € G on a valid point z' € M by g - z°.
A function f: M — N is said to be G-invariant if f(g-2') = f(2!) for all g € G and for all
x' € M such that g - 2* is defined. A real-valued G-invariant function ¢ : M — R is said to
be an invariant of G. The group action G is fully characterized by a collection of s vector
fields on M called the infinitesimal generators of G. In particular, the following well-known

theorem (see, e.g., Olver [27]) relates these vector fields with the invariants of G.

Theorem 14. Let G be a connected group of transformations acting on the manifold M.

A smooth, real-valued function  : M — R is an invariant function for G if and only if

Xi¢;=0 (E.1)

for all 2 € M and every infinitesimal generator X' of G.

A symmetry group of a system of equations A = 0 is a local group of transformations

G acting on the space of independent and dependent variables for the system (the fiber
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bundle F of the system) with the property that whenever u = f(z?) is a solution of A then
u=g- f(z') is also a solution.

The r-th prolongation of a vector field

0

i i rB A i rB
is the vector field
) 0
prl”) X = X 4+ X4z, f(‘;}))iA (E.3)
8f’J

defined on the r-th jet space of the fiber bundle J"(F') and where the sum over J is to be
done over all (unordered) multi-indices J = (ji, ..., jn) of sizes 1 < k < r. The coefficient
functions X j‘ are dependent on the base coordinates z¢, the dependent variables f4, and

derivatives of f4 to order r, with explicit formula
X7, f) =Dy (XA = X' + X4, (E.4)

The expression in parentheses is also called the characteristic of the vector field X, defined

as the m-tuple of functions

Q= x4 - X' (E.5)
Then the formula (E.4) can be rewritten more compactly as

; 0
pr") X = X'D; + D;Q* —. (E.6)
ofs
The variational symmetry group of a functional I[f4] is the local group of transforma-
tions G on the fiber bundle F' which leave the value of the action (1.19) unchanged. Locally,

the infinitesimal generators of this symmetry group are given by vector fields on F' (E.2)

and the corresponding version of Theorem 14 is the following.
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Theorem 15. A connected group of transformations G acting on a subset of F' is a varia-

tional symmetry group of the functional (1.19) if and only if
prl™ X (A\) + AD;X* =0 (E.7)

for all (2%, f4) € F and every infinitesimal generator X.

A well-known theorem (e.g., Theorem 4.14 of Olver [27]) of the calculus of variations

relates the symmetries of the Lagrangian A and Euler-Lagrange equations E(\) = 0.

Theorem 16. If X is a symmetry of the Lagrangian A, then X is also a symmetry of the

Euler-Lagrange equations E(X) = 0.

The converse to this theorem is generally not true; consider the two dimensional wave
equation u 11 — u 22 — u 33 = 0 and its Lagrangian A = %(u% — u?Q — u23) If v(t,z,y) is a
solution, then the dilation transformation #' = az® for a # 0 transforms v to v(at, az, ay)
which still solves the 2D wave equation. However, the Lagrangian scales by a factor of a?.

A system of differential equations A(z!, f(ﬁ)) = 0 is locally solvable at the point
(zf, f(f(T)) € Va = {(z%, f(‘ﬁ)) : Az, f(‘ﬁ)) = 0} if there exists a smooth solution f4 = u?(z?)
of the system, defined for all z% in a neighborhood of z, which has the initial conditions
f(f(r) = pr(” uA(z?). The system is locally solvable if it is locally solvable at every point
in the subvariety Va. The system is said to be nondegenerate if at every point in the sub-

variety it is both locally solvable and of maximum rank. The following theorem gives the

infinitesimal criteria for a system of differential equations.

Theorem 17. Let A(mi,f(é)) = 0 be a nondegenerate system of differential equations. A
connected local group of transformations G acting on an open subset of the fiber bundle F

is a symmetry group of the system if and only if
pr™ X[A, (2, f(‘i))] =0, z=1,...,s, whenever A(z", f(‘ﬁ)) =0, (E.8)

for every infinitesimal generator X of G.
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A conservation law of the functional I[f4] is an equation of the form

DivP = D;P' =0 (E.9)

which is satisfied for all solutions f4 = f4(z?) of the variational principle 6 = 0. Here
Div is the total divergence operator, an appropriate total derivative (1.21) applied to the

horizontal part of a generalized vector field P on F

0

P=Pio+P"—
P

(E.10)
where the component functions P* and P4 are functions of the base coordinates z’, the
fiber coordinates f#, and derivatives of the fiber coordinates to some finite order. A trivial
conservation law of the first kind is a conservation law (E.9) such that P vanishes identically
on solutions to the Euler-Lagrange equations. A trivial conservation law of the second kind
is a conservation law which holds for all functions f4, regardless of whether they solve the
Fuler-Lagrange equations. Two conservation laws are said to be equivalent if they differ
by a trivial conservation law (any linear combination of the two types). If DivP = 0
is a conservation law of an Euler-Lagrange equation E(\) = 0, the characteristic of this

conservation law is given by the equation

DivP=Q E=Q"A,, (E.11)

where the characteristic @ is a s-tuple function of the base manifold, the fiber coordinates
f4, and their derivatives to finite order and A, is the Euler-Lagrange form E(\) = A,Adf?.
Conservation laws and variational symmetries are related via the well-known Noether’s

(first) theorem, e.g., Olver [27].

