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Abstract. By introducing a new notion of the genus with respect to the weak topology in Banach
spaces, we prove a variant of Clark’s theorem for nonsmooth functionals without the Palais—Smale
condition. In this new theorem, the Palais—Smale condition is replaced by a weaker assumption,
and a sequence of critical points converging weakly to zero with nonpositive energy is obtained. As
applications, we obtain infinitely many solutions for a quasi-linear elliptic equation which is very
degenerate and lacks strict convexity, and we also prove the existence of infinitely many homoclinic
orbits for a second-order Hamiltonian system for which the functional is not in C' and does not
satisfy the Palais—Smale condition. These solutions cannot be obtained via existing abstract theory.
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1. Introduction and main result. The Clark theorem (see [6]) is a classical
theorem in critical point theory that has numerous applications in the existence theory
of differential equations and dynamic systems (see, for instance, [5, 16, 20, 21, 23, 26,
27]). In [16], Heinz stated the Clark theorem in the following form.

THEOREM A (see [16]). Let X be a Banach space, J € C'(X,R). Assume J
satisfies the Palais-Smale condition, is even and bounded from below, and J(0) = 0.
If for any k € N, there exists a k-dimensional subspace Xy of X and py > 0 such that
Supx,ns,, o <0, where S, ={u € X | |lul]| = p}, then J has a sequence of critical
values ¢, < 0 satisfying ¢, — 0 as k — oo.

This theorem was improved by Kajikiya in [18], where it is proved that under the
same assumptions as in Theorem A, there exists a sequence {uy} of critical points of
J such that J(ug) < 0, ug # 0, and limy_yo0 ||ug]] = 0. The additional information
limg o0 ||ug || = 0 of the critical point sequence has been proved to be very important
in many applications (see [18] and [21]). In [21], Liu and Wang extended the Clark
theorem in various situations. As well as giving a new proof for the Kajikiya result,
they proved a new version of the Clark theorem for nonsmooth functionals which can
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be applied to various quasi-linear elliptic equations for the existence of infinitely many
solutions. They also gave a surprising variant of the Clark theorem for strongly indef-
inite functionals and used it to obtain infinitely many periodic solutions for sublinear
first-order Hamiltonian systems.

However, all those variants of the Clark theorem mentioned above rely on the
Palais—Smale condition, which makes it impossible to apply those abstract results to
differential equations in many important situations. The present paper is devoted
to establishing a new variant of the Clark theorem for nonsmooth functionals which
do not satisfy the Palais—Smale condition. The motivations are from applications to
very degenerate quasi-linear equations and from applications to homoclinic orbits of
Hamiltonian systems. In these situations, we will see that the usual Palais—Smale
condition cannot hold and that the sequence of solutions weakly converging to zero
cannot converge to zero in the strong norm, let alone in the L°°-norm. The quasi-
linear elliptic equations considered here are very degenerate and lack strict convexity,
and the second-order Hamiltonian systems treated here do not have a C' variational
formulation and do not satisfy the Palais—Smale condition.

We recall some notations and definitions before stating our main result. Let X be
a Banach space and X’ be its dual space. The weak convergence in X is denoted by
“ =7 Let J be a functional defined on X. J is said to be weakly sequentially lower
semicontinuous if liminf,, o J(up,) > J(u) for any v € X and {u,} C X satisfying
Uy — U.

Let J be a continuous functional defined on X and E a dense subspace of X. As
in [19], we say that J is E-differentiable if

(a) for all w € X and all h € E, the derivative of J at w in the direction h,

denoted by (J'(u), h), exists, that is,

th) —
(), by = T L) =T,
t—0+ t
(b) the mapping (u, h) — (J'(u), h) satisfies
(i) (J'(u),h) is linear in h,
(ii) (J'(u),h) is continuous in w, that is, (J'(uy), h) — (J'(u),h) as u, — u
in X.
The slope of an E-differentiable functional J at u denoted by |J'(u)] is an extended
number in [0, +00]:

|[J'(u)] = sup{(J'(u), h) | h € E, ||h]| = 1},
where | - || denotes the norm in X. A point u € X is said to be a critical point of J

if |J'(u)] = 0.

The main result of this paper is the following theorem.

THEOREM 1.1. Let X be a separable and reflexive Banach space with norm || - ||
and let E be a dense subspace of X. Assume that J is a continuous functional defined
on X which is E-differentiable. Suppose that J satisfies the following conditions.

(A1) J is an even functional, i.e., J(—u) = J(u) for every u € X, and it is

bounded from below.

(A2) Ifue X, {u,} C X, |J (u,)] = 0, and u,, = u as n — 0o, then

|7 (u)| = 0.

(A3) J is weakly sequentially lower semicontinuous.
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(Ay) The set {ue X | J(u) < J(0)} is bounded in X.
(As) For any positive integer k, there exists a k-dimensional subspace Xy of X
and py, > 0 such that supx, g, J < J(0), where S, = {ue X | |ull =p}.
Then, J has infinitely many pairs of critical points {xug | k=1,2,...} satisfying

J(xug) < J(0), wux#0 fork=1,2,..., andur—0 ask — co.

Remark 1.2. We will assume, without loss of generality, J(0) = 0.

Remark 1.3. The assumption (Ag) can be deduced from the following assumption.
(AS) If {up} € X, v e X, and u, — u in X, then

(J'(un), k) — (J'(u),h) Vh e E.

Therefore, the result of Theorem 1.1 is true if the assumption (Asz) is replaced by
(A3).

Obviously, either condition (Ag) or (A%) is weaker than the Palais—Smale condi-
tion for nonsmooth functionals (see [21, Definition 3.8]). Concerning various differ-
ential equations, there are many cases in which the functionals satisfy (Aj1)—(As),
but do not satisfy the Palais-Smale condition. Using a new genus with respect to
the weak topology of X and the method of descending flow, we will give the proof of
Theorem 1.1 in the following three sections.

In the literature, intensive work was carried out in the 1990s on critical point
theory for nonsmooth functionals. We discuss and compare some related work here.
Corvellec, Degiovanni, and Marzocchi in [9] and Degiovanni and Marzocchi in [13]
gave the following definition of the weak slope for a continuous functional defined in
a metric space.

DEFINITION 1.4 (Definition 2.1 of [9] or Definition 2.1 of [13]). LetY be a metric
space endowed with the metric d. Let f : Y — R be a continuous function and u € Y.
We denote by |df|(u) the supremum of the o’s in [0, 4+00] such that there exist § > 0
and H : B(u,d) x [0,8] =Y continuous with

d(H(v,t),v) <t and f(H(v,1)) < f(v) —at,

where B(u,d) = {v €Y | d(u,v) < d}. The extended real number |df|(u) is called the
weak slope of f at u, and u is called a critical point of f if |df|(u) = 0.

Using this, the authors of [9] also gave the definition of the weak slope for a lower
semicontinuous functional f defined in the metric space Y. More precisely, let Y
be a metric space endowed with the metric d and f : ¥ — R U {400} be a lower
semicontinuous function. Let D(f) = {u € Y | f(u) < +o0}, epi(f) = {(v,§) €
Y xR | f(u) <&}, and

)

The set Y x R is endowed with the metric o((u,£), (v, 1)) = (d?(u,v) + (& — pu)?)/?

and epi(f) with the induced metric.

