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IH'l'JODUlH'In~J 

An sn J.ysio or the \H3ll 1~no\!n paruLlox,;o found in :tnttdti vo rH.1t 

theory hao led to tho r0co11ntru~tio11 oi' s0t 'l.lloor,v by nx:lor,1nt:i.o tJJurmn. 

This ox JOoi tion i 0 dcvo t,ed to 7,,,irino lo-Pr£1 on ·ol sot theory ,., 1th oor.1O 

chan geu wuc.lo by :ulpon. 

The fir1.>t order prucl1cuto cnlculuo io J)r0nt1 ),;oood. In oddiM.on 

to tho uouo 1 qua11t:i.ficro aclmi t tocl ( 1 V ' ur,i vero• l ond I j I oxlo-· 

tent in 1), n unic1uc oxi.:J t,ontia 1 qiu n t,:l.f'j 0r in t1ncJ ( clono tcd Gl). 1'ho 

pri mitive no-Lio is of tho oot tho::,ry ore tl•l'J o,11pt.y cJOt ( lhmol.od I O 1) 

and t.he t\lo p] n ce 1no Ill, ernh ip pr c.l:l c;uto ( dun() toe! 1 E 1 ) • 

Primo formulo.o ohull be of t~~o for111 'xe u 1 o>· 1o =b 1 but not 

oll f'orinuluo aro ,ritJ1c. A 1·oc\o·oive <lof:lnHion of n ( co11p(.)oito) 

for mulu ins 

1) Every prime f'o:r . .cula in a f.'ol'! uln; 

2) Ir p in u for uln, then -P ln H furruult; 

;, ) Ii' p c nc.l 'l nro f'orr1,u lae, thon p,.. Q, p V Q, P-), Q, 

nnd p ~-> Q aro forr1mlao; _,,.., 
J1) Ii.' p io EJ formulu ond X i 13 D vorJ o l>J.e, then (V X) p' 

(::] x) l' and (~!x)l ' nrc for1 UJ.ttOj 

5) I o CY. roooion is n for1r,Ulfl unleno itn boint; foll O\'irJ f:roi11 

finite otrine of tho nLovo four tyvoa. 

tl 

In 189;, F'rer;o f'oHiulo.tod the oxio:n oulJc r:a o.r 11IJritrnction. It 

clc 1• s thot f'or ev~ry i,rol,crty thoro io u ooL lwvit1 r, thot pru1;erLy. 

Ho '10Vor, in 1901 Rt c ell dinuovurod t..hut tho oxjo, conL-dn Jd o 

contrudictory no l:.ion. F'rog0 1 o oxio,1 \·1: a: 

(a Y )('vx)( X (:. y 4-> ~~( x)) 
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,1l10 ·o ¢( x) ir; o. formub. in ,,1hich y iu not. froe;. Clon.rly tho oxioin 

io not. u dofinit3 o.Joort.ion btti:, o. r;cho:'io for 111aking tMmy nooor t.iono 

aince L•ny forrnulu in ,-,hi ch y is not rroo t. ny 1 ep laco 1 ¢( :x:) 1 • 

Huoo0l lat ¢( x) bo x r/. x 0.11d ho thon hn tl: 

(=1.v)(\/x)( x E y i--., ::c ¢ x) 

Nou oinco tllio formulo. in for ull x it is purtioulnrly true \1hon 

x = y oo (:Jy)(y c': y (~ y ¢ y) \/h:tcl.t b o oolf-controdj.ctory notion 

oinco thin ooyo 

or 

or 

(':f y) ( ( y G. y -4 y </ y) " ( y ,j_ y · -'> y E y) ) 

(=fy)((y ?f_ y Vy i£. y)~ ( yfy V yc:y)) 

( :ly) ( y ¢ y "' y E y) 

In J.908 Zor1110lo revir;ocl thin nxio ··11 to for,,i nn a.xio in ache Ml or 

oopnration.. Zorio0lo I e o:xiom h~10 the property- l,hnt H. crrn I atl}l!ll'oto 

off' the elc"1ontn o.t o [1;5.vcn oot thnt at1tinfy o p;tvon pro.i.iorty to for111 

a. nm·1 oot. Thuo if the 00t or 01) nul,0·1ob:i.loo ir; kno,:n to odot, the 

axio•n nchcr.::io of 001n1.rotion eot,ubliohcfJ the cnd.iJtoncc of olJ curs undo 

by Gen:.:irnl I !0torr3. F'ormn.l ly tho uxio ,,1 ncho ·nu of n<:1Jn :rnti on iG: 

(Vz)(3'y)(Vx)(xE y ~ xE ~" ¢(x)) 

,,hero ¢(x) io 11 forrnuln in ,,hich y io not .Croo. '!ith trd.o ro­

u trlction., Hus Joll I o po rudox cunnot be roconotructccl occortlin; ~ Lo 

Stoll. 

Any c.l0f'itii tion 1-o di ittccl if it oatiafio. tMo cOLlCli l:.1.ono. l•'lrot 

o. tactlwd of' eli1 .. inn.tint:: t!C\I symbole frorr. nny foi· 1ul u munt bo given , nncl 



c concl~ tho dcfil i" i on c ,limo t y i( 'lc r1 f or,m l· ' i n p ri iitivc notation 

U H"O V::.: le b re · · ous Pxio ~s . Tho se ~ ,o c:itcrion 8ro s -~- cu ao: 

CrH erion or F.U ·.ir w ility. A for ·,u J.n. P i nt ro ducin g a 11011 

ynbol s a tisfie s -'-h o r it e rio n of e l i · in1.1 ili L~r if ..11c only i f : uhe n-

ever 0,1 i s fo r iu l r i n \n ich 10 rr 1,; o rJbo l ocuu-o~ ,·.1en tl 101· 0 i 0 a 

riLc:d .011 of i on-~c. ·eu ti vi t · A f or..:1ul a P :i.ntroduci:1G a nou 

oyn bol sotiofi0s he Cj·:i..te1·i on o.£ non-c:cv::, t .i.vit;;r i f and 0 1 l y i f: th r, 

i s _ pi· i • 1i ti vo f'o 1· u n Q. u·.1ch h P-~ Q is dori n l o f1·0 1 t ,:ie 

n io , e ut Q i s not. 

?loo t 10 pro:ll c. 1 i o to prov i de !' l) c·u Hhc~1 s, t i sf ied i rJp li L,8 s n L.,.. 

f \i '<. .on o f.' t ho:10 t· .10 c_.i.te ·io .1. Pt l o:-.; f'o1· do i':i.ni l'f; o_.cruc., io n o" 11JOlo 

a.r e f~i v n b e l o.: ut n-)r·1i no l C'hon• oc1 re su lt i n rul co f'o1 L1or'in in 3 r e-

1 tion ~i-r-..J' o l , . Pro )Cl" c'ef i rdti Oiw of' o1.01·at ion syr~bo J.s ere oi t lio r 

e u iv n l enco or i derr~iLicno 

i s )ro: )Or clefin iti oi, if oncJ onl :r :i.f P is of tho fo r''l : O(v
1

, v
2

, ••• ,vriJ =i.:c~ '"). 

. d t .10 i'ol l o·.:ini: , a1 · 0 nti sf:i od • 1) 2 P ooe !I V f \"1 - n 
,:, 1· i ntinc i:, 

.. ' ) J..:.L1 Q i s a for ·w l a i n \!hie 1 t he on l y on- J 02:ica l conGt o.nto , ro t ho 

pri r1itiv e or p:c i ous l ; lef i n d ::i T\lools of ct -Lhcor: ' ; iv ) the fo n.u l a 

( ElH )1. i o c.lei· · v ~b l o f i·o• J tho x i , o a nd pr cuorl i: 1r; c of' i ni ti on~i. 

In iii. ) r eforenetJ i s 1·1a o to n -:m- lo .::;i c tl co nst.nn t s . Jo ,10 oxD :r,l eo 

, 1 C 1 ( s et i c lti oi on to )0 c of:i.n .'d 

l a ., er ) " 1 C 1 ( t, · 1 · r · 1 t ) , pro 1Jer sc · i nc urn.on .o o c e_:Lnec _o. ·e r , In I ( s et 

:l.n e ro e c fo n n J.0 0 to e cbf i nec l ut cr )o The on l · l o ,:ic n l co n '1l1to :11·0: 



•r,ia..1111, oonjuot1on, die)unotion, 1~pl1oation, and equivalenoe, In 

reeaion 1pr ceding detin1tion 1 im1>lioo thu.t tho definitions 

ven in an order end not aimulto.noouely, Thio o.llowo no,-, 

nitiona to be in tenno or already dofinod eyuibolo, Another uoy to 

) ie that performing o.n operation alwayo yields a un:1.quo 

1dont1t,y P introduoin~ a new n-}llnoo operntion oymbol O io 

r do:f'1n1t1on if' and only if P in of tho forms 

l• Y2, •••, Vn) :t and the follo t1ing o.ro emtiofio<ls 1) vl' v
2

, ••,, v,_ 

• diatinot variablee1 ii) the term t hna no froa varinbloo other thn.n 

•nJ 111) the only non-loeionl conatnnto in t are 

Yeo bole and previously definod oylllbolo of sot theory, 

of' the definitiono in thio report do not oo tiaf'l, tho orit.orion 

Gt elilp1nab111 ty, Thia 1a beonuoo thoy nro condi tionnl in for .n but 

propriate modifioationo of the two rules oan be mudo, 
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'l'l e f i rot d0f:L11:i.Uo,1 , t wd:, or O v t ~ 'Jlti')r.Jo \··it r·: L:!G :Lrit :i.t iv e 

f e l i n. · of uha t fl .rnt i s . l'lw i s , !' ~et i.n sJ :.c !..bi n_:; thn t h,1 ,. 0 l e 

r1ent s or i ~J the c . .._Jt __:l . et ci 

Def :in i t.ion 1. - -------

( J ) y i s,, r,3t (=- (~.-: ( x(: ·r V ,r=:O) 

1he ox i o.-1 of o::·d:,et1si n'11i t y L J :m ox i o ... 0-Lat .i. t1/, 1,,rhon t i: OG l , 

( 
1 X )( X 

CDn::;i Lkr i n u t .rn 0n rli 0r r e .or!cs re:;orci i n,, t lrn n, io .1 ncl,o ,o. f 

s 01.~ 1· '·L,n ~ n ::i f ·rthc r i nt roductory co, ,cn t 3)10Li l d o- n:l c os:1:r • 

J""i o·: 2 . Tl,e t:x:ioJ .;ch:in o:' _.;ev-'l ' ti on 

(tf A) ( ) ( . J ( ;· (:; 1 (; : x · A y1(x)) ,.;hcn:l B i s n t f r o i i ¢ x ) 

t u i ns no o l o w nto . 

. hoor 0 11 1. (Vx)( xf 0) 

an d !1 - 0 . hon Q.: 3) ( x) ( x <; B 

, 11 x , H, i :1 .;·1 Li-~ul:..rl: r t..-ue for on ·11·;):i ~.rnry ;, . 



Hence 

but t110 conjucLion 

uhich is falo..J. 

Ol' 

J!o,.., z uo_:J arbitro ry. 

'l'hercforo 

So by definition 1 

Hence 

z ~ D (-'J z E: 0 " :l, :/: "' 

:;,GO A ·z,.:/: ::--, 

z E IJ ia falno 

z¢n is true 

('I y)( x / n) 

D::0 

(\Jx)( X 4 0) 

6 

Q'..)rror;1,ondir!f; to t h o-::n:·01 1 io o. t h eore m t 1.nt on,'/D if' n set dooo 

not h( vo nny ::::lo,·1cnto t.hcn it in t ho o 1.1.,ty n0to 

rrhc ·:> T0' ' 1 2 • (Vx)(-<~~\ 4-·. ~\::o) 

rrhu noxt cbfinition, tbl t of ::iet inclt .HJi(rn or. 011bov t., io of 

Dc..:'in:i.tJ.011 2. 

('t/A)('ef )) [ AS :3 t.--)' (V )(x€ A-? x l: J_i] 

Tho pro'Jf :,I'. the:>rc r'.'! 3 i'olJ ,.n,rn vc.1ry qulc' ':.J.J i.' ro J, c),3.f'in:Lt:Lon 2 . 

