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CHAPTER 1

INTRODUCTION

1.1 Transportation planning

Transportation systems have a direct impact on economics and the quality of life.
These systems provide mobility for people and goods, deliver accessibility to various
locations (e.g., workplaces, schools, and recreational areas), and influence the economic
activities and growth patterns of a region. With this crucial component of modern society,
transportation planning is critical for efficient financing, managing, operating, and
maintaining of the transportation system to achieve development goals.

The most common paradigm for the transportation planning model in the United
States, as used by the majority of Metropolitan Planning Organizations (MPOs), is known
as the “four-step” travel demand forecasting model, as shown in Fig. 1. This four-step
model includes four modules—trip generation, trip distribution, modal split, and traffic
assignment—as a mathematical representation of the demand and supply for travel in an
area. The trip generation module takes socioeconomic information to estimate the travel
demand within each Traffic Analysis Zone (TAZ). The trip distribution module connects
the travel demand of each TAZ to determine the travel demand between a pair of TAZs
as an origin-destination (O-D) pair. The modal split module predicts how a trip between
an O-D pair will be taken on a given mode of transportation. The final step is the traffic
assignment module. This module is used to simulate the routes travelers choose to reach
their destination on a specific mode of transportation. State-of-the-practice traffic
assignment models adopt the equilibrium principle to equilibrate the travel demand with

the travel supply (e.g., highway and transit networks) under congestion. These models



give the transportation network performance measures, for example, vehicle miles
traveled (VMT), vehicle hours traveled (VHT), trip length, and volume/capacity (V/C)
ratio. These resultant model estimations would be used to compare among transportation
alternatives for supporting the decision-making processes. This study focuses on the final
step of the four-step travel demand forecasting model. New mathematical programming
formulations are developed to relax the shortcomings of existing models and
formulations. Algorithms for solving the proposed models and formulations are also

provided for real-world implementation.
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Fig. 1. Four-step transportation planning model



1.2 Deterministic user equilibrium model

The deterministic user equilibrium (DUE) is perhaps the most widely used principle
for the traffic assignment problem. It is defined as follows:

The journey costs on all the routes actually used are equal and less than those

which would be experienced by a traveler on any unused route. (Wardrop,

1952)

Travelers in this principle are assumed to minimize their individual travel cost, such
that only the lowest-cost route is used at equilibrium. In 1956, Beckmann et al. (1956)
developed this DUE principle into a mathematical programming (MP) formulation.
Several efficient solution algorithms (e.g., Frank and Wolfe, 1956; Dial, 2006) can be
used to solve this DUE model in a real-size network. However, the assumption of perfect
knowledge of network conditions is unrealistic. Travelers do not know the exact travel
costs of all possible routes in the transportation network, and some travelers do not

always use the minimum travel cost criterion for their route selection.

1.3 Stochastic user equilibrium model

To relax the restrictive perfect knowledge assumption, Daganzo and Sheffi (1977)
suggested the stochastic user equilibrium (SUE) principle. It is defined as:

No travelers can improve his or her perceived travel cost by unilaterally

changing routes at SUE. (Daganzo and Sheffi, 1977)

A random error term is incorporated in the route cost function to simulate travelers’
imperfect perception of network travel costs, such that they do not end up selecting only
the minimum cost route. Therefore, the route choice behavior is probabilistic, as shown

in Fig. 2.
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Fig. 2. DUE and SUE models

Two commonly used random error terms in the literature are Gumbel (Dial, 1971) and
Normal (Daganzo and Sheffi, 1977) distributions, corresponding to the multinomial logit
(MNL) and multinomial probit (MNP) (probabilistic) route choice models, respectively. The
MNL model has a closed-form probability expression, and the MNL-SUE model can be
formulated as an equivalent MP formulation (Fisk, 1980; Sheffi and Powell, 1982). Several
efficient algorithms can be applied to solve the MNL-SUE MP formulation in a real-size
network (e.g., Sheffi, 1985; Larsson and Patriksson, 1992; Damberg et al., 1996; Bell et al.,
1997; Leurent, 1997; Maher, 1998; Chen et al., 2005; Chootinan et al., 2005; Zhou et al.,
2012). The two main drawbacks of the MNL-SUE model are: (1) inability to account for
route overlapping (or correlation), and (2) inability to account for perception variance with
respect to different trip lengths. These two drawbacks stem from the underlying assumption
of independently and identically distributed (/ID) Gumbel variate (Sheffi, 1985). The MNP
model, on the other hand, does not have such a drawback. It uses the Normal distribution to
allow the covariance between random error terms for pairs of routes. However, due to the

lack of a closed-form probability expression, solving the MNP-SUE model requires Monte



Carlo simulation (Sheffi and Powell, 1982), Clark’s approximation method (Maher, 1992), or
numerical method (Rosa and Maher, 2002).

