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Cost/benefit analyses are essential to support management planning and decisions before launching any pest control program. In
particular, applications of the sterile insect technique (SIT) are often prevented by the projected economic burden associated with
rearing processes. This has had a deep impact on the technique development and its use on insects with long larval periods, as often
seen in beetles. Under the assumptions of long adult timespan and multiple mating, we show how to find approximate optimal
sterile release policies that minimize costs. The theoretical framework proposed considers the release of insects by pulses and finds
approximate optimal release sizes through stochastic searching. The scheme is then used to compare simulated release strategies
obtained for different pulse schedules and release bounds, providing a platform for evaluating the convenience of increasing sterile
male release intensity or extending the period of control.

1. Introduction
The use of ionizing radiation, genetic modification, or
exposure to chemicals to induce sterility in male insects,
which are later released in the wild, is considered an ideal
pest control method because of its harmless impact on the
environment and absence of detrimental consequences for
human health [1]. In particular, the effects of irradiation
have been extensively studied for agricultural purposes on
hundreds of arthropod species in an attempt to identify
cases where the technique can be conveniently applied [2].
Although the release of sterile insects has been successful
in controlling pest outbreaks in many cases [1], for most
pest species issues related to mass-rearing and biological
constraints often affect the feasibility of the technique [1–3].
For instance, rearing coleopteran insects with relatively long
larval periods is exceedingly expensive, and males of some
lepidopteran species face an important reduction in their
ability to mate after irradiation.
In pest control programs, one of the main decisionmaking challenges is to determine economically feasible
levels of mass-rearing that may drive pest populations to
extinction. This search often uses deterministic, stochastic, or
computational models that have been successfully developed

during the last decades to predict or explain the behavior
of insect populations in presence of sterile males [4–7].
Minimum effective sterile production is sometimes easily
approximated if the theoretical model used is simple enough
[4]; however, the model complexity might increase dramatically when specific biological details are to be incorporated
or when production constraints are to be taken into account.
This paper provides a conceptual framework for searching the optimal rearing levels necessary for eliminating a
pest outbreak for the particular case of insects with relatively
long lifespan and multiple matings, as observed frequently
in species of beetles. The motivation comes from promising
results that have been obtained in pilot control programs
tested against cockchafers (Melolontha vulgaris) [8], the
boll weevil (Anthonomus grandis) [9–11], and sweet potato
weevils (Cylas formicarius) [12]. Remarkably in the latter case,
carried out at Kumo Island, Okinawa Prefecture in Japan, the
eradication with SIT was complete. Following that success,
SIT is being tested on Euscepes postfasciatus, another sweet
potato weevil pest in the island. Nevertheless, as mentioned
before, a primary drawback for generalized application of SIT
has been long larval periods that make rearing costs high.
Our approximations to optimal sterile male release are
made using a continuous time population model developed
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in [13]. The differential equations considered capture the
emergence of a reproductive Allee effect that is enhanced
by the release of sterile males: mate finding becomes more
difficult for wild males due to competition with introduced
sterile males and females’ overall capacity to produce offspring is reduced [14, 15]. Thus we notice that the use of
emerging Allee effects as part of population control practices
falls into the scope of integrated pest management. The
conceptual model introduced here allows computing sterile
release policies aimed at reducing the pest population to a
level at which Allee effects naturally take off and conclude the
eradication. We remark that sterile release is integrated into
the model via pulses that follow a predetermined schedule.
Finally, we explore numerically the effects on optimal sterile
release produced by (i) variations in the pulse scheduling
and (ii) changes in the release bounds of sterile males. By
comparing the results from the computations it might be
possible to determine suitable release strategies for control
program planning.

