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ABSTRACT
A Survey in Mean Value Theorems
by
David A. Neuser, Master of Science
Utah State University, 1970

Major Professor: Dr. Stanley G. Wayment
Department: Mathematics

A variety of new mean value theorems are presented along with
interesting proofs and generalizations of the standard theorems.

Three proofs are given for the ordinary Mean Value Theorem
for derivatives, the third of which is interesting in that it is
independant of Rolle's Theorem. The Second Mean Value Theorem for
derivatives is generalized, with the use of determinants, to three
functions and also generalized in terms of n-th order derivatives.

Observing that under certain conditions the tangent line to the
curve of a differentiable function passes through the initial point,
we find a new type of mean value theorem for derivatives. This
theorem is extended to two functions and later in the paper an integral
analog is given together with integral mean value theorems.

Many new mean value theorems are presented in their respective
settings including theorems for the total variation of a function, the
arc length of the graph of a function, and for vector-valued functions.
A mean value theorem in the complex plane is given in which the dif-

ference quotient is equal to a linear combination of the values of the




Vi

derivative. Using a regular derivative, the ordinary iMean Value

Theorem for derivatives is extended into Rn,n>1.

(50 pages)




CHAPTER I

INTRODUCTION

Early in the study of calculus we learn of the ordinary
mean value theorems for derivatives and integrals, and of their
generalizations. However, there are many other Tess well known
theorems which can be classified under the general heading of
mean value theorems. In this paper we will present many of these
theorems together with interesting proofs and generalizations cf
the standard theorems.

In Chapter II we restrict ourselves to mean value theorems
for derivatives of real-valued functions. We present three proofs
of the ordinary Mean Value Theorem: the first being the standard
proof using Rolle's Theorem, the second using an area function,
determinants, and Rolle's Theorem, and the third using a sliding
interval technique by R. J. Easton and S. G. Wayment [2] which is,
interestingly enough, independent of Rolle's Theorem. This same
technique is then used to prove a theorem by Darboux [11] showing
that the derivative possesses the intermediate value property. We
will at times refer to this property of the derivative as the
Darboux property.

The Second Mean Value Theorem for derivatives, often referred
to as the Generalized Mean Value Theorem, is presented in a linear
form, thus avoiding any assumptions about non-vanishing terms [1].

Devinatz [1] then generalizes the theorem to three functions with




the use of determinants. Another generalization is given by D. H.
Trahan [14] in terms of n-th order derivatives.

An new mean value theorem for derivatives is given by T. M.
Flett [4] in which he observes that for a differentiable function f
defined on [a,b], there is a point ¢ in (a,b) at which (¢ - a)f'(c) =
f(c) - f(a), provided f'(a) = f'(b). D. H. Trahan [13] generalizes
Flett's results by relaxing the condition that f'(a) = f'(b), and then
follows this with an extension of the theorem to two functions.

In Chapter III we consider integral mean value theorems for real-
valued functions. The ordinary Integral Mean Value Theorem is proved
under a stronger hypothesis than is necessary. As a result, the
theorem has an immediate generalization in which the requirement of
continuity is relaxed. K. S. Miller [7] has extended the Integral
Mean Value Theorem in what he refers to as the "First Mean Value
Theorem" and the "Second Mean Value Theorem." We follow these theorems
with two more general theorems, the proofs of which are relatively
less involved.

Recently S. G. Wayment [16] submitted an integral analog to
Flett's Theorem in which he observed that for a continuous function
f defined on [a,b], there is a point w in (a,b) at which (w - a)f(w) =
fgf(x)dx, provided f(a) = f(b). We include his proof along with an-
other proof for comparison. The additional proof is interesting in
that it uses Flett's Theorem. Wayment's proof could be generalized if
the sum of a continuous function and a function with the intermediate
value property was in turn a function possessing the intermediate

value property. However, we provide a counterexample, the construction

of which was suggested by J. W. Cannon.




In Chapter IV we look at a variety of different mean value
theorems in their respective settings. If f is an absolutely con-
tinuous function defined on [a,b] which is differentiable on (a,b),
then S. G. Wayment has shown [17], with the use of the Lebesque
integral, that there exists mean value theorems for the total varia-
tion of f over [a,] and the arc length of the graph of f on [a,].

The proofs would also follow using the Riemann integral if, under the
given hypotheses, the absolute value of the derivative was necessarily
Riemann integrable. However, E. W. Hobson [5] provides us with a
counterexample. The theorems are then generalized by relaxing the
condition that f be absolutely continuous.

For a real-valued function f, the total variation of f and the
arc length of the graph of f are quite different. However, for vector-
valued functions it is customary to define the arc length of the
graph of the function to be the total variation [1:;. If
we think of the real-valued function f rather as the vector-valued
function given by f:x>(x,f(x)), we find that its total variation and
the arc length of its graph are equivalent. With the above definition
in mind, similar proofs would follow if the norm of the derivative
had the intermediate value property. However, a counterexample is
given. We also provide a counterexample showing that the original
theorems cannot be extended to Rn,nzz.

If we consider the differentiable vector-valued function v(t) =
(t,f(t)) defined on the unit interval [a,b], we find an interesting
vector analog to the ordinary Mean Value Theorem for derivatives in

that there is a point p in (a,b) at which v'(p) has the same direction

and magnitude as the vector (b - a,f(b) - f(a)). Under certain




conditions we find similar results with the more general function v(t) =
(x(t),y(t)). However, we find it easy to construct a differentiable
vector-valued function v from [a,b] into R3 whose derivative is dif-
ferent in magnitude and direction from [v(b) - v(a)]/(b - a) at each
point in (a,b).

For a holomorphic complex-valued function f defined on a connected
open subset G of the complex plane where z]eG, ZZEG, and A is an arc
in G connecting Z; and Z,s there may not exist a point zeA at which
(z2 - z])f'(z) = f(zz) - f(Zl)- However, McLeod [6] gives us
a mean value theorem in which the difference quotient is equal to a
linear combination of the values of the derivatives.

The main problem in establishing a mean value theorem for functions
defined on Rn,n>1, is that there are many ways of defining the deriva-
tive. Using a regular derivative [9], R. J. Easton and S. G. Wayment
[3] give a mean value theorem with the additional hypothesis that the
function be absolutely continuous with respect to Lebesgue measure.

For notational purposes, the proof is given only for the case n = 2
and uses a sliding "interval" technique similar to that used in the
third proof of the ordinary Mean Value Theorem for derivatives. We

remark that L. Misik [8] gives the same theorem without the added

condition of absolute continuity.




CHAPTER T1
MEAN VALUE THEOREMS FOR DERIVATIVES

For completeness we begin with some elementary results.
Let D be the set of all real-valued functions f which are
defined and continuous on [a,b] and such that f' exists at each point

in (a,b).

Theorem 2.1 (Rolle's Theorem)

If feD and f(a) = f(b), then there exists a point ce(a,b) such
that f'(c) = 0.

Proof. Since feD, there exists points m and M in [a,] such that
f(m)<f(x)<f(M) for each xe[a,b]. If f(m) = f(M), then f is constant
on [a,b] implying that f'(x) = 0 for each xe(a,b). If f(m) # f(M),
assume f(a)<f(M) and hence Me(a,b). Since feD, f'(M) exists and
(M) =1im, (1/h) [f(m + h) - £(M)] =1im_(1/h) [F(M + h) - F(M)] =

h>0" h+0"
£ (M).