'I'hc next t.hc ::n·0.1 1 o pro'.J.t' ut.ilizon tho uxio 1 oI' exLQnnionoliL: f ho1·:ovor, 

ind i~1 of 1'lo~a1:1orthy i •iporti unce. 

'J'h00 rO '!I }! • 

~ oncl D :1uch thnt \JC D D CO 
- I\ -

0 SD > ( x)( x G C) -~ x G ;.,) 

and D~ J 

(C~ D /I D~ J)-.. (Vx)(x G C -, x c D) /\ (v'x)(xG' D ) x~ J) 

-) (V x) [ ( x G L1 .. x 6 D) A ( x G l) l x ~ J) J 
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--, (Vx) fx~ 0 ~ x€ n] 
-} c::-D 

und since G and D uero or,)it.rary, ('t/,1..) and (VJ) tho thoororn 

follm-rn. 

The::,:tC l.!.l ~o 

for subsets. 

AfO -"> A:: 0 

A ~ .3 -) (\1x) ( x ~ A ~ x G J) 

B f c -> (Vx) ( x e 3 -, x G J) 

oo (A~3 11 B~O)-) ('r/x)(xa. ,~ -4xd B)/\ (Vx)(x~B ~ xG"J) 

but, (\/y) ( y E A ~ y <£ B) ---:; ( x f A -~ x ~ J) 

v n d ( \/y ) ( y ~ d -.., Y' a c) ~ ( x <: D --'} x G ,_~) 

so 
I 

(NY)( y € A -> y G. n) /\ C{ J) ( y £ 13 -"> y ~ oJ ~ [( x E A ~ x ~ B) " ( x E" B -> x ~ o B 
~ ( X ~ A. -t X C 0) 

therefore 
__ ,,. 

)• [Ct/x)( x, A .. , xii,:}~ A{: C 

'J.ll10 foJ.10\i:i.ng defini tL:m is thnt of prol 1er oet inclusio'.1. or pro_1er 

suboot. 

Dof:i.nition ,)o 

Anti-reflox::. Vi ty i3 U3SGrtcd in the follo•.:ill[, t;lC'.H0:llo 

Tho )l'C', 7. 

(V ,.)( M; A) 

c (\)(J,c.A) ~ cvJ\)(:\~A" A.' n 
) (V,~)( :.::,-!. /.) 
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\lhich in uu obvlot.HJ couL.xud:i.ct.:Lon. 

The next thoorcu.1 :Ll J ut1l:,rnt,J:J thnt pl'opor incluoion lo nnt.i-

oyi:r.o-tiriv. 

but 

Thooro·r: 8. ACB___.., -(BCA) 

Proof: 3u;.1lJOf.H) I3 CA 

BC A -> (\Ix)( xe D -> :c <::., )" A :;f.--D 

( .,)(.x: ,:.'3 V X <;A)" A '76: l3 

(\Jx)( :r · i3 V X ~A) 

Ac 8 ~ (V x) ( x cS ,\ -~ x cm),. \. -., 4 B 

(Vx) ( X l_.:.. A V >: .,. lJ) .,i\ 1\ ..,.'-D 

') ( V; ~) ( X • i\ V X G B ) 

(tlx)( xGD v x · f,) 

but ( 1) o ,1 ( ~) 1. i."u conl,rac.licl.ory, t,h0rof.'or,1 -(;JG: ,\) t}vnno,1uont. ly 

AC B - -(BCA)o 

'l'honi·o :u 'J. ( . \ C B" ~1 C _;) • ) A C u 

Tho JJrnf ic oi iliur to tlioorv n G. 

Th~ Ji'.'O 11 1 ). AC H ·-~ fu B 

l'ro:::>f: A C.. l3 (V ~:) ( x ~ A > Y. ~ D ) 4\ A ,f B 

-> (v·~)(xe:; A I Xu D) 

A~ B 

l 1toruectiol:!.,p_Un:i.on und ;JjJ,'.(' re 100 or ~:ioto 

'1.1 ho' n0xt. thoorc ':J ,, uno.r Lo D1 o tuiit1uei1e:;o of' tr o in Lori.wction 

opornt,i oii to b , doi'ino< • 

(:1 !c)(Vx)( x e,._: ('. 

- ( 1) 

( 2) 

'£ho or'>of ia in Sud 1co nd vor/ rd.·r1:L1i,r to t:10 l,r (n f of tlJC')rc-;:v·1 19 

( hvt ucii 1~~ the nxio 11 or. ,c ,1t of ....... ,urntir-i11 in plr, cc oi' L. !o tm · on 11., ion 

to be in,roduco<l). 
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Al)B~y 0h:.)(xC!i.y 4!, x~,\" x Cd)" y :bu sot. 

'l'hoore111 l '?.. 

Proof': In clcrinitj_on /.f, lot y,: A ti13 

Oon•m . .i.Lutivity n,id nooocintivity l:"C oot.t1hlinhod in the follo·. ing 

tv10 thcor" .. ·10 for intor~1 ... ct:i.on . 

Proof: 001 oct nrbi tro 1·y A .. nd B m1tl 

(AIJB)-: y Ci°"' (tlx)(xfy~ x~/1,iX(::3)" y ion 00t 

<-4> ( x) ( x y ~ ,.., x G B ,. x G : ) 6 y i o a oat 

d ( d I\ :\) ~ y 

t.hor.foro (\;1\)(t/3)(A/iB i:rB/1.\) 

'rhoore '1 114" (\l~\)(V11)(V~1)[(A ftl) /IO o A(I ( B/1 1J)J 

l·'ro~f: F'•Jr o.rbitrnr,1 A, 3 nnd O, let x bo t\rbitrm·y ouch thot 

xafA(\B)llJ] 

x E£ A(\ 3 )fl ~ ~ x G( A II l1 )" x G C by tho -?ro :·1 12 

X 6 A A ( >~(r 8 4 X G J) 

> X ~ /i l\ X G ( 13 ,1 0) 

x Gp(\ (B (t 0) 

Hou oinco x \/UO El n ru·bit :ro:ry cl c .. ont, of ( 1/l 3) () 0 then 

( 1\ ,1 n) () c G At) ( B n c) 

Similiurly A(\ ( H (j J) 1 ( .' (l B) {l G for nrb'Ltl',.try A, B and C 

'I'herei'oro (\JA)(V3)(\Ja)f:~tlJ)(lJ-::A(l(Bf;J) by tl1eor: ,· 11. 

'fh~~2• (tf A)( ;. nc, ~ 0) 
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'£hoorem 16. CV A)(\/B )( A/l BC A) 

Proof: Let x be un n;·bitrrtry elc ,i~wt of A 113 for or'ui tr~\ry 

A and 

But x €A,. x ~B by thcoro•1i 12 

~ x €.A since thio in o conjunction 

Fo 1 f3iuc:'l x, A° nn<l B ·:ere orbit.ra17, thon the theore .1 follo:rn. 

'i'hcora.i 17. 

PrJof: -

therefore 

or 

but thoorai 16 aoaerts 

hence 

Proof:~-

Jq;: D -) ~ X) ( x (: A --:,. X E: B) 

(Vx)(xe A - Xf;Ai. Y.6"3) 

At; A (\D 

Af\3s;A 

No1.-1 for 011 arbi trury x(: A 

so 

x 6 A-~ x ~ A" X(: B oinco ,\SA n i3 

x (t B conjunction 
.,,-./ 

(\/ x)( x~ A - x (; 3) since x ,-:os nroitro.r;r 

honco 

Oonnoqucnt~y 

ond f,·o , ( J.) nnd ( ~) r-

Tho:,ro, 18. 

A!: n by definition 2. 

(:- ~ B) ~' ( ,' 0 B -:: A) 

( V,~) ( A n A .= 1) 

'£he foll.01-1ine o::io · io introduc~d in order t0 11a':0 t tc firoof of 

tho oxintt nco thooro·1 for t ho union of -L\/o octa ( us 1.,he,:)rc:-r. 11 clicJ for 

intore )ction) ni 1pler. In t}le foot ace-Lion or thio chn;;. tor t :i.o 

nxio i, the union ru:io ~r ie pr vcn rci.:lundant in tor is of thu rost, oi' 

( 1) 

( 2) 
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the 11:do,n;.; in tbic c1wptero 

Axiom 3... 1'ho Union ,-\xio"J 

(3 J)(V~)( x <: a ,-~ x~A V x G'B) 

'J:ho,)ro ;:l 19., (t! J)(t'x)( X ~ U ('~ X6 A V X 611) 

Proof: Fro, t:tc unirrn axio l (:1 O)(Vx)( x~ ;J ~,. x li .~ v x G 8) 

It io neeil0d tlwt c; bo t;n:i.quo; so ::rnx>orH) thero i n o D such tliat 

(h' X )( X d° )) ~ X 6 J\ V X 6 B ) 

( X.. (,. 1\ V X c B ) " ...c., ( X c nj 
honcc by transitivit; of :l:t.1.1lic'"ltlon 

('v'x)( X (: 0 ~· .. > X!; D) 

ConecquoDtly c~D by the uxio~ of oxtcnoio1 nlity. 

Defin:U:,ion 5.. 

( AV B ·., ;r) t! ,. (Vx) ( x Ii y r. x€A V xc.rn)" y io H not 

Th0 U8obl0 tho:)ren for the urdon oporution iJ: 

Thcorsn 20. ( V:··) ( X C i'.1 u 3 <-~ X G :~ V X '3 ) 

Proor: In dcfini'd.on ~, let y ~ A LIB 

(Vx)( xe ,\(/ .3(:-1> x 6A v x cm)" y is a oct. 

As before, oo .. n ut.u ti vH,y 311.J l:l.<,soci~··'d vi t.y of the opore.t.io ··t nre 

otr,ted. 

, Theoro•;i 2J.., (VA) ( ':~ )( ,'. l)rh :J (I\) 

Proof: For on arbi Lrnry x <: A lJ3 

x6 AUB 4-- x C::A v x €i-B 

~- ~ x 6B v x e. A 

X ~ ( D VA) 

thorofo1·e since x uo.o n.1·h:i. tn,r;, tho t~ico1·cil f'ollo.rn. 

'l'he proof ia n:i.',iili.ur to the::,ro~ J.h. 
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'l'beore.1 25. 

P;c:,of: S3lect. n.n n.:r-;.;:i. trnry x in tho un:L:m of an arbitrary a0t 

B i'!ith :i.ts0lf 

thcrofo1·e B{JB ~ 3 sinco x ,:as n.rbjtrc.ry and Gi··ico B i.rn3 o.rbitrary 

-'). x 61lVB 

therefore (V A)({h )(:. G '.V3) by d0f.'inition 2o 

Proo2: _, 

xfAVD --G xeA V x<fB 

but. Xtt f: -~ x6S oince A~B 

tLo.reforo ( X ~.A V X ~£) _,_) x~ B V xGB 
,,../ 

--> xa B 

honce 

but B ~ A UB by thoorc.~1 2:; 

therefore A ~B -> A UJ.:' B 

th0r0f'Ji.'O :. GB by definition 2 

'J.'hco:c-o-: 27. 



Tho nex~ two thcore1~ 'oro th~ u suul dintributiv0 th0or0 Mo for 

uuion and int,.n~1ection. 

Tho) rfl ' ,l 29. 

(V 11 ) ('J ·3 ) (VJ f ( 1\ fl r1 ) LJ c = ( .~ V J) /J ( l\ ti o) 

Proof: X(;(A(l 3)VO 7 x~(t\/) 3) v x(;O 

<!- .. ( ·~ er A .\ X G 13 ) V X ~ v 

( X C--/. V X 6' 0) " ( X 6' B V X ... 0) 

(-7 x <: (/ fJ J) A x 6 ( B ·' I J) 

~-"I x 6 F A U J) /\ ( iJ VJ) 

F'ro1n thin point on in the report the univorsnl qunntif'ios \-il10Ro 

ocopo io th0 entire fo:c .tulu oh nl1 ho o ittod. 

'rho noxt thoor c.1 cDtr 1bHohea tlJG uni t1uonooo of t..hc difference 

u.oinrr I x ·!- D I for ¢( x). 

