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INTRODUCTION

A set of elements with a binary operation is called a system, or,
more explicitly, a mathematical system. [2] The following discussion

will involve systems with only one operation. This operation will be

denoted by "-" and will sometimes be referred to as a product,

A system, S, of n elements (xl, Xy soe o xn) is associative if

2}
xi-(xjoxk) = (xioxj)cxk
for all 1, j, k < n,
In a modern algebra class the following problem was proposed.
What is the least number of elements a system can have and be non-
associative? A system, S, of n elements (xl,xz, eee xn) is noh-
associative if it fails to be associative which implies that
xi~(xjnxk) # (xivxj)nxk
for some i, j, k < n. It is obvious that a system of one element
must be associative. Any binary operation could have but one result.
A nonassociative system of two elements (a,b) can be constructed by
letting a-a = b, b-a = b,
a-(a.a) = a-b,
and (asa)-a = bea = b,
If a-b = a, then
as(aca) £ (a:a).a.
Thus, the system is nonassociative.
As is often the case this question leads to others., Are there
systems of n elements (xl, Xpy oo xn) such that
xi»(xjoxk) # (xivxj)-xk
for all i, j, k < n? If such systems exist, what are their character=-
istics? Such questions as these led to the development of this paper.
A system, S, of n elements (yl, Xps eoe s Xn) where

) # (x0x,)ex

x1°(xj°xk K

for all i, j, k < n is called an anti-associative system.

The purpose of this paper is to establish the existence of anti-

associative systems of n elements and to find characteristics of these

systems in as much detail as possible.




Propositions will first be considered that apply to anti-associative
systems in general. Then anti-associative systems of two, three, and
four elements will be obtained. The general results that each of these
special cases lead to will be developed. A special type of anti-associa-
tive system will be considered. These special anti-associative systems
suggest a broader field. For a set of elements & group of classes of
systems is defined, The operation may be associative, anti-associative,
or neither. Many questions are left unanswered as to the characteristics

of anti-associative systems, but this paper opens new avenues to attack

a broader problem,




GENERAL PROPERTIES

There are several properties of anti-associative systems in general
that will be of value in later discussions. These preperties will be
presented in the form of theorems,

Theorem 1. If a system, S, of n elements (xlg Lor. soe s xn) is anti=-
associative, then S is not commutative.

Note: A system, S, of n elements (x., x coe X ) is commutative
v 3 >/ 4 b4 n

g2 gt
if x,«x, = x,+x, for all i, j < n.
1 g JE s
Proof: This proof is by contradiction. Assume that S is commuta-
tive. let a be an element of S.
a.(aa) = (aa)-a.
This contradicts the hypothesis that S is anti-associative,
Theorem 2, If a system, S, is anti-associative, then a-:a # a for
each element a of S,
Proof: This proof is by contradiction.
Assume that a«a = a where a is an element of S.
a«-(a.a) = ara = a,
(a.a):a = ara = a,
a+(a.a) = (a-a)-a,
This contradicts the hypothegis that S is anti-associative.
Coroliary. 1If a system, S, of n elements (xl, Xpy oo s xn) is
anti-associative, then it has no right or left identity.
Note: A system, S, of n elements (xty X?’ see g xn) has a right
identity, x , where g is a cogstant and g < n, if xi-xg =X,
for all i1 = n,

o~

A system, S, of gy s Gag i Xr) has a left
4

identity, x_, where h is a constant and h <n, 1f x «x, = x,

h Jav; Tl i
If a system has a right and left{ identity and they are the
same element, then this element is called the identity of the
system,

Proofs Thisz proof is by centradiction,.

resume that S has a right identity, xg.

=}




X oX = X
T%eo%em 2gstates that if a system has such an element it is
not anti-associative,
This contradicts the original hypothesis that S is anti-asso-
ciative,
Assume that S has a left identity, X
. e Wy
Theorem 2 states that if a system has such an element, then
the system is not anti-associative,
This contradicts the original hypothesis that S is anti=-
associative,

Anti-associative gystems are not commutative, and any element a of

the system is such that a-a # a. The second conditien implies that an

anti-associative system has ne right or left identity.




ANTI-ASSOCIATIVE SYSTEMS OF TWO ELEMENTS

In order to be anti-associative a system of two elements (a,b) must
have a.a = b (Theorem 2), beb = a (Theorem 2). Also a«b # bea as a.a
commutes and beb commutes; thus, by Theorem 1 a.b can not commute, If
a*b = a, then bea = b, If a¢b = b, then bea = a, This can be put in

the form of operation tables. The two tables are:

oS P M) s/ & b
a‘ b a al b b

bl b a bl & a

These tables are the same form as the ordinary multiplication tabl=z:
xloa 2.3
05 A S
2l 2 4 6
3l 3 69

All anti-associative systems of two elements must be of these forms,
but different symbols may be used for the two elements., It must be
shown that each of these systems is anti-associative.

The system, S, of two elements (a,b) such that

can easily be shown to be anti-associative, Iet xi with 1 < 2 represent
either element of the system.
xi-(x,~a) =X b =a with i, J;< 2.
(x,ax,)-a = b
i
4 Y
X s(x, 08 X, oX_ )ed.
so(x.08) # (x, 5
x,+(x b)) = x,-a = b,
Ak i i

-

i

(xi~xj)-b
xi-(xj-b) # (xi'xj)°b'

,'l\‘:/' L] , A 2
xge (xg0x) # () Xj> x, for all i, J, k< 2,

S is anti-associative,

In & like manner the system, S, of two elements (a,b) such that




s & b
al b b
bl a =a

can be shown to be anti-associative, Ilet xi with i < 2 represent either

element of the system.

a-(xi~xj) = b with 1, 3 <2,
(aoxi)vxg = b-xi = a,.
za.-(xj:x‘j # (aoxi)oxj.
b-(xi-xj) = 8

(b-xi)oxJ = ax, = b

b‘(xi-xj) # (boxi)vxj.

xi-(xj-xk) # (xi-xJ +x, for all i, J, k < 2,
S is anti-associative,

There is a special relationship between the two anti-associative
systems of two elements. If, in either one of these systems, the columns
become the corresponding rows, the second system is found, The xi'xj
element of the original system becomes the xJ-Ix1 element of the second
system, These two systems are called transposes of each other, Thus,
in a system of two elements the transpose of an anti-associative system
is also anti-associative, 1Is this true of systems of more than two
elements?

