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Key Points:

e The new mathematical solution introduced in this paper, gives the acoustic-gravity wave
equation without the need to Boussinesq approximation which has recognized limitations.

e The resultant wave equation is a significant improvement to the well-known Taylor-
Goldstein equation, the starting point for most recent analyses of the effects of wind shear
on gravity waves.

e The new term in the amplitude of the vertical velocity of acoustic-gravity waves is
introduced which may play a significant role in directional filtering of atmospheric waves
in a realistic atmosphere with strong and highly variable winds.
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Abstract

Atmospheric gravity waves play fundamental roles in a broad-range of dynamical processes
extending throughout the Earth’s neutral atmosphere and ionosphere. In this paper, we present a
modified form for the acoustic-gravity wave equation and its dispersion relationships for a
compressible and non-stationary atmosphere in hydrostatic balance. Importantly, the solutions
have been achieved without the use of the well-known Boussinesq approximation which have
been used extensively in previous studies.

We utilize the complete set of governing equations for a compressible atmosphere with non-
uniform airflows to determine an equation for vertical velocity of possible atmospheric waves.
This intricate wave equation is simplified by a proper substitution producing a useful new wave-
like equation for acoustic-gravity waves. The substitution introduces a term Q (intrinsic
frequency) in the amplitude of the wave solution for the vertical velocity of acoustic-gravity
waves. This term may play a significant role in directional filtering of atmospheric waves in
realistic atmospheres exhibiting strong and highly variable winds. It is also proven that the only
difference in the wave equation of compressible fluid when non-uniform wind is added to the
equations of motion is the term with second derivative of [nQ) with respect to height. These new
solutions may be particularly important for improved gravity wave propagation studies in the
upper mesosphere and thermosphere/ionosphere regions.

1 Introduction

Since the seminal work of Hines [Hines, 1960] and colleagues paving the way forward
for studying the propagation and impact of gravity waves on the upper atmosphere, there have
been many improvements to the basic theory to account wave propagation in a realistic, highly
variable ‘windy’ atmosphere [e.g. Bretherton, 1966; Booker and Bretherton, 1967; Jones, 1968;
Hazel, 1972; Turner, 1973; Chimonas, 1974; Gossard and Hooke, 1975; Fua et al., 1976; Lalas
and Einaudi, 1976; Fua and Einaudi, 1984; Garratt, 1992; Sutherland et al., 1994; Chimonas,
2002; Drazin, 2002; Teixeira et al., 2004; and Nappo, 2008]. Atmospheric gravity waves (GWSs)
are now known to play key roles in a broad-range of dynamical processes extending from Earth’s
surface well into the thermosphere and ionosphere. Due to their observed growth with altitude,
and the onset of wave instability and dissipation effects, gravity wave influences are largest in
the upper mesosphere [see review by Fritts and Alexander, 2003] and thermosphere/ionosphere
regions [see e.g., Vadas and Fritts, 2005; Vadas, 2007; Hocke and Schlegel, 1996]. These waves
are excited primarily in the lower atmosphere by strong convection, topography, and wind
shears. Indeed, gravity waves are now known to play a global role with the deposition of wave
momentum flux forcing closure of the mesospheric jets in the summer and winter hemispheres,
and driving a residual meridional inter-hemispheric circulation that results in the remarkably cold
summer mesopause at polar latitudes, due to strong adiabatic cooling [e.g., Lindzen, 1973, 1981,
Holton, 1982; Garcia and Solomon, 1985]. Improving our knowledge of the basic properties,
propagation and dissipation effects of gravity waves within the atmosphere is therefore of high
importance. This study returns to the basic gravity wave equation sets and presents a new
solution without the need for prior simplifying approximations.

In general, there are two ways to introduce the wave-like equation for gravity waves. The
first method uses the equations of motion in an approximation form, termed the “Boussinesq
approximation”. This approximation assumes that the equation of continuity can be simplified by
ignoring compressibility effects. This method with added non-uniform background winds to the



equations of motion in hydrostatic balance, gives rise to the well-known Taylor-Goldstein (TG)
equation [e.g. Taylor, 1931; Goldstein, 1931; Gossard and Hooke, 1975; and Nappo, 2008].