DEFINITION 1.5 (Definition 2.6 of [9] or Definition 2.4 of [13]). LetY be a metric
space endowed with the metric d. Let f:Y — RU {400} be a lower semicontinuous
function and u € D(f). The weak slope of f at u is defined by

|dG | (u,f(w)) .
() = { : if 4G5 1u, f(w)) < 1,

V1=(dgs](uf(w))?
+oo if |G| (u, F(w) = 1.
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u € D(f) is called a critical point of f if |df|(u) = 0.

The idea of Definition 1.5 is to reduce the study of the lower semicontinuous
function f to that of the continuous function Gy. In view of critical point theory, it is
necessary to introduce a condition which implies a bijective correspondence between
the critical points of f and those of Gy.

DEFINITION 1.6 (Definition 2.2 of [15] or (4.1) of [9]). We say that f satisfies
the condition epi on Y if, for any b > 0,

inf{|dGs|(u,&) | uwe D(f), flu) <&, [¢] < b} >0.

The epi condition guarantees that a critical point of G corresponds to a critical point
of the original functional f. Therefore, using the weak slope to obtain critical points
of a lower semicontinuous functional, the epi condition must be verified.

From [4, Theorem 1.1.2], it is easy to see that if J is E-differentiable, then
|[J (w)] < |dJ|(u) for any v € X.

Based on the weak slope, the authors of [9] and [13] established some deformation
theorems and then developed a nonsmooth critical point theory for lower semicon-
tinuous functionals. This theory has many important applications; see, for example,
[4, 14, 15]. In particular, in [15] Degiovanni and Schuricht obtained a Clark-type the-
orem for lower semicontinuous functionals defined in metric spaces (see [15, Theorem
2.5]). The following theorem is a direct consequence of [15, Theorem 2.5].

THEOREM 1.7. Let Y be a complete metric space which is a subset of some linear
space X in the set-theoretic sense and for which 0 € Y and —u € Y whenever u € Y.
Assume that J 1Y — RU {+o0} is a lower semicontinuous functional defined on'Y .
Suppose that J satisfies the following conditions.

(i) J is an even functional, i.e., J(—u) = J(u) for every u € Y, and it is
bounded from below.
(ii) J satisfies the epi condition.

(iii) For any ¢ < J(0), the function J satisfies the condition (PS),.

(iv) For any positive integer k, there exists a continuous odd map v from the

k-dimensional sphere S* to'Y such that

sup J(¢(u)) < J(0).

ueSk
Then, J has infinitely many pairs of critical points {+ug | k =1,2,...} satisfying
J(tug) < J(0) fork=1,2,....

We point out that Theorem 1.1 cannot be derived from the above result. The
reason for this is that, under the weak topology of a separable and reflexive Banach
space, it is very difficult to verify the epi condition for a lower semicontinuous func-
tional. More precisely, let X be a separable and reflexive Banach space and J the
functional satisfying the conditions (Aj)—(As) in Theorem 1.1. Because X is a sep-
arable and reflexive Banach space and J satisfies the conditions (Ag) and (Ay), if
we choose Y = {u € X | J(u) < J(0)} endowed with the weak topology of X, then
Y is a compact metric space (see Lemma 3.1 in section 3). Now the functional J in
Theorem 1.1 is merely a lower semicontinuous functional in Y and not a continuous
functional in Y in general. Because J satisfies the conditions (A1)—(As) in Theorem
1.1, it is easy to verify that the functional J in Theorem 1.1 satisfies the conditions
(i), (iii), and (iv) in Theorem 1.7. In particular, we must point out that J satisfies
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the (PS). condition, i.e., the condition (iii) in Theorem 1.7, since Y is a compact
metric space. However, the conditions (Aj)—(As) in Theorem 1.1 cannot imply that
the functional J satisfies the condition (ii), i.e., the epi condition. To the best of our
knowledge, under the weak topology of X, the epi condition is only verified for the
functional f : X — R with a very special form: f = fo + f1, where fo : X — R is
a C', convex, and weakly lower semicontinuous functional, f; : X — R is of class
C!, and f] : X — X' is completely continuous (see [12, Proposition 5.2]). It would
be a very interesting question to pursue in the future whether a condition like (As2)
could replace the PSS condition so that it is incorporated into the critical point theory
developed by Degiovanni and his collaborators.

As an application of Theorem 1.1, in section 5 we consider the following quasi-
linear elliptic equation:

(1.1) —div(De¥(z,u, Vu))+Ds¥(z,u, Vu) = K(x)[u|??u inQ, u=0 ondQ,

where Q is a smooth bounded domain in RY (N > 2). The conditions on the function
U:OxRxRY 5 R, (z,5,&) = ¥(z,s,&) will allow the quasi-linear elliptic operator

—div(DeU(z, u, Vu)) + DU (z, u, Vu)

to be very degenerate. In fact, under our assumptions on ¥, ¥(z,s,-) may vanish in
an open set containing £ = 0 in RY for any (z, 5) (see the example (5.7) in section 5),
and ¥ may be not strictly convex with respect to £&. Therefore, the Euler—Lagrange
functional corresponding to (1.1) does not satisfy the Palais-Smale condition. The
very degenerate-type elliptic operators involved in (1.1) are related to some traffic
congestion dynamic models [3, 8]. In section 5, using Theorem 1.1, we prove that this
equation has infinitely many solutions. In a sense, our result improves the previous
results on quasi-linear elliptic equations in [11, 22].

As another application of Theorem 1.1, in section 6 we consider the existence of
homoclinic orbits for the following second-order Hamiltonian system:

(1.2) i+ V,V(t,u) =0,

where V' is even with respect to u, V,V exists, V,V € C(R x R",R"), V(¢t,u) =
—K(t,u)+W(t,u), W is sublinear with respect to u, and K only satisfies the “pinch-
ing” condition [17]

71|u|2 < K(tyu) < TQ"I.L|2

for some constants 75 > 7 > 0. Under these assumptions, the Euler—Lagrange
functional corresponding to (1.2) is not C! in the Sobolev space H!(R) and does
not satisfy the Palais—Smale condition in general. Using Theorem 1.1, we prove that
this equation has infinitely many homoclinic orbits. Our result improves the previous
results in [17, 24, 27].

2. The genus with respect to the weak topology and its properties. Let
X be a separable and reflexive Banach space with norm || - || and let X’ be its dual
space. Let {¢r} be a sequence dense in the unit ball of X’ and define as in [12], for
every u,v € X,

(2.1) (1,0 = ook} )

k=1
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Then (-, ), is a scalar product on X whose associated norm || - ||, satisfies
lullw < flull - Vue X
and induces the weak topology of X on every || - ||-bounded subset of X. We denote
the normed space (X;| - |lw) by Xuw. It is easy to see that if {u,} C X and {||u,||} is
bounded, then

(2.2) Up = U S Uy —tflw =0, n—oo.

