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ABSTRACT

On the existence of periodic traveling-wave solutions to certain systems of nonlinear, dispersive

wave equations

by

Jacob Daniels, Master of Science

Utah State University, 2024

Major Professor: Nghiem Nguyen
Department: Mathematics and Statistics

In the field of nonlinear waves, particular interest is given to periodic traveling-wave solu-
tions of nonlinear, dispersive wave equations. This thesis aims to determine the existence of peri-
odic traveling-wave solutions for several systems of water wave equations. These systems are the
Schrodinger KdV-KdV, Schrédinger BBM-BBM, Schréodinger KAV-BBM, and Schrédinger BBM-
KdV systems, and the abcd-system. In particular, it is shown that periodic traveling-wave solutions
exist and are explicitly given in terms of cnoidal, the Jacobi elliptic function. Certain solitary-wave
solutions are also established as a limiting case of the periodic traveling-wave solutions, that is, as
the elliptic modulus approaches one.

(79 pages)
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PUBLIC ABSTRACT

On the existence of periodic traveling-wave solutions to certain systems of nonlinear, dispersive

wave equations

Jacob Daniels

A variety of physical phenomena can be modeled by systems of nonlinear, dispersive wave
equations. Such examples include the propagation of a wave through a canal, deep ocean waves
with small amplitude and long wavelength, and even the propagation of long-crested waves on the
surface of lakes. An important task in the study of water wave equations is to determine whether
a solution exists. This thesis aims to determine whether there exists solutions that both travel at
a constant speed and are periodic for several systems of water wave equations. The work done in
this thesis contributes to the subfields of mathematics known as partial differential equations and

nonlinear waves, and has potential applications in the study of fluid dynamics.
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CHAPTER 1
INTRODUCTION

The Euler equations [24] are a set of nonlinear partial differential equations derived by Leon-
hard Euler in 1757. These equations describe the irrotational, inviscid flow of three-dimensional

capillary-gravity waves of an incompressible fluid, and are given by

Ad =0, in Qy;
nt+¢xnx+¢yny — ¢, =0, atz=n(xvy,t);
¢t+%|v¢|2+gzzo) atZZT](XJJ»t)z

bxhyx + dyhy + ¢, =0, atz=-h(x,y).

Here ¢(x,y,z,t) is the velocity potential, n(x,y,t) is the free surface elevation, g denotes the
acceleration due to gravity, and Q; C R3 x R is the domain bounded above by 1(x,y,t) and below
by z = —h(x,y). The domain for the two-dimensional Euler equations is drawn in Figure 1.1, where
V(x, z,t) denotes the velocity of a water particle at position (x,z) and time t.

For most practical applications, the full Euler equations are more complex than necessary.
So in practice, the Euler equations are often approximated with certain physical restraints in mind
to achieve a simpler and more manageable equation or system of equations. Some of the most

well-studied equations in fluid dynamics, the Korteweg-de Vries (KdV) equation [28]

Vi + Vx + Vi + Vxx :O)

Benjamin-Bona-Mahony (BBM) equation [2]

Vi + Vx +Wx_vxxt:0»
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Figure 1.1: Domain for the two-dimensional Euler equations.

and cubic nonlinear Schrédinger (NLS) equation [34]

. 1
iug + Euxx + [ulfu =0,

are examples of such approximations. Relaxing the restraints of an approximation can yield a more
general physical setting, but at the cost of a more complex equation or system of equations. Several
systems that arise from two distinct approximations of the Euler equations will be the focus of this
thesis.

Four systems were recently put forth by Nguyen et al. [21, 36, 32] to study the interaction
of long and short waves in dispersive media. These systems arise as an approximation of the FEuler
equations when ¢ and n are assumed to be given by the superposition of two waves, one long and

one short. These systems are deemed the Schrodinger KdV-KdV system

ou ou ’u . 9%u o(uv)

it ikt RIS Nl QR o A
ot THogx TR53 T2 ax
ot  9x 0x ox3 2 ox’

Schrédinger BBM-BBM system

Qg D A
ot T Mox T YoZat T2 T ox MM
ov v ov o3v 10ul?

T ox Vax  Soxdar - 2 ox



Schrédinger KAdV-BBM system

afu—&— afu—l—aaa—u—i—ibaz—u——a(uv)—i uv
ot Mo TR TP T T
o o ov Do T rowt
ot  9x  ox  ox2ot 2 ox '’
and Schrodinger BBM-KdV system
67u+ a—u—aLgu +1 az—u——a(m})—i uv
ot M T Mot Tk T ox Y

v dv  dv @ 1 9ul?

ot Tox Vax T3 T T2 ox

Here (x,t) € R2, u(x, t) is a complex-valued function, v(x, t) is a real-valued function, and wo, w1, ap, a, b, c
are real constants with po, 1y, ap,aj,c > 0. The name ”Schrédinger” denotes the presence of the

10,y term, whereas "KdV” or "BBM” denotes the presence of the 0yyxyx or —Oxxt term respectively.
Restricting our approximation to only long waves, the four systems reduce to the KdV or BBM
equation. Which equation is recovered depends on which third-order term is present in the second
equation of the system. Imposing no second harmonic resonance, all four systems also reduce to the

NLS equation. These relationships are illustrated in Figure 1.2. For a more detailed discussion of

these restrictions, and how u and v explicitly relate to ¢ and n from the Euler equations, see [21,

36, 32].

The abcd-system is another system of water wave equations, and is given by

Nt +wx + (Wn)x + AWxxx — bnxxt = 0)

Wi + Mx + WWx + Clxxx — dWxxt = 0»

where a,b,c and d are real constants satisfying

1
(0 —3), c+d=

3 (1—-6%)>0, and a+b+c+d=

a+b=

)

N —
N —
S

for 8 € [0,1]. Here 1(x,t) and w(x,t) are real-valued function for (x,t) € R?. This system was
derived by Bona, Chen, and Saut [6, 5], and describes small amplitude, long wavelength gravity
waves on the surface of water. This system is the approximation of the Euler equations when ¢
and 7 are both assumed to be strictly long waves, with no restrictions placed on the direction with
which these waves travel. Restricting to waves traveling in a single direction, the abcd-system is

reduced to the KdV and BBM equations. This relationship is also shown in Figure 1.2.



Euler Equations

Both long waves Superposition of long and short waves

abcd-system Four systems

One-way propagation restriction No second harmonic resonance

| KdV and BBM | NLS

Figure 1.2: Diagram illustrating the relationship of the equations as approximations of the Euler
equations.

A natural question to ask is whether there exist traveling-wave solutions to these systems of
equations. In the case of the abcd-system where n(x,t) and w(x,t) are both real, traveling-wave

solutions are vector solutions (n(x, t), w(x, t)) of the form

n(x,t) =f(x —ot) and w(x,t) = g(x — ot), (1.1)

where f and g are smooth, real-valued functions, and o # 0 denotes the speed of the wave. In the
case of the four systems, where u(x,t) is complex-valued and v(x,t) is real-valued, this thesis will

study traveling-wave solutions of the form (u(x,t),v(x,t)), where

u(x, t) = e'®tetBx=oUf(x —ot) and wv(x,t) = g(x — ot). (1.2)

Here f and g are again smooth, real-valued functions and B, o, w € R with o # 0. This is not
the only way to write a complex traveling-wave solution, but for the purpose of this thesis we will
only consider solutions of this form. If o > 0, then the wave is right-propagating, and if o < 0,
then the wave is left-propagating. Of traveling-wave solutions, periodic traveling-wave solutions and
solitary-wave solutions are of particular interest. Periodic traveling-wave solutions are traveling-

wave solutions where f and g are periodic functions. Solitary-wave solutions are symmetric solutions



around a single maximum that decay to a constant as the moving frame, x — ot, approaches +oo.
This constant is often assumed to be zero, but this is not always the case.

In this thesis, we aim to find explicit periodic traveling-wave solutions to the aforementioned
systems. This thesis will study solutions where f and g are given explicitly by cnoidal, the Jacobi
elliptic function. To understand why this function is a reasonable candidate for a solution, we
consider the following example where we find traveling-wave solutions to the KdV equation. The

work done in this example follows that of Drazin and Johnson [22].

Example. The Korteweg-de Vries (KdV) equation is given by
Vit + Vx + Wy + Vyxx = 07

where v(x,t) is a real-valued function. Through the transformation v(x,t) = —1 —6v(x,t), the KdV
becomes

Vi — 6VVy + Vxxx = 0.

To find a traveling-wave solution, we assume that v(x,t) = f(x — ot). Without loss of generality,

suppose 0 > 0. Then the KdV equation becomes
—of’ —6ff' + " =0,

where the primes denote differentiation with respect to the traveling-wave frame, & = x — ot.
Integrating once yields

—of =32 + " = A,

where A is a real constant of integration. Multiplying by f’ and integrating again we get

02 3, e
—f —f" 4+ (f')"=Af+B
S =4 (f)? = Af+B,
where B is another real constant of integration. Rearranging this equation, a function F(f) is defined

as follows

()2 = 3 + gfz +Af+B = F(f). (1.3)

Nl —

Thus, the KdV is reduced to a first-order ordinary differential equation. By the fundamental theorem
of algebra, F(f) must have three roots with multiplicity. In [22] it is established that if F(f) has two

distinct real roots, one with multiplicity two, then the solitary-wave solution is obtained, and if F(f)



has three distinct real roots then the periodic traveling-wave solution is found.
To find the periodic traveling-wave solution, label the three distinct real roots as fy, 2, and

f3, such that f1 > f, > f3, and define &3 to be f(&3) = f3. Then F(f) can be factored as

) = (F— £1)(F — £2)(F — £3) = 3(F')2 = (F—£1)(F— £2) (F — £3)

Solving for f’, separating, and integrating yields

f dg B g
iL (2(g —f1)(g—f2)(g — f3))'/? _L3 an

which can be rearranged to get

_ ! dg
E‘**L 2l —F)g—f2)lg—T))1 /2"

Here, the solution f is implicitly defined. By making the following substitution, a closed form solution

can be obtained. Let g = f3 + (f2 — f3) sin?(0), then the above equation reduces to

[ 2 (¢ de
= + 1.4
£=bs f1—f3 J'o (1 —m2sin?(0))1/2’ (14)

and ¢ is given implicitly by

f, —13

where m = o—

f=f3+ (f2 — f3)sin®() = f2 — (f2 — f3) cos® (). (1.5)

Note that since f1 > f > f3, it follows that 0 < m < 1. Let

V_Jd’ de
~Jo (1 —m2Zsin?(0))1/2’

then v = G(¢b, m), or equivalently, ¢ = G~'(v, m). Define the Jacobi elliptic function, cnoidal, to
be
cn(v, m) = cos(¢d) = cos (G*1 (v, m)).

The relation (1.4) then becomes

f1—f3
2




where the + has been suppressed since cnoidal is an even function. Substituting this into (1.5)

finally yields the following traveling-wave solution to the KdV equation

f(£) = f2 — (f2 — f3) cn? ((5—53) h ;f3»m> .

Moreover, since cnoidal is a periodic function for m € [0, 1), this solution is a periodic traveling-wave
solution.

To find a solitary-wave solution, suppose that f, f/; f"/ approach zero as & approaches +oo.
This is exactly equivalent to setting the integration constants, A and B, equal to zero in (1.3). The
solution is then found by solving the first-order equation

o

2™

()2 =1+

N —

and is given by

(&) = =3 sech? (\f(a— ao)> )

where &g is a constant of integration. A more detailed discussion of these solutions can be found in

[22].

From the above example, we see that the KdV equation has periodic traveling-wave solutions
given by the Jacobi cnoidal function, and hyperbolic secant solitary-wave solutions. In fact, it has
also been shown that the BBM and NLS equations have cnoidal periodic traveling-wave solutions [1,
25] and hyperbolic secant solitary-wave solutions [37, 22]. So, it is natural to assume that the four
systems and the abcd-system, which reduce to these equations under certain physical restraints,
should also have periodic traveling-wave solutions given by the Jacobi cnoidal function. With this

in mind, the form of solution studied in this thesis will be exactly of the form (1.1) or (1.2) where
n n
f(x—ot) =) jqen"(AMx—ot),m) and g(x—ot) =) kqen " (A(x—ot),m),
=0 =0

for some amplitude jq, kq € R, wavelength A > 0, speed o # 0, and elliptic modulus m € [0, 1].

A fundamental property of the Jacobi cnoidal function is that as the elliptic modulus m
approaches one, the cnoidal function limits to the hyperbolic secant function. Just as it is reasonable
to assume that there exists Jacobi cnoidal solutions to these systems, it is also reasonable to assume
that solitary-wave solutions are given by hyperbolic secant. In fact, hyperbolic secant solitary-wave

solutions have been found for the abcd-system [17, 18], and synchronized solitary-wave solutions



given by hyperbolic secant have been found for the four systems [33]. So, although there is no
one-to-one correspondence, finding a periodic traveling-wave solution in terms of the Jacobi cnoidal
function could limit to a solitary-wave solution for the same system.

The paper is organized as follows. Chapter 2 will focus on the existence of periodic traveling-
wave solutions for the four systems. The existence of periodic traveling-wave solutions for the abcd-
system will follow in Chapter 3. Chapter 4 will conclude the thesis with a discussion of future work.
Chapters 2 and 3 are stand-alone papers. Chapter 2 has been published by AIMS Mathematics [11],
and was coauthored by Nghiem Nguyen and Bruce Brewer. Chapter 3 has been submitted to Water
Waves and is awaiting review, but is currently available on arXiv [19] and was also coauthored by

Nghiem Nguyen.



CHAPTER 2
EXACT JACOBI ELLIPTIC SOLUTIONS OF SOME MODELS FOR THE INTERACTION OF
LONG AND SHORT WAVES

Abstract

Some systems were recently put forth by Nguyen et al. (2020) as models for studying the
interaction of long and short waves in dispersive media. These systems were shown to possess
synchronized Jacobi elliptic solutions as well as synchronized solitary-wave solutions under certain
constraints, i.e., vector solutions, where the two components are proportional to one another. In this
paper, periodic traveling-wave solutions given by cnoidal, the Jacobi elliptic function, are studied
and explicitly found for these systems. The previously found synchronized solitary-wave solutions

are then shown to be subcases of the periodic traveling-wave solutions found here.

2.1 Introduction

The following four systems, termed Schrédinger KdV-KdV, Schrédinger BBM-BBM, Schrédinger

KdV-BBM and Schrodinger BBM-KdV, respectively,

ou ou %u . d%u o(wv) .