The second way is to use the full equation set for a compressible atmosphere which
includes both sound waves and gravity waves. When non-uniform background winds are added
to the equations of motion in hydrostatic balance, this method produces a complex differential
equation (see Eq. (14)). That to date has deterred the determination of a wave-like solution
analytically. In this paper, a proper substitution is presented that reduces the intricate terms of the
differential equation and then introduces a useful new wave-like equation for acoustic-gravity
waves in the presence of non-uniform wind.

The resultant wave equation for compressible atmosphere differs from the TG relation
not only because it includes the acoustic term but also because our solution for the wave equation
involves the term € in the amplitude of the wave solution (where Q is the intrinsic frequency
which is the wave frequency noted by an observer drifting with the background flow). This term
may play a significant role in the gravity wave amplitude growth in a highly variable
atmosphere, when they propagate opposite to the wind direction.

In section 2, the complete set of governing equations for compressible atmosphere is
introduced and then the new wave equation for acoustic-gravity waves is extracted. It is shown
that the only difference in the wave equation, with and without the background wind, is a term
with a second derivative of [nQ) with respect to height. This term involves the first and second
derivatives of the wind velocity. The limits of the Boussinesq approximation used in the TG
equation are discussed in details then.

In section 3, we have compared the vertical wavenumber square m? obtained by TG
relation with the one obtained in this paper. We have simulated three different distributions to the
background wind in isothermal conditions. First, we considered a background wind with a
Gaussian distribution moving in the same wave direction. Then, we simulated the background
wind profile with the first derivative of a Gaussian function moving in the same wave
propagation direction. And finally, we considered a gravity wave propagating in opposite wind
direction with a simulated first derivative of a Gaussian distribution for the background wind. It
is shown that our equation presents a ducting region where the wind speed is approaching a
maximum, and in the either side this region where the wind speed is decreasing in value, it
predicts evanescent gravity waves. Indeed, our equation predicts that the peak in the background
wind serves the wave energy and allows to carry wave system over great horizontal distance
without significant leakage. The conditions for ducting is found to be quite different from the TG
relation.

In section 4, the dispersion relationships for acoustic-gravity waves in a moving
atmosphere with constant vertical wavenumber is extracted.

2 Governing equations

Following in the footsteps of many prior gravity waves studies we assume that the
Earth’s atmosphere behaves as an ideal gas and, in the absence of perturbation, is stratified under
the influence of gravity. We then consider the wave motion in this stratified and compressible
atmosphere with a non-uniform background wind field. We also do not consider the effects of
friction, viscosity, rotation and sphericity. It is well explained in the literature that how wave



motion is created in such an atmosphere by a small vertical perturbation of an air parcel. The
momentum and mass conservation equations are then:

DI_ o &)
Ppr = VP +Pg
Dp, o . _ 2)
E-F,DV v=20

Where p is density, v the velocity vector of the air parcel, p the pressure, g the
acceleration due to gravity and % = % + ¥ - V a material derivative which represents the wave
intrinsic frequency. For a dry ideal gas, the internal energy is a function of temperature dU =
c,dT. Then, the first law of thermodynamics in the material derivative form becomes:

DT pv . 3
“DrtPhe = ¢ X

Where c,, is the specific heat capacity at constant pressure, V the specific volume (inverse
density) and Q the rate of energy input per unit mass (in general with possible contributions from
thermal diffusion, conductivity, viscous heating, radiative heating etc.). Eq. (3) is indeed a
differential form of the first law of thermodynamics. Now, using the mass continuity equation,
Eq. (3) takes the form:

DT p 4)

— +8¥.3=¢
Cy Dt + 5 v=4{Q
Alternatively, using the ideal gas equation p = pRT, one may eliminate T in favor of p
as:
Dp - , .pPR ()
— 4+ V'o=0—
Dr TYPVv Q .
Where R is the mean molecular weight of the gasand y = Z—” is the heat capacity ratio. The later

thermodynamic equation (Eq. 5) in combination with mass conservation equation (Eg. (2)) for an
adiabatic process gives % =c? % where c is the local speed of sound. This is a well-known

equation that states that in a reversible process the rate of change of pressure of an air parcel is
equal to the square of sound speed times the corresponding rate of change of density. This
thermodynamic equation represents the principle of conservation of energy, and in fluids in
which the equation of state involves temperature the thermodynamic equation is necessary to
obtain a closed system of equations.