The topology generated by || - ||, is denoted by w, and all topological notations

related to || - ||, will include this symbol.
Let S(X) be the class of subsets of X \ {0} symmetric with respect to the origin
and closed with respect to the || - [|-topology. Recall that the genus of A € S(X),

denoted by y(A), is the least integer n such that there exists an odd and continuous
map ¢ : A — R™\ {0}.

DEFINITION 2.1. Let S(X,,) be the class of subsets of X \ {0} symmetric with
respect to the origin and closed with respect to the w-topology. If A € S(X,,), the

weak genus of A, denoted by v,,(A), is the least integer m such that there exists an
odd and w-continuous map 1 : A — R™ \ {0}.

Remark 2.2. Since a closed set in X, is also a closed set in the Banach space X,
we deduce that S(X,,) C S(X) and, for any A € S(X,),

(2:3) 1(A) < 7w(A).
Remark 2.3. Assume zy € X and |zo|| > 1. Let A = {a | ||z — x| = 1} U
{z | ||z + zo]] = 1}. Then A € S(X), but A & S(Xy).

Remark 2.4. Let X be an infinite-dimensional and separable Hilbert space and
{en} an orthonormal base of X. Define

L= U <{(1 —2t)ey +t62}U <U {(1—=t)e, +tept1 — 61}>> )

0<t<1 n=2

Then L is closed with respect to the || - ||-topology, but is not closed with respect to
the w-topology. Indeed, cl,,(L) = L U {—e1}, where cl,,(L) denotes the closure of L
in X,,. Let A=LU(—L), where —-L ={u | —u € L}. Then A € S(X,,). From the
construction of A we see that

1A =1, () =2

Therefore, v and 7, do not coincide on S(X,,).

For the properties of the genus ~, one may consult [7] and [6]. Our following
proposition shows that the weak genus +,, and the genus v share similar properties.
The proof of the properties of ,, is similar to the proof of the properties of v, and
one may consult p. 17 of [7].

PROPOSITION 2.5. The weak genus v, has the following properties.

(i) If A1, Ay € S(Xy) and if there exists an odd and w-continuous map f : Ay —
As, then vy, (A1) < 7w (A2). In particular, if A1 C Asg, then v, (A1) < vuw(As2).

(li) For Al,AQ S S(Xw), "Yw(Al U Ag) < ’Yw(Al) + ’}/w(AQ)
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(iii) If A € S(Xy) and A is w-compact, then v,(A) < +oo and A has a neigh-
borhood U open with respect to the w-topology such that cl,,(U) € S(X,,) and
Yo (Clw(U)) = 1w (A).

(iv) If G € S(X,) and if there exists an odd homeomorphism of the n-sphere onto
G, then v,(G) =n+ 1.

(v) If {G,} is a decreasing sequence of w-compact sets belonging to S(X,,) and
if G =N, Gy, then G € S(X,) and

'Yw(G) = nlggo ’Yw(Gn)-

Remark 2.6. There is no ambiguity regarding homeomorphism in Proposition
2.5(iv), since ¢ : G — S™ is a homeomorphism with respect to the || - ||-topology
if and only if it is a homeomorphism with respect to the w-topology. This is easily
seen via the compactness of S™.

3. A gradient field and the related descending flow. Throughout this
section, let X be a separable and reflexive Banach space with norm || - ||, E a dense
subspace of X, and J : X — R an FE-differentiable functional. For any ¢ € R, set

(3.1) J={ue X | J(u)<c}

LEMMA 3.1. If J satisfies the conditions (As) and (A4) and ¢ < 0, then J¢ is
w-compact.

Proof. We may assume J¢ # (). Since ¢ < 0, J¢ is bounded in X by (Ay4). Let
{un} C J¢ Then {|lu,|} is bounded. Since X is a reflexive Banach space, there exists
u € X such that, up to a subsequence, u,, — w. Since J is weakly sequentially lower
semicontinuous, we have liminf, _, o J(uy,) > J(u). It follows that u € J¢. Therefore,

J¢ is w-compact. ]
Let

(3.2) K={ueX | Ju) <0, |J'(u)]=0}.

If J is an even functional, then 0 € K.
For ¢ <0, let

(3.3) Ke=KnJ°={ueX|Ju) <c, |[J(u)|=0}

LEMMA 3.2. If J satisfies the conditions (Ag)—(A4) and ¢ < 0, then K€ is w-
compact.

Proof. We may assume K¢ # (). By Lemma 3.1, we only need to prove that K¢ is
w-closed in J¢. Let {u,} C K¢ The proof of Lemma 3.1 shows that u,, — u for some
u € J¢. Since |J'(u,)| = 0, the condition (Ag) implies that |J'(u)| = 0. It follows
that u € K. Therefore, K¢ is a w-compact set. 0

LEMMA 3.3. If J satisfies the conditions (A2)+(A4), V is a w-open neighborhood
of K, and J°\'V # (), then

(3.4) inf{|J' (u)| | ue JO\V} > 0.

Proof. If (3.4) were false, then there would be u,, € J°\V such that |J'(u,)| — 0.
By Lemma 3.1, there exists u € J%\ V such that, up to a subsequence, u,, — u. By
(A2), we have |J'(u)| = 0, which is a contradiction. d
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To prove Theorem 1.1, we will use an argument of contradiction. For this, we
assume that there exists ¢+ > 0 such that

(3.5) KNBx,(0,t) ={0},

where
Bx, (u,r) ={ve Xy | lv—ully <7}

Let

(3.6) K'=K\{0}.

Then, by (3.5) and Lemma 3.2, K’ is a w-compact set and
(3.7) dw(0,K") >,

where
dy(u, A) = inf |Ju — vl|,.
vEA

For r > 0, let
(KN ={u € X | dyp(u,K") <r}.

LEMMA 3.4. Assume that J satisfies the conditions (A1)—(A4) and suppose that
(3.7) holds. Then there exists

¢: X — E\ {0},
where X = {u € X | |J'(u)| #0, J(u) <0}, satisfying the following. )
(i) ¢ is an equivariant locally Lipschitz mapping, i.e., for any u € X, ((—u) =

—((u) and there exist L, > 0 and r,, > 0 such that for any vy,vs € Bx(u, ),

[¢(v1) = C(v2)]| < Lulvr — val],

where Bx (u,r) ={ve X | |lv—u| <r}.

(ii) For anyu € X, ||C(w)]] <1 and (J'(u),(u)) > 0.
(iii) If ¢ <0 and J°\ (K'), /20 # 0, then

(3.8) inf{(J'(u), () | u€ T\ (K'),j20} > 0.
(iv) If{fue X | J(u) <0, u€ cly((K'),3\ (K'),/a)} # 0, then
(3.9) inf{(J'(u),¢(w)) | J(u) <0, u€ cly((K),/z\ (K'),a)} > 0.
Proof. For any u € X, by the definition of |J’(u)|, there exists h, € E satisfying
(3.10) 1] = 1

and 3
(J'(u), hy) > Zmin{|J'(u)|, 1}.