E—#uo&—i-aoﬁ —Hbﬁz— ox —iguy, 21)
LML PP L |
ot 0x 0x ox3 2 ox’
ou ou %u . 0%u o(uv) .
ot T T Y T e T T e W 22)
v v v o 1o '
ot  0x 0x 0x20t 2 ox '’

a—u + uoa—u + aoa3‘7u —l—ibaz—u = _a(uv) —iguv

ot ox ox3 ox2 ox ’ (2.3)
ov v ov v 10ul?

at Tax Vo  SoxZot 2 ox
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and
67u+ a—u—a&—&—ibaz—u——a(u\))—i uv
ot Mo T Maar TV T e Y (2.4)
ov v v v 1 0jul?

t Tax Vox T8 T 2 ox

were recently advocated in [36, 32] (see also [21]) as more suitable models for studying the interaction
of long and short waves in dispersive media due to their consistent derivation when compared to the

nonlinear Schrédinger-KdV system [27]:

g + Uyy + alul*u = —buv,

2
Vi + CVVx + Vxxx = — |u| )x-

5
Here, the function u(x,t) is a complex-valued function, while v(x,t) is a real-valued function and
x,t € R, where o, i1, ap,a;,b and c are real constants with po, 1, ap, aj,c > 0. For a detailed
discussion on these systems, we refer our readers to the papers [36, 32, 21].

A traveling-wave solution to the above four systems is a vector solution (u(x, t), v(x, t)) of

the form

u(x, t) = et®tetBx—otf(x _ ot), v(x,t) = g(x — ot), (2.5)

where f and g are smooth, real-valued functions with speed o > 0 and phase shifts B, w € R. This
is not the only way to define traveling-wave solutions with complex-valued components, but for
the purpose of this paper we will only consider solutions of this form. Substituting the traveling-
wave ansatz (2.5) into the four systems and separating the real and imaginary parts, the following

associated systems of ordinary differential equations (ODE) are obtained:

'g+fg’ + aof” + (po — 0 — 3aoB? — 2bB)f' =0,
(B + u1)fg + (3aoB + b)f” 4 (w + Buy — Bo — apB® — bB2)f =0, (2.6)

ff/+gg/+cg///+(1_o-)glzo,

f'g4+fg' + a;of” + (o + 2a1Bw — 3a;B%0 — 0 — 2bB)f’ =0,
(B4 )fg+ (3a;Bo+b—ajw)f” + (w+ Buo + a1B*?w — a1B30 —Bo—bB2)f =0, (2.7)

ff'+ g9’ +cog” + (1 —0)g" =0;
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g+ g’ + aof” + (Lo — 0 — 3agB2 — 2bB)f’ =0,
(B+ m1)fg+ (3aoB + b)f” + (w + Bpo — Bo — apB® — bB*)f =0, (2.8)
ff'+gg’ +cog” + (1 —0)g’ =0,

and

f'g+fg’ + ajof” + (uo + 2a1Bw — 3a;B%0 — 0 — 2bB)f’' =0,
(B4 w)fg+ (3a;Bo+b—ajw)f” + (w+ Buo + aB*?w — ;B30 —Bo—bB3)f =0, (2.9)

ff'+gg’+cg” +(1—0)g’ =0.

We refer to semi-trivial solutions as solutions where either f or g is a constant (possibly zero).
Of course, the trivial solution (0, 0) is always a solution. In the case when f is a constant multiple of g,
the vector solution is termed a synchronized solution. Among the traveling-wave solutions, attention
is often given to the solitary-wave and periodic solutions due to the roles they sometimes play in the
evolution equations. Solitary-waves are smooth traveling-wave solutions that are symmetric around
a single maximum and rapidly decay to zero away from the maximum, while periodic solutions are
self-explanatory. Although less common, the term solitary-wave is also sometimes used to describe
traveling-wave solutions that are symmetric around a single maximum, but that approach nonzero
constants as & — +oo.

The topic of existence of synchronized traveling-wave solutions to these four systems has been
addressed previously [12]. Notice that when f is a constant multiple of g, i.e., g = Af for some
proportional constant A, the three equations in each of the four associated ODEs (2.6)—(2.9) can

each be collapsed into one single equations of the form
2 = k33 + kaf? + ki f + ko,

under certain constraints. The explicit synchronized periodic solutions (eiw teiB(x—ot)f Af), where

f is given by the Jacobi elliptic function cnoidal
f(x — ot) = (&) = Co + Ca cn? (g, + B, m),

are then obtained by demanding the coefficients in each of the four cases to satisfy certain constraints.
(A Dbrief description of the Jacobi elliptic functions is reviewed below.) In [33], it was shown that

the systems possess synchronized solitary-waves with the usual sech?-profile typical of dispersive
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equations. In [12], a novel approach was first employed to establish the existence of periodic traveling-
wave solutions for these systems, namely, the topological degree theory for positive operators that
was introduced by Krasnosel’skii [29, 30] and used in several models [14, 15, 35].

It is worth it to pointing that explicit solitary-wave solutions have been found for another

system [17, 18], the abcd-system

Nt +wx + (Wﬂ)x + AWxxx — bnxxt = 0)

Wi + Mx + WWy + Clxxx — dwyxt =0 )

where a,b,c and d are real constants satisfying

(02— 1), c+d=

a+b= 3 (1-06%)>0, a+b+c+d=

)

N =
N =
W] =

and 0 € [0, 1]. This system is used to model small-amplitude, long wavelength, gravity waves on the
surface of water [6, 5]. Here, n(x,t) and w(x,t) are real valued functions and x,t € R. However,
the existence of periodic traveling-wave solutions for this system are still not well understood. The
only result that we are aware of is for the special case when a =c¢ =0 and b = d = 1/6, where the
solutions are given in terms of the Jacobi elliptic cnoidal function [15].

The manuscript is organized as follows. In Section 2.2, some facts about the Jacobi elliptic
functions are reviewed, and the results are summarized. In Section 2.3, the explicit cnoidal solutions
to the four systems are established, and how these solutions limit to the solitary-wave solutions are
analyzed. Section 2.4 is devoted to discussion of the results. Some tedious formulae and expressions

are delegated to Appendix A.

2.2 Preliminaries and statement of results

For the readers’ convenience, some notions of the Jacobi elliptic functions are briefly recalled
here. Let

¢ 1
v:J —_—(t, for0<m<1,
0 V1—m2Zsin?t

then v = F(b, m) or, equivalently, ¢ = F~'(v,m) = am(v, m), which is the Jacobi amplitude. The
three basic Jacobi elliptic functions: cnoidal cn(v, m), snoidal sn(v, m), and dnoidal dn(v, m), are

defined as

cn(v,m) = cos(¢p) = cos (F'(v,m)), sn(v,m) =sin(¢p) =sin (F'(v,m)), and
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dn(v,m) = —
(vym) = =
where m is referred to as the Jacobi elliptic modulus. These functions are generalizations of the

trigonometric and hyperbolic functions, which satisfy

cn(v,0) = cos(v), sn(v,0) = sin(v),

cn(v, 1) = sech(v), sn(v, 1) = tanh(v).

For m € [0, 1), the functions cn(v, m) and sn(v, m) are periodic with period 4K(m), where K(m) is
given by
7'[/2 -I
K(m) = J S
0 1 —m2sin?t

We recall the following relations between these functions:

sn?(Ag, m) = 1 —cn?(Ag, m),

dn?(A&,m) =1 —m? + m? ecn? (A, m),

Lp ealE ™) = —Asu(Ag, m) du(AE, m), (2.10)
% Sn()\gﬂ m) =A Cn(}\a) m) dn()\a) m))
d

a dn(A&, m) = —m?Acn(AE, m) sn(AE, m).

In this manuscript, the existence of periodic traveling-wave solutions to the above four associated

ODE systems (2.6)—(2.9) in general is analyzed. The periodic traveling-wave solutions sought here

are of the following form

f(£) =) dren”(A§,m) and g(£) =) hyen"(Ag,m), (2.11)
=0 =0

where dr,h, € R; A > 0,0 <m <1, and n € N such that n > 2. For simplicity, we write the sums
in (2.11) as ranging to the same value of n. It will be made clear that the same results will hold

even if the sums range to different values of ny and n;, so long as ny, n, > 2.

Remark. For the corresponding ODE systems of the Schrodinger KdV-KdV and Schrodinger KdV-
BBM systems ((2.6) and (2.8)), the second equation can be rearranged to find

fg = ((3aoB+b)f”+(w+Buo—Bcr—aoB3—sz)f).

(B+ 1)
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Substituting this into the first equation of (2.6) and (2.8) yields the third-order ODE

T f" +1f = 0,

where
3apB+Db
T3 =0aqp— —— and
Bt (2.12)
LU+B},L0—BO‘—(1()BS—bBZ ’

T1 = o — 0 —3a9B2 —2bB —
1 HWo 0 B+

The same process for the corresponding ODE systems of the Schrédinger BBM-BBM and Schrodinger
BBM-KdV systems ((2.7) and (2.9)) yields the following third-order ODE

Tf" + 1 = 0,

where

~ 3aiBo+b—ajw

T3 =0a10 — and

B+

w +Buo + a;B?w — a;B30c — Bo— bB?

B+

(2.13)
1 = po +2a;Bw —3a;B%*0c — 0 — 2bB —

These are simple third-order ODEs that can be solved by standard methods. It is clear that in
general, f as defined in (2.11) will not be a solution to these equations. However, this does not mean
that our assumption of the form of f in (2.11) is incorrect. For instance, suppose we find a solution
of the form (2.5), with f and g as defined in (2.11). Then f and g must simultaneously satisfy the
three equations in (2.6)—(2.9). So, it must also be that the corresponding third-order ODE above is
satisfied. As stated above, the f in (2.11) will not satisfy this ODE in general, so it must be that
B, w and o in our solution already force the coefficients in (2.12) and (2.13) to be zero. Therefore,
as this paper aims to find solutions that simultaneously satisfy all three equations in (2.6)—(2.9) with
no restrictions placed on the system parameters, the form of f and g in (2.11) is completely justified,
and any solution found of this form will inherently contain B, w and o that force the coefficients of
the corresponding third-order ODE to be zero. In fact, straightforward calculation shows that the
B, w, and o found in all the non-trivial solutions in Section 2.3 satisfy that the coefficients in (2.12)

and (2.13) are zero, for their respective system.
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Using the above relations (2.10), the following is revealed:

Fra en” = —rAcn” ! sndn,

dZ

a2 en” = —A?[(r+ )m?en" 2 +r(1 —2m?) en” +(r — 1)(m? — 1) en" 2],
d3

en” = 1A% sndn [(r+D)(r +2)m?Zen™ 42 (1 —2m%)en™ ' +(r— 1) (r—=2)(m? —1)en" 3 1y
(2.14)

dg?

where the argument (A&, m) has been dropped for clarity reasons. Notice that each of the above four
associated ODE systems (2.6)—(2.9) involves three equations. Plugging (2.14) into these systems,

the following generic forms are obtained:

2n—1
sn(A&, m) dn(AE,m) ) kiqen?(AE,m) =0,
q=0
2n
> ka,qend(AE,m) =0, (2.15)
=0
2n—1
sn(A&,m) dn(A&,m) Y k3 qend(AE,m) =0,
q=0

where kj, 4 = Kj,q(B,A,m, 0, w, di, hy), that is, some function of the parameters defined in (2.5) and
(2.11) that depends on the equation j and power on the cnoidal function q. Notice that as (2.15)
must hold true for all &, the linear independence of cn9 implies that k; ¢ = 0 for each j and ¢. Since
n > 2, or equivalently, 2n—1 > n+1, the sum (ff’+ gg’) will be the sole contributor to the highest

order term k3 2n—1 cn?™ 1 for all four systems. Requiring k3,2n—1 = 0 yields the following equation

k3,2n—1 = —mA(d3 + h3) = 0.

By assumption A,n # 0, which implies that d,, = h, = 0. This argument will hold until g’ also
contributes to the highest order term, which will occur when 2n — 1 < n + 1. So it follows that

dy = h, =0 for all r > 2, which reduces the periodic traveling-wave ansatz (2.11) to

(&) = do + dj cn(AE, m) + dy ecn?(AE,m) and g(&) = ho + hy cn(AE, m) + ha en?(AE, m). (2.16)

The above argument can be generalized if f and g in (2.11) range to different values of n4
and ny, as long as ny, Ny > 2. Suppose ny > My, then the same reasoning above can be used to
deduce that d, =0 for all r > n,. At this point f and g now range to the same value of n,, and the

exact same result found above will hold. The same follows if n, > ny.
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Next, by demanding all the coefficients k; 4 = 0, a set of 13 equations is obtained for each of
the four systems involving 11 unknowns di, hi, B,A, w, 0 and m with 1 = 0,1,2 (Eqgs (A.1)-(A.4)).
For the Schrédinger KdV-KdV and Schrédinger BBM-BBM systems, the first and last equations in
(2.6) and (2.7), respectively, further yield dy = hy = 0. In particular, the only nontrivial periodic
solutions for the Schrédinger KdV-KdV and Schrédinger BBM-BBM systems ((2.1) and (2.2)) are
of the form

f(&) =do+ dycen?(Aé,m) and g(&) = ho + hy cn? (A&, m). (2.17)

Under these conditions, the sets of 13 equations involving 11 unknowns (Eqgs (A.1) and (A.2)) reduce
to sets of seven equations with nine unknowns. Similarly, for the Schrodinger KdAV-BBM system
and the Schrodinger BBM-KdAV system, the first and last equations in (2.8) and (2.9), respectively,
reveal that hy = 0. Additionally, when substituting h; = 0 into (A.3) and (A.4), the coefficients
k3> and k3o in both systems require that either dy = 0 or dg = d; = 0. When d; = hy =0,
we have solutions of the form (2.17), where the sets of 13 equations involving 11 unknowns ((A.3)
and (A.4)) reduce to seven equations with nine unknowns. When do = d; = hy = 0, we have that
the only nontrivial periodic solutions for the Schrédinger KdV-BBM and Schrédinger BBM-KdV

systems ((2.3) and (2.4)) are of the form
f(£) = dyen(A&,m) and g(&) = ho +hzcen? (A&, m),

in which case the sets of 13 equations involving 11 unknowns ((A.3) and (A.4)) reduce to sets of six
equations with eight unknowns.

The exact, periodic traveling-wave solutions to the four systems (2.1)—(2.4) could then be
established by solving those reduced nonlinear systems with the help of the software Maple. As
there are two degrees of freedom, in principle any pair of two unknowns can be chosen as “free
parameters” so long as solutions can be found consistently. In most physical situations, though, it is
more desirable to think of the wave speed o and elliptic modulus m as “independent” parameters;
that is, the cnoidal solutions are found for fixed elliptic modulus m € [0, 1] and a certain range of
wave speed o > 0. For the Schrodinger KAV-KdV system (2.1), these nontrivial periodic traveling-
wave solutions are established for each wave speed o > 0 with 2¢ > ap > 0, while for the Schrodinger
BBM-BBM system (2.2), 0 > 0 with 2¢ > a; > 0. For the Schrédinger KdV-BBM (2.3), the range

of wave speed is 0 > ¢ > 0, while for the Schrédinger BBM-KdV (2.4), 0 < 0 < (21—?
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2.3 Exact Jacobi elliptic solutions

In this section, we present the explicit periodic traveling-wave solutions for the four systems
(2.1)—(2.4) of the form (2.5), where f and g are given by (2.16). The limit of the solutions as
the elliptic modulus m approaches one is then taken, and the resulting solitary-wave solutions are
compared to the synchronized solitary-wave solutions previously found in [33]. Semi-trivial solutions,
i.e. solutions where either f or g in (2.16) is constant, are then presented.