2. Model Framework
We use a continuous time model developed in [13] for the sexually mature female pest population. It specifically addresses
the situation where the average lifespan is considerably
larger than the average time spent at the reproductive stage,
understood here as the immediate postcopulatory stage at
which females are not sexually receptive. This is in agreement
with the sharp loss of receptiveness that appears generally
as a physiological response to male materials passed during
copulation [3]. Biologically, this fact assures the possibility of
multiple mating encounters and plays an important role in
the model reduction.
First we establish the following biological reasonable
assumptions: (i) different sexes are homogeneously mixed,
(ii) irradiation is not detrimental to the mating ability in
sterile males, (iii) females mate at random and the total
average number of successful mating encounters is proportional to the number of males (sterile and wild), (iv) the
sex ratio is constant 1 : 1, and (v) sterile insects mix homogeneously within the whole population immediately after
they are released. We also suppose that density regulation
mechanisms have negligible impact on the population, an
assumption that would be in agreement with the initial stages
of many invasion process.
We consider a particular group of adult females, 𝑁,
composed of those individuals that mated successfully at least
once with a wild male. The density of this group at time 𝑡
is denoted here with 𝑁(𝑡). Females in this group are further
classified in three categories:
(i) 𝑁1 : females at reproductive stage, impregnated by a
wild male,
(ii) 𝑁2 : females ready for mating,
(iii) 𝑁3 : females at reproductive stage, impregnated by a
sterile male.
Females in category 𝑁2 will change their status and move to
either 𝑁1 or 𝑁3 , depending on if they mate with a wild or
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Figure 1: Schematic dynamics between female categories 𝑁1 (reproductive stage after mating with a wild male), 𝑁2 (ready to mate),
and 𝑁3 (reproductive stage after mating with a sterile male). 𝑀 and
𝑆 represent the density of wild and sterile males, respectively, 𝜇 is
the death rate, 1/𝛽 is the average time a young female waits until
its first mating encounter with a wild male, 1/𝜎 is the average time
that a female spends gravid, 𝜆 is an additional mortality term, and 𝜉
represents the per capita average rate of mating encounters.

sterile male, respectively. They will naturally be ready to mate
again after some time; that is, they will return to compartment
𝑁2 . Let 𝑀 be the density of adult wild males that are sexually
mature and 𝑆 the density of sterile males. We then choose to
model the flow of females between classes 𝑁1 , 𝑁2 , and 𝑁3 by
the following system of equations:
𝑁1 = (𝛽 − 𝜇) 𝑁1 − 𝜎𝑁1 + 𝜉𝑀𝑁2 ,
𝑁2 = − (𝜇 + 𝜆) 𝑁2 + 𝜎 (𝑁1 + 𝑁3 ) − 𝜉 (𝑀 + 𝑆) 𝑁2 ,

(1)

𝑁3 = −𝜇𝑁3 − 𝜎𝑁3 + 𝜉𝑆𝑁2 ,
where 𝜇 represents the death rate; 1/𝛽 is the average time
a young female adult waits until its first mating encounter
with a wild male occurs; 1/𝜎 is the average time that a female
spends in the reproductive stage; that is, 𝜎 is the rate of
return to mating status; and 𝜆 is an additional mortality
term due, for instance, to an increased exposure to predators
while searching for a mate. The rate at which females turn
gravid through mating with wild or sterile males is given by
𝜉(𝑀 + 𝑆)𝑁2 , where 𝜉 represents the per capita average rate of
mating encounters. See Figure 1 for schematic representation
of female flow between categories.
Remark 1. By allowing new adult females to get into the
group 𝑁 at the moment they have their first successful mating
contact with a wild male we exclude those females that
will only mate with sterile males and do not contribute to
population growth. It might also be possible to let young
adult females to get into 𝑁 through the category 𝑁2 instead
but the differences between the solutions to both models are
negligible and only present in an initial transient.
Recalling that the sex ratio is assumed to be even and
under the assumption that the average adult timespan is
much larger than the average time at the reproductive stage it
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is possible to approximate the system of differential equations
(1) by a single equation involving only the variable 𝑁; see [13]
for mathematical details:
𝑁 = 𝜙𝑁 (1 −

𝜂 (1 + 𝜃𝑆)
),
1 + 𝛾 (𝑁 + 𝑆)

(2)

with
𝜙 = 𝛽 − 𝜇,
𝜂=

𝜎 (𝛽 + 𝜆)
,
(𝛽 − 𝜇) (𝜎 + 𝜆)

𝛾=

𝜉
,
𝜎+𝜆

𝜃=

𝛽𝜉
.
𝜎 (𝛽 + 𝜆)

(3)

