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ABSTRACT

Isentropic Efficiency and Theoretical Analysis of the Planetary Rotor Type Expander

by

Joseph L. James, Master of Science

Utah State University, 2019

Major Professor: Dr. Geordie Richards
Department: Mechanical and Aerospace Engineering

Expanders allow pressurized fluids to undergo a pressure reduction in a controlled
volume to extract fluid energy. The energy is converted to mechanical work used to drive a
generator. This thesis derives the isentropic efficiency of a planetary rotor expander (PRE), a
century-old design undeveloped due to insufficient manufacturing capabilities (until recently).
The PRE is advantageous in industrial applications where high pressures, large and mixed flows,
and aggressive media is used. The PRE’s design is intrinsically self-cleaning making it ideal for
flows that leave deposits or ice during operation. These conditions are commonly found in the oil
and gas, chemical, energy, and municipal markets, where it is difficult to implement a traditional
volumetric expander such as a twin screw or scroll design. This thesis develops a theoretical
model to compute the isentropic efficiency of the PRE as a function of its design variables for
specific applications in these harsh environments. The independent design variables are the
PRE rotor height, machine radius, rotor tip radius, and machine rotational frequency. A

geometric analysis is completed to model the cavity mass flowrate, and leakage flowrate, in



order to calculate the PRE’s isentropic efficiency. Calculations are performed using real gas
analysis, which requires a multi-level iterative solver approach. In addition to modeling the
PRE’s efficiencies for different rotor sizes and speed, this thesis identifies design specifications
capable of maximizing isentropic efficiency. The thesis presents two primary applications in
industry where the calculation methods are different. The first application has a target power
objective where the user seeks to match a required electrical load provided by the expander. For
this application, the solution can be analytically solved, and we show that the optimal
efficiency is achieved by minimizing the PRE mass flowrate. The second application is total
energy recovery, where the user seeks to maximize power output of a flow while maintaining a
mass flowrate driven by the flow requirements. The energy recovery application gives a mass
flowrate as a constraint and cannot be solved analytically. An objective solver is developed along

with the real gas iterative solver to converge to an optimized machine size and rotational speed.

(147 pages)



PUBLIC ABSTRACT

Isentropic Efficiency and Theoretical Analysis of the Planetary Rotor Type Expander

Joseph L. James

Expanders allow pressurized fluids to undergo a pressure decrease in a controlled
environment via volumetric growth to extract fluid energy. There are many types of expanders,
and the objective of this thesis is to model the efficiencies of the planetary rotor expander (PRE),
a century-old design undeveloped due to insufficient manufacturing capabilities (until recently).
Geometric relationships are derived and mathematical models are generated to determine the
efficiency of the PRE as a function of design variables. Two industrially relevant case studies
show that, to maximize isentropic efficiency, the planetary rotor expander (PRE) rotational

frequency is maximized and rotor geometry optimized.
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I. INTRODUCTION

11 DESCRIPTION OF EXPANDERS AND THE PRE

This thesis presents a theoretical isentropic efficiency analysis of the planetary rotor
expander (PRE). It discusses the effects of rotor size and rotor speed on three different system
states and determines system isentropic efficiency. The models also provide the optimization
process for design towards specific applications. First, it is important to understand the general

workings of expanders.

An expander is a mechanical device that reduces fluid pressure in a controlled
environment to extract fluid energy. Pneumatic and hydraulic pressurized fluids contain energy
typically used to transport energy or the fluid itself from one location to another. When an
industrial process requires, fluid pressure is reduced by either a throttling valve or expander.
Using a throttle valve is an isenthalpic process where fluid energy is not used [1]. This increases
entropy and thus wastes energy. Throttling the pressure through an expander captures energy
from the fluid increasing overall system efficiency. This is preferred as the desired exhaust
pressure is still reached but converts energy from the pressure drop to available mechanical
work. The dependent variable introduced when using an expander is downstream temperature,

which will decrease as the expander extracts fluid energy from the flow.

A common example where an expander might be of use is a typical natural gas (NG)
“wellhead to customer” process. Many pressure drops exist within the process where an
expander can recover a percentage of the energy which would typically be wasted. The end of
the process before the NG arrives to the customer is the city gate station (see Figure 1). These

pressure drops have the potential to generate 100 to 500 kW of power [2], each enough to power



approximately 360 homes. Note that this is just an example of many types of industrial pressure

drops that occur.

WELL PROCESS COMPRESSOR COMPRESSOR CITY GATE CUSTOMER
HEAD PLANT STATION STATION STATION

Large pressure drops
suited for an expander
’4___

PRESSURE LEVEL

DISTANCE FROM WELL HEAD

Figure 1: Natural Gas Process [2]

Expanders have two possible primary roles that depend on the application. First, the
pressure reduction can be used to drive machinery via the available shaft power produced by an
enthalpy reduction of the flow (i.e. electric generator, heater). Second, expanders can reduce the
fluid’s exhaust temperature lower than what the Joule-Thompson effect would supply. This is
advantageous for industries requiring colder temperatures like refrigeration equipment or gas
liquefaction of raw wellhead gas in the oil industry. Both roles seek to maximize the change in
enthalpy but provide different by-products for the primary function. One application needs shaft
power from a pressure let down of which the by-product is a colder downstream temperature,
and the other needs a colder downstream temperature of which the by-product is shaft power. It

is important to note that an expander does not need to be coupled to a generator, but some source



of resistance is needed for the enthalpy change to occur. An oil break, resistive gear box, or fan

could be used as well.

Different types of expanders exist for various applications and are typically referred to as
turbo-expanders. They can be separated into two major groups; turbines and volumetric
expanders. Figure 2 shows the family tree of typical turbo-expanders. Many applications exist

where the proper expander needs to be specified. No expander is suited for all applications [3].

Note that the PRE, if included in the family tree, would reside with the volumetric expanders.

Steam turbines

L 4
Wind turbines

ORC turbines

GEIY

Tesla turbines

Scroll expanders

—m— Screw expanders

Piston expanders

700

Vane expanders

._(

PRE expanders

S

Figure 2: Turbo-expander types, adapted from [3]

Each expander type has its benefits and limitations. Turbines are generally the most
efficient but require controlled conditions such as closed systems or clean working fluids. Also,
the cost of turbines starts to become economically unviable under 500 kW [2]. A scroll and twin

screw for example are low cost to manufacture and a proven design. However, due to their



geometry they have a maximum working pressure of 400-600 psi [4]. They are also prone to
seizing if the fluid is not relatively clean. Reciprocating expanders can handle high pressures and

flows, but malfunction when liquids are present in the process fluid [4].

The PRE expander falls under the volumetric expanders group and allows for expander
use in industrial applications which requires a robust machine. Potentially, the PRE can handle
pressure up to 2000+ psi, flows 10+ MMSCFD, mixed flows, and economical to manufacture for
the intended use in industrial applications. Processing the fluid on the inside of the rotors allows
for a robust rotor design to combat cyclic failure, one of the primary failure modes for expanders
[5]. The PRE also has a self-cleaning behavior as each rotor sweeps past the adjacent rotor (each

rotor spins the same direction) removing build up or debris.

This thesis analyzes system isentropic efficiency of the PRE, which has not been formally
and publicly documented to date, in contrast to other type of expanders [6, 7, 8, 9, 10]. The PRE
IS a positive displacement expander with a one-to-one ratio, or with the installation of a metering
valve can process a range of ratios determined solely on the timing of the valve. Note that this
thesis does not consider the implementation of a metering valve (operation similar to a roots
blower) to simplify the efficiency derivation. The mathematical models presented in this thesis
should be proven out empirically, and after this is accomplished, one could apply a metering

valve to achieve higher pressure ratios.

Rotors of the PRE (3 or 4 rotor configuration) are designed with a helical twist that
meshes with an adjoining rotor when assembled together. The rotors turn the same direction, and
as they do, a cavity inside the rotor mesh will grow and shrink through the rotation of the rotors.
This passes a “packet” of fluid during operation, reducing its pressure and extracting energy.

Figure 3 shows the geometry of the packet.



Figure 3 also shows a conceptual PRE design with a 4-rotor configuration and transparent
containment vessel. The fluid enters through the top flange to be processed by the rotors. After
fluid energy has been extracted from the fluid, it exhausts through the back side of the rotors an
through the rotor windows out the bottom flange. All four rotors turn the drive assembly, and the
drive assembly tranfers the power from the 4 rotors to a single ouput shaft coupled to a resistance

device (i.e. generator via magnetic coupler).

During operation, the inlet of the rotors is always open to the gas source maintaining a
constant cavity pressure. After turning half a cycle, the inlet starts to close. At the end of the
cycle, the cavity completely encloses the fluid in the cavity. The rotors then open on the backside
exhausting the fluid. As the leading packet of fluid is being exhausted, the following packet is

entering on the front end creating two power cycles per rotor revolution.






1.2 HISTORY OF THE PRE

The PRE was first patented in 1902 by Thomas S. Colbourne (patent US710756A). His
design consisted of 4 straight rotors and were linked using timing gears. In 1946, Rudolf D.
Delamere designed a helical rotor and also conceived a 3 rotor configuration (patent
DE102014001954A1). The 3 rotor PRE has a smaller cavity but larger rotors for the same
machine envelope which is ideal for high pressure (2000 psi +) and low flows (larger rotor
diameter for strength equals smaller cavity). Many patents were filed in the 20" century
employing different configurations of the PRE including making it into an internal combustion
engine, matrix array configuration, and multiple cavity rotors (see Figure 4). No prototype PRE
has been reported to have been built until 2013 when a company called Helidyne constructed
several 4-rotor PREs and tested them using various fluids. A preliminary analysis was performed
by Jack Kerlin, co-founder of Helidyne, from 2008-2013 using ideal fluid computations. It is
important to note that this thesis would not be possible without the groundwork laid by Helidyne.
The cavity volume equation, rotor gap area, and preliminary rotor profile relationships were built
by the Helidyne team. This thesis continues that analysis of the PRE by investigating results
using real fluids computations, implementing true choked flow parameters (stagnation pressure
analysis), deriving the core leakage equations, combining multiple process stages for total system

efficiency computations, and finally optimizing isentropic efficiency from the derived equations.

Figure 4: Patent designs of different theoretical improvements to the PRE



1.3 DESCRIPTION OF APPLICATIONS

This thesis optimizes rotor geometry and rotation frequency to maximize system
efficiency, but system efficiency is dependent on the application which drives the selection of
rotor geometry. Two different application types will be the focus of the optimization process, and
case studies presented later (see chapter 3). These application types are paramount in analyzing

rotor and system efficiency as they will determine machine size and speed.

The first application will be known as an “Energy Recovery” application. This type of
system seeks to maximize power output of the expander by matching the mass flowrate required
by the source. There are three fluid states in this application’s system (see Figure 5 for a system
description). State 1 is the upstream source where the pressure and temperature are known. State
2 is the inlet directly into the PRE and is also considered the state inside the rotor cavity. The
changes from state 1 to state 2 are caused by the dynamic function of the PRE and upstream
components (most applications implementing a control valve). A pressure drop will naturally
occur in the piping network as the PRE operates and is dependent on plumbing geometry and
flowrate of the expander. In this application, it is desired to minimize any upstream pressure drop
as this increases state 2 fluid entropy and energy waste, but upstream expansion is expected
depending on the flowrate of the PRE. State 3 exhausts into the downstream piping network of
which the pressure is known. The temperature immediately downstream of the PRE is

determined by PRE efficiency and is one of the dependent fluid process variables.

An example of this application is a large natural gas (NG) distribution company seeking
to recover fluid energy from a letdown station. This is the case previously presented in section
1.1. High pressure networks (1000 psi+) are used to transport NG throughout the state. This

pressure must be reduced to approximately 45 psi before entering an industrial use network



within a city. An Expander in place of a throttling valve would recover part of the energy used to
charge the main distribution network and would follow an Energy Recovery model. Flow rate
would be determined by the city’s NG consumption, and the expander’s size/speed would be

optimized to match.

