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INTRODUCTION AND REVIEW OF LITERATURE

Many articles, books, papers, and abstracts have been pub-
lished, which describe the analysis and design of experiments. R. A.

Fisher's (1951) book, The Design of Experiments, is referred to by

D. J. Finney (1960) as the classic for experimental designs. Some

of the more outstanding books and publications in this area are those
by Cochran and Cox (1957), Cox (1958), Davis et al., (1954), Federer
(1955), Quenouille (1953), and Kempthorne (1952).

In most of these publications, the underlying model for the
analysis, the assumptions necessary for the correct inferences, and
detailed descriptions of the appropriate Analysis of Variance (A. N.O.V.)
are clearly and explicitly presented. It is of interest to note, however,
that the above information is based upon the assumption (although not
explicitly mentioned) that the size of the samples in an experiment is
a predetermined fixed quantity. That is, the experimenter, after he
chooses an appropriate design, will determine the size of the samples
before the experiment is actually performed. In so doing, he is also
making the assumption that even though the experiment is repeated,
the sample sizes will remain the same and will not vary.

The actual process of the experiment might result in lost or

destroyed observations, however, making the sample sizes fluctuate




or vary considerably from experiment to experiment. This variation is
an indication of the randomness of the sample sizes. If there could be
assigned to each possible value of the sample sizes a probability of
its occurrence, then the sample sizes could be interpreted as random
variables. This concept leads one to investigate the effects it might
have on the A. N. O. V. for experimental designs, or on the numerous
tests of hypotheses that one commonly performs, or even on the anal-
ysis of missing observations.

Although much information can be found pertaining to the anal-
ysis and design of experiments when the sample size is fixed, as
indicated earlier, little has been done on this subject when sample

sizes are considered to be random variables. The Statistical Theory

and Method Abstracts, which give a review for all of the major statis-

tical journals from 1959 to 1965, have been reviewed as most of the
statistical literature available in the Utah State University Library,
and relatively little information was found which pertained to this
problem as is outlined.

Because of the apparent lack of material on this aspect of the
analysis of the designs of experiments, this work will be primarily a
preliminary investigation or inquiry into the effects that the assumption
of random sample size might have on the tests of hypotheses in experi-
mental designs. Also, since this is a preliminary examination, this
investigation will be restricted to the simplest of designs: one-way

classification.




The main objective of this work will be to examine the hypoth-
esis that all the treatment means are the same and equal to some un-
known quantity, when we know that the variance is the same for each
sample, and to determine if the conventional method for making this
test (the F-test) is applicable when the sample sizes are assumed to
be random variables. This hypothesis can be tested by using a
likelihood-ratio test. To do this, a density function or distribution
has to be found for this ratio, thus permitting us to make probability
statements about the occurrence of this ratio under the null hypothesis.

Throughout this development, reference will be made to many
concepts of which understanding will be essential to the comprehension
of the methods that have been used. Thus, a frief introduction and
review will be attempted in the next few pages to prepare the reader
for the material to follow. It will be assumed that the reader will have
a knowledge of basic statistical terms, such as: sample, random
samples, population, experimental unit, treatment, statistic, and

other common, general expressions.

One-way Classification

The one-way classification, or Completely Randomized Design,
is the most elementary of the experimental designs. It is represented

symbolically in Tables 1 and 2. In these tables, there are t-treatments

allotted at random to N' experimental units, yielding N and r1i




th :
observations to the i treatment, respectively. Yij represents the

th th
j observation in the i treatment for each table.

Table 1. Symbolic representation of data in a one-way classification,
N observations in it treatment

[ Treatments |
L p e s i [t |
3 s i
L i Yo | Yar |- ¢ | Y | Y11 |
5 Y95 4 Ygz L ¥gp | v v x4 Yy ! Y9 :
S e
Observations ]) . | ‘ ; ; 3 :
I | | | | |
| r ) A
| : | | o ‘
| 14 Y93 Y33 |® | Yij | 7t
7 J 4 '
I 1IN | Yon | Y3N ’ YiN YiN ‘

Designs are usually represented by models. A model can be de-
fined or thought of as a mathematical equation involving random variables,
mathematical variables, and parameters. The distribution of the random
variables, if it is known, is considered part of the model. A model for

the one-way classification is given by

Y. = u+T1, +e,, ,
ij i ij

where p is the overall mean of the experiment, T is the deviation of

th
the i threatment mean (Yi) from the overall mean (1), and eij is

th th
the deviation of the j observation in the i treatment (Yij) from




th : . . :
the i treatment mean (Yi ) and e, 1is normally distributed with
. 2
mean zero and variance, ¢ , € ~N(0, o ).
€

ij €

Table 2. Symbolic representation of data in a one-way classification,
ni observations in ith treatment