For conciseness, let

R=++vm*—m2+1, (2.18)

then R € R as m € [0, 1].

2.3.1 Schrodinger KdV-KdV

Setting all k; ¢ = 0 gives us the following set of parameters, whenever 2c > ag > 0:

B = Gomi—b

di =h; =0,
_ (m*—2m?R—m?+R+1)vZc—ag(3 a1’ —2 ap b —4 ap po—b?+4 ay)

do = 8 /@R (ag—c) ’

d o 3\/2(27(1()(3 a(;zmzfzag bui—4ap u07b2+4a0)m2

2 = 8 /agR{ag—c) ’

ho = gm0 aDR*(lo_C) (6 apdm? 2 —3 a3 iR+ 6 ap?ci?R—3 ap3 12 — 4 ap?bm?
+2 ag?buy R —4 ap bepy R+ 2 ap?buy — 8 ap?m?uo + 4 ap?po R — 8 ap?Ro — 2 ap b2m?
+apb?R =8 apcuo R+ 8 ag cRo—2b%cR + 8 ap?m? + 4 ap?uo +4 ap?R + ay b? —4a02),
3(3 a[;ZmZ—Zag bui—4 ap uo—b2+4ag)m2

hg = )

8R(ag—c)

A_ 3a02u12—2a0bu1—4a0 p.o—bz+4a0
- 16 aoR((J.g*C] )

w=—(am?—wb—uo+0)u,

o>0,

me[0,1].
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Thus, explicit periodic traveling-wave solutions to the Schrodinger KdV-KdV system (u(x, t), v(x, t)) =

(eiwteiB(x_"t)f(x — ot),g(x — ot)), given in terms of the Jacobi cnoidal function

f(&) =do + dzen?(A&,m) and g(&) = ho + hycn?(AE,m)

are established. Notice that H—i = Zc‘l_oao and that as m approaches one, R limits to £1. When

m = R =1, the above coefficients simplify to dp = 0 and

ho = *m <3aécu% —2apbepy +4aj —4apcpo — b?c —4ajo + 4aoc0) ,
CNZ - 3V2 cfag(S aozm 2.2 ag b —4 ag uosz+4 (l())

2= 8 /ap(ap—c) )
- 3(3a0?n1?—2agbpr—4 ap po—b>+4 ag)

2 = 8 (ag—c) ’

x_ 3ap?u1?2—2apbui—4ag uo—b2+4ay
- 16 agp (ag—C) )

w=—(agm?—mb—po+0)pu,
from which one obtains the following solitary-wave solution to system (2.1):

Qo ~

u(x,t) = et®telB=of(x _ot)  and  v(x,t) =ho +,/=——F(x — ot),
2c— ap

4aé+3aécu%72aobcm 74aocp.ofb2c
4ao(ap—c)

where (&) = dasech?(A&). Furthermore, when o = , one has
ho = 0, and the synchronized solitary-wave solution established in [33] is recovered.

When m = —R =1, the above coefficients simplify to

EZ \/2C7CL[)(3 agzmzflag b —4 ap u07b2+4a0)
0 = )

4y/ag(ag—c)
}_l o ngu%fzaébm74(15uofaob273aécu%+laobcu1+4aocuo+bzc+4aoc(a07c)
0 — 4ag (ag—c) ’
a . 3\/2(17(10(3 ap? 12 =2 ap b —4 ay u07b2+4a0)
2 = 8‘/(1()(0/07(:) )
By — 3(3a02u12—2aabu1—4ao uo—b2+4aa)
2= 8 (ap—c) )

7\_ 73&()2}“272{1017”174040 u07b2+4a0
- 16{10 (ao—C) )

w=—(am*—mwmb—po+0)ur,
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and one arrives at the solitary-wave solution

QAo -
f(x — ot
e a (x —ot),

u(x, t) = e tetBot[q 4 f(x —ot)]  and  v(x,t) =ho +

where f(&) = ds sech?(AE).

Aside from the above nontrivial solutions, system (2.1) also possesses the following trivial and

semi-trivial solutions:

(1)

u(x,t) =0 and  v(x,t) = ho,

for any hy € R.

(2)

u(x,t) =e'te®7oUd;  and  v(x,t) = ho,

_ 3_ 2
where g = ©—0B"—bB +§h°+8“°+h°“‘ , for any B, do, ho, w € R.

(3)
2 1h
ux,t) =0 and v(x,t)=—=hy + = —2

ha+ 35 +o—1+hen? (Ax—ot),m),

WhereA:,/u}c‘ﬁ,for any hy,0 > 0and m € [0,1].
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2.3.2 Schrédinger BBM-BBM

Setting all kj, 4 = 0 gives us the following, whenever 2¢ > a; > 0 and R is as defined in (2.18):

B = a; po H1—b
2a10 (a; u12+1)°

d;y =h; =0,
_ Vai 2c—a)(m*'+2m?R—m?—R+1) 3 4 a3 2 2 2 P 2 2 2
dop = Sa R0 (0 2 1 (ar 0] 4a;”m o —4a;"bui’o—a“po T —4a“popul o+ 8as o

+2a;buopul —da; by o—4a; poo+4ay O'—bz),

_ =3m?y/a; (2c—ay)
- 8 ajRo (a; Ll]er])z(a]*C)

dg (4 arPmto—4a;7ouio — atpot i ? —4astpo o+ 8afwto

+2a;buoy —4a; by o—4a; poo+4ay O'—bz),

hy = SaRo (o M12+”2(a1_c) (8 a;tmtro? —8as3c*Ro? + 8 a;*m? o —4 a4 *Ro — 4 a4 o
—8a?bm?ui3o—4a;3bu?Ro+ 8 a;2bepui?Ro+4 a;3bpi 30— 2 a P mpo? g ?
—8a; m?uo %o — arpo? W R —4 as®po w1 ?Ro+ 16 a; >y ?Ro? + 2 as 2epo? i *R
+8a;2cuo p12Ro — 16 a;2ep12Ro? + 16 a;3m2pui 20 + a3 o2 + 4 a3 po w20 — 8 a; 3y 2Ro
—8aP 2o+ 4a?bm?uo pur —8a;2bm?uy o+ 2a;%buo 1 R—4 a;2bpy Ro—4 a; bepg g R
+8a;becui Ro—2a;2bpo s +4a,2bpy 0 —8a;°m?uo o —4a; 2o Ro+8a;2Ro? + 8 a; cpuo Ro

—8a;cRo?+8a;°m?0+4a;%upo—4a;°Ro—2a; b>m? —a; b>’R+2b%cR—4a;%0 + ay bz) ,

-3 (4 a13u140‘74 a12bu130‘7a12p.02p.1274 alzp.o p.120'+8 azzp_1 20+2a; buo u1—4a; by o—4a; po o+4 ag Usz)mz

8Ro (a; n12+1)%(a;—c)

hy =

A=, /4aPiito—dailbuito—a o’ i —4 ar o 112048 as P11 20+2 as bio w1 —4 ¢y by 0—4 a; 1o 0+4 ag 0—b?
—16a;1Ro2(a;—c)(a; p12+1)2 ’

(a; m12o—bpi—po+o)m

w=- ap },l.]2+1 )

o>0,

mel[0,1].

Thus, explicit periodic traveling-wave solutions to the Schrodinger BBM-BBM system (u(x, t), v(x, t)) =

(ei‘“teiB(X_"t)f(x — ot),g(x — ot)), given in terms of the Jacobi cnoidal function

(&) = do + daen?(A§,m) and g(&) = ho + hy cn?(AE, m)
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are established. Notice that % = /325~ When m = R =1, the above coefficients simplify to
2 c—ay

~ a; (2¢c—ay) 3.4 2 3 22,2 2 2 2.2
do—4aw(amz+1)z(al_c)(4a1 mro—4a;7bui’o—a po T —4afpo o +8a o
+2a; bpo; —4a; buyo—4a; woo+4ay G—b2>,
dy = — 2V Zemo) 4ad o —4a;?burdo — ar?uo?n? —4a?uo o +8as 2o
2 = Saro (ar 2112 (a1 —<) 1 H1 1 1 1 Ho 17Ho 11 17
+2a; buop —4a; bpyo—4a; poo+4ay O'—bz),
7 1 4.4 2 3,42 3 3 2 3 3,.2,,.2
hO:4a10'(a1u12+1)2(a17c)(4a'1 wm o —4a;cut o —4a”byCo+4a; b o — ag o
—4aPpuom?o+8a P %o’ + arfepo?m? +4asfepo ifo —8afem?o? + 2 as o
—4a.%buyo—2a;bepor +4a; bepio—4a’uoo+4a;20% +4 a5 cppo —4 a; co?
— ag b2+b2c),
}~L - -3 (4 a13u14674 a12bu1367a12u02u1274 alzuo u120+8 a12u126+2 a; buo w1 —4a; buy o0—4a; uo 0+4 a; Usz)
2 — 2 2 — )
80 (a; w12+1)%(ar—c)
A= 4a;3u1%0—4a,2bui30—as?puo?pui?2—4as?puo ui120+8a,2u120+2a; buo ui—4a; by 0—4a; uo o+4a, 0—b?
—16a102 (a;—c)(a; u12+1)? )
_ (armi?o—bui—poto)u
w = a; w1 2+1 )
o >0,

from which one obtains the following solitary-wave solution to system (2.2):

u(x,t) = et@tetBOo g 4 f(x —ot)]  and  v(x,t) =ho + %f(x — ot),
—a

where (&) = dj sech?(A&).
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When m = —R =1, the above coefficients simplify to dg = 0 and

5 3v/a; (2c—ay)
" 8aro(as m12+1)*(ar—c)

(4a13u140—4a12bu130— ar?polm? —4a?po 2o+ 8af o

+2a;buoy —4a; by o—4a; poo+4ay O'—bz),

hy = —SaoTn p1]2+1]2(a1—c) (— 8a;*ui*o? +8as3cuito? +8a,* it —8as?bepido —16a;3uy%02

*2a1chozu12 78a12cu0 H120‘+ 16 CL]ZC}l]ZO‘z + 16 a13u126+4a1 bcpo g —8a; benjo

—8a;%20%> —8a;cpupo+8ay cc72—|—8a120—2bzc),

f_L - 3 (4 a13u140—4 alzbu130—a12uozmz—4 alzuo u1zc+8 a12p.120+2 a; bpo w1—4a; buy 0—4 a; po 0+4 a; O'—bz)
2T 80 (ar 1 2+1)% (a1 —c) ’

A= /4 a;3p1to—4a;2bus3o—as;2popui?—4 a2 o ui20+8a,2u120+2a, buo ur—4a; buy o—4as po o+4a; 0—b?
16a102 (a;—c)(a; p12+1)? ’
2
(az o8] O'*bHI*HOJFO")HI
a; w12+1 )

w=—

and one arrives at the solitary-wave solution

u(x,t) = el@tetBx"9f(x —ot) and  v(x,t) =ho + Zc%ﬂx —ot),
-
where f(£) = dj sech?(A&). Furthermore, when B = #ﬂﬁbﬂ) satisfies the following equation:

(acuomy —arbe)B2 4 (2arbep 4 2arcpp — 2a3u? —2a3)B + (afpop +be—arb—ajcpopr) =0,

one has ho = 0, and the synchronized solitary-wave solution established in [33] is recovered.
Aside from the above nontrivial solutions, system (2.2) also possesses the following trivial and

semi-trivial solutions:

(1)
u(x,t) =0 and  v(x,t) = ho,
for any hy € R.
(2)
u(x,t) = et®tetPxotqs  and  v(x,t) = ho,
where 0 = a’Bzwbe;(ri}gziBf;ﬁhwﬁw, for any B, do, ho, w € R.
(3)

2 1
u(x,t) =0 and v(x,t) = —ghz + 3 % +0—1+hyen? (A(x — ot), m),
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WhereA:,/uchﬁ,for any hy,0 > 0and m e [0,1].

2.3.3 Schrodinger KAV-BBM

Setting all kj 4 = 0 gives us the following set of parameters, with R as defined in (2.18):

B = ap u1—b

(m*—2m?R—m?+R+1)vZco—ag(3 ap’u1?—2 ag b1 —4 ag po—b?+4 ay )
8,/a0R2(a07C0') )

32 CO’*(I(}(3 anzu|272 ap b —4 ag u07b2+4 ag)mz

dg = 8 V/asR(ag—co) )
hy = m (6 ap?cu1?Ro+ 6 ap>m? 12 — 3 ap3 2R — 4 ap bepy Ro — 3 ap3?2 — 4 ap?bm?

+2 ag?bu R — 8 ap cpo Ro + 8 ap cRo? — 2b%cRo + 2 ap?bpy — 8 ap?m?ug + 4 ag?uo R

-8 a()ZRO'— 2 Qap bzmz + agp bzR + 8 (l()zmz +4 agzllo +4 a()ZR + agp b2 —4 agz) y

3(3a0? 1?2 —2agbui—4 ag po—b?+4 ag)m?

8R(ap—co) )

hg =

A _ 3a02p.12—2 agbui—4 ag },l.o—bz+4 ap
- 16ayR (ap—co) )
_ 2

w=—(agm*—mb—po+0)ur,

Qo
0> 350,

me[0,1].

Thus, explicit periodic traveling-wave solutions to the Schrédinger KdV-BBM system (u(x, t),v(x, t)) =

(elwtetBx—otif(x — ot), g(x — ot)), given in terms of the Jacobi cnoidal function

f(&) =do+dzen?(A&,m) and g(&) =ho + hycn?(AE, m)
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are established. Notice that %2 = / ZC;‘jao. When m = R =1, the above coefficients simplify to

dy
do =0 and
gi o 3\/2c0'7a(;(3 agzulzfzag bui—4 ap u07b2+4a0)
2 = 8 \/ag(ag—co) )
hy = ———— (6 ap2cui20 —4 -8 8 2 _2b%co—8ap2c+8
0 = Sa; Tco—ay) ap CU1° o ag bcuy o ag Clo o+ 8ap co b“co ap“0+ 8 ay

iL 3(3&02}41272&0‘0};174(10 p.o*b2+4ag)
2 = )

8(ap—co)

5\: 3ap?pi12—2apbpui—4agpo—b2+4ay
16(1() (a(;fcc) )

w=—(agm?—mb—po+0)pu,

from which one obtains the following solitary-wave solution to system (2.3):

Qo ~

u(x,t) = et®tetBx=oUf(x —ot)  and  v(x,t) =ho+ ,/ =———f(x — ot),
2co— ap

where f(&) = dj sech?(A&). Furthermore, when o satisfies the condition ™
one has hy = 0, and the synchronized solitary-wave solution established in [33] is recovered.