In order to distinguish between background fluid properties and wave induced properties
we use the subscript 0 to designate the background fluid properties and subscript 1 to perturbed
fluid properties associated with the wave. All of the local fluid variables are linearized with
background states and perturbation variable as:

u(x, z,t) = up(2) + uy(x,z,t)

w(x,z,t) =w,(x,z,t) (6)
p(x,z,t) = po(2) + p1(x,2,t)
p(x,z,t) = po(2) + p1(x,2,t)



We have used a two-dimensional (x, z) reference plane where x lies in horizontal
direction and z represents altitude. The velocities in the x and z directions are u and w. To
simplify the analysis we exclude dependence on the y direction but note that waves with any
direction of horizontal propagation could be written in the x direction by suitable choice of the x
axis. It is assumed that the background states are known and only a function of height, namely an
atmosphere whose properties vary only in the z direction. This is one of the basic assumptions
which is frequently used for studying the Earth’s atmosphere but it has consequences e.g. it
ignores horizontal wind shear effects. The vertical component of the background wind w,(z) is
considered to be zero because in the vertical direction, they are almost negligible compared to
their horizontal components. We also assume that the perturbations are much smaller than
background components so they do not affect the background state. Therefore, the products of
the perturbations can be neglected with respect to background-perturbation products. Moreover,
we assume that the background state is in hydrostatic balance. This is one of the most
fundamental balances in geophysical fluid dynamics and for large scale flows (wavelength >1
km) in the atmosphere, the conceptual simplifications afforded by this approximation can hardly
be overemphasized [e.g. Vallis, 2006]. It is, indeed, a consequence of our initial assumption that
the background fluid is static vertically (w,(z) = 0). Therefore, the momentum in z direction
leads to:

dpo _ _ )
dz PoY

This shows that the pressure term is the only one which can balance the gravitational

term. p, is only a function of variable z so its derivative with respect to z is denoted by %. Now,

the momentum equation in the x direction, the momentum equation in the z direction, the
equation of continuity and the thermodynamic equation for no heat conduction (Q = 0) together
with linearized variables and background flow under hydrostatic balance take the following
forms, respectively:

ou, N ou, N duy  10p, (8)
Jt Yo 0x " dz  po Ox
ow. aw. 10 9
Jt adx  po pPo 0z
dp4 dpy dp, B <6u1 awl) (10)
ot "Moo TWigy T TP\ Gx Tz

+ + 0 _ — (% + %) (11)
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These are the governing equations used for analyzing the gravity waves in a compressible
atmosphere with non-uniform background wind. Now, differentiating the momentum equation in
the x direction with respect to time, and using the thermodynamic equation under hydrostatic
balance leads to (see Appendix A):
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Similarly, differentiating the momentum equation in the z direction with respect to time,
and using the thermodynamic equation, the momentum equations in the x direction and the
equation of continuity again under hydrostatic balance leads to (see appendix A):

02w, ,0%wy  Ypo 97w, 02w, ow, dug
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We may use c2(z) = yRT = % as the square of the speed of sound which is a function
0
of temperature and the temperature itself is a function of height. We now, multiply

(atz + (ug? —cs) =+ 2u, e )to Eq.

(13) and then use Eq. (12) to cancel u, in favor of w; knowing that the variables inside
the brackets in the right hand side of Egs. (12) and

(13) are not functions of x and t. Then after some cancelation, Eq.

(13) becomes only a function of w;, as (see appendix A):
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Although this forth-order partial differential equation with three variables seems

superficially complicated, all the terms with single z derivative are eliminated if we seek a plane-

wave like solution of the form w; = #;(2) - (@ — up(2)k) - €'~ w0+ {75):

of sound. Indeed, we look for a solution that assumes the vertical perturbation velocity behaves
as a plane-wave moving in the x direction with a constant frequency w and a constant horizontal
wavenumber k. However, its amplitude is a function of z and possesses an exponential increase

with constant speed

(14)



with height. The perturbation velocity could behave as a plane-wave moving in z direction, as
well, if W, (z) consists of e"™# with constant vertical wavenumber of m. Note that the units of
w1 (z) are meters.