But f;(M)fp and f'(M)>0 so it follows that f'(M) = 0.
The case f(a)>f(m) is handled similarly.

The following theorem is a statement of the ordinary Mean Value
Theorem for derivatives. We follow it with three proofs, the first

two of which depend on Rolle's Theorem.

Theorem 2.2 (Mean Value Theorem)

If feD, then there exists a point ce(a,b) such that (b - a)f'(c)

f(b) - f(a).




Proof 1. Let g(x) be the equation of the straight line joining

the points (a,f(a)) and (b,f(b)), that is

g(x) = [f(b) - f(a)] [(x - a)/(b - a)] + f(a).

Define d(x) = f(x) - 9(x). Since feD and geD it follows that
deD. Now d(a) = 0 = d(b) so applying Rolle's Theorem, there exists a
point ce(a,b) such that d'(c) = 0. Thus
d'(c) = f'(c) - g'(c) = f'(c) -[f(b) - f(a)]/(b-a) =0
and the result follows.

We note in the above proof that d(x) attains either a relative
maximum or a minimum value at the point x = c. Let A, X, and B be the
points (a,f(a)), (x,f(x)), and (b,f(b)),respectively. Let AB denote
the 1ine segment joining A and B and Lx denote the line segment joining
X and (x,g(x)). Since the acute angle formed by LX and AB is constant
for each xe(a,b), it follows that the perpendicular distance h(x) from
X to AB is in direct proportion to d(x). Thus by maximizing (or
minimizing) d(x), we maximize (or minimize) h(x) which results in maxi-
mizing (or minimizing) the area of the triangle having verticies at A,
X, and B. This gives us a slightly similar but interesting way of
proving the Mean Value Theorem.

Proof 2. Using the notation in the above paragraph, we find that
the area T(x) of the triangle having verticies at A, X, and B is given
by T(x) = (1/2)|uXv| where u and v are the vectors (x - a, f(x) - f(a),0)

and (b - a, f(b) - f(a), 0), resgectively. Now




where k is the unit vector (03,0,1). Since T(x)>0, we now define a

somewhat similar but less restrictive area function A(x) as
A(x) = (1/72)|k|[(a - b)f(x) - (x - b)f(a) + (x - a)f(b)].

If we let

then A(x) = (1/2)F(x). Since AeD and A(a) = 0 = A(b), it follows by

Rolle's Theorem that there exists a point ce(a,b) such that A'(c) = 0.
Thus
f'(c) 10
A'(c) = (1/2) |f(a) a V|= (1/72) {(a - b)f'(c) - [f(a) - f(b)]} =0
(b) b

and the result follows.

In most standard calculus text, the proof of the ordinary Mean
Value Theorem is dependent on Rolle's Theorem. The third proof of
Theorem 2.2 is dependent on the nested interval theorem rather than

on Rolle's Theorem [2]. We first consider the following lemmas.

Lemma 2.1

Let a,b,c, and d be real numbers with d>0 and b>0. If a/b<c/d,
then a/b<(a + c)/(b + d)<c/d.

Proof. Multiplying both sides of our given equality by bd>0, we

obtain ad<bc. We now add cd to both sides and factor to obtain




(a + c)d<(b + d)c and hence (a + c)/(b + d)< c/d. Similarly, if we
add ab to both sides of the inequality ad<bc and factor we obtain
a(b + d)<b(a + c) which in turn yields a/b<(a + c)/(b +d). Therefore,

a/b<(a + c)/(b + d)<c/d.

Lemma 2.2
If f' exists at each point of the open set G and xeG, then f'(x)

exists if and only if

L = 1im 2B} - fQa) oiicts
a>x- b - a
b-x*

Proof. If L exists and b = x, then L = f'(x). Similarly, if a =
X, then L = fi(x) and hence f'(x) exists.
If f'(x) exists, then f'(x) = fi(x) = f'(x). Now for a fixed a

and b, we can assume without loss of generality that

By lemma 2.1 we have that

f(x) - f(a) _ f(b) - f(a) _f(b) - f(x)

T X -a = b - a ~ b - X

and hence

ek f(x) - f(a) <L< 11m+ f(bg - f(x) _ S
s X - a b-+x - X

Therefore L = f'(x) and L exists.

We now establish some notation for use in the following lemma and
in the third proof of Theorem 2.2. If I] = [a,b], then let F(I]) = f(b) -
f(a) and ‘I]' =b - a. Observe that for a< x <b, if I' = [a,x] and I'' =

[(x,b], then F(I]) = F(I') + F(I'") and|I,| =[I'| +|I""[. Also, let h =|I]L




Lemma 2.3
If f' exists at each point of the open set G and I] = [a,b]C@G,
then there exists a point cely, such that i F(I])/)I]k.
Proof. Divide 11 into two equal intervals, namely I]] = [a,a + h/2]

and I,, = [a + h/2,b]. Since F(I1) = F(I]]) + F(I12)’ we can assume

12
without loss of generality that F(I]])gjl/Z)F(I])<F(I]2) Define the

auxiliary function
g(t) = f(a+h/2 +t) - f(a+1t)

which is continuous on [0, h/2]. Since g(0) = F(I H) (1/2)F(I ])_
F(112) = g(h/2), it follows from the intermediate value property for
a continuous function that there exists a point tog[O,h/ZJ at which
g(t.) = (1/2)F(I1). This value of t, determines the interval 12 =

0
[a + t_, a+h/2 + t ]CL, where F(I,) = (1/2)F(I;) and ‘12\ - (1/2)‘1]‘.

Thus
Y =
FLY S
|
b

We proceed inductively to obtain a nested sequence of closed intervals

{I } such that
i

- F(14) NIcHE
= LA =
F(Ii ]) 5 and ‘Ii ]I 5

If we let () Ii = {c}, then it follows from lemma 2.2 that
i =

E
L

£ (c) = - %II

1)
1[ 1
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We now turn to the third proof of Theorem 2.2.
Proof 3. In view of lemma 2.3, it will suffice to show that there
exists a closed interval 10(:(a,b) with the property that F(IO)/‘IO‘ =

F(I])/JI]

Divide I] into two equal intervals I]] and 112'

F(I1)<F(I]2), then the procedure in the proof of Temma 2.3 yields an

If F(I]])<(1/2)

interval 12 = Io(i(a,b) with the desired property. If F(I]2)<(]/2)

F(I])<F(I]]), define the auxiliary function g as
g(t) = f(b - t) - f(b - h/2 - t) where te[0,h/2].

Then following the procedure described in the proof of lemma 2.3, we
again obtain an interval Ioc:(a,b) with the desired property. If
F(I]]) = (]/Z)F(I]) = F(I12)’ Tet Iy = I, and divide I, into two equal
intervals 12] and 122. If F(121)<(]/2)F(12) or F(121)>(1/2)F(12),
then the procedure in Temma 2.3 gives an interval I3 = IO(:(a,b) with
the desired property. If F(121) = (1/2)F(12) = F(IZZ)’ choose 122 =
Ioc:(a,b). Therefore, from the above arguments and lemma 2.3, there
exists a point ceIdC:(a,b) such that (b - a)f'(c) = f(b) - f(a).