A similar application would be for oil wells seeking to increase the natural gas liquids
(NGL) dropped out at the wellhead. Wellhead natural gas needs to remove the heavy
hydrocarbons (C2 through C10) before it can be used as commercial grade NG. Decreasing the
temperature changes the phase of the heavy constituents to a liquid mixture that can be separated
from the gaseous NG. The colder the fluid temperature, the higher percentage of NGL is dropped
out and less processing is needed later. A PRE in place of an expansion valve (which relies on
the Joule-Thomson effect) in the refrigeration cycle would reduce the fluid temperature further
with the byproduct being available shaft power. In this system, the PRE would be sized to match
the wellhead NG flowrate. Peak system efficiency would be characterized as minimizing fluid

power exiting the system and maximize PRE power output.

PRE
State 1 State 2

Figure 5: Energy Recovery System



Wshaft = Wsystem — Wexhaust 1)

Where:
Wexhaust = POWer exiting the system

Wsystem = total available power (system power inlet, state 1)

Wghart = PRE shaft power

The second application type will be called a “Target Power” application. This system is
designed to supply power dependent on a load requirement. There are three fluid states within
this system type (see Figure 6 for a system description). State 1 is the upstream source where the
upstream pressure and temperature are known. State 2 is the inlet directly into the PRE including
the PRE cavity. State 2 is controlled by a control valve in-between state 1 and 2. This control
valve regulates state 2’s pressure to control the output shaft power of the PRE. State 3 exhausts
into the downstream piping network of which the pressure is known. The temperature
immediately downstream of the PRE is determined by PRE efficiency and control valve pressure

drop.

An example of a Target Power application would be an offshore oil platform looking to
replace diesel power generation sets. Using the high and low pressure ocean floor piping network
previously installed (typically to run equipment and charged by an onshore turbine compressor),
the PRE would utilize high pressure gas and exhaust into the low pressure pipe network to
produce power. These platforms use a specific amount of power depending on which machines

are in use and the PRE must have a power output to match (controlled by the control valve).



Maximum system efficiency for this application is characterized as minimizing the system mass

flowrate while maintaining the required shaft power output.
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Figure 6: Target Power System



14 DERIVATION ASSUMPTIONS

This thesis isolates rotor geometry and rotor speed to provide a focused analysis of their
effects on PRE isentropic efficiency. This study ignores parasitic losses within the system since
they are either independent of rotor geometry and speed or have relatively negligible influence
when assessing rotor geometry and speed. This is not to say that they are negligible to the system
as these parasitic losses could consume a significant amount of power if not addressed. The
following is a list of systems that would potentially alter overall system efficiency. These items

are not included in this analysis, but their existence should be noted:

Ignored Parasitic Losses (for reference)

e Bearing oil pressure pumps e Auxiliary/Power electronics
e Generator efficiency e Transfer case efficiency

e Instrumentation gas consumption e Magnetic coupler/ Drivetrain
e Piping elevation change e Upstream Head loss

e Bearing drag

System Assumptions/Declarations

e Steady State (msystem in = Mgystem out)

e Adiabatic system (0 heat exchange with enviroment )

e Fluid is non-compressible (V < mach .3), except at leak points

e Convergence to leak point throats is isentropic

e Stagnation pressure and inside the cavity is assumed to equal the state 2 pressure.

e All pressures are in absolute and all flows are actual (opposed to standard).



EFFICIENCY DEFINITIONS

Mass efficiency will be defined as the cavity mass flowrate divided by total mass
flowrate. Cavity mass flowrate is determined by cavity volume and rate of rotation combined
with state 2 density. Total mass flowrate is the summation of cavity mass flowrate and cavity
leakage mass flow rate (see equation 2). Mass efficiency is calculated in the case studies
presented later, but is not needed to determine isentropic efficiency. It is simply noted to
demonstrate maximized mass efficiency will not yield maximized isentropic efficiency. Note that

leakage parameters are discussed in section 2.2,

E _ Meaypet _ Mcay net _ P2 " Veavnet
mass— - == : = : -
Mioe Mgy net T Meak P2 - Vcav.net + pt'Vtot_leak

()

Where:
Emass = €xpander mass efficiency (or mass flowrate efficiency)

Viot1eax = total expander leakage

Veavnet = Net rotor cavity flowrate

p, = state 2 density
p; =throat density at leakage points

M, = total system mass flowrate

my., = total leakage mass flowrate



System isentropic efficiency will be defined as the PRE shaft power (total expander

extracted power) divided by total available power flowing into the system (ideal isentropic fluid

power) [1],
Eqystom = .V.Vshaft , 3)
system
Wsystem = mtot(hl - h3,Isentr0pic)' (4)
where:

Esystem = System efficiency
h, = state 1 specific enthalpy
h3 sentropic = State 3 isentropic specific enthalpy

When assessing the two application types, equation 3 will change focus. In an energy
recovery application, the system power is constant and the PRE shaft power alters when
changing rotor geometry and speed. The opposite is true for a target power application where the
PRE shaft power is held constant and changing rotor geometry and speed alters the system
power. This difference in focus will drive a change in strategy when sizing a PRE for either

application. This will be shown in the case studies.

As mentioned, the PRE analyzed in this thesis contains no metering valve into the rotor
cavity. This allows a standard hydraulic power equation to be used to calculate shaft power using
cavity pressure (state 2) and PRE flowrate. This is of course not ideal when using a process fluid
in the gaseous state because expansive energy is not used in a hydraulic configuration. A

metering valve creating higher pressure ratios involves another thermodynamic analysis that is



outside the scope of this thesis. When calculating shaft power of a one-to-one PRE, the following

equation will be used [1],

Wshaft = Vcav.net ’ (PZ - PB) ’ (5)

where:
P, = state 2 pressure

P; = state 3 pressure

Equation 5 will be used to solve equations 3 and 4 according to the application being
analyzed. For an energy recovery application, total mass flowrate m,,, is known and used to
calculate state 2 pressure (and thus output power). However, this cannot be analytically solved
due to the coupled nature of mass flowrate and state 2 pressure. An objective based solver is used
to iterate the state 2 pressure until the total mass flowrate constraint is met. This is shown in the

case studies. Output power is then used to calculate isentropic efficiency Egystem (Equation 3).

For a target power application, shaft power vy, ¢ IS known, and rotor geometry/rotor
speed will determine total mass flowrate m,,; in equation 4. This can be analytically solved
because state 2 pressure is obtained directly from equation 5. Note that cavity volumetric
flowrate V_,, e is calculated by the product of cavity volume (packet volume) and PRE
rotational speed. The final isentropic efficiency is calculated by using equations 3, 4, and 5

yielding

E = VCaV.net ' (PZ B P3) (6)
system rhtot(hl —_ h3'15entr0piC)




I1. ISENTROPIC EFFICIENCY DERIVATION
The root of this thesis is a geometric analysis and optimization of the rotors so PRE
performance can be predicted. The first task will be to map the rotor’s geometry and derive
geometric relationships. This reduces the geometric independent variables to three linear

dimensions from which the entire rotor can be geometrically described.

After the rotors can be mathematically described, volumetric and mass flowrates are
derived. This is completed by identifying all leak sources within the rotor mesh. After all leak
flowrates have been identified, leak location densities are calculated to yield the mass flowrate at
the leak points (using compressible flow analysis). The rotor cavity volume, density at state 2,
and PRE rotational frequency yields the cavity mass flowrate. These two mass flowrates yield

the total mass flowrate.

After the flowrates have been derived, several case studies are presented. These case
studies use the derived isentropic efficiency equation to optimize PRE rotor size and speed in
various scenarios. The system states 1 through 3 illustrated in Figure 5 and Figure 6 will be the

systems used in these case studies and figures used for reference.



2.1 ROTOR GEOMETRY

A PRE rotor is constructed by taking the cross sectional rotor profile and helically
extruding the profile through its height. There are three primary, independent variables from
which all other rotor geometries are derived, which are machine radius E, tip radius R1, and rotor
height H. Machine radius E represents the distance from the assembled machine centroid to
outermost rotor tip but is also used as the basis for PRE radial size and an independent variable
for all PRE geometry. Tip radius R1 is simply the radius of the rotor tip but affects rotor
performance and strength. Rotor height H is as its description implies, the face to face distance of

each rotor.

The PRE rotor profile is created by intersecting two circles each with a girth radius R2.
The “lens” profile is created by rounding the tips with a tip radius R1 and 90 degree arc. Both
circles with radii R1 and R2 are centered on a circle with center radius S (equally spaced, 90
degree interval), which itself is centered on the profile centroid. These three constraints fully
define S, requiring only R1 and R2 to be known to generate the rotor profile. Note that girth
radius R2 is a function of tip radius R1 and machine radius E (see Figure 7). After the rotor
profile has been generated, it’s then helically extruded through rotor height H. The pitch of a

standard PRE rotor is equal to 0.5 revolutions per rotor height H.

Again, the rotor geometry uniquely processes the high pressure fluid on the inside of the
rotors instead of outside like a conventional twin screw. This allows the rotors to flex without
seizing in high pressure applications. The geometric relationships create continuous tangency
from rotor to rotor maintaining a closed internal cavity volume as the rotors turn. This coupled
with the rotors having the same direction of spin, creates relative motion rotor to rotor in close

proximity. This allows the rotors to be self-cleaning against deposits and ice.



More variables identified with their specific uses are listed in equations 7 to 15. Figure 7
shows the rotor profile generation. Figure 8 shows a summary of the rotor’s profile dimensions
and assembled dimensions. Note these dimensions and this thesis only discuss a 2 lobed, 4 rotor

PRE. Dimensions for a 3 lobed 3 rotor PRE are excluded.
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Figure 7: Rotor Profile



Figure 8: Rotor Dimensions



Machine Radius
Selected by user

Tip Radius
Selected by user

Rotor Height
Selected by user

Girth Radius
Used to generate rotor profile

Nose Length
Used for radial load area, see appendices

Waist Length
Used for radial load area, see appendices

Machine Center to Rotor Center Radius

Center radius for 4 rotors equally spaced and
assembled together

R1 Junction Width
Used for radial load area, see appendices

R1 Junction Length
Used for radial load area, see appendices

Rotor Center to Center length

Assembled rotor to rotor center distance,
used to locate rotors and flowrate derivations

R2 and R1 center radius
Used to generate rotor profile

Rotor Diameter
Used for all flowrate derivations

E = Independent Variable

R; = Independent Variable

H = Independent Variable
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()

(8)

9)

(10)

(11)

(12)
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2.2 LEAKAGE FLOWRATE

There are three areas where the PRE leaks the high-pressure fluid into the downstream
exhaust. This leakage is a non-contributor to shaft power generation. The leak points are
identified and mathematically described in this section which is needed in order to calculate

expander isentropic efficiency.

All leak points are assumed to have the same bulk fluid velocity due to choked flow
criteria. That is, bulk fluid velocity at the throats of each leakage point is then defined as the

speed of sound according to the local fluid properties at the throat [11].

After the fluid velocity at the throat is determined, the cross-sectional areas at each leak
point are derived and the volumetric flowrate leakage is calculated (using the choked flow fluid
speed). The throat properties are known from the throat fluid velocity calculations previously
discussed. These are used to calculate throat density, then leakage mass flowrate is finally

calculated for each leak point.



221 CHOKED FLOW

The leak points in the PRE follow the conventional geometry of a convergent divergent
nozzle. This allows a choked flow assumption to be used to determine fluid speed at the throat of
all leakage points. Choked flow states that if the downstream pressure is lower than a calculated
critical pressure, the flow’s average velocity at the choke will be evaluated at Mach 1 according
to the local fluid conditions (fluid, pressure, and temperature at the throat). This application uses
compressible fluid analysis (Mach number >0.3) and it is important to note the fluid density at

the choke will differ from the fluid density in the cavity.