To address the shortcomings of the MNL model, several closed-form route-choice
models have been developed. These models can be classified into two categories: the
extended logit models and weibit model, as shown in Fig. 3. The extended logit models relax
the independently distributed assumption while retaining the Gumbel distributed random
error terms. These models modify either the deterministic term or the random error term of
the MNL random utility maximization (RUM) model. The models modifying the
deterministic term include the C-logit (Cascetta et al., 1996), path-size logit (PSL) (Ben-
Akiva and Bierlaire, 1999), and implicit availability/perception (IAP) (Cascetta et al., 2002)
models. All three models add a correction term to the deterministic term of the disutility
function to adjust the choice probability. However, the interpretation of each model is
different. The C-logit model uses a commonality factor to penalize the coupling routes, while
both the IAP and PSL models use a logarithmic correction term to modify the disutility
(hence, the choice probability). The IAP model aims at capturing travelers’ imperfect
knowledge of available routes. Equivalent MP formulations for these models were recently
provided by Zhou et al. (2012) and Chen et al. (2012). The models modifying the random
error term include the paired combinatorial logit (PCL) (Bekhor and Prashker, 1999), cross-
nested logit (CNL) (Bekhor and Prashker, 1999), and generalized nested logit (GNL)
(Bekhor and Prashker, 2001) models. These models use the Generalized Extreme Value
(GEV) theory (McFadden, 1978) to incorporate route correlation, hence route overlapping.
Equivalent MP formulations for these extended logit models were provided by Bekhor and

Prashker (1999, 2001).
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Fig. 3. Existing closed-form (probabilistic) route choice and MP SUE models

Even though all the extended models discussed above can successfully capture
route overlapping, the identically distributed assumption (i.e. homogeneous perception
variance) is still inherited; all routes are assumed to have the same and fixed perception
variance according to the logit assumption of the Gumbel distribution. Hence, Chen et al.
(2012) suggested a practical approach to partially relax the assumption by scaling the
perception variance of an individual O-D pair. The individual O-D specific scaling
factors allow the perception variance to increase or decrease according to the travel
distance of each O-D pair. Specifically, the systematic disutility in the logit-based SUE
models can be scaled appropriately to reflect different O-D trip lengths in a network by
replacing a single dispersion parameter for all O-D pairs with individual O-D dispersion
parameters for each O-D pair. However, it should be noted that it is not possible to scale

individual routes of the same O-D pair since it would violate the logit-based SUE



models’ assumption of an equal variance across the routes within the same O-D pair. For
a more comprehensive review of the extended logit models used in the SUE problem,
readers are directed to the reviews given by Prashker and Bekhor (2004) and Chen et al.
(2012).

Recently, Castillo et al. (2008) proposed the multinomial weibit (MNW) model to
relax the identically distributed assumption. Instead of the conventional Gumbel
distribution, this route choice model adopts the Weibull distributed random error terms to
handle the heterogeneous perception variance. Under the independence assumption, the
MNW model has a simple analytical form with route-specific perception variance (i.e. non-
identical perception variances with respect to trips of different lengths). However, no
equivalent MP formulation has been proposed for the MNW-SUE model in the technical
literature.