A function f defined on [a,b] is said to have the intermediate
value property provided the closed interval from f(x) to f(y) is con-
tained in the image of the closed interval from x to y for each x and
y in [a,b]. In the following theorem, Darboux [11] has shown that if
f' exists on [a,b], then f' has the intermediate value property. The
proof will use a sliding interval technique [2] similar to that used

in the third proof of Theorem 2.2.
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Theorem 2.3 (Theorem of Darboux)

If f' exists on [a,b], then f' has the intermediate value property.

Proof. Let [x,y] be an arbitrary closed subinterval of [a,b].
Since the result is obvious when f'(x) = f'(y), we will assume without
loss of generality that f'(x)<f'(y). For any positive € <[f'(y) -

f'(x)]/2, there exists an h such that O<h<y - x and

[F(x + ) - 601 = £14x) % & and ‘[f(y) Cfly - n)/h - F )< e

If we define F(t) = [f(x + h +t) - f(x + t)]/h, we see that F is con-
tinuous on [0,y - x - h] and thus has the intermediate value property.
By the way € was chosen, F(0)<f'(x) + e<f'(y) - e<F(y - x - h) and
hence [f'(x) + e,f'(y) - e]J€F([0,y - x - h]). Now for each te[0,y - x - h]
we can apply the Mean Value Theorem to f on [x + t,x + h + t] and obtain
at'e(x +t,x +h+t)such that f'(t')= F(t) and hence F([0,y - x - h])
Cf'([x,y]). Since € can be made arbitrarily small, it follows that
(' (x),f' (y))Cf' ([x,y]) and thus [f'(x),f'(y)1Cf" ([x,y]).

Theorem 2.2 is a special case of a more general theorem. In con-
trast to the standard form of the theorem, the Second Mean Value Theorem
(or Generalized Mean Value Theorem) is given here without any assump-

tions about non-vanishing terms [1].

Theorem 2.4 (Second Mean Value Theorem)

If feD and geD, then there exists a point ce(a,b) such that

g'(c) [f(b) - f(a)] = f'(c) [g(b) - g(a)].
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Proof. Define

F(x) = [g(b) - g(a)] [f(a) - f(x)] + [g(x) - g(a)] [f(b) - f(a)].

Since feD and geD, it follows that FeD also. Now F(a) = 0 = F(b) so
applying Rolle's Theorem, there exists a point ce(a,b) such that

0. Thus

-

—
(@]

~
]

g'(c) [f(b) - f(a)] - f'(c) [g(b) - g(a)]l =0

-

—
(@]

~
1}

and the result follows.

We remark that Theorem 2.2 follows as a corollary if g is the
identity function defined on [a,b].

Theorem 2.4 has the following generalization with the use of

determinants [1].

Theorem 2.5

I[f feD, geD, and heD, then there exists a point ce(a,b) such that
g'(c)[f(b)h(a) - f(a)h(b)] = f'(c)lg(b)h(a) - g(a)h(b)] + h'(c)
[f(b)g(a) - f(a)g(b)].

Proof. Define

F(x) = |f(a) g(a) h(a)| where xe [a,b].

Since feD, geD, and heD, it follows that FeD. Now F(a) = 0 = F(b) so
applying Rolle's Theorem, there exists a point ce(a,b) such that

F'(c) = 0. Thus
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f'(c) g'(c) h'(c)
F'(c) = |f(a) g(a) h(a) | =0
f(b) g(b) h(b)

and the result follows

We note that Theorems 2.4 and 2.5 are extensions of the Mean Value
Theorem in terms of the number of functions involved. We now turn our
attention to extending the Second Mean Value Theorem in terms of n - th
order derivatives [14]. It will be convenient in the following theorem

to let the symbol n!! represent 1!2!3! - « « nl.

Theorem 2.6

If f and g are continuous on [a,a + nh], h>0, the n-th deriva-

n

tives of f and g exist on (a,a + nh), and C = ('])k[kJ’ then there

exists a point ce(a,a + nh) such that f(n)(c)[cog(a) il ERISEEE Cng(a + nh)] =
g(n)(C)[cOf(a) + 00 - +c fla+nh)l.

Proof. Define
1 x NG <. xn_] g(x) f(x)
e al e g(a) f(a)

s(x)=[1 a+h (a+n? " (@+n™  ga+h)  fla+h)

1 a+nh (a+ nh)2 » + « (a+ nhf-] g(a + nh) f(a + nh)
and note that ¢(a + ih) = 0 for each i = 0,1,2, * * *,n. Since ¢ is
continuous on each [a + (j - 1)h,a + jh], j =1,2,3, * » « ,n, and dif-
ferentiable on each (a + (j - 1)h,a + jh), it follows by Rolle's

Theorem that in each (a + (j - 1)h,a + jh) there exists a point bj

such that @'(bj) = 0. Now ¢(2) exists on each [bk,bk N ]], k =1,2,

« +,n -1, and hence ¢' is continuous on each (bk’bk 0 ]). Again
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applying Rolle's Theorem we find that in each (bk,bk . 1) there exists

(2)(

a point p, such that ¢*=’(p,) = 0. Continuing in this way we arrive

at a unique point ce(a,a + nh) such that ¢)(n)(c) = 0. That is,

0 0 0 0 oMy #ln)g
1 a a° an-l g(a) f(a)
oMy = 1 a+h @+m?.. @ ga+h) fla+h) | g

1 a+nh (a+nh)% « «(a + nh)n‘] g(a + nh) f(a + nh)

The minor of f(n)(c) can be calculated by expanding down its last
column, for the subsequent minors of g(a + kh),Oikfn, are Vandermonde

determinants. The minor of f(n)(c) is

" = D20 )iegla) + - - cgla + hn)].

Since the minor of g<n)(c) is similar, it follows that

() [egta) + + « -+ + cgla +nm)] - oM (e)[e Fla) + + « « + ¢ fla + nh)]

equals zero.

We note that Theorem 2.4 follows as an immediate corollary if n =1

and h = b - a.

Corollary 2.1

If f is continuous on [a,a + nh], h>0, the n-th derivatives of
f exists on (a,a + nh), and C, = (- 1)k[2], then there exists a point
ce(a,a + nh) such that hnf(n)(c) = cof(a +nh) + « « « + cnf(a).

Proof. In Theorem 2.6, if we let g(x) = x"/nt, then cog(a) +

.+ cng(a + nh) = [coan + Cl(a + h)n + oo oo oo+ cn(a + nh)n]/n!.
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The corollary follows from the last equation and the equations below:

1 ¢, t et o toee st = 0
2 ¢ + 2c2+ +nc. =0
2 -
3 cq * 2 c, + Fingc i 0
n-1 n -1 _
n = (_ 1y
(n +1) cy t 2 c, + tnc 1)'n

The above equations can be generated in the following manner.

The binomial expansion of (1 - x)n gives

. 2 n _ n
i) Cu t Cpx F CcoX™ + te X = (1 - x)

which when evaluated at x = 1 yields equation 1. By taking the

derivative of i) and multiplying through by x we obtain

2 n -1

. n
+ + o o o 4 = -n -
ii) CqX 2c2x nc,x x(1 - x)

which when evaluated at x = 1 yields equation 2. By taking the deriva-

tive of ii) and multiplying through by x we obtain

1) e+ 2%y 4+ wnfep = - 1x(1 - 0" 7

which when evaluated at x = 1 yields equation 3. Continuing in this
way we obtain the above n + 1 equations.

T. M. Fleet [4] first observed that for a differentiable function
f on [a,b] where f'(a) = f'(b), that at some point in the interval, the
tangent to the curve at that point passes through the initial point

(a,f(a)). Thus we have the following new type of mean value theorem

for derivatives.