Equation (2) has an unstable positive equilibrium in addition
to the origin. It marks a threshold under which the population
would drop due to a reproductive Allee effect that has been
enhanced by sterile male release. We remark that the value of
this threshold depends on the contact rate 𝜉 [13].
We assume now that sterile males are released by pulses,
in contrast with the models in [13], where the population of
sterile insects is kept constant through a continuous influx
that compensates their death. Let us call the time between
sterile release pulses the interpulse time, which we assume
to be fixed and equal to 𝑇. During these time intervals, the
sterile male population will decrease at a certain rate, 𝜇𝑆 ,
not necessarily equal to that of wild males. Thus, the release
of sterile males can be modeled using a set of impulsive
equations [16], where the 𝑛th pulse adds to the sterile
population density 𝑋𝑛 ≥ 0 individuals:
𝑆 = −𝜇𝑆 𝑆 if 𝑛𝑇 ≤ 𝑡 < (𝑛 + 1) 𝑇, 𝑛 = 0, 1, 2, . . . ,

(4)

with an initial value 𝑆0 = 𝑆(0) and
𝑆 ((𝑛 + 1) 𝑇) = 𝑆 (𝑛𝑇− ) + 𝑋𝑛 ,

𝑛 = 1, 2, . . . .

𝑚−1

X

0

̂ (𝑡) + 𝐹𝑁 (𝑡) ,
𝐶 (𝑡) = 𝑃𝑋

(6)

(7)

̂
where 𝑃 is the cost per sterile male, 𝑋(𝑡)
is the rate of
production of sterile males, and 𝐹 is the rate at which money
is lost to feeding per pest. This equation governs the rate
̂
at which the cost is changing over time. Since both 𝑋(𝑡)
and 𝑁(𝑡) are positive, 𝐶 (𝑡) is always positive and 𝐶(𝑡) is
nondecreasing. The total cost up to a time 𝑡 can be expressed
as
𝑡

̂ (𝜏) + 𝐹𝑁 (𝜏) 𝑑𝜏,
𝐶 (𝑡) = ∫ 𝑃𝑋
0

(8)

which becomes
𝑚−1

𝑡

0

0

𝐶 (𝑡) = ∑ 𝑃𝑋𝑛 + ∫ 𝐹𝑁 (𝜏) 𝑑𝜏,

(9)

within the context of pulse release, up to time 𝑡 ≥ 𝑚𝑇.
Given that we control the rate at which sterile males are
being released, we want to find a suitable balance in which
we do not spend too much money in the production but
also do not lose most of the crop to feeding. Therefore, the
problem is to minimize 𝐶(𝑡) over all permissible controls
X = (𝑋0 , . . . , 𝑋𝑚−1 ), subject to (i) the predetermined final
female population and (ii) the differential equations

(5)

It is apparent that the pest regulation dynamics should rest
upon the control over the amount of sterile insects released
and the interpulse time, that is, 𝑋𝑛 ’s and 𝑇. Let us assume
in general that the amount of sterile males released is the
same amount produced. Then, for the pulses, we introduce
a constrained production 0 ≤ 𝑋𝑛 ≤ 𝐵 due, for instance,
to economic limitations. Notice, however, that the bound 𝐵
might not be the same for each pulse and that the design of
a control program might require eradication or suppression
within a given time frame.
Among the solutions of (2), (4), and (5) for which the
final female population is less than a desired fixed level, we
now look for the one that requires the minimum release of
sterile males. If there are 𝑚 scheduled pulses, let us set X =
(𝑋0 , . . . , 𝑋𝑚−1 ); then we have the problem of finding
min ∑ 𝑋𝑛 ,

subject to a predetermined final female population, which
might be the insect detectable value if the goal is eradication.
Notice that losses due to pest damage are not considered
in (6). This can be amended by the use of a more general
cost function, depending continuously on time, established as
follows. Let 𝐶(𝑡) denote the total costs at time 𝑡, understood
here as having two components: the cost of producing sterile
males and the losses due to the damage inflicted by the pest.
We begin assuming, as before, that the change in cost per
unit of time, 𝐶 (𝑡), is directly proportional to the amount of
sterile males produced per unit of time, plus the money lost
in damaged crops to the insects at a certain rate:

𝑁 (𝜏) = 𝜙𝑁 (1 −

𝜂 (1 + 𝜃𝑄𝑛 𝑒−𝜇𝑆 𝜏 )
)
1 + 𝛾 (𝑁 + 𝑄𝑛 𝑒−𝜇𝑆 𝜏 )

(10)

on [𝑛𝑇, (𝑛 + 1)𝑇), 𝑛 = 0, 1, 2, . . ., where 𝑄𝑛 = 𝑆(𝑛𝑇− ) + 𝑋𝑛 =
𝑄𝑛−1 𝑒−𝜇𝑆 𝑇 + 𝑋𝑛 , 𝑛 = 1, 2, . . ., with 𝑄0 = 𝑆(0) + 𝑋0 . Constraint
(ii) is a “chain” of differential equations, at each given time
period we have a differential equation with initial conditions
determined by the final values of the variable 𝑁 and the
corresponding 𝑄 from the previous period.

3. Optimization by Simulated Annealing
The natural approach to these kinds of optimal control
problems is to try Pontryagin’s principle [17]. Unfortunately
in this case it leads to cumbersome analytical expressions.
Instead, we opt to solve the optimization problem using a
particular instance of stochastic search, simulated annealing
(SA), for which we give here a brief description; see [18] for
a detailed account. In general, the SA algorithm can be used
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Figure 2: (a) Approximations to optimal sterile male pulse sizes obtained assuming that the maximum release of insects is limited to ten times
the initial density (taken equal to 1000). ((b) and (c)) Progress of female and sterile male densities, with pulses of sterile males made every ten
days (top) and fifteen days (bottom). Notice that (i) the maximum release is required only at the beginning stages, until the sterile population
overflows the wild population and (ii) release of sterile males is not required after the Allee effect takes place and drives the remaining pest
population to extinction.

to solve the optimization problem min𝑓(𝑥) over all 𝑥 ∈ C,
where 𝑓 is a real valued function and C is a set of feasible
states (controls). We apply the SA algorithm having as the set
of feasible states finite dimensional arrays with subsequent
sterile production levels as components and introduce an
arbitrary initial control X0 . Using this, first we solve the
differential equations numerically for 𝑁(𝑡). Once we have
obtained 𝑁(𝑡), we use these values along with the guessed
X0 to evaluate the objective functional and obtain the cost,
denoted by 𝐶0 . Then we repeat all the previous steps, but
this time we use a different feasible control X to obtain a
different cost 𝐶 and compare the two cost function values.
If 𝐶 < 𝐶0 , replace 𝐶0 with 𝐶. If, on the other hand, 𝐶 > 𝐶0 ,
we do not automatically throw 𝐶 away. Instead we calculate
𝑝 = exp(−(𝐶 − 𝐶0 )/𝜏), where 𝜏 is a “temperature” parameter.
If 𝑝 > 𝑈, where 𝑈 is a uniform random generated number
between zero and one, replace 𝐶0 with 𝐶.

4. Example
With the population dynamics equations and the optimization technique at hand, we are in position of addressing
for specific cases two questions: (i) what is the minimum

sterile release necessary at each pulse that would induce pest
eradication at the end of a given time window? (ii) How does
the strategy change in the face of variations on the interpulse
time or release bounds?
To illustrate how to proceed, we first set the realistic
parameter values 1/𝜇 = 40 (day), 𝛽 = 0.3 (day−1 ) and
average reproductive time of 1/𝜎 = 1/2 (day), which are
consistent with averages found for beetles [13]. For sterile
males we assume 𝜇𝑆 = 𝜇 although, as already mentioned, this
is not necessarily true because the value of 𝜇𝑆 depends on the
particular species response to irradiation doses. In addition,
we arbitrarily choose 𝜆 = 0 and 𝜉 = 0.001 (day−1 ).
Effects of Changing Interpulse Time. We arbitrarily assume a
bound on the sterile male release equal to ten times the initial
amount of wild females, which is taken equal to 1000. We
recall at this point that we have also assumed the numbers
of sterile males produced and released as equal. Then we
compute approximations to the optimal release for two cases:
when pulses of sterile males are scheduled every ten and
fifteen days for a complete year. At the end of this time
window, the wild female population is required to be less
than the insect detectable value. In our computations, for
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Figure 3: With interpulse time fixed to 10 days we now vary sterile release bounds to 7000 (a) and 5000 (b). Intense and prolonged sterile
release is required during the first stages until the pest growth tendency is reversed. Notice that the Allee threshold takes longer to appear.
Changing the problem with an interpulse time of 15 days did not produce a solution; that is, invasion is inevitable.