From the definition of E-differentiability and the fact that J is continuous in X, there
exists d,, such that

(3.11) 0 < 6, < 1/60,
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(3.12) 0> vGB?(S,&u) J(v) > vGBixn(g,éu) J(v) > %J(u),
and

(3.13) (T (0), ) > %min{|J’(u)|, 1}>0 ifve By(udy).
Then

A ={Bx(u,du) | [J'(u)] #0, J(u) <0}

is an open covering of X.
Since X is a metric space and hence a paracompact space, there exists a locally
finite open covering M = {M; | i € A} of X finer than A. Define

d(qu\Mz> %
S ondw X\ ;) Y€

/\7(u) =

where

d(u, A) = inf lu—v].

Since each v € X has a neighborhood intersecting only finitely many M, > e d(u, X\
M;) is only a finite sum, and each ); is a Lipschitz continuous functional on X with
respect to the || - || norm.

For any ¢ € A, choose one u; € X such that M; C Bx (u;,0,,). Define

(3.14) ¢*(w) == Xi(uhy, € E, ueX,
i€EA

and

(315) () = (¢ (W)~ ¢ (~w), we X.

For every u € X, the sum in (3.14) is only a finite sum. Clearly, ¢ satisfies (i). Since
J is an even functional, we have

(3.16) (J'(—u),h) = (—J'(u),h) YueXVheE.

Then by (3.10)—(3.16), we deduce that ¢ satisfies (ii).

Now we prove (iii). For u € J¢\ (K'),/20, there exist only a finite number of
elements from M, denoted by Mi, Ms, ..., My, such that for all 1 < i < k, either
u € M; or —u € M;. Then

(3.17) SOEED SEVCTNEED SN

Clearly, +u € M; if and only if A\;(£u) # 0, in which case +u € Bx (u;,d,,) and
(315) (/G ) > 5 mingl o), 1),

We first consider the case u € M;. Since J(u) < ¢, by (3.12), we have

(3.19) J(u;) < %c.
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Since u € Bx (uj,dy,) and u & (K'), /20, by (3.11), we see that
(3'20) U; §1 (’C/)L/4O'

Combining (3.19) and (3.20) yields

(3.21) u; € T3¢\ (K'),a0-

In the case —u € M;, the same argument from (3.19) to (3.21), with —u instead of w,
holds. Since %c < 0, by Lemma 3.3,

(3.22) T (u3)] > me = inf{|J'(w)| | w € T3\ (K), a0} > 0.
By (3.17), (3.18), and (3.22), we have

k k
()6 = 5 SN (@) = 5 DA ()

k
= % Z M) (T (1), ) + = > Xi(=u) (I (), h,)

k k
L. :
> me{l7 | (u)], i=1,2,...,k} (; Ai(u) —|—iz_;/\z(—u)>
(3.23) = %min{l, |J (wi)], i =1,2,...,k} > min{l, m.}/2> 0.

This implies (iii).

It suffices to prove (iv). Assume J(u) < 0 and u € cly((K'),/3 \ (K'),/4). As
in the proof of (iii), there exist finite u; € X, 1 < i < k, such that (3.17) and
(3.18) hold. For any ¢, since either u € Bx(u;,dy;) or —u € Bx(u;,dy,) and since
u € cly((K'),3\ (K'),/4), (3.11) and (3.7) can be used to deduce that

u; € J\ (Bx, (0,1/5) U(K)./5).
This, together with Lemma 3.3, implies

| J'(ui)| > my :=inf{|J"(u)| | J(u) <0, u¢& Bx,(0,0/5) U(K'),/5} > 0.
We then conclude as (3.23). 0
Set A= (K'),/40 and B = X \ (K'), /20, and define
dy(u, A)
dy(u, A) + dy(u, B)’

o(u) = u e X.

Then p is an even functional which is Lipschitz continuous with respect to the || - |-
norm, gla =0, ¢o|p =1, and 0 < ¢ < 1. The fact that ||[v||, < ||v]| for v € X implies
that o is also Lipschitz continuous with respect to the || - ||-norm. Let

(3.24) x(u) = —o(u)(w), ueX.

The conclusion (i) in Lemma 3.4 implies that x is Lipschitz continuous with
respect to the || - [[-norm. Therefore, the initial value problem

{ %:X(n)’ )
n0,u)=ue X :={veX|Jw) <0}
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has a unique solution in X, denoted by 7(t, u), with right maximal interval of existence
[0,7(u)). The conclusion (ii) in Lemma 3.4, together with the construction of x,
implies that (J'(u), x(u)) <0 for all uw € X. This fact, together with the equation

) = () Xt 0)

implies that J is nonincreasing along trajectories of 7. Therefore, X is an invariant
set of the flow 7. The conclusion (ii) in Lemma 3.4, together with the construction of
X, also implies || x ()| < 1 for all w € X. From this and the fact that X is an invariant
set of the flow 77, we see that T'(u) = 4o for any u € X. From the conclusion (i) in
Lemma 3.4 and the definition of x, we have x(—u) = —x(u) for all u € X. It follows
that, for any (¢,u) € [0,400) x X,

(3.25) n(t, —u) = —n(t,u).

LEMMA 3.5. Assume J satisfies the conditions (A1)—(A4) and infx J < 0. Sup-
pose that (3.7) holds. Then there exists o > 0 satisfying that, for any ¢ < 0, there
exists T, > 0 such that for any v € J¢,

In(Te, Wllw = 70

Proof. Arguing indirectly, assume that, for any 0 < r < ¢/6, there exist ¢, < 0
and a sequence {u,} C J° and T, — 400 such that

(3.26) 1 (Tos tn) || < 7
We shall prove that, if n is large enough, then there exists 0 < t,, < T}, such that
(3.27) N(tn, un) € (K'), /4.
If this were not true, then, up to a subsequence,
n([0,T,), un) C J N\ (K')yyas n=1,2,....
By the conclusion (iii) in Lemma 3.4, we have
(3.28) ar = inf{(J'(u),¢(u)) | w € J\ (K),ja} > 0.

It follows that as n — oo,
T
J((T, un)) — J(un) = —/0 (I (n(t, un)), 0(n(t, un))C(n(t, un)))dt

Tn
(3.29) . /O T (0t 1)), Cnt )}t < —ay Ty — —o00.

This contradicts the assumption that J is bounded from below.
By (3.27) and (3.26), we see that, when n is large enough, there exist ¢, < ¢, <
t!! < T, such that

n(t;mun) € CZU)((K/)L/4)7 n(t:;aun) eJr \ (’CI>L/37

and

(3.30) ([t tnl, un) C T 0 (el ((K)03) \ (K7)./a)-
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It follows that

B | - /t "ot un)C(n(t un)dt
- ‘ ; "t un)dt|  (by (3.30))
(331) < / "¢t wn)) it < / IC (e wa))

By |||l <1 (see Lemma 3.4), we have, as a consequence of (3.31),

L

3.32 > —.
(3.32) "

By the conclusion (iv) in Lemma 3.4, we have
(3.33) b= inf{(J'(u),¢(u)) | J(u) <0, ue clw((K'),5\ (K'),a)} > 0.