-] -} T

—
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Theorem 2.7 (Flett's (Theorem)

f'(b), then there exists a

If f' exists on [a,b] and f'(a)
point ce(a,b) such that (c - a)f'(c) = f(c) - f(a).

Proof. Consider the function g defined by

g(x) = IXE%—E—gigl- - f'(a), a<x<b

0,x = a

We note that g is continuous on [a,b] and differentiable on (a,b], and

for a<x<b.

It will therefore be sufficient to prove that there exists some point
ce(a,b) such that g'(c) = 0.

If g(b) = 0, the result follows immediately by Rolle's Theorem.
Suppose then that g(b)>0, so that g'(b) = - g(b)/(b - a)<0. Thus
there exists a point x]e(a,b) such that g(x])>g(b). Since g is con-
tinuous on [a,x]] and g(a)<g(b)<g(x]), there exists a point xze(a,x])
such that g(xz) = g(b). Now applying Rolle's Theorem to the function
g on [xz,b], there exists a point ce(xz,b) such that g'(c) = 0. A
similar argument applies if g(b)<0 and the proof is completed.

We note that in the cases g(b)>0 and g(b)<0, the existance of
the point ¢ is also guaranteed by Darboux's Theorem. For if we assume
g(b)>0, then there exists a point xoe(a,b) such that g'(x0)>0, for if
not then g'(x)<0 for each xe(a,b). But since g(a) = 0, this would
imply that g(b)<0, a contradiction. Now g'(xo)>O>g'(b), so by Darboux's
Theorem there exists a point ce(xo,b) such that g'(c) = 0. A similar

argument would apply if g(b)<0.
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D. H. Trahan [13] has generalized Flett's result in the following

two theorems. We first consider the following lemma.

Lemma 2.4
If f is continuous on [a,b] and f' exists on (a,b], and f'(b).
[f(b) - f(a)]<0, then there exists a point ce(a,b] such that f'(c) = 0.
Proof. If f(a) = f(b), the result follows from Rolle's Theorem.
If f'(b) = 0, then choose ¢ = b. If f'(b)[f(b) - f(a)]<0, then f

assumes a maximum or minimum value at some point ce(a,b) and f'(c) = 0.

Theorem 2.8

If f' exists on [a,b] and

[”b) - itl%—%;j@][}wa) : fﬁbg—'ﬂ?—ﬂ;o,

=i Ja,

then there exists a point ce(a,b] such that (¢ - a)f'(c) = f(c) - f(a).

Proof. Define the auxiliary function

(F0) - #a) 4o

h(x)_t X = a
f'(a) , X = a

We note that h is continuous on [a,b] and differentiable on (a,b],and

' (x) = Lx = a)f'(0) - [(x) - F(a)],
(x - a)

Since h'(b)[h(b) -h(a)] = [(b - a)f'(b) - [féb) - f(a)]jl Eb - f(a)

. _ -] i f(b) - f P o
-] -ty E“’) T T

it follows from Temma 2.4 that there exists a point ce(a,b] such that

h'(c) = 0 and hence (c - a)f'(c) = f(c) - f(a).
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We observe that Flett's Theorem follows as a corollary to
Theorem 2.8. For if (b - a)f'(b) = f(b) - f(a) we consider the function
h as defined in the above proof and note that since f'(a) = f'(b), then
h(a) = h(b). Applying Rolle's Theorem to h on [a,b] we find a point
ce(a,b) such that h'(c) = 0 and the result follows. On the other hand,
if (b - a)f'(b)$f(b) - f(a), then either i) (b - a)f'(b)<f(b) - f(a) or

ii) (b - a)f'(b)>f(b) - f(a), and we note that c#b. If i) holds , then

f
E(b) - ] g(a)-:\zo

and the result follows from Theorem 2.8. A similar argument applies if

ii) holds.
The following corollary is a stronger statement of Flett's
Theorem in that the condition f'(a) = f'(b) is relaxed. The proof

follows directly from Theorem 2.8 and will be deleted.

Corollary 2.2

If f' exists on [a,b] and f'(a) and f'(b) are both less than or
both greater than [f(b) - f(a)]/(b - a), then there exists a point

ce(a,b) such that (¢ - a)f'(c) = f(c) - f(a).

Theorem 2.9
If f' and g' exist on [a,b], g'(a)#0, g(x)#g(a) for all xe(a,b],

and

EEZ% b) - gﬂ:“: - g(a)] f'(b) - [f(b) - f(a)] 9'(b):li0,

then there exists a point ce(a,b] such that [g(c) - g(a)] f'(c) =
[f(c) - f(a)] g'(c).




g
Proof. Define the auxiliary function
f(x) - fla) a<x<b
g(x) -gfa) * °*"2
fi(d)

We note that h is continuous on [a,b] and h' exists on (a,b], and

hi(x) = L) - g(a)] £'(x) - [f(x) - f(a)] g'(x)
[g(x) - g(a)1

Since h'(b)[h(b) - h(a)]<0, it follows from lemma 2.4 that there exists

a point ce(a,b] such that h'(c) = 0 and hence

[g(c) - g(a)] f'(c) = [f(c) - f(a)] g'(c).
We note that Theorem 2.8 follows as an immediate corollary if

g(x) = x for each xe[a,b].

Corollary 2.3

If f' and g' exist on [a,b], g'(a)#0,9(x)$g(a) for each xe(a,b],
g'(b)[g(b) - g(a)] 0, and f'(a)/g'(a) = f'(b)/g'(b), then there exists
a point ce(a,b) such that [g(c) - g(a)] f'(c) = [f(c) - f(a)] g9'(c).

Proof. If

define h as in the proof of Theorem 2.9. Since f'(a)/g'(a) = f'(b)/g'(b),
it follows that h(a) = h(b). Thus by Rolle's Theorem, there exists a
point ce(a,b) such that h'(c) = 0 and the conclusion follows. If the
above equality does not hold, the conclusion follows from Theorem 2.9

and the fact that g'(b)[g(b) - g(a)]>0.
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CHAPTER III
MEAN VALUE THEOREMS FOR INTEGRALS

The integral mean value theorems of introductory calculus are
usually proved under stronger hypotheses than are required. Continuity

is often demanded when only a consequence of continuity is necessary.

Theorem 3.1 (Integral Mean Value Theorem)

If f is continuous on [a,b], then there exists a point we(a,b) such

b

that (b - a)f(w) = jaf(x)dx.

Proof. Consider the inequality

inf f(x)sg1 [of(x)dxssup £(x).

If equality holds on either side of this inequality, then f(x) = inf
f(x) a.e. or f(x) = sup f(x) a.e. and thus there exists at least one
point we(a,b) with the desired property. If strict inequality holds
on both sides of this inequality, then by the intermediate value
property of a continuous function there exists a point we(a,b) such
that (b - a)f(w) = [of(x)dx.

We note that continuity is required only to insure that f be
integrable and have the intermediate value property. The function f
defined by f(x) = xzsin(1/x)for x$0 and f(0) = 0 does not have a con-
tinuous derivative on [- 1,1] but the derivative does have the inter-
mediate value property and is Riemann integrable. Hence the conditions
of the ordinary Integral Mean Value Theorem are not met. We also note

that there is a function F whose derivative exists at each point in
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<

[a,b] but F' is not Riemann integrable (see example 4.1). In view of
these results, the Integral Mean Value Theorem has the following im-
mediate generalization. The proof is similar to the proof of Theorem

2.7 and will be omitted.