Theorem 3., If a system, S, of n elements (xl, Xop eee s xn) is
anti-associative, then its transpose, S', is anti-associative,

Proof's xinJ = xJoxi for all i, J < n,

xiJ(xJJxk) = (xk-xj)-xi for all i, J, k < n,

(xinJ) JIx, = xke(xjrxi).

xk'(xj'xi) # (xk-xj)-xi.

xiJ(lexk) # (xi.'xJ).'xk0

Thus, the transpose of an anti-associative system is anti-
associative,

The anti-associative systems of two elements appear to conform to a
pattern, Each column (or row) of the operation table is composed of one
single element which differs from the operation element of the column (or

row), Does this same pattern hold for anti-assoclative systems of n

elements?




Theorem 4, If a system, S, of n elements (Xi’ Xpp eee xn) is such

that X0 X, = Xy # X, (or Xp Xy = X # xg) vwhere 1 =1, 2, ... , n; g i8

an arbitrary constant, g < n; h is a constant; h # g and h < n, then S is
an anti-associative system.

. 0y . = . 74 i 3 < ®
Proof: x, (xj Xg) x,+x #x for all 1, j= 18
(%, xj)QXg =X .

° ° “/ o
X, (xi X ) ; (xi x.) X,

N

xio(xgexk) (xioxj)»xk for all i, J, k < n,
Thus, S is anti-associative,

There exist anti-associative systems of any finite number of elements
which are of the form of the anti-associative systems of two elements (see
above ).

Any extension of the operation table of an anti-associative system of
two elements by repeating any column (or row) and its corresponding row
(or column) gives an anti-associative system of the form of Theorem L4,

It does not matter what symbol is used to represent the new element., As

an example, the anti-associative system
’ J »

can be extended by repeating the first row and then the first column.

Repeeting the first row gives

a
b a
cl b a ’

and repeating the first column gives

a. b e
al b a b
& b

el & b

The resulting system is of the form of Theorem 4 and is therefore anti=-
associative, This system can be extended a second time by repeating a
row (or column) and its corresponding column (or row) from the first ex-

tension., This may be done any number of times. The operation will only

result in the original two elements. It can be shown that all




anti-associative systems can be extended in the same way.
Theorem 5., If an element Xn+1 is adjoined to an anti-associative

system, S, of n elements (xl, Xy w3 xn) such that

2’
X oX. =X e
n+l i g

X.,eX = X.*X
J "n4l J

Where 1 =1, 2, 44s , L; J =1, 2, 4ss4yn, n+l, g is a constant and g < n,
then the extended system is anti-associative.
: (XL ; LeX, ) i <
Proof: x, (xJ xk) # (x1 xJ) x, for all i, J, k <n
If i = n+l, then

-(xj-x = xg-(xj-xk), and

Xn+1 k)
(1% )%
Thus, xn+le(xj~xk) £ (x

1}

(xg-xj)oxk.
Mo Lt

If j = n+l or k = n+l, the proof can be obtained in a
similar manner,

If i,J = n+l, then

Xn+1.(xn+l'xk % xn+lb(x94.xk il .(xg'xk)’ AHA
(1t X ) %y = (xp e )0 = (xg'xg)'xk‘
%%’%ﬂ%ﬁﬂmﬁi(%ﬂmmﬂmy

If i,J = n+l or J,k = n+l, the proof can be obtained in a
similar manner,

If i,J,k= n+l, then

Xn+l'(xn+l'xn+l) 5 xn+l.(xg'xn+l) " Xn+1'(xg'xg) " Xg.(xg.xg)’

and

(Xn+1'xn+1)°xn+l & (xg'xn+l)'xn+l " (xg'xg)'xn+l E (xg«xg)oxg.
Ll xn+l'(xn+lixn+l> # (xn+l.xn+l)'xn+l'

Thus, xi'(xj-xk) # (xi-xj)oxk for all 1, J§, k = n4l,
The extended system is anti-associative,

The extension can be repeated any number of times, Each extension
gives an anti-associative system, and any anti-associative system can be
extended in this way.

A two-element anti-associative system (Xl’xg) can be extended to a n
element (xl, Kpy oo Xn) anti-associative system such that the element
xioxj = X, or xi-xj = X, Tor all i, J = n.

Although there were only two anti-associative systems of two ele-
ments, they opened the way to anti-associative systems of any finite

number of elements and helped establish a way of extending all anti-

associative systems,




ANTT-ASSOCIATTIVE SYSTEMS OF THREE ELEMENTS

Some anti-associative systems of three elements have already been
found, It must be determined whether there are others. The number of
systems increases rapidly as the number of elements increases,

If the binary operation is called a product, there are four products
in a system of two elements. Each of these products can result in either
of the two elements., This gives a possibilty of Eh or 16 different
systems of two elements,

The systems of three elements have nine different products, and each
product can result in any of the three elements. There is a possibility
of 39 or 19,683 different systems of three elements. Thus, many more
difficulties will arise in working with three-element systems than in
working with two-element systems.

A mapping of T into T' where T and T' are two sets of elements, is
a correspondence between T and T' that associates with each element, a,
of T a unique element, a', of T'. [h}

A mapping of T into T!' is a mapping of T onto T' if each element,
a', of T' corresponds to some element, a, of T. The mapping of T onto T!
is a one-to-one mapping of T onto T' if for each pair of elements (a,b)
of T, a # b implies that in the corresponding pair of elements (a',b')
of T!, that a' # b', [h}

The notation ;:j:wiil be used for a one-to~one mapping.

let S and S' be systems with elements Ky Xy ove 5 X and

xi, xé, ses xr'] respectively. A one~to-one mapping Sz=S' of the
elements of S ento those of S!' is called an isomorphism if whenever
xl;:rxl' and x2;:txg', then x 2.,__x 2'. (See isomorphism between

groups as defined by Hall, [1]
Theorem 6, If an isomorphism exists between a system, S, of n ele=

memts (xl, X oo Xn) and an anti-associative system, S!', of n ele-

ge s
ments (xl', x2', 0os

Proof': xi'-(x:'oxk') # (xi'-xj')-xk' for all 1, J, k < &,

5 X '), then the system, S is anti-associative.
n

()

let xi’;:zxi for all 1 < n.