Treatments l
e T L R A B
| | | | | |
I L S 4 - F) T
| | | |
Y12 | Y22 | Y32 | | Yiz g
| | | | |
g L ¥en o Yag o | \ 743 | Vi3 |
l l l : | I
| | ‘ :
Observationsf y' y. !y. ! Jy' ; y. |
% S 4 3j " 1] : tj \
S e
J \
o } m
| | |
4 J . ' . ’
' ylnl j y2r12 y3n3 | yinj ' | ytnt
| \ |

The specification of this model is not complete because
nothing has been said about the T There are two possibilities:
(a) the researcher can be concerned only with the t treatments in the

experiment, in which case one interprets the T, as being a fixed effect
t
and that X T. = 0, or (b) he can be concerned with a population

Ls 1
i=1

th
of treatments of which the t treatment is a random sample. The latter




case implies that Ty is a random effect and that T NID(0, crf) b
These two possibilities are often expressed by designating the models
as Model T if T, is a fixed effect and as Model II if T is a
random effect.

One is interested when working with more than one treatment in
examining various hypotheses concerning the effects of the treatments
or about the populations of the treatments. Before actually making the
necessary tests, certain assumptions must be made about the models.
These assumptions are outlined very well in Eisenhart' s (1947) papers.
For the one-way classification they are: (a) the observations Yij are
normally and independently distributed with mean My and equal variances
0'2 (Yij ~NID(|¢1, 02) ; (b) homoscedasticity; (c) 7 NID(0, G"f) ; and
(d) whether the model is fixed or random. The description of the tests

that are made can be given in many ways. One method used is that of

the likelihood-ratio test.

Test of Hypotheses

Testing hypotheses in general involves the setting up of a hypo-
thesis denoted Ho concerning a phenomenon in nature, and then
through experimentation and sample evidence accepting or rejecting
the hypothesis. It is important to note that a general hypothesis can
never be proved, but can be disproved. When the experimenter takes

observations and uses them as a basis for rejecting or accepting an




hypothesis, he is liable to two kinds of error - the Type I error and
the Type II error. The Type I error is the rejection of a hypothesis
when it is true. The Type II error is the acceptance of a hypothesis
when it is false. Ideally, we would like to minimize the possibility

of making either of these types of errors. One usually decides on the
Type I error that is permissible and then minimizes the Type II error or
maximizes the power of the test. The power of the test B(6) is defined
as B(9 = 1-P(II), where P(II) is the probability of the Type II error.
The power of the test B(6) is the probability of rejecting the hypo-
thesis when it is false. It is general practice to choose P(I), the
probability of making the Type I error, in advance, and then to max-
imize B(6® . A test which gives certain optimum properties is the

likelihood-ratio test.

Likelihood-ratio Test

Define the parameter space 2 to be the set of all values that

the parameters el, 62, & % i en can have and let w denote a sub-

space of . If we have a frequency function f(x, el, 82, e en) .

n
then for a sample of size n, the likelihood function is L = H

=

1
i, B, 0., 554 Gn) . If we want to test the hypothesis H L( |
0.,

.y B ) ea] J against the alternative hypothesis HA ([ (Gl, X
L

en)esz - w ]J , we form the ratio

£

L(w)

LQ)

>\:




In the ratio above, L(n/:) is the maximum of the likelihood function in
the region w with respect to the parameters that are in w , and
L(é) is the maximum of the likelihood function in the region 2 with
respect to the parameters 61, 92, R {)n that are in Q .

N is suchthat 0=<X<1. We will reject the hypothesis if

N N\ A
L(w) 1is distant from L(Q), and accept the hypothesis if L(w) is

N\
close to L(Q2) . We need to fix the Type I error (o) and find a constant

A so that the rejection region is between 0 and A. Thus, when the

hypothesis HO is true, the Type I error, P(I), will be
A
P(I) = gg(x/HO) = o,
0

where g(\/HO) is the distribution for the likelihood-ratio. Thus, if
N falls in the region 0 to A, then the hypothesis Ho is rejected. If
N falls in the region A tol, then the hypothesis is accepted.