Theorem 3.2

If f has the intermediate value property and is integrable
(Riemann or Lebesgue), then there exists a point we(a,b) such that
(b - a)f(w) = [2F(x)dx.

It is interesting to note that there exists a Lebesgue integrable
function which possesses the intermediate value property and is dis-
continuous at each point. Such a function is given in example 3.1.

We next present a generalization of a theorem due to K. S. Miller
[7] and note that Theorem 3.1 follows as an immediate corollary if

g(x) = 1 for each xela,b].

Theorem 3.3

If f is continuous on [a,b] and g is Riemann integrable on [a,b]
and either g(x)>0 or g(x)<0 for all xe[a,b], then there exists a
point we(a,b) such that f(w)fgg(x)dx = ISf(x)g(x)dx.

Proof. We will prove only the case g(x)>0. Let M = sup f(x)

and m = inf f(x), then
mfgg(x)dxf_fgf(x)g(x)dxgm jgg(x)dx.

If equality holds on either side of the above inequaltiy, then

f(x) = ma.e. or f(x) = M a.e. which implies that there exists at

b

af(x)g(x)dx. If

least one point we(a,b) such that f(w)fgg(x)dx = f
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strict inequality holds on both sides of the above inequality, then it

follows by the intermediate value property of a continuous function

that there exists a point we(a,b) such that f(w)f:g(x)dx = f:f(x)g(x)dx.
K. S. Miller [7] states the Second Mean Value Theorem with a

stronger hypothesis than is necessary. We therefore follow his result

with a more general theorem.

Theorem 3.4 (Second Mean Value Theorem)

If f is a continuous, monotone increasing function defined on
(a,b], and g(x)>0 is integrable on [a,b], then there exists a point

we[a,b] such that
f2£(x)g(x)dx = £(a)[¥a(x)dx + f(b)[Pg(x)dx.

Proof. By Theorem 3.4, there exists a point pe(a,b) such that
fgf(x)g(x)dx = f(p)f:g(x)dx. Define ¢(x) = f(x) - f(a) and note that

¢ is a continuous, nonnegative, monotone increasing function on [a,b].

Now

b i b b
(p)[39(x)dx = f(p)[ 9(x)dx - f(a)[ a(x)dx,
SO

b _ b b
f(p)[39(x)dx = o(p)[9(x)dx + f(a)[ g(x)dx.

If we define G(x) = fig(x)dx, then G is a continuous, nonnegative,

monotone decreasing function on [a,b]. Since G(b) = 0,

8(p)2g(x)dx = o(p)(a) = o(p)6(a) + [o(b) - (p)IG(b).

But ¢(p)>0, ¢(b) - ¢(p)>0, so there exists a number o with

G(b)< o <G(a) such that
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f g(x)dx = a {o(p) + [o(b) - ¢(p)I} = ag(b).

By the intermediate value property of a continuous function, it follows

that there exists some point wel[a,b] such that G(w) = o and thus
b
p)[29(x)dx = G(w)a(b) = [F(b) - f(a)I[Pg(x)dx.

Therefore,

fgf(x)g(x)dx

f p)fgg(X)
p)[2g(x)dx + f(a)2g(x)dx

b)ng(x)dx - f(a f g(w)dx] + [f(a f g(x)dx + f(a f g(x)dx]

a)[M9(x)dx + F(b) [ g(x)dx

which completes the proof.
By relaxing the condition that f be a monotone increasing function
on [a,b] we obtain the following more general theorem, the proof of

which is similar to the proof of Theorem 3.4 and thus will be deleted.

Theorem 3.5
If f is continuous on [a,b] and f(a)<f(x)<f(b) for each xe[a,b],
and if g(x)>0 is integrable on [a,b], then there exists a point

we[a,b] such that

Ibf(X)g(x f g(x)dx + f( )ISQ(x)dx

We now turn our attention to an integral analog to Flett's result
(Theorem 2.5). S. G. Wayment [16] first posed the following theorem
and we include his proof (Proof 2) here along with an additional proof

for comparison.
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Theorem 3.6

If f(t) is a continuous function defined on [a,b] and f(a) = f(b),
then there exists a point we(a,b) such that (w - a)f(w) = Igf(t)dt.

Proof 1. Let F(x) = f;f(t)dt. Since f is continuous, we have that
F is differentiable and F'(x) = f(x) for all xe[a,b]. Now F'(a) =
f(a) = f(b) = F'(b), so applying Flett's result, there exists a point
we(a,b) such that (w - a)F'(w) = F(w) - F(a). This reduces to
(w-a)f(w) = fgf(t)dt, the desired result.

We remark that Proof 1 uses the full power of continuity to
insure that F'(x) = f(x) for all xe[la,b].

Proof 2. Since f is continuous, there exist points t] and t2 in
[a,b] such that f(t])zf(x) and f(tz)ff(x) for all xela,b]. Now

(t, - a)f(ty)> JE1£(t)dt and (t,, - a)f(t,)< j§2f(t)dt. Define

1
F(x) = fzf(t)dt - (x - a)f(x). Since f is continuous, we have that F
is continuous also. Now F(t1)§p and F(tz)zp so by the intermediate
value property of a continuous function, there exists a point we(a,b)
such that F(w) = 0 and hence (w - a)f(w) = fgf(t)dt.

Proof 2 can be generalized if F has the intermediate value
property whenever f does. This, in turn, would be implied if the sum
of a continuous function and a function with the intermediate value
property were necessarily a function with the intermediate value
property. The following example shows that such is not the case. The
techniques used in the construction of this example are somewhat
standard in topology and were suggested by J. W. Cannon.

Example 3.1. We first generate a sequence {Ci} of Cantor sets in

the following way. Construct C] on [0,1] and let L] be the Targest




25

number for which there exists at least one open interval (a],b]) in

1 1° Construct C2 on the closed middle third of

(a],b]). Let L2 be the largest number for which there exists at least

~C, with length L
one open interval (a2,b2) in ~(CfJC2) with length LgiL1' Construct C3

on the closed middle third of (a,,b,). In general, construct C, on the

a5,
n

closed middle third of the open interval in ~(1 Ej] Ci) with length L

where Ln is the largest number for which there exists at least one open

nterval in ~(. & o C.) with 1

interval in ~(; ¥, C;) with Tength L <L .

For each i, let 9; be a continuous, monotone increasing function
which maps Ci onto [0,1]. The construction of such functions can be
found in [10]. Define.

gi(x) if xeCi

g(x)
1

:ko if xe[0,1] - 1.U] C..

We note that g has the intermediate value property, for given any
arbitrary open interval (a,b) contained in [0,1], there is an i such
that (ﬁ(:(a,b) and g(Ci) = [0,1].

