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Abstract

Introduction

Elastic scattering is defined as scattering
in which the incident particle or radiation does
not give up any of its energy to the scatterer.
Electrons are elastically
scattered in atoms by
both the nucleus and the atomic electrons which
screen the nuclear charge. Whenconsidering only
nuclear scattering the first Born approximation
quantum mechanical cross section and the classical
Rutherford cross section are identical.
The
effects of the atomic electrons can be taken into
account by a simple screening term or by more
exact treatments based on Hartree-Fock or DiracFack wave functions.
The partial wave expansion
can be used to go beyond the first Born approximation but it is only really appropriate for isolated atoms. All elastic scattering cross sections at energies of interest in electron microscopy are strongly forward peaked. Mott cross
section s calculated by solving the radial Dirac
equation incorporate more than just the relativistic changes in mass and wave vector and so cannot be compared directly to Rutherford cross section s .

Elastic scattering is defined as scattering
in which the incident particle gives up no energy
to the scattering particle.
Strictly the scattering should be referred to the centre of mass frame,
but as the mass of the lightest atom is a few thousand times the mass of an electron, it is not usual
to consider the recoil of the scattering particle.
The electron is a charged particle and both
the positively charged nucleus and the negatively
charged atomic electron cloud influence the scattering distribution.
The scattering is described
by the cross section which has units of area. It
is derived by considering the probability, I( e ),
of a particle being observed at a particular angle,
e, after scattering through a slab of thickness t
with N atoms/ unit volume.
I( e) = No(e)t

(a)

or= f~o (e)2nsin ede

( b)

The cross section shown here is a differential
cross section and assumes a spherically symmetric
potential.
To obtain the total probability of
elastic scattering, it is necessary to integrate
over all scattering angles. The use of a cross
section presupposes a classical or semi-classical
description in that it only relates intensities.
Any wave properties of the electron are explicitly
excluded though they may have been used to derive
the cross section.
It is easiest to treat the scattering from
only the nucleus. The electron experiences an
electrostatic
potential given by

Ze2

( 2)

4nE0r

where Z is the atomic number, e is the electronic
charge and r is the distance of the electron from
the nucleus.
Classically by conservation of energy and
momentum,the cross section is
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where Eis the electron energy. This cross section is called the Rutherford cross section.
It
diverges at small scattering angles because the
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electron can exper ien ce the nucle ar potential
matter how far it is from the nucleus.

no

Hu = Eu

The wave funct i on after scattering has to sat i sfy
the Shrodinger equat io n wi th the scatter i ng potentia l.
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(6)

Making use of equation 5 and rearranging
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,JJ
,JJ£
µ

p (r)

fx(q)
Aj, Bj
g( 0 )
p
a

I ( o)
r
B
a

give s
(7)

which can be solved by using the Greens function
G(r, r' ), whi ch is a solut ion of the homogeneous
equatTon
( H - E) G(.!'.:_,.!::_
') = 0

(8a)

G(r r')
_, -

(8b)

=

_-m exp( i (K(r - r. ' ))
2M
II::.- !::.'I

The wave function after

scattering

then becomes

x (!::_)= u(I::_) + J G(I::_,!::_')V(I::_') x (!::_')d 3I::_
'

(9)

(see Schiff, 1955)
This integral equation, which must be so l ved
iterativel y for an exact solution, i s ca lled the
Lippman-Schwinger equat ion.
It is possible to derive an approximate solution by making the following simplific at ions. The
solut ion is only required at a point r far from
the scattering centre and r » r ' so the Greens
functio n becomes

j £ ( kr),

n£( kr)

( 5)

Bessel functions
scattering phase shift
wave function
sol ution of radial Shrodinger equa.
screening constant {m- 1)
ele ctron density (m-3)
x-ray scattering factor
parameters
so lution of Dirdc equation
momentumoperator (kgms-1)
spinor
probab ilit y
distance of electron from nucleus
v/c
Z/137

exp(i.K.f-L)
r
exp ( -, .K
_f· !::., )