When m = —R =1, the above coefficients simplify to

- VZco—ag(3 ap?ni®—2ag b —4 ag no—b>+4 ay)

d0 = 4./ag(ap—co) )

d = 3vZco—ag(3ap’m1?—2ap bpi—4 ag po—b2+4 ag)

2 = 8 /ag(co—ap) )

ho = 70— (3 ap?ci?o —3ap3 2 —2 2a0%bpy —4 4

0 = Tay(co—ay) (3 @0 CHI70 —3ap” ag by 0+ 2 ap by ag Clo 0 +4 ag co
—b%co+4ap?uo —4ap?o+ ap bz) ,

3 3(3ap?m1?—2agbus—4 ag no—b>+4 ay)

2 = )

8(co—agp)

7\7 3a02u1272a0bu174a0 u07b2+4a0
- 16ap (co—ayp) )

w=—(agm?—wb—po+0)u,

and one arrives at the solitary-wave solution

u(x,t) = et®tetBx=oU g, 4 f(x —ot)]  and  v(x,t) =ho+ 9 F(x — ot),

2co — ap

0+3a0B?+2bB—po _

2),

o—1
co )

2
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where (&) = d; sech?(AZ).

In addition, there exists another nontrivial solution to system (2.3) of the form

u(x, t) = e'teBxq,  en (A(x —ot),m) and  v(x,t) = ho + ho en? (A(x — ot), m),

2 2.2 2. 2 2. 412 2 22
Qap cm” 6apbcm pu;—12apchem —12apcm puo—3b“cm“+2ap"m-+6apchy. hz > 0 such

where hy = T2 0y cm2 ;

that 9ap?m?pu 2 — 6apbm2u; —4aghem? — 12apmZpy — 3b2m? + 2aphse + 12apm? < 0;

d] _ :I:\/fé agh,m?2 (9 (lgszLL]ZfG ap bm2u174 aghy, m2—12ay mzu073 b2m2+2ap he+12 ap m?2
- 60.[) m?2

w = M (6 apcpi®—6beps—6cpotan) A — hy . o — ao.
6¢c ’ 2apm?2’ 6

0
c’
Aside from the above nontrivial solutions, system (2.3) also possesses the following trivial and

).p _ agm—b,
7B_ 2 ag )

and any m € [0, 1].

semi-trivial solutions:

(1)

u(x,t) = and  v(x,t) = ho,
for any hp € R.

(2)

u(x,t) = et®tetBx=otqs and  v(x,t) = ho,

w—aoB?—bB?+Bho+Buo+hou;
B

where 0 = , for any B, do, ho, w € R.

3)

2 1
u(x,t) =0 and v(x,t) = -3 ha + 3 % +0—1+hyen? (A(x —ot),m),

WhereA:Q/ug‘ﬁ, for any hy,0 >0 and m € [0,1].
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2.3.4 Schrédinger BBM-KdV

Setting all kj 4 = 0 gives us the following set of parameters, with R as defined in (2.18):

B= a; po 1 —b
2a;0 (a; p12+1) )

dy=h; =0,
vZe—aro(m'—2m?R-—m?+R+1) 3,4 20,3 2,22 2 2 2.2
dop = SRI Ve (e 21 1) (a1 0—0) (4a1 mo—4a; buo—a; po it —4afpo o +8a o

+2a; bpop —4dabpyyo—4ajpoo+4ay O'—bz),

dQ 3m?v2c—a; o

= RUes e i1 (ar o= (4 arPmto—4a,7oui 0 — afpot i ? —4 ey tpo o+ 8atwto

+2a;buo —4arburo—4ajpe o +4a; O'—bz),

ho = 5 ool IJ-];]"‘I)Z(GJ ] (— 8a; 1 Ro3 +8a*m?to? +4 a,*11*Ro? + 8 a;3cu*Ro?
—4a;* it —8a3bm?o? +4 a3 3Ro? +4 a3 30% — 2 a3m2peuilo
—8a;3m?uo 0% + as 3o’ 2o R +4 a;3uo pi2Ro? — 16 a3y 2Ro> — 8 afbepy 3Ro
+16 a3 m?wi20? 4 a3 po’ 2o + 4 a;3uo m20? + 8 a3 w1 ?Ro? — 2 a2 cpo? g 2R
—8a;%cpo 1?Ro + 16 a;2c12Ro? — 8 a3 202 + 4 a;2bm?uo ul 0 — 8 a; 2bm?u; o2
—2a;%bpuo Ro+ 4 a;2bpy Ro? — 8 a;?m?uo 02 + 4 a; %o Ro? — 8 a;2Ro +4 a; bepp g R
—8aibep Ro+8a;°m?0? +4a;%uo 02 +4a;2Ro? —2a;b?m?0 + a1b?Ro — 8 ajcuo Ro
+8a; cRo? —4a; 202 + a1b20—2b2cR) ,

3 (4 a13u14074 alzbm‘%ofmzuozu] 24 aIZuo 1 20+8 a12u|26+2 a;bpopi—4arbu; o—4aipo 0+4 a; Usz)mz
8R(a; 11241)%(a; o—c) )

h =

A — 4a;3u1%0—4a,2bui30—a?uo?pui?2—4a,2puo ui120+8a,2u120+2a; buoui—4arbp 0—4aypp 0+4 a5 0—b?
16 a; Ro (a; p12+1)%(a; o—c) )

(a1 HlZU*bM*HoJrU)M
a; p12+1 )

w = —

mel[0,1].

Thus, explicit periodic traveling-wave solutions to the Schrédinger BBM-KdV system (u(x, t),v(x,t)) =

(elwteBx—obf(x — ot), g(x — ot)), given in terms of the Jacobi cnoidal function

f(&) =do+dzen?(A&,m) and g(&) =ho + hy cn?(AE, m)
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are established. Notice that H—i =4/3 c‘i‘aG] =. When m = R = 1, the above coefficients simplify to
do =0 and
dy = 3 m(ijjf{f{)‘?(al p— (4 arPmto—4atbuio —arfuet it —4as o mto+8afmto

+2a; bpop —4dabpyo—4apoo+4a; O'—bz),

ho = 5o — m;l])z(al p— (—8a14p1463 +8a;* %02 +8as3cu?o? —16a;3 11203 — 8a 2 bepy 3o

+16 a3 11%20% — 2 a;%cpo? i — 8 as?cpo 2o+ 16 ar2cp20? — 8 a 203 + 4 a5 bepg

—8a; bepy 0+ 8a;20% —8a; cpp o+ 8 ay co? —szc) ,

ﬁ 3 (4 a13u14074 alsz.ﬁcrfazzuozm 24 alzuo 1 26+8 a12u126+2 a;bpopur—4a1bu; o—4ajpno o+4 ag crsz)
2 = )

8 (a; m12+1)%(a; o—c)

A = \/4 a;dpito—4as?bpuido—a;?pe?pui?—4a;2po i20+8a;2u1204+2a; bpuopi—4ajbpuy o—4ajpg o+4a; 0—-b?
- )

16 a; o (a; w124+1)%(a; 0—c)

(a; p12o—bpi—po+0)m
ajp p.12+1 )

w=—

from which one obtains the following solitary-wave solution to system (2.4):

. . ~ ~ ajo -~
ulx, t) = el@telBotfx —ot)  and  v(x,t) =ho £/ ————f(x — ot),
2c—ai0
where f(£) = d; sech?(A&). Furthermore, when B = % satisfies the condition

(2a%bep? + 2a1be — 2a3cpou; — 2adepop )BS + (—4afbep; —4adcuoud —4ajbep; —4ajcpg)B?

+ (2adpopud +2a$cuou? +2a$uou1 + 2a1cpop fZa%bp.% —2a;b—2a;bep? — 2be)B

+ (2arbpopy — afpdud —b?) =0,

one has ho = 0, and the synchronized solitary-wave solution established in [33] is recovered.
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When m = —R =1, the above coefficients simplify to

_ —
R Y T CYTEEaE N pyeanry (4 ar*mto—4a2bpido—afpuotn? —4afuo o+ 8 a2 %o

+2a;buo —4ajbuo—4ajpe o +4a; O'—bz),

dy = Smaj j:ﬁf{al po (4 arPmto—4a2buido —apet it —4afpo mto + 8as i lo

+2a; bpo —4dabpyo—4ajnpo+4ay G—b2>,

T 1 4.4 3 4 3. 42 4 3p 32 32 2
ho_4a10‘(a1p,12+1)2(a1ch)(4a1 wi“o® —4a;*cu”0” —4a;°bpCot —a; oo

—4arPuom?o? +8a3ui?0® +4as? bew 3o+ agfepo? i 4+ 4as? cpo o
—8a;?c1?20? +2a;2 by 0 —4a;?buy 02 —4a;’uoo? +4a:20% —2a; bepo
+4a; bepy 0 — a;b?0+4a; cpuo o —4ag co? + bzc) ,

71 -3 (4 a13u14c774 alzbm“"trfalzuozmzfél alzuo u12cr+8 azzm 2042 ay buo u1—4arbpuy o—4aypup o+4 ag Gsz)
2 = )

8 (as m12+1)%(a; o—c)

A = \/4 a;3pito—4as?buido—a;?po?pui?—4a;2po pi20+8 a2 12042 a; bpuopi—4ajbpuy o—4ajpg o+4a; 0—-b?
- )

—16a; 0 (a; p12+1)2(a; o0—c)

(a: mi2o—bpi—po+o)m
a; w1 2+1 )

w = —

and one arrives at the solitary-wave solution

u(x,t) = e @teBO—o g 4 f(x — ot)]  and  v(x,t) = ho £ /=0 f(x — ot),
2c— a0

where f(&) = d> sechz(j\é).

In addition, there exists another nontrivial solution to system (2.3) of the form
u(x,t) = e'teBq  en (A(x —ot),m) and  v(x,t) = ho + hy en? (A(x — ot), m),

where

1

di ==+
! 6cm2(aipud +1)

(3 chom? (8 ar’chs m?m —4a;%chom® —24 a2em? i + a2 m? ot ?

+24a; bem?uy® +16a; che m?ui? 4+ 24 a; em?puo 12 — 2 a; bmpo w1 — 8 a; chopr?

1/2
— 48 a; cm? 2 + 24 bem?uy + b2m? + 8chy m? + 24 cm?up — 4 chy —24cm2)) ;
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—1
24 (a; 2% +2a1m12 4+ 1) ay cm?

ho = (24 ay3chy mA it —12a;3chy Wi — 144 0, 2c*m?

+ a’m?puo? i ? 4+ 24 a;2bem? w2 +48 a;2chy mP i + 24 a 2em?puo w2 — 2 ar2bm?uo 1y
—24a;%chy i — 288 a; c?m?uy? + 24 a; bem? g + a; b2m? + 24 a5 chy m? + 24 a; cm? o
—12a; chs — 144c2m2>;
any hy > 0 such that 8 a;2che m? w1 *—4 a;2cho *=24 a; 2em? w440, 2m? o2y 2424 a; bem?uy 3+
16 a; che M2 12 + 24 a7 cm?puo w12 — 2 a; bm?po g — 8 ay chopr? — 48 a; cm?uy?2 4+ 24bem?py +
b?m? 4 8chy m? + 24cm?puy — 4chy —24cm? > 0; B = 7126‘0’(*;"]&1‘;‘_’”; A= \/%; w =

1 (*6 a; e ?+arbpg+ay uo*GC) 6¢
.o = 6c
(arpi2+1)ay ) a;

;and any m € [0,1].
Aside from the above nontrivial solutions, system (2.4) also possesses the following trivial and

semi-trivial solutions:

(1)

u(x,t) =0 and  v(x,t) = ho,

for any hy € R.

(2)
u(x,t) = e!®tetBxotqs  and  v(x,t) = ho,
where 0 = a’BZw*bB;{i}g’fﬁ?ﬁhO”ﬁw, for any B, do, ho,w € R.
(3)
2 1 hyg
u(x,t) =0 and v(x,t) =3 hg—i—gm—i—i-(f—] +hycn? (?\(x—(rt),m),

Where?\zwﬁ,for any hy,0>0and me [0,1].

2.4 Conclusions

The periodic traveling-wave solutions for the four systems (2.1)—(2.4) given by (2.5) and (2.16)
were found. Furthermore, these cnoidal solutions limited to solitary-wave solutions when m — 1.

This was expected since it is well known that the ODE equation
2 =ks3f> + kaf? + ki f + ko

has a unique solitary-wave solution as well as a periodic cnoidal solution, and that the periodic

cnoidal solution limits to the solitary-wave solution when the Jacobi elliptic modulus m approaches
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one. Consequently, under certain restraints on the system parameters, these solitary-wave solutions
were shown to limit to the synchronized solitary-wave solutions established in [33]. It can similarly be
shown that the periodic traveling-wave solutions here reduce to the synchronized periodic traveling-
wave solutions found in [12]. Note that there is no one-to-one correspondence between cnoidal
solutions and solitary-wave solutions. So in general, it is not known if all solitary-wave solutions of
the form (2.5) are recovered as the limit of the periodic traveling-wave solutions found here. This is
not further pursued here, but would be an interesting question to investigate.

Notice that substituting u = 0 into systems (2.1) and (2.3) yields

ot | ox  Vox ' Cox3

=0,

which is the KdV equation. Similarly, substituting u = 0 into systems (2.2) and (2.4) yields

ot 9x ox ox2ot )

which is the BBM equation. For each system, a solution was found where u = 0 and v is given by
v(x,t) = ho + ha en? (A(x — ot), m),

where ho and A are constants that depend on which system is considered. This corresponds with
the form of cnoidal solutions found for the KdV and BBM equations in [22, 37].

Figure 2.1 below shows some graphs for the cnoidal wave solutions for the four systems (2.1)—
(2.4). Recall that the traveling-wave solutions studied here to the above four systems are vector

solutions (u(x,t),v(x,t)) of the form
u(x, t) = et®tetBx=oYf(x — gt), v(x,t) = g(x — ot),

where f and g are smooth, real-valued functions with speed o > 0 and phase shifts B, w € R. For
ease of graphing, the imaginary terms in u(x,t) were suppressed, as they define a phase shift and,
thus, a rotation of the real function f, which is graphed below. For all four vector solutions, m = %
and R = ¥13

7= were chosen, while the remaining parameters were then fixed to ensure real solutions

and are listed here; KdAV-KdV: 0 =2, ap =1, b = —1, ¢ =

N

, Mo =1, iy = 5; BBM-BBM:
o=1,a1=1,b=-1,¢c=3, po=1, ;y=1KAdV-BBM: 6=3, ap=1, b=—1, c =

N[

y Ho =
I, =13 BBM-KdV:o=1, a1 =1, b=—1, c =

NY[o)
—_

y o= 1, m1 = %. The graphs are now listed



below, with u(x,t) in blue and v(x,t) in green.

