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ABSTRACT

Classical Foundations for a Quantum Theory of Time

in a Two-Dimensional Spacetime

by

Nathan Thomas Carruth, Master of Science
Utah State University, 2010

Major Professor: Dr. Charles G. Torre
Department: Physics

We consider the set of all spacelike embeddings of the circle S! into a spacetime
R! x S! with a metric globally conformal to the Minkowski metric. We identify
this set and the group of conformal isometries of this spacetime as quotients of
semidirect products involving diffeomorphism groups and give a transitive action of
the conformal group on the set of spacelike embeddings. We provide results showing
that the group of conformal isometries is a topological group and that its action on
the set of spacelike embeddings is continuous. Finally, we point out some directions

for future research.

(76 pages)
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CHAPTER 1

INTRODUCTION

Our goal in this thesis is to provide mathematical foundations needed to im-
plement Isham’s quantization program [1] for the system whose configuration space
is the set of spacelike embeddings in a two-dimensional spacetime with compact
spatial dimension and metric globally conformal to the Minkowski metric.

We present three main results in this direction. The third, whose importance is
the most immediately obvious, is the proof that the group of conformal isometries
of the spacetime has a natural continuous transitive action on this collection of
spacelike embeddings. As we indicate in Chapter 5, we believe that this group may
be extended to a group of symplectic transformations acting transitively on the
corresponding phase space. In Isham’s program the unitary representations of this
latter group then give information about the quantum system (more specifically,
the self-adjoint generators of the one-parameter unitary groups coming from such
a representation are the observables of the quantum system).

Our other two main results, also presented in Chapter 4, are the identification

of the group of conformal isometries and the set of spacelike embeddings in terms of

'We note that every Lorentzian metric in a two-dimensional spacetime is locally
conformal to the Minkowski metric; this global condition serves to eliminate cer-
tain pathologies, such as closed timelike curves, which could otherwise occur. We
note also that there is another obvious choice of topology for a two-dimensional
spacetime, namely R' x R!, in which the spatial dimension is noncompact. As far
as the results which we establish go, the compact case appears the more difficult
of the two; it appears, though, that the infinite-dimensional differential geometry
discussed in Chapter 5 is easier in the compact case.
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diffeomorphism groups. In our opinion it is the methods used in proving these two
results which constitute the main technical innovation of the present work, especially
the openness arguments and their use in providing homeomorphism arguments.
The continuity arguments given below have received very similar treatments in the
literature [5], [6], but we are not presently aware of any previous appearance of
results similar to the openness results presented in Chapter 3, particularly those in
Proposition 3.6 and Lemmas 3.1, 3.2, and 3.3; nor are we aware of prior use of the
methods used in those proofs, the concept of openness of a map onto its image, and
the related result presented in Proposition 3.2. Continuity and transitivity of the
group action presented in Theorem 4.3 could possibly be proved more directly, but
the identification in Theorem 4.1 of the conformal group in terms of diffeomorphism
groups (which are in fact covering groups of Diff(S1)) will presumably be helpful in
studying the representation theory necessary to complete Isham’s program.

We proceed as follows. In Chapter 2 we set notation and some basic conventions,
show that two certain groups of R'-diffeomorphisms are in fact topological groups
in the C'*° topology (defined below), and establish that a certain semidirect product
constructed from one of these groups is also a topological group. This semidirect
product group is that used in our constructions in Chapter 4. In Chapter 3 we
prove certain openness and topological results which are needed in Chapter 4; we
also establish that the group of diffeomorphisms used in the semidirect product
is a covering group of Diff(S'), among other things. In Chapter 4 we present

homeomorphisms between the conformal group and the set of spacelike embeddings
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on the one hand and quotients of this semidirect product group on the other, and
demonstrate the transitive action of the conformal group on the set of spacelike
embeddings in terms of these homeomorphisms. In Chapter 5 we give a brief,
informal account of the next steps necessary to implement Isham’s program and

also provide an indication of the type of questions which can be studied therein.



CHAPTER 2

TOPOLOGICAL GROUP STRUCTURES

First we would like to set some notation which will be used in the follow-
ing. The symbol N refers to nonnegative integers, i.e., 0 € N; N* = N\{0} is
the set of positive integers. R will denote the set of real numbers and C the
set of complex numbers. The letters V and W will be used to denote finite-
dimensional vector spaces, either real or complex, with the usual topology. Typically

we will use the standard Euclidean metric on R"™ and C", i.e., (21,22, -, x,)| =

VT2 + 22?2 4+ - + |z, |?; however, we will also have occasion to consider sets
of the form [}, X;, where X; is a compact subset of R or C, and unless stated

otherwise we will use the supremum metric on such spaces, i.e.,

d((mla T, - axn)v (y17y2; o ,yn)) = 1111?<Xn |$2 - y’b| (21)

(This metric of course gives the same topology as does the Euclidean metric.) We
consider the circle S as the group of complex numbers of unit modulus. We let id
denote the identity map; its domain space will be determined by the context.

If V and W, as above, are finite-dimensional vector spaces, we let C>°(V, W) de-
note the set of all smooth (i.e., infinitely differentiable) maps from V' to W. We shall
always topologize these spaces and their subsets using the family of seminorms given
as follows, following Yosida [3], pp. 26-27. Let v = dim(V'), and let {z1,x2, -, 2y}
be a basis for V; then, for n € N, K C V compact, (o;) = (aq,---,,) € N,

()] = > au, and (for f e C°(V,W))



o 9 9™

e A
Ox{" 0z5>  Oxy

a(ai)f —

£, (2.2)
where we make the convention that 88—; = id, we define

Pk (f) = sup ‘(8(ai)f> (x)’ ) (2.3)

[(ci)|<n,xze K

When clarity is desired we may occasionally emphasize V or W by writing p}: K
pxz}/g, or p}f,/K. We shall, however, never write R' as a superscript. We note that,
for any n € N, p, x(f —g) = 0 for all K implies that f(z) = g(z) for all x; thus
(see Yosida [3], p. 26) the topology on C°°(V, W) defined by this family of semi-
norms gives C°(V, W) the structure of a locally convex space. We shall always
give these spaces this topology.? Thus sets of the form {f € C(V,W)|pn x(f —
fo) < €}, n € N, K C V compact, fo € C®(V,W), and ¢ > 0 form a basis
for the topology of C°°(V,W). (Though not necessary for this definition of the

topology, we shall usually tacitly assume that all compact sets K are nonempty.)

2This topology corresponds to the so-called weak topology introduced in [15], Sec-
tion 2.1. Other topologies for these spaces which we have seen include the so-called
strong topology introduced also in [15], Section 2.1, and the so-called very-strong
topology introduced in [16]. For spaces of C*° functions on compact manifolds all
three definitions appear to coincide (see [15], p. 35, [16], p. 413). As we will see in
Chapter 4, the group of conformal transformations of interest to us behaves in some
ways like a set of C'*° functions on a compact manifold; thus the weak topology is a
reasonable choice. Further, the strong and very strong topologies are not in general
first countable ([15], p. 35, [16], p. 413); also, as we point out after Theorem 4.1
below, the identity is the only element of the conformal group which has compact
support, and thus the results in [17] (see especially p. 19 and Proposition 4.1) ap-
pear to imply that the conformal group is totally disconnected in the very strong
topology. While this would imply that our group in the very strong topology is
at least first countable, it is still (as is lack of first countability) very undesirable
from the perspective of the infinite-dimensional differential geometry mentioned in
Chapter 5. The use of fundamentally different function spaces, such as the Sobolev
spaces used in [18], is beyond the scope of our present work.
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We shall denote these sets by U(n, K€, fy); as with the p, x we may occasion-
ally emphasize the vector spaces and write Uy w(n, K, €, fo), etc. We note that
U(n, Ki,€, fo)NU(n, K, €, fo) = U(n, K1 UKy, €, fy). We note also that p,, x(f) <

Pn,k (f) for any compact K and any m,n € N for which m < n (in particular,
po.x(f) = Sgg |f(2)| < pn.x(f) for any n € N); thus U(n, K, ¢, fo) C U(m, K, €, fo)
for n > m and we may restrict to n > ng for any fixed ng € N and obtain an
equivalent topology. If X C W is a submanifold then we topologize C*°(V, X) as
a subspace of C°°(V,W). (The term subspace will always be used to mean simply
a topological subspace, i.e., a subset equipped with the subspace topology, unless
noted otherwise.) The only spaces of C°° maps which we shall consider below in
which the domain space is not a vector space are spaces of the form C*°(S!, X) or
C®(R!' x S, X); we shall topologize these roughly as in Milnor [2] (i.e., roughly
with the weak topology) — we give the details in Chapter 3 below.

For any finite-dimensional vector space V', we set
CrRLV)={feC®R"V)|f(x+2r) = f(z)forallz € R},  (24)

and topologize it as a subset of C°(R', V). We let Diff(R') denote the set of
all C*° diffeomorphisms of the real line, i.e., invertible smooth maps with smooth

inverses. We let
Diffy,z(RY) = {f € Diff(R")|f(z + 27) = f(2) + 27 for allz € R} (2.5)

and note that it is a subgroup of Diff(Rl). We topologize these last two spaces as

subspaces of C®° (R, RY).
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We shall often denote the nth derivative of a function f € C*°(R*, V) by f(® ¢
C*(R', V). We make the convention that f(©) = f.

We recall (see Bredon [4], pp. 4-5, especially Proposition 1.2.6) that a function

f: X — Y between two topological spaces is continuous if and only if for every x €

X and any basis of open sets By, at f(z) € Y, the set f~(U) is a neighborhood

of x for every U € By (). In our case, this gives rise to the following result.

Proposition 2.1. Let V;, V5, Wy, and W5 be finite-dimensional vector spaces.
Then a function F' : C*°(Vq, W;) — C°(V,, W3) is continuous if and only if for every
go € C(V1,Wy), n € N, K C V, compact, and € > 0, there exist n’ € N, K’ C V;

Vo, W,

compact, and § > 0 so that pX}”}/(V} (9—g0) < 0 implies that p ;- *(F(g9) — F(g0)) < e

Proof. This criterion is equivalent to
F (Uv,w,(n, K, €, F(g0))) D Uv,w, (n', K, 6, go), (2.6)

and the result is then clear since by definition the collections of all sets of the form

Uv, w,(n, K, ¢, f;) form neighborhood bases about f; € C*°(V;, W,). QED.

Similar results clearly hold in the case of maps between products of these spaces.
With these preliminaries out of the way we now proceed to our first main results,
namely that Diff(Rl) and DiﬁQﬂZ(Rl) are topological groups with respect to the
C* topology specified above. We refer the reader to the papers by Glockner [5],
[6] for a somewhat clearer proof of this result along the same lines. We present
the proofs below for the sake of completeness, and also because the form of the

polynomials in Proposition 2.2 and an estimate in the proof of Lemma 2.1 are both



needed for the proof of Lemma 2.2 presented in Chapter 3 below.

Our first proposition, giving an explicit formula for the polynomials mentioned
in [6], Appendix, in the case d = n = 1, is fairly easy, even if it at first sight appears
somewhat cumbersome. The reader is strongly encouraged to work out a few cases
such as n = 1,2,3,... by hand, collecting terms to bring the result into the form
given below, so as to get a feel for what is going on. For a similar but much more

general result, see Keller [7], p. 111.

Proposition 2.2. Let n € N*. There is a finite collection I,, = {{(j;, mi,l;) }:}
of finite, ordered sequences of triples of positive natural numbers and a collection of

positive natural numbers {a }xecs, such that, if V' is any finite-dimensional vector

space, f € C®(RY, V), and g € C*(R' R'), then

(fog)™ = (f0g)(x)g™ (x)

+ > G |(Weg)@ I (sW@) |27

k={(j:m:,li)}{ €L, (Jisms,li) €k

Moreover, if k = {(ji,mi, 1;)}, € I, then j; = jo = -+ = jp, Zivzl mil; = n,
vazl m; = j1, and I; < n for all i. (Since j; is independent of i, we shall simply
write k = {(j, ms, )}, below.)

Proof. The proof proceeds by induction. For n = 1 we have by the chain rule
(fog)(x)=(f"og)(x)g (), which is simply the leading term above; we may thus
take I = () and the result follows vacuously. Now suppose that the result holds for
n < q, ¢ > 1. We shall differentiate the expansion above with n = ¢ and show that

each resulting term is of the correct form. We see that



(f o 9) ™™ (z) =(f" 0 9)(2)g" " (z) + (" 0 9)(2)g'? (2)d' (x)

Y all(edw II (V@) @8

k:{(j,mial%)}elvq (j:miali)ek

The first term is the expected leading term in the expansion with n = ¢ + 1. The
second term is a term of the correct form with sequence {(2,1,q),(2,1,1)}; since
for this sequence j; = jo =2, > myl; =q¢+1,> m; =2 = j;,and l; < g+ 1 for
each i, this sequence is of the desired form, and hence so is this term.

Now each term in the sum in equation (2.8) may be expanded as (for k =

{(j,ms, 1)} € I;; we set 20 =1 for all z € R' and note also that m; > 1 for all 7)

d|(reg)@ee I (89w)"

(3,ms,l)€EE
£ (eg)@m (s0@)" T gt ] (g<”<x>)m]<2.9>
(4,mi,li) €k ( (jl,;v;,(l)ekl)

Now the first of these terms is a term of the stated form whose sequence is k with
each j replaced by j + 1 and the term (j + 1,1,1) added at the end (recall that
each k is considered as an ordered sequence!); since this new sequence satisfies
1= =jnm1=J+L>ml=q+1,Ym=j+1=j,andl < g<q+1
for each [, it is of the desired form, and thus so is this term. Similarly, fix some
(j,mi,l;) € k, and consider the corresponding term in the sum in (2.9). Consider
the sequence obtained from k by adjoining the element (j,1,[; + 1) at the end and
replacing (j, m;,l;) by (j,m; — 1,1;) if m; > 1, or deleting it if m; = 1. This new

sequence is easily seen to correspond to the term under consideration. Now for this
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sequence we have j1 = jo=---=j, > ml=q+ (l; +1) —m;l; + (m; — 1)l; = ¢+ 1,
Sm=j—m;+(m; —1)+1=7j, and | < ¢+ 1 for all [; thus this sequence is of
the desired form. Hence we see that each term in (2.9) is of the desired form; since
(2.9) is a generic term of the sum in equation (2.8), the entire sum is of the desired
form, and hence the result holds for n = ¢ + 1 and thus for all n by induction.
(Each a}! will be a positive natural number since N™ is closed under the operations

of addition and multiplication.) QED.