( Ii:! C) (\ x) ( x (: 0 (-r~ x "' /.. ~ x ¢ D) 

Del'ini t.ior~_ 6. 

1 Thoorc11 31. 

Th:;io1•c 11 ;;2. 

1'hooren _21:. 

Proof': 

X c A - B ~· x ~ A A X ¢ 3 

A - ( A ft B ) ;: A - B 

Af\(A-B):::A-B 

x G A - B ~> x r.:-A.,, x ,;1 n 

< (x~A_,.xe;A) 1 xt;f'B 

.r ~ X C.f. ti ( X ~ !1 I\ X ~ .3 ) 

i x E/J j\( ~. - 13)"1 

( A - B) (I B ~ A /B 



(AV ) - n n 

P o I XI l ( "· \) ) • 13 J X ( A U ) \ X .; fl 

(x'Avx B)~:x 1
1 

Th r 1,!..jl 

ThoH'~• 

(x ""x¢"') v(x 1,.x ~) 

X " ,J [J 

X /I U 

(AlfD)-ll.tO 

(A .. 13)(\ B :wn 

'l'ho r,r of oC' ti , r ,111 ;;7 t .,cl / ,,r h 1U:t, t. l,l, ,, F1f.' of1 

th ro n ;$6, 

l'M..L!:.Ll2• " ( H V 

Proo! 1
1 x F ( D >} 

( /I • D) fl( J\ ... 0) 

Y.(iJ\~)C !VJ 

X A,\ ,.. ( 1< ,I V )( ,II< ) 

X /1 .. ( ' (i 13 A ,~ /, U ) 

( X J ', X ,! B) 1' ( X •A~ X / U) 

" X ( A fJ )A. X ( II ... ) 

X f1 £( A - D) (t ( ,\ • U 21 
Tho pr or or l 10 u Y.t 1..1, r , , 111 ,i:1,, 11 l1n1 t, tl nt , · t,!1 J'r ·,!: or 

th or n ;W. 

Thu !'1 r 1n thn .P rt th" oxi tu uo, oJ: t1 ,;t ot,1 l'H' thun tli ·, ity 

o t oonL, 11 in, ,,o 
01010 or two inlividuulu. 

A)('/'t)( z 

D xio i t Hf% tj ti 
I 

ti I t1t.J ~ ' 11 



'l1hcore 'J l11. 

Tho proof b oic~.iliur to tcw:>re •J 19. 

Def'inj_ ti on 7. 

and w is a oet. 

Thc:>re :")1 1~2. 

'Ihcorc .'1 113. 

S"_. ,i? --"••,Y.J [u , V ") ..,~ ( ( X ~ U ) ~ ( y !' V ) ) V ( ( X !4 V) ~ ( J .f' U ) ) 

Def:i.nit.ion 8. 

<".x1 - fx x<f (.• ., .. <.· !- :.; 

Th0 ·:>n: . 411. 

[~,y ,z J : [!tY} tJ l z; ; &,Y, 7. ,,.,f ~ t ~yJ V gx,vJ 
ix} :?!' lYI -> x:: Y 

Proof: In tbeore- l I+,:; let y-:: x, u: Vo 

The t he:>re~ follows ij1odiutcly fro~ definition B. 

\':ith t.he ubovo notion or unordc:rlid poir, n. ne,-1 conco}Jt i.s introcuceJ, 

that of o~cd0rod pairo Intui ti voly, on orderod pnir is oi...ply t\-10 01Jj sets 

Eivcn in a fixed order. 

D:.:ifinition 9o 

Fro ,·a tho axio ·l'1 of o;:tcnsion:..ilit.y it ir, l::no~m that t\-:o ootn ore 

oqt1nl if nnd onlJ ii' they contoin the onrJo olo nents. The r,3quiro 1·Jent 

of cqu0lity or 0rdcrcd ,o.irs i s nt.rictor. 'h.'o or·dcrod 1,ui:rn ure o ilW.l 

\·;hon the firnt inc ;ber of one is t.l~c c .. v:10 as tho firGt mo"!lb0r of the 

other and tho soconJ 1:iemhcr of on3 :i_o tho so ·~c nc tl10 oocond 01!iber of 

the othoi·. For .w lly: 

(x-:u,1:y-:v) 



16 

Definition by Abotrnotion 

~arlior it uaa eato~liohcd tl1ot- th0 ox:i.or11 of ubatr~10l.:i.011 ;violdt, o 

contradiction, yd, tho iden of 1the oct of ull object.n lwvi.n[L the pro-
. . 

perty ¢ 1 ie co1n·1onl:t ueod in nuit1erouo br::uichoo of :r.:.,thc'ilot.lca . 'i'ho 

objooti ve or thio aection io to ;~i v0 n i'ol'<J~ll doi':i. nHion of tho 

obatrnction operation 

Thia operntio11 ia merely u mothod of himlin:; vurbbluo. It io not n 

definition introducin['; tl rclotion o,,rr.tbol 1 0J_Jc1·:.)1..:l Oll n,v1·1hol, or incl i­

vi dual constant. 

Definition Sche 1u 10. 

i XS ¢( x) l : y 

~ [cVx)( x£ y ~~ ff( x)) A y ie (l ootJ V [v ::0 A -(3 J)\\/ x)x e. B 4--~ ¢( x)) 

'l'ho noM.on of' n defini.tion ochorw .. ohould bo f;.;•,1i lb r to t 10 r0uclor 

considorini the ccrlior ro 1:w.r~:o o· :ld about. nx:i.on1 oclwrw.:;. Olcnrly 

f xs ¢( x) J io o not, but tho re nro occu::don~ \/} orC;1 tl:0ro i o no non-

¢ , hcucc tho do..:'inition mun'I:, _, 

allow this poooibility aa it doeo. 

¢(x)j ¢(y) 

Proof': . y t. [x: tx: ¢(x)} io not oi1)ty • 

So by definition 10 tho t~iooro n follo,ro ir.i:r.ecliutoly. 

Thoorei1 Ir(. 

Theoro!l 48. 

A ~ [ XS Xt ,,J 
0., [ xi x j xJ 

Pr:,of's Sup1)oae the controrJ, tl-a.t 1o y € [ xs x ;fr x} 
Then by theore ~ 46, y :p y a contrudiction. 
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of u univora l oat. 

(~ A)(Vx)( x<:: A) 

univo1·n 11 o t,.. Onll 1.,bJ n u1 vo, er.; l neit. D , ond 111 tho nx:lon onl1tJM\ 

(:/B) ii'.·)( Xe n.... X <;. D X ti .. ) 

S;i nco thoro o::d rJ"l:,, r oot D uHh t.h:l:-i !JfOl orl.~/, onJ J H O • 'J'hnn 

(V X) ( X : :J • '.i: (: )) " >: </ X) 

but D ,,,t.n the un:lvt.;r.L1l r;ut no 

( X) ( X . 1 _,.. X ,; ') 

and thlo iu for r.,J J ,· , tliort:ifo ·o j,n pm·LI cnli1r for O ,,o 1111 vo 

0 ,· U -· .o 51 
) 

\thic1i :is e u:lvulo,1~ to 

a contr d:i.t,lJ.,m.. Honno t11,Jro clocu u,it rJxlnL u tmlv a,..onJ not. 

y :" (:_;'< I X ": x] J\ y .;'I-0 

but by cJo.f'ln:tLjon (Jclrn.11 10, th:1.'j ju i(' :trill onJy H' 

((Vx) ( x (: y ~ x ... >)" y io ' ooL 

((V.~)( X y) ~ ('. r.)( X .. ' , •• I 

thorofore CV x)( ,, ~ y) 

'.lith th:lo notr ti,.m j t :i.o noC c.l.i.ff'j oulL Lo 111•c,vo ,rn tboo1•" •no olr •lo 

for 1ulco v;hich could bo unod to clcifj no ix tornoc1,:1.or,, union 111Ll d1.I.'.01·onc0 

of ooto; n:· 1,oly 



11 end dotinition 10) 

11) AV B -:: [ XI X t A V X t aJ 
ot tol owa from theore1a 19 nnd definition 11) 

111) A - B • &s x E A x ¢ aj 
(proof toll \ta from thoor in ,1 and dc,:f'ini tion 10. 

18 

lt will be convenient to hnvo n oli~htly dif'!'oront, :f'orrn o!' the 

aetinltion b abstraction luter in thia puper. Lf.ltor moro 00111plionted 

expreaaione will be plnood bcforo tho oolon ruttier thon oiru1,ly o:tnr.;lo 

ariablee, Honoe tho f'o llo•. ·ing al tc.,red roi-111 of' tho dof'in:ttion by 

bstraotions 

Dofinition Sohoma 11, 

i T( xl ' x2 ' ••• ' Y. ) I ¢( X ' X ' ••• ' X ) 7 -L u l 2 u~ 

l11 ( :Jx1)( 3x2) ... ( 3xu)(y=T(x 1 , x
2

, ••• , xu) 1di(x
1

, x
2

, ••• , xu)~ 

The tol lo\ling theorem sche·llo. exi>roaood the important oono pt thnt 

uivalent properties uro oxtenoionally idontiool. 

Theoro a ohemo 51. 

( v' x)(¢( x) ~ P( x) )~ [x, ¢( x>J = [xs l'( xij 

It should bo nototl that tho followin~ io not true. 

( 'v' x)(¢( x)--=, P( x))~ txs ¢( xi} f: [x1 P( x)] 

fo aee this let ¢( x) be x +, = 4 o.nd P( x) bo x- x. 

fhen [x, x~,-=-4J = l1J and [xs x•xJ io 011,lJty bythoororn 50, 

The um Axiona and Familioo or Sota 

• oon1 d rin the um Axio, whioh is the baai1 of tho pr oent 

ion ot the intereeo\lon of a taaily of eots io intro-

[{7,FJJ , f 4,e,JJ 
A ia the eot or ull 
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thin[~0 uhich b<.,lon~ to et ch :-nenibcr of A • Tho for1nn.l dof.'ini tion tH;or. 

tho abstrvctJ.o 1 110Lu.tion i 1trodt 1 cod in D ~finit:i.011 ~>cho·,10. 10. 

Dc:f'J.niLion }6• 

It sc0·110 like it could be proven t.lwt ( xE () A)-< .i, (VB)( i3<.; A- i, x~ B), 

but thin in impo!'Jnible und tho l'u!l.S·Jn is fuirly obvious. 

Tho l'i[;;1lt Bido of the HUOV0 c tp.d vn.lonco ir1 nl\:nyn truo H11Ll ovary· 

X is n me.·1b0r of ,1 ,\ ,·1he 21ovo.c A hnn no sets ti o 1n0'Ilboru; but, by 

tho0ren J~9 thcro in no·unlv0ro11l 90i.:, .. :Ct io JJOs•1ihlo t.o 1H·ov0 t.hc 

f'ollmdn3 more rcH;tricl:,eH1 sLrito ':10nt, lirn·.1cvar. 

~eheoro 1 52" 

/10 ~ 0 

Proof: supJJOOG not' t.1w.t :i.s XIS no' thm1 by thcorc '.Il ~':. th0r0 

oxi:-Jts D net Bf, 0 f.1 C) 11:,rudict.ion. :-,it1iiliurly ntcf ~ 0 O.nc.1 

x e (l lA,B}~~ UV J)( CJ(.-tA,Df-, XJI,: O)t,.. {:jv)( J(S, lf1,I\ 1 
,.-, (x€ A1-.x<:,.:J) <+ (A,B\ 9f 0 

c:!~t x (:A(jD 

'I'heorc ,i 5-2. Af BI\ (.~ J)( J E i\) --: t113 ,. il A 

Proof: For nn orbitru:ry x (; /)3 

x ~ t1 B ~ -, ( V C )( J <;d3 -·;, x C: J) ct ( ~ J ) ( 0 C! J ) 

but since A:.;r B 

0 ~ 0(:13 

thorGfore 
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ut 1 on th11t (t/..;)(o A) 

th retorc, ( 0)( 0 (; A x A) ti (:JJ)( OE, A) 

~ x1:0A 

Theoro1u 2§. A B - t1 B A 

Proof follo\l fr 1 tl10,_,r .1 ~:?. 