Divergent
Exhaust
Rotor
Rotor

Throat or “Choke”:
Region referred to as the
“Gap” for rotor leakage
in the following section.

Convergent

Cavity

Figure 9: Gap Leakage Geometry (Rotor Gap)



As a reference, equation 17 shows the criteria for choked flow. As the rotor size grows, it
is possible that the critical pressure requirement be reduced enough to make the throat velocity
less than Mach 1 and should be checked. This is further discussed later in this section. For
verified choked conditions, the throat velocity is equal to the speed of sound (Mach 1) according
to the local fluid conditions and is used as the bulk fluid velocity at all leak points. The speed of

sound is calculated as follows [11]:

vt = /YthTt (16)

2 \vt1
P3 S Po( )Yt = Pt (17)

Where:
V. = throat average velocity (Mach = 1 for choke conditions only)

Y: = throat specific heat ratio

T; = throat fluid temperature

P, = throat fluid pressure

P, = cavity flow field stagnation pressure

R, = process fluid specific gas constant

M; = Mach number at the throat



If choked flow is assumed for the leak points, the choke temperature and pressure need to
be calculated to determine throat fluid velocity (equation 16). This is accomplished by using the

isentropic stagnation pressure and temperatures equations evaluated at Mach = 1 [11]:

T T
¢ = e — 18
R Cmi SVE RN (k. (18)
P P,
e e =g (19)
(1+Pg=mg) ™ (1 L)

The stagnation pressure and temperature are assumed to be the temperature and pressure
at state 2 as the initial Mach number entering the cavity is relatively low for the regions of
interest (< Mach .3) making T, = T, (units in Kelvin) and P, = P,. Once the cavity cross
sectional area is calculated and mass flowrate evaluated (and thus initial nozzle Mach number),
this assumption can be tested, and error accounted for. Appendix A show tables for the case

studies calculating this deviation and show it to be ~0% to 3%.

Since the throat specific heat ratio y; is dependent on the throat temperature and pressure,
the above equations need to be iteratively calculated. The complexity comes from calculating the
specific heat ratio. This was accomplished by using a NIST program called REFPROP which
contains empirical parametric equations that yield fluid parameters (like specific heat ratio) as a
function of two fluid states (for example pressure and temperature). The three way iterative
solver for equations 18, 19, and specific heat ratio solves all three parameters coded into excel
that queries REFPROP for each iteration. Initial, arbitrary values for throat pressure and throat
temperature (1 psi and 250 K respectively) are used to calculate an initial value for throat
specific heat ratio y,. The solver converges within a value of 0.001, and with an average specific

heat ratio of 1.35 the relative error for this calculation is approximately 0.07%. The precision for



this iterative solver was selected as an optimization for computational costs. The objective GRG
solver used to calculate state 2 pressure for an energy recovery application takes exponentially
longer to compute due to this iterative throat parameter calculation. To calculate the isentropic
efficiency of 400 different rotor sizes (20x20 grid analysis using machine radius E and rotor
height H as free variables), the solver performs ~360,000 iterations to converge. This is because
the solver queries the REFPROP data base to retrieve thermodynamic parameters for each
iteration. A higher precision for the throat parameters would increase the computational time and

have diminishing returns considering overall model accuracy (~ 5%).

Also, there is an important note to add concerning choked flow. The choked flow
assumption is used because the industrial niche market where the PRE would be applied
generally creates a choked flow scenario for optimized rotor configurations. State 1 pressure
ideally ranges from 500 to 3000 psi, and state 3 pressure from 50 to 300 psi. These pressure
ratios place an optimized rotor configuration in choked flow (at the leak points). The grid
analyses shown in sections 3.1 to 3.5 possess rotor configurations where choked flow criteria is
not satisfied. These configurations however are not the optimized rotor configurations.
Maintaining the choked flow assumption even for these cases theoretically produces accurate
results due to the state 1 to state 2 enthalpy loss becoming more dominant as state 2 pressure
decreases (with increasing rotor size). In other words, as the difference between subcritical flow
and choked flow becomes larger, the error produced by maintaining the choked flow assumption

becomes less significant as the state 1 to state 2 enthalpy drop gets larger.

Appendix B uses the applications found in sections 3.1 and 3.3 and introduces a
subcritical analysis. A flange tap configuration is used to determine an incompressible drag

coefficient at the leak points [12]. The incompressible parameters are then used in combination



with subcritical flow analysis to determine the mass flowrate through the leak points [13] [14].
Note that a hydraulic diameter two times gap G (discussed further in 2.2.4) is used for the
incompressible analysis instead of an upstream orifice diameter (PRE leak points have
unconventional geometry for port analysis) [15]. It is shown for these applications, that ~2%
error in isentropic efficiency exists along the choked/subcritical boundary, and asymptotically

approaches 0% error even when the leakage flowrate becomes less choked.

If an application presents a rotor configuration where the choked/subcritical boundary is
near the optimized rotor configuration, it is possible that a similar rotor configuration will have
the same or better isentropic efficiency due to the reduced throat velocity of non-choked flow.

This is unlikely under the intended applications for the PRE but should always be checked.



2.2.2 INTAKE PLATE LEAKAGE

The first leak point is between the head of the rotors and the intake plate. As the process
gas enters the rotor cavity, the high-pressure gas is exposed to this junction. Leakage occurs
because of the pressure difference between the intake/rotor cavity and the outside of the rotors.
This leakage is considered constant and is independent of expander rotational speed. Because the
rotors dynamically change the leakage cross section due to rotor rotation, it is difficult to predict
this leakage, but can be obtained empirically. Various assembly techniques can be implemented
to minimize the gap or reduce it to effectively zero. Since Standard machining practices would
still produce a considerable gap due to tolerance stack up, a sacrificial coating can be applied to
the intake plate and used to close the gap during assembly. The spinning rotors grind into the soft
intake plate coating (i.e. nickel) reducing the gap to minimal clearance. To ensure clearance
during operation, a diamond nickel matrix coating can be applied to the head of the rotors to
prevent galling, especially during large temperature fluctuations. This thesis makes the
assumption that these measures have been taken and head plate gap leakage has been reduced to
a negligible amount. These same techniques cannot be used with rotor gap leakage or core
leakage discussed in the following sections. The rotor geometry creates complications making it

physically impractical and financially unreasonable. See Figure 10.
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Intake Plate

Intake Plate Leakage

Figure 10: Intake Plate Leak Source



2.2.3 CORE LEAKAGE

The second leak source is located at the dynamic junction between the rotors and the
core. Introducing a rounded rotor tip gives advantages such as larger rotor girth for strength,
easier tip machinability, and larger fluid inlet ports. However, rounding the tips produces a void
in the machine center. A core is needed to fill the void and reduce leakage out the exhaust end of
the rotors (this also reduces the cavity volume for a given machine radius E and rotor height H).
Two core profiles are generally considered depending on machine size; convex superellipse
(CSE) and cylindrical. Both profiles still produce gaps at the machine center creating a leak path.
This leakage is constant throughout the cycle of the rotors (the location of the leakage rotates
around the core, but the leakage area remains constant). Because of the dynamic motion of the
rotors entering and exiting the adjacent rotor’s envelope, a core will not be able to remove core
leakage completely but only minimize it. A pointed tip, knife edge rotor design could
theoretically remove core leakage, but is unfeasible due to the machinability and operational

limitations (knife tips bend and wear).

As shown by Figure 11, the convex superellipse core profile reduces the leakage area
noticeably more than the cylindrical core profile and is optimal if it can be used. However, due to
its manufacturability, the convex superellipse profile has size limitations where a cylindrical core
can be manufactured to a relatively smaller diameter more accurately. This is discussed further in

this section.



Core Profile

Convex Superellipse Core Cylindrical Core

Core Leakage Area (black area)

Figure 11: lllustration of Core Profiles



First, the area of the void created by the rounded tips is calculated:

Y

/ Void Area (Ayeiq)

el

1

Figure 12: Core Void Area Illustration

The area of the void created by the core is mathematically driven by the tip radius R;.
Figure 13 shows that R; spans a 90 degree arc length. This creates a square with sides equal to

two times R, . Subtracting the rotor area from this square yields the void area,

1

Figure 13: Core Void Area Calculation

Ayoiqg = 4R? — RZ = R%(4 — ). (20)



Next, the core’s cross-sectional area is calculated and subtracted from the void area to
give the core leakage area. There are 2 basic shapes for a core. The first core type is a convex
superellipse as shown in Figure 11 which minimizes the core area leakage. The second core type
is a cylindrical core which will produce a greater core leakage area. Due to the high tolerance
needed for a core design, limitations in manufacturing a small convex superellipse core might

force the design to use a cylindrical core.

The cylindrical core area (Acyncore) is calculated by taking the area of a circle created by

two rotor diameters inside the machine radius:

_ Rotor Diameter “D”

Cylindrical Core
Area ( ACynCore)

Machine Radius “E”

Figure 14: Cylindrical Core Geometry



ACleore =n(E - D)?, (21)

2
ACleore = T[R%(l - \/E) . (22)

The core leakage area (Acynreakage) When using a cylindrical core is calculated by

ACynLeakage = Avoid — ACleore ’ (23)
2
ACynLeakage = R% (4—m) - T[R%(l - \/i) ’ (24)
2
AcynLeakage = Rf [4 —n—mn(1- \/E) ] ~ .319R%. (25)

Multiplying equation 25 by equation 16 yields cylindrical core volumetric flowrate

leakage,
. 2 ~
VCynLeakage = R% [4’ — T T[(l - \/i) ] Vi, (26)
. 2
VCynLeakage = R% [4 —T— T[(]- - \/E) ] ' ’YthTt ’ (27)
where

Av,iq = total void area,

Acyicore = Cylindrical core cross sectional area,
AcynLeakage =Cr0ss sectional leakage area when using a cylindrical core,

chnLeakage = cylindrical core leakage flowrate.



The convex superellipse shaped core minimizes core leakage to increase efficiency for
PREs with rounded tip rotors. Similarly, with a cylindrical core, the core leakage area is
calculated by subtracting the superellipse core area from the area of the void created by having
rounded tip rotors (see Figure 15). Core leakage area cannot be reduced any further than a
convex superellipse design when using a static core. A dynamic helical core that rotates in sync
with the rotors could close the gap and act as a 5" rotor in a 4 rotor configuration. This poses
design challenges with rotor indexing, and for simplification, a static core will be used in this

analysis.

Convex Superellipse Core

(Acscore) - Rotor Diameter “D”

Figure 15: Rotor Tip Intersection



The superellipse shaped core is created by the continuation of the rotor tip arc until it
intersects with the adjacent rotor tip’s path. By calculating the area of the square formed by the
rotor center to center dimension L and subtracting the formed areas inside of that square, the area
of the superellipse core remains. Two different areas emerge inside square L: the green area

labeled as A, and the yellow area as Ay. See Figure 16.

Figure 16: Convex Superellipse Core Area Analysis



The area of the square A; enclosed by dimension L:

AL = L2. (28)
Area A, is calculated by subtracting 24, from one quarter of the area of the circle made

by rotor diameter D. Area A, is half the area of two overlapping circles. First, A, is calculated by

breaking down the sector created by rotor diameter D and subtracting the segment triangle

formed by dimension L. Note that angles are in radians.