Clearly, b is independent of r. Note that

¢

n

Tt ) = Tt wn)) — / (0t ), 0(1( 1)) CO(E, )t

+

n

G

n

(3.34) = J(n(t,un)) - / (T (0t un)) s Gt )l

+

n

By (3.30) and (3.32)—(3.34), we see that

(3.35) T((T, un)) < T (0t un)) < Tty un)) — 35 < =75 1= cx,

where ¢, is a constant independent of r. Since J* is w-compact (see Lemma 3.1) and
0 ¢ J°, there exists a constant r, > 0 which is independent of r such that

(3.36) J% N Bx, (0,r,) = 0.

w

Choosing 0 < r < 7, and using (3.26), (3.35), and (3.36), we arrive at a contradiction.
This finishes the proof. 0

4. Proof of Theorem 1.1.

Proof of Theorem 1.1. Arguing indirectly, assume that there exists ¢ > 0 such
that (3.5) holds. Let ro > 0 be the constant given in Lemma 3.5. By Lemma 3.1,

B :=J%\ Bx, (0,70)

is a w-compact set, and by the condition that J is an even functional (see (A1)), we
have B € S(X,,). Then, by (2.3) and the property (iii) in Proposition 2.5, we have

Y(B) < vw(B) < +oo.
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Therefore, we can choose an integer m > v(B). And by the condition (As), we can
choose A € S(X) such that y(A) > m and

¢:=sup J(u) <O0.
u€A

Then, by Lemma 3.5,
(4.1) n(T., A) C B.

Since 7 is equivariant (see (3.25)) and continuous, by the properties of the genus, we
get that
m < y(A) < y(n(Te, A)) < y(B) < m.

This contradiction finishes the proof. ]

5. Application 1: Degenerate quasi-linear elliptic equations. In this sec-
tion, we consider the following quasi-linear elliptic equation:

(5.1) —div(De¥(z,u, Vu))+Ds¥(z,u, Vu) = K(z)[u|??u inQ, u=0 ondQ,

where (2 is a smooth bounded domain in RN (N > 2).
The function

V:OxRxRY 5 R, (z,5,8) — ¥(z,s,§)

satisfies the following conditions.

(P1) U:QxRxRY — R is measurable in z for all (s,£) € R x RY, of class C! in
(s,&) for almost every x € . For almost every x € Q and s € R, the function
U(x,s,-) is convex.

(Py) For any (z,5,&) € Q x R x RN, U(z,s,) > 0, sDyV(z,5,¢) > 0, and
U(x,—s,—&) = ¥(x,s,£). For almost every (z,s), U(z,s,0) = 0. And for
almost every (z,§), D;¥(z,0,£) = 0. Moreover, for s # 0, the function

(5.2) sDV(x,s,£) is convex in €.
(P3) There exist 1 <p < N, a >0, and A > 0 such that
(5:3) U(x,s,8) = AE[P

for (z,s) € @ xR and |£| > a.
(¥4) There exist L >0, C' > 0, and M > 0 such that

(5.4) |De¥(z,5,€)] < LIEP™ V(z,5,6) € QxR x RY,

(5.5)  MD¢U(x,5,€) &+ DU(2,8,8) > —C V(r,56) € QxRxRY,
and for z € Q) a.e. and all s € R, the functions
(5.6) MD¢¥(x,s,€) &+ D VU(x,s,§) are convex in €.

Remark 5.1.

(i) Under the assumptions (¥ )HP4), the function ¥(z, s, &) may not be strictly
convex in €. This case has been considered by several authors in some special
situations (see, for example, [11] and [22]).
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(ii) Under the assumptions (¥q)—(W4), the quasi-linear elliptic operator
—div(DeU(z, u, Vu)) + DU (z, u, Vu)

may be very degenerate. An example of such a ¥ is the following:

(5.7) U(z,s,€) = (14 (arctan 5)*)g(|¢]),
where
0, 0<r<2,
g(r): 2— 4*(7"*2)2, 2§7‘§37
arP +br + ¢, r>3,
and
4 % 31/2p p—5 2V3(p—2)
¢6=—, b=——— ¢c=2-— —7——.
p(p—1) V3(p-1) P

Elementary calculations show that this W satisfies the assumptions
(¥1)—(¥y4). Equation (5.1) with ¥(x,s,-) very degenerate and not strictly
convex has never been studied before, as far as we know.
(iii) Equations (5.4) and (5.5) imply that
(5.8) |Ds¥(x,5,8)| < MLIEIP +C V(2,5,€) € QxR x RY.
For the nonlinear term on the right side of (5.1), we assume
(5.9) l<g<p
and the following assumptions.
(K1) K € L™ (Q).
(K2) The following holds:
(5.10) essinfeq K (z) > 0.

From (5.4) and ¥(z,s,0) =0 (see (¥2)), we deduce that
L
(5.11) U(xz,s,¢) < E\gv’ Y(z,5,6) € QxR x RY,

Under the assumptions (¥1)—(¥y4), (5.9), and (K1)—(Kz2), since we have (5.11), the
following functional is well defined:

1
(5.12) J(u) = / U(x,u, Vu)dz — 7/ K(x)|ul%dz, uwe X :=WyP(Q),
Q q.Ja
where W, ?() is the Sobolev space with the standard norm

1/p
Jull = ( / |Vu|pdm) .
Q

By (5.4), (5.8), (5.9), and (K1)—(Kz2), it is easy to see that for

E = W,P(Q)N L=(Q),
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J is E-differentiable, and for any v € X and h € E,
(5.13)

(J'(u), h) :/QDE\I/(JU,u,Vu)-Vhdx—l—/QDS\I'(x,u,Vu)hdx—/QK(x)\u|q_2uhdac.

It follows that the critical points of J are weak solutions of (5.1).

In general, this functional does not satisfy the Palais—Smale condition. For ex-
ample, in the case of (5.7), we can choose a sequence {u,} C X satisfying that
sup,cq |Vun| <1 for all n, u, — 0in X and inf, ||u,| > 0. Then {u,} is a Palais—
Smale sequence of J, but it does not contain a convergent subsequence.

Such a sequence can be constructed as follows. Denote

I={zeRY |z =(z1,29,...,2n), 0 < 2; <1}

and

Sji = {IIJ el | T = 2}7 Iji = COHV(S]'Z' U {(1/27 ]./2, ey 1/2)})
for j =1,2,...,N and ¢ = 0,1, where conv(A4) means the closed convex hull of a set
A. Then I = UQSJ‘SL i:O,lei~ Deﬁne, for z € I,

B T if(EGI]‘O,
’U(l‘){ 1—$j ifa?EIjl.