(10)

where Kf is the wave vector of the outgoing spherical wave. The incide nt wave function u(r) is a
plane wave of wave vector ~i and it will be assumed that the scattering is sufficiently weak so
that x(!::_) i s not much di fferent from u(r).
This
weak scattering approximation is the first Born
approx imation. The outgoing spherical wave is
then
exp ( i.K.f.r) f ( e )
r

The quantum mechanical treatment will also
give the same express ion for the cross sect ion.
The t heory wi 11 be give n for a complete ly general
rotential which includes the effects of the atomic electrons.
The incident wave fu nct i on will be
denoted by u(r) and the wave function after scattering wil l be denoted by

2 ~~z ~(

i;t•·r:.) Jexp( -i~f- !::.')V(r')

exp( i ~i·!::.')d 3!::_'

(ll)

If the scatteri ng only comes from the nucl eus, the potentia l is given by equation 2 and th e
el ectron scatter in g factor becomes

(4)

f( e )
The sca ttered part of the wave function v(r) will
eventua ll y become f( e )exp(iK . r)/r, which is a
spherica l outgoing wave multiplied by f( e ), the
el ectro n scattering factor.
The in cident wave function u(r) is a solu tion of th e Shrodinger equation for an el ectron
of energy E in free space:

= (

ze2 )

4n£ o

1

2Esin 2 (e/2)

(12)

makin g use of the re l at i on
I Ki - Kfl
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mumvalue of t should be of the order ka where a
is an atomic distance.
It is possible to see the relationship between
this theory and the first Born approximation by
substituting the appropriate partial wave expansions for u(r) and x(r) in equation 9.
The exact scattering factor is

The differential
cross section is the modulus
squared of the scattering factor and is again
give n by equat ion 3.
Note that the scattering factor in the first
Born approximation is real.
The first Born approximation is only valid
when the scattering potential is weak, i.e.
v(O)

1

«

The condition for the validity of the first
approximation can be expressed as

z(4~
: nc)(f)log
0

Z (c)

l "' ill (v) «

e (Ka) «

l

Born
In the first Born approximation x(!:_) is also
a plane wave and
( 14)

f( e)=~1

(See Schiff, 1955)
This is clearly acceptable for light elements for electron energies of 30 kV but not for
heavy elements.
The Lippman-Schwinger scattering equation
can be solved exactly by means of partial waves.
The incident wave i s defined to lie along the z
direction and the wave function after scattering
x(!:_)

can be expanded as a partial wave series
potential i s spherically symme
tric.
x(r) = ~ (2t + l)i t
-

t

.tJ.tl
r

{23)
To understand the physical meaning of the
quantum mechanic al solution, it is necessary to go
back to the Lippman-Schwinger equation.
The solution can be formally represented as

if the

P, (cos e)
~

x = u + GVx

x = u + GVu

x = u + GVu+ GVGVu
+ GVGVGVu
+ etc.

( 18)

which is an outgoing spherical wave with a phase
shift.
The electron scattering factor is
f( e) = 2~ ~ (2t + l )(exp(2i ot ) - l )Pt (cos e) (19)
t
and the differential
o(e) =JI~

(26)

which can be visualised as multiple scattering
from an isolated atom (i.e. an atom in a gas).
The question then arises as to whether going beyond the first Born approximation is justified in
a solid as the various terms in the series should
consider scattering by atoms on different sites.
This is exactly the problem of scattering in a
crystal which can be solved using the dynamical
theory of electron diffraction.
In this theory,
the wave function is expressed as a Fourie r series
(sum of the different Bragg beams) and the Shrodinger equation becomes equi valent to a series of
first order coupled differential
equations in
which the terms coupling one beam to another are
proportional to the Fourier coefficients of the
crystal poten ti al . ( See Hirsch et al. , 1963. )
Formally these coefficients are equivalent to the
firs t Born approximation (see equation 11), and
th is has caused some confusion.
Howie and Whelan (1961) derived the dynamical
equations using a wave optical theory involving
the electron scattering factors.
It was then suggested that scattering factors in the first Born
approximation were not accurate enough and that
higher order terms should be included in the Born
series expansion. As can be seen from equation

centre this becomes
- ½trr + o 2 )
kr

(25)