The rest of this work will be devoted to: (a) the creation of
a joint density for the observations when the sample sizes are con-
sidered to be random variables, (b) the development of a likelihood
function for the joint density, and the maximum likelihood estimators
for the parameters in w and ©, and (c) making the test
O(p)\ by S Mg = . L= = ) when the sample variances
are assumed to be the same unknown quantity to determine the dis-

tribution of X\ . The important points will be summarized in the

conclusion.




PROCEDURE AND RESULTS

Joint Density for the Observations

Consider the simplest of the experimental designs, a one-way
classification, with t treatments and N experimental units per treat-
ment, as is represented symbolically in Table 1. If we assume that there
is one observation in each experimental unit, the performance of the
actual experiment might result in some of the observations being lost
or destroyed in some way, thus resulting in fewer experimental units
per treatment and/or fewer treatments if all experimental units are lost
in any one treatment. Now, it seems feasible that there could be as-
sociated with each observation a probability of its being present or
absent after the experiment is performed. In other words, each experi-
mental unit has the possibility of being lost or destroyed. This would
result in the sample size associated with each treatment to vary. That
is, it would become a random variable whose range of values would be
from 0 to N .

Let us represent this idea symbolically. Note that in Table 1,
Yij represents the jth experimental unit or observation in the ith
treatment, and that before the experiment is performed there are N
observations in each treatment. Associate with each Yij a random

variable Xij , which takes on the possible values 0 and 1, such

that, if Xij = 0, then Yij is absent or lost, and if Xij = 1, then
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Yij is present in the experiment. Denote the probability that Xij

1s one, P(X kA = 1), by P and the probability that Xij is zero,
P(ij = 0), by a where q, = 1 - P, and P +qi = ] . Let the
X..'s be independent of one another. By independent is meant the
occurrence of any one of the Xij's in no way affects the probability
of the occurrence of the other Xij's . It is clear that each Xij has

two possible outcomes, zero and one. Therefore, in any trial, Xij

will be zero or one, and the probability density function for Xij is

xij 1—xij
f = I
(Xi}.) P, q,

If we have N trials, then the probability that there will be nl, ones

Now examine an experiment with a total of N' observations,
N observations per treatment with t groups or treatments. If observa-
tion Yij is present, then Xij will be one. If observation Yij is
absent (destroyed), then Xij will be zero. Therefore, the probability

that Yij is present in the experiment is

1 — = l 5
P(Yij is present) P(Xij )
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and the probability that Yij is absent (destroyed) is

P(Yij is destroyed) = P(xij =0).

th
Note also that the number of observations in the i treatment, after

the experiment has been performed, is equal to the number of Xij's y

j=1, 2, 3, ..., N that are equal to one, i.e., ni = the number of
th .
1

observations in k treatment = X X, , . Thus, the probability that

i
j=1"
the number of observations in the ith treatment is ni is given by

th N n .
P(ni observations in i treatment) = (n \ i i

where OSniéN.

As was mentioned in the introduction, one of the assumptions
associated with the one-way classification is that the observations
Yij are independent normally distributed random variables with mean

2
My and variances o , Yij ~ NID(Hi , ¢ ). The density function for

Y. is
1)

/ , —0<Y <o,
2 * ij ”

L 0 otherwise
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With the same assumption holding for each Yij , and the added
association of Xij with Y  , the proposed distribution for the observa-
1)

tions will now be conditional on Xl’j and will be given by

[ X 2
L ep i o Xy Wy ey
i 5 2 exp - - for —w < Yii < o given
1 QTTJ L 20’ - i
‘ that X, =1
| i
f‘ 0 for - o< Yi‘ < o given that Xi =0
£y, /X)) = { : .
: J J 1 for Y - destroyed given that Xij =0
\
L 0 for Y - destroyed given that Xij = 1

(2)

In order to investigate (2) to see if it is a density function, it
will be necessary to examine the sample description space associated
with (2) . A sample description space S is defined as the set of all
possible outcomes of an experiment. Therefore, the sample description

space for (2) is
S = {Yij ’ Yij is any real number or Yij does not exist}

That is, S is composed of the set of all positive or negative numbers,
and those points where Yij does not exist. S can be divided into two
events. The event that Yij exists and the event that Yij does not exist.

In symbolic notation,




S {El UEZ} , where

El = {Yij | Yij is any real number} and
B | v ,

EZ {Yij Yij does not exist} .