Segment Area
2A,

Sector Triangle Area
ASectorA

L

Figure 17: Convex Superellipse Segment Drawing

Sector Angle:

esec) L
= — 29
oS ( > 5’ (29)



Bgec = 2cos™t (%) : (30)

Sector Area:

nD? 0
ASector 4 ’ ZS:[C; (31)
L
-1(X
A _TD? Zcos (5) (32)
Sector 4 T )
L
2 -1 (L
A D*cos™ (5) (33)
Sector 4
Sector Triangle Area:
D\*  (L\?
Ak @) -G) (34)
SectorA — 2 )
LVDZ — 12
Asectora = T (35)
Calculating Ag:
Ag = Asector — Asectora » (36)
L
2 -1(=) _ 2 _ 12
A :D cos (D) LvD L 37)
g 4 '

AD =, (38)



Ap
Ay =7~ 2Ag. (39)

The area of a convex superellipse core Acs core IS:

Acscore = AL _4Ay - 4Ag ’ (40)
A
Acscore = 4y, _4(TD - ZAg) - 4‘Ag ’ (41)
ACSCOre = AL - AD + 4‘Ag ’ (42)
niD? L
Acscore = L2 — - 7 [DZCOS_I (B) —LyD% - LZ] : (43)

where:
Acscore = Cross sectional area of a convex superellipse core (see equation 42),

Ag = descriptive area used to calculate Acscore (€€ Figure 16),

A, = descriptive area used to calculate Acscore (€€ Figure 16),

A;, = area of a square with a side length L (see Figure 16),
Asectora = descriptive area used to calculate Acscore (S€€ Figure 17),
Ap = area of a circle with a rotor diameter D.

To find the leakage area when a convex superellipse core Acsp.eakage 1S Used, the

superellipse core area is subtracted from the core void area Ay,;q found in equation 20,

ACSLeakage = Avoid — Acscore » (44)



nD?

L
ACSLeakage = R%(Ll‘ — ) — ILZ T4 + (DZCOS_1 (B) —LyD? — Lz)l. (45)

Convex superellipse core leakage is calculated by multiplying the superellipse leakage

area with the speed of sound in the working fluid as defined by choked flow in equation 16:

VCSLeakage = ACSLeakage s (46)

. mtD? L
VesLeakage = |RE(4 —m) — L% + - (chos_1 (5) — LyD?% — L2>l - /thth, (47)

where:
Acsreakage = leakage cross sectional area when using a convex superellipse core,
VCSLeakage = volumetric flowrate of the convex superellipse core leakage.

Note that equation 47 uses dimension L, which is not one of the three primary variables
noted in the rotor geometry section. This is to keep these equations manageable with upcoming

derivations.

Where:
Acore = generic core area, either Acyicore OF Acscore
Veyicore = H* Acyicore = Volume of a cylindrical core within a full rotor cavity,
Vescore = H * Acscore = VOlume of a convex superellipse core in a full rotor cavity,
Vcore = generic core volume, either Veyicore OF Vescore » Same for VcOre_Leakage.

A comparison between these two types of cores can be made to show the magnitude
difference between them. A convex superellipse core minimizes the core leakage area in a 4-

rotor configuration with an R, greater than zero. The cylindrical core yields a larger core leakage



area but can be reliably manufactured much smaller (for a smaller R;) and cheaper. Below

compares the core leakage area of both types are compared to provide insight for core selection.

First, the cylindrical core leakage area is calculated for a range of applicable primary

variables. Using equation 25, Acyneakage (ONly a function of R;):

ACynLeakage (inz)

radius E. The graph for calculating the convex superellipse core can be found below modeled

R1 {in)

Figure 18: Cylindrical Core Leakage Area Graph

The convex superellipse core’s area is dependent on both tip radius R, and machine

after equation 45:
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ACSLeakage (inz)

from both core types yields a comparative ratio showing the difference in area. Figure 20 shows

0.010

The CSE core varies slightly with changes in machine size but comparing leakage areas

Figure 19: Convex Superellipse Core Leakage Area Graph
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30 | 0.002 | 0.003 i 0.004 | 0005 | 0.006 : 0.008 : 0010 : 0.012 | 0.014 : 0.016 : 0018 = 0.020 : 0023 : 0025 = 0028 : 0.031 : 0.033
35 | 0.002 | 0.003 i 0.004 | 0.005 : 0.006 : 0.008 : 0010 @ 0012 : 0.014 : 0016 | 0.018 : 0021 : 0024 : 0026 = 0029 : 0.032 : 0.035
40 | 0.002 i 0.003 | 0.004 @ 0.005 : 0.006 : 0008 = 0010 : 0012 i 0014 : 0016 : 0.019 : 0021 : 0024 = 0027 = 0.030 : 0033 = 0036
45 | 0002 | 0.003 0004 i 0.005 | 0007 | 0008 ; 0.010 0012 i 0014 . 0017 @ 0019 ;. 0022 0025 : 0027 . 0031 @ 0034 . 0037
50 | 0.002 | 0003 | 0.004 ; 0.005 0007 : 0.008 : 0.010 @ 0012 ; 0.014 = 0017 . 0019 A 0022 0025 : 0028 = 0031 @ 0034 . 0038
55 | 0.002 | 0003 | 0.004 . 0005 0007 : 0.008 : 0.010 : 0012 ; 0.015 0017 . 0020 A 0022 0025 : 0028 = 0031 @ 0035 . 0.038
60 | 0002 | 0.003 i 0.004 | 0005 | 0.007 i 0.008 : 0010 = 0012 | 0015 i 0017 | 0020 : 0022 : 0025 : 0028 = 0032 : 0.035 : 0039
65 | 0002 | 0.003 i 0.004 @ 0005 | 0.007 i 0.008 : 0010 = 0012 | 0015 i 0017 | 0020 : 0023 : 0026 : 0029 0032 : 0.035 : 0.039
70 | 0002 | 0.003 i 0.004 @ 0005 @ 0.007 | 0.008 : 0010 0012 : 0015 : 0017 & 0020 = 0023 : 0026 . 0029 0032 = 0.036 : 0039
75 | 0.002 0003 @ 0004 0005 0007 : 0.008 0010 @ 0012 . 0015 0017 : 0020 0023 @ 0026 . 0029 0032 : 0036 = 0.040
80 | 0002 | 0.003 | 0.004 @ 0005 A 0007 ;| 0.008 . 0010 0013 | 0015 i 0017 & 0020 0023 : 0026 . 0029 0033 . 0.036 : 0.040
2
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that the cylindrical core has an average of two times the leakage area than a CSE core for
plausible machine sizes (this ratio rapidly increases as R; increases because cylindrical core
leakage area increases exponentially with R;). Since both cases would have the same bulk

velocity as defined by choked flow, the same ratio applies for core volumetric leak rate.

ACynLeakage
ACSLeakage
|R1 (i) ]

_____ E(n) | 0.100 © 0125 i 0.150 i 0.175 | 0.200 | 0.225 : 0.250 {0275} 0300 @ 0325 | 0350 | 0.375 | 0400 | 0425 @ 0450 : 0475 | 0.500
2.0 2.0 2.0 2.0 2.1 2.1 22 22 123 23 24 24 23 2.6 27 28 2.9 3.0
2.5 1.0 2.0 2.0 2.0 2.1 2.1 21 122 ¢ 22 22 23 23 24 24 23 23 2.6
3.0 1.0 1.0 2.0 2.0 2.0 2.0 21 121 0 21 2.1 22 22 22 23 23 24 24
3.3 1.0 1.0 2.0 2.0 2.0 2.0 20 120 0 21 2.1 2.1 2.1 22 22 22 22 23
4.0 1.0 1.0 1.0 2.0 2.0 2.0 20 120 20 2.1 2.1 2.1 2.1 2.1 22 22 22
43 1.0 1.0 1.0 1.0 2.0 2.0 20 120 ¢ 20 2.0 2.0 2.1 2.1 2.1 2.1 2.1 22
5.0 1.0 1.0 1.0 1.0 1.0 2.0 20 120 20 2.0 2.0 2.0 2.1 2.1 2.1 2.1 2.1
5.3 1.0 1.0 1.0 1.0 1.0 1.0 20 120 20 2.0 2.0 2.0 2.0 2.0 2.1 2.1 2.1
6.0 1.0 1.0 1.0 1.0 1.0 1.0 10 20 20 2.0 2.0 2.0 2.0 2.0 2.0 2.1 2.1
6.5 1.0 1.0 1.0 1.0 1.0 1.0 10 20 20 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
7.0 1.0 1.0 1.0 1.0 1.0 1.0 10 10 i 20 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
7.3 1.0 1.0 1.0 1.0 1.0 1.0 10 10 10 2.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0
8.0 1.0 1.0 1.0 1.0 1.0 1.0 10 10 10 1.0 2.0 2.0 2.0 2.0 2.0 2.0 2.0

Figure 20: Convex Superellipse Core Leakage Area Graph

Consideration when selecting a core would include core cost, rotor tip wear, cavity
volume, and cavity leak rate. Smaller R1 values yield larger cavity volumes and smaller leak
rates for both core types. However, smaller R1 values increase rotor tip wear, decrease cavity
inlet area, and increase core manufacturing costs. Core selection is a multi-variable optimization
not included in this thesis. For the case studies found in Chapter 3, a cylindrical core with a tip

radius of R1 will be used.



2.24 ROTOR GAP LEAKAGE

The third leak source occurs between adjoining rotors. High precision rotor bearing
housings can prescribe a gap between rotors, as planetary rotors have relative motion between
them and cannot touch. This gap is a non-trivial leak point and should be minimized in order to
increase efficiency. Before analyzing the rotor gap leakage, three gap behaviors need to be

understood.

The first gap behavior is as Figure 21 shows; the gap twist reverses direction halfway
through the cycle. Even though the gap’s helical path changes direction of rotation, its pitch

remains constant.

Figure 21: Gap Behavior 1, Gap Choke Twist Reversal



The second gap behavior is as the rotors twist, the gap created between the rotors travels
radially. The lower and upper bounds for its radial travel are the distance between the R,
junction (where R; merges with R,, see Figure 8) and R tip (or rotor tip). For the analysis, a
radial height is needed to calculate the gap arc length and so an average will be used since the
girth and tip radius R1 and R2 are constant radii. Note the gap’s radial travel will complete two
“junction to tip” radial cycles for one rotor cycle. Note as R, reduces to zero, the radial travel

also reduces to zero.

Front of Rotor Back of Rotor

Junction 2 of R4 Junction 1 of R Junction 2 of R; Junction 1 of R,

Figure 22: Gap Behavior 2, Tip Radius Cross Over
The third gap behavior

is that the gap length grows as
the rotors progress through
their cycle. Meaning at the

beginning of each cycle, the

rotor gap length is effectively

Figure 23: Gap Behavior 3, Gap Length Growth

zero and grows at a rate that is
a function of expander rotational speed. As the rotors are only partly through its cycle, this
creates a shorter gap length than the figures above. Gap thickness is constant through the cycle.

Note with each new cycle, the gap length returns to zero and regrows.



To calculate the rotor gap leakage, the length of the rotor gap needs to be mathematically
modeled. The length grows along a helical path with a constant pitch (even though it reverses
direction halfway through the cycle), and with a varying radius as shown by behavior two. For
model simplicity, rotor diameter is used as the helix diameter. This is true as R, approaches zero
making rotor diameter D an approximation for the helix diameter for a small tip radius R;.
Heuristic analysis shows that isentropic efficiency error induced by assuming the helix diameter
to be rotor diameter D is less than .05% for rotor sizes that have a tip radius R, to machine radius
E ratio less than .07. Appendix G contains derivations of the varying helix diameter for

reference. The gap length Ly ix iS modeled the standard length of a helix,

Lhelix = \/[T[ThelixD]2 + H?, (48)

where:
Lyelix = total gap coil length,

Thelix = NUMber of twists contained within rotor height H (.5 for the PRE).

To calculate the gap length as the rotors rotate, number of rotor twist Ty, IS €Xpressed
in terms of time to represent the transient nature of the gap growth. First, the number of helical

twists is expressed in terms of instantaneous axial position:

h
T helix(h) = Thelixﬁf (49)

where;

T*,e1ix(h) = instantaneous number of helical twists,

h = instantaneous axial height of cycle (see Figure 23).