The partial wave solution corresponds to the full
series expansion

~ = exp(i 6t ) (cos ot j t (kr) - sin otnt (kr)) (17)

!l!..J.tl
_
("• )sin(kr
r
- exp l ut

(24)

where x and u are vectors and GV is an operator.
The first Born approximation corresponds to

(16)

where ~t (r) are solutions of the radial Shrodinger equat ion and Pt (cos e ) are Legendre polynomi al s.
The so lutions to the radial Shrodinger equation can be expressed in ter ms of the spherical
Bessel functions j t (kr) and nt(kr) with an appropriate phase shift

Far from the scattering

(22)

The condition for the first Born approximation implies that the scattering phase shifts must be
small and the Born approximation phase shift can
be identified as

(15)

x(!:_)= exp(ifz-!:_) + f~e) exp(i.!S_
..!:)

(2t +l)P t (cos e)JV(r)j t 2 (kr)r 2 dr

cross section is

(2t + l)exp(i ot )sin ot Pt (cos e)l 2 (20)

To calculate the cross section in the general case
by this method, it is necessary to solve the radial
Shrodinger equation numerically and derive the
phase shifts by matching at an arbitrary boundary.
The higher the electron energy, the greater the
number of phase shifts that are needed. The maxi-
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19, this made the scattering factor complex which
leads to an "absorption" from the elastic wave
field.
This i s obviously incorrect and the problem arose because of a confusion between the first
Born and the Fourier coefficients
of scattering
potential, which happen to be identical.
(The
argument given above strictly only applies to
primitive crystal lattices with one atom/unit
cell.
When the unit cell contains more than one
atom, the Fourier coefficients of the potential
are related to the structure factor, which can be
Hermitian in the general case.)
In fact Fujiwara
(1959, 1961) showed that for electron scattering
in a crystal, a summation of the Born series including all possible scattering events between
atoms on different sites leads to a result identical to the dynamical theory in which the coupling coefficients
appear to be related to those
given by the first Born approximation.
An amorphous material could be treated in exactly the
same way as a crystal using a Fourier transform
instead of a Fourier series and then summing over
the ensemble of atomic configurations to get the
average scattering.
The partial wave expansion
recognises the failure of treating an electron as
a particle,
but is only appropriate for isolated
atoms. The correct procedure would be to solve
the Shrodinger (or Dirac) equation for the solid
so that the coherent nature of electron scatter ing is explicitly
tak en into account.
So far the detailed treatment of electron
scatteri ng has not included the scattering by
atomic electrons.
As a first approximation, the
atomic electrons scree n the nuclear charge, making the effective potential
V(r)

=

Ze2
r exp(- µr)
41TE:o

4

f(q)

(27)

The differential
cross section
approximatio n becomes
o(e) = ( 4

where fx(q) is the x-ray scatter ing factor which
is the Fourier transfor m of the charge density.
Both the electron scattering factor and the
x-ray scattering factor have been parameterised by
Doyle and Turner (1968) as

in the first

;~:)2(*)2(q2
! µ2)
2

Born
(28)

Note that this does not diverge for small scattering angles.
The parameter µ is to some extent arbitrary, but can be derived from a Fermi-Thomas
model of the atom. This model assumes that the
maximumkinetic energy at a position r is -eV(r),
which can be used to derive the number density of
electrons.
The number density is also related to
the potential by Poissons equation and a differential equation for the electron density can be derived. The result is that the screening distance
1 /µis of the order a 0 /z 1 / 3 where a 0 is the Bohr
radius.
It is not difficult
to solve for the atomic scattering factors using an exact electron density calculated from a Hartree-Fock procedure. If
the electron density is p(r) the scattering potentia l is
e2
4nE:or (Z - p(r))
and the electron

scattering

(29)
factor

_ ( e 2 m )(Z- fx(g))
f(q) - 4nE:oTI q 2

becomes
(30)
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= ~

A·exp( -B ,q 2 )

j= 1 J

( 31)