A density must satisfy these two rules:

It is obvious that rule i) is satisfied by our density, for

[(Yij/ij) is always equal to or greater than zero when Yi‘ is or is
not present, because .f(Y_j/X,j) is the normal distribution if Yi' is
i i

present given that Xij =1 ‘and f(Yij/Xl,j) is equal to one when Y.,

1]
is absent given that X‘j = 0, both of which are greater than zero.
i
Also, f(Y*j/X"j) = 0, when Y,
1 i 2

i is present given that X, , = 0, and
J i

J

when Yij is absent given that Xij = 1. (2) also satisfies rule ii),

slnce

\ £(Y,. /X, )dY, = g £y, /X.)dY. + & £(Y. /X, )dY. .
: 1] 1] 1] - 1] 1] 1] o) 1) 1] 1]
: 1 E)

(3)

When Xij =0 or Xij =1, (3) equals one. This is obvious

since

115!
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ﬂ f(y, /X, = 0)dY . + S B /X = 0)d¥, =1 ,
. 1] 1] 1] . il 1) 1]
5 Ez
and
(tev. /x = 1)ay +Sf(& /X, = 1)dY =1,
l 1] 1] 1] . 1 1] 1]
L] E,
for
(f(\m/x_ = 0)dY.. = ﬂ f(y, /X,. = 1)dY.. = 0
” 1] 1] 1] 1) 1] 1]
< £,
and
\f(Y,‘/X,, = 1)dY.. = \ fty. /X =0)dY, =1
o 1] 1) 1) 1) 1] ij
& E)

therefore, (3) is always one which implies that (2) is a density

and X“ is

function. The joint density of Yij i

That is,




1’5

( 0 for —o» <Y, <o X = 0and0<p,<l
1] 1) i
Xi' 2
£ 1 2 Xy ) 4
g X, )= exp l i . q, for —o<Y, <o X =1,
ij’ " ij 252 ‘ %2 i ij ij
LT = V4

and U<qi<l

|

0 for Y destroyed, Xij =1, 0< pi <

pi for Y destroyed, Xij =0, 0< pi <l

The Sample Description Space S for this joint distribution is:

S={(Y,, X)) |-eo<Y, < Y,  is destroyed, X.., = 0, 1} .
ij ij ij 1] 1]

S can be partitioned into four subsets or events:

S = (E, UE, UE, UE,) where
E. = ((Y.,.,, X..)| (Y.. is any real number and X.. = 0)),
1 ij ij” ! ij 1] ’
E. = ( (Y., X..) , (Y., is any real number and X,, = 1) ),
2 \ g ij ij ij
B /(Y,,, X ] (Y., does not exist and X, = O)>, and
3 ekt ij ij ij
s
I (] 1 t (Y., does not exist and X, = 1)
4 ij ij ij 1]




It is obvious from (4)

ij ij
i) is satisfied. Rule ii) will also be satisfied, since,
1 1
v T r‘ =
& \ Q¥ X MY = ) N f(y,./X..) - P, )dY,,
2 SN SRR § J L ij" 1] ij" " 7ij
S X = S X =0
1]

B i 1
= g \ (Y. /X, = 0)dY. . S F(Y. /X, = 0)dy
M 1] 1] 1] - 1] 1] 1]
E E,
+ . /g f(Y, /X.. = 1)dY.. + \ £y, /X.. = 1)dY.
R ij° 7ij s S 5 o i
E; E,
=q, +p, =1

Therefore, (4) is a density function.

It can be shown, Parzen (1960), and Feller (1957), that if A
and B are independent random variables, then their joint density can

be obtained by the product of their respective density functions.

That
is,

f(A, B) = f(A)f(B)

16

that f(Y., X..) = 0 and therefore, rule
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Since the Y,j‘s, j=1, 2, N, are independent normally distrib-
1

uted random variables, their joint density given the corresponding
X, .'s

.. 8. 7= 1, 2, y N o S
1]
f(y 7 > D ' . )
¥ipr Yo Yin’%i10 %2 XN
N
N Fg 1/2 = Xl]
= m f(Y../X,) = =4 j=1
iy R ) 2
j=1 210
N 2
exp - ) L1 for - <Y, <o given X, ., =1,
; 2 ij ij
= 20
) Yij destroyed given Xi' =0;
=_. 10 otherwise .
The joint density for the Yl_ and X J j=1 A |
7 4 — 7 7 /
f(\il. YiN’ Xl1 g XJ'N) f(&ll, g \iN/Xil' e
P , 2
1N) (Xll’ : KiN)
or,
N
1 23
f(y X X_ ) = i /2'“1 Xij
i1’ 1l iN k a5
210
N 2
. X Y= k . =I,
; B U(YlJ hy/ \ /N nl an
exp = 2 ‘ p. q
L ‘ n i
. 20
j=1
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X.=1, Yij destroyed and