We note that we could dispense with the first term above by including the
singleton sequence {(1,1,n)} in I, and writing af, ; ,,; =1 for all n, and we shall
frequently do this below. In this case we shall write J,, for the collection of sequences
rather than I,,. (The only condition in the above proposition not satisfied by .J,, is
[ < n, which must be replaced with | < n.) The explicit form of the leading term
is important in the proof of Lemma 2.2 given in Chapter 3 below, but we shall not
need it until then.

We now proceed to prove that composition of C'* functions is continuous, using
the above proposition. First we make one more definition. Fix n € N*. For each
k € Jn we define a multilinear form 3y, : R™ — R by Bi((zi)i21) = I1¢j m.per (@)™

thus by the proposition we may write

(fo)™(@) = 3 ai (190 g) @) B (97 (@)iy) (2.10)

ked,

We note that if k € I,, then 8y only depends on the first n — 1 elements of (x;).

Let V denote a finite-dimensional vector space.
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Lemma 2.1. Composition of C*° functions,

a:C®R, V) x C®°RNRY — C®°R V)
(2.11)
(fi9)— fog,

is continuous.

Proof. Basically, this follows from continuity of the multilinear functions [
along with certain compactness arguments. Some of the estimates are somewhat
involved, though, so for the sake of completeness, and also because one of the
estimates below is necessary for the proof of Lemma 2.2, we give a detailed proof
of this result, as follows.

Continuity of a is equivalent to openness of a~*(U) in C®°(R!, V) xC>® (R, RY)
for each basic open set U ¢ C®°(R, V). Fix (fo,g0) € C®°(R", V) x C*°(R' R,
n € N*, K ¢ R' compact, and € > 0, and let U = Uy (n, K, ¢, fo o go) be the
corresponding basic neighborhood of fy o go = a(fo, 90). By our comments about
restricting n on pp. 5-6 the set of all such U is a basis for the topology of C*®(R!, V)
since « is clearly surjective (as a(f,id) = f for all f € C®(RY, V)). We must
then show that there exist ni,ns € N, K;,Ks C R' compact, and 81,82 > 0
so that Uy (ny, K1,01, fo) X U(ng, Ka,02,90) C a~Y(U); i.e., so that for all f €
C>=(R',V), g € C=R"R") p 1 (f — fo) < 61 and pn, k,(9 — go) < 02 implies
that py x(f og— foogo) <e

First, define K’ = go(K) + [—1,1]; then K’ is compact. Similarly, for each n’ €
N*

n' < nlet K/, = H?:1 (g(()i)(K) + [-1, 1]) C R"; the K/, are also compact

Y n

since go € C®°(R',R"). Note that K’ and K", are fized — they are determined solely
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by the initial data fixed in the paragraph above. Now suppose that g € C* (Rl, Rl)
satisfies pn (g — go) < 1; then for each i € N*, i < n, we have ¢V (K) C g(()i)(K) +
[~1,1]. Thus H?Zl g (K) c K, for each n/ < n. Similarly, g(K) C K’. Now
for each ¢ € N féq)| k' : K" — V is uniformly continuous (see, e.g., Munkres [8],

Theorem 27.6), as are the ﬁle::, Kl — R! for each k € J,,,, where 1 < n’ < n. Let

s= max (Y., |ai'|); then s > Osincen > 1. Let € =

€
1<n'<n 9(1 + 8) (1 +pn,K(g0))n,

; then 0 < € < 00, 0 <€’ < oo and ¢ and €¢” are both

6// —

ST 0 2 0 (o))

fixed by our choices in the previous paragraph. By the uniform continuity of the
functions noted above we may then choose §’,6” > 0 so that (i) z,y € K’ and
|z —y| < ¢ implies that |féq)(x) — féq)(y)| < € for all ¢ € N, ¢ < n and (ii)
z,y € K/ and [nax |z; — yi| < 0” (recall our convention about the metric used
on products of compact subsets of R'!) implies that |8 ((x:)}) — Br((m:)})| < €”
for all k£ € J,,, 1 < n’ < n. (8" exists since the collection of functions {Fx|k €
Jp for somel < n’ < n} is finite and each member is uniformly continuous, and
since z,y € K]/ and 1I£¢a§(n|xi — yi| < 0" if and only if (z;)?, (y;)7 € K, and
max

1<i<n’

Now let 6 = min{1,d’,8”,¢'}, and let f € C®°(R', V) and g € C*(R',R")

x; —y;| < " for each 1 <n/ <n.)

satisfy p), g (f — fo) < 6 and pp,x(9—g0) < 6. We note that py ., (f) < 1+pY . (fo)
and py r(9) < 1+ pg.r(go) for all ¢ € N, ¢ < n. Thus in particular g(K) C K’
and []7_, gW(K) C K, for 1 < g < n. Further, for all ¢ € N, ¢ < n we see that

z,y € K’ and |z — y| < J implies
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[FD (@) = FD )] < |fD () = f2@)] + 1 F D) - £7) + £ (@) - £ )]
<o+06+€ <3¢, (2.12)
since pY o (f — fo) < 8 < ¢, and § < ¢ implies that |f5%(x) — fi”(y)| < € by
uniform continuity of fo on K’. Thus for all z € K,
(0. 9)(@) = (foo 90)(@) < [(f 0 9)(@) = (f o g0)(@)| + (f © 90)(x) = (o © g0) ()]
<3 +6 <4 <, (2.13)
since |g(z) — go(z)| < & and g(z), go(z) € K', and |f(y) — foly)| < 6 < € for all
y e K'.

Now fix n’ € N*, n/ <n, and x € K. We see that

ay |-

(/2 9) ") @) = (fo0.90) ") (@) < 3
ked,

(190 9) @) B (9P @)1) = (467 0 90) (@) B (98 @)1 )|

(2.14)

Now fixing k = {(j,m,,,)} € J,/, we see that

(190 9) @) B ((0D@NE) = (567 0 90) @) B (08 @)

< |(£909) @) 8 ((9@) = (F9 0.90) (@) Be (97 ) |
+|(£9 0 90) @) B (9D @) = (£9 0 90) @) 1 (68 @)
(59 0.90) @) 8 (98 @)) = (£ 0 90) (@) B (o @)) |

=|(rP09)@) - (fDom)@| TI |o™@|"

(4,m. l)Ek

+|(1900) @) |8 ((69@) = 5 (6" @)
+|(5Dog0) @) = (1 0g0)@)| I |o6” (@)

(J,m. L)€k

-

(2.15)
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Recalling that 1 < 5,1 <n' <n and Y m, = j for (j,m,,1,) € k, that x € K, and
hence that g(x), go(x) € K’, that pn k(9 — go) < 6 <1, and that p} 1 (f — fo) <

0 < €, we see that

(9 0 g)(z) = (f9) 0 go) ()| < 3¢ \

TG

(3,m.,l.)€Ek
(fY9 0 go) (@) < L+ py g (fo) (2.16)

< (1 +pwxc(90)) < (1+pnxc(90))"

(F9 0 go)(x) — (f§ 0 go)(w)| <5 < ¢

L e ~ n
[T [o67@|" <@+ pwicloo) < (0 +paro)
(j:mmlll)ek Vs

moreover, we see that max 19 (2) — g((f)(;l:)] < pnr(g —go) < § < 0”; since
<i<n

(g (x))7, (géi) ()} € K]/, uniform continuity of §j gives, for each k € J,,,

Br((gD(@)t) = Bl ()| < €. (2.17)

(In passing note our (admittedly buried) usage of the uniform continuity of f) and
Bir: we need the estimates given above to hold uniformly for all g and all x € K and

hence need uniform continuity, not just pointwise continuity.) We therefore obtain

(190 9) @) Be (99 @) = (£ 0 90) (@) B (95 @)))]

<3¢ (1 + pn,ic(90)" + (L4 1 (fo)) € + € (1 + pnx (90))"

4e L € < €
9(1+s) 3(1+s) 1+s

(2.18)

and substituting this back in to our original expression in equation (2.14) above

gives finally
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€
1+s

’

aj

(Fo )™ (@)~ (foo a0) ()] < 3
k

n’

< 2.19
Ser55 <6 (2.19)

so fog e U. We may thus take 01 = 9, =9, K1 = K', Ko = K, and n; = ny = n.

QED.

This establishes, in particular, that composition in Diff(Rl) is continuous. See
[16], Proposition 2.3, [19], Proposition 1, for similar results in other topologies.

The last step in proving that Diff(R') is a topological group is to prove that
inversion ¢ : Diff R') — Diff(R'), f — f~! is continuous. A large part of the
technical work necessary for this is applicable also to proving one of the openness
results in Chapter 3, and so we give it as a separate result, as follows. As usual, let

V' be some fixed finite-dimensional real vector space. Now let
CERL V) ={f € C*R,V)|f'(z) # 0for all z € R'}. (2.20)
It is to be topologized, of course, as a subspace of C’OO(Rl, V). We then have the

following result.

Lemma 2.2. Let fy € C°(RY, V), go € C°(RY, RY). For every € > 0, n € N,
and K ¢ R! compact, there exist § > 0 and K1, Ko, K5 C R compact so that, for
all f € C*(R",V)and g € C®(R" R, p¥ . (f—fo) <6, pY k., (fog—fooge) <0,

and po i, (9 — go) < 0 implies that p, k(g — go) < €.

We defer the proof to Chapter 3 and instead show first how this result may be

applied to show continuity of inversion.
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Corollary 2.1. Inversion

. : Diff R') — Diff(R')
(2.21)
feft

is continuous.

Proof. We proceed by showing (essentially) that ¢ is continuous in the compact-
open topology on Diff(R') (i.e., the C* topology restricted to n = 0) and then
applying Lemma 2.2. The technical details of the following argument basically
involve a lot of juggling of inequalities. There is, nevertheless, a fairly clear intuitive
picture to most of what we are doing: we may think of a neighborhood of a function
go in Diff(Rl) as consisting of certain functions having their graphs in a strip in the
plane around the graph of gg; recalling that the graph of the inverse of a function
is simply the graph of the original function reflected in the line {(x,z)|z € R'},
we then see that the inverses of all such functions must have their graphs in the
reflection in this line of the original strip around gy, which is a strip around g, L
This underlies the inequality-juggling below.

Fix fo € Diff(R'). We show that, if K ¢ R' is compact and € > 0, then there
exist K’ C R' compact and § > 0 so that po g (f — fo) < ¢ implies po g (f~* —
fol) < e Fix K and e. Set K* = [inf K — 1,sup K + 1]; then K C K* and
K* is compact. Now since f, € Diff(R') we see that either f; > 0 on R' or
fb < 0 on R'. First suppose that f; > 0. Let K” ¢ R be any compact set with
sup K" > inf K”. Then we see that fo(sup K”) — fo(inf K”) > 0; if f € Diff(R') is

such that po,x(f — fo) < 5(fo(sup K”') — fo(inf K”')) then fo(z) — 5 (fo(sup K"') —
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foinf K”)) < f(z) < fo(z) + 3(fo(sup K”) — fo(inf K”)) for all z € K”; thus

f(sup K”) — f(inf K") > {fo(sup K") - %(fo(sup K") = fo(inf K”))}

- [ ol K) 4§ (folsup K) ~ fofint K)

= S Uo(sup K”) + fofint )

~ 5 (olsup K”) + folint K7)

— 0, (2.22)
and thus f'(z) > 0 for some z € K”, so f' > 0 on R', since f is a diffeomorphism
of R

Now K* 4 [—1,1] € R! is compact; thus there is a 6" > 0 so that z,y € K* +
[—1,1] and |x — y| < 6" imply that |f; ' (z) — f5 ' (y)| < e. Let now K’ = f; ' (K*),
which is compact since fy € Diff(R'); we note that fo(sup K’) = sup K* and
fo(inf K') = inf K*, so fo(sup K’) > fo(inf K’) (and hence sup K’ > inf K’) by our
definition of K*. Now set § = min{346”, 1(sup K* —inf K*), 1}, and let f € Diff(R")
satisfy po.x:(f — fo) < 6. We note that f/ >0 on R'.

Now we begin our juggling of inequalities. First, we note that for all x,a €
R', fo(fy 'z —a)) +a == 50 (fo+a) (z) = fy ' (z — a), and similarly (fo —
a)~Yz) = fy (= + a). Further, if g1,go € Diff(R'), ¢f,g5 > 0, and g;(z) >
g2(z) for all z in some set A, then for all y € g1(A) we have go(gy ' (y)) = y =
g1(91" () > 92(91 " (), 50 g5 ' (y) > g1 (y) since g5 > 0; similarly, for y € ga(A)
we have g1(g1 ' (¥) = ¥ = 2092 ' (%) < g1(92 " (¥)), s0 again g3 (y) > g7 ' (y).

Now f(fo {(K*)) = f(K') € K* 4 [~1,1]; also, fo(z) 4+ 3 > f(x) > fo(x) — d for all
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z € fo'(K*) =K' soforally € fo(K')+{6}Nfo(K')—{0} C K*+[—3, 1] we have
folly+0) > 1 y) > fo ' (y—6). But fi'(y+0) < fy '(y) +eand fy'(y—0) >
£t (y) — €, by our choice of §” and since § < 56" and y,y £ € K* + [—1,1]; thus
1Y y) — fily)| < efory € K*+ {6} N K* — {6}. But § < 1, so since K* is
connected K* 4+ {6} NK*— {6} D K*+ {1} N K* — {1} D [inf K,sup K| D K. Thus
po.x(f~1 — f3') < e, as desired.

If fi < 0, then (—fy)" > 0; thus there exist K/ ¢ R' compact and § > 0
so that f € Diff(R') and po r((—f) — (—fo)) = po.x:(f — fo) < & implies that
po_k((=f) = (=fo) ") = po.x (f* — fo!) < e. Thus the result holds for all f;.

We now apply the lemma. We first note that C°(R',R') O Diff(R'). Fix
fo € Diff(RY), let go = fot, and fix K C R! compact, € > 0, and n € N. By the
lemma there exist § > 0 and K1, Ko, K3 C R' compact so that f € C®°(R' R,
g€ C*RLRY), pox,(f— fo) <8, Pux,(fog— foogo) <6, and po, k., (9 — go) < &
implies that p,, k(9 —go) < €. Now by the preceding there exist K’ C R!'and & > 0
so that po g/ (f — fo) < ¢ implies that po g, (f ' —f5 ') < 6. Let f € Diff(R') satisfy
Pk, (f — fo) < min{d’,0}. Then po r,(f~1 — go) < 6, pnk, (f — fo) < I, and
i, (fof~ = foogo) = 0 < 6, and therefore p, x (f ' —go) = pu.x(f 1= f3 1) < e

¢ is therefore continuous, as desired. QED.
We thus have the following theorem.

