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CHAPTER I
INTRODUCTION

The analysis of variance technique is probably the most popular
statistical technique used for testing hypotheses and estimating para-
meters, Eisenhart (12) presents two classes of problems solvable by
the analysis of variance and the assumption underlying each class,
Cochran (9) lists the assumptions and also discusses the consequences
when these assumptions are not met. It is evident that if all the
assumptions are not satisfied, the confidence placed in any result
obtained in this manner is adversly affected to varying degrees according
to the extent of the violation,

One of the assumptions in the analysis of variance procedures is
that of uncorrelated errors. The experimenter may not always meet this
conditions because of economical or envirommental reasons. In fact,
Wilk (35) questions the validity of the assumption of uncorrelated
errors in any physical situation., For example, consider an experiment
over a sequence of years, A correlation due to years may exist, no
matter what randomization technique is used, because the outcome of the
previous year determines to a great extent the outcome of this year,
Another example would be the case of selecting experimental units from
the same source, such as, sampling students with the same background or
selecting units from the same production process, This points out the
fact that the condition such as background, or a defect in the production

process may have forced a correlation among the experimental units,

Problems of this nature frequently occur in Industrial, Biological and




Psychological experiments.

Another phenomenon which affects the analysis of variance is the
missing data. From time to time certain observations are missing,
through death of animals, destruction of crops, or failure to record.
In the analysis of variance, two changes may be noted due to the missing
observations., For example, in the Randomized Block Design the treat-
ments and blocks sum of squares become entangled, so that the treatments
sum of squares must be computed after allowing for block effects.

Secondly, if 'a' observations are absent, the total number of degrees

of freedom is reduced by *'a', Unless one or more complete treatments

or blocks is missing, the number of parameters required to describe
these effects will be the same as before. Consequently, the missing
degrees of freedom all come from the error sum of squares. To the
experimenter it may be very difficult to analyze a set of incomplete
data, For this reason Yates (40), following a suggestion by Fisher,
considered inserting values for the missing observations so as to obtain
a set of complete data, Suppose that only a single observation is
missing, and a value X is needed to be substituted for this observation.
In order to find a numerical value for X, Yates proposed to use the

value that minimized the error sum of squares. If this value is inserted
in place of the missing observation, and if the data are analyzed as if
no observations were absent, Yates showed that several important properties
hold: (a) The estimates of treatment and block effects are exactlv the
same as those obtained by the standard least squares procedure. (b) The
error sum of squares is exactly the same as given by the standard least
squares procedure, (c) To obtain the correct partition of the degrees

of freedom, we subtract one from the total sum of squares and one from

the error sum of squares. Yates also showed that the method of insertion
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fails to agree with the standard least squares procedure in two respects,
The treatment sum of squares as obtained in the analysis of variance of
the complete data is always slightly larger than the corrected treatment
sum of squares for a F-test of the treatments, Unless an appreciable
fraction of the total observation is missing, this overestimation is
unlikely to be larger; further, the exact F-test can be obtained by means
of some additional calculation., The second defect of the method of
insertion is that it may not give proper t-tests., That this will happen
is clear because in the analysis of variance of complete data 'r'
replications are ascribed to the treatment that contains the missing
observation, whereas there are only (r-l) replications.

When both correlation and missing data occur together in an
experiment, the analysis of variance incurs more disturbance. The object
of this thesis is to consider experiments under different conditions
(with either correlation or a missing value, or both) and derive explicit
expressions of the error structure under each condition, The correlation
considered here is after randomization, Thus background correlation as
used in this study is defined as any correlation not removed by randomi-
zation., By taking observations at random they have equal probability
of selection and are independent in the probability sense. Moreover, in
this thesis only the case of one missing value is considered. Two or
more missing data require more complicated methods. Yates suggested an
iterative scheme to be used for estimation, followed by special methods
for calculating unbiased estimates of the sums of squares for treatments
which would not be covered here,

Four different cases are compared below. They are: (a) without

correlation and without missing value, (b) without correlation but with

a missing value, (c) with correlation but without missing value, and




(d) with correlation and with a missing value. Each is considered in
three analysis of variance models: random, fixed, and mixed. The
presentation of the study of "The Derivation of Error Structure of
Randomized Design under Background Correlation with a Missing Value", in
this paper will consist of a review of literature in Chapter II and
general theory in Chapter III. The subsequent chapters give the special
results to the Randomized Block Design, Latin Square Design, and

Graeco-latin Square Design in Chapters IV, V and VI, respectively. The

Chapter VII is a summary.




CHAPTER II
REVIEW OF LITERATURE

There is an abundance of articles in the statistical literature
dealing with the estimation of variance of components, derivation of
expected mean squares, missing data and many types of correlation, This
thesis combines all of these studies., The structure of expected mean
squares includes covariance as well as variance components, Background
correlation is more general than most other correlations and includes
many of them,

Allan and Wishart (1) were the first to present a formula for
computing the value for one missing or extremely divergent value for a
randomized block experiment and Latin Square Design., Yates showed that
their formmula resulted in minimizing the error sum of squares., He
presented an iterative procedure for calculating the values for several
missing experimental units, Bartlett (5) suggests the procedure of
inserting a one for the missing value and zeros otherwise and performing
a covariance analysis with the zeros and the one as the independent variate,
If more than one experimental unit is missing, the same procedure is
followed except that a multiple covariance is performed, Nair (25) used
Bartlett's method for analyzing the results from a k X k latin square
design with several missing values. A paper by Delury (l1) summarizes most
of the results for handling missing experimental units in latin squares
or sets of latin squares, Yates and Hale (39) give a method of analysis
for two or more missing rows, columns, or treatments in a latin square,
For the latin square with two or more missing data, Kempthorne {22) outlines

a method for making an unbiased test.



The first explicit mention of the subject of estimation of
components of variance seems to have been made in 1935 by R. A, Fisher (17).
In a discussion of the intraclass correlation coefficient, which for data
of the kind described by equations of the form Yij =p+a, + bij’ is
defined asf’= 6'5/(65 + 6’5)0 Fisher showed that the among group mean
squares from tﬁe analysis of variance of such data has an expected value
equal te 6' ]: +nf i. It being well known that the expected value of the
within groups mean square is 6 ,i .

Essentially similar results were proved by Irwin (21) in 1931 from
data from Randomized Block and Latin Square experiments, Tippet (31)
has given a similar discussion which is more detailed in its explanation

of how estimations may be obtained from the analysis of variance, *

A brief, but clear, statement of the fundamental assumptions and ;
concepts involved in the estimation and interpretation of variance
components has been given in an appendix to a paper by Winsor and
Clarke (37). It is unfortunate that this paper was not widely available
since a clear understanding of its contents might have avoided some of
the unprecise thinking which has been evidenced on the subject of variance
components,

The distributions of estimates of components of variance formed
from linear combinations of analysis of variance mean squares has been
given in several forms. The usual analysis of variance mean squares are
distributed as multiple X2, and the distributiqp of such estimates are
given in several ways. B. C, Bhattecharyya (8) has expressed this
distribution in terms of Bessel Functions. Fisher (17) suggested an
argument of the Behrens-Fisher type, which to data‘éas not been utilized,

Although in this study, we are not particularly interested in the

procedures of testing and estimation, they are a critical background to
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the development of the techniques of what can be done with the expected
values and error structures in the analysis of variance,

Another aspect deserving scrutiny is just what portions of the
analysis of randomized experiments depend on ithe strong distributional
assumptions usually used, M. B, Wilk (35) makes a statement to the
effect that the assumptions of independence and normality for random
errors are always falsified in practice, and questions the corresponding
results,

The various independence assumptions which are made by many writers
often seem to hold no relationship to the physical situation, Criticism
is made of this by Crump (10). As part of this same problem, there exist
what appear to be contradictory view points on the analysis of fairly
simple experiments among different writers, each of whom base their
assumptions on an assumed linear model. For example, the expected mean
square and the recommended "error term" for a two-factor, mixed model
situation given by Mood (24), Hald (19), Mentzer (23) and Scheffe' (77
differ from that given by Kempthorne (22), Anderson and Bancroft (3)
and Tukey (34). Wilk and Kempthorne (36) give a derivation of the
expected mean squares with assumptions other than those of the analysis
of variance and leave it up to the reader to decide which assumptions
best fit his needs as to which results are used.

A method for the analysis of variance of multiple classification
with unequal numbers other than by fitting of constants is given by
Patterson (26). A method of adjusting is worked out and claimed to be

similar to the fitting of constants, at least mathematically,

In 1954 Anscombe and Tukey (4) reviewed and proposed various methods

of examining and testing data for non-additivity and also for non-consistency



of variance and non-normality, including some graphical procedures,
Tukey (33) gives as part of a paper of considerable scope an extensive
discussion on choice of error terms. In another paper Tukey (32)
describes the statistical test procedure based on the isolation of one
degree of freedom in the analysis of variance, sensitive to the non-
additivity of classifications.

Tate (30) sxplains the theory of two correlated variables where both
are continuous and also where one is fixed. The error involved in
biserial correlation is discussed by Soper (23).

In the simple case of correlation between two experimental units,
the corresponding structures have been taken into account in the expected
mean squares for special cases, These have been for isolates studies in
psychology, genetics and plant science. Fisher, Finney and Robertson
along with many others have worked on these isolated cases, but a
unified approach under several different models has not been attempted.

Most recently Burnet (89in his thesis "Error Structure under
Background Correlation" here at Utah State University under the direction
of Dr, Bohidar closely examined the change in error structure under
background correlation of two types of multiple classification, namely,

nested classification and cross classification, each divided into two

main groups, the orthogonal and non-orthogonal,




CHAPTER III
GENERAL THEORY

In this chapter a number of fundamental lemmas and theorems will
be developed. They are frames of this thesis in the sense that each is
a general case and will be frequently referred to in chapters following,

First, it is necessary to make a statement about the model of
analysis of variance because each model has different meaning and each
component recognized in the model has different distributional properties.
Roughly there are three kinds of models: random, fixed, and mixed. In
each model any observation can be divided into four parts (assume without
interaction):

1. an overall mean which is denoted as p,

2. a treatment deviation,

3. all other restriction deviations, and

4, a random element which is denoted as e,

In algebraical, this becomes,

X =R+ ti + aj + bk + c1 + e + €, , mme=

ijkeoo ijk

where a, by, C ===~ are restriction deviationse

In the random model, all components except the overall mean which
is always fixed, are normally distributed with a zero mean and their
own standard deviation,

In the fixed model, all components, except the random element, are
fixed, They are no longer normally distributed, instead have a property
that the sum of all deviation of each of the component in a model equals

to zero, i,e.,
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ziti = Zjaj = Zkbk = Zlcl = cawes = 0

Mixed model combines the above two cases so that it actually is a
special case of either the random model or the fixed model., Throughout
this thesis only the type of mixed model in which treatments are randomly
selected but all restrictions are fixed is considered. However, the
same coneept could be extended to all possible mixed models which we are
not able to cover here,

Next is to define "restriction.” Its synonymous meaning is control.
The essence of needing restrictions is that the treatments could be
grouped into replications in different ways with the consequence that the
effects of all restrictions are equalized for all treatments, A practical
example is the Randomized Block Design. It has only one restriction
because the experimenter exerts control upon blocks. Within each block
all units are closely comparable or very similar. It is important to
point here that treatments are always free from control. It is the
purpose of the experiment to detect the differences among them. Likewise,
the Latin Square Design has two restrictions because each treatment
happens once in a row and once in a column, In Graeco-Latin Square Design
each treatment appears not only once in each row and column, but also once
with each Greek letter,

Notice that from Randomized Block Design to Latin Square Design and
then to Graeco-Latin Square Design though number of restrictions have
been increased, the total number of observed values remain unchanged.
Graphically speaking, they are still on a two-dimension plane, even

though restrictions imposed on have been increased.

As the number of restrictions change, the sources of variation in

the analysis of variance change correspondingly. This could be easily




seen from the construction of the model in which each restriction is
contained as a component, Because it is frequently necessary to obtain
the number of sources of variation associated with a certain number of
restrictions, Fundamental Lemma I has been developed below and its proof
is trival since adding one more restriction results in one more source

of variation,

Fundamental Lemma I

The number of sources of variation in analysis of variance is equal

to the number of restrictions plus two,

Let N = number of sources of variation
r = number of restrictions
N=r+4+2

When dealing with correlated units, it is also necessary to know the
relationship between the number of kinds of covariance and the number of
restrictions imposed on an experiment. For example, in an one-restriction
random model,

1)
a; are distributed as N (o, fa)

Y.. =pn + a; + bj + cij’ where,
either a or b is a restriction
bj are distributed as N (o, O-b)

c; 4 are distributed as N (o,(f-c)

ij

The kinds of covariance introduced are:
E

lo Ca = i#i' (ai ai')
E

24 = 4. (b, B )

% #3035

E

3. C

abr = sty Gy Cag0)

(cij ci[j)
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E

5 Ca'b' = i%i' (cij ci'j')
3#5
Graphically then, the Yij's variable may be arranged as follows:

Assume i =1, 2, 3

j=1, 2, 3, 4, then
bl b2 b3 b4
aj Yy Y12 Y13 Y14
;3
a, YZl Y22 Y;3 qu
aq YBl Y32 Y33 Y34

where a's and b's are levels of A and B recognized in the model.

When referring to C_, it means the pair-wise grouping such as [al ag .

a

ral a3], etc, A similar interpretation is easily extended to Cb which
is covariance between two different b's levels such as [by b2] - [b2 b3],
etec, Cgpe is defined as the covariance between two random elements,

Cij’ Cy 500 both belonging to the same level of A but different levels of

B. Catp 1s defined as the covariance between two random elements Cij’
Ci'j’ both belonging to the same level of B but different levels of A,
Likewise C,4¢ is defined as the covariance between two random elements,

c > +s ©ach belonging to different levels of A, as well as different

1)* Vi03
levels of B,
As number of restrictions are increased, more kinds of covariance

are added. In two-restriction case of a random model,

Y

bj N (o, 6ﬁb)
o N (o D)

lig N (o, § 1)
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there are:

Ca
%
C
¥ E Covariance between 2 random
Cab'c' = s/asg [li'k el ]
i:i' . 13'k? elements of same level of A

but different levels of B, C,
E
avber = agar [ Logc 140 gk ]
ket
E
Cavpre = 10 [ Ligk li'j'k]
3#3"
Carprer = agir [ L5 Liegoge )
F#3
kfk?
Graphically, all Yijk's variable may be afranged as:follows:
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Fundamental Lemma IT

In a k X k experiment, if there are r restrictions the total kinds
of covariance is twice the number of restrictions plus three., The proof
is trivial,

The rest of this chapter is devoted to two subjects, the derivation
of a missing data formula and computation of expected sum of squares
(symbolically denoted as ESS) of each source of variation in analysis of
variance associated with three different cases:

(1) with a missing value but without correlation

(1i) without missing value but with correlation

(1ii) with a missing value, and with correlation,

Each case will be considered in three different ways, one restriction,
two restrictions, and three restrictions (all in a k X k experiment), For
each different restriction, a fundamental lemma is developed. And then,
three theorems will be generalized to r restrictions for each of three
different cases,

Moreover, the case to be examined below is restricted to a k X k
experiment, Therefore, the Randomized Block Design is nothing but a
special case of one restridtion on a k X k experiment and will be discussed
in detail in the next chapter,

Following is a theorem of a missing data formula generalized to r

restrictions on a k X k experiment.

Theorem I
In a k X k experiment with r restrictions, the missing value is
estimated by the following formula., Tet the model be

Y I
A0 ey &= BT Ty b Th T Tog F emee F Trs T labc, s

then
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z g
k (i Rij4T4 )- rG*
= "0-1) (kr)

i =1y 2 cmm= I

where the r restrictions to be Rl’ R2 - Rro
Also agsume that the missing value occurs in 1lst level of Rl’
2nd level of R, ==-- rB level of R,., and tth treatment., Let

T,' = the total for the (k-1) observations in tth treatment

t

Ry1' = the total for the (k-1) observations in 1lst level of
restriction 1

I

R,..' = the total for the (k-1) observations in 2nd level of
restriction 2

. the total for the (k-1) observations in r“! level of
restriction r

o
|

G' = the total of the observed units not including the missing value,

Proof':
Table 3, Algebraic analysis of variance
TR R RS BT
Due to Sum of Squéres
k
2 Qi 2 i 2 (G' X)Z
Restriction 1 =R "+X)"+= L R”°- T
k 2
Restriction 2 L@ v4x)2+1 5 p2._(e40)"
kT k ofp 2c 12
1 Bs B0 8 B (EeEgYe
Restriction r =R _"+X)"+= Z R =
k Yrr k sfr Trs k2
k ' 2
Treatment %‘(T ' o4 X)2 + L ﬁt P ABEIC
kot k a a k2
Error by subtraction

2 2 (G'4x)?
Total e Y + X __,2_2..
ota K

z %
(aft wewe sfr) . aDC wm= S
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The procedure is to substitute X for the missing value and perform
the analysis of variance,

Lets denote Q as the error sum of squares,
r

- T* 2 iRy 2
Q=X 4 T(G';X) m[?‘,$zx> ] - i=1( kll+X) + terms not involving X,
k

This sum of squares is now to be minimized for variation in X, and
this is simply done by equating the differental with regard to X to

zero and solving for X,

o

dQ 2r(G'+X) 2 =
— o DA e el o, T, 4X) + % R +X =
dX 12 k [( g dad i=1 (B 4y I

I
(@]

r
or, sz + rX + rG" - (r+l) Xk - k [Tt' + Xz Rw,']
i=] 13

Me

or, k [T't+ : RMV] - TG :-X[k'?'-(r%l)k+r‘3
1 s

i
r '
k[cﬂ R: 4 T° ] - rG
T = i=1 i1 T

(k=1)  (ker)

= 0

or,

The above completes the proof of the theorem.,
After knowing the missing data formula, one can proceed to examine

the error structure associated with different situations.