L. =0, 0<p., 9.1, Og_nigN, and 0 otherwise.

This is a density function because each density f(Yi], ; Xij) is greater

thus, the product

¥, ¥

than or equal to zero for all values of Yij and Xi
L J

of positive quantities will be positive, and

Therefore,

1 1 1 N
L e Y on vy, x, ay

L Ly A TR
S, 8, Sy X170 X,,=0 X, =0

and rule ii) is satisfied.

The joint distribution of the Yij's and Xij's for all of the t

treatments is given by
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P : .5
(XJ'_J' X1N)
r 2 N 5 | ]
| i [ -z X -w)" | '
— 11 N_
_ 12 MBI ) ,/N~p“1 ; |
N | 2 = ; ' ?
1:1 [ 27‘@ | 262 : ni g . !
(7)
for - w<Y, < o and X,, =1, Y,, destroyedand X,, =0, 0<n, <N,
1] 1) 1] 1) i
il pi, qi >0, pi + qi =1, and 0 otherwise. By the same reason-

ing as that used previously, it can be shown that (7) is also a density
function.
Now that we have the joint density function, we are in a position
to test the hypothesis, H : (@, = p, ... = pu, = pn.) . As was men-
o) 1 2 0
tioned in the introduction, we can make the test by the likelihood-ratio
criterion; however, to do this we need the maximum likelihood estimators

for the unknown parameters. This, then, will be the next topic

discussed.

Maximum Likelihood Estimators

As was indicated in the introduction, to find the maximum
likelihood estimators of the unknown parameters, we maximize the
1ikelihood functions with respect to the unknown parameters over the
regions in which these parameters are defined. We, in essence, have

two regions, w and .
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The Likelihood Function for the Region w

The subspace w is defined as follows:

Therefore, the likelihood function defined on the region w is

1
n N 2
R i — X,.(,,-po) !
L, o Di) =" [ —lz— /2 exp \ - lJ2 [
i=1" | ‘2na” " ok 20 {
| J:l ,
N | )n N—ni
3ot I1' qi
i
or
t
it r t‘ 3] )2 T
i=1 /2 S el B
2 1 i=1 j=1 ’
Lls o 4 ol) = > exp } >
210 { 20 ’
L :
t —
/ N\ nl ) nl
n, /P14




2:1

we want to find the estimates of the parameters which will

Now,

—_ 2 : ; ‘ :
maximize L(H(). o, pl_) . To do this, we need to take the partial

‘ : 2 , 2
derivatives of I,(‘i_o, T pi) with respect to the parameters bgr T

and p,, and by setting these first order derivatives to zero solve
i

) 2 : :
for ho» @ » and p,, if the values exist.
i

t N
. = (iJYiJ
}; Liaa=l =1 -y
o t 2
2 nj
i=1
t N
* 2 : X B X (Y -? )2
oL (U o o, p) e > . L N f=1 l:l 1] 1)
8LT2 L i Ly2 2(02)2
i=1
Setting this quantity to zero implies that
t N — g
t z X X . (Y..-Y )
. 2 . , ij 7]
B o i=1 j=1 _
=, ni 2 + y = 0
e /2 o 20
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This implies that

t N
= S
2 2 Xij(Yij -Y )
24 . -
N & —. e
4 SRR 1 j=1
w 17
2 ni
i=1
o L*( , o7, pi) n, N—nl (-1)
9 p = b 7
° P By 9
Setting this quantity to zero implies that
n. (N-n)) n, -np, -p.N+np,
3 R & ii i il 0
P (1-p.) p,(1-p,)
i i i