Theorem 18. If a transformation T is a variational symmetry of the action I, then there

exists a corresponding conservation law. This correspondence is one to one for systems
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which are nondegenerate (up to equivalence classes of variational symmetries and equiva-
lence classes of nontrivial conservation laws).

In particular, if X is an infinitesimal generator of a one-parameter local group of sym-
metries of the variational problem I[f4] and Qo (E.5) is the corresponding characteristic of
X, then Qg is also the characteristic of a conservation law for the Euler-Lagrange equations

EA(L) =0, i.e., there exists P = (Py,...,P,) such that (E.11) is satisfied forv=1,...,m.

If the variational problem I[ fA] is degenerate (in that the Euler-Lagrange equations are

under- or over-determined), then the system is governed by Noether’s second theorem [27].

Theorem 19. The action I| fA] admits an infinite dimensional group of variational sym-
metries linearly parameterized by an arbitrary function h(x?) and its derivatives if and only

if there exist differential operators DA (not all zero) for 1 < i < m such that

DAEA(N) =0 (E.12)

for all z* and f4, i.e., the variational principle is under-determined.

The symmetry group parameterized by h in the theorem is also known as a gauge symmetry.
As an example of Noether’s second theorem, consider the action I[g] where the Lagrangian
Alg] is a natural tensor density of metric order r. Then, if ¢ is a diffecomorphism, the action

1 is invariant under diffeomorphisms as seen by considering the two metrics g and ¢*g:
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where we have used the fact that (sub-)manifolds are invariant under diffeomorphisms to
arrive at the second line. The diffeomorphism group is of infinite dimension and so Noether’s
second theorem states there must exist a differential identity of the type (E.12) for this
problem. Explicitly, if X* is an infinitesimal generator of the diffeomorphism ¢, then the
variation of the metric [to first order g;; — gi; + €hij + O(€?)] with respect to ¢ is given by

the Lie derivative of the metric with respect to the vector field X = X0;

hij = Lxgij
= X.dg;; + d(_Xng‘j)
= X" ;1 + (gile> ; + (glel> i

= x* (gij\k + 05 + Flkjgil> + gl (Xl‘j - Flijk> + gt (Xlﬁ - Flika)

= X" gk + gileU + gjzXl\i

il + Xjli

where d is the exterior derivative and . is the interior product. The variation of the action

is then

5T = / SA[g] v
U
)

oA o\
— [ S hij+ iy A+ ——hi k) v
/U (59z‘j T bgije 8Gijhykr

:/EU()\)hUV
U
:/UEZ‘J‘(A)(XZ-UJFXJ-H)V
—2/ Eij()\)XiUV
U
_ 2/U {—XV;E7(N) + V; [EY ()X} v

_ _2/ XiVjEij()\)z/—i-Q/ E(N) (Xpav),
U oUu

where the divergence theorem was used to arrive at the final line and QU is the boundary
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of U. We assume the diffeomorphism is the identity transformation on the boundary 0U
(otherwise the manifold would “tear”) and so X° vanishes there, removing the boundary
term. Since the action is diffeomorphism invariant, the variation of the action vanishes and

we are left with the equation

O:/:&WEWMV:/EWQM&M
U U

Since this equation must hold for any diffeomorphism (and hence any infinitesimal generator
X%, we now have the explicit form for the differential identity implied by Theorem 19

EY(\); =0, (E.13)

with the differential operator D4 given by the covariant derivative. We note that this is a
trivial conservation law of the first kind mentioned earlier.

With this result in hand, almost all of the theorems from the literature review in
Chapter 1 can be thought of as inverse versions of Noether’s second theorem. In particular,
Theorems 2, 3, 7, 8, and 9 all have differential identities of the form (E.13), while Theorems

4 and 5 have differential identities of the form

g 1 .
EY(N)j; = 59" E() (E.14)
and
ij |- L i
EY(N\); = —§Fj E7(\) — izp E7(N))5 (E.15)
oA A )
respectively, where E(\) = — and E'(\) = .
p y (A) 50 (A) 50

Theorem 6 is the only exception: as detailed in Lovelock [17], the differential identity

is given explicitly by

. , 1 ; j
- L@F% (F";) = V9" carea ™! (4 i) }
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W {Fk F¥. + i g 0% (9hak - oLo) — o (818} — 513

+ol (55;55 — 5555;)} FCdFMU}
W Fk FM, + %g"a (535553 — kI8l + 53555{;) FCdFk”j]

[ 1 .
= )\\/§ FZkF J|j + §gm (FCchd|a - FCdFad\c + FCdFda\c)

[ . 1 .
k
= )\\/§ FZkF ]|j + §gm (FCchd|a - QFCdFadlc):|
= A\/a (sz ij‘] — Flk|j ij + QFJkZF}k>
. . A R R

= )\\/g <sz Fk]\j + F2k|j Fk] + 2F]k:szk> )
On the other hand, the Euler-Lagrange expression of A with respect to the skew-symmetric
tensor Fj; is

— — i ijkl
SF: OF, b\/§F + d e By,

which has a divergence similar to the form above

oA

0F3

= b\/gzﬂj| i +de Fyy; = bB' + dC"

but it is not proportional. This failure is a known property of any electromagnetic field the-
ory: no variational theory of electromagnetism exists which uses the electric and magnetic
fields E and B alone as the dependent variables (or, equivalently, just the field strength
tensor Fy; as shown). Instead, the use of covector potentials v; as the dynamic variables is

required.
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