In this dissertation, an analytical closed-form route choice model and its MP SUE
formulations are proposed to relax both independently and identically distributed
assumptions. A path-size factor (Ben-Akiva and Bierlaire, 1999) is adopted to modify the
MNW RUM model to create the path-size weibit (PSW) model, as shown in Fig. 4.
Specifically, the route overlapping is captured through the path-size factor, and the route-
specific perception variance is handled through the Weibull distributed random error
terms. Then, both constrained entropy-type and unconstrained MP formulations for the
PSW-SUE model are developed. In addition, model extensions to consider the demand
elasticity and combined travel choice of the PSW-SUE model are provided. Unlike the
logit-based model, these model extensions incorporate the /logarithmic expected

perceived travel cost (EPC) as the network level of service to determine the demand



elasticity and travel choice. Qualitative properties of these minimization programs are

given to establish equivalency and uniqueness conditions, and algorithms to solve the

proposed models are presented. Numerical examples show that the proposed models can

produce a compatible traffic flow pattern compared to the MNP-SUE model under

congestion, and these models can be implemented in a real-size network.

1.4 Objectives

The objectives of this study were to provide:

OBIJ1.

OBJ2.

OBIJ3.

OBJA4.

OBJs.

OBJ6.

OBJ7.

the PSW route choice model,

an entropy-type MP formulation for the PSW-SUE model,

a closed-form PSW EPC,

an unconstrained MP formulation for the PSW-SUE model,

an unconstrained MP formulation for the PSW-SUE model with elastic
demand,

an entropy-type MP formulation for the PSW-SUE model with elastic
demand, and

an entropy-type MP formulation for the combined travel choice of the

PSW-SUE model with elastic demand.

The first goal was to provide the PSW route choice model to handle both route

overlapping and route-specific-perception variance problems. Then, an entropy-type MP

formulation for the PSW-SUE model with route flows as the decision variables was

developed in OBJ2. Next, a closed-form PSW EPC was derived in OBJ3, which can be

used to develop an unconstrained MP formulation for the PSW-SUE model with link

flows as the decision variables in OBJ4.
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Fig. 4. Contributions of this study

The different decision variables play a significant role in the development of the
solution algorithm. In addition, the PSW EPC would also be used to develop both
unconstrained and entropy-type MP formulations for the PSW-SUE model with elastic
demand and combined travel choice of the PSW-SUE model, where the network level of

service is explicitly incorporated through the PSW EPC, in OBJ5, OBJ6, and OBJ7.

1.5 Organization

The organization of this dissertation is shown in Fig. 5. The next Chapter provides
some background of the existing route choice models, MP SUE formulations, and
solution algorithms. Chapters 3 through 5 are the main contributions of this dissertation,
which consists of three technical papers. Chapter 3 provides the PSW route choice model,
constrained entropy-type MP formulation for the PSW-SUE model, and a path-based
solution algorithm for solving the entropy-type MP formulation. Chapter 4 derives

the PSW EPC, develops an unconstrained MP formulation for the PSW-SUE model,
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Fig. 5. Dissertation organization

provides a link-based solution algorithm for solving the unconstrained MP formulation,
and delivers the model extension to consider the demand elasticity. In Chapter 5, an
entropy-type MP formulation for the PSW-SUE model with an elastic demand and the
combined mode choice (or modal split) of the PSW-SUE model is presented, and it
provides a path-based solution algorithm for solving the proposed model in a real-size

network. Conclusions and remarks for future study are provided in Chapter 6.
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CHAPTER 2

LITERATURE REVIEW

A strongly connected network [N, A] is considered, where N and 4 denote the sets

of nodes and links. Let ZJ denote the subsets of N to represent a set of origin-destination
(O-D) pairs ij. Let R, be a set of routes (or paths) between O-D pair ij, which may
consist of several links a € 4. In this section, we review the route choice models with a
closed-form probability expression, their corresponding mathematical programming (MP)
stochastic user equilibrium (SUE) formulations, and solution algorithms. The section
begins with the route choice models, including the well-known multinomial logit (MNL)
model and five extended logit models. Then, the MP SUE formulations for these logit
models under congestion are provided, followed by the solution algorithms to solve these

MP SUE formulations in a real-case study.
2.1 Route choice models

2.1.1 Multinomial logit model
The MNL model (Dial, 1971) assumes that the perceived route travel cost G’
follows the extreme value type I distribution or the Gumbel distribution. With this

assumption, the cumulative distribution function (CDF) of G”, mean route travel cost

g’ , and route perception variance (o;’,’) can be expressed in Table 1. The mean travel
cost g’ is a function of the location parameter A”, the scale parameter 67, and the Euler

. . N2 . . .
constant . Note that the perception variance (o",’ ) is a function of 6 alone.