(a) Cnoidal solution for the KdV-KdV
system. system.

(c) Cnoidal solution for the KdV-BBM (d) Cnoidal solution for the BBM-KdV
system. system.

Figure 2.1: Graphs of some cnoidal solutions for the four systems.

31
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CHAPTER 3
EXACT JACOBI ELLIPTIC SOLUTIONS OF THE ABCD-SYSTEM

Abstract

In this manuscript, consideration is given to the existence of periodic traveling-wave solutions
to the abcd-system. This system was derived by Bona, Saut, and Chen to describe small amplitude,
long wavelength gravity waves on the surface of water. These exact solutions are formulated in
terms of cnoidal the Jacobi elliptic function. The existence of explicit traveling-wave solutions is
very useful in theoretical investigations such as stability of solutions, as well as other numerical

analysis of the system.

3.1 Introduction

Let Q be a domain in R3 x R whose boundary consists of two parts: the fixed surface located
at z = —h(x,y), and the free surface z = n(x,y,t). It is well-known that the three-dimensional
capillary-gravity waves on an inviscid, irrotational, and incompressible fluid layer of uniform depth

h that is impermeable on the fixed surface are governed by the Euler equations [24]

AP =0, in Qy;
Nt + GxNx + dyny — . =0, atz =n(x,y,1);

ot 3IVOP +92=0, atz=nlxy,1)

dxhx + dyhy + ¢, =0, at z=—h(x,y).

Here, g denotes the acceleration of gravity; ¢(x,y,z,t) is the velocity potential function. The full
Euler equations (3.1) are often far more complex than necessary for many applications, so several
approximation models have been derived in its place under certain restricted physical regimes. One

such model is the abcd-system, introduced by Bona et al. [6, 5], to describe small amplitude, long
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wavelength gravity waves on the surface of water

Nt +wx + (WT])X + AWxxx — bnxxt = O)

(3.2)
Wi +Tx + WWy + Cllxxx — dwyxt =0 )
where a, b, c, and d are real constants and 6 € [0, 1] that satisfy
1. 5 1
1
c+d:§(1—92)zo, (3.3)
1
atb+ctd=s.

Precisely, the regime for which the above system is derived to approximate the Euler equations is
when the maximal deviation o« of the free surface is small and a typical wavelength A is large as
compared to the undisturbed water depth h, such that the Stokes number S = “h—ﬁz is of order one.
The functions n(x,t) and w(x,t) are real valued and x,t € R. By choosing specific values for the
parameters a,b,c, and d, the system (3.2) includes a wide range of other systems that have been
derived over the last few decades such as the classical Boussinesq system [10, 8, 9], the Kaup system
[26], the coupled Benjamin-Bona-Mahony system (BBM-system) [4], the coupled Korteweg-de Vries
system (KdV-system) [6, 5], the Bona-Smith system [3], and the integrable version of Boussinesq

system [31]. In particular, these specializations are:

e Classical Boussinesq system

Nt + Wy + (Wn)yx =0,

Wi +Tx + Wwy — gwxxt = O;
e Kaup system

1
Nt +wx + (V\’n)x + gwxxx = 0)

Wi + Ny + Wwy =0,

e Bona-Smith system

Nt +wx + (Wn)x - bnxxt = 0»

Wi+ Tx + WWy + Clyxx — DWix = 0;
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Coupled BBM-system

1
Nt + Wy + (Wn)x - gnxxt - Oa
1
Wi+ Tx + WWy — Wyt = 0;

6

Coupled KdV-system

1
Nt +Wx + (Wn)x + gwxxx = O)

1
Wi +1x +WWwy + ET]XXX = Oa

Coupled KdV-BBM system

1
Mt +wyx + (Wn)x + gwxxx =0,

1
Wi +Mx + WWx — —Wiyxt = O;

6

Coupled BBM-KdV system

1
Nt +Wx + (WT])X - gnxxt = O)

1
Wi +Mx + WWy + ET]XXX =0.

For a more detailed discussion on this, we refer our readers to the papers [6, 5].

In this manuscript, attention is given to the existence of periodic traveling-wave solutions to
the abed-system. A traveling-wave solution to the system (3.2) is a vector solution (T](x, t), w(x, t))
of the form

n(x,t) =n(x—ot) and w(x,t) =w(x— ot), (3.4)

where o denotes the speed of the waves. Notice that when o > 0, one obtains a right-propagating
solution, while for o < 0, one has a left-propagating solution. This feature of bidirectional propaga-
tion of (1, w) is a hallmark of the abcd-system in its derivation, and is the main difference between

system (3.2) and the one-way approximation models such as
1
Vi +Vy + E(v")X +lv, =0, p>0,

(which is commonly referred to as the generalized KdV equation when L = 04y, the generalized

BBM equation when L = —0¢, and simply the KdV and BBM equations, respectively, when p = 2),



35

and the cubic, nonlinear Schrédinger equation (NLS)
U 4 Unx + [uPu = 0.

It would also be interesting to analyze the existence of periodic solutions when the two components
propagate at different speeds, and/or when the two components travel in opposite directions. Such
scenarios are not considered in the scope of this paper.

The most studied types of traveling-wave solutions are periodic traveling-wave solutions and
solitary-wave solutions. Periodic traveling-wave solutions are self-explanatory, while solitary-waves
are smooth traveling-wave solutions that are symmetric around a single maximum and rapidly decay
to zero away from the maximum. Though less common, the term solitary-wave is sometimes used
to describe traveling-wave solutions that are symmetric around a single maximum but approach
nonzero constants as § = x — ot — doo. In this manuscript, we consider non-trivial solutions to be
solutions where both components are non-constant, and semi-trivial solutions to be solutions where
one component is a constant. The constant solution, (f, g) for any f, g € R, is always a solution and
will be referred to as the trivial solution.

The topic of existence of explicit periodic traveling-wave solutions for many single equations
are readily available such as for the KdV equation [22], generalized KAV equation [16], BBM equation
[1], NLS equation [25], and Whitham equation [23]. In contrast, there are far less of these results for
systems due to the complexity of the coupled equations involved. Leveling up the scalar results to
systems is no minor task, requiring new insights and new approaches. For the classical Boussinesq
system, Krishnan showed that the periodic traveling-wave solutions exist and are given by Jacobi
elliptic functions [31]. Chen and Li [13] (see also [39]) have recently established the periodic traveling-
wave solutions for the beta derivative of the Kaup system where the first temporal derivative 0y
is replaced by the fractional derivative af , with 3 € (0,1], given in terms of normal trigonometric
functions as well as the Jacobi cnoidal functions. Four systems were recently derived by Nguyen et
al. [21, 36, 32] to describe the interaction of long and short waves in dispersive media, and periodic
traveling-wave solutions given by the Jacobi elliptic function cnoidal have been explicitly calculated
for all four systems [11].

Another important subject regarding traveling-wave solutions is the stability of these solu-
tions. The topic of stability of periodic traveling-wave solutions such as cnoidal waves has attracted
far less consideration than that of solitary-wave solutions. Within this limited attention, explicitly

known formulae for periodic traveling-wave solutions often play an instrumental role. Angula, Bona
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and Scialom [38] proved that the periodic traveling-waves for the KdV equation are nonlinearly
orbitally stable with respect to perturbations of the same period. Central to the argument in their
proof is the fact that the cnoidal waves lie in the set of minimizers, a conclusion that would be hard
to establish without having explicit formula for the cnoidal waves at hand. Deconinck et al. estab-
lished that the KdV cnoidal waves are spectrally stable with respect to perturbations of arbitrary
period [7], and orbitally stable with respect to sub-harmonic perturbations [20]. Again, the explicit
formulae for cnoidal waves play pivotal roles in their numerical computations.

In this paper, periodic traveling-wave solutions to the system (3.2) of the form
n n
n(E) =) jren’(A,m) and w(E) =) kyen"(AE,m), (3.5)
r=0 r=0

are analyzed, where j, ky € R, A >0, m € (0,1], £ = x—ot, n € N such that n > 4, and cn denotes
cnoidal the Jacobi elliptic function. For the readers’ convenience, a brief introduction to Jacobi
elliptic functions can be found in Section 3.2. If m =0, then (3.5) reduces to a cosine series which
is not the aim of this paper and is excluded. For simplicity the sums in (3.5) are both truncated at
n terms, but it will be made clear that truncating at different values, n; and n,, does not change
the results so long as ny, ny; > 4.

The analysis of (3.5) requires consideration of the cases ¢ # 0 and ¢ = 0 separately. For
the first case, ¢ # 0, it is shown that non-trivial periodic traveling-wave solutions only exist when
a? +b? # 0, and in particular, j, = k. = 0 for v > 3. When a? + b? = 0, it is established that
only semi-trivial periodic traveling-wave solutions exist, and that j. = 0 for all r > 1 and k, = 0 for
r > 3. For the second case, ¢ = 0, it is shown that non-trivial periodic traveling-wave solutions only
exist whenbz—l—dz;éo, and that j, =0forr=1,3and r >5and k, =0 for r=1 and r > 3.

The paper is organized as follows. In Section 3.2, some facts and identities of Jacobi elliptic
functions are reviewed. In Section 3.3, the existence of periodic traveling-wave solutions to the
system (3.2) is established. The periodic traveling-wave solutions are then explicitly computed in
Section 3.4. Finally, a discussion of results is given in Section 3.5, including remarks about how

these cnoidal solutions limit to the solitary-wave solutions previously established in [17, 18].
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3.2 Preliminaries

For the readers’ convenience, some notions of the Jacobi elliptic functions are briefly recalled

here. Let

¢ 1
v:J —(t, for0<m<1.
0 V1—m2Zsin?t

Then v = F($, m), or equivalently, ¢ = F~'(v,m) = am(v, m) which is the Jacobi amplitude and
m is referred to as the Jacobi elliptic modulus. The three basic Jacobi elliptic functions: cnoidal
cn(v, m), snoidal sn(v, m), and dnoidal dn(v, m), are defined as

cn(v,m) = cos(p) = cos (F'(v,m)), sn(v,m) =sin(¢p) =sin (F'(v,m)), and

d d

dnfv,m) = () = — (F! (v,m)).

These functions are generalizations of the trigonometric and hyperbolic functions which satisfy

cn(v,0) = cos(v), sn(v,0) = sin(v),

cn(v, 1) = sech(v), sn(v, 1) = tanh(v).

For m € [0, 1), the functions cn(v, m) and sn(v, m) are periodic with period 4K(m), where K(m) is
given by

7r/2 ]
K(m) = —_—dt.
2
0 1 —m?sin“t

We recall the following identities:

sn®(AE, m) = 1 —cn?(AE, m),
dnz(?\i, m) =1—m? + m?cn?(A&, m),

4 cn(AE;m) = —Asn(AE, m) du(AE, m),

dg
d% sn(A&, m) = Acn(AE, m) dn(A&, m),
d% dn(A&, m) = —m?Acn(AE, m) sn(AE, m).

The following relations will be useful

G en” = —rAcen” ! sndn,

2
;—&2 en” = —A?[(r+ )m?en" 2 +r(1 —2m?) en” +(r—1)(m* — 1) en" 2|,
d3

—cn" =mA%sndn [(r+1)(r+2)m*en™ T 413 (1 —2m*)en” T H(r—1)(r—2)(m* — 1) en" ],

g3
(3.6)
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where the argument (A&, m) has been dropped for clarity reason.

3.3 Existence of Periodic Traveling-Wave Solutions

Substituting the traveling-wave ansatz (3.4) into the abcd-system (3.2) yields the following

system of ordinary differential equations (ODE)

—on' +w'+ (mw)’ +aw” +bon” =0, a7

—ow’ + 1’ +ww’ +en’” + dow” =0,

where the primes denote the derivatives with respect to the moving frame & = x — ot. Replacing 1
and w in (3.7) with the periodic traveling-wave ansatz (3.5) and using cnoidal derivative identities

(3.6), the following generic forms are obtained

2n—1
— Asn(A&, m) dn(AE, m Z hi qcn(AE, m) =0,
q=0
2n—1
—Asn(Ag,m)dn(Ag,m) > hyqend(Ag,m) =0,
q=0

(3.8)

where the subscript q in hy 4 and h; 4 corresponds with the power of cn in their respective equations.
Here the hy, ¢ = Hp q(A,m, 0,ji, ki), that is, some function of the parameters defined in (3.5) that
depends on the equation p and the power q of cn in the equation.

As (3.8) must hold true for all &, the linear independence of the cnoidal function implies that
hi,q = 0 and hy ¢ = 0 for all q. Consequently, finding a periodic traveling-wave solution for the
abcd-system (3.2) of the form (3.5) is now equivalent to finding a solution to the system of algebraic
equations, hy ¢ =0 and hy 4 = 0 for all q. Using these equations, we show that the j, and k. from
(3.5) must be zero for all r > ry and v > 12, respectively. The exact values of r; and 1, are found to
be dependent on first, whether ¢ # 0 or ¢ = 0, and second, the values of the other parameters a, b,

and d. The analysis is now split to independently study when ¢ # 0 and ¢ = 0.

3.3.1 The case when c # 0

As hq g =0 and hy 4 = 0 for all q, the following theorem is established. (Recall that j, and

k, are the coefficients of cn™ as given in (3.5) for r € Z>o.)

Theorem 1. Suppose ¢ # 0, then the periodic traveling-wave ansatz (3.5) will take on one of the

following forms depending on the values of a and b:
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1. If a> +b% #0, then j, =k, =0 for all integers T > 3 and (3.5) reduces to

n(&) =jo +j1 ecn(A&,m) +j2en?(AE,m)  and W(E) = ko + ki cn(AE, m) + ka cn?(AE, m) .
(3.9)

2. If a> +b%2 =0, then j, = 0 for all integers v > 1 and k, = 0 for all integers v > 3. Thus, (3.5)

reduces to

n(E) =jo and w(&) =ko + ki cn(A&, m) + kz cn?(AE, m). (3.10)
Consequently, only semi-trivial periodic traveling-wave solutions exist in this case.

Proof. (1.) Let p(1’) denote the largest power of cn in 1. Then,

pm)=pwW)=n—-1, pMm")=pW"”)=n+1, and p((Mw)’)=pww’)=2n—1.

From this, since n > 2 it follows that 2n — 1 > n + 1, which implies that the coefficient of cn?™!

in the second equation of (3.8) will solely come from the ww’-term. Thus, h 2n—1 = nk2. Setting

this coefficient equal to zero gives k,, = 0. Recalculating the above orders yields

pm)=n—1, pw)=n-2, pM")=n+1, pWw”)=n, p(mw))=2n-2, and

plww’) =2n —3.
After i iterations, the orders become

pm)=n—-1, pw)=n-2—-1, pMm”)=n+1, pw”)=n—-1i, p(Mw))=2n-2-1i,

and p(ww’)=2n-—3-—2i.
This argument can be repeated until p(ww’) < p(n’”’). Now, consider the two possibilities for n.

e If n is even: let z € Z>y such that n = 2z. Then p(ww’) =2n—3 —2i =4z —3 —2i and

pMm”)=n+1=2z+1. Since p(ww’) and p(n’’) are both odd, there exists an integer i such

///)

that p(ww’) = p(n’”). Solving for i gives

4z —3—-21=2z+1.