Theorem 2.1. Diff(R') and Diffy,z(R') are topological groups.

Proof. Lemma 2.1 and Corollary 2.1 together show that Diff(Rl) is a topologi-
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cal group. That Diffng(Rl) is also a topological group follows from consideration
of the restriction of the map Diff(R') x Diff(R') — Diff(R'), (f,g) — fog to
Diffy,z(R') x Diffy,z(R"), which maps into Diffo,z(R') since Diffs,z(R') is a sub-
group of Diff(R'), and of the restriction of + : Diff R') — Diff(R') to Diffo.z(R1),
which similarly maps into Diffs,z(R"). (For a more detailed argument, see e.g. Pon-

trjagin [9], p. 58.) QED.

We let Sy denote the symmetric group on two letters, i.e., Sy = {(1),(12)},
where (1) is the identity and (12) : {1,2} — {1,2}, 1 — 2, 2 — 1. We note that
So = Zo. Now we may view Zo as the multiplicative group of real numbers of unit
modulus, and we shall often do this below. By virtue of the above isomorphism we
may then write loosely —x = (12)x for x € Ss, and we shall often use this notation
below. We give both of these groups the discrete topology.

We let Diﬂ‘;ﬂZ(Rl), Diff;ﬂz(Rl) represent, respectively, orientation-preserving
and orientation-reversing elements of Diffa,z(R'), and set A = Diff] ,(R') x
Diff) ,(R")UDIff, ,(R') xDiff, ,(R"). A is clearly a topological group (see Hewitt
and Ross [11], Theorem 6.2). We denote elements of A by either (fi, f2) or fi x fo.
We shall also view elements f; x f» as functions R* — R?, (z,y) — (fi(z), f2(y)).
We define an action of Sy on A by setting x(f1, f2) = (fy)s fx(2)) and note the

following easy result.

Proposition 2.3. The map ¥ : A x Sy — A, (f1, f2,x) — x(f1, f2), is contin-
uous.

Proof. Let U = U(ny, K1, €1, fo) X U(ng, Ko, €2,90) N A be open in A. Then
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SHU) = {(f1, f2.x) € A x So|x(fr, f2) € U}
={(f1, f2,1) € Ax S|(f1, f2) €U}
U{(f1, f2, (12)) € A x S3(f2, f1) € U}

= [U X {1}] U [(U(nQ,KQ,EQ,gO) X U(nl,Kl,El,fo) N A) X {(12)}], (223)

this last set is open in A x S5 since we give Sy the discrete topology and since

the set U(ng, Ka,€2,90) X U(ni, K1, €1, fo) N A is open in A (since the reflection

(f1, f2) = (f2, f1) fixes A). QED.

We now define the semidirect product A x S5 by taking the group operation to be
(f1: f2.3)(91, 92,€) = (f109x(1)> f20 9x(2), X&) = ((f1 X f2) o (X (91 X g2)), XE); inver-
sion is given by (see Hungerford [10], p. 99) (f1, f2,%) "' = (DT 1), x7h).
These operations are both continuous by the foregoing proposition, since A is a
topological group and S5 has the discrete topology, and thus this semidirect prod-
uct is a toplogical group. This group is basic to our constructions in Chapter 4
below. As a topological space it equals A x Sy, and we shall occasionally write it
as such when we are not concerned with its group structure.

We shall also have occasion to use the action of Sy on R? given by (1, xg) =
(T (1), Ty(2)), and when we write an element y of Sy standing alone as a function
on R? it will always have this meaning. We note that (x(f1, f2))(x(z1,22)) =
(Fxy(@x@)s Fx@ (@x@)) = x(fi(@1), f2(z2)) = (x o (f1 x f2))(®1,22); thus in
particular we take most careful note that x o (f1 X f2) # x(f1 X f2) — in fact, this

is crucial to a correct understanding of our proof of Theorem 4.1 below!
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CHAPTER 3

OPENNESS AND TOPOLOGICAL RESULTS

We present first the proof of Lemma 2.2. We recall that {(1,1,n)} ¢ I,,, so that

if k ={(j,ms,l;)} € I, then l; < n for each .

Proof of Lemma 2.2. Fix ¢ > 0 and K € R' compact and nonempty. We
proceed by induction on n. Our basic idea is to take inequality (2.14) in the proof of
Lemma 2.1 above and solve it for (™) after writing out the leading term explicitly
as in the statement of Proposition 2.2 above.

For n = 0 we may clearly take K1 = Ko = K3 = K, j = €.

Suppose now that the result holds for n < ¢, ¢ > 0. (We would like to here
insert a word of caution. The case ¢ = 0 is of course a key case, as without it our
induction could never get started. However, it is a very special case in what follows
as many of the conditions and terms below become vacuous and zero, respectively,
when ¢ = 0, and we invite the reader to pay special attention to the logic below for
this particular case. The other cases (¢ > 0) are more straightforward. We make

the convention that a sum taken over an empty range and a function taken on an

empty set are both zero.) We see that (for all f € C*°(R',V), g € C*(R' R'))

(f 2 9) (@) = (fo 0 90) TV (@)] = |( 0 9)@)g (@) = (£ 0 90) @) (=)

+ 3 ai“[(f(”og)(w) 11 (g(”(l‘)>m

k6141+1 (]’mvl)ek

~(f00)@ II (@) ] 6D

(dym,l)ek
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for ¢ = 0 the range over which the sum is taken is empty (since I; = )) and we
therefore take the sum to be zero. The condition [ < ¢ + 1 on the elements of the
sequences in I,41 implies that the terms in the sum above depend on the derivatives
of g only up to the gth order. As in the proof of Lemma 2.1, if p, k(g — go) < 1
then ¢()(K) C gél)(K) + [—1,1] for all I < q. As before, let K’ = go(K) + [—1,1]
and K" =[], (g(()l)(K) + [—1,1]) for ¢ > 0; for ¢ = 0 set K” = (. As before,

K’ and K" are fixed and compact. Let m =

1 . / . . o, .
= inf )|, which is positive since
Linf |f4(e)] b

f§ is continuous and never zero and K’ is compact and nonempty, and let s =

2 ke,

aq“’; we see that s > 0. Let ¢ = me , € =
g - 27(1 + s)(1 + pg+1,x(90)) "+

me ; as before, ¢ and €’ are positive, finite, and fixed. As in

27(1+ 5)(1 + pgr1,x (fo))
Lemma 2.1 above, choose ¢’ > 0, 6” > 0 so that (i) z,y € K" and |z —y| < ¢’ implies

that [ £§")(2) — £§(y)| < € forall ¢’ € N, ¢’ < ¢+ 1 and (ii) ()L, (y)L_, € K"
and max 2" — y'| < §” implies that [Bx((z")?) — Br((y")?)] < €’ for all k € I41.
(We recall that () only depends on the first ¢ of its arguments if £k € I,44.) For
¢ = 0 condition (ii) is entirely vacuous since K" and I,1; are empty; in this case
we set ¢/ = 1. Now by our induction hypothesis the result is true for n = ¢ and
e = min{d”,1}; let §", K{, K}, and K4 be the positive number and compact sets
resulting in this case. Set K; = K' UK}, Ko = K UK}, and K3 = K U Kj,
set 6 = min{1, %m, §,6",8" €}, and let f € C®(RY V), g € C®°(R' R satisfy
Py, (F = fo) < 0, 0y i1k, (f o9 = foog0) <9, pox,(9—go) < 9. Then by our
induction hypothesis p, rc(9 — go) < min{6”,1} < 1; thus [[L, ¢ (K) C K" if

g > 0. Moreover, as before, for 0 < ¢ < g+ 1, z,y € K', |x — y| < § we have



23

F @) - D) <

£ (z) — f(Q) ‘ ‘f(Q) éq’)(y)‘
+ (féq/)(y) ~ f(q')(y))

<25+¢€ < 3€. (3.2)

Similarly, if ¢ > 0, then for all #+ € K we see that (¢(V(z))!, (g(()i)(a:))? c K",
and similarly (by the induction hypothesis) max. g (z) — g(()i)(a:) < ¢"; thus
AP @)D — Bl @)D)| < ¢ for all k € Lysa. Finally, pl e (f — fo) <
p(\1/+1,K1(f —fo) << %m (note that ¢ > 0 implies ¢ + 1 > 1!), so for all z € K’
we have | f'(z)| > | fg(x)| — gm (since | fo(2)| — |f'(2)] < |f'(z) = fo(2)] < 3m), and
thus xign}f{/ |f/(x)] > 2m — gm = m. Further, p),; 1. (f) < 1+pY.y g (fo). Thus

2 2

we see that, for all x € K

‘g(q+1) z) — g(()q+1)(x)‘
= m H(f 0 )" (x) = (foo 90)(‘1“)(33)‘
+(|(7 0 @) = (0 go)@)| + (0 g0)@) = (S 0 90)(@)]) (|a" V(@)

3 | [(19e9)@ TT (s9@)"

kel (m.f)ek
(mogo)() II (gé”(a:)ﬂ]
(7,m,l)ek
< %{6+(3e’+6>(1 Frorncloo) + D Jaf||
kel i,

(FD 0 g)(@) — (19 0 go)(@)[|Br (¢ (2))])]
(D 0 go) (@) ]181((9D (@)T) — Br((95” (2))D)]
HD 0 g0)(@) = U o @86 @)D | 63
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Noting that estimates analogous to those in equations (2.16) and (2.17) in the
proof of Lemma 2.1 above hold here, and recalling that all [ values in the sum are
no greater than ¢ (and that the entire sum is taken to be zero when ¢ = 0) we thus

obtain

2
‘g(q_H) ) g(()CI—Fl)(x)‘ < 3_m (5 + (36/ 4+ (5)(1 +pq+1,K(90>)

+ 37 [a | [3¢/ 1+ paselg0) T+ (L Pl e (fo))e” + €1+ paic(90)7])

kel
< 2 <me+m6+me+me+me+ )
— 3m \ 27 9 27 9 27 27
20
_ Y A4
8le<e (3.4)

Thus the result is true for ¢ + 1 as well with the above choices of §, K7, K5, and

K3. We note in passing that we may take Ko = K3 = K for all n. QED.

We say that a map F' : X — Y between topological spaces is open onto its
image if the restriction F' : X — F(X) C Y is open; such a function is open as
a map into Y if and only if its image F'(X) is open in Y. We have the following
criterion, related to Proposition 2.1 above, which links this notion with Lemma 2.2.
Compare Pontrjagin [9], §18, C). (We note that if B C P(Y) is a basis for the
topology of Y, then {U N F(X)|U € B} is for F(X), and similarly if B is instead a

basis of neighborhoods at some point xg.)

Proposition 3.1. Let X and Y be two topological spaces, and let F': X — Y.
F is open onto its image if and only if for every zo € X the following condition is

satisfied: if By, is a basis of neighborhoods at xo and Bp(,,) is a basis of neigh-
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borhoods at F'(x¢), then for every U € B,, there is a V' € Bp(,,) so that for every
x € X satisfying F'(x) € V there is an 2* € U such that F(z) = F(z*).

Proof. Suppose that F': X — Y is open onto its image, and let o € X, B,
be some basis of neighborhoods at xg, and U € B,,. Then F(U) is open in F(X)
as a subspace of Y, and it contains F'(zo); thus there is a V' € Bp(g,) so that
VNF(X)CF(U). Let z € X be such that F(z) € V; then F(x) € F(U) so there
is an x* € U such that F(x) = F(x*), as desired.

Now suppose that the above criterion holds, let W C X be open, and consider
yo € F(W). Then yo = F(xo) for some zy € W; since W is open there is a
U € B, so that U C W. Let V € Bp(,,) be as given by the criterion; thus
yo = F(xg) € V. Let y = F(z) € V N F(X); then there is an z* € U C W so that
y=F(z)=F(z*) € F(U)C F(W). Thus VN F(X) C F(W) and yp € V N F(X).
Since yo € F(W) is arbitrary this shows that F(W) is open in F(X). Thus F is

open onto its image, as desired. QED.

Specializing to the case where X and Y are both spaces of C* functions, we

have the following result.

Corollary 3.1. Let Vi, V5, Wy, and W5 be finite-dimensional vector spaces.
A map F : C°(V;, W) — C=(Va,Ws) is open onto its image if and only if for
every n € N, K C Vi compact, go € C°(V1,W7), and € > 0 there exist n’ €
N, K' C V5 compact, and § > 0 so that for every g € C*(Vy, W;) satisfying

p}f?;?’?(F(g) — F(go)) < ¢ there is a g* € C*°(V1, W) such that F(g*) = F(g) and
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VlaWI X

Proof. This follows immediately from the proposition since sets of the form
U(n, K, e, g0) and U(n', K', 6, F(go)) for the stated ranges of n,n’, K, K’ ¢,6 form

neighborhood bases at go and F'(gp), respectively. QED.

Proposition 3.2. Let X and Y be topological spaces, and let ' : X — Y
be a map open onto its image. Let S C X be such that S = F~1(F(S)). Then

F|s:S — Y is also open onto its image. This also holds if S is open in X.
Compare Munkres [8], Theorem 22.1.

Proof. Let U C S be open. Then there is an open V' C X such that U =V N S.
Since F' is open onto its image F'(V') is open in F(X). Consider F(U). Clearly
FU)cC F(V)NF(S). Let yo € F(V) N F(S); then there exist vy € V, sp € S such
that yo = F'(vg) = F(so). But this implies that vg € F~1(F(S)) = S, s0v9 € SNV
and yo € F(VNS). Thus F(U) = F(V)NF(S) is open in F(S5), since F(S) C F(X)
and F(V) is open in F(X). Thus F|g is open onto its image, as desired.

If S is open and U C S is open in S, then U is also open in X so F(U) C F(S)

is open in F'(X) and hence in F'(5). QED.

We note that the first condition is clearly satisfied if F' is a homeomorphism
onto its image; thus the restriction of a homeomorphism is a homeomorphism onto

its image. (This can also be seen more directly, of course.)
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Corollary 3.2. Let F' : X — Y and G : Y — Z be two maps between

topological spaces, each open onto its image. Then Go F': X — Z is open onto its
image if G71(G(F(X))) = F(X), or if F(X) is open in Y.

Proof. By Propostion 3.2, G (G(F(X))) = F(X) or F(X) open in Y implies

that G|p(x) : F(X) — G(F(X)) is open. But F': X — F(X) is open, and thus

GoF = (Glpix))oF: X — G(F(X)) is open; i.e., Go F': X — Z is open onto its

image, as desired. QED.