Y9
The term (a) —upk) - e<2°‘§)2 in the substitution comes from the exponential of the

kd
integral of X T -3 d— 2 along the wave’s propagation trajectory through the structured atmosphere
S

namely the accumulation effects of the terms multiplied to a—zl in Eq. (14). After some

mathematical developments, Eq. (14) with the given wave like solution results in the following
simplified form for W, (z):

d2~ ( 1) 2 ( k) (%)2 dzuo

w y—1g w—Uu dz dz? Yg ~

d221+ w 2 cS0 w 2_(Q_Zu)_<ﬁ> —kF|m =0 (15)
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All the terms inside the bracket can be replaced by m?(z). With no background wind
(stationary atmosphere), Eq. (15) reduces to the same equation presented in the literature by
initially considering the compressibility [e.g., Hines, 1960; and Vallis, 2006]. The first term

inside the bracket =2 in Eqg. (15) is the buoyancy term. It can be replaced by Where the

T

scale height is defrned as Hg Rg R

@ and k = = = =2 For an isothermal atmosphere, this
Yg Cp Y

term becomes the Brunt-Vaisala frequency N2 (the general form of Brunt-Vaisala frequency

comes from N? = % + 7‘? 2o \where the posmve — mcreases the buoyancy in the
S 0

atmosphere, e.g. in stratosphere and negative decreases the buoyancy, e.g. in the troposphere and
mesosphere). The second term is related to sound waves and is a function of z. It is because of
this term that Eq. (15) gives the wave equation for acoustic waves, as well. For gravity waves

with the horizontal phase speed of (cp — uo)2 <« c2, this term can be ignored in order to study
pure gravity waves. The third and fourth terms are due to the non-uniform wind field and both

dZ
can be replaced b
dz?

where the scale height is a function of temperature and becomes constant in isothermal
atmosphere. Eq. (15) is called acoustic-gravity wave equation and gives the exact solution for
w1 (z). The solution for the vertical wave velocity then comes from w, (x, z, t) = W, (z) -

Q- " ® %3 Once we have the solution for w; (x, z, t), we can find all the other variables
uy, p; and p; from Egs. (12), (9) and (8), respectively.

The resultant wave equation for compressible atmosphere differs from the TG equation,
the wave equation extracted using the Boussinesq approximation, not only because it includes
the acoustic term but also because our solution for the wave equation involves the term € in the
amplitude of the wave solution.

The Boussinesq approximation exploits a set of governing equations using only small
density variations in a fluid. This significantly simplifies math involved with the set of motion
equations. However, this approximation which assumes no change in fluid density (except when
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Figure 14. Vertical wavenumber square obtained for a Figure 15. Vertical wavenumber square obtained by TG
gravity wave with 10 min period. relation for a gravity wave with 10 min period.
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gravity wave with 20 min period. relation for a gravity wave with 20 min period.
Figure 18. Vertical wavenumber square obtained for a Figure 19. Vertical wavenumber square obtained by TG

gravity wave with 30 min period. relation for a gravity wave with 30 min period.



3.3 Background wind with reversal derivative of Gaussian profile

Finally, we consider a gravity wave propagating in both same and opposite direction to
the wind for the same distribution expressed by Eq. (17) but with the values of U, = 0, @ = 107,
zy = 90 km and ¢ = 2 km. This function with the given values provides a maximum in the
wind velocity of 30 m/s at 88 km and a minimum velocity of —30 m/s at 92 km. The negative
values in the velocity profile indicate that the background wind is moving opposite to the wave

propagation direction. It is again assumed this wind duct is distributed from 80 to 100 km
altitude.
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Figure 20. The background wind profile from 80 to100 km altitude with its first and second derivative profiles.

Figure 21Figure 22 represent the contour plots for m? for a gravity wave with 10 min
period with a background wind profile as shown in Figure 20. Again, for shorter gravity waves
and except in altitudes between 90 to 94 km, both the TG relation and Eqg. (15) predict real m

with almost identical vertical wavelengths. This is as expected as the Boussinesq approximation
is valid.