Thus, p(ww’) = p(n””’) when 1 = z — 2. Recalculating the orders reveals

pn)=2z—-1, pw)=z pM")=2z+1, pWw")=z+2, p(Mw)’)=3z, and

plww’) =2z +1.
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e If n is odd: let z € Z>y such that n =2z+ 1. Then p(ww’) =2n—3—-2i =4z—1—2i and

//l)

pM”)=n+1=2z+2. Since p(ww’) is odd and p(11"”") is even, there will not be an integer

/I/)

i such that p(ww’) = p(1””"). So this argument will break when p(ww’) < p(n"”’), which will

happen when
4z —1—-2i< 2242,

which gives 1 > z — % Thus, i = z—1 will be the first iteration such that the above inequality

is achieved. From here, the orders become

p(n’) =2z, pw') =z pM")=2z+2, pW")=z+2, p(Mw))=3z+1, and
plww’) =2z +1.

However, p(n”’) > p(ww’), so from the second equation, the coefficient of cn?*+2

will solely
come from the n’’-term, which implies h2 2,42 = —cA?m?(2z+1)(2z +2)(2z + 3)j22+1. Since

¢, A, m are not zero, it must be the case that j;,.1 = 0. Recalculating the orders reveals

pm)=2z—1, pw') =z pM")=2z+1, pWw")=z+2, p(Mw)) =3z, and
plww’) =2z +1.

So, regardless of whether n is even or odd, the same reduction of orders is achieved. The orders of the
second equation are now balanced, but the orders in the first equation are not. Specifically, p((nw)’)
is greater than any other term in the first equation. This means that the coefficient of cn3? in the
first equation of (3.8) will solely come from the (mw)’-term, which implies hy 3, = (3z 4+ 1)j2:Kz41.

Demanding hy 3, = 0 yields that either j, =0 or k.1 =0.

e If k,. 1 = 0: recalculating the orders

pn)=2z—-1, pw)=z—-1, pM")=2z+1, pWwW")=z+1, p(w))=3z-1,

and pww’)=2z—1.

Like in the odd case above, p(n”’) > p(ww’), so the coefficients of cn?**! and cn?? are solely
given by the n’/-term. This implies that hy 2,11 = —cA*m?(2z)(2z + 1)(2z + 2)j2.. Since
¢, A, m are not zero, it must be the case that j,, = 0. Similarly, since h, >, = —cA?m?(2z —

1)(22)(22 4+ 1)j2,—1, the same logic yields jo,—1 = 0. Thus,

P(Tl,) :22’_35 p(wl) 22_17 p(n/”) :22’_17 p(W,N) :Z+]7 p((TlW)/) :32_37

and plww') =2z—1.
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e If j,, = 0: recalculating the orders

pn')=2z—-2, pw)=z pM") =2z, pW")=z+2, p(Mw))=3z—1, and

plww') =2z +1.

2

///) 2,

Now, p(ww’) > p(n’), so it is similarly deduced that h 2,41 = (z + 1)k;,; which implies

kz+1 = 0. Therefore,

P(n/) :22727 p(W/) 22717 P(Tlm) :22’7 p(wlﬁ) :Z+17 p((nw)/) :3272a and

plww’) =2z —1.
Again p(n”’) > p(ww’), s0 j2,_1 = 0. Consequently,

pm) =2z-3, pw)=z—-1, pn")=2z-1, pw")=z+1, p((nw))=3z-3,

and plww') =2z—1.

So, regardless of whether j,, = 0 or k, 1 = 0, the same order reduction is achieved. After i iterations

of this argument, the orders become
pm’) =2z—-3-2i, pw')=z—-1-1, pM")=2z—-1-2i, pw")=z+1-1,
p((Mmw))=3z—3—-31, and pww’')=2z—1-2i.

By balancing the orders, there are three instances in which this argument breaks. From the first

///) ///)

. From the second

equation, the argument breaks when p((mw)’) < p(w”’) or p((mw)’) < p(n

equation, the argument will break when p(ww’) = p(n””’) < p(w’’).
p(mw)) <pw™): 3z-3-3i<z+1-1 &= z-2<4%
p(m)) <pMm”): 3z—-3-31<2z—1-21 & z—-2<i;
plww’) =pm”) <pw”): 2z—1-2i<z41-1 < z-—-2<i
So this argument will break after (z — 2) iterations for all three cases. Plugging i = z — 2 and

recalculating the orders a final time yields

pm) =1, pw) =1, p(n™) =3, pw”) =3, plw)) =3, and pww')=3. (3.11)

Since ¢ # 0 and a? + b? # 0, the highest order terms in both equations are balanced. Furthermore,
since p(n’) = p(w’) =1, the identities in (3.6) imply that p(n) = p(w) = 2. Therefore, if ¢ # 0 and
a? 4+ b2 #0, then j, =k, =0, for all r > 3.



42

(2.) If a®> +b? =0, then a = b = 0. With this, the first equation in (3.7) is reduced to

—on’ +w' 4+ (mw)" = 0.

The orders in (3.11) are now unbalanced since p((nw)’) > p(n’) = p(w’). So, hy 3 = 4j2k, which

implies either j; =0 or k; =0.
e If j, = 0: then it follows that h > = 3j1k;, so either j; =0 or k, =0.

— If j; =0, then the desired result is obtained.

— If k; = 0, then the orders in the second equation of (3.7) are unbalanced, and h;; = k3
which yields k1 = 0. Now p(ww’) < p(n””’) so from the same argument used in the proof

of (1.), it follows that j; = 0.
o If ko =0: then hy > = 3j2k1, so either j, =0 or k; =0.

— If j; =0, then we arrive at the same case as above, and it follows that j; =k; = 0.

— If ky = 0, then w = k¢ which implies ww’ = 0. Now, the second equation in (3.7)
becomes

T]/ + CT]W — O)
but p(n”) > p(n’), so it quickly follows that j; =j; = 0.

Therefore, when ¢ # 0 and a? +b? = 0, j, = 0 for all integers r > 1. Moreover, the same
result proved in (1.) holds for w, that is, k. = 0 for all integers r > 3. Thus, 1 is constant, so there

are only semi-trivial periodic traveling-wave solutions in this case. O

Remark. The above theorem will still hold if n and w in (3.5) are truncated at different values of
n; and ny, so long as nj, no > 2. However, the proof would need case splits for when n; > n;
and n; < ny, and inside these additional case splits there would be further splitting for when the
difference of n; and n, is even or odd. For this reason, we have only considered the case when

ny =N =n.

From the above analysis, we see that non-trivial periodic traveling-wave solutions to (3.7)

may only occur when ¢ # 0 and a? 4+ b? # 0, so we will focus on this case. Under these conditions,
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jr = ky = 0 for all integers r > 3, so (3.8) reduces to

—Asn(Ag, m) dn(Ag,m qucn (A&, m) =0,
q 0

—Asn(Ag, m) dn(Ag, m thc.cnq(xa, m) =0.
q=0

Next, by demanding hy 4 = 0 and h; ¢ = 0, we obtain the following system of 8 equations
with 9 unknowns, A, m, o, ji, and k; for i =0,1,2:
hi3 = 24 b7\2m20'j2 —24 Cl)\zmzkz +4jska,
hi2 = —6bA?m?0j; — 6 aA’>m?k; + 3j1ka + 32k,
h1‘1 = 16b7\2m2(rj2 + 16 (l?\zmzkz — 8b}\20‘j2 -8 a}\zkz — 20‘j2 Jijokz

+2j1k1 + 2j2ko + 2 k3,
h1‘0 = Zb?\zmzcrj1 + 2a7\2m2k1 — b}\20‘j1 — a?\2k1 —0j1 +jok1 +j1ko + ki,
(3.12)

ha 3 = —24 d\*m?0ky — 24 cA’>m?j; + 2k3,

h 2 = —6d\*m?oky —6cA?m?j; + 3kika,

h2‘1 = 16d7\2m20'k2 + ]6C7\2m2j2 - Sd)\z()'kz — 8C7\2j2 —20‘](2 +2kok2

+k3 + 242,

ha,0 = 2dMm?oky +2cA?m?j; — dA\?o kg — cA?j; — oky + koky +71 -

The exact periodic traveling-wave solutions to (3.7) could then be established by solving the
system of nonlinear equations (3.12) with the help of the computer software Maple. As there is
one degree of freedom, any of the 9 unknowns can be chosen as a free parameter. In most physical
settings, it is desirable to have the elliptic modulus m as the free parameter. With this in mind, the
solutions found in the next section will be given in terms of m, along with the systems’ parameters
a, b, ¢, and d. In Section 3.4.1, a solution is found with j; = k; = 0. For this special case, (3.12) is
reduced to a system of 4 equations with 7 unknowns which creates two new degrees of freedom. In
this case A and o, the wavelength and the speed of the wave respectively, will be chosen along with
m as the free parameters in our solutions. Furthermore, semi-trivial solutions for the case when

¢ # 0 and a? + b? = 0 will be presented in Section 3.4.3.
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3.3.2 The case when c =0

When ¢ = 0, system (3.7) reduces to

—on’ +w'+ mw)’ +aw” +bon” =0,

(3.13)
—ow’ +1" +ww’ +dow” =0.
In addition, (3.8) will take on the form
2n—
— Asn(A&, m) dn(AE, m Z 1,qcnd(AEm) =0,
- (3.14)

— Asn(AE, m) dn(AE, m Z hy g cn9(AE,m) =0,

where }Nn,q =h1,qlc=0 and ﬁzyq =h2 gle=0-
As }Nn,q =0 and ﬁzyq = 0 for all q, the following theorem is established. (Recall that j, and

k. are the coefficients of cn” as given in (3.5) for v € Z>¢.)

Theorem 2. Suppose ¢ = 0, then the periodic traveling-wave ansatz (3.5) will take on one of the

following forms depending on the values of b and d:

1. If b2 +d% # 0, then j, = 0 for all integers v > 5, and k. = 0 for all integers v > 3. Thus,

(3.5) reduces to

N(&) =jo +j1 en(A&, m) +j2 cn? (A&, m) +j3 cn® (A&, m) + j4 cn (A&, m)

and w(&) = ko + k1 ecn(A&, m) 4+ ka cn? (A&, m) .

2. If b2 +d%2 =0, then j, =k, = 0 for all integers v > 1. Consequently, only the trivial solution

exists in this case.

Proof. (1.) Let p(n’) denote the largest power of cn in n’. Then,

pm)=pw)=n—-1, pMm"”)=pw"”)=n+1, and p(mw)’)=pww’)=2n—1.

Since n > 2 it follows that 2n — 1 > n + 1, which implies the coefficient of cn?™! in the second
equation of (3.14) will solely come from the ww’-term. Thus, hy 2,1 = nk2. Setting this coefficient

equal to zero gives k,, = 0. Recalculating the above orders yields
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pm)=n—-1, pWw)=n-2, pM")=n+1, pw”)=n, p(mw))=2n—-2, and

p(ww’) =2n — 3.

After i iterations of this argument, the orders become

///)

pm)=n—-1, pw)=n-2—-1, pMm”)=n+1, pWw”)=n—-1i, p(Mw))=2n-2-1,

and p(ww’)=2n-—3-—2i.
In the proof of Theorem 1, it was shown that this argument can be repeated until p(ww’) < p(n””),

but for the ¢ = 0 case, the n’’-term is no longer present in the second equation of (3.7). Thus, the

argument will break when p((nw)’ ) < p(n’). Now, consider the two possibilities for n.

e If n is even: let z € Z>7 such that n = 2z. Then p(ww’) =2n—3 —2i =4z —3 —2i and
p(Mm’') =n—1=2z—1. Since p(ww’) and p(n’) are both odd, there exists an integer i such

that p(ww’) = p(n/). Solving for i gives
4z—3—-2i=2z—1.

Thus, p(ww’) = p(n’) when i = z — 1. Recalculating the orders yields

) =2z—1, pw)=z—1, pMm")=2z+1, pw")=z+1, p((Mw))=3z-1,

and plww')=2z-1.

o If nis odd: let z € Z>7 such that n =2z 4 1. Then p(ww') =2n—3 —2i =4z —1—2i and
p(n’) =n—1=2z. Since p(ww’) is odd and p(n’) is even, there will not be an integer i such
that p(ww’) = p(11’). So this argument will break when p(ww’) < p(n’), which will happen

when
4z —1-21< 2z,
which yields i > z— % Thus, i = z will be the first iteration such that the above inequality is

achieved. From here, the orders become

p(n’) =2z, pw)=z—-1, pM")=2z+2, pWw")=z+1, p(Mw)’)=3z, and

plww’) =2z—1.

However, p(n’) > p(ww’), so the coefficient of cn?? in the second equation will solely come from
the n’-term, which implies flz,zz = (224 1)j2241. It then follows that j2,+1 = 0. Recalculating

the orders yields
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) =2z—1, pw)=z—1, pMm")=2z+1, pw")=z+1, p((Mw))=3z-1,

and plww')=2z-1.

So, regardless of whether n is even or odd, the same reduction of orders is achieved. Now the orders of
the second equation are balanced, but the orders in the first equation are not. Specifically, p((nw)’)
is greater than any other term in the first equation. This means that the coefficient of cn3#~1 in

the first equation of (3.8) will solely come from the (nw)’-term, which implies ﬂhgz,] = 3zj2.k;.

Demanding Fu ,3z—1 = 0 reveals that either j;, =0 or k, =0.
e If k, = 0: recalculating the orders

///)

P(n/) = 2Z_17 p(wl) = Z‘_Za p(n”/) = ZZ+ 17 p(W =z, p((T]W)/) = 3Z_2a and

plww'’) =2z —3.

2 are solely

Like in the odd case above, p(n’) > p(ww’), so the coefficients of cn??~' and cn?*~
given by the n’-term. This implies that 32,21_1 = 22j;,, so it follows that j,, = 0. Similarly,

since FLZ,ZZ—Z = (22— 1)j2,—1, the same logic yields jo,—1 = 0. Thus,

///)

P(n/) = 2Z_37 p(wl) = Z‘_Za p(n”/) =2z— 17 p(W =z, p((nw)/) = 32_4a and

plww'’) =2z —3.
o If jo, = 0: recalculating the orders

P(n/) :22727 p(W/) 22717 P(Tlm) :227 p(WH/) :Z+17 p((nw)/) :3272a and

plww’) =2z —1.

Now, p(ww’) > p(n’), so it is similarly deduced that ﬁ2,22_1 = zkZ which implies k, = 0.

Therefore,

p(Tl/) = 22727 p(wl) = 2’727 P(Tl/”) = 22’7 p(WNI) =z, p((nw)/) = 32’737 and

plww’) =2z —3.