For a real valued function p(x) defined on [0,1], let |[p|| = sup
|p(x)|. We next define a sequence {fi} of continuous functions on

[0,1] such that bi Hf1H<w and hence f =

i
i 1 i =

fi is continuous on
1

(0,1]. The {fi} will be constructed in such a way that (f + g)(x)$1/2
for any value of x in [0,1]. Since g is continuous on C], there is a
finite collection U] of open intervals whose closures are pairwise
disjoint which covers C] and such that if x and y are in 011€U1 for
some i, then |g(x) - g(y)|<€]<1/3. Let V; be the collection of those

open intervals in Uy which contain values of x satisfying g(x) = 1/2.
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Define f1(x) = for the values of x covered by V], and let f](x) =0
for the values of x which are covered by U] but not covered by V].
Extend f] to be continuous on [0,1] with functional values between

0 and €1 If xeC, and is covered by V], then g(x)>1/2 - € and hence

1

(f, +g){x)>1/2. Thus f1 + g is continuous on C] and (f] +g)(x)$1/2

1
for any xeC]. Let 6] be the distance from 1/2 to the image of C1

under f] + g, that is, 8 = p(]/2,[f] + g](C])). We note that

6]§;] and choose €5 such that O<€2<6]/3. Let h2 = f] + g on C2. Since

h, is continuous on C2, there is a finite collection U2 of open inter-

2
vals whose closures are pairwise disjoint which covers C2 and such that
if x and y are in 0,,el, for some i, then ]hz(x) - hz(y)\<52. Let V,
be the collection of those open intervals in U2 which contain values

of x satisfying hz(x) = 1/2. Define fz(x) = €, for the values of x
covered by V2, and let fz(x) = 0 for the values of x which are covered
by U2 but not covered by V2. Extend f, to be continuous on [0,1] with
functional values between 0 and € i xz—:C2 and is covered by VZ’

then hz(x)>1/2 - & and hence (f2 + h2)(x)>1/2. Thus f2 + h2 is
continuous on C2 and (f2 + h2)(x)+1/2 for any xeCz. Let 62 = po(1/2,
[f2 + hZJ(CZ)). We note that 625;2 and choose €3 such that O<e3<62/3.

Let h3 = f2 + h2 on C3. We proceed inductively to define {Ei}’ {61},

{fi}’ and {hi} such that §; = p(1/2,[f1 + h1]<ci))’ noting that

§,<e;, and O<e, | 1<6./3. If f=

0(1/2,[fj + hj](cj)) = p(1/2,[g +

fi’ then since

=)

n g i o8

f]](CJ)) = (51 and

i=1

5 Gj(1/31)=6j/2, it follows by the triangle inequality

. [I<
+]Hﬁll.

that (f + g)(x)41/2 for any x in C;. If xe ~\) _ C., then
=

i

fx)z £ |Iflk £ 173 = 1/2.
= e




at

We remark that it is possible to construct a function f which has
the intermediate value property, is Riemann integrable, and such that

fzf(x) - (x - a)f(x) does not have the intermediate value property.
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CHAPTER IV

OTHER MEAN VALUE THEOREMS

For a real-valued function f defined on [a,b], let Lgf represent
the arc length of the graph of f on [a,b] and let ng represent the
total variation of f over [a,b]. Intuitively, Lgf is the total dis-
tance a particle would travel along the graph of f from point (a,f(a))
to point (b,f(b)), whereas V:f is the total distance a particle's
projected image onto the y-axis would travel as the particle itself
moves along the graph of f from point (a,f(a)) to point (b,f(b)).

We note that the above relationship between V:f and Lgf is the
exception rather than the rule. For if f:[a,b]-R" is a rectifiable
curve, i.e., continuous and of bounded variation, it is customary to
define the arc length of the graph of f to be ng [12]. Thus for the
real-valued function f defined on [a,b], we find that ng = Lsf if we
consider f as the mapping from [&,b] into R2 given by fix>(x,f(x)).

We now turn our attention tc establishing mean value theorems

b
a

Let D be the set of all real-valued functions f which are con-

for V°F and Lgf [15,17].

tinuous on [a,b] and such that f' exists on (a,b), and let A be the set

of all real-valued functions f which are absolutely continuous on

[a,b].

Theorem 4.1

If feAD, then there exists a point pe(a,b) such that VSf =

(b - a)|f'(p)].
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Proof. Since f is absolutely continuous, it follows that
f§|f'| = ng where the integral is the Lebesgue integral. iow

(b - a)inf[f' (t)]< [2']<(b - a)sup|f'(t)].
te(a,b te(a,b)

If equality holds on either side of this inequality, then

[f'(t)] = sup|f'(t)] a.e. or |f'(t)| = inf[f'(t)] a.e.
te(a,b) tE(a,b)

Thus ng = (b - a)|f'(t)]| a.e. If strict inequality holds on both

sides of this inequality, it follows from Darboux's Theorem (Theorem

2.3) that there exists a point pe(a,b) such that V:f = (b - a)|f'(p)].

Theorem 4.2
If feAND, then there exists a point pe(a,b) such that Lgf =

(b -a) 1+ |f'(p)

’

2
=
-

b . .
Proof. We can say that L:f =J€ -{1 + ]f'[2 provided this

Lebesgue integral exists [12]. Since

Ay |2 'i<Ax>2 + (Ay)é75JAx| + [ayl,

1

it follows that

b b] R b
Vof < o1+ Jf < (b - a) + vt

Thus for a continuous function we can conclude that ng exists (that
is, f is of bounded variation) if and only if Lgf exists. Since
feAND, it follows that Lgf exists. By the Darboux property, f' has

2

the intermediate value property and hence |f'|, [f'|", 1 + !f'|2, and

7
\Il + |f'|2 do also. We note that in general the sum of a continuous
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function and a function with the Darboux property need not be a

function with the Darboux property (see example 3.1). Now

—~

(b - a)inF 1 + 1£'(8)[ < fg\h 1512 (b - a) sup A1+ [F(t)]2.
te(a,b) = te(a,b)

If equality nolds on either side of this inequality, then either

N £ () ]2 = inf \]1 F1F ()] aee.
te(a,b)

sup xJ] + |f'(t)|2 a.e.

or
31+ 1) )2

te(a,b)
Thus we have tnat Lgf = (b - a)\l1 + |f'(t)]2 a.e. If strict in-

equality holds on both sides, then by the Darboux property for

T e———p
«J] + |f'|2 , there exists a point pe(a,b) such that
b ——-—-—l 21 v

fp[l T = (b - a)\% + ' (p)]°

Thus this integral exists and we have that Lgf = (b - a)~J1 + ]f'(p)l2 .

We remark that the proofs of Theorems 4.1 and 4.2 would follow
using the Riemann integral provided |[f'| is Riemann integrable. Since
|f'| is bounded and if |f'| is Riemann integrable, then |f'| is Lebesgue
integrable. However, example 4.1 provides a function feAND such that
|f'| is not Riemann integrable [5].

Example 4.1. Let G be a perfect non-dense set of points in the
interval (a,b) and such that its measure is greater than zero. Let
(¢, B) be an arbitrary open interval in the complement of G and define

the following function on (a, B):
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1
d(x,a) = (x - a)"sin T

. 1
1 _ _ e

We note that ¢'(x,a) = 0 at an infinite number of points in (a, B).
Let a + ) = max {x|x<(1/2)(a + 8) and ¢'(x,a) = 0}. Define the

following function on each component (a, B) of the complement of G:

d(x,0) if xe(a, B) and a < x< a + A
F(x) =1 ¢(a + A,0) if o + A< X <B j_k_

-9(x,B) if B - A<x < B
and F(x) = 0 for each xeG. The function F is continuous and has a
pounded derivative on the interval (a,b). If xeG, we note that
F'(x) = 0 and that in any o-neighborhood of x there is an interval in
the complement of G in which there are an infinite number of points at
which F' is greater tnan 1. Therefore, F' is discontinuous at each
point of G. Since G has positive measure and since F'(x) = |F'(x)] =10
at each xeG, it follows that |F'| is not Riemann integrable.