For larger horizontal wavelength gravity waves, m? obtained by the TG relation follows
well the second derivative of wind profiles. However, m? from Eq. (15) follows closely the
opposite to the second derivative of wind profiles. This term in combination with an extremum in
the first derivative of the background wind at 90 km indicates evanescent conditions for any
gravity waves for all horizontal wavelength at altitudes above the critical altitude of the wind
distribution (90 km) to about 94 km. Our solution shows a ducting region where the wind speed
is approaching a maximum, and on either side of this region where the wind speed decreases in

value, it predicts evanescent gravity waves. The smallest value of m? occurs at the altitudes
where the wind speed has its minimum value.
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Figure 21. Vertical wavenumber square obtained for a Figure 22. Vertical wavenumber square obtained by TG
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be multiplied by 1077, values must be multiplied by 1077,

Except for altitudes of the tails of the wind profile, the vertical wavenumber squared
attained by the TG relation and by Eq. (15) are opposite in sign. One gives real m while the other
one gives complex m for the same wave at the same altitude. Our equation predicts that the peak
in the background wind serves the wave energy. These are all in contrast with the solution for
m? predicted by TG relation. The conditions for ducting is found to be quite different from the
TG relation.

One interesting experimental example is the gravity waves captured by Advanced
Mesospheric Temperature Mapper (AMTM) from Bear Lake Observatory, UT on July 28 of
2015. The AMTM is a ground-based infrared imaging system that measures selected emission
lines in the mesospheric Hydroxyl (OH) airglow emission in order to create intensity and
temperature maps around 88 + 5 km altitude. It provides high spectral sensitivity over a large
120° field of view and covers about 150x120 km? area of the mesosphere/mesopause. The
atmospheric wind is recorded by Lidar at Utah State University, UT. The Lidar provides the
continuous atmospheric wind and it’s propagation direction from 82 to 98 km altitude with
+5 m/s uncertainty. Both the AMTM and the Lidar are looking in the same volume of sky and
thus provide realistic atmospheric properties for the wave propagation through the
mesosphere/mesopause.

The AMTM data on July 29 of 2015 shows a ducted gravity wave with a nearly constant
horizontal wavelength of 18 + 2 km. The wave phase speed is gradually increasing as it
propagates initially with the period is 12 + 2 min and later with the period of 7 + 2 min. The
wave is propagating horizontally in the direction of 150° from North (i.e. Southeastward)
continuously from 4:00 to 9:00 UT (see Figure 23). Then, the waves suddenly disappear. The
hourly averaged wind recorded by Lidar shows the change of the wind profile in the wave
propagation direction. The background wind gets a new profile like a negative Gaussian



distribution with a minimum wind peak of —45 + 5 m/s at 87 + 3 km altitude. As explained
before, the new equation predicts that the minimum of the wind speed creates the evanescent
conditions for the gravity waves however, the TG relation predicts the propagation conditions in
these regions.

mwn 120km =z

150 km

3

4:00 5:00 6:00 7:00 8:00 9:00 10:00 11:00
UT Time

Figure 23. The AMTM data on July 28 of 2015 over Bear Lake Observatory, UT. The Figure presents a ducted gravity wave
propagating horizontally in altitude of 87 + 5 km with a nearly constant horizontal wavelength of 20 + 5 km and period of
12 + 2 min. The wave is propagating in the direction of 150° from North (namely toward Southeast) continuously from 4:00 to
8:00 UT and then suddenly disappears.

4 Acoustic-gravity waves dispersion relation

Observational studies of gravity waves in the upper atmosphere often report that their
horizontal propagation is opposite, or perpendicular to the background wind direction. The wave

solution with the form of w, (x, z,t) = W, (2) - Q - " **~“*2H; indicates that the wave

amplitude is proportional to the intrinsic frequency Q, or the term k(cp — uo). This means the
amplitude of waves moving opposite to the wind direction should increase. Indeed, high intrinsic
frequency waves exhibit larger amplitude to the vertical motions. Therefore, these waves are free
from severe reflection and continue to grow and propagate vertically as long as they progress in a
different direction with respect to prevailing winds. The waves propagating in the same wind
direction are more likely to decrease in amplitudes and finally become evanescent or be reflected
by the winds. This could be an alternative explanation to the directional filtering of atmospheric
waves as initially discussed by Hines and Reddy [Hines and Reddy, 1967] that, if the waves that
reach the ionosphere are detected there as drifts, they would then exhibit preferred directions of
motion that could be interpreted erroneously as preferred direction of the local ionospheric
winds. Therefore, the waves moving opposite to the wind gain momentum from background
flow while moving in the same wind direction deliver momentum to the background flow.
Clearly, the waves moving perpendicular to the wind are unaffected by the background flow.