X, tel T—rw «x ,
1 J 2 R
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] A
X tex, ;2xj Xy o
| § 1 T % <
X, .(xj $ Xy )._.xi (Xj xk).

L, ). 1 — a . o
(xi X, ) X, c._.(xi Xj) X,
An isomorphism is a one-to-one mapping.

Thus, xi-(xj-x of (xi.xj).xk,

)
The system, S, is anti-associative.

In order to find all anti-associative systems of three elements, a
definite preocedure must be set up. All possibilities will be covered by
letting a-a = a, a*a = b, a.a = c respectively. In each case the other
products need to be defined so as to give an anti-associative system,

Cese 1, Iet a.a = a, This could not possibly give an anti-associa-
tive system (Theorem 2).

Case 2. let a-a = b, This will be divided into three subcases where
a*b = a, a*b = b, asb = ¢ respectively.

Case 2A., let a-a = b, a*b = a, The rest of the products must be
defined in such a way that xi-(xj~xk) # (Xi'xj)‘xk for all i, J, k = 3,
Each product will be defined so as to give each element of the system
respectively. Upon each assumption it will be determined whether there
exists i, j, k such that xi-(xj-xk) = (xi- xj)-xk. If such i, j, k exist
then the resulting system could not be anti-associative, The combination
must be rejected. In this way it will be determined whether an anti-asso-
ciative system is possible when a<a = b, a+b = a,.

Assume that bea = a when ae<a = b, a+b = a,

a-(a-a) = a¢b = a.
(a+a)ea = bea = a.
a«(a.a) = (ara)-a.
No anti-associative system can exist when a.a = b, a-b = a, b.a = a.

Assume that bea = b, Chart 1l develops the only possible anti-associative

systems when a.a = b, a«b = a, bea = b, These systems are:

(l).l & bli.c (2).] 8. b e (3).] a b c
a b a a 3l b 'a a gl b a b
b a =a bl b a =a hERaye b

o] [ ST S Y glici a al, e|=bi asrbet,
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Chart 1

Possible Anti-associative Systems when a.a = b, a<b = a, b.a = b,

Contradicts Contradicts
Definition Definition
Then s0 : Assume Then s0
be(a.c) = bec and (bea).c = b.c a.-c £c = m
I c.a = ch-(a-b) =c.a = a and (cia):b=8a.b=a c.a # aJ
b+(beb) = bbb and (bsb):b = bsdb jb.b £ b | | cea=c —-l a.-(c.a) = a.c =b and (a.c).a =b-a =D —:rc-a # cJ
['b-'b =‘c —ib(b-b) =a.c = a and (a+b)sb = a:b = a —,ib.b # LJ I c-a‘= b |
.bja . | b-c=a}—-[a-(a-c) =a.b = a and (a-a).c = b.c = a bec ;!ﬂ
forc =b [—>f ae(bec) =a.b =2 and (a-b).c = ac =a |—b.c. £ bj [b—-c‘-—ﬁ:ia-(b-c) = a.c and (a-b)-c = a-c [ pcfc|
I.b.c :C -—4 QO(b'C) = asc and (l-b)-c = asC bec # c I b-c; b 4
cc=a l c.c = c]—-ch-(c-c) = c+c and (c-c)-.c = cec : —'J c.c # c]
lch:b J——-i{a-(c-'b)=aob and (a~c)-b=a.b ‘ﬂ.b ;éb‘_l | c.g:gl——'lc-(c.c)-.:c.a:band (c.c)-c:a-c=b r_"l csC ;!aJ
Ic-b =c | a-(cb) = asc = a and (a.c):b = a:b = a —-lc.b 4 c | cic =D |
cob = a | 55 =1|—>{ b:(b:b) = b:b 8na (b-b)-b = b-D bb £ 0]
lic =‘cJ-——-l£.(c.c) = c.c and (c.c).c = c.c H coc # cJ b.‘gr= a
e bbb =c
Ij-c =b ‘—-I?(c-c) =c'b=a and (ce.c)ec =bc=a —-l cec #EJ J :
N [ cb=0D c-(c.c) = cvb = b and (c.c):c =bec =D —:Ic-b#b
CoC‘: a
Ij-a = a—l——vrc-(a-b) =c.a = a and (cca):b =ab =a —vd cea a":_l csb = ¢ This gives systems 3, 4, 5 and 6.
» Ce8 :—_ b
or This gives systems 1 and 2.
c.a =_c
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(%) (5) (6)

o B LT 0 o] & B @ ol & B ¢
B ral.b b a b al b a b
br: &b b e b Bl bl el b
ele e by ¢l b a b, el Bbiiiel S e
Assume that bea = c¢, Chart 2 develops the only possible anti-asso-

ciative systems when a.a = b, ab = a, be.a = c, These systems are:

(7) (8)

siliue sibbac ol ‘a b lc
o a b a a
c a a bl ¢ &a a

el: b & at, cl (e

It must now be shown that these eight systems are anti-associative.
Systems 1 and 3 are anti-associative by Theorem 4, Systems 4, 5, and 6
can be shown to be anti-associative by letting xi represent the three
elements of the system where 1 < 3,

Xy  (x,e a) = X;e b where X +b = a or xiob = Ce

J

(x *X,)e& = Db,

i

(xjab) = X o8 = b, er xi-(xj-b) = X, = be

(xl-xJ)-b = a, or (xi-xj)-b = c,
x,+(x.+c) = x,+b where x_,+b = a or X, b = c.
i 4 i
(xlva) c = b.
xlc(xJ K) £ (xi-xj)-xk Tor o)l 1, 0, k=5,

Systems 4, 5, 6 are anti-associative,

Systems 2, 7, 8 can be shown to be anti-associative in a similar

manner,
xlv(xJ-a) = x.*b =a, or Xi°(xj°a) = X;eC = a.
(x, -xJ)-a = b, or Xi»(xj-a) = G,
x.*(x,+b) = x,+a where x .8 = b or x.+8 = C,
i i i i
(xloxJ) b = &,
X, «(x.,ec) = x,+&a where x ,.a = b or x..8 = C,
J ) 1 1
(X XJ) C = 8,

xie(xjoxk) 4 (xi‘xj)nxk for all 1, J, k = 8,

Systems 2, 7, and 8 are anti-associative,

There are eight anti-associative systems where a.a = b, asb = b,

Case 2B, Ilet aca = b, a¢b = b, Assume that bea = Db,

a*(a-a) = a*b = b,




Contradicts
Definition
1r Assume Then 80
) _.[?—.._._l.__,l ce(a:b) = c.a = a and (c-a)-b-l-b=|H cafa
asbh=a
bea = C ca=b

iTm i}—-rc-(c.c) = c.c and (c-.c)-c = c-c

cc=a
esb=b c.(ca) = cb=b and (c-c)-a=a.a=0D Hﬂﬂ

[c-b 1‘._.1 c«(asa) = cb =c and (c.a)-a = bea = c I—-{:;—ﬂ—c“

ceb=a

[5 =7 ]—f ©:(o-D) = 1D arid (b-)-b = b-b ] bsb # 1)