example, we required the final female density to be less than
ten. The numerical results are displayed in Figure 2. After an
initial transient where the releases for the first pulses have
to be relatively high, pulse sizes are seen to decrease until
the female density reaches an Allee threshold that drives
the population into a natural decline. In other words, sterile
male release is not necessary for the whole year due to the
pressure of remanent sterile males in combination with the
low female density. One difference however is that the release
of high quantities of sterile males for the second case, that
is, when the interpulse time is longer, has to be prolonged
during the initial stages. The interpretation is that the sterile
density is growing slower so females have, at least initially,
larger probability of mating with wild males. This implies
that the tendency to increase the pest population growth has
to be more intense at the beginning. The costs incurred by
the production of sterile males with interpulse time 𝑇, 𝐶𝑇 ,
can also be computed. For the example it is determined that
𝐶15 > 𝐶10 , as it would be expected.
Effects of Changing Bounds for Sterile Release. Now let us fix
the interpulse time in ten days and change the maximum
amount of sterile release at each pulse. As illustration, we
choose arbitrarily bounds of 7000 and 5000 sterile males per
pulse. The results are shown in Figure 3. We notice that the

time to reach the necessary sterile density to revert the pest
tendency to growth is longer when the bound is lower; that
is, a longer and intense release policy at the initial stages is
needed. Also, the Allee threshold takes longer to be reached.
It was not possible to find a solution to the problem that uses
the second bound and extend the interpulse time to 15 days,
suggesting that the time window of control application has to
be extended.

5. Conclusions
The management of insect pests in agriculture is primarily
done through the use of insecticides, biological control, or
crop rotation. It is natural for these methods to be modeled
through impulsive differential equations due to their relatively large and instantaneous effects; see, for instance, [19–
22]. This paper is concerned with the pulse release of sterile
males for an insect population where multiple matings take
place and females have relatively short copulatory stages. We
have shown how the minimum size of pulses that suppress a
given insect population could be approximated and how these
results are affected under variation in interpulse time and
release bounds. The conceptual framework used involves a
novel population model that addresses the specific biological
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characteristics together with the application of stochastic
search.
Unfortunately in practice biological constraints in the
rearing process, like long larval stages, might contribute to
making the sterile insect release economically disadvantageous. Therefore, there is usefulness of having prior information on the optimal sterile pulses that induce extinction.
Computing the optimal magnitude of the sterile release
pulses for different interpulse times allows comparing strategies and ultimately determining the best path to follow for a
suitable control planning.
We illustrate the use of our scheme with an example that
has biologically sound parameters: the outputs obtained from
different interpulse time regimes and different release bounds
are contrasted. The results show (i) how the required intensity
of the sterile release depends on interpulse times and (ii) the
appearance of a delay in the Allee effect due to variations on
the sterile release bounds. In general, the scheme can be used
in species-specific cases to determine if a constrained sterile
release is suitable for reducing the pest population and how
long will it take to do that in relation to interpulse times. Cost
functions that include quantification of the economic damage
by the pest can be implemented easily in the algorithm.
The approach in this paper does not seem to have been
used before in pest control contexts, where difficult similar
optimization problems abound. We emphasize, however, that
deep knowledge about the target pest species biology is
needed before any application of the scheme proposed. This
information is crucial if we want to find whether the use of
SIT in an area-wide integrated pest management program is
suitable [3]. The conceptual model presented might serve well
as a qualitative guide to forecast pest dynamics rather than
an exact quantitative tool. Further numerical explorations
integrating density dependence and spatial spread of insects
[13] and the sensitivity of the results to the model parameters could be addressed. Although our main focus is on
species with short copulatory stages and relatively long adult
timespan, the possibility of applying the optimal search to
species with short lifespan using model (1) is not precluded.
Finally, we remark that the scheme proposed also provides a
venue to study the impact of managerial decisions under the
combined use of SIT with other control measures, like the use
of pheromone traps.
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