14
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Table 1: Gumbel distribution

CDF F, (1) 1—exp {_eay(tz,’/)}, t & (—o0,00) (1)
Mean route travel cost g’ Al - ﬁ (2)
2 n’
Route perception variance (o” — 3
percep (7) o0 3)
The MNL probability expression can be derived as follows:
P’ =Pr(G/ <G;Vi#r),VreR,ijell, (4)
which corresponds to

Pl == HI(.t],.)dt] (5)

where A7 is the partial derivative of the joint survival function w.r.t. /. Under the

independently distributed assumption, the joint survival function for the Gumbel

distribution is:

reRy

(6)

expl oy 4|

reR,-j
Then, we have
— .. I‘_[ L QU (b i (4 _ 4

H' = a_ = _grlje@, (7 -47) exp _Z eﬂk (-2 . -

at;j keRij

Substituting Eq. (7) into Eq. (5) gives

Pl = j 0’ eg'l‘j(t’!‘/%:}) exp{—z &% (-4 )}dtf . (8)

keRU-

—00
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To obtain a closed-form probability expression, #” needs to be fixed for all routes as 6.

With this, we have
Pl = I g’ ) exp{— > S )}dtﬁ’
o keR;
= I 986(1/7&!) exp _egt:j z e_ei;(/ dt:.l-
S keR;
By integrating Eq. (9), we have the MNL probability, i.e.,
exp(-64))
P’ = ~, VreR ijell. (10)
Z exp (—(9/1,3 ) '
keR[-/-

According to Eq. (2), A7 isrelated to g’ as follows:

s

ii i,V
AV =g 4+ L 11
P =8ty (11)

Substituting Eq. (11) into Eq. (10) gives the MNL model, i.e.,

, oxp(-0g) )
Pi= > exp(-0g!)’ VreR;jell. (12)
keR;

Note that @is also known as the dispersion parameter (Dial, 1971).

The joint Gumbel distribution in Eq. (6) with the fixed @ further satisfies the
stability w.r.t. the minimum operation (Castillo et al., 2008). This important property
states that joint survival extreme value function at minimum is the same family as the
marginal survival extreme value function (Castillo et al., 2005). From the joint Gumbel
distribution with the fixed &, the Gumbel survival function at minimum is also the

Gumbel distribution, i.e.,
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o) ()= eXp{—eg(’_ﬂ'o)}, (13)
where
i 1 i
AP0 :—ganexp<—9/1k’). (14)
keRﬁ

With the stability property, travelers’ choice decisions are assumed to be based on
their minimum perceived route travel cost, and the probabilistic route choice patterns can
be determined by the multivariate extreme value distribution (Kotz and Nadarajah, 2000)

with the Gumbel marginal. Further, we can use the Gumbel distribution to determine the

EPC. From the stability property, substituting 1" in Eq. (2) gives the MNL EPC:

1 )
yy.:—ganexp(—Hl,f)—%. (15)

keR;
Since the constant —y /@ will not have an impact on the mathematical programming
(MP) formulation considered later in this review, we can omit the term —y/6 . From

Eq. (11), the MNL EPC up to a constant can be expressed as a log-sum term as follows:

1 .
H; :—ganexp(—ﬁg,’f), Vijell . (16)

keR;

An important property of this EPC is that the partial derivative of the MNL EPC

w.r.t. the route cost gives back the MNL probability (Daganzo, 1979; Shefti, 1985), i.e.,

% R 0lnk€ZRg exp(—@g,’{)

og] 06 og;
exp(~9g/ )

B > exp(—é’g,’{ ) '

keR,-j

(17)
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Moreover, the MNL model can also be interpreted as the Markovian process
(Akamatsu, 1996). Travelers are assumed to make a decision at each node (or state) until
they reach the destination (or final state) according to the MNL choice probability. With
this, we can use the link-based loading mechanism for the MNL loading (e.g., Dial, 1971;
Sheffi, 1985; Bell, 1995; Akamatsu, 1996).