Fundamental Lemma III As

$

The k X k experiment of random model with one restriction and one
missing value and without correlation has three components recognized in
the model. The model is,

Y.. = . + b, =
1J B ! J * elJ

R R

J=1y 2y ==w= k

aiMN(o’&a)

bj(/\N(os(b)

eij(/\ N (09 56)

either one is a restriction
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The ESS for each is,

) = e 6,7+ [0 + 16
ESS(B) = k(k-1) 62 + [(k-1) + _(k}_ly'_\gez

ESS (ERROR) = [ (k-1) (k-1)-1) ¢"?

Proof:

occurs in

z_ .2 2 g 2 _ L
Yi- =k pn~+k & &

. -
4% 5 g™

In order not to lose generality, let us assume that the missing value

htP~level of A, and 1* 1level of B.

For other levels of A where missing value does not occur,

Z Z
: ke L) = ka, + 5, b, + 5
(p + a2, + by + elJ) kptkag +75bs+ 5 %
2 2;1. 2

i b, + e, . + cross product terms
SR R B

L Y, = (k-1)k* p4+k &, kel T b 3 e + cross product terms
e e S OEE Rkl e )j iihj 1 ¢

Z

J

y 2

ith die = k(k-1) uH P a2 4 {el) y b'2 + % e, .% + cross product
g ifh 4 k i) igh J

:

k

g 1]

terms

e
ign i }: k(k-1) pZhc(k-1) 0,7 +(k-1) (sz +(k-1) ¢°

k

For the hth level of A, let Xh1 denote the missing value which is

derived by Theorem I,

he

n

1

Now we proceed to derive the ESS for Yh
Y4 +
R ™

% + + b, + e..)+
jﬁ(’l % T By T g

(]

th. ! +chl'-Yo ° ;i
(k=1) (k-1)

(kel) o+ (=1) & % T B. 4 e
h jAa J jil hj

ke [e-1) p o+ (1) a + S Py T % eng) e [e-Lpt iihai+(k-l)bl+iiheil]

(k-1) (k-1)
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2 5
[}k ~1). 3 .k i?h ag + (k-1) 3, + k ii b +(kml)b>+

(k=1)  (k=1)

1211 J%l lj]

ii

k-l) p+(k-l)a + L b + 5 e
h Jél jil hj

o (k-1) j§1 % +(k-1) iﬁ% oy - iih jil 5

e (-1) (k1)

k(k-1) Z o - #{l=l) T -8 w5 T @ .
k p+ kay +Zb + j=1 hj igh 1l lin 31 i
J 3 (k-1)  (k<1)

2 2 « 2 2 5 2. v e 2
| B I A SH(k=1)" 2 e, 4 LA

2
T “= ,
he LS S

(-1)*

cross product terms

2 .
k2(k=1) 24 (k1) P4 (k1) 2 >
Bl -2 |=kp? sk ¢ 2+ § %+ <
k a b k(k_l)u e
(iéh I e Yh g 2.2 .2 (k=1)3 4 k(kml) +1 —2
EL i =k“p +k O’; + k O/b + g
k (1) e
Yno: ‘_Z z_;Y + Y
i#h J 14 ho
=k(k-1) p + k % +(k-1)Zb,+ Z Z e, .+kp+ks +Zb,
B i#h 1 J 47 iy 3 AJ r Beged
k(lewl) & -0 + (kl) & 6. = & e
+ jF bJ i#h il iih Jﬁl ij
(k=1) (k1)

k p +k Z +k L b, + el [ il hJ ii 11] el #h J#L 3

il

jd (k1) (k-1)
2ol 29 e . T2 2 k(mﬂziie 2 4T 0 B1 piP(10-2)2 i
Yoo Sslct pok® L a ok z b, i LiFl hj 34 11 i%h 1*1 ®13 s
i
(k-1)

cross product terms
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G re 2] +(k=2)2 ﬁ i e 2
iFh i1 ifh J#1 i

(-1)"

2 \
Tt wa - el v,
—— k%l + 5w 58,24 [Jil Jh
k2 Wi T

cross product terms

[YHZJ
E 2
=

il

g g » B D) a2
(k1)

)6

il

2.2 2 2
+e g vk 4 +>[

[ A 2+Yn 2 < ]
E ® o

(k~1)2

i

k(k-1) o’*az & [(k_,l) + '(E%T)'](Yez

k 2

Since it is symmetrical,

Y 24y 2 Y.,.2 .
-j;l ej O]— 5 g ] 2 o i 2
E[ k ?] S [(k i (k-l)]({e

1

for the error sum of{ squares,

Yij BRA A, +bj + eij
- 2 2 2
Yij =n~ + ay + b~ + eij

3 + cross product terms

+
>4
o ¥
—
A%
Bed
I

= (1) 92020 6,3 06500) 62060 6 2 2 6,2

4 (k=1)2 4 (k=1)3 4 (k-1)? i3
(k-1)% .

It

nn 6 PG P [ (ik;y?]

2 2 3 2

Y. “+Y & X +Y 2
ESS(ERROR)__E l:)_‘ o 2+X 2 i (iih 1o h, ) M J#l oJ ol + Y. } =
Wy 23 HL k k

J#l)

[(k-l) (k-1)-1) § °

Fundamental Lemma II&ZB

The k X k experiment of random model with two restrictions and one
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missing value and without correlation has four components recognized in

the model.
The model is, i=1, 2, ====k
Yijh =p+ay + bj + °y + eijh J=1, 2, ==== k

Bl 2, wemn k

ai (g N(09 ()/\a)

bj c N(o, 6ﬂb) two of them are restrictions

% L N(09 (C)
®3 sp¢ Moy 47 ,)

The ESS for each is,

BSS(A) = k(k-1) 47,2 + | (k1) + = ](ez
2 \ k- 2

ESS(B) == k(k"l) J‘b + [(k-l/ + (k-Z) ] 6‘6
1 2 1 2

ESS(C) = k(k-1) Onc + [(k°1> i (k-2)] O/_e

ESS(ERROR) = [(k_l) (k-.2)-1] (fez

Proof's
Also assume that the missing value occurs in 10 jevel of A, mth
level of B, and nth level of C,

For other levels of A where missing value does not occur,

Y. =kptka+Zb+2c+ L e
3% P52 8 % (Gh) ®ism

Y. 4 - k +k2a + L b + 24 % e % cross product terms
leo P i ﬁ h (3h)

; 2 .2 R s S e 2
e = k™ (k~1)u +k a “+(k-1) 2 b “+(k-1 c "+ Lie
G s g e e e el e

cross product terms

L SRR
_121. = k(k-l)p2+k 2}1 a, %4 1) 5y By (k1)
k ifl 1 k Ns k

cross product terms

2.1 2
% T L +

2 e
iil (jh) ijh
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. [}?1 L2
k

] = k(k-1) p2+k(k~1)(i;2+(k-1)dfb2+(k_1)0”02+(k-1)0’82

for the lth level of A,
k(Y1:0+Yom:+er'1)-2 Yool

e e jim i e j?m e o (k-1)  (k-2)
<b#’n> ( h#n )

(note X] is directly derived from Theorem I)

= (k-l) }1+(k"’l)a]_+ Jéﬂl bj+ hi‘n Q’ (Ji" 1jh
. k [(k-l)p+(kml)a- b 5 hﬁn c + (giﬁ 135]

(k-l) (k-2)
< k [(k-l)p+ i§1 ai+(k-l)b + in h+( 21
(k-1) (k-2)
k IFk—l)p+ jim b +(k-1)c +< )
(k-l) (k=2)

2 [(62-1)pec g 2yt(cl)at B bor(k-1)b k3 o +(k'l)cn+(§ilj§hlﬁiﬁfi£ o
(k=1)  (k-2)

= (k-l)p.-i—(k-l)a im b+ hén i < %n) B h+)1+exl+bm+cn
h

(khz)(hzﬁ +(k-2)< én imh+(k.2) 1?1) 1Jn”2 iﬁl jim h?n eijh

(k=1)  (k=-2)
=k pitia, 4% b A o + k(kmztgig i +(km2?i?l +(k'2%?3m2,1nn %1 f#n nin ®idh
(k-l) (k-2)
D 2
i 2 k%p2+k2a12+ £b %% e (k‘z’gﬁzﬁ ®1sh % (1c-2) (lél +(k-2)
b 3.3 Bk >
(k-1)%  (k-2)?

(§§i>eijn2+4 i1 j¥n bk ign

(el o)

+ cross product
terms




kz(k_Z)(gzg)eljh2+(km2)2{%%%)elmhz

k(k-1)2 (k.2)2

St 2 Jo Al
e = k p +ka1 e % bj +E % L

(kmz) (} e, 5

Jn il Jim hin 13h o eross product terms
k(k-1)2  (k-2)?

2
Y
E[ lk ]= k ned, % 6 % 67 % [k (k-2)° lil(t;lijékm(i)( Zl;l)+(k-2) ®(ie-1)

4+l (k=1) (k=2) ] 2
K(ke1)2(k-2)?

D e g2 g R 2
=k p +k(f; +6‘b +,§; + TER TR 5”6

E [jﬁi Yi°°4+yl°°2 = kK32 - 2k 1 24 2 [(k 1)+ =2k g
k it ol gr; 67; Cf; i ‘ 2) tx e

(k=1) (ke

Yiso = s = 2 L b L
1?1 Yi,°+Y 5 (k p+kai+-j bJ+ x ch+ )

L (5n) isn
k(sz{g%g)eljh+(kn2)(%¢%)eimh+(k-2)(%§l ®5 in

+k p+ka

l+ % bj+ E ch+ RN
C 2% e nn Cign
(k-1) (k-2)
5 > .
k(k=2)( jAm\e- ., +(iflye. .+ ifl\e,
g sy o o A1 G )
i k-3 1% 4% Hin %1
(k-1)  (k=2)
12 2 >
: -k%u?+k a 2 5 b, Eat e by ol Egim)__gg +(ﬁ§n +(}§%)eijn }
4 J h h (k-1)2 (k~2)2

2
k (k-3)%
il ?m h#n th + cross product terms
(k-1)%  (k=2)*




TEeeo?] 22 2. ~2. o5 3(k1)(ke2)24(k-1)(ke2)(ke3) 2
E [-—z—k ]_—:k n otk ()’a +k 0/;) +kf)’.c + (k-l)2 (k-2)2 6.8

“ng e 60, . (kfl; lz:..z) 9 y
" 2 2
J e +Y Y &
ESS(A)=E [1%1 i{;o LT 5 _\=~k(k-1)0’a2+ L) +

1k 2
(k=-2) 30/6

Since it is symmetrical,

sy Ky = x 2 a
ESS(B)=E [ﬂ%‘ °Jl‘; A k{ X*—--k(k-.l)o’bz + | (k1) + (kiz)]gez
2Y % 2
EQS(C)_ELhin : - Y..e l:k(k_l)(02+ ‘{Sk_l) +

K2

1%

(k-2)

For error sum of squares,

X =p4a +b,.+c +e
1 J h

ijh ijh

2

e - T £
e ~)1+ai+bj+ch+e.

i3h i3h + cross product terms

: , B2 2_ 2 2 2 2- 2 2. 2 e 2
E[(iil jz;én hin)Yijh ] (k°-1) p (510 (-1 0 (1) ¢ (1T

¥ 2 & 2 2 _
ek e e T | F PO [0 16
2 2 2 2

2

2
2 ¥ +Y 2
(b b .on 4+ ZHeo
k 1K

= [(k-l) (k-z)-l]Q”GZ

The proof is complete.



Fundamental Lemma III C

and without correlation has five components

model is, 4 =0, 2,
Yijhl =+ ay +voj +»ch + d1 + eijhl Jo=ily 2,
ai (AN(o, (a)
bj(/q N(o,6‘b) three of them are restrictions
ch (/\ N(09 ( C)

The k X k experiment with three restrictions and one missing value

&t No, = o)

The ESS for each is,

BSS(A) = k(k-1) 07 [ (k-1) +<?§%37f)6;2
BSS(B) = k(k-1) ¢ 2+ |(k-1) + (ki” 1622
ESS(C) = k(k-1) 0 2 [ (k-1) + (Tié_)} 6,2
ESS(D) = k(k-1) ( g% [ (k-1) + (k}3f}6;2

BSS(ERROR)= [ (k-1) (k-3)-1) 4

Proof':

of B, ot

Yi... = K )1+kai + % bj + E Cy + Z d1 +

Y

i...

Also assume the missing value occurs

i level of C, and pth level of D.

For other levels of A where missing value does not occur,

i

2w el B o B o B 2
—kz)x+kai+25bj+%ch+§dl+

in mth level of A, nth level

X . e
(3h1) ijhl

recognized in the model, The

»
(3h1) ®ish1

24

—m== K
mmme K
Tl <

———— K

2+ cross product terms
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4 2 9.9 2 o ; 2 e S . 2
i%lei.” =(k-1)kn%+k iimai +(k-1) Ej bj +(k=1) E e, 24 (k1) ¥ d #m (Jﬁl) s +

cross product terms

5 2
Y
E [}éﬁz&}=k(k-l)p2+k(k-l)/j‘az“'(k—»l) 0’;32"*'(1{-:1) 502+(k“1)0’d2
k

(1) 67,

for the m™ level of 4,

RS . S T
Bve. = (3 bio 1fp)mgny Funep=Ue-LIptll-Lla st B bk 5 o4 B d+
1]
k(fx;looon’-yon +Yo o(')o+Yo..:E))_3chog

(3#n hio 1#p) mihl " (k-1)  (x-3)

(Note: anop is derived directly from Theorem I)

= (k_l)}l+(k-1)am+ 3

J h?o h 1“ﬂ % i <J§‘tﬂ emjhl
h#o)

1#p
[(k-l)p-i—(k-l)a + ?nb + hio e ﬁpd + in e
#

; Q iép) mjhl

(k-1)  (k-3)

(o]

k [(k-l)y-n— iémai«k(k-l)bn-k hiocf 1ipdl+(g%gjmhl}
+ 1rp
(k-1)  (k=3)
k Y_(k-,l))l-i» a+ % b +(k-l)c + 1%(:1 +

H ¢l b
k-

%}n JOll

k | (e-1)pe Pyt j 5+ R0t (k1) r ( %) hp] -3 [(kz_l)}l-i-k T2t (eDay
bfo

ifm 1 (
4+

(k-1)  (k=3)

(k=1)  (k-3)
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k j}?;nbj+(k-1)bn+k hkyz'och+(k_1)co+k l%)dl’f-(k-l)d - (1 #m J#n : 7&0 1@) 13h1]

(k-1)  (k-3)
=(k-l)p+(k«-l)am+ Zb + hio

1#p

lipd1+ jin emjhl
(h%o)

o301 o\ ) 11 4%y 301" 00+ 1 15| Dt 3
E R
# puta b ko 4 o+ 1#p 1 1#p h#o

(k-1)  (k-3)

-k;1+ka+Lb +Lc +2]:d
J

k(k-3) K-iz? anhl [(g /) ®inh1* 1;@ 1301,(L§é2 thp} B(iﬁm jﬁn h?o l;gfijhl
1 #q)
+

(k-1) (k—B)

Ym“? = k o +k2d.m + Lb + ﬁc + %d
2 2 2 2 = 2 2
(k-3 3t thl ﬁm 1nhl %Py301” iﬁmeijhp +9(iﬁm jin hﬁo 1ﬁﬁfijh12 -
T
+ %p 1#p haéo |

(k-1)°  (k-3)°
cross product terms

2

E“Ym \ e pleig 2 0,2 62 62 206 0101 ()

k k(k-1)2 (k-3)2

9 (k-l) (k=3) 2
T 1) 2(k3) 2 0

s 2.2 R R k(k-3)+3 2
=k w +kg’
LR e T e el) (ko3) Je
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2 2

T B
iém - P A I Rl 2 DV 2 2 2 k(k=3)+3 2
E[ ‘_ku+k(“)a+k6“b+k0’c+kﬁ+i(k-l)+ ]o’e

” (k=1) (k-3)-

= : = 2 b 2 2
T T

Hgrtka, A %J.bJ+ %Ch+ Ldl

k(k-3) % k= y By L L
(k-3 jﬁnemjh1+( 3 1imelnhl 130l ﬁﬁ ijhp i;m jin h#o 1#p eijhl
&l

o

(k=1)  (k=3)

= k;l—f-k Za +k b +k Zc +k 2d
90 ww

_l

“l

(k-1) (k-3)

2 Bo s @ mog min
Yoooo=k pHk ga, "k zjbj +k %{Ch +k )fdl
k2 (k- ‘ 24 & 294 k) £ T 1T = 2
(k-3) (Jiﬂ;ﬂ'}“hl %ﬂil 1 /1 1jol gel‘)th+ s im jin h#o l#peijhl b
% 1#p) \u;p) ( )
(k-1)%  (k-3)2

E

cross product terms

2

X'] kp«-}-ko’ +k0’% +k0” +k0"d (kljf-)-a(k_’”o"ez

e S G

Y
ESS(A)‘:E(#‘“ e fize ) B k(k-l)ofélz+ de) i (k}3536;2

k k2

Since it is symmetrical,

LY 49y 2 y 2
ESS(B):E(J%’ rdey eSue o 2) k(k-1) (. I(k-l) + 30"2

k k -3)
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5 Y 24y 2 ) G
ESS(C)=E (hﬁo f; 2000 _ k2 ) = k(k-1) 6;2+ {(x-1) + (k-3)
Y 4y 2 s
. 1>§@p conl wesl _ wess Ve Rl 2 T " & =
ESS(D) E< - v > k(k-1)0 [(k 1) + (k-B)] A

o,

for the error sum of squares

T o
Y. = 4 a + b "+ c +d 4+ e
jjh1 =P S Wl N TN

i e = P2+ a°2+ bu2+ c 2+ d 2+ e 2+ cross product terms
ijhl 1 J h ] ijhl

B, . ey
[(i%m j#n hio 1#p) ijhl
(k1) o’d2+(k2-1>o” Z

5 : . £ 2 2 2 2 2 2 2 —~2
A A R i +X =k“p +k 0" +k 0" +k* G
(ifm j#n héo 1#p) ijhl  mnop } g d

2 Uk~ 5 -2
YL(k -1) # ———-“L——’_\G

(D) (k-3) o ;
.