Theorems 4.1 and 4.2 can be made somewhat stronger if we relax

the requirement that f be absolutely continuous.

Theorem 4.3

If feD and f is of bounded variation on [a,b], then there exists
a point pe(a,b) such that ng = (b -a)|f'(p)]-
Proof. Assume that there does not exist a point pe(a,b) such

that ng = (b - a)|[f'(p)|. Since f' has the Darboux property on (a,b)

and there is not point pe(a,b) at which |f'(p)| = V:f/(b -a), it
follows that either 1) [f'(x)|>vgf/(b - a) for each xe(a,b), or ii)

|£1(x)[<V2F/ (b - a) for each xe(a,b).
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Suppose i) holds. Let a = XogXq< w00 <X, = b be an arbitrary
partition of [a,b], and let P, be the point in (Xi _ 1’X1) guaranteed

by the Mean Value Theorem such that f(xi) - f(xi )= f'(pi)ij = where Ax,

Xi = Xy _ 9 Then taking the suprema over all possible partitions of

La,b], we find that

b _ n
Vof = supjz [F(x;) - flx; _ )]

JE=Y

n
sup ) }f'(pi)lei

i=1

i b iy
sup ) [V R b= ad|ix, = W F

,;:’]

vV

which is clearly a contradiction.

Suppose ii) holds. This implies that |f'| is bounded and hence
f is absolutely continuous. By Theorem 4.1, there exists a point
pe(a,b) such that V:f = (b - a)|f'(p)| which contradicts our original

assumption.

Theorem 4.4

If feD and f is of bounded variation on [a,b], then there exists

a point pe(a,b) such that Lgf = (b - a)-J] + |f'(p)|2 .
Proof. As in the proof of Theorem 4.2, we note that for a
continuous function f, ng exists if and only if Lgf exists. Since

feD and is of bounded variation,we have that Lgf exists. Since f' has

rd

the Darboux property, it follows thatﬂl1 + |f'|2 does also. If we

now assume that there does not exist a point pe(a,b) at which Lgf =

(b - a)'d] + [f'(p)(2 , the proof will follow by similar arguments as

used in the proof of Theorem 4.3.
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In view of the discussion prior to Theorem 4.1, it would seem
clear that similar results to Theorems 4.1 through 4. 4could be
obtained if f is a function on [a,b] into R" such that f is absolutely
continuous on [a,b], f' exists on (a,b), and [[f'|| has the intermediate
value property. However, the following example shows that ||f']| need
not have the intermediate value property.

Example 4.2. For a <0 and b>0, define

(x%sin(1/x),x2cos (1/x) ,x) for xe[a,0) U (0,b]

F(x) =

(0,0.0) far x = 0
Then

(/22xsin(1/x) - cos(1/x),2xcos(1/x) + sin(1/x),1) for
FACHN=

xe[a,0) U (0,b]
(\f0,0,1) for x = 0

: —
We observe that |[F'(0)|| = 1, whereas |F'(x)]|| = J 4% + Zixﬂgﬂ for
xe[a,0) U (0,b].

A vector-valued function f is said to be absolutely continuous

if and only if each of its components is absolutely continuous [12].
In the function F defined in example 4.2, if we let fi represent the
i - th component of F, then ]fi(x)ljﬁ and hence f, is absolutely

continuous. Thus ISHF‘H = IS«J4x2 +2 = Vg

Fa Now-J4x2 + 2 is a

continuous function on [a,b] and thus by Theorem 3.1, there exists a

(b -a)\{

point pe(a,b) at which fg-J4x2 +2 = 4p2 +2 . So we have

that V2f = (b - a)x|4p" + 2 = (b - a)[F'(p)]| even though [F'| does
not have the intermediate value property on [a,b].
One might ask at this point if f being a differentiable and

absolutely continuous function from [a,b] into R" is sufficient for
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b

bt = (b - a)[IF* (p) -

there to exist a point pe(a,b) such that V

Unfortunately, the answer to this question is no, as the following

example shows.

Examg]e 4.3. Define
BeTe i ] ), X o oy i Xl 1 0d

g_(x) = (Fsin(1/x) 68 cos (1/x6x) 5 i xe(0,1]
(09050)5 if x =0
then
(2exsin(1/x) - cos(1/x),2excos(1/x) + sin(1/x),1), if xe[- 1,0)
g;(x) =9 (2xsin(1/x) - cos(1/x),2xcos(1/x) + sin(1/x),1), if xe(0,1]
' (0,0,1), ifx =0
and

P

/ ]
(JaxPe? + f + 1 if x [-1,0)

T ] v 7
lo ()l N4 + 2 i xe(0,1]
(\’1 ifx=20

Let xe[- 1,0), then for any 6>0 there exists an >0 such that
1<flge () <1 + 6. Let F(t) = Et 19€(x£|/[t - (= 1)1, then F is a

continuous function of t on [0,1]. Now

Flo) = vy g (x) = 2, BNl < f2, (1 +8) =1+

(1721 J9.(x) = (172)[° ([1al (] + (172) 3]l 91(x)]

M
—
pa—
—

1l

>(172) [° 1+ (/2)f) v

=1+ /7
2

Thus for sufficiently small >0, there exists a point te(0,1) such
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that 1 + 8<F(t)< 1472 ¢ /7 and consequently there cannot exist a
2
point pe(- 1,t) at which

t

Vo9 (x) = (£ + 1) llgl(x)l .

The ordinary Mean Value Theorem for derivatives of a real-valued
function f from [a,b] into R guarantees the existence of a point in
(a,b) at which the derivative has the same slope as the line joining
the points (a,f(a)) and (b,f(b)). If we consider f as a vector-
valued function from [a,b] into R2, we get the following interesting

results.

Theorem 4.5

If v is a differentiable vector-valued function defined on [a,b],
given by v(t) = (t,f(t)) where f is a real-valued function from [a,b]
into R, then there exists a point pe(a,b) such that v'(p) has the same
direction as the vector (b - a,f(b) - f(a)).

Proof. Since v is differentiable on [a,b], it follows that f is
differentiable and that v'(t) = (1,f'(t)). By Theorem 2.2, there

exists a point pe(a,b) such that f'(p) = [f(b) - f(a)]/(b - a). Thus
vi(p) = (b - a,f(b) - f(a))-[1/(b - a)].

Since 1/(b - a) is positive, it follows that v'(p) has the same direc-

tion as the vector (b - a,f(b) - f(a)).

Corollary 4.1

If b-a=1, then v'(p) will also have the same magnitude as the

vector (b - a,f(b) - f(a)).
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We might ask if similar results can be obtained if v is a more
general vector-valued function from [a,b] into RZ. The answer is yes

if we place a few more restrictions on v.

Theorem 4.6

If v is a differentiable vector-valued function from [a,b] into R2
given by v(t) = (x(t),y(t)) such that v'(t) is nowhere zero on [a,b]
and v(a)$v(b), then tnere exists a point pe(a,b) such that v'(p) is
parallel to the vector u = (x(b) - x(a),y(b) - y(a)).

Proof. Since v is differentiable on [a,b], we have that v'(t) =

(x'(t),y'(t)). Also, since v(a)%v(b), it follows that u$(0,0) and
hence either x(b) - x(a)$0 or y(b) - y(a)30.