J

There is no reason to believe that this parameterisation is superior to others that could have been
derived.
It is probably better to use the parameterised x-ray scattering factors in equation 30
rather than the parameterised electron scattering
factors as then the electron scatte rin g factor will
have the right asymptotic form for large q. The
electron density in crystals is slightly different
from that in isolated atoms due to bonding, but
this usually does not have much effect in electron
scattering factors as only the outermost electrons
are affected.
The main effect i s to make a change
of no more than a few per~ent for scatter in g fac tors with q less than 0.5A- 1 •
The differential
cross sec tions calculated
using equations 30 and 31 have been plott ed for
scattering by 5 kV electron s from gold (Fig. 1).
The main feature to not e is that the cross section is dominated by the l/sin 4 (e/2) term and
the cross sec tion falls rapidly with scattering
angle. At 180° it is about 10- 4 of its value at
10° . The cross section is therefore rep lott ed
(Fig. 2) on a log scale and compared to the cross
section for 25 kV electrons.
This, as expected,
is even more strongly forward peaked than the 5
kV cross section.
The cross sections for scattering of 5 kV
electrons for aluminum and gold divided by Z are
plotted on a log scale as Fig. 3 and not surprisingly the aluminum cross section is more forward
peaked. It is int eresti ng to note that when the
cross sections are normalized by Z they are roughly equal for small scattering angles.
Relativistic
effects can be incor porated in
the theory in a number of ways. The simplest is
to relativistically
correct the mass and velocity
of the electrons in the classical or first Born
approximation formula. To be exact in the framework of quantum mechanics it i s necessary to solve
the Dirac equation.
Physically the Dirac equation
takes into account electron spin and creation of
electron-hole pairs as well as relativity.
It is
not necessary to consider the positive and negative energy states for energies below about 10 MeV
and for unpolarized beams the spin effects are
averaged out. The cross section can be expressed
as
o ( e ) = [ f( 8)[

2

+ [ g( 8 )[

2

( 32)

where f( e ) and g( e ) are derived from the radial
Dirac equation.
This cross section is called a
Mott cross section, and partial wave methods
such as those described for solving the radial
Shrodinger equation can be used. To compare the
Dirac equation with the Shrodinger equation, it
is easiest to use the second order wave equation
given by Mott (1929)
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[V2 + l + 2a + a
r (3
?

-

i a [P,( o , r)JJ, r, = 0
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where length i s in units of flK, B = (v/c),