The drawback of the MNL model stems from its underlying assumption of the
independently and identically distributed (/ID) with Gumbel variate. The independently
distributed assumption comes from the joint Gumbel distribution with independent variate in

Eq. (6). The identically distributed assumption comes from the fixed € to obtain a closed-
form probability expression in Eq. (9), since the Gumbel (O'jj )2 is a function of @ alone (see

Eq. (3)). As a result, the MNL model has difficulty in handling the route overlapping problem
(i.e., independence assumption) and the homogeneous perception variance w.r.t. different trip
lengths (i.e., identical variance assumption). Consider the loop-hole network shown in Fig. 6.
In this network, all three routes have equal travel cost of 100 units. The two upper routes
overlap by a portion x, while the lower route is distinct from the two upper routes. According
to the independently distributed assumption, the MNL model gives the same probability of

1/3 for each route, regardless of the overlapping portion.

(%) ® (100-x)
Origin /—> @665&%&011

(100)
(Travel cost)

P _ pil _ pil exp(—1000) _1
b exp(-1000)+exp(—1000) +exp(-1008) 3

Fig. 6. MNL probability on the loop-hole network
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Fig. 7. MNL probabilities on the two-route networks
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Fig. 8. MNL perception variances of the two-route networks

On the other hand, consider a two-route network configuration as shown in Fig. 7.

For both networks, the upper route travel cost is larger than the lower route travel cost by

5 units. However, the upper route travel cost is two times larger than the lower route

travel cost in the short network, while it is only less than 5% larger in the long network.

The MNL model produces the same flow patterns for both short and long networks. This

is because each route has the same perception variance of 7 / 60> (see Eq. (3)) as shown

in Fig. 8. As such, the MNL probability is solely based on the absolute cost difference

irrespective of the overall trip lengths (Sheffi, 1985).
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2.1.2 Extended logit models

To relax the independently distributed assumption embedded in the MNL model,
several closed-form extended logit models have been developed. These models can be
classified in to two categories: 1) the models modifying the deterministic term of the
MNL model, and 2) the models modifying the random error term of the MNL model.
Recall that the MNL model can be written in the random utility maximization (RUM)

model as (Sheffi, 1985)

U’ =-0g" + &7 VreR,ijell, (18)

where &7 is the /ID Gumbel distributed random error term on route 7 between O-D pair ij
whose CDF is

F, (t)=1-exp(—¢'), VreR, ijell. (19)

The models modifying the deterministic term introduce a correction factor to —0g” to

adjust the probability of choosing the routes coupling with other routes, and hence the
route overlapping. These models include the C-logit model (Cascetta et al., 1996) and
path-size logit (PSL) model (Ben-Akiva and Bierlaire, 1999). The models modifying the
random error term adopt the Generalized Extreme Value (GEV) theory (McFadden,
1978) to modify the random error term to allow the correlation, and hence the route
overlapping. These models includes the cross nested logit (CNL) model (Bekhor and
Prashker, 1999), generalized nested logit (GNL) model (Bekhor and Prashker, 2001), and
paired combinatorial logit (PCL) model (Bekhor and Prashker, 1999). This subsection
begins with the models modifying the deterministic term, followed by the models

modifying the random error term (or GEV-based model).
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2.1.2.1 Models modifving the deterministic term

We start with the C-logit model followed by the PSL model. The C-logit model

uses a commonality factor CF” to modify the deterministic term, i.e.,

Ul =-0(g! +CF! )+ &, VreR,ijell, (20)
where CF” can be expressed as
,. oo
CF'=QIn) | == |, VreR,.ijell, 1)
1z \ JL' L

leRl./.

L, is the length of overlapping section between routes r and / between O-D pair #j, L’ is
the length of route » between O-D pair 77, and QQ and « are the calibrated parameters. This
CF" increases as the overlapping increases. As such, the routes coupling with other routes
have a higher disutility. Note that there are several forms of CF” (see Cascetta et al., 1996,

for more information). From Eq. (20), the C-logit probability can be expressed as

- exp(—@(gjj +CF’ ))
a > exp(—@(g,’f +CF! ))

keRij

, VI"ERU,Z.]‘EIJ. (22)

Since the C-logit model modifies the deterministic term, its EPC can be expressed as

H; :—%anexp(—0<gZ+CITg7)), VijelJ . (23)

keR;