2

2} = (a1l +(k2-1)Ja2+(k2-1)(fb2+(k2-1)0’;24-

2

ESS(ERROR )=E Ty e T gL +
Y(i#m j#n h?o ﬁp) ijhl  mnop

(hio o oh o) (1%; S Y,,.§>+3 Y”.?X
k k2

) e3)-1) 67,2

The proof is complete,

k k

The above completes the proof of three lemmas, In order to generalize

for restrictions, the following theorem is developed.

Theorem II
The k X k experiment of random model with r restrictions and one

missing value and without correlation has (r+2) components recognized in

the model,

& Y, +Y Y +Y
X 2_(1%#1 i,,. m”.)_<j#n e

ollo O) o
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The model is, a

il

e e

Yabed--mms T B Bt it I“Zc"*. S eabcmu,ms e R B
s =1, 2, ==== k
1N Lty Re, 6”t)
LN Noy g ,)
- - these are r restrictions

L

B N(o,éf;r)

’ N N\
®abCamans LN (o, fe)

Proof':
The ESS for each is,

, 2
BSS(T) = k(k-1) 03 % (k1) + (kir)l(fe
1

ESS(R, ) = k(k_l)/)"rizni- [ (1) +

Nl Sl B el

(k-r)

BSS(ERROR) = [ (k-1) (ker)-1} g

In order not to lose generality, assume the missing value occurs in

t* 1evel of T, first level of Ry, second level of R, ste.

For other levels of T where missing value does not occur,

Y =kp+kt +22r +Lr & ceeasd+Zr + z e
aa a b 1b ¢ 2c S F8 [ Duwnst) 2Boicend

( A is defined as sum over all other subscripts., Ex. Ya =Y A)
o0 e a

gy
e
E [.Ltz&___a 24 ]= k(k-1) po+k(k-1) ¢ Z(k1) 0, 24 (k-1) (2 mmmm #(k=1) 0 24
” t rl r2 rr
(k=1) 662 (1 £t<k)

=kpakt, + Lr 4 LP Femm=d Lr
blb ¢ 2¢ s rs

., =2 ¥ X

tA bil ‘i;bc_.__.ms+ Tl 2wy
Cc¥F2

s#r
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k(k-1) ( %%) o c-_s+(k r)[; ét o P s i it abcm-rJ a%t:::sireabc--s

sir

(k-1)  (ker)

Yy 2 2 2 2
E{ Tta } 2 [ 2 Oy 2 o Pt 6, P KO () (1) )
k k(k-1)2 (k-r)?

2
# T (k-l%(k-r)z 6.2
k(k=1)"(k-r)

= I +k( % ( +f et . S 2, k(ker)+r 6:32

T (kel)(k-r)

2 i L 2
YA== Y +Y =k p+k 2t 4k Lr 4Kk Z Y sdemw=dtk L p

a;étaaa a & b 1lb ¢ 2¢ s Ts
; k(k-r) D ® oo s™ €aqo. gt eabc__,r'l th(ker-1) ZoooZ o e
(k-1)  (k-r)

2,
E[ 2 ]:kp+kf+kf WK (0, etk g 2 _-°_-_£+_P+_1 o
t rl r2 rr (1) (lz)

2 2 2
ESS(T)=E F%tYaA T o a)- k(k-1) 0, %+ [(k-l) +2 14 2
k 12 t (k-r)1 e

Similarly,

ESS(R,) = k(k-1) J;i2+ [(k.l) + 10’62 (=1, 2, =mem 7)

i
(k-r)
For the error sum of squares,

Y =}1+t+r F P Fom=m=t I 4 €
a

abCew=s 1b 2¢ rs g
2 2 2
Yaic-_s =n + ta2+ rlb + I‘2c2+_—--o+ I‘r52+ eabc_,_.s 4 Cross product terms
r
= 2. 5 2 2
E(Yabc--s) mpd g m L

; &Z(éa'éé)z Yabc--S] (-0 [p 5 2, 6oy 0. ]

about the missing value,

E(xglz__r) =p+(°+ 1—16;12* (k-r)® (r+1)(k-1)+r (k-l)(k_,r) 7.2
(k-1> (k~r)
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oy > 2 ? k(r+1)-r 2 2
E [zéfz), B et +Xt123--rJ p +1<0/t i i—l » [ + (k -1)] Jd.
SFIr

(k-1) (k-r)
ESS(ERROR)=E ...L o +X [2 3al. e 0. ST ]
( ) abcems tl23=-r k k 2

= [ (e-1) (k-r)-l] i

Hence, the proof is complete,
When the background correlation is taken into consideration, the model
remains the same, However, the error structure is modified by the addition

of covariance terms,

Fundamental Lemma IV A

The k X k experiment of random model with one restriction and
correlation but without missing value has three components recognized

in the model. The model is,
i=1, 2y ==== k
Y..=p+a +Db, +e

=Y e e e Jeid g, ek

as (’/7N(O, (a)

bj (N N(Oyfb)
elj (/\ N(O’O’- e)

either one is a restriction

i

-(k-1)%c

ESS(4) oih ek

k(k-1) (7, P=k(k=1)C +(k-1)0 Z#(k-1)%C__ ~(k-1)C

1l

ESS(B) k(k-l)(sz-k(k-l)cb+(k-1)6;2-(k-l)cab'+(k-l)ZCa'b-(k-l)ZC

a'b!

7 2,2 2 2 2
BSS(ERROR)= (k-1)“(f " (k-1)%c_,-(i-1)%c,,, +(k-1) E

Proof:

The derivation requires the use of Lemma I and II.

Y. =kp+ka, +Zb . +2e
m [ J J J lJ
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+‘,§.q Bib . BB T e .+ cross product
JFJ

j j' j ij j#j' ij IJG terms

2 .2 ;
Y. =k p2+k2 a°2+ 78 e
i. I

LY, - k3p2+k2 % a, 2 L b 24 % b b + L Z e, 2, % e +
i e i e 2 3 A L Bi' A3 13'

cross product terms
1 2 2
E[1 L1 }.: Kk p ok 6, +kof “ric(k-1)C %He(k=1)C_

Y., =kj+k S a+kLb+LIe
sl <] lJ

i J i3

b 2 Il
Y, 2 =k p +k L a +k ? a a +k % b 2+k2 L bb, + e 2+ 2

e e
330 a0 A) ey A g A g Ay

+ L Le e Y e, e . 4 cross product terms
ifr § 13 1Y 1#1' JEyr 13 1'%

2
Tes 1 .22 2 .o 2 L2 ﬂ
E:[—--—k2 }-k Pk g +x(k.ml)ca+k6b +k(k~1)Cb-r0’; +(k-1)C,, ,+(k-1)C_,

+ (k=1) (k-l)Ca'b'
i

ESS(A)=E [‘i i - Y,.%] =k(k-1)Ofaz-k(k-l)ca+(k~1)(Y;2+(k-1)(k-1)cab,
k 2
k

= (k-l)Ca,b - (k_l)ZCa,b,

Similarly,
_ i 2 4 )
ESS(B)=E [ PEa e N :)zk(k~1)61)nk(k-l)Cb+(k-l)éf; -(k-1)C_, +
K 2
Kk

2 2
(k-1)7C_, - (k=1) e

For the error sum of squares,

Y., = +a. +b. +e
e S Bl T

cs = p24 a32+ b 2+ e'°2+ cross product terms
1] o i 3 i3
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e g BB s B B s
E (3 % L5 ) = kpk" (), "G T
e A
LY b3 2
ESS(ERROR)=E (£ LY, °-3% 1. .3 3 4¥er ) (k1)?¢ 2-(k-1)%
1§ & k k 12

~(k-1)?

a'b

C + (k-l)zc

ab!' a'b!

The proof is complete,

Fundamental Lemma IV B

The k X k experiment of random model with two restrictions and
correlation but without missing value has four components recognized
in the model. The model is, i=1, 2y «=ex k

Yijh=}1+ai+bj+ch+eijh £ J=1l, 2y wm== k

h =1, 2, weew k

ai A N(o,6~a)

bj t~ N(o, G“b) two of them are restrictions

Ch (" N(OQO/\C>
®;5n L0 N(os 7 )

The ESS for each is,

ESS(A):k(k-l)gf;z-k(k_l)ca+(kw1)5‘82+(k-1)20ab Gom(k=1)C - (k1)

9 a'bet

'cjgk-l) (k=2)C_ 410 g

C
a'b

BSS(B)=k(k-1) (f, “-k(k-1)C,_+(k-1) G, =010, ,  H(&-1)C,, = (1)

a'bci

¢ wllewl) (lem2)C

a'b'e a'blec!

ESS(C)=k(k-l)(fez-k(k_l)cc+(k~l)(f;z-(kul)cab'c'_(k-l)Ca,bc,+(k-1)2

C -(k-1) (k-2)C

a'b'e atble!

-(k-1)(k-2)C -(k-1) (k~2)

ESS(ERROR)=(k-1) (k-2)J_2=(k=1)(k-2)C o

ab'c!

C oo H2(k=1)(k-2)C_

atht L]




Proof:

X,
i,

Again the derivation requires the use of Lemma I and II.

=kp+ka 42b +ZLc + L e
: 1°3°3 b k. ()i
Yiof kz}l +k2a12 s bb.""z".z"‘" Zee + I e % 2
33 .ﬂéa 33" h h  pfnbh' (5n) 1k (j#j'
hsh

eij'hﬂ + cross product terms

2 322 2,

I 2Za +k Lb +k Z bb +k & °y +k L ce +&L X
1 - i i 303 J#Ji B h h#h* h hy i (jh)
h2+ L on o e e + cross product terms

1/3#3') ijh ij'he
h#ht
R

1 dee ) 2Bluls 2 2 e (len A 2 tie1 N 2
. ) kK k™ (0, kg "k (k=1)C +k 6 _“+k(k-1)C +k (I +h(k-1)C ., .

Yooo = k2p+k L a +k Lb+kzc4+ L L e

ESS(A):E(i oo . ) k(k-l)oﬁz-k(k-l)c +(k~1)(y‘ ZH(k-1)%c

J-3. & & 14Jh) ish

=k p +k” L a 4 % asa., L %%% bb $%° Lo %” T e

1 4 i#i' e J%J' J 3 h h h#h' h ht

+% L e 4L L e e + X °§i e e +Z L e
1 (3h) i3h  13#3%\ ijh ij'ne J(l“ _'> ijn 1'Jh* hyi#iv\ i3h
h#h' h#h' j#jv)

1#1, ijhei'j'h°
J#3° >
h#h*

eoe V= kK52 2 2 2
>- KRk (], Bc(ie-1)C e 7, e (iem1)C e, S (ie-1)C

+ cross product terms

N

2
+(, +(k~1)cabvcv+(k‘1)ca-bcv+(k‘l)ca'b'c+(k‘1)(k'2)ca'b-cv

ZYZYZ

ab'c?

k k2

=(k=1)C, 41,0 e=(k-1)C -(k-1)(k=2)C

a'b'e a'ble?




Similarly,
5 A S

j OLO ®0 0 ) 2
ESS(B)=E\ J kJ "= ) =k(k-1)J7, _k(k-l)Cb+(k-l)d’;zn(k-l)c

ab'c?

2
+(k=1) Carper=(k=1)C_ . | =(k=1)(k=2)Carprcs

v 2
oeh- oo0e@ o 2 2
- ) =k (k-1) ([5%-k(k-1)C +(k-1) (I ,*~(k-1)C

ab'ct

-(k-1)C +(x-1)%C -(k-1) (k=-2)C

a'bc' a'b'c a'b'c'

For the error sum of squares,

Y.. = a, +b, + + e,
1Jh pit + i + 3 ch eljh

oD B o P2 + a°2 + b A + ¢ . + e, . - + cross product terms
ijh i 3 h ijh

S e 2 22 2.0 2 ~0. 2 2.2 ~p
E (i (%h) Yijh ) k p +k 67; +k Cf; B

i

2 T T I MR

&, T "
(3h) “ijh K k K 2

ST 4 3Ny % »y Y <
ESS(ERROR ) =F ( % )

=(k=1) (k=2) 7 2= (k=1) (k=2)C y , o= (k=1) (k=2)C ~(le=1)(%-2)

a'be!

C +2(k-1)(k=2)C

atbte a'btc!?

The proof is complete.,

Fundamental Lemma IV C

The k X k experiment of random model with three restrictions and

corprelation but without missing value has five components recognized

in the model. The model is, i=1, 2y === k
Yi;jhl=P+ai+bj+ch+dl+eijhl J=1y 2y ====k
h = l’ 2’ o0 o a0 W k

(i S,




(ai (N N(O, Ah;)
bj N N(096Hb)
< Ch N N(0,0/‘c)
a La Bksygtg)

K\eijhl(/q N(oy ¢7)

The ESS for each is,

ESS(A)zk(k-l)Cf;znk(k@l)0a+(k_l)Cf62+(k~1)20

o bregr Carpres ] el Loty

Ess(B)=x§k_1)<f£2_k(k-1)cb+(k-1)o’;2+(k-1)2

+Ca'bc'd' a*b'c 'dJ -(k-*)(k-,)c a'btetd?

o - 2 2
Ess(C)=k(k-1) ~k(k=1)C _#(k-1) g% (k-1)"C_,

Harberar*arprera) =(E=1I=30C, v gngr

ESS(D)=k(k-1) Jéz-k(k~l)cd+(k-l)O/;2+(k—l)2C
+Ca'bc'd'+ca'b'cd'} ‘(k“1)<k'3)cavbvcvdv
ESS(ERROR):(k-l)(k~3)Crézn(kwl)(k-B)i;C
*Ca'b'c'd] 3(e-1) (6=3)Cy 050 500

Proof':

'cd"(k-l) Ync

a'b’

ab'c‘d'*

three of them are restrictions

] L

-(k-1) [

c'd!* abtctd?

ab'c'd®*

v L) Ipab'c'd'

Catberar™anicgr

Again the derivation requires the use of Lemmas I and II.

REL =kp+ka, +2Db + 2 c + Z +
leos T e i (Jhl) 13h1
2, 2, 2,
i k +k b + + L c + 2 d L dd  +
leoe n i J J 'jéJ J J' h h hih' h h' sl il l#l' i1 l'

h#h*

= 2 i

2 e o e e, . o

(3h1) ijh1 (jﬁjo ijhl 1j'h7ie
1#1'>

+ cross product terms




2 3 2

< 2
el

1

b b
3} s Gl B

k & d

k Zc %k 3 + +
+ . ch +khgh'chch' .

L a +k Z b +k
x| J

e 2

k ﬁ dd +2 X )
140 1 1' 1 (3p1) 41wl

Hha, ) ®i3h1%4§vnr1e

i

) =kp24k?

3
g d+k 5; +k(k-»l)Ca

+ cross product terms

2
2 Y

gt

E 05+ (17 24 (k=1)C, #k 0*02+k(k~1)cc+k@2+k(k-l)

(

blC'dﬂ

Toeooe=k p+k Loa 4k L bk i ch+k 2 d_+

i &8 33 1 1 1 (Jh) 1Jhl

& b2 2
Yoeoo=k p +k2 ) aa2+k L a.a +k b +k Z bb +k° T ¢ 2+k &
i1 dmrdiir 50 033 hoh héne
Chch'+k2 Z dl +k L dd
1z 110 1 1
4 g el o
+ L, 4 +2 & e e +L L e e +
1 (jhl) ljhl i, 3¢5 ighl ij*h'1r J i#i ijhl 1i'jhe1r h
h#h h#h
1#1! 147 ¢
1#1' 13n1 473'h1r
33
1£1°
+L 4 e __e + o u e e + cross product terms
1 l%i' ijhl ivjrhvy liél' ijhl i'jrhele i
J£J" J#J"
h%h' h#h|
1#1°

000

K2

(va

): p2c (7, (i) e (17 Pie(ie-1)C P “Hell-1)C _+e(T, !

k(k-1)C gt (f, 2 (ke-1) [C ,dJ-+(k-1)(k-3)

ab'c'd'+ca'b'cd' a'b'ec

~

C
a'b'ec'q!