Th orer,1 !2"l• I\ n o 

Proof' fol lotra from tlioorom 56. 

Bororo intr uoin ~ t.ho our I ixi o. 1 \/h1.o11 }1 JO t.u l 1 too tl Io xi br 11u(I r)f 

the union of a f'nr,ily of oot.n, t1w ll'rl.nt.:i.on it :tlh1oti·ut 11 h~r r1onnn or 

an oxa11l lo. Lot A':: [:11 i~}, l:5,h}, (J1,~)g • 'J1l1011 tJA-t t~>,5,1:,'.)j. 

Oberly A 1o u f•111ily or uoto to ;<ltl101· with ono i111ll v1.cltrnl ntic.l 'Lbo 

union or uu1:1 o!' A ia tho aot or nll thin"o \llJi ,h b lon::; to , , ,, 

mubor of' A. 

Agnin tho f'or,nn 1 clefi .ni Lion uoon t,110 ulrntr <:tion 1 t il:d.ci11, 

· It o ould bo not<.>d thot in dofin.i 11,; t-'11',tliina; hy r1botx-uotic,r, ii' 

the api,roi,rioto nat or olcn·1ont,u do1Ju tJ;>t CJX1et,, them lJ I\ io o 11i1'Ly. 

In thia 1not noo it hn boon lJOatulntod thnt tho:r o;c:l }to n not de.rillocl 

in definition 1, by 1i1Ewno or tho au 1 mdo11, Pono t.ho 00001111 port of 

the diajunotion onn b~ o.'1Htod in <lo!'j 11.it.to,·1 10, 

Proofs (xs ~ll)( x !3" BE A]:; U A ~ 

(( x)(x6-t./A4'+ (fJ)(xlB#\B A) by do!'init.ion 10, 

the more, olornGntnry llrO!)crtioe or tho oui 1 opornt:ton OJ' r,ii.i liru• 

hoec of the interoeotion opcrotion, :Jone or theoo oro, Clo O , 



Thcorc~:n 5-2.. 

Proof: Lot x be nrbi tra.ry ouch that x c /1 A 

then (V .3)( t3 E ,\ _.., x E 3) 11 ( ::/ 3)( r3E. A) by thooi·om ,:>2 

but fro1·1 thi e it. fol lo,rn tho.t 

( :-JJ)(BfA,,,. xfd) 

but thio io trtw <~ x c. U A by thco1 o J ;58. 
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'rho ouboeto of o. ~ivun oet hDvo bocn con •. ddorocl ortrlicr onJ it is 

loc:i.col to usk ,:lwt.hcr or not thono ::;uboot3 oonnti tuto o. sot. 1'ho 

follouini'.~ o.xiom z.uort nte00 tho oxiott1nc0 of' ouc.:h a oet. 

Po\·1or Sot, Axio m. (5 B)(V J)(Jlt3&-7 O~A) 

In ot11or Hore.ls, if A io n fJOt, then thoro 

tho po\1or oot or l\. 0nd clonotou PA) EHWIJ tlwt 

0~ A. F'or o:<or.1plo, if A:: [h,J] thon 

PA::: fo, [Jd 
' l:>1 ' 

[1+,5}} 

PA -:- [B: l3 f AJ 

BG PA(..::::, Bf A 

oxiots Cl oot :3 

0 E i3 if o.ncl only 

Tho more obvious fnctn nbout power ncto arc the folloving: 

i) A<: PA 

ii) 0 '= lJA 

iH) PO= [OJ 

iv) 1i1>0 ~ [o,- foJ] 

v) A'-.B~-~ PA £-l·'d 

( cr.,J led 

if 

Tho cartooiun ;roduct of two ccto A and B (in ayillbol3: Ax B) 

ia tho oct oi' ulJ. orJur-...cJ 1i:1iru <.. x ~J '? ouch t..lrnt x E. A t,nd y f 3. 

Por oxar1r;los :1.f A: [1,?J , B:: !j,IJ 
Then <') /1 >J , . ._, r 



"')') ,_,_ 

Fori1nlly tl:o <lefi.n:i..tion o.f cror:u--protlu ct. ln: 

Dofini t:i on 15-o 

J £/'in tho tH.nu.1.l tl1c.:,01·cn .111uot be proven to fJho-, t.ho.t tho inLPit.i.v oly 

approprinto act existco 

'l'ho·wo11 61. 

Pro:ifs In tlio ax:i.o 1 ncho na of' ocpnrd ·,fon 

x a A 11 ¢( x)) 

Thon u0 h· vo 

( J)( .·)(xt·o 

If the cl"uoe x(;ri >(A{.JB) can be cli minotod them 1..110 t. F 'O)'l. M in 

proven. 

From tl,o ohovo x E, U hut th:Lr.;1 i mpl:i.o0 

(:Jy)(-='{:t.)(J' 1 4, zG DI\ x =. ~y~z 

\rhicl, in turn i 1}Jlics X t·-r 1· ? ~-l 
tY , c.Y,7. JJ' 

nnd o:i.nco ye A ind z (:-D t 110n f yj1 <; I, U B r n d 

thus lyJ t P(AU J) C1ncl ty,:7-J(;-P(!1tl13) 

thus l}y} , br~zJ} f. P( l'.I) I) 

hence x !:P( AU ;J) or x € PP( /\U D) 

l_Y,4 _ All D 

'l'l10 follo ~·j.ng tuo theor(J 'Do 11ro direct, oonoor1uonccn or the }>roviollo 

,t,heo:rc.n. 

'J.'1, 00 l"O"i 6'2. • 

Ax:i..011 of Ho·r,nJ.r.r1ty 

'l'ho final xio· .. cono:tclorcid in th~.n ch· ptor cif: .tho ro 1)(>r · :1.nt..ui · voly-



t ~ von ny non-omp y t A thoro io a mornbo1· x or A olloh 

:t tho interoootion of A nd x h r 'l>ty. 

Axiom or R 

IM to the, oondi tionCll for1u or tho c.l i'in:l tion, tho nooou<J p1a·t o!' 

diajunotion oonnot bo X'Cl)luood ,,1th the ui111i,lor uxpro Bion 

A/Ix =-o 1 , If x io o.n individut,l thon At1 x hno no monnin ,, 

however wh nit 1o oloc11· thut x ion oot, tlion tho o~r11plc,r u t,1Uon 

Ul be o. loyod. 

Theor m 64, 

roof', Su pc.lee A~ 1.. Sinoo A(' { tJ tl101·1 ,\ f A ll (A] 

But a:lnoe A<! lAI tho axior1 of rut,ulo1·ity ot yn 

( 3 x)( x f f rJ, " Ml x : O) 

But tho only olo 1.Jnt of !11.1 :la A, h, noo oont,rucl:l.ol,ing A 11 I J\} · .. r1 0 

Thcoron 65. A f Ax,\ A._ 0 

Tht3 Hod ~ndnnoo of tha Uniou l.t~A2:" 

Meta Thooro n 1, Tho union tixioro io clorivu bl" !'ro II thu xioM r 
extenoionuli ty, tho peiriu t. uxio n uud tho o ·1 uxiorn, 

Proo:!'1 The, union o.xiom onyo 

( :1 D)(v'x)( Xe D X !: A V X CD) 

. Prom the pairine; xio o thoro oxhto tt oot contninine t~,o olo 1n,mt,,, 

u.y A nd B but by thoore,a 58 

x~ U[A,B) 

~D)(D ~ {J\13},-. x10) 

~ C-' D)( ( D.: A V D ~ 13) A Xd= D) 

x,Avx B 

B) h oh, ia tho unio xiot. 



HAPl\!.H XI 

we., 1aenn hort:1 no iothin,~ li to r,1 r1 i ~ { h L\lo n r,1 ri wl \IQ 1.m) o he ... 

In thirs l' r,~:rt wo nlwll hnvo no ooo r,j 0,1 t.,> t',r t tl1(; t.1, r,v oI'. l't ... 

A io o :rel1 M.on .. (V x)( x ~ A .. (:l., )(· r~ )( x :1 y, z ) ) 

It \till bo cor1vei 1.ont to h1 v, tlio i1no;('ul t, t ti ,, xAy. 

(.. X ,Y '),GA 

aro trues i) 0 i,1 o roln.tionJ ii) 'J' io u rg1n1·J.011;. , 1l :J 

1a rol tion; iii) T4 
aro rnlr U.o rn ..., Tfl ; • 'NJ rmd '£ .. 

tho aot of oll tl tn -"' :,c n~rnh thrit I'or e 1.1 y, t x,y) 6 :J • 

Thuo it B:: b lt,6> , 4';J16)] , D3 1•,5} 

.ttof'~ni Uon lH. DA i:. &, Sf I)( r.Ay a 
XE DA·- cs y)( xr.y) 

roots Fro tho oxto ao 10 ,o. or e ",nrnUon 

(l) 



Hence 1t io noccn'1ul'Y t.o oho (;Jy)(;,iy) . x C. Ul)f.. 

Fro dafin~tion 17 (:ft)( X1 y) -' (. x,y'> E. A 

Ol' i=c/ , l>~,:ijf G A by tlof:!11.i.t:l.on 9 

tx f C: U,~ t nd x € uU11 b;T tho roul ~g 

Finally (8 :3) ( .. ) ( ;~ . 1) ¢--.' (:l y ) ( >:,\y ) - ( 2) 

f·:: V'( x)J ";I y<.- [< ~x)( x · y) .... ¢( x)" y ir1 n cci} v [v-OJ\ 

-EJ ))( ':~)( x~ B ~ n ·;r) 

lottinr; y·:: DA \lhi.ch j" '1 oot nncl lo~t ·.ln2; n x) bo (;Jy)( x 'Y) ;yioldn 

DA=' l~~: (:] r) (;<J\y~< · [ (\L·)( xt; DJ\<;-~· (;/ .r)( x~y)) v 

L-·<:I 1)( ·'x) ( Y E:-D< - (:i:i )( :c:·J))~ Di\=' c~/ · (:;) 

but by dcf:1.nit.fon J.7 tld.o yiol do 

(Vx)(x<:.,nA~-, (;Jy)(x . :.;)) v [-(::r1)( ,{)(;·e~H· ~ ~- .r)(:t'y))" D;\ ~oJ -(h) 

i) D(/ilJ D):;: jJA()DJ; Li.) V(.'./) 3) ~ Pt\/1 Ifl; Ui) JJA - DD. 1J( A~- B). 

Ole orly H in noiU101· ·L1,o cnr10 thcd:, VA fl D13 ~ . J( /I 1 B) 

To 0

1

0 o th i r:i 1 o l:, A : [ ~ 1 s-2) J tUl d iJ :: IC l P;; ;.,, l • 
n0r L(A - n). DA - ID. 

ln tho .CJ.rot:, c.:nno 

clo:wJ.y [.J.1 Sf. O. In the u ;concl c;1•n 0 lot, /\ ::- [c.< 1,2> , <-~:l>' 

5 ) 
'J'hon cori.1 :1 nly (. J ,~~; .s{. o. 

If. 5 j_r; n reJ.:it.:ton tl1<m 'tl10 r nge of' .' ( h1 oy,ribolo: H .i) io 

the Bot, o-J.' nll t,M.11_:;:a y , 11 h tlml'. for ocno ;c, ~:r.,y) t. :;. 7.1liLrn :i.f.' 

s-=- [< O~l~, L.2,:f>] trion H~'.! ~ li,;',J • Tho not.ion of ru11r;o b 

forniully uof'irud oo: 

_D __ er_1_1_t_i~o n~J..2.• R.,= y: ( r.)(x.\y) 



(:I )( ) 

or~ 11 66 u ·u.l thoo1· 1u N• 

1t ed h 

1 r y Dt· t t1 ro tl J"l' ~ 1 uh\ \ 

ror tho r, n b t t ii- JJl' rs h 11t t1 l lul n \..l oy n1· 

t, atnto huro, 

Att nt,1on i n \I u1 Ll ll nt tli, 11 l 11 1.' co iv r op ~·td.,~rJlh n,e 

oonv roo or , r lutto '1 ( ~.n t1y11bol 1 ~) tn tl ti r ll\tlon 11t h ti11u{, !' i· 

11 x Dl'\Y y, x y H ,,m\ 1ly 1!.' ysx. Wvtt1 ,, 1•1JP ;I. , 

t ~ l l t r ")I I (. ~ t :~) I ,( b 11 ~ > 
c 

U • lt.11,l , '"!,~> , (~.t h 

l1ruof'1 It1 tho n :1CJ I uo . m of.' r., >p11t1 t,, on 

( /.)(~·, )(V :)( )C 13'- X A A¢(>:)) 

t, A be ( HAXDA) fJ.t1U ¢( x) U "~· )(:t:~ )( X (y p ~1) ,'\ ~~ 'y) 

hon th pr or 1o relntivaly otru it~ht i' 1•\111 ru n n it th 1· 11 66 ,1 u~ 115 

definition 20, 

oorom jlj_. 