[pp=c [—f ce(bb) = cic = a and (ced)b=ad =a [ bed # ¢

bsb=a

[pre=b | b-(bea) = bec =D and (beb)ea =awm =D }_.ﬁ.e #ﬂ
l_.l bec # q

bec = a
a.c=0b as(b:a) = a.c = b and (a<b)ec = a@.c = b |—> a:c # 1]

|:-c =c Hb'(n.c) = bec = a and (b-a).c = coc = nH a.c # c]
In-c =a l

bec = cH..(b.c) = a.c and (a«b).c = a-c

This gives system 7.

Bl o, EXXK |

or

r

Chart 2

Possible Anti-associative Systems when a-a = Db, a*b = a, ba = c,

Contradicts
Definition
Assume Then 80

[ d ]
I a.c = bJ_.l a:(ba) =a-c=0b and (a-b).a = a.a = bH:c #i]
I a.c=c H 8.(c:a) = a.c = c and (a.c).a = c.a = cH a.c £c l

asc = a

[ =b ] ©-(b-b) = b-b and (b:b).b = beb —vp £ |
rb-b =c H b-(a-a) = b-b = c and (b-a)a=cia=c l———-]ﬁ #c ]

bb=a

I bic=b l—-l a.(b.c) = a:.b = a and (a:b).c =a:c=a H b-cjll

[ b-c‘- c l—'[ b:(c.a) = bec = c and (b:c).a = c.a = GH bec # c]

bec = a

' c+b =TJ—DI a:(c'b) = a+b = a and (a-c)+b = a:b = .Hc.b # bl
[ ced -El—-l c+(b+b) = c.a = c and (c+b):b = c-'chI—FI ceb # gl

c-';= a

l c.c = cl——-—I c+(c.c) = c.c and (c-c)ic = cic 4'—)‘ °'°ﬁ|

I c.c = bH c.(cec) = c+b = a and (c-c)ec = bec = a]——ch.c # b]

| ce«Cc = II

This gives system 8,

13

Contradicts
Definitioen
Assume Then 80

_——

Ic-b =c Hﬁ-(l-l)= cb=c and (cra)-a =b.a=c '—-{ cob # cI
I cb=a }-—'[:(b-u) =ce.c =D and (c'b):a = a.a =ﬂ—{ cb A.ll

csb=Db
:l.c =b :——-I a.(b-a) = a.c =D and (a-b).a = sa=b—4 a-c £1]|

ll-c =a I—'I a-(c.c) =ab =a and (a:c)c =m.c=a H asc £ d

asc = ¢

I—"l bec # cl
[pee=b 3 c.(bc) =c.b=1and (c:b)c=bic=bl—" bec £

Ib-c =c J—UL a:(bi.c) = a-c and (a:b)sc = asc

bwc =a

lb-b =a H be(ceb) = beb = a and (b.c)-b=ab=a I'—‘Im

o vo #v]

Job =1 > b.(beb) = beb and (b+b)-b = bub

l‘b-b = c Hb-(c-c) =b-b = c and (b-c).c = a-c -TH beb # cI

Thus, no pessible anti-asseciative system,
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(asa)ea = bea = b,
a<(a.a) = (a.a).a.
No anti-associative system can exist when a.a = b, asb = b, b.a = b,
Assume that bea = a., &a+a = b, a*b = b, bea = & is the transpose of
the systems of chart 1 where a«.a =b, a*b = a, bea = b, asa = b, a°b = b,
bea = a will, thus, give anti-associative systems which are transposes of

systems 1 through 6 by Theorem 3. The transpose of systems 1 through 6

are:
(9) (10) (11)
o| & b @ ] a b c qlua b e
b all b i e ag b b b
a a a a & a b a a a
cfl a a a, cl a a a, ¢ bbb
(12) (13) (14)
dliasabile wi- & b e ol & b e
b b b a(Eibl bR all bl b b
bl a & ¢ bl a ¢ =a ol e elle
el b b b, el b b B, elibr b b
If be.a = ¢, chart 3 develops the only possible anti-associative
systems where a.a = b, a*b = b, b.a = c. These systems are:
(15) (16) (17)
sl e ble wlilaisbte s ea b e
b, b al b b b b S
bl e. € ¢ bi ¢ ‘& '& chsaiise
cla a a, élib b, el b, B,
(18) (19)
+| a b c v} & b @
bbb a B b
¢ e 8 bt e e e
giibs b by gl b b bie

System 15 is anti-associative by Theorem 4, Systems 16 through 19

can be shown to be anti-associative by the following equations,

a*(x.¢x.) = b,
i J
(a-xi)-xJ = bex, where bex, = c or b-xj = W
be(x.+x.) = ¢, or (bex, )ex, = a,
(bx, )ex r (bvx, )
bex. Jex, = cex. =D or (bex, )ex. = 8ex. = b,
i J it s J
c-(xi-x_ =D

(cex,)ex, = bex, where bex, = c or bex, = a.
1 J J J

J
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Chart 3

Possible Anti-associative Systems when a.a = b, a+b = b, bea = c.