Suppose x(b) - x(a)30. Define the auxillary function

then ¢(a) = 0 = ¢(b). Also, ¢ is continuous and differentiable on

[a,b] since v is. Thus

o (1) = y' (1) - s el e
exists for all tela,b]. By Rolle's Theorem, there exists a point

pe(a,b) such that ¢'(p) = 0 and hence

Therefore v'(p) = u * ;TB§—42%T57 which implies that v'(p) and u are

parallel vectors.
Suppose y(b) - y(a)$0. The proof is similar to the proof in the

case above if we define our auxillary function to be
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o(t) = x(t) - x(a) - U= [y(t) - y(a)].

Corollary 4.2

If y'(p) and y(b) - y(a), or x'(p) and x(b) - x(a) have the

same sign, then v'(p) has the same direction as u.

Corollary 4.3

If y'(p) = y(b) - y(a) or x'(p) = x(b) - x(a), then v'(p) has
the same magnitude as u.

If we try to generalize the above results to a differentiable
vector-valued function v from [a,b] into Rn, n>2, we find that there
need not exist a point pe(a,b) at which v'(p) has the same direction
or magnitude as the vector [v(b) - v(a)]/(b - a). The following is
an example of such a function.

Example 4.4. Define v(t) = (cos t, sin t, t) on [0,2I]. Now
[v(b) - v(a)]/(b - a) = (0,0,1) whereas v'(t) = (- sin t, cos t,1).

In order for these two vectors to be parallel, one must be a multiple
of the other for some te[0,2I] which is clearly impossible.

Since the magnitude of v'(t) = /2 for all te[0,2II] and the
magnitude of [v(b) - v(a)]/(b - a) = 1, it follows that there does not
exist a point pe[0,21I] at which v'(p) and [v(b) - v(a)]/(b - a) have the
same magnitude.

If we consider f as a holomorphic complex-valued function defined
on a subset of the complex plane C, we find that a mean value theorem
in the form of the ordinary Mean Value Theorem (Theorem 2.2) may not
always be possible. However, McLeod [6] has shown that for a holo-

morphic function f defined on a connected open set GCC where Z4 and
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z, are points in G such that the segment joining them is also in G,

that
f(z,) - f(zy) = (z5 - z;)(\F' (py) + A, (p,))

for some P and p, on the segment joining Z; and Z,, and some non-
negative real numbers A] and AZ such that A] 0 AZ = 1. This seems

intuitively clear since as Z, gets "close" to zy,

[f(zz) = f(Z])]/(ZZ - Z])s f'(p]), f'(pz), and hence

AMFHpy) + A,F'(p,) get "close” to f'(z;).

We note that the Tinear expression A1f'(p]) + sz'(pz) cannot

in general be replaced by a vlaue f'(p). For example, if we define

f(z) = e’ and choose 2, = 29 t 2111, we find that f(zz) - f(z]) =0

whereas (z2 - z]) f'(p) = 2H1eP+O for any p. However, if we let
A] =1/2 = AZ
result holds.

and choose P = 7 and Py = 2, + IIi, we see that MclLeod's

The main difficulty in establishing a mean value theorem in Rn,n>1,
is that there are many different ways of defining a derivative in
this setting. Before we present a mean value theorem in R" we first
make the following definitions relative to R" [9]. The set IC:Rn is a
closed interval if I = {(x],xz,- . "xn)’aifopi’i = 1,2, « « +,n}, and
the set Jc:Rn is a closed cube if J is a closed interval having equal,

sup{p(x,y)[xel,yel}

non-zero sides. The diameter of I is given by d(I)

where p(x,y) represents the distance between points x and y, and its
n

Lebesgue measure is given by u(I) =1 (b,

'
i=1
closed intervals is said to converge to xeRn, denoted Ii+x, if XEIT for

- aj). A sequence {Ii} of
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each i, and 1im d(Ij) = 0. A sequence {11}15 said to be a regular
i

sequence if Ii+x, and if there is a constant o>0, called the parameter

of regularity, such that for each i, there is a cube Ji:>11 for which

Intuitively, a regular sequence is one in which the intervals do not
become too "thin." If we let T be a finitely additive set function
defined on at least the closed intervals, then the upper and lower
regular derivatives of T are given by

LR 1 _T(I) %

T = 1 __1 :' i, it
T (x) = sup 1lim T and T (x) }ﬁix o u(T17 ’

I_i->x e i i

respectively, where the sup and inf are taken over regular sequences
bk

which converge to x. The regular derivative, denoted T (x), is said

LY I %
to exist at the point x if T (x) =T (x).

L. Misik has shown [8] that if TI* exists at each point of an
interval in Rn, then a mean value theorem holds. However, we will give
here a simpler and more direct proof of his result, as given by R. J.
Easton and S. G. Wayment [3], using the additional hypothesis that T
be absolutely continuous with respect te u.

For notational purposes, we will restrict the proof of the
following theorem to R2. In this setting, a closed interval becomes
a closed rectangle and its Lebesgue measure becomes its area. For this

reason, we will use a more suggestive notation by letting R = [a,b;c,d] =

{(x,y)|xela,b] and ye[c,d]} represent an arbitrary interval in R2 and
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A(R) represent its area. Also, let h=b -a and k =d - c. We define
the auxiliary function gR(x,y) = T(R), where (x,y) is the midpoint of R.
We note that since T is absolutely continuous with respect to u, that
IR is a continuous function of x and y. In general, we would define

g; on the closed intervals in R" to be a function of n-variables. The
following proof will use a sliding interval technique similar to that

used in the third proof of Theorem 2.2.

Theorem 4.7
If Tl*(x) exists at each point w of a closed rectangle R and T is
absolutely continuous with respect to u, then there exists a point
peR such that T (p) = T(R)/A(R).
into four similar

Proof. Let R, = R = [a,b;c,d] and divide R

1 ]
rectangles, namely R]] = [a,a + h/2;c,c + k/2], R]2 = [a,a + h/2;d - k/2,d],

R]3 = [b - h/2,b;d - k/2,d], and R]4 = [b - h/2,bsc,c + k/2]. Since

we can assume without loss of generality that T(R11)§(1/4)T(R1)§T(R13).
The other cases follow in a similar manner. Let o = k/h and define the

auxiliary function
(a +t+ h/4,c +at + k/4)

which is continuous on [0,h/2]. Since f(0) = T(R11)§ﬂ1/4)T(R])§T(R]3) =
f(h/2), it follows from the intermediate value property for a continuous
function that there exists a point toe[O,h/ZJ such that f(to) =

(1/4)T(R]). This value of tO determines a rectangle
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R2 = [a + to,a + to B/ 2.6 o uto, c + cxto + k/Z_lC:R-l

where T(RZ) = (1/4)T(R]) and A(Rz) = (1/4)A(R]).
Thus

T(R) T(R,)

A(R]) A(RZ)

We proceed inductively to obtain a nested sequence of closed

rectangles {Ri}’ each of which is geometrically similar to R] and

having sides parallel to R], such that
TIR: ] A(R:)

L. and A(Ri !
4 4

+ ]) -

T(R s

i 4]

By the nested interval theorem there exists exactly one point

PEN Ri’ and
i=1
- T(R,) T(R.)

T (p) = 1im =
i A(R'i) A(R])

We note that by changing the selection process slightly for R3 and R4,

we can insure peInt(R]).
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