37
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L 2 2 2
e 1 Leooes 09000 \o= Y e S
ESS(A)=E ( L )-k(k_l)(j‘a ~k(k=1)C,+(k=1) 0 “(k=1)C 40y

-(k-1) [Favbcvdv+Ca’b'cd'+Ca'b'c'd} '(k-l)(kn3>ca'b'c'd'
Similarly,
2
&Y h : 42 2 2
Ess(B).—:E( J keJ“ .., 1-{;»-)=k(k-l) 2k (k=1)Cp (k1) 0, H(k=1)C, o 144

- (k-1) [Cab'c'd'+Ca'b'cd'+Ca'b'c'd] -(knl)(kEB)Ca'b'c'd'

k Y ¥ s 2
ESS(C):E( ;*hu kZ) k(k—l)O/ ~k(k-1)C +(k-1)0’ +(k=1)"C, 4y 1 0gn

- e ) ; -‘ o = C
(k-1) [-Cab'c'd'+ca'bc'd'+ca'b'c'd} el J(E=BI0 e

2 2
ESS(D)*E( ool _ l'{é”)‘:k(k-l)o/d —k(k-1)C o+ (k-1) ¢ 3 (-1, L
-(k-1) {Fabvcvdv+Ca'bc'd'+Ca'b’Cd§} "(k-l)(k-B)Ca'b'c'd'

For the error sum of squares,

Yijhl =Pt a4 bj Hor e d1 + eijhl

Y31 =P iy +bj *o F dl +eijhl + cross product terms

BEE &, X
(?E(jhl) ijhl

2) 52 2(24«20‘ +ko’ 20/ +ko"

Ny 2vin g vz %Yhz £Y 2 Y 2]

ESS(ERROR)=E 2 U L R P T e s
1 ( hl) K k Kk K K2

=(k=1)(k=3) Of 2-(k~l)(k-3) [Cab' v+Ca'bc'd'+Ca'b'cd'+ca'b'c'é) +3

(k=1) (k-3)C_ 1\ 1oy

The above completes the proof of three lemmas., In order to generalize

to r restrictions, the following theorem is developed.,
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Theorem IIT
The k X k experiment of random model with r restrictions and
correlation but without missing value has (r+2) components recognized
in the model. The model is,

=p+t P F+ P H oemme=t+ P + e

tabcewr t la 2b rr tabe=r

(L =L, B ~maw k

ja—l, 2y man

\r =1y 2y ==== k

tt l/\N(O’ (t)
Pla N(o, frl>
er(/’ N(O’frZ)

these are r restrictions

rrr(/\ N(Os (I‘IJ

etab-..rm N<09 (e)

Then, the ESS for each is,

ESS(T)=k(k-1) )ftz-k(k.l)ct+(k..1) (e%(k..l)zcﬂ(j)-(k-l)iitcn(i)-(k-l)

(k"r)cttaabt__ru

J =1, 2y === T

J=2a, by ¢ mem=r

ESS(R;) = k(k-1) @jz-k(k-l)er+(k-l) 6;24-(1{-1)?@”(j)m(kml)iijcﬂ(j.)-(k-l)

(k'r)ct'a'b'--r'

ESS(ERROR)=(k-1) (k-r) Jez-(k-l) (ker) T G yhr(len1) (k)G

tla'bl__r'
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Proof':

Again the proof of this Theorem requires the use of Lemmas I and II.
Let A denote as the sum of all rest subscripts. For example,

Yaoo could be written as YaA.

X could be written as Y&

©0e

Also defines m(t) as an operator which assigns primes to all
subscripts except those appearing in the parenthesis, In example,

Cab'c' could be written as Cﬂ(a)°

+ 82T A ommm— ot LD % ‘
b

Y . =kpn+kt 42 + e
s T8 Z2b r rr (abe=1)tab--r

tA la

2
%Yt 29 9 0 2 2
Ef{ L_t8 )= k“n%+k +k & A . “4+k(k-1).5 C.+k Fk(k-1)C
<k > Al S TR e T
J = 1, 24 e D

i=t, a, by we== T

2 o X ;
Y=k kot 2 K U P LA 2 %
= S t+k U b 50" gt Trr? ¥ (ab-rr) “tab--r
E -Y-ﬁf = 5%k & %k Pk(k-1) T C + 2+(k1) & C_, +({ke1)
<\ ) gl ¥ e N 1 m(4)
(e-r) ct‘a'b‘-_r'
Ly & 5
ESS(T)=E | X_ta - _a | = k(k-1)(" %k(k-1)C +(k-1) g~ 2#(k-1)C_  =(k-1)
2 % t e ™(t)
k k
Bl ()T
iit (i) (i heazy ta'b'cear’

The proof for ESS(Rj) (3 =1, 2, == r) are same, thus will be

omitted, >

Y 2
ESS(ERROR)=E [z BT gt ta . ¢ Le._] =(k-1) (k-r)J" %=
tabcamr ” 2 e

+r(k-1) (k-r)C,

= -r) Z
(k=1) (k-r) 3 Cﬁ tratht o’

(1)

Hence, the proof is complete.
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When dealing a case with both correlation and a missing value, the
error structure becomes even more complicated, This can be seen from

the following,

Fundamental Lemma V A

The k X k experiment of random model with one restriction and
both a missing value and correlation has three components recognized in
the model., The model is,

i=1, 25 == k

Yr;:pﬁ'ag +bn+8‘u
1] 4 ] jJ j = ;[9 2, SREEEe

ai N N(09 (fa>
b, L1 o, 7))

eij ) N(o, Oge)

either one is a restriction

The ESS for each is,

oo i ol > « 1 2, 12 1.
hbS(A)mh(le)0:;;k(kwl)ca&'[(k@l) % fE:f?Phd; g &(kml) - D Vo,

B L B L L
(k1) i (k-1)

a'b‘j

BSS(B)=k(k-1)( 2-k(k-1)C + | (k-1) +=z;%;;}(f;zmﬁl*(kziz§§“l)x C e

Toaas? conkel o 1-(k-1)(k-1)%
+ | (k-1) (kml)(l G ¥ T c

ESS(ERROR) = [5km1)(k=1>-1:}0;2- ‘Skul)(kml)mix LeanetC. ) * Ekal)

a'b?

(kml)-ll G

Proof:
Again in order not to lose the generality, assume the missing value
occurs in h'® level of A and 1*!! level of B.

For other levels of A where missing value does not occur,

Ys =kp+ka, +2b +2Ze,
i P 1795373 4
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2
Y, = kzp +k%a_ % + Z b +-Z bb, + 2 e By e, .e. . + cross product terms
L. I F ) o Ay g 4 *ity 1%
; I 5
LY, %=(k-1)k3%k? % a, %(k-1) 2 b 24(k-1) 3. bby 5 °4 3
i#h 1, lih J JF3* 3 3" ifh 13 l#h J#3
eijeijO + cross product terms

ab?'

= Y 2 f)
; (iih i, ) = k(k-1) p2+k(k-l)(f;2+(k~l)Cr£2+(kml)“cb+(k~l)(f;2+(kml)2C
k

For the h'! level of A,

b4 = 2, Y +X see Theorem I
h. jﬁl hj  ht ( )
k(k=1) % e  #(k-1) 2 e - -
= kptka 4% b+ # hj ifh 11 1*h J¢l ij
J J (R=l) Ll=1)
Y ek i 2P 408 24F b
fx b3 d gy 3
2( 2 2 - 2 ‘
k-1) + e e +(kml) e + 2 e. @4 4q.
[ ¢a *hj Jﬁl hj hj* 1¢h 311 4#n 11 "1t
¥ JfL igi
I
(k-1)
= B 4 o | HPRlRA) T .
iih J#1 ij ih Jil iJ ije 1£h J;l ij ®y j 1¢h JiL ij ivye 3#1 hj
. iF 1Y 3#50

(=2)®  (ee1)®
i§h811'2k(k_1)jﬁlehj iéh jﬁleij-z(kul)iiheil iéh jileij* cross product terms
(1) i(ed)
2
E(.Yili_) =kp?rkf +0° +(k-1) ©
K2 (k-1)2 ‘ﬁkml) 6;2+(k-1)(k.2)cabv} +(k-1)% l(kml)<j;2+(k,1)(k-2)

K(k-1)°  (k-1)2

Cyrp ] +OTI D) 07 B (ko) (kL) (km2)C g (1) (1) (-2)C, (K1)

K102 (197
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(kuz)ZCégbg+2k(kml)Z(k_l)ZC ~2k(k-1) [(k-1)(k=1)C,,, +(k=1)(k~1) (k=2)

a'b?
k(k-l)2 (k.l)2

Coupr) -2(k-1) E{k_l)(kml)cab'+(k~1)(k_l)(kmz)caab'f)

B e

=k p 4 k(2 +0fL2 el g T§£%§%%i%> 25

MU G e i
Gl (17 ' e bl " ° () )

@
a'bt

E<i§h Y192+Yh02> o )12+k20’°2+kf #(ic-1)C, + (k-1) 2k (ie=1)41 T2
k (k=) (k1) °

+(m&ﬁﬂdw&ﬂm¢p1 g e k c % k
(k-1) (k-1) 5

y G
(b)) M0 ey ey AR

ar i 4y = k(k-1) <. 4 a, ~1) & z + T
Y 5 Y19+Yha k(k=1) p +kiﬁh a, +(k=1) Z b + o #kp +ka +1b

J Jifh J i J 3
k(k-1) % o 4(c1) % -0 =% -0 -
+ 41 hJ izh il i#n J?l ij
(ki)Y (k=1)
k(k-1) . e +k(k-1) & e +k(k-2).3, % e
=kp%+kZa +kib 4+ J#1.hJ ifh 11 1ih 3§l 1]
11 j J (k=1)  (k=1)
b 2—k;1 + K Laz—rk eaqv-i-kzl_'bezu#sz bb,
R i:/—'l' i1 7 R J;J" J J
k(kd) +k>(k=1) 1%+ L e e, -
X:J#L hj J%l hj hJ* ] [)%h ok a4 1'%J
7 J#3' 1F1!

(k-1)%  (k-1)°

2 ioc

+k“(k=2) L e, L

(3#1 Jil 13 ih Jil 13 ig' 1#h Jil 13 i”g 1#}1 Jél -y ®iv; ]
Jed!

(k-1)2 (k~1>2

+ cross product terms

2
¥ 2 2 2 2
E [ =2t \=k + k 4+ k(k=1)C <k + k(k-=1)C
(kz) B2k 7 4 (k-1)C_ k(2 + k(eal)C




i

: K (-1)2 [ (1-1) 2 (1e-1) (k-2)Cpy | % (ke1)? [(1-1) 62+'kml)(km2)caab]

K2(k-1)2 (k-1)%2

02 [ 6126 201 21200, 400120200, ) )2

K2(k=1)2 (k-1)%2

Carpe) +262(k-1)2(k-1)7C , +2k2(k-1) (k-2) i}kwl)zca,b+(km1)2(k-2)cagb;3

K%e-1)% (K=1)2

zgf(k-l)(k-z) t(kml)zcab,+(kml)2(k-2)0a'b']
k%(k-1)2 (k-1)2
22 o g : , 1 2
K e #x(k-1)C #k 0 “#e(ke-1)C, + [L-r s :] S,

il

3 b4

; 3
\%k-l§ -l ék-l% =1 k1) +1
C 5 C
% k=1)(k-1 ab' % k=1)(k=1 ba'b * TeoT) (k-1 a'b?

Y

3 Y 2+Yh e iy ® 3 : i
ESS(A)=E [ i AT . i] mk(lc=1 )] . “ek({kal]C o | (kel) + e |0 _#
= . 0a e+« 10

2 | 2

b Toen? o 2\ o o WteDOen) ¢, 1en)e)” ¢

l ‘X ab* (k-1) a'b i (k-1) atb

Similarly, _
Z ooy =0 2

ESS(B)=EX?%1 ;3 ol ‘- ] =k(k-1) 07, 2-k(k-1)C + | (k1) + (kil):ld;z

2
L (k1) (k-1). . {_ 2 1 ’ 1 (k=1) (k-1
4 C v + (k-1 - ") Copr + ) ¢

k=1 (k=1) (k-1) a'br
For the error sum of squares,
Y.=p+2a +b +e
1J L B
2
Y. _2 =pn + aa2 + b\2 + e, S + cross product terms
1] 3 1 J 1j

= (k*-1) p? + (kz-l)(fé e 1) 0:)2+(k2-l)(r; s
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For the missing value,

KY, '4kY f-Y,! k-1 e (k-1
2 & h, ol P e » +( )ﬁ’cl ( )1n nﬁhﬁl 1J

(k-1) (k-1) BT (km> (k=1)

2
(-1)% [ (1) 2 (k1) (k=2)C ] (k1) [ (k1)
2N 2 2 e ab
E(}Sﬂ‘1 ) =p +&a+0':b+ e

0 Brkm1)(e2)C; ) +0k-1) g 1) (k-2)C o H(1e-1)2(km2)C 4 (k1)
(k-1)"

(k-2)20a,b,w2(k=.1) i(k-l)ZCa,b+(k-1)2(k-2)Caqb,]

(k-1)"

~2(le-1) [(kml)zcabﬁr(k-l)2(k-2)Ca,b,1 +2(k-1)“ca,b,

(k-1)*
Liton 2 2. 2k=1 2, (=) (k=2) -l
pE+0 0" + ey 0, RN b

+(k-1)(kﬁ-2)~k c 2 (k2-4k+22
(k=1)(k~1) a'v  (k-1)(k-1) a'b’

E ((2{#2 G 12) = K24k 20"24-1{20” [ e (i (k7-bkt2) }0/‘2

j#]{) i) h ~ (k=1) (k=1)

(g-lf(kzl)-»k o, lelle2)k (k> L2
(k=1) (k-1) ab! (k-1) (k-1) a'b  (k-1)(k-1) a'b'

. 2 2 : 2 2
j 2. 2 _[am Y, Y, Tt G i
E((‘i%h #) Y1y '( : "( S )+ W2
532 - Le-1)(k-1)-17 ¢y

2

>= (k1) (c-1)-1

- L(k«-l)(k-,l)-ll Conp + \(k-1)(k-1)-1]

a'bt

The proof is complete,



Fundamental Lemma V B

The k X k experiment of random model with two restrictions and
both a missing value and correlation has four components recognized in
the model. The model is, i=1, 2y === k
Yijh =g+ a4+ bj + e + eijh J=1, 2, ==== k

h =1, 2, ==== k

ai (Ve N(O’ \)/'a)
bj W N(o,o/'b) two of them are restrictions

Ch %! N(O’ O/‘c)

eith‘ N(o, 4~ e)
The ESS for each is,

e g | 1 2 L ¥
ESS(A)=k(k-1) (I, ~k(k=1)Cot [ (k1) + '('15:'3)"} 6+ [(k-1) m] g

[ 24+(k-1) (k=2)]

c (k=2)2(k=1)-2
(k=2) [Ca‘b‘c+ a'bc’l g (k-2) Ca'b'ci
L 2 1t 1 2 T Ok
ESS(B)—k(k-l)O:) -k(k-1)Cp+ [(k..l) + Ty }(fe + \j(k-l) i S

L1s(ie-1) (k-2)] [Cab'c'_,_ca'b'c} ¢ 0ep 21z -

(k=2) (k-2) a'ble!

BSS(C)=k(k-1) (f} 2-k(k-1)C + [ (1) + (kiz) 16_2+ [x-1)” - (ki“2>] S e

Lap(e-1) (=21 T s o (e=2)%(c1)-2
(k-2) [’ab'c’ a'bc'] (k=2) a'b'e!

ESS(BRROR)= [ (k-1) (k-2)-1] 0~ % Bk«-l)(k-Z)le%ab,cﬁcavbc,%a,b.c]
+ 2 [(k-l)(k-z)-1] SR

Proof':

Again the derivation requires the use of Fundamental Lemmas I and II.

Also assume the missing value occurs in 1% 1evel of A, m'th level of B,

and nth level of C,
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For other levels of A where missing value does not occur,

Y, =kp+ka #Zb +2c + 4 .o
ic. i i 3 3 b n (3h)ijh
22 i 2 2 :
¥ 2=k P +k a, + Lb 2+ bb +%Zc 4L cc 4+ 4 e s &
3 17373 33033 bh hfnt bh' (§h) 43h /£
h#h*
®i5h ®13%h + cross product terms

2 s 98
= (k=-1)kp +k izﬁa +(kw 1) Jb +(x~1)i bb +(kml)>lch

iél Yioe 3

kal) 2> c e & 2 % SV TR 4 Cros duct t
( )hih' h h i;l (3h) ®13n i#l(jij')eijheijﬁh' kb
h#ht

YR
E (ﬂk_l_) = k(kml)pzﬁ-k(knl) 6;2+(k-1)o"b2+(k-1)20b+(km1) d'cz’*

2 2 2
= 5 (k-
(k-1) C #(k-1) 0_“#(k-1) C,,, ,

for the 1th level of A,
h#n

¥ = 2 Y +X
lee (J%ﬂ) lJn Imn

) kY kY 4Ky -2
=(k=1 )1‘."( k-»l)a P . >, b + >, ¢ + .-7\ e + P allso ° o 000
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Fundamental Lemma V C
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Again the derivation requires the use of Lemmas I and II, Also,
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1jhs:\ ﬁp ﬁo hir 1%5 i t20e-3) [(Jhl) p3hl (1h1) iohl” (Jhl) pjhl (1}31)

(k-1)% (k-3)°

e S PRl PN + 4 L .e. .. + ,.u e, Cn B
°15r1%(481)°psh1 (15h)%15hs” (1b1)%i0m1 (131)°15r1” (ih1)%iohl (15h)°pshl” (531)

1) (i3)"

e, ., : e
1)rT (i%h) idhs] 4 cross product terms

2\ 2 g2 2. 2 2. Wl1)(k-3)%49(k-1)(k=3) o~ 2
E<Xpors )__ BT (Ya +Ofb +<r0 +6;1 + (k_l)Z (km3)2 fe

4

. $e=3)2061) G 2)99e-1) (1e=3) (i) 18 (ke 1) (e-3) %6 (1) (e 3) E
ab'ec'qd!