Contradicts Contradf'Lcts
Definition Definition
80 Assume Then s0

1f Assume Then

| —>{c.a = ch-(--b) =cband (cca)b=cb | —cafec oL

[c.a =a | | micie & = alc-a) =lo-b =k aud (aec)is
: o 7] La-e
beb=Db [—> b:(b-b) = beb and (b+b)-b = b-b. o0 £ 1 | G = |
B - [oe = ol Silaie) et gniled)e = = sfie® 7% |
|brc =8 |—] b:(b-a) =b-d =& and (b-b)ea =c.a =8 —>|b.c £a | C|ec=al—] cilce)=ca=n and (c-c).c =a-c = b e 9‘ s |

e i ] (==

bec :c l cb =a ——-—’i-(bna) =c.c =b and (c:b)ea = 8.8 =D —’I c'b#£a I

]
o
®
]
o

L}

'_){a-c #L'

c ‘—>l a«(c.a) =a‘b =b and (a.c).a = c.a =Dd a.c # cJ

bb = a H b-(a-a) = beb = & and (v-a).-a = c.a

¢ and (b-c).a = b-a

(o]
)
[
o
o
~
(2]
]

A
f
o
®
1

n
o

lcb=b |—> c.(a-a) = c-b = b and (c-a)-a = a-a = b —':rc-b #£b ﬁ-bic [ c:(a:a) =c-b=cand (cca)a=ba=c|—fensc|
cb=c f—> ci(bec) = c-c and (c+b)ec = cec b # | b b |

B [ bb =1 b+(b-b) = b+b and (b+b)+b = b+b _____'—'I bb AD
AT A e P chal :'E;f .

asc :c ——’I a.(a.c) =a.c = c and (a-a):c = bec = ¢ _’La-c # cl

'
| b.c=b l-_,} c:(csc) = c+b = Db and (cec)ic = bec = Db ‘—vrb-c #Db I

a-c =b o

bec
|£c =c ]—'lc-ﬁc-c) = c.c and (e.e):c = c-c Hg-c %_c_, b-

I A

=a

o This gives systems 16, 17, 18 and 19.
(o]
Ii‘c = ﬂ—’l c«(bsc) = c.c = Db and (c-b)ic = a:c = b —’Lc-c # bl

c.c =g This gives system 15,
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:i-(xj-xk) # (xi-xJ 'x, for all i, J, k < 3,
Systems. 16 through 19 are anti-associative.
There are 1l anti-associative systems that result from letting
a*a = b, a'b.= b,
Case 2C, - let a*a = b, .a+b = c, Assume that b.a = c,
as(asa) = asb = c,
(aea)ea = bea = c,
a+(asa) = (asa)ea.
No anti-associative system can exist when a«a = b, a¢b = ¢, bea = c,
Assume that b«a = a, a<a = b, a+b = ¢, bra = a is the transpose of
the systems of chart 2 where asa = b, ab = a, bea = c, a.a = Db,
a+b =c, bra = & will, thus, give anti-associative systems which are
transposes of systems 7 and 8 by Theorem 3. The transposes of systems

T and 8 are:

(20) (21)
] a b ¢ ] & b ¢
g b e b al-b e ¢
bl a & a bl a a a
cl a a =a cla a a.

)
Assume that b.a = b, a+a = b, a*b = c, bea = b is the transpose of

the systems. of chart 3 where ava = b, asb = b, bea = ¢, a.a =b,
a+b =c, bea = b will, thus, give anti-associative systems which are
transposes of systems 15 through 19 by Theorem 3, The transposes of

systems 15 through 19 are:

(22) (23) (2k)
./ & b ¢ -] 8 b ¢ »] &a b ¢
al b a al b ¢ b b e
bl b ¢ a bl b &b bloa b
el rbeiin ¢l b a b, Gl bl c =i b,
(25) (26)
+Ja b ¢ Yi'a B o
al b b al biie /b
bl e b by ic b
¢lB -8 by efih e b,

There are seven anti-associative systems where a+a = b, a+b = c,
Altogether there are 26 anti-associative systems where a«a = b,
Case 3. lLet ata = ¢, This case will be divided into three subcases

where a.c = a, a.c = b, a.c = ¢ respectively,
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Case 3A. Iet @ea = c, asc = a, Case 2A can be applied here
by the interchange of b and c. The new systems (27, 28, 29, 30, 31, 32,
33, 34) are isomorphic to the systems of case 20, The one-to-one map-
ping is a £*a, be2c, c 2b. Thus systems 27 through 34 are anti-associa-

tive by Theorem 6.

(27) (28) (29)
wj.&a b ¢ clloa =bl e sl asib e
alc a a a a a ¢ e &
(el SR b a a e e Ha
gl c . a &, eliie v hal, o &y
(30) (31) (32)
e b e alh® b ¢ | & b e
al e ¢ @& al c a al c a
e e b e e a bl et e nib
eje ¢ a; elie e by el e e b,
(33) (34)
& b e |la b ¢
al c a a al c a a
bl c a a bl b a a
cl b a a, cl b a a.

There are eight anti-associative systems where a.a = c, asc = a,

Case 3B. let aa = c, a.c = b, Case 2C can be upplied here by the
interchange of b and c. The new systems (35, 36, 37, 38, 39, 4O, k4l1)
are isomorphic to the systems of case 2C, The one-to-one mapping is

az*a, be=>c, cx=b., Thus systems 35 through 41 are anti-associative by

Theorem 6,
(35) (36) (37)
sl & b @ < lsa b e | & b e
& ec.e. b & ¢ ‘b b &lie ¥y b
a a a bla a a c4ims b
cla a a, cla a&a a, el e ‘&b,
(38) (39) (ko)
N [ T o viiia bie | & e
alec e b alitiesle b c b
@ Ch A & e.b (o ST
clug CL @ iy clie e & el crget ity
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(1)
a b e
¢ ¢ b
[ o o)

e ele b,

There are seven anti-associative systems where a.a = ¢, arc = b,

Case 3C. Iet a.a = c, a«c = c, Case 2B can be applied here by the
interchange of b and c. The new systems (42, 43, Lk, L5, 46, 47, 48, L9,
50, 51, 52) are isomorphic to the systems of case 2B, The one-to-one map-
Ping is az>a, bec, ce=b. Thus systems 42 through 52 are anti-associa-

tive by Theorem 6,

(42) (43) (L4 )
o @ bie | & b ¢ «| & b e
e rele e b e elich e
a a a a a a blie .c-¢
cl m & & , cla a a, cia a a,
(45) (46) (47)
v ]oa b e .18 b ¢ <& b e
OF el ¢ er e al ¢ o
(o c e e il ¢
cla b a, cla a b, cla. b by
(48) (%9) (50)
./ a b c .|la b ¢ silia b ¢
& eie (o S . B ¢ e e e
a a glealic e
c b, e|lb a &, (o] I8 1S o V2
(51) (52)
vl BB e -] a b ¢
gre e al ¢ ¢ e
e ¢ blfes e e
eliEbisa tinue o AN oG8R R ot

There are 1l anti-associative systems where a.a = c, asc = c,
There are 26 anti-associative systems where a-.a = c.