Similar to the C-logit model, the PSL model uses the path-size factor @’ to modify
the deterministic term as follows:
Ul =lna’ -0g] +&', VreR,jell, (24)

where @’ can be expressed as
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ij la 1
ZUrj :;FW’ VVERU,

keRI-j

ijell, (25)

[, is the length of link a, L’ is the length of route » connecting O-D pair ij , and Y, is the
set of all links in route r between O-D pair jj. This path-size factor @’ (0,1] accounts

for different route sizes determined by the length of links within a route and the relative

lengths of routes that share a link. Note that several studies have provided alternative
formulations for wﬁj (e.g., Ramming, 2001; Bovy et al., 2008; Prato, 2009). From Eq.

(24), the PSL probability can be expressed as

@ exp(—0g!)

P’ = . . VreR.,jell.
> @) exp(—@g,i’ ) % (26)
keR;
Its EPC can be expressed as
H; =——1In Z @} exp(—@gk ), Vijell. (27)

keR;

2.1.2.2 Models modifying the random error term

Let G(,,...yy) (or G() for short) be the GEV generating function, where y, >0.
This GEV generating function satisfies the following properties (McFadden, 1978):
1) G()is non-negative.
2) G()is homogeneous of degree x> 0; thatis G(ay,,...,ayy)=a"G(y,..yy)
3) lim, ,, G(y,...yy)=co foralln.

4) The m partial derivative of G( ) w.r.t. any combination of / distinct y,,’s, n = 1,..,N,
is non-negative if / is odd and non-positive if / is even.

With this generating function, the GEV-based probability can be derived by
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-0g7 ve Hgi;)
e Gy Le e
pi— VreR,ijjell, (28)

r i 9 lj’
N —0g7
,ggl/ ‘Ri"
G(e f,e 7
ij —Hg‘

- —Hgﬁ
# v i | . - -0
where G’ Le o,..,e R/j is the partial derivative of G(e &oe

ij

ij —0g7
R’} w.rt to e %% .

Further, the EPC of the GEV-based model can be derived by

y

1 -0g] _gg\!zy'\ i
#.:—glnG e ", e , Vijell. (29)

We start this subsection with the CNL model followed by the GNL model and the PCL
model.

The CNL GEV generating function can be expressed as

L\
G( ):Z[Z(Vijaryij)%} , VijelJ, (30)

acd\ reR;

where ¢, €(0,1], and v,

ijar

R

Vo =25

ijar ij ar?
Lr

€[0,1] could be defined as (Bekhor and Prashker, 1999)
Vae A,reR;ijjell. (31)
Both parameters represent the overlapping degree, where a larger (smaller) v, (4,)

indicates a higher overlapping degree. Using the principle in Eq. (28), the CNL

probability can be expressed as

#;—1
€ 0 . N 0 .
Z(v[jm,)% exp| —— g’ Z (Vijak)% exp| —— g/
i acA ¢jj keRij ¢ij ..
Pi= \ - , VreR,jell. (32)
1 y
> 3 (v ) exp{—‘ggfﬂ
beA _seR[j ¢,

This CNL probability can be decomposed into two levels according to the two-level tree

structure, i.e.,
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P’ ZPURf\]a’ VreR,ijjell, (33)
acA
1 o I
> (v,.jak)% exp(—¢g,'ﬁ]
- keR, 1 ij - VreR,ijell, (34)
5 st -Le )
beAd SER;; ij

(vl.].a,, )¢lf exp[—; g’ ]

g

PV =

rla 1
L 0 .
Z (Vg/ak )¢'7 exp[—g{}
keRi/ ¢jj

The upper level is represented by the marginal probability ( P7) of selecting link a

, VreR, jell. (35)

between O-D pair ij, and the lower level is represented by the conditional probability
(P ) of selecting route » between O-D pair ij passing through link a. Then, using Eq.