(k-1)° (k-3)°

C +C C
a'be'd’ a'b'cd'+ a'b'c'd]

9(k=1) (k~3) (k2-8k+18)_24(km1) (k-})z(k-4)+12(kml) (k_3)3

athtetd?y
(kel)®  (=3)"

2 )
=p2 +(§ . %0 2, %0 P o3 2 KC-Bki6 Yo +
i a\ a3y ® (k1)ed) {ab'c'd'

2
C 4+C 40 = 3k -24k+18
a'be'd'” a'bled! a°b'c'd] (k-1)(k-3)  a'bre'd’

TR g 2 22 .25+2.2,62.2,02 2,2
E | +X = k p+k Kk k +k 4
((iﬁ‘p jio hil' lis) ijhl pors > L O-a i 61) 2 0; d

[(kz_l) 'S ]0/ 2

(k-1)(k-3)
2
. KO-Bkib 32 218 :

(k—l)(knB) ab'C'd'+C 'bC'd'+C 'b'cd'+Ca'b' 'é) (knl)(kmB) atbhteig?

2 ] ST 5! 2 2 Bﬁ Y 000 e Joo oVeo
ESb(ERROR)-E{ (iip & hir ]ﬁS)Yijhl +Xpors _<1z+zp i : pm) (Jio J o )_

2 g 2 2

Ty e i A Y
o;h. 0eol0 S e s wi 000 cooe = = R Yo 2, A= Y )
<?¢r : ‘>..<1 k S)-ﬁa 2 ] T3 g2 [ -]

k
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‘:Cab'c’d'+ca'bc'd'+ca'b'cd'+Ca'b'c'a] +3 [(k-l)(k"3>m%) Ca'b'c'd'

This completes the proof. In order to generalize to r restrictions,

the following theorem is developed.

Theorem IV

The k X k experiment of random model with r restrictions and both
a missing value and correlation has (r+2) components recognized in the
model, The model is,

= )1+tt + r R S TR + e

Y
tabCem=r a 2b rr tabCm=r

£ ' 1, 2 vk
8 1y 2y wmem K

b wl, 2, seme X
\? 2. 1y By e

t, N(o, ¢")
r. L~ N(o,()/rl)
r l./\ N(o,d\rz)
these are r restrictions
rrr(/ﬁ N(o, frr)

®tabo-r N(o, 0 ¢)

Assume the missing value occurs in tth level of T where 1 < t <k
and 15 1lavel of R, 2°¥ level of R, ---- ote.

Then the ESS for each is,
7 2 1 2 B
ESS(T)=k(k-1)(J 4 ~k(k-1)C + ‘fk-l) & 166 + [(k-l) - (k_r)} Cre)

(k-r)
Lit(e-1) ()] r SR ) .
2 (k—r) 1 iﬁt Cﬂ(i)+(-l) r(k-r) ) Ct'a'b'--r' (1= t, a, b;--r)




7/

ol

Ess(RJ)=k(k-1)(rJZ-k(k-l)ch+ Y_(k-l) o ﬁ}@% \'_(k..,l)2 i (Tir_)] o)

[l+(k-l)(k-rl] r (kur)z(k-l)m
i (k-x) i?j Cﬁ(j) Heel/ (k-1) = CtvaWb'_,_,r'

szl, 2y mee= T
[a

§ Ry By e

ESS(ERROR)= (k-1)(k-r)-l % (k-1)(ker)-1 X C_+r (k-1)(k-r)-1

Corarproops

The proof of this theorem involves only lengthy algebraical
manipulation and cumbersome notations, thus will be omitted here. However,
the reader can verify it by following exactly the same way of those of

Theorem II and IIl.



CHAPTER IV

RANDOMIZED BLOCK DESIGN

Randomized Block Design differs from the k X k experiment with one

restriction in that its number of blocks is not necessarily equal to its

number of treatments. Graphically, it is still on a two-dimension plane

with only one modification that it is on a rectangular plane instead of

on a square plane. This modification results in a
error structure of analysis of variance which will

in this chapter,

slight change in the

be examined in detail

This chapter is divided into four sections. The first three sections,

one for each of the random, fixed and mixed model,

give the expected mean

squares (symbolically denoted as EMS) for each of the following cases:

(1) without correlation and without missing value,
but with a missing value, (3) with correlation but
value, and (4) with correlation and with a missing
section is to examine the analysis of variance for
of a Randomized Block Design with a missing value.

Most of the notations used below are the same

previous chapters, Let the model be

s Rt + b 48 i=1, 2
tJ & J 1J where
=1, 2,
ai is treatment effect
bj is block effect

(2) without correlation
without a missing
value, The fourth

exact test of significance

as those in the

mmmem

wmwmm D

eij is random element associated with i'! treatment and jth block
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The missing data formula which we can derive from Theorem I by
considering block as the onliy restriction has been given by almost all

the standard textbook of Statistics as follows:

® 8 ¥
bY j+aY, =Y th
X = = do0 where assuming the value in i treatment and
(b-1)(a-1)

jth block is missing.,

(A) Random Model

The model is Yij ERLE bj + eij where (1 = 1, 2, ==== a and p
J=1y 2y ====D
is fixed, ai‘s and b,'s and e 's are random variables with the following
J 1)
distribution:

a, N No, ({'a)
bj AN N(o,o"b)

e, LN N(oyg5~ )

1)

Without correlation and without missing value, The EMS for each of

the three components recognized in the model are:

EMS (Blocks) = aosz +()/62

EMS (Treatments) = b(f;lz +42

e
’

EMS (Error) = 6-62

The aralysis of variance (from here on denoted as ANOVA) is then

as shown in Table 4,1.1,
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Table H.1.1

Due To df EMS
Blocks b=l a be 4 fez
Treatments aml b(az + 5;2
Error (a-1)(b-1) 5°
Total ab-1

Proof':

This has been given by most of the standard textbooks of Statistics,
Here we just cite in order to be comparable,

Wtihout correlation but with a missing value, The EMS for each of
the three components recognized in the model are:

EMS (Blocks) =a (2 + \:1 + T__)%__T’)QZ
ba1)(a=1) -

EMS (Treatments) = b (az + [1 + —--=-——-l----—‘]fe‘2
(b-1)(a=1)

!
EMS (Er’ror){= 5;2

The ANOVA is then as shown in Table 4.1,2.

Teble 4.1.2 o

Due To df EMS
Blocks b-1 a (yg2 4+ 1 + 1 )]5“ 2
E (b=1)(a-1 o
Treatments a-1 bo’az + [.l + _.___.l____.:)g;zcﬂ
(b-1)(a-1)
Error (a=1)(b=1)=1 6>

Total ab-2
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Proof':
See Theorem II., Since the derivation is almost the same as that of
Theorem II,the detailed proof is omitted.
With correlation but without missing value., The EMS for each of

the three components recognized in the model are:
& 2 2
BMS (Blocks) = a( (§ p™=C,) +(5,° +(a-1)(Cyu-C, 40 )-C,y s

EMS (Treatments) = b(( ,%-C,) +§ - C v, #(B=1)(CapaCyyp )

2
EMS (Error) = (J ,° - Capr=Carp?C ey

The ANOVA is then as shown in Table 4,1.3.

Table u.l.é

Due To af EMS

2 2.

Blocks b=l a(dfg -Cb)+-6; *(a-l)(ca'b-ca'b')

-Cab'
Treatments a=1 b((r-z-C )+<j’2-C F(B1)(0 = _<C )
a "a e a'd ab' a'b'

2

Error (a=1)(b=1) Cj.e -Cab'-ca'b+ca'b'

Total ab-1

Proof':
See Theorem III.
With correlation and with a missing value., The EMS for each of the

three components recognized in the model are:
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e = a 2 - e
EMS(Blocks) (K’b Cb)+ [l+ (anl>(bml)‘]66 E. (a"l)(b”l)}

SNA
o (a-1)“(b=2)+a(a=2) G E}a”l)” 1 -)Ca -

a (a-1) (b-1) (a-1)(b-1)

} 2, (be1)?(a=2)+b(b=2)
(a=1)(b-1)d ° (a=1) (b-1)

EMS(Treatments) = b(faZ-Ca)+ Y_l+

e
- mem) e e e

- K2
BIS(Brror) = (2 - Cppy = €\ + Coup

Proof':
See Theorem IV

The ANOVA is then as shown in Table 4.1.4,

Table L"Qlo“’

Due To daf EMS

Block b=l ( mC )+ |1
ocks a (fb 14- (a-l)(b-l)]

Y‘]_ Rt et Ve, (am]_) (b 2)+a(a=2)
(a-l)(b-l)} abr” (a-1) (b-1)

Carp™ \.(a"’l)" M] Carpe

Gt

(an1>(b~1)} 4

(b=1) (am2)+bgb.., ety [ﬁ. 1
(a-1) (b-1) (a=1)(b=1)

Treatments P | b(( 2.C )+ ‘:l#-

e s

2
Error (a=1)(b-1)-1 Gﬂ,e o Sy = B

Total ab=2
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This completes the presentation of all cases for the random model,
There are many other cases that might be of interest for specific reasons

which we are not able to include in this paper. In generaly, one finds

that random model is rarely met in practice, Instead, most the models

occurring are fixed or mixed models,

(B) Fixed Model

As it has been mentioned before the fixed model is a special case
of the random model, In the derivation, the fixed factors are treated
as constants, The only factor not treated as fixed is the random element

which is always assumed to be a random variable, Our model is now,

Yc,=}t+a,+b.+e“ Where 1=1y) 2y w=m= a
1] 1 J  [53]

gL, 2, e B
Ea =o0o,2b =o0, and e N(o, )
14 ° 13 e

Without correlation and without missing value, The EMS for each of

the three components recognized in the model are:

2 axb _2
EMS (Blocks) = (§ “+ 3 J
b=1
ba -
EMS (Treatments) = 6.762 o+ 1 li
a-

EMS (Error) = 6;2

The ANOVA is then as shown in Table 4.,2.1.
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Table o2l

Due To df EMS
= 2
2,azxb,
Blocks b=l q° S
b-1
BN e
Treatments a-1 f <4 i 1
© =l
Err ~1)(b-1 2
or (a-1) (b-1) T,
Total ab-1

Proof:

3 (since Z b = o)

Y =bp+ba, +2e

% Ze, ,2 + cross product terms

2
Y, 2 =05l
4. b J €]

» 2
Ly
B ; A
B e Yo ab a0t b D w 2 %
<b )a}l+iai « 0,

Y,.:abp2+25__1e“ (Ra,=2b =o0)
iJ 1) r 2 J 3

T a2b2 )12 + 2 2 e, _2 + cross product terms
¥ J 1

2
. e
E(?m')“ab” +0

> 2
LY, 2 5
E( 1. -Yoo)=(anl)62+b;a2
e o 1 i

b ab s
b X a.2
EMS(Treatments) = 6—2 5 i 3
e a=1

Likewise,

24
EMS(Blocks) = 6.62 + J 3
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Y, .=p4+a +b, +e

ij 1 J ij
Yijz o= ;12 + aj,_‘2 + bj‘2 + eij2 + cross product terms
Z 2 < 1 2 2
E(Z}..Y ) =abp +bLA 485D +ab @
J IJ S ok J J e

by subtraction,

EMS (Error) = 6. &

Notice that the derivation of the fixed model differs from that of
the random model in only that the E(aiz) = ai2 # fag, and E(bjz) z
bj2 # (szo Mathematically, the fixed model is just a linear transformation
of random model, Therefore, from here on the proof of all of the fixed
model will be omitted in order to save space,

Without correlation but with a missing value. The EMS for each of
the three components recognized in the model are:

alb?

OCKS = b 2
BMS (Blocks) ‘}+ (aul)(bml).}g + ’i»lJ

bu
i
a

2

a

EMS (Treatments) = {l + __L__lm 2 i
(a=l)(b=1)d™ ® 23

EMS (Error) = (S.ez

The ANOVA is then as shown in Table 4.2.2.

Table 4.2.2

Due To af EMS
Blocks Bl {1+ i €2 +° e
(a'l)<b"1> b=l
1 bLa?
Treatments Bwml ‘_1+ ——————'30”2 + 1 i
(a=1)(b-1) aal
Error (a-1)(b=1)=1 (ez

Total ab=2




Proof:

See random model,

With correlation but without missing value,

three components recognized in the model are:

EMS (Blocks) =E692"Cab'} +(a-1)[ca'b-ca'b;;x +

RS (Treatments) =[6‘82-Ca'b +(b-1) ‘_cab"ca'b'} +

RIS (Error) = § ,°-C,,, ~C

ab'-f-C

aﬁb'

The ANOVA is then as shown in Table 4.2.3,

Table 4.2.3
i R o

a L b
W S
(b-1)

2
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The EMS for each of the

Due To daf EMS
i alLb?
: s L e -C Ty

Blocks b-1 [&e cab'] +(a 1){;0&'b (’a-bv] e lJ
5 bZa 2

Treatments W | [g’e -Ca'b} +(b-1) Eéab'mca'b{l + :nll
2 Y

Error (a=1)(b=1) é;e -Ca’bmcab'*ca'b'

Total ab-1

Proof:

See random model,

With correlation and with a missing value,

three components recognized in the model are:

The EMS for each of the




yat

Y 1 1
EMS (Blocks) = [1 4 —————n(a-l)(bul)ld"eZ 5 [1 2 —_—_(a-l)(b.,l)] T

(az1)%(b-2)ta(a-2) 5 1
(a-1) (b-1) i {( ) (a-1)(b-1) Ca'b;l+
a 2 b 2
e
b-1
BYS (Treatments) = |1 + ———l-----’]o’“2 4 (0=1)"(a-2)4b(b-2) G
(a-1)(b-1)4 © (a=1) (b-1)
| Wi (] AR |t T T, (HCR I -l A +
{- (3-1)(1@-1)] a'b [( ; (aml)(bml)} a'b!
b & & 2
L )
a=-1

s 2 4
EMS (Error) = Jia = Ca'b - Cab' + Ca'b'

The ANOVA is then as shown in Table 4.,2.4.

Blocks bal y PSR TRBING | ol [ et Sy [
[ (a_l)(b-l)} ® { (a-l)(b-l)] abt "
(12-2bs0(2) ¢ (o) -
(a-1) (b-1) P
l aLb,
REAVEG TRia e PRGN
(a-sl)(b-sl)_-\ a'b? b-1
Treatment a1 e — 1 16 2% LD)2(a-2)4b(bo2) ¢
dils oy L (aml)(bml)iﬁ e (a-1) (b-1) ab
SRERAT: S (7 SRSORE | ", I AR et
‘- (a-l)(b-=l)] a'b [ (a-l)(b~1)]
b 2 & 2
Ca'b' + ani
2
Error (a‘l)(b’”]-)-’l O-e s Ca'b o Cab' + Caib!

Total ab=2




(C) Mixed Model

Strictly speaking, all of the models are mixed models, i.e., p is
always fixed and the rest of components are random, For our purpose in the
Randomized Block Design, only the mixed model in which treatments are
selected random but blocks are fixed is considered,

Let the model be,

o Ly 2 e &
Lie=p+a +b. . +eo where
1J i J

ij S Ly D, s b
a, (Treatment effect) (~N(o, dﬁa)

bj (Block effect) has the property that

5
o’
i
lo}

eij (random element)b”\N(o,ﬁﬂ\e)

Mathematically, the derivation of the mixed model is between those
of the random model and the fixed model, and for this reason, a detailed
proof will not be given,

Without correlation and without missing value, The EMS for each of

the three components recognized in the model are:
axb -
5 (T‘Z i 3
EMS (Blocks) = O~ + i
b-1
EMS (Trestments) = 6;2 + b 6;2
EMS (Errer) = (‘)/e2

The ANOVL is then as shown in Table 4.3,1,

_Table 4.3.1

I

Due To af EMS
a Z b_2
Blocks b-1 4 B T
b=l
Treatments awl 6/;2 B Cf;z
Error (a=1)(b-1) o

Total

ab=1
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Proof':
See random and fixed model,

Without correlation but with a missing value. The EMS for each of the

three components recognized in the model are:
a b°2

e o

EMS (Blocks) = {l +
(a=1)(b-1)

EMS (Treatments) =I‘1 4 __( l):(Lb 1)36‘82 b (32
a- %

EMS (E\rror) = 6-62

The ANOVA is then as shown in Table 4.3.2.

Table 4,3.2

Due To daf EMS
albp?
l 2 3 (]
Blocks b-1 { 1+ —--—————:]6‘ +_J J
(a-1)(b-1)4 °© b-1
Treatments a=1 []_ + "'"__-_](Y 23 b O’“ 2
(a=1)(b-1)
Error (a2 (Bel)-1 G e2
Total ab=~2
Proof':

See random and fixed model,
With correlation but without missing value, The EMS for each of the
three components recognized in the model are:
axzb _2

EMS (Blocks) = (2 - e Hla-1)(C e a'b') N
b-1

EMS (Treatments) = b(6-a2~Ca) + O-ez - +(b-l)(C 'b')
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EMS (Error) = oﬂez i Cavb i Cab' * Ca'bo

The ANOVA is then as shown in Table B.3:3.