We desire now to prove certain results concerning the topology of spaces of
the form C°°(S*, V), where V is some finite-dimensional vector space, and also
concerning openness of certain maps between such spaces. First we set some more
notation. We let ¢ : R* — S, 2 — ¢ denote the standard covering map, and
p:R'xR! = R' x S, (,0) — (t,e') the universal covering map of the cylinder;
thus p = id x ¢. We note that ¢ and p are local diffeomorphisms; specifically, if
U c St is evenly covered by ¢, so that ¢~ 1(U) = U;V;, V; C R! open and disjoint
and such that ¢|y, : V; — U is a homeomorphism for each i, then ¢|y, : V; — U is
in fact a diffeomorphism, since ¢|y, is smooth and bijective with nowhere vanishing
derivative. A similar statement holds for p. Before proceeding we note a property

of such maps.

Proposition 3.3. Let M, N, and L be finite-dimensional C*° manifolds, and
let m: M — N be a covering map which is also a local diffeomorphism in the above

sense. Suppose that maps f : M — L and ¢ : N — L are such that f = ¢ o .
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Then f is C*° if and only if ¢ is. The same holds for f : L — M and ¢ : L — N
satisfying m o f = ¢ if f is continuous.

Proof. We start with the first statement. The if direction is obvious. Suppose
now that f is C* and let n € N. Let U C N be a neighborhood of n evenly
covered by 7, so that #=1(U) = U;V;, where the V; C M are disjoint and open and
7|y, : Vi — U is a diffeomorphism for each i. Then we see that f|y, = (¢pom)|y, =
d|lu o w|y,; now 7|y, is a diffeomorphism, and thus ¢|y = f|y, o (w|y,)"' : U — L is
C* on U, and in particular at n. But n € N was arbitrary and thus ¢ : N — L is
C°, as desired.

For the second part, we note first that if f is C°° then clearly so is ¢. Suppose
now that ¢ is C*° and that f is continuous, let [ € L, and as before let U be an
evenly covered neighborhood of ¢(I) € N, with #=1(U) = U;V; where the V; are
disjoint and mapped diffeomorphically onto U by 7. Now 7(f(l)) = ¢(I) € U, so
f(1) € V; for some i. Now f~1(V;) is open in L since f is continuous; moreover, we
see that on f~ (V) mlv, o fls-1(v)) = @l 1wy, 80 flpr(v) = (mlvi) "t o bl -1y, and
hence f is C* at [ € f~1(V;) since 7|y, is a diffeomorphism. Thus f is C* on L,

as desired. QED.

Continuity of f in the second part is necessary: consider the case M = L = R*,
N=SY7m=¢=gq,and f(z) =z,2 <0, x +2m, 2z > 0. Then clearly 7o f = ¢ and
¢ is C°°, but f is not C"*° at 0.

Let now V be some finite-dimensional vector space, and consider C*°(S1, V).

We shall topologize this space as done in Milnor [2] (in other words, with essentially
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the weak topology; see our note on p. 5). Specifically, for every o = ¢/ ¢ S we
have a coordinate system 6, : S'\{—0} — (-, ) given by inverting e!(+%)| _ -
(—m,m) — S'\{—0c}; we then take as a basis for the topology of C*°(S1,V) the set

of all finite intersections of sets of the form
{6 € C(S", V)py g, (1) (00,1 — o0, ) < e}, (3.5)

where n € N, o € S', K c S'\{—0} is compact (and hence 0,(K) C (—m,m) is
compact), € > 0, and ¢g € C*°(S!, V). Consider now the two compact sets K; =
q([Z,]) and Ko = q([—2F,27]). We see that Ky C S'\{1} and K> C S™\{-1}.
Now 0_; : SN\{1} — (—m, ) is the inverse of e'(*™|_ -y = q(- + 7)|(_r.n), and
01 : SN\{—-1} — (—m,m) is the inverse of ¢|(_r ). Thus for all n € N and all

¢ € C>(S, V) we have

px,e,l(Kl)(ﬁb 0f1) = PX,[_% sz (@ oq(-+))

and similarly pxel(KQ)(gb 0ft) = px[_sw 3"}(¢ o q). Thus the set

{¢ € C(S . V)lpy sz 2z (00 — b0 q) < €} (3.7)

is a basic open set in C*°(S1, V) for all n € N, € > 0, and ¢o € C°(S!,V); we see
that the collection of all such sets forms a basis for the topology of C*(S', V) as
defined above. By the periodicity of ¢ this means that {WPX, w(@oq—dpoq) <e}
is open in C°(S, V) for all n € N, K C R! compact, € > 0, and ¢y € C®(S*, V).

We similarly topologize C' Oo(R1 x S1 V) by taking as a basis all finite intersections
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of sets of the form {¥ € C®°(R' x S1, V)|px,KX[_%7%](\IJ op—Pyop) < e}, neN,
K c R! compact, ¥, € C"X’(R1 x S V), € > 0. We then see that any set of
this form with [—37”, %’r] replaced by an arbitrary K’ c R! compact is also open
in C*R' x S1, V). We let CI‘;O(R1 x R, V) for any vector space V denote the
set of all C™ functions f : R' x R' — V satisfying the periodicity condition
fz,y +27) = f(x,y) for all (z,y) € R' x R, and we topologize this space as a

subspace of C*°(R? V).

We now have the following result.

Proposition 3.4. The map

©:C™(S', V) = CX(RY, V)
(3.8)
¢ goq

is a homeomorphism.

Proof. Clearly © maps into C;;O(Rl, V'), by periodicity and smoothness of ¢. It
is clearly injective: ©(¢1) = O(¢) implies that ¢y (q(x)) = ¢o(g(x)) for all 2 € R,
which implies that ¢; = ¢o by surjectivity of ¢. To see that © is surjective, let
fecy (R', V). Then f is constant on the fibers of ¢, so f(¢~'(c)) is well-defined
for each o € S*. Denote this value by ¢(c) € V. Thus ¢ : S — V satisfies
¢oq= f; by Proposition 3.3 and our observations about ¢ above, this implies that
¢ € C*>(S, V). Now by definition ©(¢) = f, and thus © is indeed surjective.

To see that O is continuous, let Uy = Uy (n, K, ¢, fo) N Cgo(Rl, V) be a basic

open set in C’go(Rl,V), where n € N, K ¢ R' is compact, ¢ > 0, and fy €
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C*(R', V). Choose ¢y € C=(S, V) such that ©(¢g) = fo. Then O~1(Uy) = {¢ €
C=(S8Y, V)|pY (¢0q—¢ooq) < e}, which is open in C>(S',V) by our comments
above. To see that © is open, let Us = {¢|p¥7[_%7%](¢ 0q—¢ooq) < e} be a basic
open set in C*(S1,V); then O(Us) = {¢ o q\px[_%’%](qﬁ oq— ¢poq) < e€}. Since
© is surjective, we see that ©(Us) = Uy (n, [—%, %r], $ooq,€e)N C’I?O(Rl, V), which

is open. Thus © is open. Hence © is a homeomorphism, as desired. QED.

Restricting to C*°(S', ') ¢ C>(S!,C) and CX(R',S') c C*(R',C), we

have the following result.

Corollary 3.3. The map

©:C>(5, S — CX(R', S
(3.9)
¢— ¢ogq

is a homeomorphism.

Proof. Again, 6 maps into C’;,’O(Rl, S1) by smoothness and periodicity of q. It
is injective as a restriction of the injective ©. To see that it is surjective, note that
C(R', SY) C C°(RY, C); if f € C°(R', SY) and ¢ = ©7(f) € C*>(S',C), then
¢poq = f soclearly ¢ : S* — S!. ¢ is smooth by Proposition 3.3, as before, so
¢ € C®(S,81); thus ©(¢) = f and O is indeed surjective, as desired. Now © is
clearly continuous as the restriction of the continuous ©); it is open by Proposition
3.2 (or alternatively since @1 = (@_1)\(;;0(111751)). Thus O is a homeomorphism,

as desired. QED.
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Proposition 3.5. Let X C C"’O(R1 x ST R x S1), topologized as a subspace

of C®(R! x ST, R! x C), be any subset. Then the map
Zx: X - CXR' xR R x §1)

(3.10)
frfop

is a homeomorphism onto its image.

Proof. Zx is clearly injective, since p is surjective. It clearly maps into Cp° (R1 X
R R!'x S 1Y by periodicity and smoothness of p. To see that it is continuous, let
U = Ur'xr' rixc(n K € fo) NCP(R' x RNR! x §1), n € N, K ¢ R' x R!
compact, fo € C’;jO(R1 xRY R'x S8'), and € > 0 be open in C’ij"(R1 xR RYx S1).
We may assume that K = K; x Ko, Ki,Ky C R! compact. Then Z)_(l(U) =
{v e X|p§}?R1’R1XC(\IJ op — fo) < €}; defining ¥y : R' x 1 — R! x S' by
Woop = fo, which exists since fy € CZ?O(Rl xR R x S1) and is C*° by Proposition
3.3, we see that this is a basic open set in X with respect to the topology on
C>®(R' x S',R! x C) given above since K = K; x K.

To see that Zx is open onto its image, let V = {¥ € X|p5}él§}’(l:] ><C(\Ifop—\Iloo
p) < €} be a basic open set in X. Then Zx (V) = {Vop|¥ € X,p?lléf;}’(?lxc(\ll o
p—Voop) <e} =Zx(X)NUrixr R xc(n, K1 X Ka,€, Vg 0p), which is open in

Zx(X), as desired. QED.

Proposition 3.6. The map

I:C*RYR" = C®(R, S
(3.11)
fr—=qof
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is open.
Proof. We note first of all that I maps into C*(R', S') by smoothness of
g. Moreover, I is surjective, since we may lift any smooth curve R' — S to a
continuous curve R' — R! by the covering map ¢ : R' — S since m; (Rl) is trivial
(see Bredon [4], Theorem II1.4.1), and such a lift will be C*° by Proposition 3.3
above. Now fix K ¢ R! compact and connected (as in Corollary 2.1 above), € > 0,
n € N, and go € C®°(RY RY), and let § > 0, K; € R! compact, Ko = K3 = K be as
given by Lemma 2.2 above with fo = ¢ € C$°(R', C). Note that K, €, n, go, 8, and
K are all fixed throughout the rest of the proof. Let §' = min{4, 5 }. Since ¢ : R!' —
S' is open (since it is a covering map), there is a 6" > 0, 6" < &, so that z € R' and
e —1| < 6" implies that |z—2mm| < §' for some m € Z. (Alternatively, this follows
by considering an evenly covered neighborhood of 1 € S'.) Let h € C®(R*', S")
satisfy p,S’K(h —qogg) < ¢”. Choose g € C°(R"R") so that go g = h; then g
satisfies pS (¢ o0 g — qo go) = pgK(ei(gfgo) —1) < pSk(gog—qogy) <8 <.
Thus for each x € K there is an m(x) € Z such that |g(z) — go(x) — 2mm(z)| < §'.
We claim that m : K — Z is continuous. Choose 6" > 0 so that z,y € K and
|z — y| < ¢ implies that |g(z) — g(y)| < ', |go(z) — go(y)| < ¢'. (&' exists since g

and go are continuous on K and K is compact.) Then for such z,y,
2rm(z) — 2mm(y)| < |g(x) — go(x) — 2mm(z)| + [9(x) — go(x) = (9(y) — go(y))|
+lg(y) — g0(y) — 2mm(y)|

< 20"+ [g(x) — g(y)| + |go(x) — go(¥)]

< 48" < 2m; (3.12)
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thus |m(z) — m(y)| < 1 so m(x) = m(y) and m : K — Z is necessarily continuous.
Since K is connected and Z is discrete this means that m is constant. We denote
its constant value simply by m as well. (Note that the equation m(z) = m(y)
only holds for |z — y| < §"” and thus does not immediately imply that m must be
constant.) Thus g — 27m € C®°(R*, R"). Moreover, po ,(go — g — 27m) < §' <6
by construction, and png(q 0og—qogy) = pﬁm (go(g+2mm)—qogy) < 0 also;
finally, taking f = fo = ¢, we see that pfiKl(f — fo) = 0 < 4. The lemma then
shows that p,, k(g0 — g — 2mm) < €; since g o (g + 2mm) = go g = h, an application
of Proposition 3.1 to the map I : C*(RY R') — C*(R', C) shows that this map
is open onto its image, which means that I : C°(R* R') — C>®(R', S") is open,

as desired. QED.

We note that I(f1) = I(f) for fi, fo € C°(RY R") implies that for each z
there is an m(x) € Z such that fi(z) = fo(z) + 2mm(z). Then m = 5=(f1 — f2) is
C°, in particular continuous, and therefore constant. Clearly I(f+2mm) = I(f) for
all f € C*(R',R') and all m € Z, and thus I~ (I(S)) = {f 4+ 27xm|f € S,m € Z}
for any S ¢ C®°(RY RY). In particular, I-'(I(Diffy,z(R")) = Diffy,z(R"), and
thus I|pig, ,Rr') Diffy,z(R') — C>®(R!', S') is open onto its image.

Suppose now that G is any Lie group and H C G is any subgroup which is
discrete in the induced topology. We will now show that the canonical projection
m: G — G/H, g — Hg is a covering map. We need the following elementary
result from topological group theory (cf. Bredon [4], Proposition 1.15.9). If G is a

topological group, a neighborhood V' C G of the identity e is said to be symmetric
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if V=v-1

Proposition 3.7. Let GG be a topological group and U C G be any neighborhood
of the identity e. Then there is a symmetric neighborhood V' of e such that V2 C U.
Proof. By Hewitt and Ross [11], Theorem 4.5, there is a neighborhood W of
e contained in U such that W?2 C U; by ibid., Theorem 4.6, there is a symmetric
neighborhood V of e contained in W. We note that V2 C W2 C U, as desired.

QED.

We now have the following result about covering spaces. Compare Spanier [12],

p. 62.

Proposition 3.8. Let GG be a topological group, and let H C G be a discrete
subgroup, i.e., a subgroup which is discrete in the induced topology. Then the
canonical map = : G — G/H, g — Hg, is a covering map. (G/H = {Hg|g € G} is
of course given the quotient topology.)