(29), the CNL EPC can be expressed as

%
1
”:__lnz Z( l/bS)% exp _igéi ’ VijEIJ. (36)
beA veR ¢ij
The GNL model is a generalized version of the CNL model. Its GEV generating
function can be expressed as

| Ve
G( )=Z(Z(vaﬁ")%] , Vijell, 37)

acA rele

where ¢, is specific to a link level. It could be defined as (Bekhor and Prashker, 2001)

G0 = Z 5 kEZR: Via » Va€A,ijjell. (38)

reR;

Using Eq. (28), the GNL probability can be expressed as
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Ba1
1 € ,
2 (Vi ) exp —;gi’ ]{ > (Vi ) exl{—;g? H
ija

acA keR; ija

P L VreR.jell. (39)

r r Py v
V. i exp _0 g’
Z z ( z/bS) ¢ s

beA SER,-/- ijb

Similar to the CNL model, the GNL probability can be decomposed into the marginal and
conditional probabilities as in Eq. (33). The GNL marginal probability (upper level) can

be expressed as

¢[ja
RN 0 .
S (1) p(g]
i keR; ¢ija

Pl = —, VreR

a | ¢/
5 St on- L

beAd seR;

jell, (40)

and the GNL conditional probability (lower level) can be expressed as

(v, i exp[—gg gl

] VreR.

ij?

Pij_

e Bl o )
> (Vi ) exp(—¢g}i]

kER[, ija

jjell. (41)

By using Eq. (29), the GNL EPC can be expressed as

| Piip
My = _%IHZ{Z (Vijbs )@ eXPL—qbigij H , VijelJ. (42)

beA seR,-j ijb

Unlike the CNL and GNL models, the PCL model uses the nest between route pairs

to handle the route overlapping problem. Its GEV generating function can be expressed as

‘Rﬁ‘_l ‘Rij‘ ~‘*“]ijr1 ulfU]rj;J o
()= X Z(I_UU’”)LJ’? +y/ ] , Vijell, (43)
r=1 I=r+l

where v,

il e[O,l] represents the degree of overlapping between routes » and /, which

could be defined as (Bekhor and Prashker, 1999)
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V4

L g

v, = |, VreR , jell, (44)
ijrl L { LZ LZ J ij

and y is a calibrated parameter. Following the same derivation as the CNL model, the

PCL probability can be expressed as

_9o7 _Qol _poi )
g 1-vu,, 1-v,, 1-v,,

P = , VreR

, 1-v; iy’
R, [R,| —Ool _0o e
(I_Uijkm) exp li +exp lﬂ
k=1 m=k+1 = Ujitn ~ Ujitn

It can be decomposed into marginal and conditional probabilities as follows:

jell. (45)

Rij PijPij erRij,i].EIJ’

— rl = el 0 (46)
reR;
where
i i l—uw
(1 —Uy )Lexp(ﬁ] +exp (l__ef’jﬂ
P = o o VizreR,.ijell, (47)

R (Ry) —0g/! -0g’ n ? "
> (l—ul,jkm) exp| —=* |+exp| —=2
P—— l_Ug/km l_Ug/km

Vi#reR,

l_]’

ijell. (48)

The PCL marginal probability (upper level) is a multinomial logit probability of

selecting a route pair 7/ among the R, xR, —1 route pairs, and the PCL conditional

probability (lower level) is simply a binary logit probability of selecting a route from the

route pair.
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Fig. 9. Extended logit probabilities on the loop-hole network

When considering the route overlapping problem in Fig. 9, the extended logit
models produce different route choice probabilities w.r.t. the overlapping portion x. Note
that all models use 8=0.1. Q and « are equal to one for the C-logit model, and y is equal
to one for the PCL model. Each model gives a higher probability of choosing the lower
route as x increases. When x=100 (i.e., only two routes with equal trip length exist), all

the extended logit models produce the same probability of 0.5 in choosing two routes.

2.2 Mathematical programming stochastic user equilibrium formulation

In this subsection, we review a corresponding mathematical programming (MP)
stochastic user equilibrium (SUE) formulation of the logit route choice models discussed
in the previous subsection. The MP formulation can be classified into two categories: 1)
the constrained entropy-type MP formulation and 2) the unconstrained MP formulation.
The constrained formulation adopts an entropy term to handle the stochastic effect of
route choice selection, while the unconstrained formulation incoporates the expected

perceived cost (EPC) to develop a MP formulation. The subsection begins with the
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constrained entropy-type MP formulation, followed by the unconstrained MP

formulation.