Table 4,3.3

e o < i
— Sa——

Due To daf EMS

= aLb °2

Blocks b-1 0. Cor +(a-1)(ca'b-ca'b')+ _,bJI.L

: 2 2

Treatments a-1 b( 0 J2=C) + 6, "Ca'b"'(b'l)(cab-""cavbv)
2

Error (a=1)(b-1) Paie Ca'b - Cab' + Ca'b'

Total ab=1

Proof:
See random and fixed model.
With correlation and with a missing value. The EMS for each of the

three components recognized in the model are:

G (Blooks) = |1 4 ~——tecata 2 . T3 - 1 C
36 [ ¥ (",1.,1)(10.1).]0}"e [ (a_.l)(b_‘l)] abr ”
(a-1)%(b=2)+a(a-2) o S S 1 :
(a-1) (b-1) a'b [( ) (a-l)(b-l)] atbr
a)%ib.z
g4
bl
2
EMS (Treatments) = |1 - 2 4 (b=1)"(a-2)4b(b-2) ¢ _T1 -
e [+<a~1><b-1>]de Ay = W

—Y - [(1) - - c
(a-l)(b-l)} s ‘f ) (aul)(b-l)] arpr 4

b [Gaz & ca]
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] = 2
EMS (Error) = dr; - Ca'b - Cab' + Caib'

The ANOVA is then as shown in Table 4.3.4,

Table 4,3,.4

Due To daf EMS
Blocks b1 [1+ ___;___]G 2 o 1 Gl
PEET T e (aml)(b-lﬂ wat

(a-1) (b-2)4a(a-2) [ -
(a-1) (b-1) o

1 a % b -
——-—-—-—-] c el
(a=1)(b=1) a'b’ b=l
Treatments a-1 \ 1+ —--1:-__} 0.2+ (b-1)%(a-2)+b(b-.2)
L (a1) (1) 1) (b-1)

1 : 2. i
T ) LG b - C
(a-l)(b-lﬂ S W’“ ‘”‘X

2
Error (a-1)(b-1)-1 % - C,,y - igb' ¥ sy
Total ab-2

Proof'

See random and fixed model.

(D) Exact Test

Table 4,1.2, 4.2,2, and 4.3.2 have given the analysis of variance

of the Randomized Block Design without correlation but with a missing



76
value, An approximate test of significance of the null hypothesis that
the treatments have no differential effects may be obtained by analyzing
those tables (augumented table) in the usual way, with the modification
that the degrees of freedom for the error sum of squares is diminished
by one. This test can be shown to be biased in that the expectation of
the treatment mean square (EMS treatment) is greater than the expectation
of the error mean square under the null hypothesis. Now take Table 4,1.2

as an illustration. Assume the missing value occurs in kth treatment

ard 1% Blosk,

Due To daf SS9 EMS F
nni o« 407
Blocks b1l JFL + -
a a
L
(Y. otX)*
ab
2 2 ' 2
5 X (Y% +X) BQ % T2+
Treatments a=l ﬁk i. 4 ,}i” - - b(faz-b- \:14- F= —e-& [
b b 12
( : 22 1 2 1 2
Yee"“x _——lge —'_'__’——"“]6;
ab (a=1)(b=1) (a=1)(b=1)
0°
z 2
Error (a=1)(b=1)-1 by subtraction Cre
! 2
¥ . 2 2 M_
Total ab-2 ,é ,i Y A X - ab
(ifk J#1) 13/

From the above Table we can easily see that if the null hypothesis

: il
is true, i.e., CY;Z = 0, then F = [} + TE:T7TE:T716;2 which is greater
than one, 6~62




s

However, if the approximate test of significance indicates that
there are no significant treatment difference, there is no need to perform
the accurate test of significance,

The accurate test of significance in the above case is made by the

analysis of variance given in Table 4.4.1,

_Table 4,4.1
Due To df 33 EMS F
) v
Blocks  b-l # '3* g
a a-1) (ab-1
(a-1) (ab-1) ab-b- .
Treatments a=1 by subtraction i%:i(f;z+ (Y;E F= 6-1 +0 62
G‘ez
Error (a-1)(b-1)-1 As in the ANOVA g2
of the augumented
table
- 2 2
o & u Yo Yoo
Total ab-2 (i#k J#l % "(‘;,t:]'_')
Proof’:
For other blocks where missing value does not occur,
Y.=2Y =2 (n+a,+b +e )=ap+ L a  +ab, + L e
oJ g 15 i s 1 3 5 &y ¥ b J < R I
e _2 = a pz + 2 a +a2b o+ L e .2 + cross product terms
0J S J ij
‘. 2 2 el L oo
ZY = =a(b-1) p2+(b-l) La 2422 4L b 24 L e‘_2 + cross product
JFL o3 S 2 R (R 3 O | terms
Ty 2
.; S 2 2 2 2
E [JFL J >= a(b-1) n +(1:>.1)(5'al +a(b-1)6'b +(b-1) 0
a

For the 1% plock,

T

£ iikyil

ik (n+a +b 18 ) = (a=1) p +, %k a +(a-l)b +. ;k 43
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e 22 < 2 2 5 . 5
Y.l =(a-1)“p +i72{k ay +(a-1) bl +i;rk eij + cross product terms

E %) = (a-1) p° +(,%4(a-1) 5,4+ 6 2

a a=1

. ¥ 24 Y 12
E (321 oJ 4 o1 ):(ab-l) 52406, % (ab-1) § 240 F 2

Yij=);1-i-axi-i-oj-i—eij

- =}12 + 32. + b2. + e, 2 + cross product terms

15 i J ij

(i#k j#1) ij
| 2 *t2
ESS (Treatments) =E| %L = Y 2. # 5 i . [(a-l)(b-l)-i §.2
{(i?k J1) 13 & Al J i

2 :
(ab-b=1) 6‘; 4+ (ab=l-b-ab+a+b) 6;2

E{ AR O ¢ 2] = (ab-1) (}12_,, 0;2'*'6;24' 0/;2)

i1

i

I

(ab-b-1) @2-1» (a<1) 6;2

]

ab-b-1 2 2
EMS (Treatments) S O-a +6€;

This completes the proof. If the mull hypothesis is true, i.e.,
6.&2 = 0, then F = 1, This test is accurate on the basis of normal law

theory.



CHAPTER V

LATIN SQUARE DESIGN

Latin Square Design may be regarded as an arrangement in which treat-
ment are randomized under two restrictions, namely, that each treatment
occurs in each row and once and only once in each column, Such arrangement
has fairly obvious properties, the important one being that any comparison
of treatments is unaffected by average difference which exists between the
rows or between columns, Such differences will not affect the errors of
treatment comparison so that such arrangement is likely to lead to greatly
increased precision. The Latin Square Design differs from the Randomized
Block Design in not only that one more restriction is imposed, but also
in that the number of treatments, rows, and columns are all equal.,
Therefore, one can easily see that the Latin Square Design is nothing but
a k X k experiment with two restrictions.

The content of this chapter is constructed the same pattern as that
of the last chapter, The ANOVA of each model for different cases will be
examined, Also, many trival proofs are omitted owing to the fact that

only linear transformation is involved,

Let the model be, i=1;, 2, ==w= k
Yijh =u+a; + bj el s eijh where 4j =1, 2, ==== k
h=1, 2 comm k

ai is treatment effect

bj is row effect

N is column effect
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eijh is random element associated with 1th treatment, jth row, and
h* column,
The missing data formula which we can derive from Theorem I by
considering row and column as two restrictions has also been given by almost

all the standard textbooks of Statistics as follows:

] ?

k(Y, ' 41 "o ez

X = os s)e AL ~~> where assuming the value in g8 treatment,
(k-1) (k-2)
jth row and hth column is missing,
(A) Random Model
i=1, 2y ==== k
The model is Yi,jh =R+ ay bj + o % eijh where { j =1, 2, ==== k

h=1, 2, wew= k
and p is fixed a ,'s, b.'s, c 's, and e, ., 's are random variables with the
= J h ijh
following distributions:

a4 C/\N(O’(a)
bj t1 N(o, O’“b)
8 k) N(O,G‘c)

eijh(/) N(C” 6-\6)

Without correlation and without missing value., The EMS for each of

the four components recognized in the model are:

EMS (Rows) = k{fb2 +6;2

mswdmm)quf+52
e

EMS (Treatments) = k@z +\)/82

EMS (Errors) =Oﬁe2

The ANOVA is then as shown in Table 5.1.1.
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Due To af EMS
Rows kel I o/-vbz % 5;2
Columns k-1 k 6;2 + ({‘62
Treatments k=1 k G-az & 5;2
Error ;k-l) (k=2) s e2
Total K
Proof:

See any standard textbook of Statistics,
Without correlation but with a missing value. The EMS for each of the
four components recognized in the model are:
EMS (Rows) = (sz +{1 +___._1-.___]0’;2
(k=1)(k-2)

EMS (Columns) = ()KCZ o4 [1 + ___1__]@2
(k=1)(k=2)

EMS (Treatments) 6; ¥ [l ] m]g;

EMS (Error) = 6e2

The ANOVA is then as shown in Table 5,1.2.




Table 5.1.2

Due To af EMS

Rows k=1 (f 2 il + }6‘ 2
(kml)(k=2) <

Columns k-1 6—02 + Y.l + '36;2
(kul)(k-Z)

Treatments =) 5‘2 4 [1 o )6"2
(k«l)(k-2>

Error (i Y (i@ )y o’;2

Total 122

Proof:

See Theorem II,
With correlation but without missing value. The EMS for each of the

four components recognized in the model are:

EMS (Rows) = k(d‘bz-cb) + 0’"82 + (k=1) C - (C

atbe? abtet * Ca'b'c) B

(k-2) Ca'b'c'

BMS (Columns) = k( § 2 -c)) + 62+ (k-1)cC, , - (C +C Jim

ab'e?’ a'be!

(k-2) G vp e

: » 2 2 "
BMS (Treatments) = k( G2 - ¢)) + G2+ (k1) €, = (Cppp = Cppyo

(k-2) Calbvcv

EMS (Error) = (Y;Z L + =

C
ab'c! a'be! z Ca'b c Cavb-cv

The ANOVA is then as shown in Table 5.1.3.



Table 5.,1.3
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Due To df EMS

Rows k-1 k( ﬁz‘cb)"' 0’ezdin(k'"l)ca“bc''(Cab' c'+
Ca'b'c>+(k-’2>ca'b'c'

Columns k-1 k( §,%-C )+ 6;2+(k-1)ca'b'c-(cab'c'+
C,ap e )=(K=2)C, 111 o0

Treatments k-1 k(CY;Z-Ca)+(5;2+(kml)cabm6{‘(ca'bc'+

s )= (k- 2>c it

Error (k-1) (k-2) Cr;z_(cab'c'+ca‘bc'-Ca‘b'c)+2ca'b'c'

Total k2-1

Proof:

See Theorem III,

With correlation and with a missing value. The EMS for each of the

four components recognized in the model are:

BMS (Rows) = k(d‘bz_cb) 3 [1+

EMS (Columns) = k( §_2-Co)+ \'_1+

(k-l)(k-Z)

6,2+ |(xk-1) o e -
[ (k=1)(k-2)] &'be!

(C $C o Yo WY o e 2 A 0
(k~l)(k-2)3 abroratbro’” ‘, (L)(eajy &'R'e

a'btet

1 6% Wal) -l Y 0 -
(k-l)(k-z)} 5 \. (k-el)(k-z)] a'ble

{- (k-l)i_k-Z)-S <Cab'°'+ Ca'b'c)+ [(k-Z} = m%‘k:a]
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EMS (Treatments) = k((§,%-C,)+ ‘.:,H (k 1)(k 2) }O,% ‘-k-l)- (k1) (k 2>]

Cab'c'-‘_1 m} a'be! a'b' * Ek-z) o

e P C
(k-l)(k-z)} &'btes

BMS (Error) = (,2-(C,p00a#C, vy 1#C, 10 0720

atbte?
The ANOVA is then as shown in Table 5.1.4.
Table 5,1.4
RTINS TR S RV
Due To df EMS
Rows ka1 K( (f 2_¢ O+ e —= [(kml)-
(k~l)(k~?)

m1 Cél'bc' {1” (kml)};:’g_;} (Cabfc'+
TR [(k-Z)- m] Caib'c.
Columns k-1 k( §2-C_)+ {1—6- (k“lkaz)} Ek"””

(k-l):(Lk-mZ)] “atbtc” [_ (kml)(k-Z)-.) (Cab'c'+

)+ | (k=2)e == | C
be! +[ (k-l)(k..z)] atbte!

Treatments k-1 k( 6; 2.0 )+ [1+ 16‘ 24 [k-l)-
a

(k-l)(k-Z)
el el (0
e L

Error (o o), O’;Z-mab,c,+ca'bc'+ca,b,c)+2c

Total 2.2

a'b'cl




Proof:

See Theorem IV,

(B) Fixed Model

Let the model be, i=1, 2y ==== k

where 4 j

Il
=
»
V]
-

=n + a, + bj + c -+ e, --==- k with properties

ijh h ijh

h = l’ 2, 0 0 o k that

La, =4b =Le =o0 and e v\ N(o
i 4 4 h A ijh (o) 0)

Without correlation and without missing value, The EMS for each of

the four components recognized in the model are:
5. kBB~
(Rows) = 6, + —J_J
k-1

EM

[ €5)]

k e
h h

EMS (Columns = (;32 +

k
EMS (Treatments) = )e2 PR iy

EMS (Error) = ,(fez

The ANOVA is then as shown in Table 5,2.1.

Due To df EMS
, kIb?Z
Rows kel & T I
=ik
. 2
k2 c
Columns k-1 6—32 SRS e
k<l
k L a‘2
Treatments k-1 fez PV e K
k=1
Error (k-1)(k=2) 0"62

Total k%_1




Proof':

See random model,

Without correlation but with a missing value,

The EMS for each of

the four components recognized in the model are:

EMS (Rows) = \._l + :

lGAQZ +

(k-1)(k-2)

EMS (Colu.mns) = (-1 o+ (—;-5-1('-}:—51

2

EMS (Treatments) = [1 + m
- -2

MMS (Error) = 63'2

2o

Jo.

k%b?
S R
k-1

ki.{chz
k-1

k2 a
Al
k-1

2

The ANOVA is then as shown in Table 5.2.2.

Table 5.2,2

EIRONSENERS
Due To ar RIS
i k%b?
Rows K1 Y} % _._________}6;2,,_ ]
(k=1)(k-2) el
1 - S L c 2
Columns k-1 Yl + ...____J § 24 __h h
(=1)(i-2)d *® k-1
1 k z=1g2
Treatments k-1 ‘;L + _.__.__—) Gé 2 4 3
(ke1)(k=2) le~1
Error (1) (lee2 )l ({‘e2
Total 122
Proof:

See random model.,

With correlation but without missing value,

four components recognized in the model are:

The EMS for each of the




EMS (Rows) = C£2+(kml)ca,bci-(0ach +C

EMS (Columns) = “+(k-1)C -(C .. 4C )-(k-2)C_, | 4B D

EMS (Treatments) = 6;2+(k-l)C

EMS (Error) = 6;2-(C

a'bic ab'c' a'be!

-(C +C )=k-2)C TR

abicﬂ aich a,ﬂbic a'bfcl

+C +C )+2C

ab'c' Tatphe!' atbic a'b'e’

The ANOVA is then as shown in Table 5.2,.3.

Due To daf EMS
2501 :
Rows e 6; +(Kml)ca'bc"(cab'c‘+ a'b'c =2y atbret”
kZb 2
g
k-1
2 4
Columns k=1 6;L+(k”l)ca'b'c-(cab"‘c'+ a'be v) (k'Z)C vaci+
kZc?
h h
k=1
= 2 (k- e - (e
Treatments k-1 6; +(k 1)Cab'c' <Cavbcﬁ+ca'b'c> (k 2)Caﬂb'c'-}'
kZa?
il
k-1
= 2. ;
Error (k-1) (k-2) ég‘ (Cab'c'+Ca'bc'+Ca'b'c)+zca'b'c'
Total k%1
Proof':

random model,
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With correlation and with a missing value, The EMS for each of the

four components recognized in the model are:

EMS (Rows) = [1+ m] 0% Y(k 1Y

R [(k-z) "

(k-l)(k 2) atbe’” [ i gk_l)(kmz)]
ok b

G o+ g g
? o o S S
] a'blct TG

ahte (k-1) (k-2)

EMS (Columns) = |1+ —=— @ 2+ |(k-1) - 1 co L
;o ‘:’+ (k-l)(k-z)] e [ (k-l)(k-z)j sy

i 2
- e | (C +C_.. )+ | (k=2)-
% (m)(m)] ol dild ‘~ (k=1) (k=2)
2

o5
 h

k-1

EMS (Treatments) = \1+ —————l;-;] °2+, %ﬁgl) . 1 xc e
b [ (k-1)(k-2) Oe (k--l)(k_2)l s

W T (k_l)(kng)] atber? a'b' )+ {(ka)-

Caﬁblc'

(kwl)(k~~>J

2
i

k2 a
a
Ca'b'c'+ k—l

)42C

- 2
EMS (Error) = fe -(cab'c'+Ca'bC'+Ca'b'C athiea!t

The ANOVA is then as shown in Table 5,2.4.
Proof's

See random model,

(C) Mixed Model

Let the model be, i

)

1y 2y ==== k .
with the follow-

X =pn4+a+bdc+e, where ] = 1y 24 w=== k
15 P TP % Cign < Sl ing properties:

Bl 3, wa k&

I

a, (Treatment effect)in N(o, dﬂa)

b, (Row effect) L b, = o
J D0
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Table 5,2.4

Due To df EMS
R k-1 ]__;.__.._.l_._.. 2+ (kwl)"
o [ (k-l)(k-z)] Y— (k=1) (k= 2)]
1
Ca'bC'- [l- ————————-—(k'l)(k-z)-} (Cabicv*.calbic)ak
Enee
\oe2)e —2—c 4 _3 5
(L Ylipazi- #7885 Ty
Col ka1 1+ 8 2% |(k-1)-
olumns » ‘, Oc- 1)(1«:-2)} \- (k-1) (k- 2)1
C N "_‘-"l—— ( (] 0> at v>
“atble (e1) ()] ab'e’ atber””
le & ¢ 2
Bk_g)_, _....._.2__._} Lo e e
(k-1) (k-2) k-1
Treatment kel 14 —-.—];.__ 2+ (k‘l>" 1
reatments { (k_l)(k-Z)l O’e [ (kml)(ka)]
c N e 8 +C )
ab'c! i (k-l)(k-Z)_X a'be* a'b'c ;
kT
%k-Z)- _____ﬁ____] C L B S
(k-1)(k~2)4 8'Ble’ o
Error (k-1)(k-2)=1 Gez'(cab'c'+ca'bc'wa'b"c>+20a'b'c'




e, (Column effect) ﬁ g =o

®ijh

(Random effect) ¢ N(o, 6‘9)
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Without correlation and without missing value, The EMS for each of

the four components recognized in the model are:

kb

2

EMS (Rows) = 662 P o

k=1

kKT e 2

EMS (Columns) = (S;Z R - Gl < 8

k=1l

EMS (Treatments) ::(5;2 + k 6;2

EMS (Error) = (5;2

The ANOVA is then as shown in Table 5.3.1.