The parameter space (2) is defined as the set of all values of

2 2
Moy Bps «vey W, 0 , and p,, i=1, 1ll, t, suchthat w, ¥ w , o >0,
1 2 t i i o}
.
and 1> P, > 0 . Symbolically, Q = {ui, P, j=], oy Ly @ My %/uo ;

e 20, DL H <& 1} . The likelihood function defined on the parameter
i

space Q is
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= T
| N -~
253 T
| TR TR n (N-n,) |
_j=l |\ /N i A
exp | 5 = p q ;
| , i n, i i
: 20 | 1
or
t
24 ni
o ¢ 3 i=1 /2
I A & — 2 e
(“1 Iy : pi) 3
2\)
i N 5
D > \lj(Ylj i rL1\“
i=] f=1 ’
exp J > P(n] , n)
r 20 :
The natural log of this function gives
t
-2 n
i
2 i=1] 2
L*(Hl . p,t, o, pl) = 5 In(27a")
;8 z
- X (Y, -w)
i=1 j=1 o /
> + 1n P(nl, N, nt)

9L* (u S P T p,) i HO
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Setting this quantity to zero implies that

and

and
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Likelihood-ratio

It was indicated in the introduction that to test the hypothesis
HO(Oe w) against the hypothesis HA(()e Q - w) we need to calculate

the following ratio

N\ /\2

Bl L(@) b I'(llo' Jw)
R (v ) A A2
L(lll' > Hyo o)

t
25 . t N
i - L = 2
=l T z  Z ><lJ (Ylj =)
1 , [ i=1 =1
\ ~2) exp \ Yy P(nl, nz, ,nt)
210 20
w w
X = :
b nl t N oo 2
i=1 “/2 z Z Xij YlJ - Y, )
/1 7/ i=1 j=1 \
oz, exp|( - 2/\2 ,P(nl, , nt)
'n'O”Q O'Q
but in
t N . 9
2 2 Xi'(Yi' -Y )
A2 =] =1 U1
t
2 n,
i
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and in
fr ) - 2
2. 2 XIKYi,— Y1 )
A9 _ =] J:] J )
G t
2 ni
i=1

Substituting equals for equals and cancelling like terms, the

likelihood-ratio becomes

t
Mt N o e N
SR le (Yij -%, ) l sz
\ :’1:1 j=1 !
't N S
| % Z X 0. -Y )
li=1 j=1 Y Y

N N
- . = - 2
22 X (Y, -Y e Z %0 -~ )
i=1 j=1 Y 1Y ‘ i=] j=1 Y Y

t N B BRI
+ = 2 Xi'Yl -Y ) :

i=1 j=1 )

hence, by substituting this relationship into the expression above,

(8) becomes




is distributed as a Chi-square variate with £ - 1 degrees of freedom,

where

t " n
1
, ' i1
: [1- = (kl>(-1)
1 k= VE 2 J

B
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The relationship for ¢ is obtained by noting that if all the observations
in any one treatment are missing, then likewise so is the treatment.

This is represented symbolically in this manner:

th
]‘O if ij observation is missing
= th
1 if ij observation is present
: ) , .th
0 if at least one observation in i treatment
N ‘ is present
Il - Xi') - { th
j=1 . ‘ 1 if all observations in i treatment are missing
L (11)
kA , . .th Y
N 0 if all observations in i treatment are missing
l-1m (1-X,,) =
ij ) ) ) ) .th
j=1 1 if at least one observation is present in i
L treatment
(12)
n
N i K ni
o (1 - Xij) can be represented by Z (-1) <k > , by noting that

=1

0
Let X=Y =1, anddefine 0 =1, then

N n n, FO if n,>0
Ol:, 1
]_1 if n, = 0

=
—
-
|
<
!
.
—
Il
—
=
I
—
=
Il

This implies that if X =Y =1, then




hence,

t
N
¢ = Y 0-1@-%x))
/_4’ -:l lJ
2 S

The range for ¢ is 0 to t.

t

is distributed as a Chi-square variate with > (ni - 1) degrees of
VA,
i=1

freedom.

t

, where m={ -1 and n = T (ni - 1) are the degrees of
L
i=1

freedom associated with the Chi-square variates V and U, respectively,is
distributed as an F variate with m and n degrees of freedom. This

relationship is conditional on holding the ni's constant.