The instantaneous axial height can be expressed in terms of time:

h(t) = 2fHt, (50)
where:
{ = PRE frequency of rotation,
t = time.

Substituting equation 50 into equation 49:

) 2fHt
T helix(D) = Thelix BT (51)
T helix (1) = Thenix2ft . (52)

To model the gap leakage coil length in terms of time, substitute equations 50 and 52

into equation 48:

Lhelix(t) = \/[T[T*helix(t)D]z + (h(t))zr (53)

Lielix(t) = 2fty/[MThe1ixD]% + H2. (54)

The rotor gap leakage area is the gap length multiplied by the constant gap thickness G
This gap thickness is given as it is driven by tolerance stack up of the PRE assembly. The gap

area is multiplied by 4 because a 4 rotor machine has 4 rotor gaps and equations yield:

Agap(t) = (4G)2fty/ [Ty D]? + HZ, (55)

Agap (t) = 8G.]ft\/[1TThelixD]2 + H? , (56)



where:

Agap(t) = instantaneous total rotor gap area of all rotors,

G = prescribed rotor gap clearance.

Rotor gap leakage Vt_gapleak is calculated by multiplying total gap area by gap choke

speed found from equation 16:

Vt.gapleak = vt : Agap (0, (57)
Vt.gapleak(t) = ’YthTt ) 8Gth\/[1TThe1ixD]2 + H2. (58)

Equation 58 gives the instantaneous leakage dependent on time and PRE rotational
speed. Integrating equation 58 from zero to the length of time to complete one cycle will give the
volume of fluid leaked during one complete cycle. Using equation 50 to determine time t to

complete one cycle (h=H):

h(t) = H = 2fHt, (59)

t=—. (60)

Integral equation defining total gap leakage flowrate during one cycle:

dv

Vt.gapleak = a (61)

Integrating equation 61 using equation 60 as the upper bounds yields the volume of fluid

leaked during one cycle Vey1_gapieak:



dv - -
dc - - fYthTt +8Gfty [MTheii DI? + HZ, (62)
1

chl.gapleak Z_f
f dv = f ( /thth - 8Gfty/ [MTherixD]? + HZ) dt, (63)
0 0

1
t2 2 2 Z_:F
chl.gapleak = /YthTt ) 8GZF?\/[T[The1iXD] + H , (64)

0

/ (1 2
2{) 65
Veylgapleak = _|YtRgTe - 8Gf T\/ [MTheixD]* + H?, (65)

Gﬂlth Tt\/

Veylgapleak = [MThenixD 1% + H?. (66)

Notice in equation 66 the volume of fluid leaked during one cycle is inversely
proportional to the rotational frequency of the PRE. To calculate the total gap leakage volumetric
flowrate Vtot,gapleak, multiply equation 66 by two (number of cycles per expander revolution)

and the expander frequency:

G\/Yt g Tt

Vtot.gapleak \/ Thellx Z+ HZ: (67)

Vtot.gapleak = 2G /YthTt\/[T[ThelixD]2 + H? ’ (68)
where:
Ve gapleak = iNstantaneous gap leakage flowrate, time dependent,

Veylgapleak = total volume of fluid leaked during one cycle,

Vtotgapleak = total PRE rotor gap leakage flowrate.



Equation 68 calculates a steady state flowrate on a macro level. Equation 58 shows that
gap flowrate is transient and repeats every cycle. Since normal operation of the PRE is between
10 and 80 Hz and the gap leakage cycle occurs twice per rotor revolution, considering gap
leakage steady state is acceptable. This makes the gap leakage flowrate independent of time and
PRE rotational speed. Equation 68 also makes it possible to redefine the rotor gap area without
the time dependency since area is simply volumetric flowrate (equation 68) divided by the
average cross sectional fluid velocity (V,), and substituting rotor diameter D for the primary

variables:

Agap = ZG\/[nThelix (E+Ry(1- x/E))]Z +H2, (69)

where:

Ag,p = total gap area between rotors.



2.3 CAVITY FLOWRATE

Cavity flowrate is determined by multiplying expander frequency by 2 times the cavity
volume (2 cycles per revolution for a 4x4 rotor). Much like how gap leakage is transient in a
micro time scale but static in a macro timescale, so is expander flowrate. The flowrate
measurement is isolated to how many cycles are completed each second. The task is then to
calculate cavity volume. This volume (see Figure 24: is confined by 4 rotors meshing together
with a 90 degrees offset. The cavity is largest when the rotors are in the 0-torque position (or the

start of a cycle or 0 degrees angle of twist).

The cavity volume is complex to construct as it is the internal volume of the combined
subassembly. Several processes will be shown and verified on how to achieve an analytical

cavity volume equation dependent on machine radius E, tip radius R1, and rotor height H.

Front View Isometric View Side View
(machine center axis)

Figure 24: PRE Cavity Volume (shown: E=4, H=4, R1=.5)



First, the cavity volume is calculated without a core. After the core type has been
selected, the core volume will be subtracted from the total cavity volume to yield the net cavity
volume. If the cavity cross sectional area is viewed without the void area Ay,;q, it can be shown
to increase at the rate of sine squared as the angle of rotor rotation increases. A design study
using SolidWorks was used to create the cavity volume cross sectional area according to rotation
angle, where 90 degrees occupies half of a cycle (note that rotation angle theta is analogous to
axial position h as the rotors have a constant pitch). This design study calculates the cross-

sectional area from 0 degrees to 90 degrees of rotation with .1-degree increments.

Figure 25 plots the results from the design study using two rotor configurations: a 4 inch
machine radius E, 4 inch rotor height H, with a .5 inch and .002 inch tip radius R1. The results
are shown as a ratio of the maximum area, then compared with the progression of sin-squared
law. This shows the sin-squared law can be used to integrate the cross-sectional area to calculate

total cavity volume.

Value/Maximum Value

0.30 &

0.10
= 4x4x.002
0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90
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Figure 25: PRE Cavity Cross Sectional Areas Growth Compared To the Sin-squared Law



Figure 26 shows how the cross-sectional area is formed as the rotors rotate through a

cycle. The blue cross-sectional plane shows the location of the area relative to the full cavity

volume.

Angle Rotation (degrees)

Cross Sectional Plane
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Figure 26: PRE Cavity Cross Sectional Areas for Different Angles of Rotation

(shown: E=4, H=4, R1=.5)




The maximum cross-sectional area without the void area is used to calculate total cavity
volume due to the position creating an easy to calculate geometry using already predefined
variables. This area becomes difficult to analytically calculate when deviating from this position
because the geometry becomes somewhat contorted as shown by Figure 26. This area is located
at half the rotor height H, or rotor rotation of 90 degrees (this is also when the rotors produce the

maximum torque). This area reduces by the sin-squared law as the rotation angle reduces to 0 as

shown by Figure 25.

Acav.sin

Figure 27: PRE Cavity Max Cross Sectional Area with the Void Area Removed



The maximum cavity area without the void area in Figure 27 is calculated by:

Acavsin = (ZRZ)Z - T[R% — Ayoid - (70)

Substituting R, for primary variables machine radius E and tip radius R,, and using

equation 20 for the void area:

_ (E—Rp\?
Acavsin = ( Ne) ) (4-m— R% (4—-m), (71)
_ 2
Acavsin = (4 — ) Iw - R%l ) (72)
Acavsin = ) (EZ — 2ER; — R%) ) (73)

where:

Acavsin = Maximum cavity cross sectional area minus the void area.

As previously shown, the cross-sectional area reduces through the rotor rotation

according to the sine squared law. Thus, the change in volume with a change in height is:

dvcav.sin = Acav.sin -sin?0 - dH ’ (74)
where:
6 = angle of rotor twist.

Equation 74 can be expressed in terms of a change in angle theta instead of a change in
rotor height H as the rotors have a constant pitch. The rotors occupy a 180° twist along rotor

height H (180° = &t rads) and so dH can be rewritten as:



de
dH=H—

T (75)
Equation 74 becomes:
, de
dVeav.sin = Acavssin * sin®6 - H ? , (76)
0 sin20\|T
H Acavsin [ H - Acavsin (37—
Vcav.sin = —cav.smf sin26 do = crem (2 4 ) ) (77)
s 0 s
0
H-A -
Veav.sin = % . (78)
Substituting equation 73 into equation 78:
H(4 — m)
Veav.sin = T (EZ — 2ER; — R%) ) (79)
where:
Veavsin = rotor cavity volume minus the void volume (H - Ayoiq)-
Total cavity volume is equal to the sin rotor volume V.., sin plus the void volume:
H(4 —m)
Veav.tot = T (EZ — 2ER; — R%) + AvoigH, (80)
H(4 — )
Veav.tot = 1 (E* - 2ER; — R%) + R%(‘l' —-mH, (81)
E2 — 2ER; + 3R?
\Y% =HHA4—n ,
cav.tot ( ) l 4 (82)
where:

Veavior = total rotor cavity volume.



Because of the presence of a core, a net cavity volume is needed. The net cavity volume

is equal to the total cavity volume minus the core volume:

E? — 2ER; + 3R?
Veav.net = H l(4 — 1) < 1) - Core] ’

4 (83)
where:

Veavnet = Net rotor cavity volume (total cavity volume minus the core volume).

Net rotor cavity flowrate is calculated by multiplying true cavity volume by 2 times the

expander rotational frequency (two cycles per revolution):

EZ — 2ER; + 3R?
— fCore| -

Vcav.net = 2fH [(4‘ —m) < 4

(84)
The sin-squared law used for the cavity volume derivation is based on the characteristic
trait of a single rotor configuration (4x4x.5). It is important than to verify equation 84 with
multiple rotor configurations to ensure the model holds true. This can be verified using a design
study in SolidWorks CAD. The CAD model uses four discrete rotor parts that are meshed
together with a gap G value of 0. The rotors are oriented at 0 degrees of rotation creating the
maximum cavity volume. The CAD intersect tool fills the volume from axial entrance to exit.
This volume is measured as the rotors change in machine radius E (varies from 2.5 to 10 inches)
and tip radius R1 (varies from 0 to 1 inches). Rotor height H is held static at 4 inches (since
equation 84 shows that rotor height H is proportional to cavity flowrate) and the core area Acore

is equal to 0.

As Figure 28 shows, equation 84 has +.15% error (average error = .05%) when compared

with CAD generated volume values. Since CAD models use a tetrahedral mesh to form volumes,



there is an inherent estimation when calculating volume using CAD. It would be ideal to derive
the cavity volume directly from geometric relationships, but due to its complexity, this is not in
the scope of this thesis. Since equation 84 shows to have an error < .2%, it will suffice that the

sin-squared law be used as an adequate approximation to determine cavity flowrate.