Altogether there are 52 anti-associative systems of three elements.,

These systems can be divided into two classes. The first class of systems

(1, 3, 9, 11, 15, 19, 22, 26, 27, 29, 37, 41, 42, 44, 48, 52) is such that
XpeX, = X # X, (or X0 Xy = X # xg),

the form of Theorem 4, Each column (or row) contains only one element
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which differs from the operation element of the columr (or row). The
second class of systems (2, 4, 5, 6, 7, 8, 10, 12, 13, 14, 16, 17, 18,
20, 21, 23, 24, 25, 28, 305 3l 32 335, 3&, 25, 36, 38, 39, hO, 43, hs,
L6, 47, 49, 50, 51) has a column (or row) which contains two elements,
neither being the same as the operation element of the column (or row).
The other twe columns (or rows) consist of the operation element of the
aforementioned column (or row).

Any of these anti-associative systems can be extended any number

of times by the principle of Theorem 5.




ANTT~-ASSOCIATIVE SYSTEMS OF FOUR ELEMENTS

The system

el m bere | d
&b o & &
Bl b e A &
e 0 o TR o R Y
dilb ¢ & b

is anti-associative, This is verified by the following equations.

xio(xjva) = x,+b = c.

(xi-xj)-a = b,

xi-(xjob) = x,0C = a.

(xi-x‘j b = c,

xi»(xj-c) = x,+8 = b,

(xi-xj)-c = a,

xi.(xjod) =x,.a =D, or xio(xj-d) = x,°b = c,

(xi-xj)-d = a+d = a, (xi'xJ)-d = bed = &, or (xinxJ)od = cod = &,

xi-(xj'xk) # (xi-xJ)oxk fer all 1, J, k < L,

The first three elements form an anti-associative system as can be
seen by the previous equations., Thus, this is an example of an extensien
of an anti-associative system, but is not the same type of extension as
that of Theorem 5, Thus, all anti-associative systems of four elements
cannot be found just by extending the anti-associative systems of three
elements,

Interesting anti-associative systems of four elements can be found,
Using the previous methods of this paper, it becomes a long and tedieus
task to find all anti-asseciative systems of four elements., New methods

are needed to continue this line of development.




CYCLIC ANTI-ASSOCIATIVE SYSTEMS

A special type of anti-associative system will be defined that will
make it pessible to work with equalities. A system, S, of n elements
(xl, Xpp soe s xn) such that (Xi'xj).xk e whenever xi-(xj'xk) =X
for all i, j, k < n and O < m < n will be cyclic anti-associative. It

is understood that Xin = %40

A two-element system that is anti-associative is ebvieusly cyclic
anti-associative with m = 1., See work on two-element anti-associative
systems pages 5 and 6. A system which is not anti-asseciative cannot be
cyclic anti-associative, There are two cyclic anti-associative systems
of two-elements.

_Cyclic anti-associative systems of three elements can have m = 1 or
m-= 2, All of the cyclic anti-asseciative systems of three elements
(a, By ¢) with m = 1 can be found by taking the cases where a.a = a,
ara = b, a.a = c respectively.

Case 1. Let asa = a, An anti-associative system is not possible
(Theorem 2). A system which is not anti-associative cannet be cyclic
anti-associative. A cyclic anti-asseociative system is neot possible when
asa = a,

Case 2. let a<a = b, Subcases will be used where a*b = a, a*b = Db,
a.b = ¢ respectively.

Case 2A, Iet a«a = b, a«<b = a,

a+(asa) = a«b = a,
(asa).a = bea.
By the definition of cyclic anti-associative system with m = 1, it is

seen that b.a = b,

a:(a:b) = a-a = b,
(aca)+b = beb,
Thus, beb = c.
Then
b.(a:a) = beb = c.

(bea)ea = bea = b,

This shews that the system where a+a = b, a¢<b = a cannot be cyclic
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anti-associative,
Case 2B, let a.a = b, &a°b = b, Chart i develops the only pessible

cyclic anti-associative system in which asa = b, asb = b, The operation

table for this system is:

(1)
of & B ¢
al b b b
bl e e e
c

|aaao

The following equations verify that this system is cyclic anti-associative.

av(xiwxj) = b,
(8.-xi)-x(j = bex, = c.
b-(xi-x.) = C,
(bvxi)uxj = cox, = &,

c-(xi.xj) = A,
(cvx, )ex, = asx, = b,
1 J J
The system is cyclic anti-associative,
Case 2C. let a«.a = b, asbh = c,
as(asa) = ab = c,

(asa)+a = bea,

be(ara) = beb,
(bea)ra = ava = Db,
beb = a.
Then
be(bsb) = bea = a,
(beb)sb = asb = c,
This shows that the system where a.a = b, a«b = c cannot be cyclic anti-
associative,
Case 3. let aea = c., Subcases will be used where a.c = a, asc = b,
a«c = c respectively.
Case 3A. Let a«a = c, . a-c = a,.
a:(aca) = acc = a,
(ara):a = coa.
ce& = b,

a(ac)=8aa=c,

I

CeC,

(aed)ec
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Chart 4

The Cyclic Anti-associative System where a.a = b, ab =Db, m = 1,

it Then By
Definition
a8 = b a<(a.a) = a+b = b and (a.a)+a = bea bea = c
a«.(a'b) = a«b = b and (a+a):b = beb beb = c
a(bea) = asc and (a-b)ea = bea = ¢ Macc =D

a-(asc) = a+b = b and (a-a):c = bec » bee = ¢

i b:(a<a) = beb = ¢ and (bea).a = cea cea = &
P

be(asb) = b+b = c and (bsa)sb = ceb ceb = a

be(aec) = beb = c and (bea)sc = coc cec = a




2k

Then

ci(cec) cea = Do
(cic)ec = asc = a,
This shows that the system where as.a = c, asc = a cannot be cyclic anti-
associative,
Case 3B. let a.a = c, aec = b, Chart 5 develops the only possible
cyclic anti-associative system in which a.a = c, asc = b, The operation
tahle for this system is:

(2)

clle D

The following equations verify that this system is cyclic anti-associa-

tiVEo

Xiv(xjoa) e Xi.C = De
(xi-xj)-a = Co

- sb) = . = Co,
X, (xj ) X+
(X.‘X.)'b = 8e

1 J

. k.o = X -b = °
X, (hj c) X, &

= D

(X.cX_)-k:
1 J
The system is cyclic anti-associative,
Case 3C. Let asa = c, a.c = c,
as(a:a) = aec = c.