The t11 re obvio o !'uoto tihout tho convc,rao r<Jlt Ucm ore, thut H 

l tribut, o ov r oo·L-thoorot.1o intoruoot.ton, un· on uhu ,11t!'tu·ou (h 

'l'h n xt topio ror o u..iillorut on iu thtJ rdut vu 11r d ot t1 r tM 

tionn S nd T ( in aymboh1 9/T), Ir . t1t1d '1
1 

nd T h the r ntion whioh holt1o 

nd y if nd only it th ro exiat1 z uo\i tti t 

S d ,z,y ia in T, For ex nplo it 

T 

T/ 

(1,2) , ,,,4 
(1,, 

thott 

Th ex pl• olenrlr 

tivo. ror y th 



etlnition ios 

let, 

nd 

A/B - (; ,r~ a (!h)( xAz ~ ~·1~) 

Theoro·n 70. x A/B 

roof's In th nxio11 o ohomo, of aopur1)t!to1 

(VA)(:fD)(tJ )( X ea' 

A " ( D xnn) m L' :: 0 

¢(x):r (-'H)(x: ,:,y,~'> I\ ,r,\\1 '\"nz) 

t,hen we hovo 

(:Jo)(" x)( :c" at 

nd x l tixRn 11uut ho ol1r,1in,,to, f.'ro· 1 ~h,:, obuvo w111:' vu lolHH). 

thoreforo (3u)(\lx)(xEO~ 

rroors :u ,pooo not, 

x ED xtlJ 

f./B in o rol" l;,1 c,) 

0/A .. 0 

X 0/A y(-t (.-l1,)(:d)zA 1/1y) 

4i ..... (::11..)( <X,1.,')~ 0 A,('li,;/7 (: A) 

nd olor.irly (x,z') , 0 io f'oluo. 

SO!DG f'aota ·about tho rolctive 11ro,1uot opomtir,n u:ro ttw.t it h 

uooiutivo on, '1iott·, butou ovor thi, n~.on opor·o ~1 on. It h u lso 

lU.) ( A/B) • ( A/0) £A/( B - 0) • 

Tho t'ollo\finz defin1 t. on 1,r, vidoa th n,Jt 

he do in of A rolation to a zivon n1t. 



28 

Defi ni ti on 22. S / A :t S f\ ( Axit( 3)) 

By uny of e:x:.mple, lot S-:: }__<7,8>, <"h,5'>, <5,J: > and A =[7,4}, 
, 2 

th on S j A = (. < 7 ,8--;, j .(4, 5 > J o 

'l1l1uore~ T). X s/ A y<-, x3y '\ xs /1 

Pl'oof': x s/ A y ~-~ xSy 14 x( ! Y1( s)) y by d0finitfon :?.2 nnd the 

rule of bicondilion a l ouhato 

(~ x8y A <x,y~ €( !1;C,( :3)) by definition 17 

(-·) x -3y A x (i- A by tLoore ::i 67. 

It can b0 proven th~1t tho 011orntion cl0finoc. 1 in dcf':i.ni tion 2~ clio-

tri hutc:J over 0:.1 L-tho ~re1ti c intoraoc Li on, u:1ion n nd cUffo 1·cnco o 

The follo\ling doi'initj on intl'oduces tho n8Uon of tho itaar;c of a 

sot under u rolotion. '1'h:1t is in the nhov8 ox:::t,Il.1Jle 3' 1A (read: the 

image of tho act A uurlor s) is v~,5J O F'orn1ol1y WO hnve: 

1'hc:irc '"1 71i. 

Proof: 

S''A~ R( s/;.) 

y<:. 3' 1 A(-, (:lx) ( xay,._ x E. A) 

yG n( s/ A) by definition 21} 

<-4, (:/x)(x S/J\ y) by thooreJ 67 

~") (:Jx)( x "'y Ax G /•) by thooro :ri 73 

'l'ho follo~·tin :~ could l>e otatccl o.s thoore ':10: i) R'1(AVD) :-: H11A u:~11B; 

For conven:i.once the f'olbuin 6 dei'ini tion of' thG field of' o relation 

io int.roduccd due to itn uscfuln00~ in the noxt ooction$ 

Definitlon 2J+o Fl.-::: D!i URA 

Ortled.n r; ~oln.tiono 

1'he conventional nol:.~i-tion i-d.11 ho u:::ied 11hore i .. ppro ,d.uLc; 

Bcginninr; \.Jil:.h cizht becic defini ~irFLs tho coni:;epto of iclcmU .i..y 

.. 
II 

~ 



relation, rnin:t 1al olornont enr1 ,,:oll ordorinG follow. 

Dofi.nHion 25-. 

3 is rcflex:i.ve in FS t:---- (\"x)( x~ FS ~ x3x) 

•:<l)ofini tion 260 

S io i rrefloxi vo in FS <--) ( { x)( x G. F3 -~ -( xsx) 

Dei'i ni tion ?.t. 

29 

S io sy mmetric in FS(.~. (Vx)('/J)( >.,yf FS 14 x3y-~ ySx) 

Definition 28 .. 

3 io ar-;y ,, JGtric in FS <.- l ( t1
x)(\ly)( x ,y ~ f,S,... x3y, -( ySx)) 

S is antis~r rnmet:ric in F'3 (- } (\1x)(Vy)( x,y-E F'.3 A x3y I\ y3x-~ xi, y) 

S io tronaitiv0 in F3 ~ (Vx)(!,!y)(t.'z)( XrY,'L. ~ F3 ~ xsy At ySz ~ x-3z) 

Definition 21.c 

11<The concc_pts of irreflex:i. ve, o.ntl s} r.irnetrl c o nd stronr;ly connect.ad . ~~ 

are not used later in this puper but the definitions hove be au in-

eluded for cornplctenesa only. 

A need .for the idontit? rclo .tion ( :tn s:,rmbols: IA) on a [~ivon sot 

A is eppn:rcnt but fJOhle cu ro must he prt ctic od reel'llin~ t',ct 

(x: x ~xJ ~ 0 by thoorc 0
1 50. 

Definition ?.2.• 

'l'heorc ·,1 75-_ .. X IA X ... ~ XE A 

Proof: froi-., th0 axio •.1 ochcna of. abstraction 

( J :3 ) ( V /..x, x, ) ( <.. x r x-.,, I: B <:--;. ~ x, x )• E PP.,\ ,.,_ x E /'.) 

.. ., 



[
< -;:'? 

-)- [ Xj..) 

but <:XsX~ ~ ltXJ, e,xf 1 X 

1foN to turn to tho mo.in topic of thio section, no.ucly the; topic 

of a relation woll-orderins a octo The concopto of mini1ol clement 

o.nd that of firot ele 1,1ont nl1ould 1.)0 dbtinr,uiohod ot thin point to 

a.void l ater co 1f'uoion. Tllo fir.at clc '11ont 1n·0codos every other clo:nont 

'1horoao n mini1.,al elo iOnt ht fJ no prcrfocen'lo::r:·a. It io not the cnoe 

thnt ovel·f 1dni:n:.,l olo ·10nt j_9 u firn t oJ.o, ,ent but every fir<Jt 010 1 1cnt 

i o 1,:i n5. mn 1 • 

l)of.'init.ion :,l:. x :i.s un ~3-firot cl0 ncc1t of A 

Tho di oti 11ction ie alight by J)O\rorful . 

Next woll-orderinJ io formnlly defined. 

· Dof5nition )_~. 3 well-01ders A 

<c-) s io connected in 

elo ~ent )o 

B hns on S-mininal 
,_/ 

:·;it.h thin clofini t.ion it :i.a not clii'ficul t to sec that '1~ '1 ( loas-

than) uol l-ortJ01·0 tho 00t of pod tivo into .. ::ero ond '''>" ( r:rontor-,-> 

that1) \'Oll-ordorB tho act or negntive inteecro. 

Theorom 76. 

3 \!Cl 1-ordero A~ :3 ls nsyr.1,10tl'y "11rl tru.1wi ti ve in A. 

Proof: ( l) of n.syrrJr.H;rl,r,v; sul)i;Osc not, i..hnt 5.o, nu:,!)ouo t.hc1·c uro 

elc :.~onta x,y(i:A ouch t.hot. xsy and y3x. Then lx,~tJ C..A hnn 110 

s-rninir·it 1 G le · .. ont, conL1·udid,ing t ho gi vcn tl,nt [> ,:o 11-orc.l c=n--:J :\. 

.. 
11 



ouch that, xJy nnd ySz but not xS?... Since S uell-ord0ro A 

then by definition 36, S is connected in A, honco z3x if not 

x.3z. tfou \iho.t i'J the 1.1j_ni,1al cJ.e:JJent of lx,y,,z}? x3y ~y , is not. 

ySz 4 z io not ond zSx--> x is not, but thiG contradicts the fnct. 

thnt S ,rn 11-ordoro A. 

ThcorG~n 77 o S t-rnll-ordcrs A<--· S is o syr:n:ietric e.nd conn0ct.0d 

Proof: Ncceooity: 3 is conn3cted in A by dofinition 36 nnd 

By definition 36, 

But S is conncc-ted in A nnd trrns xE :\A (\,iy)( y Ci A,.. y ::/ x -t- xSy). 

sufficiency: ···e hr.no (\I B)(GS,A~B-i=O---> B ho.s an 

S-rni nirr.nl el ei.,,rnt) o Hence by defini ti:m 36 S \ ·e 11-ordero A. 

Thcorc r.. 780 s ,-rell-ordcrs ~ ' ··"" 0 -- A .1.~ .ti r ._, has a unique ~-firot 

Pro:>f: 3U?}0::JG A hus ti"!:) 3-f:i. rst clc:~1ents 1 x and y. Then 

xJy an y3x but thin contradicts S is connected in A. 

Theoreu 79. S \lOl 1-orders A A B S. A --~ S uel 1-orJers i3 o 

Proof: I3 hao an S-first ele1Y1ent by theorm1 77 o Theroforo B 

has an S-:1ini:·1n 1 olc rwnto i-To,1 to shou S is conncctc d in B, it. i0 

given that, . S uell-ord ... 1·0 A so 3 ls c0nncctod in A or 

suppose 

or 

or 

and 

(Vx)(\Jy)( x,yE- P. ~ x3y v ysx) 

(=!L)(~o) f ,hE- B" o /: b-> -(nSb v b3ail 

(.:Jo.)(.fb) ff, b ~ B,\ fl t b-. -( ::· 3b) A -( bsail 
(=Jc )(~jb ) [3 ~ b E-T3 "" o. f: b ~ b ;3 n ,. a -3 b] 
(:Ju)(:Ib) [usb t£ A"- u :/: b --~ bS~ ~ n.3bJ 

but this cont.rudi eto that S is D ~.y.maGtric in A ,i:1 ich fol lo·.rn fro.J 

thoorc">J T1. 



'J.1hooro1u, S in trann:i.. ti vc A ey1.1r:.ietric -'> S i:.J rofloxi vo. 