Then v is well defined, v € Cy(I), and |Vuv| =1 a.e. in I. Now suppose, without loss
of generality, that we can translate I into a new cube I'* which is contained in €). For
any n, divide I* equally into n’V small cubes. Define, for z € %I ={x | nx €I},

vp () = ﬁv(nm)

Define u,, on I* in such a way that its constraint on each small cube is a translation
of v,. Outside of I*, u,, is defined to be 0. For such a sequence, we have {u,} C X,
|[Vu,| =1 a.e. in I*, and |Vu,| = 0in Q\ I* for all n, and therefore ||u,| = 1 for all
n. Moreover, |[un|| g ) — 0 and thus u, — 0in X as n — oo.

The main result of this section is the following theorem.

THEOREM 5.2. Under the assumptions (¥1)—(P4), (5.9), and (K1)—(K2), (5.1)
has infinitely many solutions.

Proof. We shall verify that the functional J defined in (5.12) satisfies the assump-
tions (A1)—(As) in Theorem 1.1.

Since 1 < ¢ < p, by the Sobolev inequality and (Kj), there exists C' > 0 such
that

(5.14) / K(@)ul?dz < Cllul* Vu € X.
Q

By (¥3), (5.11), and (5.14), we have

1
J(u) :/ W(m,u,Vu)dm—&—/ \I/(x,u,Vu)dx—f/ K(x)|u|%dx
[Vu|>a [Vu|<a q.Ja

L C
> A/ VulPdz — f/ Vs — < ful?
[Vu|>a P Jivul<a q

L
(5.15) > MullP — %Hu”q - <p + A) aPmeas(Q),
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where meas(A) denotes the Lebesgue measure of a set A. Therefore, .J is coercive and
bounded from below. It follows that {u € X | J(u) < 0} is bounded in X.

By (¥1) and (¥3), we see that [, U(z,u, Vu)dz is weakly sequentially lower
semicontinuous (see [25, Theorem 1.6]). Since the embedding X — L%(2) is compact
(see, for example, [1]), the functional [, K (x)|u|?dxz is weakly sequentially continuous.
Therefore, J is weakly sequentially lower semicontinuous. We have verified that J
satisfies the assumptions (A1), (As), and (A4) in Theorem 1.1.

Now, we prove that J satisfies the assumption (Az) in Theorem 1.1. Let u € X
and {u,} C X satisfy that |J'(u,)| — 0 and u,, — u as n — co. Choose H € C'(R)
such that H(s) =1 for |s| <1/2, H(s) =0for |s| > 1,0< H(s) <1, and |H'(s)| <4
for all s. Let ¢ € E with ¢ > 0 and let T € R with T > 1. As in [4], take
on = VH (u,/T) exp(—Mu}) as a test function in (J'(u,), pn) = o(1), where M > 0
is the constant in (5.5) and u;} = max{u,,0}. By (5.13), we have

(5.16)
o(l)=— /Q(MDglIl(x,un, V) - Vub — DoV(x, up, Vu,)) 0 H (u, /T) exp(—Mu. )dz
+/Qexp(fMujL)D§\Il(m,un,Vun) -V(¢YH (un/T))dx

— /Q K(x)\un|q*2un7,/1H(un/T) exp(—Mu.)da.

Letting QF := {z € Q| +u,(z) > 0}, we rewrite (5.16) as

(5.17)

o(1) = 7/ (MDeW (2, Uy, V) - Vg, — DV (2, , Vup) )W H (u,/T) exp(—Mu,)dx
Qr

+ DV (2, up, Vun )W H (un/T) exp(—Mu! )dx
Qn

+/Qexp(—Mu:[)Dglll(x,un,Vun) - V(¢ H (uyn/T))dx
f/QK(x)\un|q72un¢H(un/T)exp(fMu;f)dx.
Since u,, — u in X, we have, up to a subsequence,
(5.18) Up, — u ae. in Q and u, — u in L(Q) for all t € [1, Np/(N — p)).
By (5.5) and (5.6), we may apply [25, Theorem 1.6] to the function
(MDe¥(z,5,£) - § = DsW(x,5,8))0H(s/T) exp(=Msx(s))x+(s),
where x4 (s) =1if s > 0 and x+(s) = 0 if s <0, to obtain that

(5.19)
liminf [ (M D¢¥(x, up, V) - Vg, — DU (2, ty, V)Y H (u,/T) exp(—Mu,} )dz

n—oo Qi

Z/ (MDe¢¥(z,u, Vu) - Vu — D (z,u, Vu))p H(u/T) exp(—Mu™)dz,
O+
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where QT = {z € Q | u(z) > 0} and v = max{u,0}. According to (¥2), we have
DVU(z,s,&) <0, and —D;¥(x,s,£) is convex in & if s < 0. Using [25, Theorem 1.6]
again, we have

lim sup DyU(x, 1y, Vg )Y H (u, /T) exp(—Mu! )dx

n—oo Q

(5.20) < DoV (x,u, Vu)yH(u/T) exp(—Mu')dx,
O

where Q- = {z € Q | u(z) < 0}.
In order to study the third term on the right side of (5.17), we use an argument
from the proof of [2, Theorem 2.1] (see also [10]) to verify that, up to a subsequence,

(6.21)  en = (De¥V(x, upn, Vup) — De¥(x,u, Vu)) - (Vu, — Vu) — 0 a.e. in Q.
The convexity of ¥ in £ implies that e, > 0 in Q, while (5.4), together with the fact
that {u,} is bounded in X, implies that {e,} is bounded in L!(Q). For n > 0, define
T,(s) = s for |s| < n and T,(s) = (s/|s|)n for |s| > n. Using ¢, = T,(u, —u) as a
test function in (J'(uy), ¢rn) = o(1), we have
o(1) = / (De¥(x, upn, Vu,) — De¥(z,u, Vu)) - V(T (u, — u))dx
Q
—|—/ D ¥ (z, upn, Vun) T, (un — u)dx
Q
+/ De¥(z,u, Vu) - V(T (un — u))dx

Q
(5.22) - / K (@) un|" 2w, Ty (up — u)da.

Q
For any n > 0, by (5.4), (K1), and (5.18), since V(T,,(un, — u)) — 0 weakly in L?(12)
and T}, (u, — u) — 0 strongly in L*(Q) for all ¢ € [1, Np/(N — p)), the last two terms
in (5.22) converge to 0. As a consequence of (5.8), the second term on the right side
of (5.22) is estimated as

/ | DV (2, Up, V) Ty (un — u)|dz < Ch.

Q

Therefore, (5.22) implies

(5.23) lim sup/ endr < Cn.
{lun—u|<n}

n— oo

Fix a number 6 € (0,1). Using the Holder inequality, we see that

0
/eﬁdm < (/ endx> (meas(Q))*~?
Q {lun—u|<n}

(5.24) + (/Q endgc)o (meas({|u, —u| >n}))*°.

Since {e,} is bounded in L(£2) and u,, converges to u in measure, combining (5.23)
and (5.24) yields

n— oo

limsup/ el dr < Cnf
Q
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for any n > 0. Since n > 0 is arbitrary, one has

lim [ edx =0,

which implies (5.21) up to a subsequence. From (5.18) and (5.21), we use Lemma 7.1
to deduce that

(5.25) De¥(z, upn, Vuy) = De¥(z,u, Vu) a.e. in Q.