Proof. Since H is discrete there is a neighborhood U of e satisfying UNH = {e}.
Let V C U be a symmetric neighborhood of e satisfying V2 C U. Now let g € G,
and consider gV N H. If hy, ho € gV N H, then hy = guvy, ho = gus, v1,v2 € V, SO
hy'hi = (v3 g™ 1) (gu1) = vy 'vy € V2 C U; thus hy'hy € UN H so hy'hy = e and
ho = hy. Thus gV N H has at most one point. Since G is T7, this implies that H
is closed (gV'\(gV N H) is a neighborhood of g disjoint from H for any g € G\H,
since gV N H is closed in G as it is either empty or a singleton). Similarly, if

g € G, hi, ho € H, and hyVg N hoVg # 0, then there must be vy, v € V
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such that hiv1g = hovag; thus h;lhl = ?}2?}1_1 € UNH, so hy = hy. Thus the
collection {hVg|h € H} is a disjoint collection of open sets for each g € G. Now
fix xg = Hgo € G/H. We see that Z(hVgg) = E(Vgo) for each h € H; moreover,
W = E(Vgo) is open in G/H, since 2= }(W) = UpeghVgo is open in G, and W
is therefore a neighborhood of zy = Z(gp). We claim that it is evenly covered by
E. Since E71(W) = UpemhVgo, it suffices to show that Z|,v,, : hVgo — W is a
homeomorphism for each h € H. Since hV g is open in G and Z(U’) = E(UpeghU’)
is therefore open for all open U’ C hV gy by Munkres [8], p. 137, this restriction
is open; it is also continuous and surjective. Thus it suffices to show that it is
one-to-one. Let hvigo, hvago € hV go satisfy Z(hvigg) = E(hvago); then there exist
hi, ho € H so that hihvigy = hohvago. But then h='(hy'hi)h = vovyt € U, so
h—l(hglhl)h =e= U2U1_1, s0 hv1go = hvago and Z is injective. This completes the

proof. QED.

We now set
Diffy (G) = {f € Diff(G)|f(hg) = hilf(g) for allg € Gand allh € H}.  (3.13)

We then have the following result.

Proposition 3.9. Let G and H be as above, let now 7 : G — G/H denote the
canonical projection, and suppose that G is pathwise connected and locally pathwise
connected and that H is infinite cyclic. Then the map II, : Diffy(G) — Diff(G/H)

given by I (f) o™ = m o f is surjective.

Note that we have put no topology on Diff(G) nor Diff(G/H) in general and
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thus make no claim as to the continuity or openness of this map.

Proof. Let f € Diffy(G). We first show that I1.(f) € Diff(G/H). Clearly
mo f maps into G/H. We note that II.(f) is defined on G/H: if Hg € G/H then
(IL:(f))(Hg) = (I:(f))(7(g)) = 7(f(g)). It is also well-defined: if g1,92 € G are
such that Hg; = Hgo, then there is an h € H so that g1 = hgo; thus IL.(f)(Hg1) =
©(f(g1)) = 7(f(hg)) = m(h*'f(g2)) = 7(f(g2)) = Tx(f)(Hgz). Now we note
that [IL;(f) o I (f Y] om = (Il (f)) o(mo f1) =mwo(fof!)=m; since 7 is
surjective, this means that IL.(f) oIl (f~!) = id. Thus clearly (since (f~1)~! = f)
I (f~1) o I, (f) = id, so II.(f) : G/H — G/H is bijective with inverse I1(f~1).
I (f) and IL;(f~1) are both C* by Proposition 3.3. Thus IL.(f) € Diff(G/H), as
desired.

We now show that Il is surjective. Let ¢ € Diff(G/H). Then ¢ om €
C>(G,G/H); thus there is a continuous lift ¢ : G — G satistying mo¢ = ¢or. ¢ ex-
ists by Bredon [4], Theorem II1.4.1, since clearly (¢pom)4(m1(G/H)) C mu(m(G/H))
(see also ibid., p. 132). 5 is then C'°° by Proposition 3.3. We claim that % €
Diffy (G). Let ¢A—/1 : G — @G be the lift of ¢! o 1 satisfying :ﬁ\:l(a(e)) = e, where
e € G is the identity. ¢! exists since (¢! o 7)(d(e)) = (¢~ 0 ¢)(r(e)) = m(e)
(see Bredon [4], Theorem III.4.1). Thus g/b:/l is also C*°. Then 7o (F o) =

—_—

plo(mod) = (plog)om =, s0 (' og)(g) € Hg for each g € G. Thus
(¢=10d)(g) (97") € H for each g € G. But (910 ¢)(-)- () : G — G is C

and hence continuous; since it maps into H, and H is discrete, it must be con-

stant. Thus there is some hg € H such that (;{51 o 5)(9) = hgg for all g € G.
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Since (j::/l(,qvﬁ(e)) = e = hge, we see that hyg = e and gg:/l o$ = id. Similarly,

—

To(po qz:/l) = 7, so as before there is some h{, € H so that (pod=1)(g) = hyg for

all g € G. But taking g = é(e) gives 5(3—/1 (d(e))) = d(e) = hiyd(e), so again hl) = e
and 50 ngb\jl = id. Thus ?{5 is a diffeomorphism and &-1 = ggjl

To sce that ¢ € Diffy(G), let h € H be a generator for H. Then all elements
of H can be written as nh (h or h=! applied to itself n times as n is positive or

negative, respectively, or e if n = 0), where n € Z. Fix g € G and consider 5(hg)

and ¢! (ho(g)). We see that

(¢om) (@' (hi(9))) = (w0 ) (@' (he(g)))
= (12 9)(9)
= (pom)(9), (3.14)

so ¢~ H(hé(g)) = n'hyg for some n' € Z\{0}; further,

(70 ¢)(hg) = (¢ o m)(hg)
= (¢pom)(g)
= (70 )(g), (3.15)

so there is some m € Z\{0} so that ¢(hg) = mhe(g). (m and n’ are nonzero since
¢ is injective and h # e.) Thus fq?(n'hg) = n’mhg(g); but also ,qvﬁ(n'hg) = hg(g), SO
n'm = 1 since H is infinite cyclic and thus m = £1. Thus gNZ)(hg) = hﬂ&(g); since
H is cyclic and generated by h and g € G is arbitrary, we see that ¢ € Diff u(G),

as desired. We note that 5 was an arbitrary lift of ¢ o, and thus we have actually

shown that all lifts via 7 of ¢ o 7 are in Diffy (G). QED.
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Corollary 3.4. The map II : Diffy,z(R") — Diff(S') given by TI(f) oqg=qo f
is surjective, continuous, and open. It is also a group homomorphism with kernel
{f € Diffy,z(RY)|f(x) = & + 27n for some n € Z, for allz € R'}.

Proof. Identifying S* with R! / 7', surjectivity of II follows immediately from
Proposition 3.9. Now we note that II(f) = ©~ (g o f); thus II is continuous by
Lemma 2.1 and Corollary 3.3, and open onto its image by Proposition 3.6 and our
following comment, Corollary 3.3 and Corollary 3.2.

IT is easily seen to be a group homomorphism:

H(fio fa)oqg=qo(fio f2)
= ({I(f1) o q) o f2
= (I(f1) o I1(f2)) o q. (3.16)
Its kernel may be computed as follows. f € KerII implies that II(f)oq = ¢ = qo f;
thus for each z € R! there is an n(x) € Z such that f(z) = = + 27n(z). As usual

n is constant, so f(x) = x + 2mn for some n € Z. Conversely, any f of this form is

clearly in KerII, as desired. QED.

Since Ker IT is discrete, Proposition 3.8 above together with Pontrjagin [9], The-
orem 12 shows that II is in fact a covering map. The work which has gone into this
corollary will be used again in Theorems 4.1 and 4.2 below.

We now prove a few special results about openness of maps between C'*° spaces

which will be of great importance in Chapter 4 below.

Lemma 3.1. The map
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w:C®RY, S x C®(R!, ST — C<(R?, Sh)
(3.17)
(f:9) = ((z.y) — f(2)9(y))

is continuous, and open onto its image.

Proof. We show first that w is open onto its image. Choose n € N, ¢ > 0,
K c R' compact and nonempty, and (fo,g0) € C®(R', 1) x C®(R!,S'), and
consider the basic open set U = Uc(n, K, €, fo) x Uc(n, K, €,go) N C®(R, S1) x

C>®(R',S"). Sets of this form clearly form a neighborhood basis at (fy,go) in

(1+ 75 k(90)

K, 6, w(fo,90)) N C®(R? S8Y), and let (f,g) € C®(R', ') x C*(R', S') be such

C®(RY, SY)x C*(R', S'). Let § = min {%e 5 } let V = Ug(n, K x

that w(f,g) € V. Pick 2o € K, and define f*,g* : R' — S' by f*(z) =

F(2)g(z0)go(z0) 7L, g*(z) = g(x)go(z0)g(z0) "t Then clearly f*,¢* € C=(R',S")

and w(f*, ¢*) = w(f, g). Moreover, for all z € K and all n’ € N, n’ <n,

7 @) = 170 @) = [1 @)g(wo) — £ (@)g0(wo)

< Do (@(f,9) — w(fo,g0)) <6 <e (3.18)

g (@) - 96" (@)] = |9 (@)golo)g (o) " = g ()
= |9 @) (o) = 98" (@) (o)

< |9 @) £ (o) = 98" () fo(wo)

+ 96" @)| 1 Fol0) = (o)

1 €
< —e+
2 201+ pg k(90

))pff,x(go) <e, (3.19)
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so (f*,¢*) € U and w is open by Proposition 3.1.
To see that w is continuous, let (fo,go) € C®(R', S') x C®(R',S'), n € N,
K ¢ R! compact, and € > 0, and let U = Ur: c(n, KxK, e, w(fo,90))NC>(R?, S1)

be a basic open set in C*°(R?, S1). As before, sets of this form clearly form a neigh-

borhood basis at w(fg, go). Now let § = min & , & , 1},
o g0 B i e

let V = Uc(n,K,6, fo) x Uc(n, K,68,g0) N C®(R, S x C*(R', S, and let

(f,g9) € V. Then for all z,y € K and all ny,ns € N, ny +ns <mn,

an1+nz
g (@)a(0) = o)

< )g(””(y)’ )f(”l)(x) - fo(nl)(fr)’ + ‘fo(nl)(fr)( ‘g(””(y) - 96”2)@)’

< (142l (o0) (2(1 —l—pfiK(go))> +onsclfo) (2(1 +p,,?,K<fo>>>
. (3.20)

Thus w=1(U) DV, and w is continuous by Bredon [4], Proposition 1.2.6 (cf. Propo-

sition 2.1 above). QED.

Our next result is used in Chapter 4 below to allow us to work in null coordinates
on a Minkowski spacetime. As usual, let V' denote an arbitrary finite-dimensional

real or complex vector space.
Lemma 3.2. For each y € S5, the map
ny : CF (R V) — C*(R%,V)

fe ((fc,y) — (fox)( (z +y), ! (ﬂc—y>)) 20

Sl
[\]
S
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is continuous and open.
Proof. First we note that, using the isomorphism S5 = Zs, we may write
Ny (f)(z,y) more explicitly as f (\[(x + xvy), f(:s — Xy)). Now fix x € S;. We
note that ni = id; thus continuity and openness are equivalent. (Also, 7, is bi-
jective.) We prove continuity. Fix K x K C R? compact, € > 0, n € N, f, €
C®(R2 V), let U = Uy (n,K x K, ¢, fy), and consider n;l(U). Let 6 = £

(n+1)%n!’
00 /12 C e
and choose f € C°(R*, V) satisfying pr‘L/,\/LE(K—FxK)X\%(K—xK)(f — fo) < 9. Now

(% (f <\1f( +xy), %(w - xy)>> = %(—aﬁ T . 0 0)

(3.22)

and

0 1 1 1
5 (1 (S5t 430 It =) ) = @40 () ey (29

where by 01, 2 we mean differentiation with respect to the first or second variable,

respectively. Let ni,ny € N, n; +ng < n, and let (z,y) € K x K; then (%(a: +

\V)

Xy), 75 (@ = x)) € 5(K +xK) x 5(K — xK), s

%(f (%(:cﬂtxy),%(fc )) fo (\/_(a:+xy) \}i( —w)))‘
(=82 4+ 1) (02 + 01)™ (f — fo)] l(%(ﬁxy),%(wfxy))‘

A1)

(f} (1) -owrwl(s - fo)) |

ko=0

871,1 k1 akl

|

(& (@+xy), % (z—xv))
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ni+ns, M n2

k1=0 ky=0
ny+mng)—(ki+ks 1 2
ot gl p)]

L (@+xv), % (z—xv))

< (%) n nz nz nlé < e. (3.24)

k1:0 ]’{32:0

Thus 7, is continuous. We note that 77>2< = id implies that n, is then a

homeomorphism. QED.

We end this chapter with a lemma on the continuity and openness of a variety of

maps. As usual, W and V denote finite-dimensional real or complex vector spaces.

Lemma 3.3. (i) The maps below are open onto their images:

() ax : C*(R',V) = C*(RV), f = ((2y) = f (5 £0))).

(b) B1: CX(W, V) x C=(W, V) = C=(W, V), (f,9) = [ +g; fa: C=(W, V) x
CEW, V) = C=(W x W, V), (f,9) = ((z,9) = f(z) + 9(y))-

(¢) 1 X g2 : X1 X Xo — Y1 XY, (x1,22) — (q1(71),q2(22)), X1, Xo, Y7, Y5
arbitrary topological spaces, ¢; : X1 — Y7, ¢ : Xo — Y5 maps open onto their
images.

(d) C*(W, V) = C>(W,V), f—cf, c#0.

(e) C¥*(W, V) = C*(W,V), f— (x— f(cx)),ce RorceC,c#0.

The map f; in (b) is open into C°°(W, V), and that in (c) is open into Y; X Y3
if ¢; and g2 are open into Y; and Y;, respectively. The maps in (a), (b), (d), and
(e) are also continuous, as is that in (c) if the maps ¢; and ¢ are continuous.

(ii) If V4 and V4, are finite-dimensional real or complex vector spaces, then the
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map ¢y, v, : C=(W, V1) xC® (W, Va) — C=(W, Vi xV2), (f,9) = (z — (f(2), 9(2)))
is a homeomorphism. (Compare [16], Proposition 3.1.)

Proof. (i)(a) We see that

o) (o £0)) = (%)'a' e (seen). G)

where k € N depends only on a = (a;). Thus p_ fo{o}( +(f) —ax(fo)) <
(\%)n#e implies pq‘{’K(f — fo) < €, and px’%(KiK)(f — fo) < € implies that
pnszK(ai(f) —ax(fo)) <€, where n € N, K € R compact, f, fo € C®°(R, V),
and € > 0 are arbitrary. Thus a4 is continuous and open onto its image, as desired.