Using Eq. (15), the well-set form of the acoustic-gravity wave equation for a
compressible atmosphere with non-uniform wind velocity can be rewritten as:
d*w, [k*N? Q* da? 1 (18)

2155 —
5+ |z +E+dzzlnﬂ_4H§_k W, =0




Where the intrinsic frequency Q = w — uy(2)k is a function of z therefore, % = — %,

2 2 2 2 2 42
% = k2 —2 and d—z InQ = %ilnﬂ + (ﬂ) d—z InQ. The only difference in the wave
dz ] dz dz _dz _dQ dz dq) . . ) ]

equation when background wind in added to the governing equations is the term with the second
derivative of [n(). Indeed, this term contains the first and second derivatives of wind velocity and

is only a function of height.

In a stratified atmosphere where the undisturbed density p, and other properties vary
with the vertical coordinate z, it is only the z-component of wavenumber m that can vary with
altitude. The horizontal wavenumber k and frequency w remain constant. Therefore, it is not
possible to obtain an exact solution to Eq. (18)(18) unless all the atmospheric terms inside the
bracket take a general form of z. Much, however, can be found out about wave-like solutions to
the equation from the local dispersion relationship where m becomes locally constant.
Accordingly, the dispersion relationship for acoustic-gravity waves with a plane-wave form
solution in the z direction, e.g. W, (z) = we™?, becomes:

2

—d—an Q%2+ k?N? =0
4HZ? dz?

(19)

72t — <m2 + k% +

Where the vertical wavenumber m is purely real for propagating waves and imaginary for
evanescent waves. Therefore, the dispersion relation for pure gravity waves, under asymptotic
limit, reduces to:

I[ gk (du 2 1/2-|
k d?uq H, ~ (E) (20)
Q R - [1+(1+—=—-"T"L |
T e 1wy | |
| 2K dz2 ]
Where K? = m?2 + k2 + 4;2. This equation in a stationary atmosphere gives the known
dispersion relation of w? = k’zfz.
K

5 Conclusion

A modified form for the acoustic-gravity wave equation and its dispersion relationships
for a compressible and non-stationary atmosphere in hydrostatic balance are presented. These
solutions are achieved without the use of standard approximations, as has been the practice in
past studies. It is shown that the only difference in the wave equation with and without a non-
uniform wind field is a term with a second derivative of [nQ. It is also presented that the wave
solution introduces the intrinsic frequency in the amplitude of the vertical velocity which may
play a significant role in directional filtering of atmospheric waves in a realistic atmosphere with
strong and highly variable winds. These new solutions may be particularly important for
improved gravity wave propagation studies in the upper mesosphere and
thermosphere/ionosphere regions.

The analyses based on conservation of wave action and impedance have identified the
importance of intrinsic frequency in determining the transport of energy by gravity waves. The
role of intrinsic frequency in changing the relative amplitudes of vertical and horizontal fluid
motions and thus controlling the wave momentum and energy flux indeed, appears in a wide



range of literature in different contexts. The analysis presented here derives a new solution and
further identifies potentially important role of Q) in supporting the amplitude growth for the
waves propagate opposite to the wind direction.

The new wave equation introduced here is an important improvement to the well-known
Taylor-Goldstein equation, the starting point for most recent analyses of the effects of wind shear
on gravity waves. Three different background wind profiles are simulated. It is shown that our
equation presents a ducting region where the wind speed is approaching a maximum, and in the
either side this region where the wind speed is decreasing in value, it predicts evanescent gravity
waves. Indeed, our equation predicts that the peak in the background wind serves the wave
energy and allows to carry wave system over great horizontal distance without significant
leakage. It also predicts the evanescent region where the wind speed is approaching a minimum.
The conditions for ducting is found to be quite different from the TG relation.
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