(ara)-a = cea,

cea = a.
a+(asc) = asc = c,
(asa)<c = cec,

cec = &

Then
c+(asa) = cec = a,
(cea)ea = aca = c.

This shows that the system where asa = c, asc = c cannot be cyclic anti-
associative,

There are only two cyclic anti-associative systems of three elements

where m = 1,




Chart 5

The Cyclic Anti-associative System where asa = c, asc = b, m = 1,

i Then By
Definition
asa = C a-(a~a) = asc = b and (a.a).a = c.a cea = C
asc =D
ce(aca) = cec and (c«a)ea = cea = c cec =D

a«(cia) = asc = b and (ae.c)ea = b.a bsa = ¢

a-(a~c) = a+b and (a+a)sc = csc = b aeb = &
‘//”’////////’////,,/'

a+«(a:b) = ava = c and (a.a)b = cs+b ceb = &
J0’///’///”//’///’/////,~

as(ceb) = aea = c and (asc)eb = beb beb = a

/

S

a and (a<c)sc = b.c bec = b

1l
4 4]
[}
o
It

l>a-((t-c)




26

let m = 2, Three cases will again be considered where a.a = a,
as<a = b, asa = c respectively,

Case 1, lLet a+a a. No cyclic anti-associative system exists (see

case 1 where m = 1),
Case 2, Iet ara = b, Subcases will be used where a+b = a, a+b = b,
asb = c respectively,
Case 2A, Iet a.a = Db, asb = a.
a.(a-a) = a«b = a.

(ava)ea = bea,

bea = c,
as(aeb) = a:a = b,
(a+a)eb = beb,

bb = a.

Then
be(bsb) = bea = c.

(bsb)eb = a¢b = a,
This shows that the system where a.a = b, a«b = a cannot be cyclic anti-
associative,
Case 2B, let asa =D, a<b = b,
a-(a.a) = a+b = b,

(asa)ea = bea.

b.a = a,
a*(a:b) = a«b = b,
(a<a)sb = beb,

beb = a,

Then
b+(bsb) = bea = &,
(b+b)sb = a:b = b.

This shows that the system where a.a = b, a+«b = b cannet be cyclic

anti-associative.
Case 2C, lLet asa = b, a+b = ¢, Chart 6 develops the only pessible

cyclic anti-associative system in which a.a = b, a+b = ¢, The operation

table for this system isg
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Chart 6

The Cyclic Anti-associative System where asa = b, asb =c, m = 2,

f s Then By
,Definition
a-a = b Mas(ara) = a.b = c and (ava)a = b-a bea = Db
asb = ¢
be(a+a) = bsb and (bea)+a = bea = Db ] beb=c
PR il
av(a-b) = a-«c and (a-a)-b = bsb = ¢ » 8&.C = &
a-(a.c) = asa = b and (a.a)«c = bec bec = &
a«(bec) = a.a = b and (asb).c = cec 3] coc=a
/
a+(bsa) = asb = c and (asb)ea = cea o coa=Db
a+(beb) = aec = & and (a«b)sb = ceb ceb =c¢
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(3)

bile &
gl bulle Ay
The following equations verify that this system is cyclic anti-associa-
tive,
. ’ = X . vh= 0%
X, (x,.a) X, c

J
(x_ox_ '8 = by
it

o

xiq (X_.cb)ﬂ:: X.oC = 8,

(<

(xiox%}-b

c

1l

x.¢(x,ec) X +a = b,
i i

8o

]

(x,+x.)ec
1 J
The system is cyclic anti-associative,
Case 3., Iet ava = c, Subcases will be used where a.c = a, &.c = b,
a«c = c respectively.
Case 3A. Iet asa = c, asc = a,
a«(asa) = asc = a.

(asa)ea = cea,

cea = a,
as(asc) = ara = c,
(asa)sc = cec,

cec = b,

Then
ce(asa) = coc = b,

(cea)ia = cea = c,
This shows that the system where a.a = c, asc = & cannot be cyclic anti=-
associative,
Case 3B. Iet ava = c, mec = Db,
as(a.a) = aec = b,

(a-a)ea = cea,

c«(aea) = CeC,

(cea)ea = aca = c.

C
L)
0
i
o

L

cs«(cec) = cea = &,

n‘b.

I
o
o
1

(C°C)0C
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This shows that the system where a.a = c, a+c = b cannot be cyclic anti=-
associative,

Case 3C. let a+a = c, asc = c, Chart 7 develops the only pessible
cyclic anti-associative system for which a.a = c, asc = ¢, The operation

table for this system is:

(4)

o & b c

Cc c c
a &a a
at- bl
The following equations verify that this system is cyclic anti-asso-

ciative.

a-(xi-x.) = c,
(a-xi)-x. = r'-xJ_ &= b,
be(x,+%,) = a.

1 J
(b~xi)-x, = a-xj = C,
co(x,+%x,) = b,

1

(cvx, )ex, = bex, = a,
1 J

The system is cyclic anti-associative,

There are only two cyclic anti-associative systems of three elements
where m = 2,

All the products of system 1 can be represented by xi'xJ ] xj+l'
All of the products of system 2 can be represented by xi-xJ = xj-l' All
of the preducts of system 3 can be represented by xi-x!j = xJ o All of

the products of system 4 can be represented by xi-x = X This shows

J i42°
that cyclic anti-asseciative systems of three elements have a definite
attern, Either x,x, = x, Or X.oX, K = X where 0 < g < 3, Are there
s 1% Srag O FOR SRy .
cyclic anti-associative systems of n elements that fellow this pattern?