Due To af EMS
KED 2
Rows k-1 G2+l i
k=1
3 kZc <
Columns k-1 )32 % B . h
k=1
Treatments k-1 (ez + k 6;2
Error (k=1)(k=2) 6=-=e2
Total k2.1
Proof:

See random and fixed model,

Without correlation but with

the four components recognized in the model are:

a missing value,

The EMS for each of




ORI | RS SRR Pt
EMS (Rows) E +‘(kul)(k-2;]6;

EMS (Columns) = [l + ———]-'-——]G

(k=1)(k=2)
EMS (Treatments) =

EMS (Error) = 0/;2

The ANOVA is then as shown in Table 5.3.2.

[1+
(k-l)(k-2>

2 4

](5'2 + k4,2

Due To daf EMS
g R b 2
Rows k-1 [, ] = L
(k-l)(k- )15 s k-1
k & c
Columns k-1 [_ 1}6‘2 4. n- B
(k-l)(k 2) T
Treatments Joul K- ] +k 62
(kul)(k-2> i
) i l A s
Error (le=1){k=2)el O"e
Total k2-2
Proof':

See random and fixed model,

With correlation but without missing value., The EMS for each of the

four components recognized in the model are:

= A2 A
EMS (Rows) = 0; +(k“1)ca'bc'"(“

ab'c:"i'C tht
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k 2
~(C b

1 o K2t S ks
EMS (Columns) = Do ‘&A"L>Ca*b“o abgca*@awbcw -\ K 2>Canbwgw 5

(e

(
atbe® a'b‘c>“km

: ents) = k(£ 2. ® 24(k-1)C
EMS (Treatments) Kg6:a Cy )+ 6 ks 1>C£b,ﬁ

&

W

2
Oe

)+2C

a'blc

EMS (Error) = = 2 *Ca@bce* atb'ce?

(~
Jo

303';

The ANOVA is then as shown in Table

di

h

-1

Z)Calbtc'

5 2wl 0 -(k=
Rows e 6, +k l)ca,‘"bc”'“(cab“cnca“b'g (k 2)ca.?b'c:'
kZb*
T
k-1
Columns k=1 (L +(k l>“a“b'c (Lab'c"ca“b0’> (k=2) ot
k & c,z
+ b h
k-1
atments ] (0 ,2-C_ )+ 0 2(K] -(C
Treatments A | k(0 ,2-C )+ @ 24(k-1)C vor=(CarbertC,ipior)
(k=2)C, 40 o
Error iini)axwz) ( Zm(cabﬁc LT D L AP
Total ka2
Proof:

See random and fixed model,
With correlation and with a missing value, The EMS for each of th

components recognized in the model are:

e o4 _-__.,J;_m 2 STy ____-.___ -
EMS (Rows) = l} _ (kml)(kmzi}CTe4+ {Fk 1) (kul)tkmz)} Corper i:
k4 b

four

(C

C;i%"a :.'bv,c)"!e [\kw2>xw

2 C :
ab? ] atbhiet
(k1) (ka2) s kel

e

i

| —C R ——————"

(k-1) (k-2)
2

o I 58

|




Columns ST D & 2+ |(k-1)- c &
e KH’ (k_n(k-z) E (k_,1)(k.,;~)1 Ll
5 PO S COlA 8 1 +c (e e s
1 <k-1><k~z>3 Lok [ (kml)(kuz)]
k ﬁ ch2
"b'c'+ -

EMS (Treatments) =

Tl e

va Xc -
(kml)(k 2) (k-1)(k-2)4 ab'c’

K}“ (kml)%kmz)jl Carpert®arpre? XEKDZ)D (k-l)?k-z)]

¥ k(Cr;Z'Ca)

el = ((2_,(’" B ‘
EMS (Errer) Ye ‘Vabic'+ba'bc“+ca'b'c)+zca'b'c'

The ANOVA is then as shown in Table 5.3.4.
Proof:

See random and fixed model.

(D) Exact Test

We have seen in the Randomized Block Desig: that, with a missing
value, an exact test can be performed by constructing an augumented table,
For the Latin Square Design, the approximate test of significance may be
performed by the usual way, but the F value will have an upward bias. Thus,
if non-sigificance is found, we can stop, If F value is significant,
however, we cannot be sure that it is due to treatments and not to this
bias,

Exact tests of significance in terms of infinite model theory,
although easy to describe in terms of general theory, are somewhat difficult

to obtain, It is necessary to evaluate the sum of squares attributable

to rows and columns ignoring treatments, and to rows, columns, and treatments.,




o4

S s i e s e TN el s s e S R e L e Sl L

Due To

daf

EMS

Rows

Columns

Treatments

rror

k-1

(k1) (k-2)-1

[+

M]G 24 [k -1)- m‘x R

Y}’" m] Catet T athre )+ X_RUZ) -

kZb 2

i e Ay et
(k-l)(sz)} athtet =

ST e e :
L (k-l)(k-z)]G % ‘_k 1) m] A

\" (kmi)(k.. )] ab'c!t a'bc' Lk- .

k2 c
PR Ee 4 B h
(k‘"l)(km?})l a*bie’ —

fromyrowst A (e e R

Y‘lm mx avbas Catbe!t BK-Z) -

mx Cawbwcﬁ' K( §a2_ca)

2 s |
6§e “(Cab?cq’l'caqbce"f'aﬁb'c)"l'zca'bec'
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The difference of these two sum of squares may then be tested against the
error with the reduced sum of squares, To compute the necessary quantities,
the experiment is first regarded as an experiment in rows and columns with
one observation missing and the minimum sum of squares for error obtained,
This sum of squares, W, say, will have (k2-2k) degrees of freedom, The
minimum sum of squares for error, when treatments are taken into account,
is obtained by analyzing the augumented table, E, say, with \:2-3k+l) degrees
of freedom, The quantity (W-E)/(k-1) is the mean square for treatments,
which is tested against E/(k2~3k+l) by the F test with (k-1) and (k2-3k+l)
degrees of freedom,

Assuming, the missing value occurs in 1th treatment, mth row and

nth column, then the accurate test of significance of a Randomized Block

Design with a missing value is made by the ANOVA given in Table 5.4.1.

Proof':

5 2
E (3_%_”._3_) = k(1) ;12+(k-1)632+k(k-1) (Tb2+(k-1) 6,2+ (k-1) ¢ 2
k g e

Y'mz ) 2
E (—-—)— (k=1) p +o" ‘~+(k-1)o’; (5; + 0,

k-1
y' 2

v 2
(}%‘m Salhr, ~>— (K%-1) pZk 0, 2+(k*=1)0 | %k O‘2+k(f~2
k-1

likewise,
2
(hén .-h --n>— (k°-1) p2k 0’2+ko" 24(k%-1) (5‘2+k6“2
k-

Yoo = kikel) pic 5. a #(k-1) Tb #(k-l) L e 45 2 +(k=1) pa(k-1)e
(k-1) y i % )jj( )hchiil(jh)eijh( JiRGE=LlE

b+“c+2_l e_ .
j hgn h  (Fh) 1jh




Due To af SS EMS F
L
PR B
Rows Tl °Je 4 olll, £ coe
ko, kel kil
?Z.Ln‘f w gtaad oyt 2
Columns kol L o ol) + ool " coe
) AR k. 2Kkeh2
S R ; k . 2ks2
Treatments k-1 by subtraction k'—‘zz‘kz § 4% "_21 Cor 62 m=xig2 1L
kol k2-1 2o
g o=
+ ({ez (6-b2+652,+ e?
J‘Z
e
Error (k-1)(k-2)-1 As in the ANOVA of the g7

augumented table

Total k2_2




Y’ 2 2
E 000 - (k2—l) )12+ (k-ll(k +k-1)

k< et |

(C50,%6.2 +6.2
S O a2 2 5 5 . ,

1 ]
.imY e b EY B ¢ £ t2
W=E § iminY Poifin 3o 5 um.  _Bghy Johy eeD 5 T wes
(i1 j#m h#n) ijh

k k-1 k k-1 k2.1

3
= K22 2 L (6,2 +632) + (kP-20) 522
k+1 2 .

We already know

E = (k2-3k+1) 6;2

kO-2k-2
W-E = e G 2. i (sz +0/02) o+ (k--l)G-e2
: & (k+1)

The proof is complete, Notice that this is only an accurate test

not an exact test because C;LZ and (f;z do not completely vanish, However,

as k becomes larger, the F value approaches to one if the null hypothesis

C§.32 = 0 is true. Therefore, this is an accurate test instead of an

exact test,




CHAPTER VI
GRAECO-LATIN SQUARE DESIGN

The Graeco-Latin Square Design may be used to impose three restrictions:
rows, columns, and Greek letters on a k X k experiment. It differs from
the Latin Square Design in that one more restriction is imposed. Hence,
its error structure is changed only by adding one more source of variation
into the ANOVA,

Let the model be,

Yijhl =n + ai + bj + °y + d1 + eijhl

ai is treatment effect

bj is row effect

y is column effect

d. is Greek letter effect

il
eijhl is random element association with iR treatment, jth row,
e column, and lth Greek letter,

The missing data formula which we can derive from Theorem I by
considering rows, columns, and Greek letters as three restrictions is,

] ] (] ?
k(Y +Y +Y +Y 1)‘3Y

r .
looo 9390 ooho © o0 © 060

(k=1) (k-3)

X =

where assuming the value in ith treatments, jth oW, hth column, and 1th

Greek letter is missing,
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(A) Random Model

The model is Yijhl = p+ai+bj+ch+d where (i = 1, 2, aae- k

17%1 3m1
P ly 2y memm k
hel, 2, wue= k
l =1, 2y cwam k
and p is fixed, a;'s, bj's, ch's, dl's, and eijhl's are random variables with
the following distributions:
84 L N(O’ (a)
bj tn N(o, 6“b)
cy tn o, OAC)
dy tn N(o, €d>

eijhl(/\ N(o, 5~ o

Without correlation and without missing value. The EMS for each of the-

five components recognized in the model are:

EMS (Rows) =k012+<f;2
EMS (Columns) = k Kcz o 0/'62
EMS (Greek letters) = k fdz ,,_O/“eZ

EMS (Treatments) = k§ ,2 +¢5 2

EMS (Error) = (f;z

The ANOVA is then as shown in Table 6.1.1.




Table 6.1.1

Due To af EMS
Rows kel e C;bz + 6—;2
Columns Jeal k Cr;Z + CT;Z
Greek letters k-1 k G—dz + G2
Treatments k-1 k <f;2 3 6—;2

s = 2

Error (k-1) (k=3) R
Total K5l
Proof':

See any standard textbook,

Without correlation but with a missing value, The EMS for each of

the five components recognized in the model are:

EMS (Rows) = 6.2 4+ 1 + — 2L 5.2
2 & (k-l)(<-3)3 4
EMS (Columns) = 1+ G .2
Y‘ (k~1)(k-3)1-\ T

S (Greek letters) = §g° + |1 +

EMS (Treatments) = 6—2 +.X} +o———
(k=

EMS (Error) = 6;2

The ANOVA is then as shown in Table 6.1.2.

B
(m)(k—s)\l
TS

1)(k 3)
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Table 6,1,2

_Due To - - A ST DAR IS AR RO, |

Row k-1 6.2 % |1 # cemd 6.2

i B4 L (k-lxk-a)} '

Columns k-1 0 2 Tog snpnla.. 152
! (1<-1>(1<-3>X T

Greek letters k-1 G2+ \1 $ et XA 2
! <k-1><k-3>x :

Treatments k-1 6.2+ 1+ = ]6 2
Sl CRATEE e

Errors (l=1)(le=3) =1 ({;2

Total kZ—l

Proof':

See Theorem II,
With correlation but without missing value., The EMS for each of
the five components recognized in the model are:

BMS (Rows) = k((2-C, )+ 6_2+(k-1)C (c )

a'be'd'” ab'c'd'+ca'b'cd'_ca'b'c'd
{
"‘k'3>cavb'c'd'

EMS (Columns) = k((5;2-00)+-6;2+(k-1)c )

a'b'cd'—(cab'c'd'+ca'bc'd'+ca'b'c'd

-(k—B)Ca'b'C'd'

EMS (Greek letters) = k(éde-Cd)+-6;2+(k-l)C (Cc

atble'd ab'c'd'+ca'bc'd'

+Ca'b'c'd) o (k-B)Ca'b'c'd'

- 2.C_ M 6 24(k- -
EMS (Treatments) = k( §,4-C, )+ 6; +(k 1)Cab'c'd' (Ca'bc'd'+ca'b'cd'
+Ca'b'c'd) % (k-B)Ca'b'c'd'

EMS (Error) = §_2-(c
& ab'c'd"ca'bc'd'+Ca'b'cd'+ca'b'c'd)+3ca'b'c'd'

The ANOVA is then shown in Table 6.1,3.
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Rows k-1 k(@ p2~Cp )+ 65+ (6-1)C, 1 v 0v=(Cy vgs
+Ca'bc'd'+ca'b'c'd)-(k-B)Ca'b'C'd'
Columns k-1 k( §,2=C, )+ 652 (K=1)C, 14 0qr=(Coprgrgr
+ca'bc'd'+ca'b'c'd)-(k_B)Ca'b'C'd'
Greek letters k-1 k( 6;2-Cd>+ 6;2+(k'l)ca'b'c'd-(cab'c'd'
+Ca'bc'd'+ca'b’cd')_(k-B)ca'b'c'd'
Treatments k-1 k(CYAZ‘Ca)+47;2+(k'1)cab'c'd"(ca'bc'd'

" ~ N\
+Ca'b'cd'+ca'b'c'd)-(K-j}ba'b'c'd'

z
Error (k-l)(k"B) 6; -(Cab'c'd'wa'bc'd'+ca'b'cd'+Ca'b'C'd)

+3C

atb'c?d*
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Proof':
See Theorem IIT,
With correlation and with a missing value, The EMS for each of the
five components recognized in the model are:

B e) = k(0620 0% Jig e NG 2% Thel)e =l o
4 2= [ Gy 15 0 Gy e

: B K 9 -(k-3)1C

- [}+ z;:;;?;j;;l(Cab'c'd'-ca'b'Cd'+Ca'b' 'd)+ (k-1) (k-3) atbletd"

EMS (Columns) = k({ %-C )+ |14 ———=——|C 2 {k-1)- —L—) c
st e &1ka3 Wt i
Sk e +C +C Yz 3 - el
; WJML%} sororarCarporar e Gy T arrerar
EMS (Greek letters) = k() 42-Cg)+ |1+ el S+ [(k-1)- JEEESE e
I8 e ey WO | (k1) (3) )
€ thra = Pl (G o1 g07Cq 0 », P -(k-3)
a'vte'd [_ (k—l)(k-B)i& ab'c'dt a'be'd a'b'cd g \(k-l)(k-B) X

Ca'b'c'd'
EMS (Treatments) = k( @Z-Ca)-i- T 692"’ % & (RSN G
X’ (k-l)(k—B)X X" (k-l)(k-B)-X

C"'_l+_.___1__._(C' "+C v‘|+C||o ——}—--
abrerar 2 (k_l)(k_B)X atbotdrCatbrcdrFarpreralt {(k-l)(k-) (k 3))

Ca'b'c'd'

- 2
BHS, Chzvaz) = 6—e -(Cab'c'd'-Ca'bc'd'+ca'b'cd'+ca'b'c'd)+30a'b'c'd'

The ANOVA is then as shown in Table 6.1.4.