2.2.1 Constrained entropy-type MP formulation
The constrained entropy-type MP formulation for the MNL-SUE model can be

written as (Fisk, 1980)

minZ=27+2,
IO
ijeld reR;; 1 B - (49)
= I h,(@)do+—> 3 f7(Inf7 1)
acA 0 0 jelJ reR;
S.'[.rEZR[j ff/ =4q;, Vl] E]J, (50)
f7>0, VreR,ijell. (51

where f,” denotes the flow on route r between O-D pair ij, g;; is a given demand between

O-D pair ij, and v, is the flow on link a. In Eq. (49), Z; is the well-known “Beckmann’s
transformation”. Z, is the entropy term used to capture the probability flow pattern. It
gives the exponential proportion in the equivalency conditions that is needed in the logit
probability solution. Eq. (50) is the flow conservation constraint, and Eq. (51) is the non-
negativity constraint.

To incorporate the route overlapping, both C-logit-SUE and PSL-SUE models add
another entropy term (Chen et al., 2012; Zhou et al., 2012). The C-logit-SUE model
incorporates the commonality factor through Z3, i.e.,

minZ=2+2,+Z,

URDIDIN L

ijel) reR;;

=¥ ha(a))dawéZZﬂj(lnﬁ—l)JrzZﬁijCEij,

acA 0 ijelJ reR; ijelJ reR;

(52)
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subject to the flow conservation constraint in Eq. (50) and the non-negativity constraint in
Eq. (51). Similarly, the PSL-SUE model also incorporates the commonality factor
through 73, i.e.,

minZ=2+2,+72,

W 53
=Y by (0)do+~ Zﬁ(lnﬂf—1)—lz > f7 na?
acA 0 9 ijel) reR; 9 ijel] reR;

subject to the flow conservation constraint in Eq. (50) and the non-negativity constraint in
Eq. (51).

On the other hand, the GEV-based models require a modified entropy term. This is
because these models have a two-level tree structure (i.e., marginal and conditional
probabilities). In addition, the decision variables are not the same as the MNL-SUE, C-

logit-SUE, and PSL-SUE models where the decision variables are the ordinary f”. The

decision variables for the GEV-based models also need to correspond the two-level tree
structure of each model. The CNL-SUE model can be written as (Bekhor and Prashker,
1999):

minZ=2+2,+2,

V=), Zf/ ol )
=> ha(a))dmlzzz%ﬂ{ 1nf—r]1—1
aeA 0 0 ijelJ acA reR; (V E (54)
ijar /
-5 2 Z(l—qﬁ,,){Z ﬁ.’i}[h{z f:ﬁ)—l]
ijel] acA4 reR; reR;
st. Y. fl=gq,, Vijell, 55)

aeY, reR[j

fi20, YaeX,,reR jell, (56)
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where f is the flow on route r (from link a) between O-D pair ij as the decision

variable corresponding to the CNL nested structure. Z, is adopted to incorporate the CNL
conditional probability (lower level), and Z3 is adopted to incorporate the CNL marginal
probability (upper level). Similar to the MNL-SUE model, Eq. (55) and Eq. (56) are the
flow conservation constraint and the non-negativity constraint, respectively. Since the
GNL model is a generalized version of the CNL model, the GNL-SUE model can be
expressed as (Bekhor and Prashker, 2001)

mnZ=2+2,+7,
DI LA

ijel] reRj;

1 ) i
> [ h(e)der; YT Y 400 n—Le
ac4 0 ijel] acAreR; (Vijar —

(57)

¢ija

—%ZZ(I‘% )(Zﬂf][m(ZﬁJIJ

ijel] aeA FER/»/» reRi/.
subject to Eq. (55) and Eq. (56). Unlike the CNL and GNL models, the PCL model has a
two-level tree structure according a route pair. With this, the PCL-SUE model can be

written as (Bekhor and Prashker, 1999)

mnZ=2+2,+7,
AIDIN L

ijel) reR;; 1 i f;.ijr
> ] ha<w>dw+gzzz<1u,,,k)ﬁzrk)[ln( .

— 1
ekl rek, ker 1-v,, ) (58)

1 - Uijrk

! i " f;ijr + ijr

st D D fiw =y, Vijel,
reR; k#r (59)

reR;

Sy 20, VrzkeR, jell, (60)