(b) pn W ((f+9)— (fo+g0)) < e implies that p!~ K L ((f+9—g0) — fo) < € since
G1(f+9—90,90) = 51(f,g), we see that ; is open onto its image by Proposition 3.1
above. Clearly (3 is surjective (£1(f,0) = f), and thus it is open into C>°(W, V).
Now clearly f € Uw,v(n, K, 3¢, fo), g € Uw,v(n, K, 1€, go) implies that 81 (f,g) €
Uw,yv(n, K, e, fo+go) foralln € N, K C W compact, € > 0, and fy, go € C°(W, V),
and therefore (3; is continuous.

To see that (5 is open onto its image, let n € N, K C W compact and nonempty,
e > 0, and (fo, go) € C®(W,V)xC>®(W,V),and let (f,g) € C°(W,V)xC>®(W,V)
satisfy Ba2(f,9) € Uwxw,v(n, K x K, %G,ﬁg(fo,go)). Pick x¢ € K, and define },g €
C=(W,V) by f(z) = f(x) + g(w0) — go(wo), §(x) = g(x) + go(0) — g(0). Then

clearly ﬁg(}, g) = PB2(f, g); moreover,

P (F = fo) < po i (Ba(f, 9) — Ba(fo, 90)) <

P (5= g0) < ph i (Ba(F,3) — Ba(for 90)) + P w (f — fo) < e (3.26)



45
Thus (2 is open onto its image by Proposition 3.1, as desired. (We note, incidentally,
that (3 is very far from being surjective — in fact its image is very far from being an
open set.) Continuity follows as with §1: if n € N, K C W is compact, € > 0, and
fo,90 € C®(W,V), then f € Uwy(n, K, %e,fo) and g € Uw,v(n, K, %e,go) implies
that B2(f,9) € Uwxw,v(n, K x K, €, 52(f0,90))-

(c) Let Uy C X1, Us C X5 be open; then since (¢1 x ¢2)(X7 x Xo) = ¢1(X1) X
q2(X3), we see that (g1 X q2)(Uy x Uz) = ¢1(Uy) x g2(Uz) must be open in the
image of g1 X ¢o, and thus ¢; X g2 must be open onto its image. If ¢; and ¢, are
open into Y7 and Ys, then ¢1(X3) X ¢2(X2) is open in Y; x Y5 and thus g1 X go
is open into Y7 X Y3, as desired. For continuity, note that (¢; X g¢2)(x1,22) =
((g1 o) (w1, x2), (g2 0 m2) (21, x2)), where mp and 7y are the projections on the first
and second factors, respectively, and apply Munkres [8], Theorem 19.6.

(d) Trivial (p,, x(cf — cfo) = lelpy, x (f — fo))-

(e) Let n € N, K C W compact, and f € C°(W,V). Then for all z € W and

all sequences (o), |(a;)| < n, we have

9 (f(ex))| = el (9 (1) (ea)]. (3.27)

Now let c. = min{1,|c|} > 0 and ¢~ = max{l,|c|} > 0; then ¢ < |¢|l(®)] < ¢2
and

n
Cc

(02(n) ()], (3:28)

(09(1) (en)] < |0 (few))| < 2

SO cﬁp,‘;‘f;‘;/((f) < pw (f(e) < cng‘fj{(f). Thus the map is continuous and open

onto its image. Since the inverse of f — f(c) is clearly f — f(lz-), each of these
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maps is in fact a homeomorphism.
(ii) First, L‘VX v, Is clearly surjective, as the components of a C'™° map are also
C*. It is likewise clearly injective. Now we note that for all (z1,z2) € Vi x V3,
max{|z1|, |z2|} < |(21,22)| = /|z1]2 + |22[%; thus for all n € N, K C W compact,

and (fo,90), (f,9) € C=(W, V1) x C=(W, V2),

ma’X{pn w (f = fo), an *(9—90)} < JUWVIX%(LV1 VQ(f 9) — Vl,VQ(fO,QO))

< PV~ 02+ g g0)% (3:29)

thus L‘VX v, is continuous and open onto its image. Since it is surjective and injective

it is therefore a homeomorphism, as desired. QED.
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CHAPTER 4

CONSTRUCTION OF THE TRANSITIVE ACTION

We are interested in the cylinder R' x S! and its universal cover R! x R'.
We shall use (t,0) to denote an arbitrary point in R' x S and (¢,6) to denote an
arbitrary point in R* x R'. (¢,6) are then the standard coordinates on R* x R
Considering the covering map p restricted to sets of the form R! x (0o — ,00 + ),
we see that these coordinates on R' x R' also give rise to coordinates id x f, :
R'xS! — R'x(—m,7), where og = €' and 6, : S'\{—0¢} — (=, ) is as defined
in Chapter 3 above. Now for every o € S' the tangent space T,,5! is one-dimensional
with basis f +— 9g[(f 0 051)(6)]|lgp=0, which for simplicity we denote by 9y |,. We
note that (letting 6y € (=, m), oo = %0 € S*) 9p[(f © 0,1)(0)]|o=6, = 9., |y (f);
we shall also denote the tangent vector so defined by 9_|,,. For every o € St the
basis of the cotangent space (T, S!)* dual to the basis {9y, |,} of T,St is df,|,. We
define x : St — T*S! by k|, = df,|, and claim that k is a 1-form. k|, € T*S?
by definition. To see that x is C*°, let X : S — TS be a C* vector field
and pick op € S'. Then on S'\{—00} we may write X|, = f(c)0dp, |,, Where
f:S8N\{=00} — R is C°. Thus on S*\{—0¢} we have k|,(X|,) = f(o), which is
C* at g9. Thus  is C*°. Now we note that p.(9sle,) = 0e,,|o,, Where og = etbo:
thus p*k = df. Clearly p*dt = dt.

Let now g = €w(0’t)</£®l<d—dt®dt) be a metric on R x S* globally conformal to

the Minkowski metric. g will be fixed throughout the remainder of our discussion.
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Let G(R'x S'; g) € C®(R'x S',R! x C) denote the set of all conformal isometries
of g, topologized of course as a subspace of C® (R x S, R! x C), and K(S*;R! x
St g) € C°(S', R x C) the set of all spacelike embeddings X : S — R!' x S,
i.e., embeddings such that X*g¢ is positive-definite, topologized as a subspace of
C>*(S*, R' x C).2 We note that P*9l(t,0) = e ¢") (0 @ df — dt ® dt) is a metric
on the covering space R' x R! which is also globally conformal to the Minkowski

metric. We now introduce null coordinates on R! x R! with respect to this metric

by defining z* : R' x R* — R', 2%(t,6) = \/Lﬁ(t 4+ 6). Define T : R' x R' — R?
by T(t,0) = (27(t,0),27(t,0)); then T? = id. Thus t = \%(z* +27) and 6 =

\/Lﬁ(zjL —27), 80

df @ df — dt @ dt = %(dz’L RdzT +dz” @dz” — (dzT ®@dz™ +dz” ®@dzT))
- %(dﬁ Rdzt +dz” @dz” + (dzt @dz™ +dz” ®dzT))
= —(dz" ®@dz” +dz” ®@dz") (4.1)
and in null coordinates p*g = —e®(dzt ® dz~ +dz~ ® dz™).

We define S : R' x R' — R® by S(¢,0) = (3(t+0),1(t —0)) and note that
S7L(t,0) = (t +0,t — 0). We now prove two theorems allowing us to characterize
GR!' x S';g) and K(S*;R" x S';g); specifically, we shall demonstrate both of
them as quotients of the semidirect product A x Sy defined at the end of Chapter

2 above.

Theorem 4.1. The map ® : A x S, — G(R! x S'; ¢g) given by

3The letters ‘G’ and ‘K’ are from the Mandarin pronunciation of the Chinese words
for ‘conformal’ and ‘space’, respectively.
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O(f1, fo,x)op=po (So(fix fz)oxoS™) (4.2)

is a surjective, continuous, and open homomorphism with kernel

Ker ® = {(f1, f2,1) € A x Sa|f1(x) =z + 2mn, fo(x) = x — 27n for somen € Z,

for allz € R}. (4.3)

Thus G(R' x S';g) = (A x Sy)/Ker ® via a homeomorphic isomorphism, and

in particular G(R1 x S1:g) is a topological group.

More explicitly, using the isomorphism Sy = Zs and thinking of Z5 as the group

of real numbers of unit modulus, we may write

[D(f1, f2,x) o p] (L, 0) = p(%(fl(t + x0) + fao(t — x0)), %(fl(t +x0) — fa(t — x9)))-

(4.4)

Proof. We note first of all that ®(f1, fo, x) is defined since fi, fo € Diffoz(R!).
Further, ® maps into C’OO(R1 x ST R x S1) by Proposition 3.3. We now show that
its image is equal to G(R! x S';¢).

We show first that its image must contain G(R'x S'; g). Let ¥ € G(R'x S'; g),
and consider any p-lift ¥ : R' x R' 5 R!xR' of Top: R! x R! — R! x 81,
which exists and is continuous by Bredon [4], Theorem II1.4.1. Since ¥ : R' x ST —
R' x S' is a diffeomorphism and R' x S may be viewed as R* x R'/{0} x Z,
Proposition 3.9 applies to show that ¥ € Diff(R1 X Rl) and that U must also satisfy
U((t,0) + (0,27n)) = U(t,0) + (0,27n) for all n € Z. Moreover, by definition ¥

satisfies poW = Wop; thus U*op* = p*oW*, so U*(p*g) = p*(U*g) = e'p*g, where v



50
is some function, since ¥ is a conformal transformation of g. Thus W is a conformal
isometry of p*g. We consider its representation in null coordinates, which we write
(Tt(zt,27), 0 (27, 27)) = (ToWoT ) (21, 27). Let a10,+ +b10,, 420+ +b20,-
be any two vectors at some point (27, z5 ). Then since ¥ is conformal we have

\if*(p*g)(a13Z+ + 010,-, 020+ + b20,-) = —ew(2a1a2‘ifﬁ_¢1f+ + 2b1b2\il’+_ﬁ/,__

+bar (U U + 0T UT))
= —e”ew(albg + blag). (45)
Thus \TJJSF\TJ_JF = \ift\il__ = 0 and \TJJSF\T/__ + \i/tiljr > 0; further, \T/tr\i/__ —

\iﬁ_\ifl = 0 since U* = p*Up* L g nondegenerate (since p is a local diffeomor-
phism). Thus \ifJSr # 0 implies that \ifjr = 0, which implies that \if__ # 0, so
\i/t = 0; similarly, \~I/+_ = 0 implies that \i/__ = 0, which implies that \ifjr %0, so
\i/f; = 0. Thus Ut (zT,27) = f(at), U (zT,27) = h(z") or U (z+,27) = f(z™),
U~ (z,27) = h(xzt), where in either case f,h € C°(R',R') and f’A’ > 0. (This
logic is not original to us. For an example in the literature, see [14], Section 2.5,
especially Theorem 2.14.) This logic clearly works in reverse as well — thus any ]
so defined for f,h € C®°(R',R") with f’h/ > 0 will preserve p*g up to a conformal

factor.

Now the periodicity condition satisfied by ¥ becomes in null coordinates
TECT 4 V2,27 —nav2) = UE (2, 27) £ nrv2. (4.6)

Thus if Ut (zt,27) = f(aT) and U~ (2T,27) = h(z~) then f and h satisfy f(z +
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nmV2) = f(x) +nnv2, h(z +nnv/2) = h(z) + nry/2, while if U7 (2, 27) = f(z7)
and U~ (zt,27) = h(zt) then f and h satisfy f(z 4+ nrv2) = f(z) — n7v/2,
h(z +nmv/2) = h(z) — nmv/2. Thus either (ﬂf(\%x), ﬂh(\%x)) € Diff] ,(R') x

Difff ,(R') or (v/2 f(752), V2h(J52)) € Diff, ,(R") x Diff, ,(R"). Now in either

3

case

s~ (o (o) (o)
50 (Ge0) 1) o

where x = +1 in the former case and y = —1 in the latter. Thus we see that
po ¥ = &(VIf(La),V2h(Ls).x) o p. so (vV2f(Z5a), VZh(La).x) = ¥ and
G(R' x S';¢) is contained in the image of ®, as desired.

To see that the image of ® is in fact contained in G(R1 x S1;g), we note first
of all that by our comment at the end of the second-to-last paragraph and since ®
maps into C'*° (R1 xSLR'% S 1) every element in the image of ® will preserve g up
to a conformal factor. That each element is in fact a diffeomorphism follows from
the homomorphism property satisfied by ® which we now demonstrate.

Let (f1, f2,x),(91,92,&) € A x So. Then we see that, recalling that (see the
last paragraph of Chapter 2) (x(g1,92))(x(z1,22)) = (x © (91 X g2))(@1,22), 1.e.,

(x(g1 X g2)) o x = x° (g1 X g2),
Q((f1, f2,x)(91,92,8)) op=D(f1 0 gx(1)7f2 o gx(z)yxf) op
=po (So[(fiogy) x (f20gy2)] 0 (X&) 0 S™H)

=po (So(f1x fa)oxollgrxg2)o&oSH)
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—po [(So(fl x f2)ox 0871

o (S0 (g1 % g)0€0 5]
= O(f1, f2,x) © ©(91,92,) o p- (4.8)

Thus we see first of all, by consideration of

O((f1, f2 ) (f1, f2, )71 (4.9)

and

O((f1, f2. ) (f1, f2: X)) (4.10)

that every element in the image of ® is in fact a diffeomorphism; thus the image
of ® is contained in and hence equal to G(R1 x S1:g). Second, ® is in fact a
homomorphism.

Finally, we note that (for (f1, f2) € A, x € S2)

(nx (82(55(v2), 5 £0V2))) 1.0),m (o (@03 W (VE), (a0~ £ (VE))) <t,9>)
=p (% (f1(t+x0) + fa(t — x9)), % (f1(t+x0) = fa(t — xﬁ)))

= [@(f1, f2,x) o p] (¢, 0). (4.11)

We claim that this first map above, which maps A into C“X’(R1 x RY, R x S,
is continuous and open onto its image. It is continuous by Lemmas 2.1, 3.1, 3.2,
and 3.3. To see that it is open onto its image we will apply Corollary 3.2 and our
work in Chapter 3. Since openness of ® (together with openness of the map
in Theorem 4.2 below) is a key part of our results, and since a large part of the

work done in the more than twenty pages of Chapter 3 is necessary to prove it,
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we will present the argument in detail. (For the necessity of openness of ®, see
e.g. Pontrjagin [9], §19.) Fix x € Sy and consider the extension of this map to all

of C*(RY RY) x C*(R',R'), i.e., the map

d: C°(RYRY) x C°(RYLRY) — C°(R? R') x C*(R?,SY)

\)

(12 = (m (B2 (5AVE), 5 (VD)) e ({05 1O VEY, (0= 5 12)(VE))
(4.