Proof':

See Theorem IV,
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Table 6,1.4

Due To df EMS

Rows k-1 k(&oz-cb)+ [1+ -———]G 2 [(k-1)-

(k-1)(k=3)
i S - —2— (c
(k-l)(k-B)] a'be'd! [+ (k_l)(k_3)] abterdr”

% +Ca'b'c'd)+[—L' = (k'B)] Carprorar

kel (k=1)(k-3)

Columns k-1 k( o’cz-cc)+ {1+ 0o 2 {(k—l)-

(k-l)(k-B)]

RS RO (- SO &, T SO (e S
(k—l)(k—B)] a'b'ed [+ (k—l)(k-})} ab'c'dv+

ba'bC'd'+Ca'b'c'd)+ (k-3) Cacbvcldu

(k-1)(k-3)

Greek letters k-1 k( § 4°-C )+ {1+ -——-—-—]G 24 [(k-l)-

(k-1) (k-3)

e T -Jae L f(c., , .4
(k-l)(k-B)] e [ (k-l)(k—B)] st

Ca'bC'd'wa'b'cd')-*. m -(k-3>] Cavbvc'd'v
Treatments k=1 k( Oﬂ 2.¢C )+ [‘l+ — 6_2+ [(k-l)-
(k-1)(k=3)

___l._C"'-l+__1__(c"'+
(k-l)(k-B)X it [ (k-l)(k-j)} a'be'd

Ca'b'cd'+Ca'b'c'd)+[m _(k-B)] Ca'b?c!dc
Error (k-1)(k-3)-1 (‘Yez'-(cab'c'd'+ca'bc'd' e a'b'cd! a'b' 'd)

+3C

a'blc'd'
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(B) Fixed Model

Let the model be, i=1, 2y ====k

+d_+e, where J=1l, 2y ====k

= 4D .+
o4 pag+ 3 ety 13h1

i3hl

1=1, 2y ====k
with properties that

Ea =Lb, =2¢ =2d =o0, and e,
] i}

" N(o
Ly d B 1 g d)

Without correlation and without missing value., The EMS for each of
the five components recognized in the model are:

, kEb®
EMS (Rows) = 0,4+ 1 J
k-1

2

k % °
EMS (Columns) = C;;Z PR <
k-1

d2

EMS (Greek letters) = (f;z 4L 1
k-1

2

kZa
EMS (Treatments) = 6ﬂez w1 1
k-1

EMS (Error) = (Yéz

The ANOVA is then as shown in Table 6.2.1.
Proof:
See random model.
Without correlation but with a missing value, The EMS for each of

the five components recognized in the model are:

kK%L b?
EMS (Rows) = [l + ——}—]662 R S
(k-1)(k-3) kil
el
L
EMS (Columns) = [1 + . ]662 +__h °n
(k-1)(k-3). k-1




Table 6.2.1
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Due To daf EMS
kab?2
Rows k-1 6-2 I
k-1
k2 c 2
Columns k=1 C{;Z 7 ) bl o}
k-1
kil -~
Greek letters k-1 Ciz i AT
k-1
kZa?
Treatments k-1 (;;2 PO e
k-1
Error (k-1)(k=3) Oe
Total k2-1
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B
EMS (Greek letters) = {} + }CT 2 4ot 1
(k—l)(k-B) k-1
2 a°2
EMS (Treatments) = {1 + —————-] 6;2 = G
(k-1)(k-3) k-1

EMS (Error) = 6;2

The ANOVA is then as shown in Table 6,2.2.
Proofs

See random model.

With correlation but without missing value.

the five components recognized in the model are:

The EMS for each of

L
EMS (Rows) = (_ (=108, 1prar=CaprerartCarproartCarprora) =03, 1oy
kB bc
+ R el
k-1
EMS (COlumns) :6;2+(km1)ca'b'cd'_(cab'c'd'+ca'bc'd'+ca'b'c'd)—(k-3>ca'b'c'd'
kL c?
4 h h
k-1
EMS (Greek letters) =<5;2+(k_1)ca,b,c,d-(cab'C,d,+ca.bc.d.+ca,b,cd')-(k_a)
k 2 d12
C thtQrte + —
a'b'c'd ko1
EMS (Treatments) = 62+(k-1>cab,c,d,_(ca'bc,d'ma,b,cd,wa,b,c,d)-(k-3)
k2 a
C s Rt __2__l_
a'ble'd el
ey
B9 (Error) = C; (Cab'c'd'+ca'bcld|+ca'b'cd'+ca'b'c'd)+30acbvcod|

The ANOVA is then as shown in Table 6.2.3.
Proof:

See random model.

With correlation and with a missing value.

five components recognized in the model are:

The EMS for each of the
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Due To daf EMS
1 e 3
Rows k-1 [l+ -—---—-———] O % sl
(k—l)(knj) k-1l
1 kxc 2
Columns k=1 El-i» -———-——-—-} ‘fe2+ h h
(k-1) (k=3) k-1
kZd?2
Greek letters k-1 Kﬂ:u. ~—--1—--—-] 6;24 1 1
(k-1)(k=3) k-1
o B
k o a,
Treatments k=1 [1-# —-———L———]Q‘?«F —_— 1
(k=1)(k=3) =1
Error (k=1)(k-3)=1 5“92
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Table 6.2.2 e e S e

Due To af EMS
Rows k-1 Gez'h(k‘l)ca|bcvdv'(cab'c'd'+ca'b'Cd'+
A
Columns k-1 CY‘Z*(k'l)C atble (Cab'c'd'+ca'bc'd'+
kZc?
)-(k=3)C_ +_h h
'b!cd' d' k._l
02
Greek letters k-1 5 +(k_l)ca'b'c’d-(cab'c'd'+Ca'bC'd'+
kZd?
o lien s
Ca'b'cd') (k 3>Ca'b'c'd'+
k-1
Treatments k-1 6;2+(k-l)cab'c'd '(Ca'bc'd""'ca'b'cd'+
k& a 2
e o gt
Ca'b'c'd) (k 3>Ca'b'c'd'+
k-1
- - 2—
Error (k-1) (k-3) 6;3 (Cab'o'd'+ca'bc'd'+ca'b'cd'+ca'b'c'd)
+3C

atbYeld?
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EMS (Rows) = |1 —————— 735 ) SRS
[+ (k-1) (k- 3) i (k-l)(k-3>} &0t d!
1
e & P s emsed (14 +C oy egeC )+ e A (les
[ (k_,l)(k-a)} et b A R T T ]
kLb.?
C P a0
albvc'dl+ k_l
EMS(Columns) = \1# ——L §.% 1) — 0
el = (1) (k- T e e
W o Sy (o TR B, T et SRR S
- (k-l)(k-B)} abtotdlatbelsl attietd | i ik-5) J
k % Ch2
Ca'b'c'd'+ kol
EMS (Greek letters) = |14 ——t—e]@ 2+ [k-1) - —2L—1cC_,.,,
4 = {H (1~:-1)(k-3>]Q i (k-l)(k-B)] el

- | 1 —— (c +C +C Yo Pomiinnd 0 SR 2
[+(k~l)(k~3):\ ab'c'd' a'be'd' a'bled' | (1.1)(k-3) }

k%dlz
C 1] 1 ] ] l+
a'ble'd 1

e

EMS (Treatments) = {14 ——n2>X 16 %+ J(k-1) - ——1 1\ C
s &"L (k-1)(k-3)] . [ (k-l)(k-a)} a5t etay

- ‘_1+ -——-—-1——-} (Ca'bc'd'+ca'b'Cd'+ca'b'c'd)+ [___2___ -(k~3)]

(k=1)(k=3) (k-1)(k-3)
k 2 a_2
c o
a'b?c'd' k-l
. Ko :
RIS (Error) = &2 ¥ T S RERR U AR

The ANOVA is then shown in Table 6.2.4.,

Proof:

See random model.




Table 6,2.4

Due To af EMS
Rows el o[ e (RN N o T S al R
’ {'+ (k-l)(k-B)] s X‘ (k-l)(k_3)} a'be'd

il
5 Y}+ f;:zszzjgjx (Cab-cvd'+ca'b'cd'+ca'b'c'd)
KZb 2
+ .__2._—(10-3)}0. that '+_‘L_‘j-
(k1) (k-3) S

Col k-1 G Ay, S U 0 T T4 W ) EL ST,
g & T o e e R

-
b \}+ (k-l)(k-})} ab'c 'd'+C ‘betd! Ca'b'cd')
k ¢
: Y Brans _(k-B)‘x B s Do -
1) (k) c —

Greek letters el Ts C; 24 (k-l)- 1 o
K‘ (k-l)(k-Bil [ (k~1)(k-3)i} aiblete

il
) ‘}+ (k-l)(k-B)iX(Cab'C'd'+ca'bc'd'+ca'b'cd')
k T4~

+ .__.l_-(k-j)] R— e
(k=1)(k=3) k-1

Treatment Je=ld 1o d: 0;2+ (k=1)- 1 c
: g \_ (k-l)(k-B)l K_ ! (k_]_)(k_a)} abtctd!

[- i (k-l)(k-3)x( atberdr” a'b'cd;- a;b'c'd)
L%

P RN T -(k-}?} RV g ai

(k-1)(k-3) a'b'c'd ol

- Ay 2
Error (k-1)(k-3)-1 <Y; '(Cablcvd'+Ca|bcvdc+ca'b'cd'+ca'b'c'd)

+3C

a'bhrce'd!




(C) Mixed Model

Let the model be, i=1, 2y ====k

———— K

o
il
}—J
-
N
-

=p+a +b_ + W dy + eijhl where
1 J

Y:'Ljhl
h=1, 2y === k
1=1, 2, ====k

with the following properties:

a, (Treatment effect)(/\N(o,(f\a)
bj (Row effect) Zb_ = o

J J
g, - (Col: ffect) 2 e
W (Column e ) 9

1]

(o]
d. (Greek letter effect) Z d = o
1 1 1

eijhl (Random effect) (NN(o cfé)

Without correlation and without missing value., The EMS for each of

the five components recognized in the model are:

5o BB A
EMS (Rows) = 6-e‘ Es J J
k-1
5 2
k &-c
EMS (Columns) = 6;2 5 a-h
k-1
, kT &
= )
EMS (Greek letter) = 55+

el
EMS (Treatments) = 662 + k 6;2
EMS (Error) = 6;2

The ANOVA is then as shown in Table 6.3.1.

Proof':

See random and fixed model,

Without correlation and with a missing value., The EMS for each of

the five components recognized in the model are:
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Table 6,3.1

Due To df EMS
kZh ~
Rows k-1 6.2+ 4 3d
k-1
kKT c 2
Columns k-1 (Y(;Z 40 h
k-1
kZd?
Greek letters k=1 66;2 + 1 1
kel
o 2 2
Treatments k-1 §.2+k G,
Error - (k=1)(k-3) 6-32

2

Total k=1




EMS (Rows) =
EMS (Columns) =
EMS (Greek letters) = {1 +

EMS (Treatments) =
EMS (Error) = 6@2

The ANOVA is then shown in Table 6.3.2.

[} Py
(k-1>(k-3)

114
k% b.*
}62+ 33

R v

k 2 ¢
E+-____162+ h h
(k-1)(k-3) 5
& od
__.._L...._JS' o Lo X
(k-1)(k-3)d ° k-1

a

E i (k-l)(k—B)lg- 2y §

Table 6, 2.2

Due To 4r EMS
> b 2
Rows k-1 {14. ____.___](f 23
(k-1)(k=3) K- 1
1 kxec 2
Columns k-1 i+ —2L \g2+_bn
(k=1)(k-3)= © k=1
k42
Greek letters k-1 ‘}-}- ]6-2 + 1 1
(k-l)(k-B) i
Treatments k-1 ‘-14. 1 36‘2 + k a2
(k-1)(k=3)
\ 2
Error (k-1)(k-3)-1 e
Total k2.2
Proof':

See random and fixed model,
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With correlation but without missing value, The EMS for each of the
five components recognized in the model are:
IMS (Rows) = 6-62+(k-1)ca,bc,d,-(cab.C.d.wa,b,cd,»rca,b,C.d)...(k.3)
KD B ®

c J5J
atbtetd? ¥ )

RS (Columns) = 6;2+(k'1)ca'b'cd"(cab'c'd'+ca'bc'd'+ca'b'c'd)_(k-B)

k E c 2
e vt +———h—
a'b'c'd )
2 ~ 2l
EMS (Greek letters) = G_e +(k‘l)(‘a'b'c'd"((’ab'c'd'%a'bc'd'wa'b'cd')
kZd?
—(k=3)C B ot
a'b'e'd! Tl
EMS (Treatments) = k( §a2-ca>+(k-l)cab'C'd'-(ca'bC'd"*‘CaA'b'Cd"ﬁCa'b'C'd
'(k’s)ca'b'c'd'
i 2 - "
EMS (Error) 6; (Cab'c'd'—rca'bc'd'+ca'b'cd'wa'b'c'd)+3ca’b'c'd'
The ANOVA is then as shown in Table 6.3.3.
Proof':

See random and fixed model.
With correlation and with a missing value., The EMS for each of the

five components recognized in the model are:

EMS (Rows) = |14+ ———L— ) 24 lke1)- 1 v
’ [ (k-l)(k-B)] P [ (k-l)(k-B)] a'bet'd?
P s | 1 (c o ” v
[+ (k-1><k-3>] RS T [m (k 3))
kEb*
+ 'I

C!vvv
a'b'ec'd Yeudl.

)
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Table 6.2.2
IR
Due To df EMS
ROWS k"'l 6;24-(1{"1)Ca'bch'-<cabtcldl+'calb'Cd'
k% b2
+Ca'b'c'd)-(k—s)ca'b'c‘d'+
k-1
Columns k-1 & % (k-1)C (e +C
e a'bicd! ab'ctd' ~a'be'd!
k % ch2
+Ca'b'c'd)-(k-3)ca'b'C'd'+
k-l
Greek letters k-1 Qza-(k-l)c (¢ +C
atb'ec'd ab'c'd' "a'be'd!
k 21‘ dl2
w (w3 G G A
a’b'cd') (k=3) a'btctd? Je1
Treatments k-1 k(§ ,%-C_ )+ 6 A(k-1)C 4.4
"(Ca'bc'd'%a'b'cd'wavb'cvd)'(k'”
Ca'b'c'd'
Errors (k-1) (k=3) 6§ 2-(c +C +C +C )
e ab'c'd' Tatbetd?' a'b'ced' “a'b'e'd

+3C
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- L 2R 1 Nt SR
EMS (Columns) [l"' (k_l)(k-B)](S; B ) (k_l)(k_B)] a'bred?

- o — e (.Y C
‘}+ (k-l)(k-j)] (Cab'c'd'+ca'bc'd'+ca'b'c'd)+il(k_l)(k_a) ( 3?] atb'erd!

EMS (Greek letters) = [1—!» ____3_5. JG'2+ [k-—l)-

(k-1) (k- (k-1><k-3>] s
- [}+ = :}(Cab' i g *e +C Yoo _(k_3T} C

(k=1) (k-3) Aiksiar s Teleal L Ltk k)0 atbletdr
b g
|
i el i e [l+ m}ﬁa [(k_l)— (k-ll)L(k-B)]
Cabrerar™ Y_l‘* (k‘l)ik_B)](Ca'bc'd'wa'b'cd'+ca'b'c'd)+ m 3 (k'3)1
Carprerar
5 (Error) = Go®=(Cap100a1#C, 15001 arprcar*arbreral*Famrcras

The ANOVA is then as shown in Table 6,3.4.

Proof':

See random and fixed model.

(D) Exact Test

Similarly, in order to perform the exact test, it is necessary to
evaluate the sum of squares attributable to rows, columns and Greek
letters ignoring treatments, and to rows, columns, Greek letters, and

treatments. The difference of these two sum of squares may then be tested

against the error with the reduced sum of squares. To compute the necessary
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8 Table 6= 2.4
Due To daf EMS

R k-1 [ P SR, o2 (¢ 1 [ PHPERE. S SRS
i ool S <k-1><k-3>}

C v '|-l+_—1——'(cllt+cl|'
a'be'd [ (k—l)(k—B)} abtct'd a'b'ed

+Ca'b'c'd)+[m '(k'3):\ Carprerar

kZb?

+ _J 3

-1
Col k-1 g mmcaibee, e 2 Wep gy o
S \- (k-l)(k-sﬂ(e ‘- (k-l)(k-s)}

1

Gl \'_1+____.._" (c +C
a'b'ed (k-l)(k-B)-l abtetd' ~a'be'd!

i SR SR 5 o { S
+\'a'b c d>+{(k-l)(k-3) ( 3>-} a'b'c'd

ke 2
Bouh
k-1
Greek letter k-1 (PP (RS 0 o PO 7 W ) A SEERG,
’ e Xf <1<-1><k-3)}6e \- (k-l)(k-B)‘X
it
) ~(k=3)\ C
+('a'b'cd')+ (—k-—l)L(k-?)- ( 3)} atbte?d?
kZd
+ |l
k-1
Treatment 4 K( 2.¢ )+ Y1+ G‘ + | (k-1)
T nts g a“=C, +Y- (k_l)(k_j)] {_

e A
(k-1>(k-3)x wrorar” L (k-l)(k..3)x
(Ca'bc'd’+ a'b'cd' a'b' 'd Y—(k—l)(k_j) = k-B)]

Cavbvcvdv

Error (k-1)(k-3)-1 6.;2_(0

ab'c'd"”ca'bc'd"" Ca'b'cd'waQb'c'd)
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quantities, the experiment is first regarded as an experiment in rows,
columns, and Greek letters with one observation missing and the minimum
sum of squares for error obtained, This sum of squares, W, say, will have
(k2-3k+1) degrees of freedom. The minimum sum of squares for error, when
treatments are taken into account, is obtained by analyzing the augumented
table, E, say, with (k2-4k+2) degrees of freedom. The quantity (W-E)/(k-1)
is the mean square for treatments, which is tested against E/ (k2-bk+2) by
the F test with (k=1) and (k2-Lk+2) degrees of freedom.

The proof of this follows the similar way to those in the last two

chapters; thus is omitted here. However, it can be shown that it is also

an accurate test instead of an exact test,




CHAPTER VII

SUMMARY

Both correlation and missing value often occurs in an experiment.

The existence of correlation will impair to some extent the standard
properties on which the widespread utility of the analysis of variance
depends, Also, even one missing value would jeopardize the accuracy
of the experiment.

For the correlation, the experimenter may not always meet the ideal
condition that the errors are uncorrelated due to the physical relationship
of the experimental units., By the method of transformation and rotation
to obtain the canonical form, and the use of randomization techniques,
some of the correlation may be removed. It is still of interest to analyze
the contribution of the remaining covariance to the expected mean squares
of the analysis of variance,

For the missing value, though an estimate can be obtained by the
use of least square method and an approximate analysis of variance can
be computed, substitution of estimates for the missing data does not in
any way recover the information that is lost through loss of data, as
some experimenters have suggested., The only complete solution of the
missing data problem is not to have them,

When both correlation and a missing value occurs together in an
experiment, the error structure becomes more complicated., Not only the

experiment loses accuracy, but also the analysis of variance loss symmetry

and balance, Therefore, special methods are available for exact F-test,
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One of the objects of this paper is to indicate the theoretical

basis for some of the methods which have been used extensively by

experimenters in dealing with either missing data or correlation or both.
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