Figure 29 shows the cavity volumes using the maximum and minimum machine radius E
and tip radius R1 from the design study. This visually shows the magnitude of volume change
when E and R1 vary. Note again that these volumes are formed without a core as they are added

later depending on the selected core type.
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250 -004% -0.06% -0.05% -0.04% -0.05% -D.04% -0.04% -005% -0.07% -007% -005% -0.04% -0.06% -006% -0.05% -0.05% -005% -005% -0.05% -005% -0.05%
275 -0.03% -0.04% -0.03% -0.04% -0.05% -0.04% -0.04% -0.03% -0.04% -005% -0.03% -0.05% -0.05% -0.04% -0.05% -0.05% -0.05% -0.04% -0.05% -0.05% -0.04%
3.00 -0.02% -0.06% -0.03% -0.02% -004% -0.05% -0.04% -004% -0.03% -004% -005% -0.04% -0.04% -0.04% -0.04% -0.04% -004% -0.03% -0.04% -0.04% -0.05%
325 -002% -0.04% -002% -002% -0.07% -0.04% -005% -0.04% -005% -007% -004% -003% -0.03% -004% -003% -0.05% -003% -004% -0.03% -003% -0.03%
3.50 -0.03% -0.05% -0.04% -0.03% -0.06% -0.03% -003% -007% -0.03% -005% -006% -0.03% -0.04% -0.04% -0.04% -0.03% -0.04% -0.05% -0.04% -0.05% -0.03%
375  -002% -0.04% -DD4% -003% -003% -DD6% -0.03% -0.10% -0.04% -003% -DD6% -0.08% -005% -D03% -005% -0.04% -DD6% -002% -0.03% -D03% -0.02%
4.00 -003% -003% -003% -003% -003% -003% -003% -011% -006% -008% -004% -007% -009% -006% -003% -004% -005% -006% -003% -005% -0.04%
4325 -0.03% -0.04% -0.03% -003% -002% -003% -003% -005% -0.10% -008% -011% -0.04% -007% -009% -0.07% -0.05% -0.04% -0.05% -0.03% -0.04% -0.04%
450  -0.03% -005% -D05% -0.04% -D.08% -D02% -0.03% -0.02% -0.03% -0.11% -0.02% -0.12% -004% -D08% -0.10% -007% -D0S% -0.03% -D05% -D05% -0.04%
475 -0.03% -0.07% -0.05% -0.04% -0.03% -0.03% -0.03% -0.03% -0.04% -003% -0.06% -0.03% -0.14% -0.04% -0.02% -0.03% -0.07% -0.04% -0.04% -0.03% -0.05%
5.00 -0.01% -0.04% -0.06% -0.02% -0.09% -0.04% -003% -004% -0.03% -003% -005% -0.05% -005% -013% -0.03% -0.03% -0.02% -0.06% -0.04% -0.03% -0.03%
525  -0.01% -007% -005% -0.04% -0.03% -D04% -0.03% -0.02% -D.02% -002% -0.02% -0.03% -002% -D.03% -0.14% -003% -0.05% -0.05% -0.03% -D12% -0.02%
5.50 -0.02% -0.08% -0.05% -0.05% -0.05% -0.03% -0.06% -0.04% -0.04% -003% -003% -0.03% -003% -002% -0.03% -0.13% -003% -002% -0.02% -0.02% -0.05%
575  -0.01% -007% -D04% -0.04% -0.03% -D05% -0.04% -0.04% -0.03% -002% -0.02% -0.02% -002% -DO03% -0.03% -003% -D12% -0.03% -D02% -D02% -0.03%
600  000% -0.06% -0.07% -003% -0.06% -005% -0.04% -0.04% -0.04% -003% -002% -002% -0.02% -002% -002% -0.02% -002% -002% -0.02% | -D1B% -0.03%
6.25 0.00% -005% -006% -002% -0.04% -002% -0.10% -0.04% -0.04% -004% -003% -0.02% -002% -0.03% -0.03% -0.02% -0.02% -0.02% -0.02% -0.02% -0.03%
6.75 -0.01% -0.04% -0.05% -0.01% -001% -0.04% -0.06% -012% -0.01% -003% -0.04% -0.03% -0.04% -002% -0.02% -0.03% -0.03% -0.03% -0.03% -0.03% -0.03%
700 000% -002% -006% -0.04% -0.07% -004% -005% -0.04% -005% -001% -0.06% -0.04% -003% -0.03% -0.01% -001% -0D.02% -0.03% -003% -003% -0.03%
7325 000% -007% -005% -002% -001% -003% -002% -003% -001% -002% -005% -006% -003% -003% -002% -001% -001% -002% -005% -002% -0.03%
7.50 -0.02% -007% -005% -007% -007% -005% -0.02% -002% -0.01% -007% -001% -0.01% -008% -0.04% -0.02% -0.02% -0.01% -0.01% -0.02% -0.05% -0.04%
775  -0.02% -005% -005% -0.04% -0.01% -010% -0.05% -0.01% 000% -001% -0.03% -0.03% -005% -0.08% -0.04% 0.01% -001% -0.01% -D.01% -D01% -0.03%
8.00 -0.02% -0.05% -0.03% -0.05% -0.07% -0.01% -0.04% -0.02% -0.01% -001% -0.01% -0.06% -0.04% -0.05% -0.0B% -0.03% 002% -0.01% -0.01% 0.00% -0.01%
825 -0.01% -0.04% -0.09% -007% -002% -006% -0.02% -002% -0.02% -001% -001% -0.08% -0.06% -0.04% -0.06% -0.08% -0.03% -0.04% -0.01% -0.01% -0.01%
850  -0.01% -005% -007% -0.04% -0.03% -001% -0.01% -0.01% -0.02% -002% -0.01% -0.01% -002% -D.03% -0.05% -006% -0.08% -0.04% -0.04% -D02% -0.01%
875 -0.02% -0.06% -0.07% -0.04% -001% -0.04% -001% -001% -0.01% -002% 0.00% -0.01% -0.02% -0.02% -0.04% -0.05% -0.06% -0.08% -0.04% -0.04% -0.01%
900 -0.01% -006% -DO7% -0.05% -D07% -D04% -0.03% -D.08% -D01% -001% -0.02% 001% -001% -002% -0.01% -003% -0D05% -0.06% -008% -D.04% 004%
9325 -001% -007% -011% -004% -002% -001% -001% -001% -001% -001% -001% -001% -001% -001% -004% -001% -003% -004% -005% -007% -004%
9.50 0.01% -006% -002% -007% -0.10% -003% -001% -001% -003% -001% -00l% -0.01% -001% -0.0l% -0.01% -001% -0.01% -0.03% -0.05% -0.05% -0.07%
975  -0.01% -006% -0D11% -0.02% -D.08% 000% -0.04% -0.04% -0.01% -001% -0.01% -0.01% -002% O0O00% -0.01% -001% -0D.01% -0.01% -D.01% -DOS% -0.05%
1000 -0.01% -003% -007% -005% -0.01% -0.08% -001% -0.01% 0.00% -002% -001% -0.01% -0.01% -0.01% -0.01% -0.01% -0.02% -0.01% 0.00% -0.01% -0.05%

Figure 28: Deviation of analytic volume (equation 84) from the calculated CAD volume



ExHxR1 Cavity Volume

25x4x0

25x4x1

10x4x1

10x4x0

Figure 29: Max. and Min. E Machine Radius E and Tip Radius R1 Used in the Design Study



2.4 ISENTROPIC EFFICIENCY
Total mass flowrate through the PRE is required to evaluate isentropic efficiency. The
volumetric flowrates are multiplied by the densities found in the cavity and throat. Note, a single

throat density is used for both leakage areas as they share a stagnation pressure and temperature:

r.ntot = pZVcav.net+pt(Vtot.gapleak + VCore.Leakage)' (85)

EZ — 2ER, + 3R?
4 — fCore

Mior = P2 Hf l(4 — ) (

2 .
+ pt lZG /thth\/[T[Thelix (E + Rl(l - \/E))] + H? + Veore Leakage

(86)

Using equations 68 and 84 with core leakage to substitute into equation 2 yields the mass
efficiency. This efficiency will give insight when optimizing rotor geometries with different

applications. This is discussed more in the case studies.

E _ Mcay net _ pZVcav.net (87)
mass™— ~ _+ - ‘ ‘ . .
Mot pzvcav_net+pt(vtot.gapleak + VCore.Leakage)




Finally, isentropic efficiency is calculated using equations 6, 84, and 86 separated into

two equations showing a cylindrical core and convex superellipse core.

PRE lIsentropic Efficiency (cylindrical core)

E _ Veavnet * (P2 — P3) _ Wshaft (88)
t == ==
system rrltot(hl - h3,Isentropic) mtot(hl - h3,Isentropic) ’

where:

E2 — 2ER, + 3R?
4

Whate = 2fH [(4 — ) ( ) —mR%(1 - ﬁ)zl (P, —P3),

Moy = rhcavity + rhleakage'
and:

E? — 2ER, + 3R?
4

Meayity = p22fH l(4’ — ) < > - T[R%(l - \/?)Zl,

Mjeakage = Pt |ViRgT: <2GJ[nTheliX (E +Ry(1- ﬁ))]z +H2 4 R? [4 —m—n(1- ﬁﬂ).



PRE Isentropic Efficiency (CSE core)

Vcav.net ' (PZ - P3) V.V'shaft

. = . )
mtot(hl - h3,Isentropic) mtot(hl - h3,Isentropic)

Esystem -

(89)

where:

E2 — 2ER, + 3R? D2 L
Wshatt = 2fH ((4 — ) < 41 1) - [Lz - (chos‘1 (5) —LyD2% — LZ)] (P, — Py)

Mot = Meayity T Mieakage.

and:

E? — 2ER, + 3R? miD? L
I:ﬂcavity = p22fH [(4 - T[)< 41 1) - [LZ T4 + [DZCOS_1 (5) —1Ly/D% — LZ] ,

2
riflleakage = Pt /YthTt <2G\/[T[Thelix (E + Rl(l - \/E))] + H?

+ [R%(z} —m) — L%+ “TDZ - (chos‘l (%) — Ly/D?% — LZ)D.

Again, note that the throat variables in the leakage mass flowrate term are iteratively
calculated. State 2 pressure P, is the calculated variable either through further iteration in an

energy recovery application, or from equation 5 in a target power application.



I11. CASE STUDIES
Chapter 3 calculates isentropic efficiency using equation 88 in various applications. The
strategy for calculating isentropic efficiency is different depending on the application. As
previously mentioned, two primary applications exist for the PRE: target power and energy
recovery. For both applications, a sequential approach is used to obtain the independent variables

required for evaluating equation 88.

Three fluid states exist for both applications as shown with Figure 5 and Figure 6. State 1
properties are known for both applications along with state 3 pressure. All other properties are
evaluated using the given application. The primary difference between calculating isentropic
efficiency of an energy recovery and target power application is calculating state 2 pressure
(cavity pressure). Energy recovery requires that total mass flow rate remains constant. This
requires an iterative process to determine state 2 cavity pressure. Target power requires that
power output remain constant and uses Equation 5 to determine state 2 cavity pressure based on

the application’s load requirement.

Both applications will be analyzed separately fixing rotational speed and rotor size,
yielding four studies. These studies serve two purposes. One, to demonstrate the behavior and
influence the free variables possess. The second is that packaging a PRE employs other
constraints due to auxiliary equipment. For example, an application might require a 60 Hz
frequency generator. This holds the PRE to a set rotational speed. Another example is that a built
PRE could be used in different applications keeping rotor geometries fixed, and if possible, the
speed can be altered to optimize efficiency. Study 5 optimizes rotor geometry and rotor speed of

the PRE for both energy recovery and target power.



All studies employ a grid analysis using Excel, which was chosen because of its
integration with REFPROP, a NIST based thermodynamic data base. All thermodynamic state
parameters are calculated using REFPROP through excel allowing the state parameters like
temperature, specific heat ratio, and density to be calculated directly. This is especially
advantageous in study 1 and study 2 where an energy recovery application is investigated. As
mentioned, energy recovery requires an iterative process to determine state 2 pressure P,.
REFPROP through excel allows the thermodynamic variables to be calculated live with the
iterative solver in these studies. REFPROP in excel also allows throat properties to be iteratively
solved (see section 2.2.1) automatically using Excel’s circular reference iterator. Note that
energy recovery requires 2 iterative functions; iterating state 2 pressure P,, and iterating throat
properties for every state 2 pressure iteration. A target power application only requires iterating

throat properties from section 2.2.1.



3.1 STUDY 1-ENERGY RECOVERY VARIABLE ROTOR SIZE

This study calculates equation 88 step by step to yield the isentropic efficiencies of 400
possible rotor height H and machine radius E combinations (grid analysis) for an energy
recovery application. The rotational frequency f is held at a constant value typically found in
industry, and other given parameters for this study are below. Study 1 demonstrates how rotor
geometry influences isentropic efficiency and shows how to optimize a PRE when a constant
rotational speed is required by the application. Figure 30 shows the calculation process for

evaluating an energy recovery process. Each step of this process is shown in study 1 below.