Xl024

2

Ze

a = 4rri::onc =

(33)
and

z
ill

The first three terms are the same as th ose of a
Shrodinger equation in which the wave vector and
mass have been relat i vistica ll y corrected . The
l ast term is a spin term which i s not important
for unpolarized beams. The onl y ot her term is an
effective addi tion to the potential of order l/r 2 ,
whi ch is 0.5 aB smaller than the main coulombic
term. This term wil l tend to enhance the high
scattering angle part of the cross section as i t
falls off as l / (r 2) .
This expl ains why the ratio of the Mott
0
50
l 00
l 50
cross section to the re l at i vi st i ca l ly corrected
Fig. 1. El astic scattering cross section for scatRutherford cross section increases with scattering
tering of 5 kV electrons by gol d.
angl e (see Kessl er and Weichert (1968)) . Comparisons between Mott and even re l ativistically
corGOLD 25kV· · ·····
5kV--rected Rutherford cross sections can be misleading
as the Mott cross section al so includes the effects
of atomic el ectrons and represents a partial wave
solution rather than a first Born approximation.
This is apparent in a comparison made by Reimer
5
and Krefting (1976) and Shimi zu et al. ( 1979), who
used an unscreened and screened Rutherford cross
section respectively (Figs. 4 and 5). For the
4
energies used in scanning microscopy, it is hard
to see why the extra term (which arises because
the Dirac equation is a first order equation l inear
3
in the potential, not a second order equation like
the Shrodinger equation) should have much effect
even for heavy elements . It must a l so be remem2
bered that any differences between Mott and Rutherford cross sections are very small compared to the
overall behavior of the cro ss section as given in
Figs. 1-3.
Another effect that is neglected in all cal 20
40
60
80
0
culations
is the effect of exchange between the
Fig. 2. Comparison of el astic scattering cross
incident electrons and the atomic electrons.
This
sections for 5 kV and 25 kV el ectrons for gol d.
can be important for very low energies of order
(Log scale . )
100 eV and methods for dealing with this probl em
ALUMINIUM······
GOLD-5kV
are discussed by Pendry (1974) in his treatment of
low energy electron diffraction
(LEED).
In conclusion, the el astic scattering of
electrons by the nucleus has been described by the
Rutherford formula both according to classical
mechanics and quantum mechanics in the first Born
5
approximation. The cross section is strongly forward peaked at all energies of interest in scanning el ectron microscopy. Going beyond the first
4
Born approx i mation by using a fu ll part i al wave
solution for the atomic scattering pote ntia l is
only rea l ly justified for an iso l ated atom. The
3
appropriate procedure for a sol id is to solve the
re l evant wave equation wi th the potential appropriate for that condensed phase. The di vergence in
2
the Rutherford cross section can be removed by considering the scattering by atomic electrons.
This
can be done by incorporating their charge densi ty
c.-----.-----,--'3,_..---....--=........
--~_J
DG in t he potentia l or by ass umi ng they scree n the
120
40
0
20
l 00
60
80
nuclear charge in a simpl e fash i on.
Solving the Dirac equat ion is equiva l ent to
Fig . 3. Comparison of elastic scattering cross
re
l
ativist
i cal l y correcting the Shrodinger equasect i on di vi ded by atomic number for 5 kV elect i on and addi ng on anoth er term whi ch changes t he
trons for gol d and al uminum. (Log sca l e . )
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angul ar distribution.
Mott cross sections calculated by solvin g the radial Dirac equation incorporate the relativist i c changes to mass and wave
vector, the extra relativistic
term in the wave
equation, the effects of the atomic electron and
the fu ll part i al wave so lution to the scatter ing
problem. It i s therefore not really fair to compare them to screened or unscreen ed Rutherford
cross sections as it cannot be ascertained which
of the additional effects cause any observed differen ce .
Acknowledgements
I am grateful to Prof. G. Thomas for providing funds through NSF contract DMR#80-23461.
References
Doyle PA, Turner PS. (1968). Relativistic
HartreeFock x-ray and electron scatter ing factors. Acta
Cryst. A24, 390- 397.
Fujiwara K. (1959) . Application of high order Born
approximation to multiple scattering of electrons
by crystals . J. Phys. Soc. Japan .!i_, 1513- 1524.
Fujiwara K. ( 1961) . Relativistic
dynamical theory
of el ectron diffraction.
J. Phys. Soc. Japan 16,
2226- 2238.
Hir sc h PB, Howie A, Nicholson RB, Pashley PWand
Whelan MJ. (1963). Electron Microscopy of Thin
Crystals . Butterworths, London, Chapter 12.
Howie A, Whelan MJ. (1961). Diffraction contrast
of electron microscope images of crystal lattice
def ects. II. The development of a dynamical theory.
Proc. Roy. Soc. A 263, 217-237.
Kessl er J, Weichert N. (1968). Influence of screening on Mott sca ttering by mercury atoms . Z. Phys.
ill, 48-60.
Mott N. (1929). Scattering of fast electrons by
atomic nuclei. Proc. Roy. Soc. A_g_§_,425-442.
Pendry JB. ( 1974). Low Energy Electron Diffraction.
Academic Press, London, Chapter 2.
Reimer L, Krefting ER. (1976). The Effects of Scattering Models in the Results of Monte-Carlo Calcul at ion s . National Bureau of Standards Publication
460, Washington, DC, 415-460.
Schiff LJ. (1955). Quantum Mechanics. McGrawHill,
NewYork. (Especially Chapter 9.)
Shimizu R, Ichimura S and Aratama M. (1979). Application of Monte-Carlo calculation technique to
quantitative analyses by Auger electron spectroscopy, In: Microbeam Analysis, D.L. Newbury (ed.),
San Francisco Press, 30-34.

49