By (5.4), we have
sup/ |exp(—Muj;)H(un/T)DE\If(x,un,Vun)|ﬁdx < 400,
n Jo

which combined with (5.25) implies
exp(—Mu ) H (uy, /T)DeV (2, uy, Vug,) —
(5.26) exp(—Mu)H (u/T)De ¥ (z,u, Vu) in L7 ().

Therefore,

lim [ exp(—Mu})H (u,/T)De¥(z,up, Vu,) - Vipdr

(5.27) :/Qexp(—Mqu)H(u/T)Dg\I/(a:,u,Vu) - Vipdz.

Denoting
Do = sup [lun”,  p = [[¢]| (@),
n

by (5.4) and the fact that |H'(s)| < 4 for all s, we have

(5.28) limsup l/ v exp(—Mu,} ) H' (uy /T) DV (z, U, Vi) - Vuy |da < uLDo
nooo 1 Jo T
and
1 4uL D
(5.29) T/ |9 exp(—=Mut)H' (u/T)De ¥ (z,u, Vu) - Vu|dz < MT 0.
Q
Combining (5.27), (5.28), and (5.29) leads to
lim sup ‘ / exp(—Mu ) DeW(z, up, Vuy,) - V(Y H (u, /T))dw
n—00 Q
LD
(5.30) - / exp(—Mut) DeW (2, u, Vi) - V(b H (u)T))dae| < 8“T 0.
Q

By (5.18), we have
lim [ K(2)|un|? 2unH (u,/T) exp(—Mu,)dx

(5.31) - /Q K ()l 2usp H (u) T) exp(— Mu* )dz.
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Combining (5.17), (5.19), (5.20), (5.30), and (5.31) yields
AD@@wywva@mmmpr»m
+AD&@%VMMNWﬂmM%MﬂM

(5.32) - /Q K (2)|u|" 2uypH (u/T) exp(—Mu)dz > —8uLDy/T.

Letting T — +o00 in (5.32), we obtain

Apgm%vmwwﬂmewm+AD&u%vmm@eMwmx

(5.33) — /QK(x)|u|fI*2u¢ exp(—MuT)dz > 0.

Let ¢ € E with ¢ > 0. For n € N, define

0, u(z) <0
ut™(z) =< u(z), 0<ulx)<n,
n, u(zx) > n,

and take ¢ = g exp(Mut™) in (5.33). It follows that
/QDg\I/(ac,u, Vu)V(pexp(—M(ut —u™™)))dx
+ /Q Ds¥(x,u, Vu)pexp(—M (ut —u™))dx
(5.34) - /Q K (z)|u|? 2up exp(—M (u™ — ut™))dz > 0.
Letting n — +o0 in (5.34), we deduce that, for any ¢ € E with ¢ > 0,
(5.35) /QDg\I/(ac, u, Vu)Vodx + /Q D,V (x,u, Vu)pdr — /Q K (2)|u|" 2updz > 0.

Repeating the argument above with test function ¢, = Y H(u,/T)exp(—Mu,;),
where u,, = u,” — u,, we obtain, for any ¢ € F with ¢ >0,

(5.36) /Dgllf(x,mVu)Vapdx—I—/DS\I/(x,u,Vu)godx—/K(m)|u\q_2uapdx§0.
Q Q Q

By (5.35) and (5.36), we have |J'(u)| = 0. Therefore, (Az) holds for J.
Finally, by (5.11), we have

L 1
ﬂwgfmw—f/Kmmmm,ueX
p q.J

Since 1 < ¢ < p, by (5.10), for any k € N, if X}, is a k-dimensional subspace of C5°(2)
and py, > 0 is sufficiently small, then supy, ng, J <0, where S, = {u € X | [lu|| = p}.
Therefore, J satisfies (A1)—(As) in Theorem 1.1. By Theorem 1.1, J has infinitely
many critical points {u} satisfying uy # 0 for all k and up, — 0 as k — oo. d
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Remark 5.3. Let us remark that the assumptions on K in Theorem 5.2 are not the
weakest assumptions. For the example of (5.7), the assumption (K2) can be weakened
as essinfycqK (x) > 0. In fact, if K = 0 a.e. on a subset Q C Q having positive
measure, then all u with v = 0 on 2\ Q and |Du| < 2 a.e. is a solution of (5.1), and in
this case we have trivially a continuum of solutions, while if essinf,cq K (x) > 0, then
the existence of infinitely many solutions is not a trivial problem but can be derived
from Theorem 5.2.

6. Application 2: Homoclinic orbits of second-order Hamiltonian sys-
tems. In this section, we consider the second-order Hamiltonian system

(6.1) i+ Vo V(tu) =0,

where t € R and the function V : R x R™ — R satisfies the following assumptions.
(Hy) V(t,u) = —K(t,u) + W(t,u), V,V exists, and V,,V € C(R x R", R™).
(Hz) There are constants 71,72 > 0 such that for all (¢,u) € R x R™,

(6.2) milul? < K(t,u) < molul?
(H3) There exists tg € R and ¢ > 0 such that uniformly in ¢ € (tg — <, t0 + ),
W(t,u)

ful=0 uf?
(H4) There exists ¥ € (1,2) such that for all (t,u) € R x R,
(6.4) (W (t,u)| < b(t)[ul”,

(6.3)

where b : R — RT is a function such that b € L*(R) for some 1 < ¢ <
2/(2 —9).
(Hs) For all (t,u) € R x R™, V (¢, —u) = V(t,u).
We say that a classical solution v € C%(R,R") of (6.1) is a homoclinic (to 0)
solution if u(t) — 0 and v/(t) — 0 as t — oco. Moreover, if u(t) # 0, u(t) is called a
nontrivial homoclinic solution.

THEOREM 6.1. Under the assumptions (Hy1)—(Hs), (6.1) possesses infinitely
many nontrivial homoclinic solutions.

The functional corresponding to (6.1) is

(6.5) ﬂ@z%é@?ﬁ+4K@@ﬁ—AW@@ﬁ,ueX:H%M

/|u’|2dt+/|u2dt<+oo}
R R

is the standard Sobolev space with the inner product and the norm

(u,v) :/u'ov/dtJr/umdt, u| = (u,u)/?,
R R

where
H'(R) = {U:R%R"

respectively.
Under the assumptions (Hy)—(Hs), J is in C(X) but is not in C*(X). A typical
example is the following:

Kt = 5 (14 goin (s ) )l Wit =0l
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where 0 < a < 1,1 <9 <2,be C(R,R)N LE(R) for some 1 < & <2/(2—19),b>0,
and b # 0. ForuEXandvGHl( )N LY (R), the derivative of J at u in the direction

of v is
(J'(u),v) :/u'-v’dt—i—/u vdt + = /sm( )u vdt
R R |uf
(6.6) —%/ lu| cos(| B >u vdt—ﬁ/ t)u|’~2u - vdt.
R

There exist u,v € X such that the integral [, |u|~* cos(Ju|~*)u-vdt is divergent, and
therefore J is not a C' functional in X. Indeed, define, for ¢t € R,

1
= )
1+ |t|z==

u(t) = (k(t),0,...,0), v(t) = (k(t)cos(|&(t)|~),0,...,0).
Then calculations show that u,v € X and [, [u|™* cos(|u|~*)u - vdt =

To appeal to the classical Clark theorem, which is in the framework of C'' func-
tionals, the following assumption on K is imposed by many authors in their works on
(6.1) (see, for example, [27]).