2 :

)

DN ~—

in other words,

(80.72) (1:0) = (54 X0) + ot = X0 a0+ 36) — fole = 10))).

(4.13)
By Lemma 3.3(i)(c),(i)(d),(i)(e) the map
C*RY RY x C*(R) R') — C*(R' R} x C*(R}, RY)
1 1 (4.14)
(f1, f2) — §f1(\/§‘)a§f2(\/§')
is a homeomorphism; thus
C>*RYR') x C*R' RN — C>*(R? RY)
1 1 (4.15)
(f1, f2) — B2 Efl(\/ﬁ')y §f2(\/§')
is open onto its image by Corollary 3.2. 7, is a homeomorphism, and thus
C>*RYR') x C*R' RN — C*(R? R
(4.16)

(oo (82 (5A0VE) 50/2) ) )

is open onto its image by our comment after Proposition 3.2 above. Similarly, by
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Lemma 3.3(i)(c),(i)(d),(i)(e), Proposition 3.6, and Corollary 3.2 the map

C>*R'R') x C®(RY R — C>*(R!, ) x C®(R!, SY)

1 1 (4.17)
(f1, f2) = ((q o §f1) (V2), <C]0 —§f2) (\/5))
is open. Thus by Lemma 3.1 and Corollary 3.2 the map
C>*RYR") x C*R' R — C*(R?, S
(4.18)

1 1
(f1, f2) mw ((qo §f1) (V2), (q ° —§f2) (\/5'))
is open onto its image. By Lemma 3.2 and Corollary 3.2 the map

C>*RYRY) x C*R' RY) - C>*(R?, S

1 1

oo (o (o0 0 0012 2))
(4.19)
is open onto its image. Lemma 3.3(i)(c) then shows that ® is open onto its image.

By Lemma 3.3(ii) (and since we give Sy the discrete topology) the related map

& : C°(RY, R!) x C°(R',RY) x S» — C=(R2, R x §1)
) (4.20)
(s 20 = i o (B(F1, £2)

is open onto its image as well. We now investigate its restriction <i>| AxS,, Which is
the map on the left-hand side of equation (4.11) above. We compute the fibers of (%:
(f1: f2:x) = ®(g1, 92, €) if and only if for all (¢,60) € R? 3(f1(t+x0)+ fo(t—x0)) =

5(g1(t + £0) + g2(t — £€0)) and F(f1(t + x0) — fo(t — x0)) = 3(g1(t + £0) — g2(t —

KA

€0)) 4+ 2mn, where n € Z; but this is equivalent to fi(t + x0) = g1(t + £0) + 27n,

fa(t — x0) = g2(t — £€0) — 2mn. Differentiating with respect to ¢ and 6 at § = 0
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gives, respectively, fi(t) = g1(t), xfi(t) = £g1(t), f5(t) = g5(t), xf5(t) = £ga(t);
thus either x = & or f1, f2, 91, and go are all constant. In either case we have, for

all z € R, fi(x) = g1(x) 4+ 27n, folx) = go(x) — 27n; if f1 and fo are not constant,

n

this condition together with y = £ clearly implies that C%( fi, f2,x) = ®(91,92,¢)-

Thus

b (b0 52)

_ {(fl,fQ,X) e C*(R RY) x C®°(R" R') x S,
B(f1, f2,X) = ®(g1, g2, €) for some (g1, 2, ) € A x 52}

- {(fl,fQ,x) € C°(R!,R') x C®(R!,R}) x Sy
fi(z) = g1(x) + 2mn, fo(z) = go(x) — 2mn for some (g1, g92) € Aandn € Z,
ﬁnauxeR}

= A xS, (4.21)

Thus the restriction &>|AX52 A x Sy — C®(R?* R x 1) is open onto its image.

Now the image of ® was shown above to be G(R' x S';g); now &>|AX52 is
the map on the left-hand side of equation (4.11) above; thus for all (f1, fo,x) €
A x Sy we have &D(fl,fz,x) = ®(f1, f2,x) o p, so Ci)\Axgz = Zamixsig) © P
Thus & = (ZG(Rlxsl;g))_l o &>|AX52 is continuous and open onto its image, since
ZGR xS1ig) - G(R' x S';g) — C®°(R? R' x S§') is a homeomorphism onto its
image by Proposition 3.5 above. (We note that the image of (%|A><S2 equals that
of Zgmixsig) since &’|Ax52 = Zamixsig) © ® and @ is surjective from A x Sy

onto G(R' x S';¢).) Since the image of ® is G(R! x S';g) we see finally that
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D:AxS; — G(Rl x S1;g) is open. @ is therefore a continuous, open, surjective
homomorphism, as desired.

To compute its kernel, we note that ®(f1, f2, x) = id = ®(id, id, 1) if and only if

=10

(f1, f2,x) = ®(id, id, 1), since Z (R xS1;9) 18 @ homeomorphism; our previous work
then shows that this is equivalent to (since id is not constant) x = 1, fi(x) = z+2mn,

fa(x) = x — 2mn for some n € Z, for all z € R. Thus

Ker ® = {(f1, fo,x) € A x Salx =1, fi(x) = x + 27n, fa(z) =z — 27n

for somen € Z, for allz € R}, (4.22)

as desired.

Thus we see that ® descends to a map ® : (A x S)/Ker® — G(R' x S';9)
which is an abstract group isomorphism and also a homeomorphism (see Munkres
[8], Corollary 22.3; compare Pontrjagin [9], Theorem 12). Since (A x S3)/Ker ® is
a topological group (Pontrjagin [9], p. 60), this shows, among other things, that
G(R1 x S1:g) is also a topological group, as desired. This completes our proof.

QED.

We note that for all (fi, fa,x) € A x So, n € Z, (t,0) € R' x S' we have
O(f1, fo,x)(t + 2mn,0) = ®(f1, fo,x)(t,0) - (27n, 1), ie., ®(f1, f2,x) commutes
with time shifts of 27n, n € Z. Thus each conformal transformation is completely
determined by its restriction to the compact subset [0,27] x S!, and it is in this
sense that G(R' x S';g) behaves like a group of diffeomorphisms of a compact

manifold. Moreover, the identity is the only element in G(R' x S';¢) which has
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compact support (see our comment on p. 5).

Theorem 4.2. The map Q: A x Sy — K(S;R!' x S'; g) given by

Q1. f20x) 0d) (&) = p((S 0 (1 x f2)) (x(, ) (4:23)
is surjective, continuous, and open, and each of its fibers is a union of two cosets

of ®.

We note that this implies that Q descends to a map Q : (A x So)/Ker® —
K(S%; R!' x S g); this map is however not injective. We note also that we may

write more explicitly
1 1
91, f2020 20} (0) = p (5(00) + Foloxa)) 500~ fo(—x0)) - (420

Proof. We note first that Q(fi, f2, x) is defined since (f, f2) € A; more ex-
plicitly, letting &€ = £1 as (fi, fo) € Difff ,(R') x Difff ,(R'), we see that for all

n € Z

p((So (i x f2))(x(w + 2mn, —(2 + 27m))) )

= p(S(f1(x2) + 2mx8n, fo(—xz) — 2mxén) )

= (5 (0) + x5 (fi(x) — folxa)) + 2mxcn)
= (50 0) + a3, (o) = Fa(xo) )
=p((S 0 (1 x f2)(x(z, ~2))). (4.25)

Further, by Proposition 3.3, Q(f1, f2,x) : S* — R! x St is C>°.
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To show that the image of Q equals K (S*; R' x S; g), we proceed as in the proof

of Theorem 4.1 above. Let X € K(S';R'xS; g) be some spacelike embedding, and
consider any continuous p-lift X of X og: R' — R! x S1; thus X : R! - R! x R!
satisfies po X = X o ¢. As usual, we see that X is C*°. Now by definition X*g
is positive definite; since p* and ¢* are nondegenerate, this implies that ¢* X*g =
(X o0q)*g = (po X)*g = X*p*g must also be positive definite. We now write X in

null coordinates as (X (x), X~ (z)) = (T o X)(z). Then we see that

X*(p*g) = X*(—e¥(dzT @ dz™ +dz” @dz")) = —2e" XX de @ dz,  (4.26)

so X must satisfy XX~ < 0 on R!. In particular, X* and X~ must both be
injective.

Now, for each , X must satisfy X (z+27) = X (x)+(0, 27n(x)) for some n(z) €
Z. As usual (since the components of a C'* function are C'°°) this implies that n is a
constant. Thus X * satisfy X+ (z+27) = X+ (z)£7n/2; since X+ are injective this
implies that n # 0. Thus X+ are surjective and hence are diffeomorphisms of R!,
as they are smooth and have nowhere-vanishing derivatives. We note moreover that
XX~ < 0 implies that X% # 0 on R'. Since X?(z 4 2r) = X?(x) + 27n for all
z € R, we see that X%is a diffeomorphism of R'. Now let y = sgn X% and define
¢:R'—= R' by ¢(z) = (X)X (z) + 27x); thus ((z) > « for all z € R'. Now
we note that (setting ¢° = id) ¢™(x) = (X9)~Y(X%(x) + 2mxm) for all m € Z (since
¢ Yx) = (X9)~1(X?(z) — 2mx)); thus in particular (since sgnn = sgn X% = y)
l(z) = (X9)~Y(X%(x) + 2nn) = = + 27 and so X'(z) = X'(¢!"(z)) for all

z € R, Now fix z € R! and consider the sequence { X*(¢™(z)) = X*(¢™ Y (z))|m =
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1,2,---,|n|}. This sequence sums to zero since X*(x) = X*(¢!"(z)); thus there must
be an m in the given range, i.e., between 1 and |n| (which is nonempty since n # 0),
so that Xt(¢C™ 1 (x)) — XH(¢™(x)) = XHC(C™(x))) — XH(¢™(x)) is nonnegative and
Xt(¢(¢m™ () — XH(¢™Y(z)) is nonpositive or vice versa. In either case there
must be an z* € [¢"™ (), (™ (z)] so that X*(¢(z*)) = X*(z*). But X(¢(z*)) =
X0) + 2my; thus p(X(¢(@") = p(X(@"), so X(q(((z%) = X(g(z")). By

injectivity of X this shows that ((z*) = z* + 27n’ for some n’ € Z. But then
XO(z* + 2mn/) = X0 (%) + 2mn/n

X0(z*) + 27y, (4.27)

so n'n = £1 and n = +1. Thus vV2X* € Diffy,z(R'). Now we note that X~ (—z)
satisfies X~ (—(z 4 27)) = X~ (—z — 27) = X~ (—z) + nwv/2, while X+ (z + 27) =
X*(z) + nmv/2; thus (vV2X+,v/2X (=) € A. (Recall that n could be either 1 or
—1.) Now we clearly have Q(v2X+,v/2X~(—:),1)oq = po(\/Li(XJ“-i—X_), \%(X"F—
5(_)) — poX: thus Q(\/§J~(+, \/55(_(—-), 1) = X and K (S} R! x S1: g) is contained
in the image of €2, as desired.

To see that K (S'; R'x S'; g) contains the image of , let (f1, f2, x) € AxSs and
consider X = Q(f1, f2,x) : S' — R'xS'. X is C™ as usual. Then X = (2 (f1lxx)+
fo(=x2)), 3(fr(xz) — fo(—x2))) : R' — R! x R! is a lift of X o ¢ by definition
of Q. In null coordinates we have XT(z) = \%fl(xsc), X (z) = \/iifg(—xx); thus
XHX~ = — X2 f1(xz) f5(—xz) < 0since (f1, f2) € A, so as above X*p*g = ¢* X*g
is positive definite. Hence so is X*g and X is therefore everywhere spacelike. X is

injective since X (1) — X (z2) = (0,27m) for some m € Z implies that fi(xx1) —
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fi(xze) = 2wm; thus x; — zo = £27my, so ¢(x1) = ¢(z2). Now X is open onto
its image since S is compact and X (S') € R' x S! is Hausdorff (see Munkres [8],
Theorem 26.6). Thus X is an embedding and X € K(S%;R' x S';¢), as desired.
Thus the image of Q equals K(S*; R x S'; g).

Now we note that we may write
1 1 1 1
Q(f1, f2,X)oq = (51 (ifl(X')aifQ(_X')) v (51 <§f1(X')7 —§f2(—X')>>)-(4«28)

As before the map on the right-hand side is continuous by Lemmas 2.1 and 3.3(i).

As in the proof of Theorem 4.1 above let

2, : C*(R",R!) x C*(R",R!) - C*(R',R') x C*(R},5")
(1. f2) = <ﬁ1 <%f1(><'), %fz(—X')>,I(ﬁ1 <%f1(x-), —%h(_x.)))) (4.29)

denote the extension of this map to C*(R' R') x C>°(R',R'). As in the proof of

Theorem 4.1, the maps

C*RYRY) x C*R RN - C*(R'R') x C*(R' RY)

(f1, f2) — §f1(X')vi§f2(—X')
are homeomorphisms by Lemma 3.3(i); thus the maps
C>*RYR') x C*R' RN - C>*(R'RY)
(4.31)

(o) 1 (00 5 (00

are open by Lemma 3.3(i)(b). Thus the map Qx is open onto its image by Propo-

sition 3.6, Corollary 3.2, and Lemma 3.3(i)(c). The associated map
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Q: C=(RY,RY) x C*(R',RY) x S» — C=(R!,R' x §1)
) (4.32)
(1200 = 1B 6 (D1, £2)

is therefore open onto its image by Corollary 3.2 and Lemma 3.3(ii), since So is

given the discrete topology. We consider the restriction (~2| AxS,- We compute the

fibers of Q: Q(f1, f2,x) = (zl(gl,gg, €) implies that there is some n € Z so that

5 (61(62) + ga(~€0))

5 (01(€2) — g2(~€x)) + 2mm, (4.3

£ (0w) + fol—xe) =
() — fo(—xa)) =

so fi(xx) = g1(&x) + 2mn, fo(xx) = g2(€x) — 27n for all x € R. Thus fi(z) =

g1(Ex) + 2mn, fo(w) = ga(€xa) — 2mn; this is clearly also sufficient, and so
o ({5(91,9275)”
={(f1. f2.) € C¥(R,RY) x C*(R',R!) x 5
F1(@) = g1(Exx) + 2, fo(x) = g2(Exa) — 27n for somen € Z, for all z € R}
_ {(fl,fg,f) € C*(RYRY) x C°(R',RY) x S,
fi(2) = g1(w) + 27, fo(x) = ga(w) — 27n |
U{ (1, f2, =€) € C*(RL,RY) x C*(R,RY) x S|
fi(z) = gi(—2) + 270, fo(z) = ga(—1) — 27rn}. (4.34)

-1

Now (f1, f2) € Aimplies that (f1(—-), fo(—)) € A; thus 2 <S:2(A X Sg)) = AXS,
soQ=06"1o §:2|AX52 is open onto its image by Corollaries 3.2 and 3.3, as desired.