Theorem 7, A system, S, of n elements (xl, x2, see xn) is cyclic
anti-associative if XpoXy =Xy o (or XgoXy = xj-g) where i, j < n, g is
a constant, and 0 < g < n,

Proof: xi‘(ij~xk) = Xy X0 = Xy o

(xi-x )ex

3% ® ®14¢" "k © F40g’
Thus, S is cyclic anti-associative,

However, this is not the enly form of cyclic anti-associative

systems, The system
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Chart 7

The Cyclic Anti-associative System where a-a = c, &+C =¢C, m = 2e

T Then By
Definition
a.a = C a«(asa) = a.c = c and (a-a)-a = c:a cea = b
&+C = C /
a+(asc) = a+c = c and (a-a).c = cec coc=Db
//
a<(cea) = a+b and (asc)ea = cea = Db asb = ¢

P
as(ab) = asc = ¢ and (a.-a)*b = ceb ceb =D
e
ce(asa) = cec = b and (C+8 )ea = bea bea = &
/
o
e
ce(asb) = cec = b and (cea)sb = beb beb = a
e =
cs(asc) = coc = b and (cea)sc = bec bec = &
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] a b d
al b d b
bl b d b
o I R R o T
dl-b. d b b

is cyclic anti-associative with m = 2, This is verified by the following

equations,
x.+(xsa) =xb= d.
L J 1
(xi-xj)~a = b,
xi-(xj-b) = x,+d = Db,
(xicxj)eb = s
x.-(x_‘c) = X.sb = d.
1 J 1
(x{-xj)wc = b
xia(xj~d) =X b d.

(xi-xj)-d = D,

Not only is this system cyclic anti-associative, but it is not of the form

of Theorem 7.




SEMI~-ASSOCIATIVE SYSTEMS

A Bgrmutation is a one-to-one mapping of a finite set onto itself,

[2]
If X, Sen
permutation is cyclic. A cyclic permutation which maps each element onto

;:zx&+g where g is a constant; O < g < nj x = xi, then the

itself, g = O, is called an identity permutation. The cyclic permutations

where 0 < g < n were used in defining cyclic anti-associative systems.
All permutations which are not cyclic are called noncyclic permuta-

tions.
let x (®)

i
tation, P of n elements. (Ig
P

(xgoxy )oxy = x
xJ-(xk-xh) = x, for all i, J, k, h s n,

be the element corresponding to x, with i < n in a permu=-

i

whenever

then the system is semi-associative,

The identity permutation, g = 0, will cause xJ-(xk-xh) = (xJ-xk)-xh.
All such systems will be associative., The cyclic permutations with
0 < g <n will cause (xj-xk)-xh -n g whenever'xjo(xk-xh) =x,. ALl
such systems will be cyclic anti-associative.

The noncyclic permutations result in systems that are neither asso-
ciative nor anti-associative and, in special cases, associative and anti-

associctive systems. If the element (x oxk)-xh maps onto itself in . the

J
noncyelic permutation for all LYy ,; k, then xJ-(xk.xh) = X -(xk-xh). The
result is an associative system. If the element xi-(xkoxhg does not map
onto itself in the noncyclic permutation for all L, ,; k, then

xd.(xk'xh) # xJ-(xk-xh). The result is an anti-associative system.

The system
-] & b c
al b b b
B B b
cl b b a

is semi-associative by the noncyclic permutation (a =*cs ba=hb, c:‘-’ﬂ):
and is associative, The following equations verify the previous state-
ments about the system,
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xi-(xjua) = xi-b = b

(xi-x,) a = b,

Xi-(xj-b) = inb = D,

(xioxj)-b = b,

xio(xj.c) = X8 = b, or xi-(xisc) = xi-b = b,

(x.+x%, )ec = @aec = b, or (xi-x‘j «¢ = betc = b,

A
W
.

i
xi-(xjexk) = (xi~xj)~xk for all 1, J, k
The system

B e

al ¢ ¢ &

B @& e &

cliie ol
is semi-associative by the noncyclic permutation (a:zc, b= Db, czza),
and is anti-associative, The following equations verify the previous
statements about the system.

X.o(x . s8) = x ec = a,
ke i

(Xioxj)ca = C.

ol X w} = o = °
X, (vj ) X a
(xi.xj)vb = Cs
xi~(x,uc) = X .8 = C,

(xi-z;)oc = B
. ,Uo 2 oL & ¥ . . M
xj (xj yk) % (xi x:) xk for all 1, J, K <3,

Semi-associative systems are general systems that include associa-

tive, anti-associative, and neither associative nor anti-associative

systems,




CONCLU SLONS

Semi-associative systems are directly linked with the permutations
of the elements, The permutations on n elements form a group with re-
spect to permutation multiplication. [5] Permutation multiplication

is one permutation followed by another,

The study of groups [5J ig basic to all modern algebra, This

connection between groups and semi-associative systems should provide

ample opportunity for further research.




SEMI=-ASSOCIATIVE SYSTEMS

A permutation is a one-to-one mapping of & finite set onto itself,
[2]

permutation is cyclice A cyclic permutation which maps each element onto

I8 % =X, where is a constant; O < S ol X then the
==y g1 nstant; 8 5 Xiun i?

itself, g = O, is called an identity permutation., The cyclic permutations

where O < g < n were used in defining cyclic anti-associative systems.

All permutations which are not cyclic are called noncyclic permuta-

tions,
Ilet xi(P) be the element corresponding to X, with 1 < n in a permu=-
tation, P of n elements. If
oy
(xj-xk)-xh = X, whenever
xj-(xk-xh) = x, for all 1, j, k, h <n,

then the system is semi-associative,

The identity permutation, g = O, will cause xj-(xk-xh) = (xJ-xk)-xh.

All such systems will be associative, The cyclic permutations with

k h i+g J k' h
such systems will be cyclic anti-associative,

0 < g <n will cause (xj-x Jex, = x, _whenever x s(x ¢x ) = X, o AL

The noncyclic permutations result in systems that are neither asso-
cilative nor anti-associative and, in special cases, associative and anti-
associative systems., If the element (xjoxk)-x} maps onto itself in.the

1
noncyclic permutation for all L) ,, k, then x,=(xk.xh) = x,-(xkoxh). The
result is an associative system. If the element x o(x -xhﬂ does not map

onto itself in the noncyclic permutation for all L, 43 kK, then

x:-(xkexh) 4 x (x -x},. The result is an anti-associative system.
The system
«/ a b e
21900 o S o
B B b
el b b &

is semi-associative by the noncyclic permutation (a-—*c,‘b;::b, TEER ),

end is associative, The following equations verify the previous state-

ments about the system,
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