(HS) K(t,u) = (L(t)u)-u, where L € C(R, R”2) is a symmetric and positive definite
matrix for all ¢ € R and there are constants 0 < 7, < 7 such that for all
(t,u) e Rx R™,
milul? < (L(t)u) - u < molul?.
It is easy to verify that if V satisfies (H;), (H5), and (Hs)—(Hs), then J is a C*
functional in X and satisfies the Palais—Smale condition, and the existence of infinitely
many homoclinic orbits can be derived from the classical Clark theorem. However,
since no growth constraints are imposed on V,V in the setting of (Hy)—(Hs), the
functional J defined in (6.5) is neither in C! nor does it satisfy the Palais-Smale
condition.

Although a variant of Clark’s theorem for nonsmooth functionals was recently
proved in [21], the E-differentiable functional in [21, Theorem 3.9] still needs to satisfy
the Palais—Smale condition, and therefore [21, Theorem 3.9] is not applicable here
either. When K satisfies only the “pinching” condition (6.2), as far as we know, there
are no known results on the existence of multiple homoclinic orbits for (6.1).

Proof of Theorem 6.1. Let E = H'(R) N C§°(R). Since H*(R) can be embed-
ded continuously into L*°(R), we deduce that under the assumption (Hy), J is E-
differentiable and, for any v € X and h € FE,

(6.7) (J'(u),h) = /Ru’ -hdzx +/RVUV(t,u) - hdzx.

J is even as a consequence of (Hs). By (6.2) and (6.4), if £ = 1, then

1
w2y [wPdesn [ Pl [ bl
R R R
1
27/ |u’|2dt+n/ |u|2dt—||u||19/ |b(t)|dt
2 R R R

. 1
(69 > min {3 ol =l [ oo,
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where the inequality |lulpec®) < [lul| has been used. If 1 < § < 2/(2 — ), then
9E/(€ — 1) > 2 and we have

J(w) 21/|u’|2dt+ﬁ/ fuf2dt — (/ |b(7:)fchs)1/E (/ u|?idt>
/|u 2dt+7-1/ lul2dt — |Ju|” (/ |b(t) |€dt>l/5
69 zuin{ G - 1a? ([ o |fdt) ,

where the inequality [|u|| o¢/c—1)®) < |lul| has been used. It follows from (6.8) and
(6.9) that J is coercive and bounded from below. Therefore, .J satisfies the conditions

(Al) and (A4)
Let u, = uwin X and h € E. Then

(6.10) / up, - h'dt + / U, - hdt — / u' - h'dt + / w - hdt.
R R R R

Since h € C§°(R), by the Lebesgue convergence theorem, we have

£-1
3

(6.11) — / Uy, - hdt + / V.V (t,uy) - hdt — — / u - hdt + / V.V (t,u) - hdt.
R R R R

Combining (6.10) and (6.11) yields

(6.12) (J'(un), hn) = (J'(u), R).

Therefore, the condition (A}) in Remark 1.3 holds for J. Moreover, if v, — u in X,
then by [25, Theorem 1.6] we have

(6.13) lim inf — /|u |2dt > = /|
n— oo

Applying Fatou’s lemma and using (6.2) leads to

(6.14) lim inf — /K (t, up)dt > = /K (t,u)d

n—oo

while (6.4) implies

(6.15) lim [ W(t, u,)dt = /W (t,u)d

n—roo R

By (6.13)—(6.15), we see that J satisfies the condition (Ag).

Finally, as in the proof of [21, Theorem 3.1], by (6.3), we deduce that the func-
tional (6.5) satisfies the condition (As). Then by Theorem 1.1 and Remark 1.3, (6.1)
has infinitely many homoclinic solutions. 0

7. Appendix. In this appendix, we prove the following lemma, which is an
adaptation of [22, Lemma 2.1] and which is used in the proof of Theorem 5.2.
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LEMMA 7.1. Let ®, ®;, € CY(RN,R) be conver functions satisfying that ®5() —
®(¢) and VO,(¢) — VO(C) for any ¢ € RN as k — oo, and that there exists v > 1
such that

. PR(0)
@ b e

holds uniformly for k. Let £, & € R be such that

(V@r(&r) = VE(E)) - (& — &) = 0.

>0

(7.2)

lim
k—o0
Then {V® (&)} converges to VP(E).

Proof. First, we prove that {£;} is bounded in RY. Note that the convexity of
®;. implies

Pp (k) < (&) + VOr(&) - (& — &)
= 01(§) + VO(E) - (& — &) + (VPr(&) — VE(E)) - (& — ).

If {5 } were unbounded, using (7.2) and the fact that limg_,oc @ (&) = ®(£), we would

have o
lim sup k(&)
k—oo |§k:|’y

<0

)

which contradicts (7.1).

~ Now we use an argument borrowed from the proof of 22, Lemma 2.1]. Define
Qi (C) = Pr(() — VOi(E) - ¢ and ©(¢) = (¢) — V() -  for ¢ € R. Then, since {x}
is bounded, ®; and ® satisfy all the assumptions of the present lemma. Moreover,
& is a minimizer of both dy and . Therefore, we may assume, without loss of
generality, that £ is a minimizer of both ®; and ®, and we need to prove that limg_,
Ve (&) = 0.

Assume by contradiction that there exists § > 0 such that, up to a subsequence,
V@ (&k)| > 6 for every k € N. Let t, € (0,1) be such that |V®p((1—1t5)E+tkék)| =6
and let ¢ = (1 — )€ + tx&k. Up to a subsequence, VP () is convergent to some
a € RN with |a| = d. Since

0 < (VOr(&k) — VOu(CK)) - (& — C) = (1 = tp)(VPr(&) — VPR(Ck)) - (& — &),

one has

0<VOL(C) - (G — &) =tk VPL(Ck) - (§x — &) <tk VPR(EL) - (& — ).

This, together with (7.2), implies

(7.3) lim V®(Cx) - (G — &) = 0.
k—o0

Taking the limit in the inequality

D1 (&) > Pp(Cr) + VOR(Ck) - (€ — k)

and using (7.3), since limy_ oo Px(§) = ®(€) and since £ is a minimizer of Oy, we see
that

(7.4) Jm @ (Cr) = (&)
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For every € RY, passing to the limit as k — oo in the inequality

®r(n) = Pr(Cr) + VO(Ck) - (1 = Ck) = Pr(Cr) + VP(Ck) - (1= &) + VO&(Gr) - (€ — Ck)
and using (7.3), (7.4), and the fact that limy_ o V®x({r) = o, we arrive at

®(n) > (&) +a-(n—¢&) VneRY.

Since a # 0, this contradicts the fact that £ is a minimizer of ® and ® is of
class C*. 0
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