Proof: Given xG-FS, p:rovo <'.'Xs,X'>E;:8 

t uo cooco: 

( 1) 

therof'oro 

therefore 

( 2 ) 

X (: rt.3 V X - rn3 

x €. R3 ->.,.. rrf ;r) ( y E F 3) 

-~ ( ly)(y GFa ~- 'I' <,x,y-~ &3) Symmetry 

(V1)(yE F,1 --> <XgJ'~c!:- S /'\~y,x~ t:J) 

< x s x > ·-: 3 o inc e S in t ro n nit iv 0 

x G D:3 --~ (\'y)( y,;. fi'S ~ <,x,y > C:., 8) 

--) ('r/:r)(y€ F3 -· <.YllX.,,. G.· J) Syr11:1otry 

Gi von a 00t ond o re lr t.ion in t1 nt not thnt i 3 rof'lcxi vo, oy :i:r10-

tr:tc nrnJ trmwitive, then tho rolotion is o~dd to lie en cquivnlcnco 

rolut.ion in tho not. F'or-1c lly thin is defj.noc.1 oo: 

--
Dofin:tt:i.c~.2.I• R :ts on o.1uival0nce relation on F:i ~) R j_o 

reflcxivo A oy ,1mctric "tronc.itivc. 

'iho :C'olJ.odnr:; dofinoa tho 3-coset o.f x ( ,,ritton: s[x]). Tho 

s-cooc l; of x i::i tho sot of 8 J. l thinis U·rnt oro o 1tii vu lent to x ~-;lien 

s io on oquivul~nce rcb.tion. 'I'hi'J is somct.i r.100 roforred to oo t11c 

S-cquivalonce closn of Xo 

Thcor"'"'l 800 

'rho proof of t.l :Lo thoore :1 io oi•nilinr to tho proof of tho;):t'o r.1 70 

.. ,, 
C 
( 
!I 



Thoorci:1 81. 

x,y ~ FS S io nn equi vule(lC8 rohd,ion 

'I'b:i.o l oot. thuorc : 1 ohous thot if J in un 01ui V8lonco relation 

then any "tt;o clo iont:.(, uhich oLanc.1 in relation to oach othor unclor S 

r;encrut.o id ent. ic a l O'llli vo.lont cl: 1nses. The noxt theore m oho\rn trrnt 

e:i.u5.valcncv cleo ~rnd do not. ovorlrp. 

'n1coro111 82. S io on equ:lvr: l0nr;o rolo :U.on 

Pn.1·t.:i. U.ono 

A pnrti tio11 of' a given oot i e n. fp, 1i1~r of noL1-c· 1pt.y pn.in!i00 

disjoint oubs0to of t110 given not. ,·1hooo un:i.on io the r:ivcn octo 

Dofin:t L5.on i2,o TT io a p8rti tion of' A 

By ,-,uy or oxar.iplo, if A "' [1, ?.,:J ond 7T:;: f[i ,2J , [, J] thon Tf in . 

a partition of A. 

'1'h0 foJ.J.o,,:in._i,; definition ooi:.nblir;hoo o connoctlon bot., ·:oon })t\rtitions 

and oquivolonco rclo.t.ions. ~ 

. Dofi.n5.t:i on ho. Ti ( s) ::: [u: (1x)( :-1 ::sf:' A. B ;/ oj 
1 ' r.> ~l 2 /~ , ' ~ ~J 1'9 " 2 ,., " ~ ='- ·r ::> 7. > For cJ:ri.•11p.0$ :u: /, ==c.:,.,.,,.) antl S:::: C.. ., ,<--,,_r,.,_-;;,·,il ,, ,;; , 

<: ;j ,?.:> 3 then Tf ( 8) ::: [ti~ , [ ?.,;! i1 . The pnrtl.tioll "{{( S) io 

clearly o port,:i tion of A nnd i.t :i.o ooi,1 to be r;oneratccl by S 

Again tho uruci~l atop in th~ proof iA to chow that 
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therofor.o (3.B) (Vo) ( J G B ) ~--> (~ x) ( G = s £:~! "'-c r= o) 

Aft,er routine u~:mipulr.it5.on of d3_':i.nit:i.on by ebstract..ion nnd 

utiHzin3 defini t1.on l.10, tlle tho::>1·or1 follmrs: 

a pnrtition or ~o 

A re lotion \ Oncrat:id by a .t-12.rtition ( :i.n ny1,1bol s: 3( ll")) :i.n the 

follo~in~ definition. 

Definition 1~1. 

'l'his definition is f'ollo~ ·:ed bJ t'.-io usu a l thooro ·n 1:ho:::o proof is 

siwiliar Lo theore ···J 85. 

Thooro. n 8::;>. x-J( i1 ):rt..,..-> (;/J )( 3 €: a I'\ x& B"l y E B) 

'I'h ~3')l'O ' tl 860 ]Tis H partition of A-> S(lr) is an equivalence 

relntion on /\o 

The proof of theoro~ 86 is not difficult since~ofloxivity, 

oy111metry and trnnsit.ivit,y folJo:1 fl"0'1 definition IJ-1. 

Fnnctioi.~s 

Defi nit.ion li2. f is o f\.mction~---~> r· i:J u relation 

I\. (\-/ x) Cf::1 ) (/ z) ( x£y ·\ xfz - ~ y z) 

Tho ncxL definition intro<lucJs the st~ndnrd functional notation: 

r( x) ~ye 

D0finition_ '~ "j. 

f( x) = y <f--> f Ch )I xfa),. ( ,:Zy )J v [-(i: ! ,, )( xf z l-1 y=: oj 



It j_o nuteuorthy th3.t definition o llo~.m the no Lntion ' f( x): y ' 

for rclrttions f that ure n::,t fnnctions. For e:<:.t:Jp lo, if 

f ::t l4-7,Y,, , .. q,10'7, <8,9"1>] 

then 

HO\iBVer, if f is a i'tmcl,ion t.hon t!1e f'irot _port of the disjunction 

of definition 43 io nll U1at io needed. 

'I"h0 C0".'1!)0 rd ti on of t1:o functioLlS r ond g (denoted: f o g) 

is dcfinod in ter.r-1s of tho rolati ve p.1,oclt..wt of f und r; ( sco 

de:r"ini ticm 21). 

r o g-:. g/i' 

Olen.rly if f nml g ore func~ions, the f o g and f(} r; 

arc functions. 

'fi1001·e':: f[L,, f 011d g rr.o functions ( f O g) ( X) f( [\ X) ) 

Just us the do!:1ain of a relntion i.ms restricted ( definit,iop 22), 

so can tho dor,1ain of a function be rcatricts<lo 

( f o rJ ' A-:. f o ( d-\) 

Tho col.lc3pt of u 1-1 function ia defined in ter:,s of t}rn converse 

of a rclatio~ (definition 20). 

f is 1-1 <:--) f o.nd. i are functions. 

Thcorm1 89. f is 1-1-t x<:Df"- y~Df->- (f(x) ~r(y)<;,, x~y). 

Given a 1-1 fuPction r, tho inverse of f is defined in the 

na turo.1 tiny. 

Definition 1:6. 

1heorcrn 90. f is 1-1 ,- ( r-\y) -=..x<-> f( x)-;. y) 

'11 hcorc:ri: 91. f isl-lllx~Df-~C\f'(x)) x 

t.,lco.rly -Lheore·, 91 ia oleo trne if Df in ro..lbccd by Rf and 

f is in.Lt:H'Clmnueu ,-;ith r- 1 in th0 conclvnion. 



·rhcol'0!!l 9:2.. 

f" g uro 1-1,. Df fl Dr;: 0 ·" Rf.(} fig~ 0 - f ti[:; io 1-1 

For tllv so.ke of co.:ivlct.onei,~ so':lo of t.h0 ot.onclarLl 1;_1ct11omo.tic111 

lnn~1.rnr;o i:.l introduc,jd nft.01· ,,hich thi:J choi;ter is concludi.;d by con-

sidorin~ n notion Hh:i.ch io usofuJ. in rnuny brnnchoo of rwtho 1J10ticn. 

Def:i.nition 117. :i.) f io n function f'l'O m A into B ~-~ f io 

a function~ Df :- A,\ Rf £B; H) f io n function fro m A. onto B 

.:::-3/ f i~ a i'uncti m1, Di':; A" Rf::: 3; iii) f nw;J o A into I3 <t·- i' 

f io a 1-1 f'tmcl:.ion.'\ Df ~-;:-A ,.Rf SB; iv) f 11ripn A onLo B~-,. f io 

a. 1--1 funct:i on -t Df' ~f, A nf :: 8 . 

'fh0 fin,,1 del'iniLion of thj_:::i choptor introdt>co 0 tho notion oi' tlJo 

oet of al] i'uncLioi1!J fro ~ll B to A ( j_n ny1·1boJ.o: Ar3). 

pef'j ni t:i.on .1180 

Aa~. [ f: f i[1 r function fro 11 I3 into 

(1J)(\f)(f .f-o~- ¾" f<= P(Gx\),,. f is a function fro·:1 a into A) 

Nou uainL~ tll0 fact, thot J .S I - , DX::£ DxH then Dfxl.f' S-BxA. 

But ffDf'xRr, hnne0 ff3x 1\. But ffi1xA--, f'<SP(3xl1). 



CE.\P'i' .. m II I 

Equipollenca 

Tuo sets A and B 1;1r0 s:,,:lcl to be e~uipolcnt or hcve tho o'l:1.10 

pm·rer (in syu;'Jolo: A~C) if th0re exists o 1-1 function betHccn thc·n 0 

Dofinit,ion 49. 

i) under is o. 1-1 function"' Df --:;;.,\A.Rf .:::B 

ii) 1 ~d~.. 0 f)( A~B under f) 

lence relation., 

Theo:ren 94. 

Pro:if'; 'I'ho id.:mti ty func t:.ion clea.rl;s{ the de aired function. 

'rheore• I 92• A;:: B --~ B~ A 

Pn~f's Lot f be o. 1-1 function cntablishL1 6 thut A:::,B. Then 

r-1 is the desired fu!lction establish in.::; 3:t Ao 

··rh0ore 11 96. 

Proof: Lot f be .-: 1-1 function ostciblbb:l.n3 t1wt A.-::,B and r, 

a. 1-1 func;tion ostnbliohin~ B~C. Then tho desired £'unction estu bl:i.sh-

in[; A~C is f o £;• 

'l1lie follm;ini thooro . ,s Jill bo 0 :iployed in the dcv0lo1Jr,ent of t 110 

Thoore .il 97. 

Proofs Sin·!e li~ 3"' v ~D then the ·c cxist8 1-1 functions f 

ond g such th,it Df-::.. A, Rf -A, Dg ":CJ, Rg.:: D. But A/'/ 0 -= 0"' B t1 D: 0 

$0 Df (l Ds-:: 0 ,I\. Sf fl Rg ~ 0 

so rut; is 1-1 o.nd AV 0~3U D under rug. 



deo:i.red 1-1 functiono. Thon tho f\1nct.io11 h otich t, 1:1t xi::: A ond 

y E-0 J.u h( ~ x ,y> ) = <r( x), e( v) > 0 1.1 l,~hli oh0:J tho o,1ulpol l0nco of 

Axe CHll ax·). 

The noxt t 1.10 thcoro , :1 ool:,ohJ.:i.n11 tho f:-1njilinr co 1·nutntivo ond 

nooocin.tivo p1·0:.10rtieo for 01n5 pol.lonco. 

'l'h 001· )'.i 9?. 

Proo-f's F1or x € ,\ nnd yG n the i\mctlcrn f' oth.1h th n t:. 

oatabl:i.sheo tho tlonirod equi1Jol1onc0. 

Ax(Dx0) (JxJ)xJ 

·.1.hoori..n 101. ( Ax LY-) ~ A),;.. ( l Y i x A Zt\ ) 

Proof: Define f' o o f.olJ o -•o: i:(' z '- ,\ t hon f( <! z ,y ~ );: z. 

F'or tho ·1r of t}w oocond h· 1lf of' thG tlle'Jl'O 'U, :it i a r10 roly nocoo:3ury 

to a.J[.ily t J0 re 1n 99 ll\Hl the n.l't it haJ.f of thio thoo:rc :'io 

·rhooro "'.l J.O?. (-1 J) (-] .1)) ( AZu 
1 

£3.:~f) -1 O r't D ..-!Q) 

Proof: Donne c :::. /1x fol 
'l'hon O ~ A un, D ~D by the ore fl 101 Pn c it \, orrn:i.)y oeon G '1 D l'{). 