Again p(n’) > p(ww’) s0 j2,—1 = 0. Consequently,

///)

P(Tl/) = 22_37 p(wl) = Z_zv p(Tl”/) =2z— 17 p(W =z, p((ﬂw)/) = 32'_4a and

plww’) =2z —3.

So, regardless of whether j,, =0 or k, = 0, the same order reduction is achieved. After 1 iterations

of this argument, the orders become
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pMm)=2z-3-2i, pWw)=z-2—-1, pM")=2z—-1-2i, pWw")=z-1,

p(mw))=3z—4-31, and pww’)=2z—-3-2i.

By balancing the orders, there are two instances in which this argument breaks. From the first

///)

equation, the argument breaks when p((nw)’) < p(n””’), and from the second equation, the argument

//I).

will break when p(ww’) = p(n’) < p(w

p(mw)) <pm™): 3z2—4-3i<2z—-1-2i & z-3<4i

plww’) =pm’) <pw”): 2z—-3-2i<z—-1i <= z-3<1i

So this argument will break after (z—3) iterations for both cases. Plugging i = z—3 and recalculating

the orders a final time yields
=3, p(mw)) =5 and pww')=3.

Since ¢ # 0 and b2 + d? # 0, the highest order terms in both equations are balanced. Furthermore,
since p(n’) =3 and p(w’) =1, the identities in (3.6) imply that p(n) =4 and p(w) = 2. Therefore,
if ¢ # 0 and b? 4 d? # 0, then j, = 0 for all * > 5 and k, = 0 for all r > 3.

(2.) If b2 +d? =0, then b = d = 0. Recall that the parameters a, b, ¢, and d must satisfy the
three conditions given in (3.3). Since b =c = d =0, it follows that a = % With this, system (3.13)

reduces to

"

1
—Gn’+W’+(nWJ’+§w =0,
—ow’ +1' +wnw’ =0.

Now, ]:11 ,5 and }12,3 are given by
his=6jska and hy 3 =4js + 2Kk3.

Requiring these both to be zero implies that j4 = k, = 0. Substituting this into the rest of the

coefficients, it follows that ﬁzyz = 3j3 which implies j3 = 0. Now, fu,z and FLZJ are given by
fl] 2= —kq (27\2 2 3)2) and flz)] = k]z +2j2.
Requiring ]:12’1 =0 yields j, = —%k1 2, and substituting this into h 2 gives

FL] 2= —%lq (47\2m2 + 3k 2).
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Since A, m > 0 and k; € R, it follows that 4A?m? + 3k2 > 0. Thus, k1 = 0, and similarly, j, = 0.
Finally, ]:12‘0 =j, forcing j; = 0.
Therefore, when ¢ # 0 and b? + d? = 0, it is deduced that j, = k, = 0 for all integers r > 1

which implies both 1 and w are constant and consequently, only the trivial solution exists. O

Remark. The above theorem will still hold if n and w in (3.5) are truncated at different values of
n; and ny, so long as ny > 4 and n, > 2. However, the proof would need case splits for when
n; > n, and n; < ny, and inside these additional case splits there would be further splitting for
when the difference of n; and n; is even or odd. For this reason, we have only considered the case

when n; =ny, =n.

The above theorem shows that periodic traveling-wave solutions to (3.13) may only occur
when ¢ = 0 and b? + d? # 0, so we will focus on this case. Substituting j, = 0 for all r > 5 and

ky =0 for all r > 3 into (3.8) yields

hi,q cnd(AE,m) =0,

M

— Asn(A&, m)dn(AE, m)
0

a
Il

hy g cn9(AE, m) = 0.

M

—Asn(AE, m)dn(AE, m)

q=0

Next, by demanding Fn,q =0 and ﬁz,q = 0, we obtain the following system of 10 equations
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and 11 unknowns, A, m, o, j; for i=0,1,...,4, and k; for i =0,1,2:

hi5 = —6js (20bA?m?0 —k2) ,
hy 4 = —60bA’>m?0j3 + 5j3k2 + 5jak1

]:11,3 =24 b)\ZmZO'jz + 128b7\2m20j4 —24 Cl)\zmzkz — 64b)\20'j4 —4 0'j4 +4j2k2

+4j3k1 +4jako,

]:\,1,2 = —6b?\2m20j1 +54b)\2m2crj3 — 6a?\2m2k1 —27b)\20'j3 —30j3+3j1kz

+3j2k1 + 3jsko,

hi1 = 16bA*m?0j; — 24 bA*m?0js + 16 aA*m?ks — 8bA%0 2 + 24 bA% 04
(3.15)
—8 a7\2kz —ZO‘jz —|—2jok2 —|—2j1k1 —|—2j2k0 —|—2k2,

hi o =2bA?m?0j; —6bA2m20j3 + 2 aA’>m?k; — bA%oj1 + 6bA%0j3 — aA’ky — o)
+ok1 +jiko + okf ka,

hy3 = —24d\?m20k; +2K3 + 44,

hy 2 = —6d\m?ok; +3kika + 33,

ha1 =16dA*m?ck; —8dN\oky —20ky + 2koka + K5 + 242,

ha0 =2d\m?oky — dA2oky — ok + koky +771 -

Numerical computation shows that if j; # 0 or j3 # 0, then there does not exist a solution
to (3.15). Similarly, numerical computation shows if kqy # 0, then the only solution to (3.15) is one
such that o = 0, a contradiction. So, we will proceed under the assumption that j; =j; = k; = 0.

In particular, the only non-trivial periodic traveling-wave solutions to (3.13) are of the form

(&) =jo +j2en?(A&, m) +jacn? (A&, m) and w(&) = ko + ka cn?(A&, m). (3.16)
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Moreover, this reduces (3.15) to the following system of 5 equations with 8 unknowns:

FL1,5 = —6]4 (20b7\2m20—k2) s

Fu 3= —24b7\2m20j2 + 128 b?\szO'j4 —24 07\2m2k2 — 64b7\20'j4 —40'j4 +4j2k2

+4jako,

hi,1 = 16bA’m?0j2 — 24bA°m?0j4 + 16 aA*m?k,; — 8bA%0j2 + 24 bA%0jg
(3.17)
-8 aAzkz 720‘)'2 +2]'0k2 +2j2ko +2ky ,

hy3 = —24dA\2m2oky 4 2k% + 444,

Flzy] = 16d}\2m20'k2 —Sd}\z()'kz —ZO'kz +2kokz +2j2,

hia=hip=hjo=ha2=hy0=0,

where Ny q = N1,qljy=js—ki—0 and ha,q = ha,qlj, =5 =k, —o-

The exact periodic traveling-wave solutions to (3.13) could then be established by solving the
system of nonlinear equations (3.17) with the help of the computer software Maple. As there are
three degrees of freedom, any combination of the 8 unknowns could be chosen as free parameters.

For consistency, we will choose A, m, and o as free parameters, like in the previous section.

3.4 Exact Jacobi Elliptic Solutions

Finally, explicit solutions to the abcd-system (3.2) are given for the cases ¢ # 0 and ¢ = 0.
Discussion of these solutions, and how they limit to solitary-wave solutions, will be left for the next
section. In addition to the explicit solutions being stated, graphs of these solutions will also be

provided.

3.4.1 The case when c # 0

Solving (3.12), our solution will take the form as stated by (3.9), where the parameters are

found to be given by one of the following sets.

1. When ac(b—6d)(3b—2d), c(2m?—1)(b+2d)(3b+2d) < 0 and (2m?—1)(3b+2d)(b—d) >0
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with equality only when b =d:

. a(3b+2d)(21b—46d)+2c(3b—2d) (b—6d)
Jo="— 2c(3b—2d) (b—64d) ’

12am(3b+2d)y/2m2—1)(3b+2d)(b—d)
c(b—6d)3b—2d)(2m2—1) ’

. 9am?(3b+24d)
2= Bv—2d)2m2—1)’

(21b+8c+14d)\/—2ac(b—6d)(3b—24d)
2c¢(b—6d)(3b—24d) ’

6my/—2ac(b—6d)(3b—2d)(2m2—1)(3b+2d)(b—d)
2 c2m2—1)(b—6d)(3b—24d) )

9m?(3b+2d)y/—2ac(b—6d)(3b—24d)
c2m2—1)(b—6d)(3b—24d) ’

N —6(3b+24d)
2V c2m2—1)(b+24d)’
_ 4y/-2ac(b—6d)(3b—24d)
T b=6d)3b-24) '

j1=—T1T2

koIT]

ki =

(3.18)

kz = —T

me(0,1].

Finding this solution requires taking the square root of two terms, which leads to two inde-

pendent plus or minuses. To avoid confusion, we define

T :{1) _1} and T2:{1)_1},

to denote these independent plus or minuses. Two graphs of this solution can be found below
in Figures 3.1a and 3.1b, in which 1 is graphed in blue and w in green. The explicit parameters

chosen for each graph are given in the captions.
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T]:],T2:1} T]Z—],T2:1}

Figure 3.1: Graphs of solution (3.18)

2. When 8ac + 0%(b —2d)? > 0:

j] =k :0»
1

(—8b4c7\2m264
42 <4ac—|—02 (b2+4d2)+o(b+24d) \/8<1c—i—cr2 (b—2d)2>

jo =

+16b3cdA2m?o* — 64 ab?c2A?m20? —32abc2dA2m?o? — 64 ac?d?Aimio?
+4b*cA20* —8b3cdA20? — 64 a?c3Aim? + 32 ab?c?Ao? + 16 abc2dA2o?

+32ac?d?A2o? +b*o* —4b3d o* +4b2d?0* +32a?c3A2 + 8abco? —8abedo?

—4b%c?0? —16c2d?0? +8a?c? —16acd ¥ 0'\/8 ac+o2(b—2d)? (8b3c)\2m202
+32abc2A?m? +32ac?dA?m? —4b3cA20? —16abc2A?2 —16ac?d A2 —b3o?

+2b2d62—4abc+4bcz+802d)),

}\2 2
j2:32:1 (4ac+b62(b—2d)ib0\/8ac+02(b—Zd)2>>

1

(— 8bZcA?m2o? — 32 ¢ d?A?m?co?
2¢ (G(b+2d) +/8ac+0? (b2d)2>

ko =

—32ac?AM’m? +4b%cAN?0? +16cd?A20? +16aA’c? —b?02+2bco? +2bdo?

+4cd62—4acq26\/8ac+62 (b—2d)2(8bc7\2m2+16cd?\2m2 —4bcA?

—80d)\2+b—2c>),

k2 =3A*m? <G(b+2d)j:\/8ac+02 (b—2d)2) ,

A>0,0#0, me (0,1].
(3.19)
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Above, the + and F should be chosen such that the top or bottom signs are chosen together.
Two graphs of this solution can be found below in Figures 3.2a and 3.2b, in which n is graphed

in blue and w in green. The explicit parameters chosen for each graph are given in the captions.

(b){)x:%,m:%,c:—%,a:(),b:—],c:
d = 2} and the bottom signs of + and F

,0'=1,(l=],b=—%,

(a) {}\:13 m = %
c¢ =1, d =1} and the top signs of + and F

Figure 3.2: Graphs of solution (3.19)

3.4.2 The case when c =0
Solving (3.17), our solution will take the form as stated by (3.16), where the parameters are

found to be given by one of the following sets.
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1. When4b—d #0:

jo = m(—ﬂb?\“o“ (4b—d)?(5b—3d) (1Tm* — 11 m2 —4)
+302(4b—d) [3d—4b (3+5aA (2m? —1)) ] +9a?),

. 20bA?m? (3a+4A0?(4b—d)(5b—3d) (2m? 1))

2= 34b—d) ’

ja =—40bA*m*e2 (5b—34) , (3.20)

ko —3a+02(4b—d)(3—-20bA? (2m? —1))

30(4b—4d) ’

k2 =20bA’m?o,

A>0,0#0,me (0,1].

Two graphs of this solution can be found below in Figures 3.3a and 3.3b, in which n is graphed

in blue and w in green. The explicit parameters chosen for each graph are given in the captions.

)m:%aG:_zva:])b:_])d_%} (b){)\:],m:%,o‘:],azo,b:%,d:l}

1
bl

Figure 3.3: Graphs of solution (3.20)
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2. When b —2d #0:

a?—0?(b—2d)(b—2d(1+2ar* (2m?—1)))

jo=

o2 (b—2d)> ’
) adA?m?
2= m
2 2 2
kO:a-l-O' (b—24d) (1—4d7\ (Zm —1)), (3.21)
o(b—24d)

k, = 12dA?*m?o,

A>0,0#£0,me (0,1].

Two graphs of this solution can be found below in Figures 3.4a and 3.4b, in which n is graphed

in blue and w in green. The explicit parameters chosen for each graph are given in the captions.

(a){)\:],m:%,O':—],(l:—%,bzz, (b){?\:Z,m:

Figure 3.4: Graphs of solution (3.21)
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3.4.3 Semi-trivial Solutions

Substituting a = b = 0 into (3.12) and solving, a solution of the form (3.10) is found where

jO :_]»
ko = —-8dA*m2o+4dAo+ 0,
ki =0, (3.22)

k2 =12dA*m?o,

A>0,0#£0, me (0,1].

One may notice that Figures 3.2b and 3.4b are graphs in which n = —1. In fact, these are exactly
graphs of solution (3.22), so additional graphs need not be provided here. The relationship between

solution (3.22) and solutions (3.19) and (3.21) is made clear in the next section.

3.5 Conclusion

As stated at the end of Section 3.4.3, there is a distinct relationship between solutions (3.19),
(3.21), and (3.22). In fact, if o(b —2d) > 0, then solution (3.21) can be retrieved by taking the
limit as ¢ approaches zero of solution (3.19) while choosing the bottom signs for + and F. Similarly,

solution (3.22) can be recovered from solutions (3.19) or (3.21) in any of the following ways

e if do > 0, then evaluating solution (3.19) at a = b = 0 and choosing the top signs for + and

=+

e if o(b —2d) > 0, then evaluating solution (3.19) at a = 0 and choosing the bottom signs for

+ and F;
e if b—2d # 0, then evaluating solution (3.21) at a = 0.
The semi-trivial solution (3.22) is also of importance. When we evaluate system (3.2) at
N =—1 and a =0, it collapses to a single equation. This equation is

Wi + WWy — dWyyxt =0,

which is exactly the BBM equation after a transformation. This equation has been shown to have

cnoidal wave solutions [1], so it is especially important that we recovered a cnoidal solution for this
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case.