Process Fluid Methane State 1 Pressure 1200 psi
Molecular Weight 16.04 kg/kmol State 1 Temperature 100 °F
Specific Gas Constant 518.27 kJ/kg°K State 1 Enthalpy (reference) 863.1 kJ/kg
Expander Frequency 60 Hz State 1 Entropy(reference) 4.3 kJ/kg°K
Tip Radius R, 1257 State 3 Pressure 200 psi
Rotor Gap G .005”’ State 3 Isentropic Enthalpy 658.2 kJ/kg
h3,Isentr0pic
System Mass Flowrate 1 kg/s
S
PRE

State 1 State 2 ER

State 3 —




Calculate volumetric flowrate V., ner USiNG section
2.3, constant rotational frequency w, and variables
machine radius E and rotor height H

\ 4

Estimate state 2 pressure P,;

P, >P, > P

v

Determine state 2 temperature T, and
density p, using isenthalpic
assumption from state 1 to state 2

Iterate state 2 pressure P,
until total mass flowrate
matches required mass
flowrate using GRG Solver

A

\ 4

Iterate throat properties using
state 2 temperature T,, pressure
\ P,, and section 2.2.1

Calculate cavity mass
flowrate m,yiry from

y

equation 89

Calculate total leakage mass
flowrate myeaage from sections

2.2.2,2.2.3,2.2.4, and equation 89

v

Calculate total mass flowrate m,,; using
equation 89 and compare with required mass
flowrate (energy recovery requirement)

if error > .01%

A 4

if Moy = mrequired

Calculate shaft power using equation 5, isentropic efficiency
Esystem USING equation 89, and state 3 temperature Ts using the

calculated enthalpy change and downstream pressure conditions

Figure 30: Study 1 Energy Recovery Calculation Process



The primary focus when calculating equation 88 is determining state 2 pressure for each
rotor size configuration (pressure inside the cavity). State 2 pressure drives the mass flowrate
calculation in the cavity and the leakage points (see section 2.2.1). Since total mass flowrate is
coupled to state 2 pressure via the sum of cavity and leakage flowrates, an iterative solver is
required to calculate equation 88. The state 2 pressure P, iterative solver used for this study was
performed using the GRG nonlinear method in Excel. Since an energy recovery application gives
the required mass flowrate, it is set as the objective variable (i.e. all required inputs for state 2
pressure must yield 1 kg/s total mass flowrate). The state 2 pressure is the free variable and has

upper and lower bounds set by state 1 and state 3 pressures. The solver has a tolerance of .01%.

First, the cavity volumetric flowrate is calculated using the net cavity flowrate equation
84, and due to using a circular core, equation 22 is used to calculate core area. Note that

machine radius E and rotor height H are given in inches.

. - fe.3
Table 1: Study 1 Net Cavity Flowrate V., net (—)
min.
H(in.}
gin) [ 05 [ 20 [ 15 [ 20 [ 25 [ 30 | 35 | 40 | 45 | 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 90 | 95 | 100 |
05 | o1 01 02 02 03 04 04 05 05 06 07 07 08 08 0% 09 10 11 11 12
0 | 03 07 10 14 17 20 24 27 30 34 37 41 44 47 51 54 58 61 64 68
15 | 08 17 25 34 42 50 5% 67 76 84 93 101 109 118 126 135 143 151 160 168
20 | 16 31 47 63 78 94 110 125 141 157 172 188 204 219 235 251 266 282 298 313
25 | 25 50 75 101 126 151 176 201 226 252 277 302 327 352 377 403 428 453 478 503
3.0 | 3.7 74 111 148 184 221 258 295 332 369 406 443 480 5.7 553 5.0 627 664 0.1 738
35 | 51 102 153 203 254 305 356 407 458 509 559 6L0 661 7L2 763 814 865 915 966 1007
40 | 67 134 201 268 335 402 469 536 603 671 73.8 805 872 939 1006 1073 1140 1207 1274 1344
45 | 85 1721 256 342 427 5.3 598 684 769 855 940 1026 1111 1197 1282 1368 1453 1539 1624 17L0
50 | 106 212 318 425 531 637 743 849 955 1061 1168 1274 1380 1486 1592 1698 180.5 1911 2017 212.3
55 | 129 258 387 516 645 774 903 1032 1161 1290 1420 1549 167.8 180.7 193.6 2065 2194 2323 2452 258.1
60 | 154 308 463 6L7 771 925 1079 123.3 1388 1542 169.6 1850 2004 2159 2313 2467 2621 2775 2929 3084
65 | 182 363 545 7.6 90.8 1089 1271 1452 1634 1815 199.7 2179 236.0 2542 2723 290.5 308.6 3268 3449  363.1
7.0 | 211 422 633 845 1056 1267 1478 1689 190.0 2111 2323 2534 2745 2956 3167 3378 3590 3801 4012 4223
7.5 | 243 486 729 972 1215 1458 1701 1944 2187 2430 2673 2916 3159 340.2 3645 3888 4131 4374 4617 4860
80 | 277 554 831 1108 1385 1662 193.9 2215 249.3 2771 3048 3325 3602 3829 4156 4433 4710 4987 5264 5541
85 | 313 627 940 1253 1567 188.0 219.3 2507 2820 3134 3447 3760 4074 4387 470.0 5014 5327 5640 5954 6267
9.0 | 352 704 1056 140.8 1759 2111 2463 2815 3167 3519 3871 4223 4575 4926 527.8 563.0 598.2 6334 G668.6 703.8
9.5 | 393 785 1178 1571 1963 2356 2745 3141 3534 3927 4319 47.2 5105 5497 589.0 6283 6675 7068 7461 7853
100 | 436 871 1307 1743 217.8 2614 3050 3485 3921 4357 4792 5228 5664 609.9 653.5 6971 740.56 7842 8278 67L3

E2 — 2ER, + 3R?
— fCore

Equation 84  Vuynet = 2fH [(4 — ) ( 2

. 2
Equation 22 Agyicore = MR3(1 — V2)



Next, state 2 pressure P, is estimated to progress the calculation through the process in
Figure 30. Table 1, equation 86, and iterating the system to state 2 pressure allow for mass
flowrates to be calculated. Table 2 shows the converged values of the solver. Dashes in the table
indicate an impossible scenario where the rotor size combination would result in a cavity

pressure higher than state 1 or lower than state 3.
Table 2: Study 1 State 2 Pressure (cavity pressure)

P (le)
2 \in.2

H (in.}

E(in.) 05 | 10 15 2.0 25 3.0 3.5 40 | 45 | 50 | 55 | 60 6.5 7.0 7.5 3.0 3.5 9.0 9.5 10.0

0.5 - - - - - - - - - - - - - E E

1.0 - - - - - - - - - - - - - 943 905
15 - - - - - - - - - - - 959 912 87 827 79 756
20 - - - - - - - - 927 80 80 775 734 698 664 633 605
2.5 - - - - - 916 849 790 739 693 652 615 582 552 526 501 478
3.0 - - - 954 796 733 678 630 588 551 518 489 462 438 416 397 379
3.5 - - 85 779 706 645 591 547 508 473 a3 4l 392 371 351 334 318 304
4.0 - S8 813 719 643 580 529 484 446 414 385 30 338 319 301 286 271 258 247
a5 935 795 688 605 538 484 439 402 a7 342 319 208 27 263 Mg 235 24 213 203
5.0 820 637 589 515 45 409 370 33s 310 287 267 249 234 20 208

55 | S04 724 599 510 aa2 390 329 315 287 264 244 26

60 | 818 643 507 a5 3 338 3 m 247 226 209 - -

65 | 745 555 466 391 336 295 262 236 214 -

70 | es1  s18 a8 387 297 260 230 207 -

7.5 625 468 373 309 264 230 204

80 | s 425 33 278 236 205

85 | s 3 305 51 213 -

9.0 493 356 278 227 -

95 | 458 327 258 207
w0 | &z 302 23 -

SOLVER P,(rhy,.) Iteratively solved using objective solver

Note the dark purple values in the above table require the lowest pressure drop when
moving from the state 1 reservoir to the state 2 cavity. Initially this would lead to the expectation
that those machine sizes would yield the highest isentropic efficiency (lowest increase in
entropy). These machine sizes will be compared with the final calculations to test the validity of

this assumption.

State 2 temperature and density can be determined by assuming an isenthalpic process

from state 1 to state 2 (h1=h2). Having two state variables, state 2 pressure from Table 2 and



state 1 enthalpy, state 2 temperature and density are calculated using NIST REFPROP. State 2

temperature and density are required when determining cavity and leakage mass flowrates.

Table 3: Study 1 State 2 Temperature T, (°F)

H(in.)
E (in.) 05 | 10 | 15 [ 20 [ 25 | 30 | 35 | a0 | 45 | 50 | 55 | 60 | 65 | 70 | 75 80 | 85 | 9.0 | 95 | 100
0.5 - - E - - - - - E - E - - B B
1.0 - - - - - - - - - - - - - 87.2
15 - - - - - E E - - - - 87.5 855 8.6 818 802
2.0 - - - - - - - - 8.6 833 8Ll 791 7.3 756 74l 726
25 - - - - - 8727 846 818 793 771 750 731 714 699 685 67.2 659
3.0 - - - 8.5 821 7.1 763 739 7.7 698 6Bl 665 651 637 626
3.5 - - ’ : 7 640
40
45
5.0
5.5 87.2
6.0 83.2
6.5 79.7
7.0 76.5
7.5 73.6
8.0 711
8.5 68.8
9.0 66.7
9.5 64.9
100 | 832

. : kg
Table 4: Study 1 State 2 Density p, (m3)

H (in.)
Ein) [ 05 [ 10 [ 15 [ 20 [ 25 [ 30 | 35 | 40 | 45 [ 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 90 | 95 | 10.0
05 - - - - - - - - - - - - - - -
1.0 - - - - - - - - - - - -
15 - - - - - - - - - - - 419 400 382 366
2.0 - - - - - - - - 421 397 375 356 338 322 307 293
25 - - - - - 410 382 358 335 316 298 282 268 255 243 232
3.0 - - - 420 385 355 329 305 285 267 251 237 224 212 202 192 184
3.5 - - 418 377 342 312 287 265 246 229 215 202 190 180 170 162 154 147
4.0 - 393 348 312 281 256 235 216 201 187 174 164 154 146 138 131 125 119
45 385 333 293 261 235 213 195 179 166 154 144 135 127 120 114 108 103 98
5.0 396 333 286 250 221 198 179 164 150 139 129 121 113 106 100 - - - -
5.5 351 290 247 214 189 169 153 139 128 118 109 102 - - - - - E -

6.0 39.6 312 25.5 21.6 18.6 16.4 14.6 13.1 12.0 11.0 10.1 - - - - - - - - -
6.5 36.1 279 22.6 19.0 16.3 14.3 12.7 11.4 10.4 -

7.0 33.0 251 20.1 16.8 14.4 12.6 11.1 10.0 - - - - - - - - - - - -
7.5 0.3 22.7 18.1 15.0 12.8 11.1 9.9 - - - - - - - - - - - - -
8.0 27.9 20.6 16.3 13.4 11.4 9.9 - - - - - - - - - - - - - -
8.5 25.8 18.8 14.8 121 10.3 - - - - - - - - - - - - - - -
9.0 23.9 17.2 13.4 11.0 - - - - - - - - - - - - - - - -
9.5 22.2 15.8 12.3 10.0 - - - - - - - - - - - - - - - -
10.0 20.7 14.6 11.3 -

NIST REFPROP T, (P,, h;) isenthalpic

NIST REFPROP  p,(P,, Ty)



Cavity mass flowrate can be calculated using Table 1 and Table 4, and is the product of

volumetric flowrate and density (see equation 2).