=1 *

degrees of freedom, and therefore (10) becomes

-

M4

111
2

p—

E
;
 aat |
]

30

Note 4
The distribution for F, Mood and Graybill (1963), is given by
m m-2
m+n-2 = e
> ! /,m‘2 2
H{F) /m=2\, /n - 2 n - m+n
N e !
2 L L (1 +@F) .
n
romr Eesa
Using the information in the above notes, we see that
LG
2 Xij (Yi -Y )
i=]l j=1 - @ -1
o (2 -1)
b I eSS
B % R X F B~ D)
t
(= (@ -1)
=] =
1
is distributed as an F variate with m=4¢ -1 and n= Z (n, -1)

(13)
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By a simple transformation, Parzen (1960), and Mood and Graybill

(1963), of variables and letting m= ¢ - 1, Z = Zni, and n =
t
Z (n,-1) , we can find the distribution of \ as follows:
=1 !
. BS2
1 \
A o= | o /
1+ —F

Solving for F, gives




m+n-2
|
5 ! /m>m/2
‘m=2\, /n—Z\" ''n
2 4\ 2

32
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m-2 n+2-2
T 2 -Z/2
Zl 2 2
=. T 2/z(1—x2/7t -[x/zw h/z}
i J | L
m-2 n-7
) - 2
r ‘ r ]
= @ z/Zi-xZ/ZJ \xZ/Z\
L L J
t N E n
where m= ¢ -1, an(ZX,,—l‘,ZZZ 2 X, , and
i=1 Lj=1 Y J =1 j=1 Y
/ m+n-2 \'H
. A 2 . b .
C = Making the substitutions mentioned above
m—2>' /n—Z\,"
o L T
h(\) becomes
(-3 -0
ZXX -3 2 2
r )
S S B 5 2/5 ZX, .- Z/EZX
h _ J 2 | r_2 ‘rl ij] I 1J1
) = S X 1 -2 ZE}(J | A A
f—3\"‘r lJ “ | | e |6 =
A 7L % J
(14)
N
and interms of n, = Z X, .
i , ij
j=1
£-3 =
i RS PR S R Y
il i
S e e LE”Q (1-)) \

where 0< \ =< 1.




A preliminary investigation of the distribution for N that has

just been obtained, reveals that this distribution depends upon the

values of ni, i=1, 2, ..., t, and is therefore conditional on ni,

i=1, 2,

This can be represented as
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The distribution for X\ is found by summing (1 7) over all possible

values for the ni's, 1=y 2 e B0 That ds
N N
i) = & .oonvs = h(\/n., , n) - P(n, )
1 It 1 t
n.=0 n.=4a

To simplify the form of this distribution, make the substitution

2/
zn,
W = 2\
This implies that
t
2
Zn /2 - oy - (Zn,/2 - 1)
AN = W and ‘d—V—\/ = ‘—2— W
Making the appropriate substitutions,
Eni - 3 _
| Zn, -
0l nad S
HOW T, b ’ rl’r:) i Zn-4-2 - | Zn, | | 2
(ﬂ ,[ i Iy i
L 2 2 ]
-3
—— (Zn,/2 - 1)
1-w 2 W L/2 S W i
Sy =
e S F-3 B~} =3
ik 2 )
(1-w) A 2 ; 0<Wkl
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The joint distribution for W and n, i=1, o G
h(w, Ny e nt) = h(W/nl, i nt) : P(nl, s nt) , or
St~
( . \y .24
At \ == \ 2 b S 2
h(Na nlv ’ nt/ Zn SiRE 2 (J- \/\[)
L=3 \|( i ) |
2 /)h\ 2 4
/Z - -
<\ ! : 2\ t N N_nﬂ
w 2 / Hf(l 05 < S L 0<W<1,0<p<l.
=1 L% Bt Tl i | — Tj=

Summing over all possible values of nl, s nt will give the

density for W, 1i. e. ,

This, then gives us a density function for W . To complete the
test of hypothesis, one needs to find the critical region, 0 - A, such
that P(0 < W< A) = a, where a is the Type I error probability and is
usually chosen beforehand.

It should be pointed out that




3

A A N N
P(0 < W< A) = S‘g(W)dW = § ) ; h(W, 0, ..., n)dw
' cad, ]' t
0 0. 1n,=0 =10
1 t
and
A A N N
Pl0ck < &) = gh(x)dx = g Y ) \ hik, T, , n,)dx
< 2 L 1
0 0 n=0 =0
i t

are not immediately obtainable, and that a test for X\ or W will not be
obtained from these relationships until a closed expression can be found
for g(W) and h(\) or until an approximation can be obtained for them
which will permit the calculation of the probabilities of (18) and (21).
Even if we were able to obtain (18) and (21) a test still might be difficult
to obtain because both (18) and (21) involve the unknown parameters
pi and qi. The Type I error would vary for the different values of the
parameters for a fixed critical region 0 to A .