'l'hoore " 105. 

'fhoorc .n lOG. 

( J a o =-c,) - \Bll v An ~ C 
1 .. '- X 11 ··-

( xJ)°'! AO x DC 

( 't3) 9 , \ 3 xo 

'£he fo] J od n,.., tlefinHion b l:,' .nt, of t'rn ro J: Llon ..!_ ( .r a<l: be ntr 

e.u 1 1 to or hnvin~ loao po 10r). 

Definition 20. 

'fi . >l'C i1 10.( • 



rl'Loo ron 109. ( "'~ B D ..,: J) ·--·) .\ < O 
- J\, - -

Tho no~~t theoro "TI is· probnhly the most. funch1,ncntn.l t 110orcrn on tho 

}JO\;or of' fJ0t,a. lt.o p1·c1of in roun<l in Tunny tcxtn inc:ludin !3 :.lv.1Jpoop hvt 

due to the th 00 ro •1w I j_,;iportcnco $ i to proof is in::.}ludcd hero. 

(A~ B1 B!-. ) -> x:~B 

Pl'Oof'~ A-<. B --.. (3 f)( f 'G'JD1>8 A ont,o B1f::1) 

t3~ ,\ -~ (~.J(c; l11D.}-,O f3 onto A1E A) 

It, ,-!ill b0 proven that /1 end B hovo the a~:r,,o po : or if there o:d st.o 

a subsc t, ;{ of A :.mch tlwt ~ m[1po B-f" !.. onto fl-Ko This i o 

true nince <10fin:Lng h ns: h :: (f/ K) U( rJ ( A - K)) 

then Dh = X. l) ( A - ,() ::-. A 

,-/ 
Con"'oc1uently a subset K of A in ncec1od 0uo11 that 

L"( I3 -f'' .:) -:: i\ - ~{ 

Defino D:. f 0: 0 .~A "'~"(fl -f 11J) SA - C 1 
then I no .... d to oh011 OD ;:7 . 

Clearly ,., CA n C t O Co -.....:-.. [ 11( J -f' 11G ) C. ,,.''( ;3 · i'' 1 ("I ) Vl •• ,t "'2 .._ ,l ,If 1 - 2 ,. :, • 2 •• L • Vl 

00 A - 8
11(3 -r 110 1)(" A -r/Cj -r",J

2
) 

Al so oinco C i::-D and f.'ro"l the iJOVC do:Cin:i. t:i.on of D lie lw vc 

CC ,\ ,,.11 ( • _ f" ') 
-• ,,;'I, -'-_, J.,1 I 

thon a [ A -r/(a -f'" tin) 

-(1) 

•· ( 2) 

-0) 



Conso1uently 

Defining 

Then by ( 1), (h), nnd (5) 

so 

Oon:ioquontly 

F :: A - r.:'' ( a -f' 1 VD) 

F C A -o- 11( ) _j"' 11'<') _., ... :.:, J • ~ 

(1~) 

( 5) 

so A -r;"(B -f'' 1 0D)£D - ( 6) 

thorefo:co f'ro.J ( J}) nnd ( 6) 

lJ D ::-A - ~-'t( -~ -f•'l b .;> •• D) 

and lot.tinr; K ~ U D HG n.chiovo the re~1ui.re,J :r-enults 

5.) ( :J t'1 D -=u) -~ ( A U J ~ 3 U :J) ; D. ) A x O-< B x D; iii ) AC 'f: B D 

'l1he nex::, dofinit.:ion is th8.t of t};o rolntion.< (rend: hnvip 6 leoo 

po,·10r) .. 

'l1he uext, t.hoororu 

t:rnnn:i ti v0. 

T}rnorc 11 1120 

i) c~-<.~)· - ,. .. , ii) A. 

'l'hcore n 1130 

i) A 3 _, ( n ) ,, ) • 
4 .. - ;) ~~ ' \ , 

states that ' .{ I 

B-) 

ii) 

-(B,-? A); iii) 

' ) 3 D "J ,-, ..._ ,~<". -1, :.>--, u-" ... -
iv) A B <-?- ( ;,.;': .r, v Al._ D ) 

is i.::-refl oxi ve, nsy•wiotrj.c ond 

------

(), ,< I3 " B ~ J) - A1.,.0 

11:i.) ,\~ O; 

Proof: TLo p:coof of each pm·t follo, ·rn quickly fro 11 tho prcccdi.nr; 

dofinit.ions and thc:>1·0'1s but. pnrt (iv) io proven hero; 

Prove 

D:r t};o contr~:q,o~itivc or i~o:'inition 51, it. follo•.m .thnt -(Al B) v J-< A 



l:.J. 

but fro .,1 givou, it ia knO\·m t1wt A~ H so Bi A, thcreforG fror;i the 

30rnstoin Thcore 'JJ A:"'::iJ 

by theorem 107 

by definition 51 

given A;:'.:B v A,< B, prove A-{ B 

A~B -'> A j B 

A-tB ~ A.{ 3 

It oboulc.l be noted t'.:.et n theorem on the co,·:1pn r~1.bi li ty of tho 

po~:or of t;:o seto :i.r.; not 'Jtatedo Acc:irdint-, to Sup_pca ouch G th eore-i:; 

not only ro1uires tho ax io ,;i o? c'.1oi ce, b1 1 t i s o:_iui v21 ent to :i. t. ~3incc 

Finite :lctB 

A sot. X is i'in:Lt0 acc:);C'clici~ to Tarski if BnJ non-0 rnpty fa mily 

of subDotn of Y hn s a rnc,.,ibcr of uhi ch uo oth~l' t1o•a".)0r of tho _fmni ly 

i:1 n pro )Or nuboot.o This dofin:i.tion ia conv.:micntly in tor 1s of the 

concept of rn:i.ni ·. o l 010·,ent definec oo.i~lier n'1d bter the1t of' mnxL o.l 

ele 111:::mt, uilJ bo Ur-.Gfulo They ora defined jo:i.ri.',:,ly 00: 

Dof:i.ni t:i.on 5~ o 

i) x is n •,1ini1u;;.l olo ·ncnt of A<-'! x EA" x is a set A 

x is u sot., (VJ)(BG A-->, r-(xCC) 

P'o!-mull~r- 'l'aro1d I s ckd'ini tio 1 of .,_ finite set io: 

Def'in:i. tion 5?_. 

A ::i•• " f. 1· ·11 J..
0 t ~ ~.... ("'I _·t) ) ( B -1:-0 "' B l.

0 f 1 i ) • " · 1 ', t f A n .., •:: ...-T \l) T ,. :::: a .a .,1- .J 01 Ol .. tJsc ,o o· il .... lJ 

hen a n:i.ni..:al clc ont.), 

TC1001·a11 115. 0 ia fin:i.to 

( x1 in finite 

Proof': 3incc tho i'C i:1 only ono non-o,npty f01uily of !JUos0to of l x} 



namely [xJ , and {x > G fxf thon tx1 io fin:i to, 

Thoor131:1 nz. A io finlLo ~ Bf A- i3 ia f.'in:l t,o 

Proofs Defillo II' to bo n non-c. pty f'1)n1i ly o{' ::.iubnot,o or B. 

Since B~ A then F ia n non-0M1>ty ft• nil:'t of oub11atn of: i\. Out A 

1o f'inito oo F hun n rniniunl olr1•:1ont. '1'hot·CJf0r0 B ir.1 !'1.nito. 

Thao ro·n 118. /\ io finHo - AO 3 ~ J\ - 1 1e f.111:l 1,o 

Proofs By thooro• 1 16 J\/l l3 1:; oncl sin co ,\ 1 o flni to AO B in 

f1n1 te by theoror.1 ll.7. Sir.ii Hurly i'or the o cone lw lf' of' t. o tl1onru 

A - BS A E\nd o.gnin oinco A 1a !'iuito A - B in finite by thuor t 1 117. 

The next tho 1·a,:i1 e proor 1a qutto lon:,thy ond orin bn founcl ill 

Suppes, 

Thao rom 119. AA n finite~ AVB is finite 

Thoora 11 l Mo. A is fini to ..... ._, II vt x) io finit.o 

Proofs Since txl io finite by ~,ooroi 116 ond it ic viyon t1ot 

A 1o finite, them it followc thot Al)<. x io f:lnHo by thooron 11?. 

Theoro•'l 121, Evory non-e npty f'1.1•Hily o!' oubo ... to or o finite nst 

heo a maxi jul elo 1ent. 

Tho~ro:n 122. If every non-o 1pty frinil.y of aubootu or o aet, A , 

has a rnexirnal ele :iont thnn A ia !'ini te. 

1 The next theore 1 1a tho first of 1 ts mture thus pr sor1ted, tl)nt 

of induction for finite sots. 

Theorem·3ohenn 1?3, If' 1) A is finito; ii) ¢(0)J iii) 

(-lx,C~B)(xeA.,. B SA"¢(s) _.,. i(a U jx} )) 

Then ¢( A) 

Proof's Def'ino K :r !}ls BS-A" ¢( a·)} 

en K • not e pty since o CA and by ii) ¢(0) oo OE:{. r,o,, 

-(1) 

K must have a mnximal el~nont, soy S by tl ooro 1 

B A tor then ¢(A) will f'ollou. su1rono 



A , ho\1ovcn• by ( 1) n A 10 A .. a / o. L~t )( ,, a. tlio1 

II X A but in U:l) t i ktto,m t 10 b ¢( u u x ) o n u k ~ 

lob o mn t hold ~ 110 ll h th ,m, hid bh1 1,101rli or I'. 

iU) ( 

Thon 

)(VD)( X 

It i) A 1 tinib~J 

\ B A D J~ 

A 1 

) o I J 

l{) 

Pr f't In th · 01·0, 1:,;i lot ¢(n) b ' u t ' . 

,\ boloJ1 ,.,1 to ovory uoL I{ 

l-lroo.r1 -

b"lo11 o to GVUl'.Y net K ont11.1i'yit ~ (1:t) 111111 (ii :t) 111 that!' ,1 1:1/1. 

Dei'in J< l t,c, bo tho :£111,,d. ly or t1 ll r.i 11Ho r.mbnot.r1 or A. en mtl:t 

0 K1 by thcn.ir .1,1 11:..,. Aloo H iJ · Kl nwl x A 1'.l1011 H U x i i 

by thooro1'l 120. 

D!': A nd Hf': a them a in 1'ird tt1. 

/I .. I{ 
l 

n 

Profs DCJf.ino K lo, o, 11!'110 1oi'1td.to-' 

l 

B will bi> tinUo ninc;o f' 11A::.1J. vlcmrl~ oev t,iti.oo o A otiu r 110 o. 

Now cu, u,flint:; x4i. A und Oc!: I< lilll tlwt it:J noodocl to oo 111lgl,tJ ths }lf'uo!' 

b t nhoH O U xp ~ 1~. Olonrly O (J txl "/,. 110, Nihuo x 1a 

tiniie und t h u. !'unot~ on thon £ 11 (x) h :l'lr1lt1. ii ho nilldo O 1{ 

then t"O h tinito, iJ n oqumtly (r 11u)u !1'1 Ix) itJ rh1ito hut 

10 t"( J 

t 

(t' 1o) t'' lx tit r11(0 U x ) 

x }) ia finite" d b1 thB d~tinition ot K it is ktto m 

i. 

%t A h tinito til'Jrl ev11ry ut,, whioh h n rr,o Jhs 

It 



Theorem 128. A is tinito~ A~3 I3 1s finite 

Proofs Iwnodiuto f'ro,a thc,oro1 126 ond defini t,ion J'(.). 

Tho reu 1~2• A 1a finite" B~ A_.., a io finite 

Proof's Sinoc, B~A then there o:dots o O~A euch tlwt n~u 

but, A is f'inito uo by thcoro111 117 O 1a finite und by theoro .n 128 

lt, tollo-,a that B io !'inito, 

At tho end o!' tho last eootion. it \Toa noted tll it r;ivon uny two 

aets, it io now kno\m thut thoy fire oor11111:rnblo \lithoi1t tho 1lxio 'l1 of 

choice, Houover, the t'ol lo \1ing th0oro 1,1 r.,t1 tea th , t if on , oi' the t\'10 

sets io f'ini ta, thoy t, ro oo 1po ro.blo. 