Another fundamental property of the Jacobi cnoidal function is that as m approaches one, the
cnoidal function limits to the hyperbolic secant function. This is important because solitary-wave
solutions are often given in terms of hyperbolic secant functions. Thus, in principle, taking the limit
of our solutions as m approaches one may retrieve solitary-wave solutions. Indeed, for (3.19) and

(3.21) we get solitary-wave solutions of the form
N =jo +j2sech?(A(x — 5t)) and w = ko + ka sech?(A(x — ot), (3.23)

where the bar indicates the evaluation at m = 1. This straightforward computation is left to the
reader. Some solitary-wave solutions for these solutions are graphed in Figures 3.5a and 3.5b, in
which 1 is graphed in blue and w in green. The exact values chosen for the parameters are given
in the captions of each figure. In the paper [17, 18], solitary-wave solutions were shown to be given
exactly by the same form in (3.23) for cases{a =0, ¢ #0},{b=d =0, a=c}and {b=c =0, d # 0}

where the coeflicients solve certain equations.

107
0
- 10
B Lo
20 63{
1 gl
T T T e )
-10 =5 0 3 10
X
(a) Solution (3.19) when A =1, m=1,0=1,
a=1,b =—%, c =1, d =1} and the top signs (b) Solution (3.21) when {A=1, m=1,0=-1,
of + and F are chosen a:—%,b:2, d=2}

Figure 3.5: Graphs of solitary-wave solutions of form (3.23)

From solution (3.20), we get a solitary-wave solution of the form

1 =Jo +Jj2sech?(A(x — ot)) +Jja sech*(A(x — ot)) and w = ko + kzsech?(A(x — ot)),  (3.24)
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where again, the bar indicates the evaluation at m = 1. This is graphed in Figure 3.6a, in which
7 is graphed in blue and w in green. The form found in this paper (3.24) again matches the form
of solitary-wave solutions found in [17, 18] for cases {a = ¢ = 0} and {c = d = 0, b # 0}. This also
re-emphasizes exactly what was found in this paper, that solutions with a cn* term in 1 can only
occur when ¢ = 0.

Similarly, looking at solution (3.22) as m approaches one, we get a solitary-wave solution of
the form

n=—1 and w =k + kasech?(A(x — ot)),

which was also found in [17, 18] for the case {a = 0}.

Of course, there is no one-to-one correspondence between cnoidal solutions and solitary-wave
solutions. Thus, one should not expect to establish all solitary-wave solutions by taking the limit
as the elliptic modulus m approaches one. One such instance of this is found in (3.18), where a

solution of the form

1 = jo+j1 sech(A(x—5t))+j2 sech? (A(x—at)) and w = ko+k; sech(A(x—5t))+kz sech? (A(x—at)),

(3.25)
is achieved as m approaches one. This is graphed in Figure 3.6b, in which n is graphed in blue and
w in green. This form of solution was not found in [17, 18], showing the lack of correspondence. In
turn, a form of solitary-wave solutions was found in [17, 18] that was not recovered in this paper.

This solution is found when {b =c =d =0, a > 0}, and takes the form

N =jo+j2sech’(A(x —ot)) and w = ko + kj tanh(A(x — ot)).

This solution was not established in this paper because hyperbolic tangent is not a limiting case of

the Jacobi cnoidal function.



(
a

a

)

Solution (3.20) whenA=1,m=1,0=1, (b) Solution (3.18) when {m =1, a =—2
c

0b=1d=1 = ld=ltn=11n="1

Figure 3.6: Graphs of solitary-wave solutions of form (3.24) and (3.25)
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CHAPTER 4
CONCLUSION

In conclusion, it has been shown that periodic traveling-wave solutions given by the Jacobi
cnoidal function exist for both the four systems and the abcd-system. In this final chapter, future
research directions will be discussed.

With explicit formulae for the periodic traveling-wave solutions, a variety of applications in
numerical analysis are now possible. One such example is the study of stability of these solutions.
This study is the most practical application of these newly found solutions.

Certain solitary-wave solutions have been presented in this paper, but there is no one-to-one
correspondence between Jacobi cnoidal solutions and solitary-wave solutions. For the abcd-system,
all solitary-wave solutions have been calculated in [17, 18]. In Chapter 3.5, the relationship between
solitary-wave solutions found in [17, 18] and the solutions recovered in this paper was discussed. For
the four systems, synchronized solitary-wave solutions have been found in [33], but in general, all
solitary-wave solutions have not been explicitly found. So, although certain solitary-wave solutions
were found as limiting cases here, it is not expected that all solitary-wave solutions were found. An
interesting future research direction would be to explicitly calculate all solitary-wave solutions, and
compare them to the solitary-wave solutions presented here.

In this thesis, it was assumed that both waves were traveling in the same direction, and with
the same speed. A fundamental property of the abcd-system is it allows for bidirectional waves. It
would be interesting to see if cnoidal solutions could be found in the setting where the waves are

traveling in opposite directions. That is, solutions of the form (u(x,t),v(x, t)) where

u(x,t) =f(x —ot) and v(x,t) = g(x+ ot).

This is not a feature of the four systems, so it is not expected that a solution like this would

exist. However, for both systems, it would also be interesting to study the existence of periodic
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traveling-wave solutions that travel at different speeds, i.e. solutions of the form

u(x,t) =f(x—ot) and v(x,t) = g(x — o2t),

when o7 # 03.

Topological degree theory for positive operators [29, 30] is another approach to proving the
existence of periodic traveling-wave solutions. This theory has been used to prove the existence
of periodic traveling-wave solutions for the four systems [12]. For the abcd-system, this approach
was used in [15] to prove the existence of periodic traveling-wave solutions when b, d > 0 and
a, ¢ < 0, but has not been used to prove existence in general. A future research direction would be
to use topological degree theory to prove the existence of periodic traveling-wave solutions for the
abcd-system in a general setting, rather than the approach used in this thesis.

Another future research direction would be to study the conservation laws of these systems.
Nguyen et al. have found three conservation laws for the four systems [36], and similarly, it was
shown that for certain values of a, b, ¢, and d the abcd-system also has three conservation laws [5].
However, whether there exists infinitely many conservation laws for these systems is still an open
problem. More generally, one can ask if these systems are integrable. Many other properties of these
systems associated with integrability like recursion operators, bi-Hamiltonian structures, Lax pairs
operators, and Béacklund transformations, have also not been studied. These would all be important

future research projects, although they are not directly related to the results of this thesis.
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APPENDIX A

The coefficients kj 4 from (2.15) for the four systems (2.1)-(2.4)

For the Schrédinger KAV-KdV system (2.1), the kj 4 in (2.15) are:

ki3 =4Aagdem?—2dshs,
ki2=ANagd;m?>—Jdhg— S dohy,
kig=deagB?— 3N agpdom? +3dabB+ 3 doag AN — L dgho — L dy hy — T da hyg
— 3 dopo+ % dg 0,
kio=3B%apd; — 3N apd;m?+ 1 Bbd, + 2 A2 apd; — tdohy — tdiho— L dipo+ ¢ dy o,
k2,4 = —18Bag de A> m? — 6bdy A> m? + Bdg hy + ds ho 11,
k2,3 = —6Bay d; N> m? —2bd; N> m? + Bd; he +Bds hy + d; he w1 + do by pr
k2,2 = —B3ag dg +24Bay do A> m? — B2bdy — 12Bay de A2 +8bde A> m? + Bdy hs + Bd; hy
+Bdy hg + Bds o — Bde 0 —4bda A + dg ho w1 + dg by iy + do ho 1 + dp w,
k2,1 = —B3ag d; +6Bay d; N> m? —B2bd; —3Bag d; A> +2bd; A* m? + Bdy hy
+Bd; hg +Bdyuo —Bd; 0 —bd; A2 4+ dp hy uy +dy ho wy + d; w,
k2,0 = —B3ayp dy — 6Bag de A>m? — BZbdy + 6Bay de A> —2bde A2 m? + Bdy hy
+Bdy po —Bdy o +2bds A2+ dyp ho 1 + dp w,
k3
k32 =—3 A chym?+ §dy do + g by hs,

_ 1 2 1 2 2 2
3—ﬁd2 +ﬁh2 —A Chgm y

)

k3‘1 :—%)\ZChQ+%>\2Ch2m2+117d0d2+1]*2h0h2—ﬂfzh20+z1f4d1z+zi4h1z+1]7h2,

k30 = 5 A chym? + 3 do dy + 35 ho hy — 35 hy 0 — Fg A chy + 55hy
(A1)
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For the Schrédinger BBM-BBM system (2.2), the kj 4 in (2.15) are:

ki3 =—%ds he + 4N a; dy m?0,

ki2=—%d; hg — J dg hy +A? a; d; m?0,

kKig=2Bbde —Ydoho—3dihy—3dohog— L dopo+3deo+3Aa;doo+B2%a dpo
—2Ba; dp w— 5N a; dy m?0,

ki0=3Bbd; — ¢ dohy — L dihg— L dipo+ ¢ di 0+ 53B%a; dy o— 1 Bas dy w
—IMa;dymPo+ LA e d; o,

ka4 = —18Bay de M’ m?0 + 6 a; dg N> m?w — 6bda N> m? + Bdy hy + da ho 1,

k23 =—6Ba; d; N> m?0 +2a; d; A m?w —2bd; A> m? + Bd; hg + Bds hy
+dg hp g+ do by,

k22 =6Ba; dg > m?0+6 (=B (—m? +1) +Bm?) a; do A2 0— 6B (—m? + 1) a; de M 0
—2a; da M m?w—B3a; dy 0+ B%a; dpw—2 (2m? —1)a; de M w+2 (—m?+1) a; de M w
+2bds A> m? + Bdy wo +Bdy hs + dy hy Wy + ds hg w1 — B?bds +ds w —Bdy o
+dpho iy +Bd; hy +Bda hg +2 (2m? —1) bde A2 —2 (—m? + 1) bda A?,

k2,1 =3Ba; d; M m?o—3B (—m?+1) a; d; A 0 — a; d; ¥ m?w + B?a; d; w
—B3a; d; 0+ (—m? 4+ 1) a; d; A w4+ bd; > m? —B2bd; + Bdy hy
+Bd; ho +Bd; po —Bd; 04 dg hy wi + dg ho iy + dy w — (—m? +1) bd; A%,

k2,0 = —B3a; dy 6+ B%a; dy w+ dy w — BZbdy + Bdy hg + Bdg po — Bdy o
+dphopu +6B(—m? +1)a; deA20—2 (—m?+ 1) a; do M w+2 (—m? +1) bda A?,

k3,3 =24chy N2 m?0 —2ds? —2hy?,

k32 = 6N chym?0—3d; dy —3hy he,

k31 =—16chs A2 m20 4+ 8cha N2 0 —2dy do — dy*> —2hghy —hs? +2hs 0 —2hy,

k3,0 = —2Ach; m2o+A2chy 0 —dpd; —hohy +h;o—hy.

(A.2)
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For the Schrédinger KAV-BBM system (2.3), the k;j 4 in (2.15) are:

ki3 =4Aagdem? —2dshs,
ki2=ANapd;m?>—3d hg— S dohy,
kig=deagB?— 3N agdom? +3dobB+3Fdoag AN — L dgho — L di by — T dahyg
— 1 dopo+ % dg 0,
K10 =3B%apd; — 3 A apdym?+ IBbd; + L A2 agds — Ldghy — L dihg— L dipo+ L ds o,
k2,4 = —18Bag do A> m? —6bdy A> m? + Bdg hy + ds ho 11,
k23 =—6Bay d; N> m? —2bd; A2 m? + Bd; he +Bds hy + dj he 1 + do by pr
k2,2 = —B3ag dg + 24 Bay do A> m? — B?bdy — 12Bay de A2 +8bde A> m? + Bdy hy + Bd; hy
+Bds hg +Bds o —Bds 0 —4bdy A? + dp ho w1 + dy hy i + ds ho w1 + dp
k2,1 = —B3ap d; +6Bag d; A>m? —B2bd; —3Bay d; A +2bd; A>m? + Bdy hy
+Bd; hg +Bd; wo —Bd; 6 —bd; A2 +dg hy wy +dy hg g + d; w,
k2,0 = —B3ag dg — 6Bay de A* m? — B2bdy + 6Bag do A> — 2bdy A2 m? + Bdy hy
+Bdy no —Bdy o +2bda A2 + dy ho w1 + dp w,
k33 =3 do” + 1 he® — 4N chy m?o,
k32 = 3 d; do + 3 hy hy — AN chy m?o,

k3‘] :%dgd2+%h0h2—%h2U—%}\ZC}LQG-F]ECZ]Z"‘%}I]Z‘F%}LQ+%)\20h2m20)

k3,0:%h1*%}\2Ch1 U+%d0d1 +%h0h1*1gh1 O‘+%?\2Ch1m20‘.
(A.3)



For the Schrédinger BBM-KdAV system (2.4), the k; 4 in (2.15) are:

ki3 =—2ds hs +4N a; de m?0,

ki2=—3d; hg — 3 dg hy + AN? a; d; m?0,

ki1 =3Bbdy —3dohe —3dihy —3dahg—3dopo+3dzo
+3Aa;dy 0+ B%a; dy 0 — 3 Bay dp w — $ A% a; dp m?o,

Kio=23Bbd; —Ldohy—Ldihg—Ldipo+tdio+3B%adso
—1Ba;d; w— 3N a; dymPo+ LA a; d; o,

k2,4 = —18Ba; de > m?0 + 6a; do A2 m2w —6bde N> m? + Bdp ho + dg ho 11,

k23 =—6Ba; d; A>m?0 +2a; d; N* m?w —2bd; A> m? + Bd; hy + Bds hy
+dshe i+ dg by

k22 =6Ba; dgA>m?0+6 (=B (—m?+1) +Bm?) a; dy A2 60— 6B (—m? +1) a; de M o
—2a; dg M m?w—B3a; dy 0+ B%a; dow—2 (2m? — 1) a; de M w
+2 (—m?+1) a; do A w +2bde A>m? + Bdg po + Bdp ho + dy by 1 + dg ho 1
—B%bdy + de w — Bdy 0+ dg ho w1 + Bd; hy +Bdg hg +2 (2m? — 1) bdy A
—2 (—m? +1) bdy A%,

k2,1 =3Ba; d; M m?0—3B (—m? +1) a; d; A* 0 —a; d; ¥ m?w + B?a; d; w
—B3a; d; o+ (—m? +1) a; d; A w + bd; A2 m? —B?bd; + Bdy hy
+Bd; hg +Bd; po —Bd; 0+ dp by py + dy ho iy 4+ dy w — (—m? + 1) bd; A2,

k2,0 = —B3a; dp 0+ B2a; dy w + dy w — B*bdy + Bdy hy + Bdy o — Bdy o
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+dphomr +6B(—m?+1)a; de A0 —2 (—m? 4+ 1) a; de A w+2 (—m? +1) bds A2,

k3‘3 :]]—Zd22+1]—2h22—7\2ch2m2,

k32 =—FA2chym? + 3 d;ydo + g by he,

K31 :—%)\Zghg+%?\zch2m2+ﬂ—2d0dg+%h0h2—f—zhgcf—i—;jdlz
+ 35 b+ 5he,

k30 = 15 A2 chym?+ 3o dopdy + 55 ho hy — 57 hy 00— 35 A2 chy + 35 hy
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jake.daniels@Qusu.edu
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