Further, by our computation of the fibers of Q above, we have clearly
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Q" ({Qg1,92,9)})
={(f1, f2,8) € A% So|fi(z) = g1(x) + 27, fo(x) = go(z) — 270}

U{(f1, f2, =€) € A x ol fi(x) = g1(=2) + 2mn, fo(2) = ga(—x) — 27n}

= (Ker ®)(g1, g2,§) U (Ker ®)(g1(—+), g2(—), —=§), (4.35)

so each fiber of §2 is a union of two disjoint cosets of ®. This completes the proof.

QED.

We note for future use that

Q7 ({91, 92,€)}) = (Ker @)(g1, 92,€) U (Ker @) (g1, g2, ) (—id, —id, ~1). (4.36)

This theorem implies (see Munkres [8], Theorem 22.2) that {2 descends to a
continuous map 2 : (A x Sy)/Ker® — K(S';R! x S1;g). We have the following

penultimate result.

Proposition 4.1. The map Q= Ql(Ax{l})/Kercb (A x {1})/Ker® — K(S!;
R' x S1; g) is a homeomorphism.

Proof. We note that A x {1} is an open subgroup of A x Sy containing
Ker ®, and ®~1(®(A x {1})) = A x {1}; thus (A x {1})/Ker ® is an open sub-
group of (A x Sz)/Ker ® (see also Bredon [4], Theorem 1.15.11, and Pontrjagin [9],
Theorem 11). Now  is open: if U C (A x So)/Ker ® is open, then by definition
U =A{(f1, fo, x) € AxSs|(Ker ®)(f1, fo,x) € U} is open in A xSy, so Q(U’) is open
in K(SY;R! x §1;¢); but QU’) = Q(U), and thus € is open, as desired. Thus the
map (22 is continuous and open as a restriction to an open set of an open and con-

tinuous map. To see that it is surjective, let X = Q(f1, f2,x) € K(S:;R! x S':¢),
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(f1,f2,x) € AxSz. Then @~ {X} = (Ker @)(f1, fo, X)U(Ker @)(f1(—), f2(—), —X)
— in other words, Q(fi(—), fa(—),—x) = X. Now if x # 1 then —x = 1, and
thus Q[axq1) is surjective. Hence so is the quotient Q](Ax{l})/Kerq) = Stl To
see that é is injective, choose wy = (Ker ®)(f1, f2,1), we = (Ker ®)(g1,92,1) €
(A x {1})/Ker @, and suppose that Q(w;) = Q(ws). Then Q(f1, fo,1) = Q(g1, g, 1),
so (f1, f2,1) € (Ker ®)(g1,92,1) U (Ker ®)(g1(—-), g2(—-), —1); but every element
in the latter has last component equal to —1 (since Ker® C A x {1}), and thus

(f1, f2,1) € (Ker ®)(g1,92,1) and wy; = wy. Thus ) is a homeomorphism, as desired.

QED.

Since (A x {1})/Ker ® is an open subgroup of (A x Sy)/Ker @, this last result

shows that K (S1; R! x S g) may be given the structure of a topological group via

(X2)>

A ra—l -1
and inversion by X ! = Q ( [Q (X )} >, both of which are continuous since (A x

. A a1 —1

Q; specifically, we may define a multiplication by X;Xs = Q(Q (Xl)fl

{1})/Ker @ is a topological group and Qs a homeomorphism; the identity is given
by fl(id, id,1) = (6 — (0,0)). These operations are easily seen to satisfy the group
axioms and therefore define a group structure on K(S!; R! x S g). This group
structure is not canonically defined, however, since our association of elements of
A x Sy with spacelike embeddings depends on our choice of coordinates (t,6) on
R' x R'.

We now have the following final result.

Theorem 4.3. Let wy, wy € (A x Sy)/Ker ®. Then ®(w;) o Q(ws) = Qwiws),
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and the action of G(R' x S';g) on K(S%; R x S';g) defined by this equation is
transitive. This action is also continuous, and the nontrivial element in its isotropy
is conjugate to a conformal transformation representing time reversal.

Proof. Choose (f1, f2,x), (91,92,€) € A x Sy representing w; and ws, respec-

tively. Then by definition

(®(1) 0 fwa) 0 0) () = (@1, fo,X) © Agn, 92.) © @) (@)
= (@(f1, f2) e D) ((S 0 (g1 % g2)) (€ )
p((80 (f1 x £2) 0 )((91 % g2)6(, —2)))

= p((S0 (1  F2))((9301) X 9302) (e, —))

p
:(Q ((f1, fan x 9179275))061)(95)
(

Q(wrwo oq) x), (4.37)

and thus ®(w1) o Qws) = Q(wiws), as desired. Since ® and Q) are surjective, the
action of G(R' x S';¢) on K(S';R' x S';g) given by (¥,X) — ¥ o X is thus
well-defined (i.e., it fixes K(S';R' x S';g)) and transitive.
To see that this action is actually continuous, we note that (for ¥ € G(R' x
Sl:g) and X € K(SY; R x S';¢))
ToX =54 (&)—1(@)> o Q) (é_l(X)> e (i—l(\p)fz_l(){)) o (4.38)
where the last multiplication is done in the topological group (A x.S3)/Ker ®. But o
and &gl are homeomorphisms, and Qis continuous, so the action must be continuous,

as desired. (Note our use of openness of ® and €2 here.)
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To compute the isotropy of this action, let ¢+ = (Ker ®)(—id, —id, —1) € (A x
Sy)/Ker ®. Then Q(w) = Q(w') if and only if w = ' or w = w't. Thus P(w;) o

Qwy) = Q(wle) = Q(wg) if and only if w; = id or w; = wawws ™1, so that the

isotropy is conjugate to {id, ®(:)}. Now we see that

(®0)0) (1.0) = p(5((—id)(t ~ 6) + (~id) (¢ + 6)),
S (i)t~ 6) — (~id)(t +0)))

= p(—t,0), (4.39)

A

ie., ®()(t,0) = (—t,0), so that ®(z) corresponds to time reversal as claimed. QED.
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CHAPTER 5

TOWARDS A QUANTUM THEORY

In this final section we would like to briefly and informally describe the steps still
necessary to fully implement Isham’s group-theoretic quantization program [1] and
then indicate briefly some questions which can be studied within this framework.

Isham’s program requires a group of symplectic transformations acting transi-
tively on the phase space of the classical system. In attempting to use our results
in Chapter 4 to construct such a group, we are immediately confronted with the
problem of determining a manifold structure on the infinite-dimensional spaces in-
troduced there, particularly K (S';R' x S';g). This difficulty is compounded by
the existence of many inequivalent notions of smoothness for maps between topo-
logical vector spaces such as CEO(RI, Rl) which are not Banach spaces. It can be
shown that each connected component of Diffg,rz(Rl) is homeomorphic to an open
subset of C’;’O(Rl, R'); these homeomorphisms can then be taken to provide a dif-
ferential structure on Diffgﬁz(Rl). Now Proposition 4.1 and Proposition 3.8 show
that Qaxqy : A x {1} — K(S%R' x S';g) is a covering map, and in particular
a local homeomorphism; thus it can presumably be used to transfer this differ-
ential structure to K(S%;R' x S';g). Letting (C;O(Rl,Rl))' denote the strong
topological dual of C’go(Rl, R') (see Yosida [3], pp. 110-111), we may identify the
cotangent bundle of Diffo,z(R') with Diffs,z(R") x (Cpr (R',R'))". This suggests

that we may identify the cotangent bundle of K (S'; R' x S'; g) with something like
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K(S:R'xS'; g)x (Cg"(Rl, R') x (O (R',R"))". We may then take our symplectic
form to be the canonical symplectic form on this bundle (see Chernoff and Marsden
[13], p. 8) and attempt to extend the action of G(R!' x S*;¢) on K(S*;R! x S'; g)
to a transitive symplectic action on this symplectic manifold. The details and rig-
orous justification of the above would require a much more detailed understanding
of the differential structure used and the precise definition of smoothness adopted.
Beyond this, there are certain technical requirements which the group of symplectic
transformations obtained must satisfy in order to finish applying Isham’s program.
It is nevertheless possible to speculate concerning the nature of the resultant
quantum theory, and we would like to describe briefly a preliminary result which
appears to be valid regardless of the particulars of the construction indicated in
the preceding paragraph. For each point in space o € S! let us define a classi-
cal observable t, : K(SL;R" x St;g) x (C*(RY R') x C*(R',R")) — R' by
ty(X, P) = X'(0); thus roughly t,(X, P) is the time coordinate of the spacetime
point corresponding under X to o. The quantum mechanical analogue of this
observable will be a self-adjoint operator, say ¢, on some Hilbert space. After com-
pleting the procedure described above it is possible to ask, for example, whether
the spectrum — which is of course the quantum-mechanically allowable values of the
observable — of ¢, is continuous or discrete; in other words, whether, in our quantum
system, time remains continuous in some sense or becomes discrete. Preliminary
investigations of this operator appear to indicate that its spectrum must always be

continuous (at least in a certain technical sense — see Yosida [3], p. 209), at least
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given certain technical conditions such as continuity of the representation. There
are other technical points which would need to be addressed before this result could
be considered fully established (for example, we presently do not identify spacelike
embeddings X and X o ¢ for ¢ € Diff(S?), i.e., spacelike embeddings differing only
by reparametrization — it is possible that identifying such spacelike embeddings
may change the result). Regardless, any result which can be obtained about the

spectrum of t, is of interest and indicates the use of our general procedure.



10.

11.

12.

13.

14.

69

REFERENCES

. Isham, C.J.: Topological and global aspects of quantum theory. In: DeWitt,

B.S., Stora, R. (eds.) Relativity, Groups and Topology II, pp. 1059-1290.
Elsevier Science Publishers B.V., Amsterdam (1984)

Milnor, J.: Remarks on infinite-dimensional Lie groups. In: DeWitt, B.S.,
Stora, R. (eds.) Relativity, Groups and Topology II, pp. 1007-1057. Elsevier
Science Publishers B.V., Amsterdam (1984)

Yosida, K.: Functional Analysis, 6th ed. Springer-Verlag, Berlin-Heidelberg-
New York (1980)

Bredon, G.E.: Topology and Geometry. Graduate Texts in Mathematics 139.
Springer-Verlag, New York-Berlin-Heidelberg (1993)

Glockner, H.: Diff(R"™) as a Milnor-Lie group. Math. Nachr. 278, 1025-1032
(2005)

Glockner, H.: Discontinuous non-linear mappings on locally convex direct lim-
its. arXiv:math/0503387v1 (2005)

Keller, H.H.: Differential Calculus in Locally Convex Spaces. Lecture Notes in
Mathematics 417. Springer-Verlag, Berlin-Heidelberg-New York (1974)

Munkres, J.: Topology, 2nd ed. Prentice Hall, Upper Saddle River, NJ (2000)

Pontrjagin, L.S.: Topological Groups. Princeton University Press, Princeton

(1939)

Hungerford, T.W.: Algebra. Graduate Texts in Mathematics 73. Springer-
Verlag, New York-Heidelberg-Berlin (1974)

Hewitt, E., Ross, K.A.: Abstract Harmonic Analysis I, 2nd ed. Springer-Verlag,
Berlin-Heidelberg-New York (1979)

Spanier, E.H.: Algebraic Topology. Springer-Verlag, New York (1966)

Chernoff, P.R., Marsden, J.E.: Properties of Infinite Dimensional Hamilto-
nian Systems. Lecture Notes in Mathematics 425. Springer-Verlag, Berlin-
Heidelberg-New York (1974)

Schottenloher, M.: A Mathematical Introduction to Conformal Field Theory,
2nd ed. Lecture Notes in Physics 759. Springer-Verlag, Berlin-Heidelberg
(2008)



15.

16.

17.

18.

19.

70

Hirsch, M.W.: Differential Topology. Graduate Texts in Mathematics 33.
Springer-Verlag, New York Berlin Heidelberg (1976)

Ilman, S.: The very-strong C*° topology on C*°(M, N) and K-equivariant
maps. Osaka J. Math. 40, 409-428 (2003)

Banakh, T., Mine, K., Sakai, K., Yagasaki, T.: Homeomorphism and dif-
feomorphism groups of non-compact manifolds with the Whitney topology.
arXiv:0802.0337v2 (2010)

Hajicek, P., Isham, C.J.: The symplectic geometry of a parametrized scalar
field on a curved background. J. Math. Phys. 37, 3505-3521 (1996)

Mather, J.N.: Stability of C'*° mappings: II. Infinitesimal stability implies
stability. Ann. of Math., Second Series 89, 254-291 (1969)



CONTENTS

Page

ABS T R ACT . iii

ACKNOWLEDGMENTS . .. e iv
CHAPTER

1. INTRODUCTION .. e 1

2. TOPOLOGICAL GROUP STRUCTURES .................... 4

Proposition 2.1 ... . . 7

Proposition 2.2 .. ... . . 8

Lemma 2.1 ..o 11

Lemma 2.2 . ... 15

Corollary 2.1 ..o 16

Theorem 2.1 ... .. . 18

Proposition 2.3 ... ... 19

3. OPENNESS AND TOPOLOGICAL RESULTS ............... 21

Proof of Lemma 2.2 ... .. ... ... . 21

Proposition 3.1 ... . . 24

Corollary 3.1 ..o 25

Proposition 3.2 .. ... . 26

Corollary 3.2 . ... 27

Proposition 3.3 ... ... 27

Proposition 3.4 ... ... . 30

Corollary 3.3 .. o 31

Proposition 3.5 ... ... 32

Proposition 3.6 ...... .. .. 32

Proposition 3.7 . ... 35

Proposition 3.8 . ... . 35

Proposition 3.9 .. ... 36

Corollary 3.4 .. ..o 39

Lemma 3.1 ... .. 39

Lemma 3.2 ... ... e 41

Lemma 3.3 .. ..o 43

4. CONSTRUCTION OF THE TRANSITIVE ACTION ......... 47



Theorem 4.1 ... 48
Theorem 4.2 . .. 57
Proposition 4.1 ... ... 62
Theorem 4.3 . ... 63
5. TOWARDS A QUANTUM THEORY ....................... 66

REFERENCES . .. e 69



	Classical Foundations for a Quantum Theory of Time in a Two-Dimensional Spacetime
	Recommended Citation

	tmp.1280774966.pdf.9xpj7