Theoreri 130. A is finito ·-+- A~ B v B A v 13;'.tA 

Proof's Ueinz induction on tho aubooto of A, defino 

K:: Los o ~ ''-"-( o< a v o ~a v n ~ o) 

and the proof' 1o relutively otroi[~ht !'or\/nrd. 

Theore :o 13.l• A in f'inito nnd 13 is not 

Proof's B 1a not :f'ini te-+- A io not fini tc, 01· -( U _ A) by the 

oontrapJoitive or theorom 129. 

then it f'ollo\le that A; B. 

~31noe 1 t 1 n ei ven t' ~Elt A ie fini1..o 

The follo\linz definition is tht1.t of' n finite eot in oenoe of 

Dedikind. A aet 1e Dedikind finite if o.nd only if' it 1e not equi1>olont 

to an, of ite proper suboots. It ie proven in suppes thot if a oet h 

tinite ('rarsk1 io finite) thon it h Dodikind finite. 

pefinition 54. A set A is Ded1k1nd finito (Vs)( a C..A -( B"" A) 

If set 1a Tareki finite then it 1a Dodikind finite. 

pooifioally atated 1f1nito 1 will rof'or to 

B A B A 



Pro:i2: A ia finito ~ .\ io Dodildnd fin:i_t,.., by tho:n·o.n 132 

~ -( .\ -:t:;3) by definition ~A 

-> ( !~-< B v B J P) by th.Jore J 1;0 

but B CA -·> B -{ j 1. by thoorom 108 

therefore Ll.a°t 

consoqucntl~r 

Th co r9•:1 1 :;h ., ______ '.::.,"_ 

A" T3 ,. J ~ D f'ini lo~ /1 .,(3, C ·' D ·" 3 (} D =o --')--/1 iJ J) B l.Jj) 

A, BJ -.1; nnd :) bo finit.o i u 0~1uivulc :Y;, to the axio::1 of cLoicoo 

A • J"I • - • ..J.. ~ ,./. I 
J.~; .1. llH 1.,;C ,t X ~ ,1.-) 

} C, '.) 
1\ ., fl U t_ x..;· 

--} A). J, {.) ixJ by theore m 13) 

AA 3 . fini to-) A x B is flnito 

c~irdinul fair b0ro 

--------
11hc last ooction of t;1e report i J 8n ou-tlino of tho dov~lopmont of 

the er:i.t:2":1ot:lc of tho cnruinnl nu:1bcrs nncJ tbc n~cof..;::io1·y ·L,l1eo1·e·.10 o.:ro 

h1cludod 111-dcinr; it porJ~i:l.blo t..o prove Cnnt.or. 1 n thoo:rc r,1 on i:.ho r;l'(.)ntect 

carciinol m.uher., A t rpicol rnoth~Hl of in:Jrotlucin: j tho co.rdino.l nui~1bor 

of n so'c :i.o dofino cnrd5.11u.l nu m1)cl'o o.o el1uiv.1lc,1co clo:rnes or oquir,ol-

lont ncte1 ( cets tllut havo tlw en•.ne po•.10~') but. uocorc]in:: to 3u;1pos it 

can ' t be pi·ovcn that tho op ,ro:n·inL•::i equiv(1lcnco cJ.un ·eo oxinto Con-

soquontly he lnt,r ducen u ncu oxiom cont-iin:Ln.:,; n no·., p1·imi ti vo notlon, 

tbi t of' the cn1·uinul nu:;;bG1· of n oot ( L1 sy~nbolo: "(/)). 'I'lmn tbo 

axion is ,.~ivon that anoocintcs to or:tch i:v~t A, nn object K( ."i) ::mch 



nur..iber. 

l'(A) ~ :C(:1) ~-- ,\~i'l 

Obvlour..1ly d t11ou.t on n.:·io:n of ini'initysi Uio oxiot.:,noo oi' in!ln:lt.0 

curdinnla io not kno\•n to ox:lot co ell tlio t.hoorc.iu :i.u thi:) DOci.J.cm 

d,...i l ,Tith finite cr,rciiirnlo, but it j_o l:.110·.m tlrnt co 1,10 of. t.1ioeo U1001·e·,w 

'l'bo Bt1r;l:i.nh lo,; r c:100 J.otter·FJ 1: 1 :, 1 b 1 , 1 c 1 \':i.Llt otlll-. :i.thout 

auch thnt 1'( A):: r o 

'J.1h£:2xe J 138.. (~I.,)( °{J) OUC,1 tliot l) A (a '3 ::: (); 2) Y( ,'\) ';.,. o; 

;, ) K( 13) ~ b. 

Proof': Dy dcfinH,:i.on thoro c:dnt. sotrJ A I ond B' oucli thot 

K( ,\ 1 ) -;:: u nnd 1(( J) 1 ) -:..b bt;t by Uico:ce .n 10~~ t.ho2·0 cx:tot. uoto A untl 

nals '/( . )- ' L t', - ol ond }~( B) ~ b. 

Tho next. thco1·on i0 t.1w ULJt.ml jur,-t:U'y.i.nt: l:.hco:rm1 for t.111 oporot.or-~ 

in thin cnao for tho arlJition or cordinol nu~boro. 

Thcoro t 159_. ( E!c)(-=J",\)(?/ J) !3UC~1 thuL i) A (I 3 .::-0; 

ii) K(A)-::.u; Hi) ;~( ,,) ~b j iv) I{( I\ UJ) ::-c 

Proof': Port.a i), H) nnd Lli) follou i'ro 1 thcc,rc'.1 15''3 Olld tho 

exi:Jt,once of c i!:I trivial but ito ,rniquonooo i:.i 1.1ol'tJ intur0oting. 

That io, it in nc::cdocl thnt. e; bo inJor1enJ011t of.· tho p. rti miln r nc L n 

A and B. supj_;oae there uro ooto 11.1 :•nd B1 ond u cox·clinal n1.1,:1.1·r 

o' ouch t.hot 

ond 

A1/JB 1 ::0 

l'( A I ) :-. a. 

( J.) 

( 2) 



and K(] I) :b 

nnd K( A I VB I ) ~- C I 

now fro , (~~) : nd (;,) end Lho c.,:do, fo1 4 c:lrd:ino.ls A':~A nnd !31~B 

Definit.io11 '.36o ( ~ t b .:: c) ,:;.~11 (? '\. )(:/3) ouch thot i) A/I B .,; 0; 

ii) l{(A).=.n; iii) l:(B)~h; iv) ;~(Al/13) ::c 

The co"111Jutntiv:tty nncl oGeodrt:i.v;tty or cindin· 1 nu •1irn1·s follo.-rn 

fro •u tho c01-:111ututi v1ty ond n nooJ:btiyi t.y oi' oct.~J ronpeot:i. voJ.y. 

(nf b) fc !': u. ~(b ~o) 

'£he follo\ ·•in~: uof:i.n.ttion of tho C'.,rdinol nu ":.lucrs o, 1 and 2 11110 

done in tl10 ob :toun tn::m er 'l he14 c iu no nou n:->tn.t:t.on introducoc1 to 

should be obv.lcm~ uhcn in cont.ext. 

D0r:i.1d Lion 5}.• 0 := K( 0) 

1 :-: l{( ( O ~. ) 

?. :: L( to, l oJ J 

Proof: Let 'l'hon tho1·0 oxin l:.r.s £1 rmw tion nuch 

thnt & if x ED 
g ,( x).:- . 

' 0~ LC x 6/l - B 

'£hon to co.ch D thor0 con· 1a1.01ds a. uni.quo GD, rrncl foi. 4 each h E·2A 

thorv exioto n unique 3 ~ P.i. sue 1 t1,nt h ~ g,P ,·bioh >rovoo P.\ ~A. 
,.J 

'£he n<l,iitivo ido,1t:i.' :r io ectahliolwu :i.n tbo n xt thcorm:, (inrl i to 

nfO ~a 



product t.11oor 1 ( tho r m 98) in plPcc or tho t.hoorom !'or un on. 

( ·C!o)(:l'A)(.:7B) ~ wh thots i) ,<(J\).:: t; 

ii) K( a) :: b; iii) I'( J\ x } ) :;: o 

n.b::: 0' 

1) !<(A) ::n; ii) K( )-=: b; 1H) K(A ::,c B)= c 

product. 

n, ::.bn 

(1h)11-t(br.) 

ThO')l'C 11. J.l:6. 

Cl( h +-C) :;. n b ·1 / 0 

Proofs Lot A, 13 t nrl O bo 11tiir~·luu d:I njo:l.nt oct ,n Al.H,h t,lwl; 

I'(A):a, K(B)-;.b ncl K(v) ·.=c, Thon o:tnco 

oncl 

D h O '= 0 - ) ( A X f1 ) /\ (/. X C) :. 0 

Ax (BUO)-=-(A x 3)U(A x J) 

tho thoor0 1n follo:-.·o 11,1,ne lintoly. 

Tl1e juotifyinr; tlJO·Jl11;M i'or cnrdinc 1 oxporJont.:1 u U.on fol 10110 fro 1 

theoroi.1 10;. 

11) l'(-3) = b; i:U.) 'J'( IJ) a A -;: o 

Dofini tion !.Q_. nb :- o ~ {S·,\)(~'D) ouch thnt: i) l<( A) = r ; 

11) K( l3) ~ bJ iii) K( A8) :- c. 

Somo or the mor.J obviol.W tlwor) 10 nro gi von b lo, i'or 011 rclin11l 

oxponcmtiotion. 



.Proof follows from theorem 101~. 

Theore!:'l 159. 

Proof follows fro"il theore~n 105. 

Th l r- 1 ( b)c be eorom ? • a ::!. a 

Proof follows from theorem 106. 

Theoro~ 152. 

Theorem 153. 

1 
a = a 

a0
.: 1 

Definition to. a4' b ~ (::f.A)(3'B) such that: 

1) K(A):a; ii) K(B)=b; iii) A..(3. 

From theore1.1s 107, 10!3, 109, and 110 it foll 01.10 that i) 

11) (a~b" b ~o) ~ a-S,c; iii) (o."=b--< b~a)~ o.:b. 

at: b4*-i' a~ b,. a.:/: b 

a..: n• - ' 

Definition 61. 

Theoreu 154. o.<::b ~ (;7A)("ji3) ouch that: i) 1{(A) .::-o; 

i1) K( B) = b; iii) A{ 8. 

Proof:<- Given i), ii) ond iii) sup1,ose b<:a. Thon B-<A 

contradicting iii). 

but 

80 

, Proof: --> Givon a< b 

,.,.........---

-->-( 3 A) ~3) ( l<.( A) := a-1 '~( l3 ) =' b ~ .A. d ;, ) ._ a i" b 

-> i)A ii)A A:SB'\«..ib 

-) i)-\ ii)" Aj B-1 ( a4' b v b ~ a) 

b.i a contradicts A~ B 

--) 1) "ii)" A~ a,.. a<b 

i)"\ ii)"' iii). 

a,( 2a 

A be s~cb that K( A): a 

Z._ : £0, [o ] A by theorem 141 

A PA 



0 A o, 0 A b,l ~ we t' · 111 ll!S 

I hy t,)1 '·1 ~Ji, 

\Ii h tli} ) t11 !,,!) it 1 ' )I H i· 1:1ihlr, t ) 1~ 'YV' 'l,h12 1ml l l lit' \Ill 

O tor the<.>N 1 tla ~ tho&· o • to n er, ,tioot am·dJ11 11 ni\1111 i• 

iho~ 1 1~. (Vo,)~u)( t1(. L) 

Pre, · ui;~J01H.J then J.u ti 1:1 1,t,1zi b u•1rd~.l\t1l 111\11i\Jn1•, O'll l ~ t, t1 

Thon by tlrn cJ >!'il'li t,io i of , ol't inr1l H~ll1ll1t , H ,I fl kn t il ~t ~ th(l ·1 iR 

aat A uu h tl1 '1, 1~( A)::. n, II \llJVtH' 1 II J'J ,1 nt, 
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