Mood and Graybill (1963) indicate a method, however, which
will permit us to construct a test. They point out that if a test criterion
N has a distribution f(\; 81, 62, T e en) which involves a set of un-

known parameters 6., 6 en , and these parameters have a set of

1 gt "t
sufficient statistics 81, Pt @n , then the joint density for X and
A A AN
91, 62, ok en may be expressed as
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A A A\
v, 8, , 85 4, . 8) = vl(x/@l, woz B
A\
v, @, ..., 6; 8, ..., 0)

(22)

A sufficient statistic implies that the estimator contains all the infor-
mation about the true parameter that the sample can give. From (22) one
notes that the conditional density of N , given the sufficient statistics,

will not involve the parameters. Using this conditional distribution, a

N\ A\ A JAY X
number A(el, N en) may be found which for every 61, 62, w5 éq
A, 6 6)
s L 2 ' "m - 2
v.(\/8, ..., 8)d\N = «
1 1 n
0
is true. Hence, one may test a hypothesis by using é\l’ R é\n and

A . The test is actually a conditional test. We can observe él’ ey
A
Gn and test N by the critical region 0< \ < A(Gl, en) , using the
conditional distribution of N given é\l’ e s é\n .
The important point to be gleaned from the above discussion is
that if a set of sufficient statistics exist, then
A
A, ..., 8)
1 n o e
S‘ vl(x/el, en)dx = &
0

will give a test for the likelihood criterion \ for arbitrary values of

08, ... 8
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There is a theorem in Mood and Graybill (1963) that gives a
criterion for examining a set of statistics for sufficiency. This theorem

states that if a joint dnesity of a random sample can be factored as

A A
10, ..., )= L i IR R e [
g(Xl Xn 91 en' h(el’ en e1 : n)
g(Xl, T Xn) where g(Xl, e s Xn) does not involve the 61, then
A \ 2 v 3
By vievs §n is a set of n sufficient statistics.

Now, the joint densities for X\ or W, which were just obtai ned
in (17) and (20), respectively, involve the unknown parameters pj, P,

0 Py Note that (17) and (20), represented symbolically below,

h(\, n, )7 Py , pt) = g(x/nl, : nt) f(nl, ) D7 Py pz,pt)
h(w, n, ) Ni P : pt) = g(W/nl, ; nt) f(ni,. ) Ny
pl’ LI | pt) )

are the product of two densities where the first density does not involve

the parameters pl, bl D) and the second density involves ni and

t ’
ol [ER R N
pl
Using the criterion for sufficiency outlined previously, one sees

that the ni 's, i=1, ..., t are sufficient statistics for the parameters

p,, i=l, ..., t. Therefore, a test can be performed on N\ or W by




It is possible to demonstrate this by noting that to test the

hypothesis Ho (

Sy = .. == HO) we need to find a critical

1

region for X or W, such that if any value of A\ or W obtained by
the likelihood-ratio falls in this region, then HO will be rejected. If
the value for N or W is not in this region then HO is accepted. This

is expressed symbolically as
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A i i i i
n n,
i i
where s* represents N\ or W and S‘ f(ni; pi) = 1. Hence, to
Ly
n,
i
make a test one needs only to find an A(nl. T nt) , such that
A(n R T,
Sl t
S g(s*/nl, 1 nt) ds* = «
0
But, g(s*/nl, 2 0% 3 nt) is just a beta distribution in terms of W or
a function of an F variate in terms of X . This, then, implies that
to test the hypothesis HO(Ml = gy = e = Pl S HO) when the sample

variances are the same and when the sample sizes are assumed to be
random variables, one uses the conventional F - test method. In
other words the likelihood-ratio will have an F distribution.

To fully examine this test, however, one should examine the
power function g(6) . But, in order to be able to do this, it is nec-
essary to actually be able to evaluate (18) . At the moment, this is
not possible, since the expression is too complex, or seems to be.
Until an approximate expression can be found or this expression
simplified to a point that (18) can be evaluated, the power function
will not be able to be evaluated. This could develop into a thesis in

and of itself.
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CONCLUSIONS

In summary, a density has been found which describes the
experiment when the sample sizes are assumed to be random variables.

The likelihood-ratio was used to test the hypothesis HO(HI = My =

A mathematical relationship was obtained for the density of the
likelihood-ratio criterion, X, which was too complex to obtain the
necessary probabilities for testing \ . It was shown, however, that
the conventional F test could be used to make a test for X, even
though it is assumed that the sample sizes are random variables.

The power function, B, was not compared with the known
power functions for fixed sample sizes due to the complexity of the

aforementioned density function.
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