E(in.)

Table 5: Study 1 Cavity Mass Flowrate 1,y pet (g)

S

H{in.}

0.5

1.0

15

2.0

2.5

3.0

3.5

4.0

4.5

3.0
5.5

6.0

6.5

7.0

7.5

8.0

8.5

9.0

9.5

10.0

05 | 10 | 15 | 20 [ 25 [ 30 [ 35 [ 40 [ a5 [ 50 [ 55 [ 60 | 65 | 70 | 75 | 80 8.5 9.0 9.5 | 10.0
- - - - - - - - - - - - - - 1.00 1.00
- 100 | 1.00 100 100 100 100 1.00
100 100 100 | 100 100 100 100 100

- - - - - 1.00
- - - - 100 100 100 100 100 100 100 100
- 100 100 /300 100 100 100 100 100 100 100 100  1.00
100 | 100 100 100 100 100 100 100 = 1.00 100 100

- 1.00 1.00 1.00 1.00 1.00 1.00 . 1.00 1.00

- 1.00 1.00 1.00 1.00 1.00 f J 1.00

1.00 1.00 1.00

1.00 1.00 1.00 1.00
1.00 1.00

1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00

Equation 2 Meaynet = P2 * Veavanet

Total leakage flowrate is the sum of all leak points and is required to determine isentropic

efficiency. This is done by evaluating the general states at leakage throat points using

equations 18 and 19 with an iterative process involving the throat specific heat ratio (see section

2.2.1). Note the values in red on Table 7 indicate nonchoked configurations. This is for reference

(see appendix B for details). Table 7: Study 1 Throat Pressure P; (il:l’—sz)This iterative process

yields the following:

T,
Equation 18 T = Ve—1
14—
P Pz
. t = y
Equation 19 Ye—1 Yt_tl

NIST REFPROP v, (T, P,)



Table 6: Study 1 Throat Temperature T, (°F)

H (in.)
E{in.) 05 | 10 | 1.5 | 20 | 25 | 30 | 35 | 40 | 45 | s0 | 55 | 60 | 65 | 70 | 75
0.5 - - - - - - - - - - - - - - - 302 -29.0
1.0 . - B B B - - N - - 274 -26.7
15 . B - - - - - - - - - [EEEEN =08 291 277 268 260 -255 251 | 248
2.0 - - - - - - [ 334 - 371 -261

25 - - - - - s a0
3.0 - - - RN 02 276 261
-25.0 : 256 258 259 -261
263 265 267 269
270 272 274 715

Table 7: Study 1 Throat Pressure Py (-2
y t \in2
H {in.}

E(in.) 05 | 10 | 15 | 20 | 25 | 30 | 35 | 40 | 45 | so | 55 | 60 | 65 | 70 | 75 50 | 85 | 90 | 95 | 100
05 - - - - B B B B B - - - - - B
L0 - - - - - - - - - - - - -
15 - - - - - - - - - - B
2.0 - - - - - - - -
25 - - - - - 304 289 275 263 251
3.0 - - - 288 2 257 243 231 20 20 201
3.5 - - 286 266 249 233 219 207 196 186 177 169 161
2.0 - 303 277 255 235 218 204 191 180 169 160 152 145 138 132
45 282 254 231 212 196 182 169 158 149 140 133 126 119 114 109
5.0 270 220 216 1% 179 165 153 142 133 125 118 111 - - - -
55 267 233 206 185 167 153 @1 130 121 113 . B - B , B .
6.0 276 234 203 179 160 145 132 121 112 - - - - - - - - -
6.5 300 245 207 1739 157 140 126 115 - - . B , B B , B . B
7.0 272 219 184 158 138 123 111 - - - - - - : - - - B B
7.5 26 197 164 141 123 109 - - : . . . . B _ _ _ _ _
2.0 300 224 178 148 126 110 - - - , B B . B B B . . B ,
8.5 279 205 162 134 114 - - - - . . . . . B _ _ _ B _
5.0 259 189 148 11 - - - - B B B . B B . . . B , ,
95 241 174 135 1 - - - - - - - : . . B B B - - -
10.0 225 161 14 - - - - - N . . . . . . _ _ B _ _

Table 8: Study 1 Throat Specific Heat Ratio vy,
H (in.)

E (in.) 05 | 1.0 | 1.5 | 20 | 25 | 30 | 35 | 40 | 45 | s0 | 55 |
05 , , 7 7 B 7 7 , , g B
10 - - - - - - - - - . -
15 - - - - - - - - - - - . - . .
2.0 - - - - - - - - [isl " 1ss 155 153 152 150 148 148 147 146 145 144
25 - - - - - 156 158 151 148 148 147 146 145 144 143 143 142 142
3.0 - - - 154 151 149 148 146 145 141 143 142 142 141 141 140 140 139
3.5 - - 155 151 149 147 145 144 143 142 141 141 140 140 139 13% 139 138 138
20 - 153 150 147 145 144 143 142 141 140 140 139 139 138 138 138 137 137 137
45 154 149 147 144 143 142 141 140 133 139 138 138 137 137 137 137 136 136 136
5.0 156 150 146 144 142 141 140 139 139 138 138 137 137 137 136 136 - - - -
5.5 153 147 144 142 141 140 139 138 138 137 137 136 136 - - - - - - -
6.0 1.50 145 143 141 140 139 138 137 137 136 136 - - - - - - - - -
6.5 148 144 141 140 139 138 137 137 136 - - - - - - - - - B -
7.0 146 142 140 139 138 137 137 136 - - - - - N - - - - B -
7.5 145 141 139 138 137 137 136 - - B , B - B , , B . . B
8.0 144 140 139 137 137 136 - - - - . . - - B - - - - B
8.5 143 140 138 137 136 - - N - - - - B - - - B B _ _
2.0 142 139 137 136 - - - - - - - . - - B _ _ N _ _
3.5 141 138 137 136 - - - - N - - . - - B _ _ N _ _
10.0 141 138 137 - - - - - B B B . , , B . . B} , ,




The throat density and local speed of sound can be calculated using

Table 6, Table 7, and Table 8 which will be used to calculate leakage mass flowrate.

. k;
Table 9: Study 1 Throat Density p; (—gg)
m
H (in.)

E(n) [ 05 [ 10 [ 15 [ 20 [ 25 [ 30 [ 35 | 40 | 45 | 50 | 55 | a0 | 65 | 70 | 75 | 80 | &5 | 90 | 95 | 100 |
0.5 - - - - - - - - - - - - - - - 3956 3759 3576 34.09 3257
10 - - - - - - - - - - - - - 3947 3722 3517 334 3165 3016 2881
15 - - - 3727 380 32614 3073 2906 2751 2613 2438 2374
2.0 - - - - - - - - 3733 3435 3179 2959 27.63 2591 2439 23.03 2182 2072 19.72 1882
25 - - 3876 35.01 3190 2920 26.89 24.88 2317 2165 20.31 1912 1806 1710 1625 1547 14.75
3.0 - - - ['38357 308 3056 2756 25.09 2299 2118 19.62 1824 17.06 1602 1508 1424 1349 1281 1219 1163
35 - - [PE5560 3110 2744 2251 2211 2009 1837 1693 1568 1459 13.63 1279 1204 1137 1077 1023 974  9.29
4.0 - ['3481" 2965 2565 2254 2005 1801 1636 1495 1375 1273 184 1104 1037 9.76 922 873 829 7.89  7.53

4.5 36.44 29.87 25.05 21.52 18.80 16.66 1494 13.52 1235 1135 1049 9.75 9.11 8.54 8.04 7.59 7.18 6.82 6.49 6.19
5.0 3223 2589 2148 18.29 15.91 14.04 1256 11.35 10.35 9.50 8.78 8.15 7.61 7.13 6.71 6.33 - - - -

3.5 28.79 22,68 18.62 15.76 13.62 11.99 10.70 9.65 8.78 8.05 7.44 6.90 6.44

6.0 25.85 20.05 16.30 13.69 11.79 10.35 9.21 8.29 7.54 6.91 6.37

6.5 23.39 1785 14.38 1202 10.31 9.02 8.01 7.20 6.54

7.0 21.28 16.02 1278 10.63 9.09 7.93 7.03 6.31

7.3 19.45 1443 1145 .47 8.07 7.02 6.21
8.0 17.85 13.08 10.31 8.49 7.21 6.26 -

8.3 16.46 11.92 9.33 7.85 6.48

9.0 15.23 1091 8.48 6.93

9.5 1413 10.02 775 6.31
10.0 13.15 9.24 7.10 -

NIST REPROP  p, (T, P.)

Table 10: Study 1 Throat Average Velocity V. (?)

H {in.)
E(in.) 05 | 10 | 15 | 20 [ 25 | 30 | 35 | 40 | 45 | 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 9.0 | 95 | 100 |
0.5 - - - - - - - 4473 4453 443.4 4416 4401
1.0 - - - - - - - - - - - - - 4472 4449 4428 4409 4391 4376 4362
15 - - - - - - - - - - - [asa9 ama 401 4382 4364 4348 4334 4321 4309
2.0 - - - 4450 4419 4393 437.0 4350 4332 4316 4301 4288 4277 4266 4256
25 - - [aa65 a26 4394 4366 4342 4321 4302 4287 427.2 4260 4248 4238 4228 4220 4212
3.0 - - - [ass1 4416 4380 4349 4323 4301 4282 4265 4250 4237 4226 4205 4206 4193 419.0 4183 4177
3.5 - [a133 435 4348 4317 4292 4270 4251 4236 4222 4210 4199 4190 4181 4174 4167 4161 4155 4150
4.0 - 4424 4370 43235 4296 427.0 4248 4229 4214 4201 4189 417.9 4170 4163 4156 4149 4144 4139 4134 413.0
4.5 2431 4373 4323 4285 4256 4233 4214 4198 4185 4174 4164 4155 4148 4141 4136 4130 4126 4122 4118 4114
50 | 4397 4331 4285 4251 4225 4204 4187 4174 4162 4153 4144 4137 4131 4125 4120 4116 - - - -
5.5 4362 429.8 4254 4223 4199 4181 4166 4154 4144 4136 4129 4122 4117
6.0 | 4331 4269 4225 4200 417.9 4162 4145 4139 4130 4123 4116 - -
6.5 4305 4246 4208 4181 4162 4147 4135 4126 4118
7.0 | 4283 4226 419.0 4165 4148 4134 4124 4116 -
7.5 4263 4208 4175 4152 4136 4124 4114
8.0 | 4246 4193 4162 4141 4126 4115 -
8.5 4231 4180 4151 4131 4118
9.0 | 4217 4169 4141 4123 -
9.5 4205 4159 413.2 4116
100 | 4194 4150 4125 -




Equation 16 Vi = /iRy T;

Next, the leak points cross sectional areas are calculated. Core leakage area using a

cylindrical core is static as it is only dependent on R;.

Table 11: Study 1 Core Leakage Area (cylindrical core)

ACynLeakage (in'z )

Hiin.]

E fin.) 05 | 10 | 15 | =z0 | 25 | 30 | 35 | 40 | 45 | 50 | 55 | 60 | &5 | 70 | 75 | ®0 | &5 | @0 | 95 | 0
05
0
i5
70
75
30
35
40
45 .

50 .00499 1n.2
55
.0
5
70
75
50
55
3.0
35
0.0

. 2
Equation 25 AcynLeakage = R? [4 —n—n(1-v2) ] = 319R?

Table 12: Study 1 Rotor Gap Leakage Area

Agap (in?)

H(in.)

E(in.) 05 | 10 | 15 | 20 [ 25 [ 30 | 35 | 40 | 45 | 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 9.0 | 95 | 100 |
0.5 0.009 0012 0017 0021 002 0031 0036 0041 0046 0050 0055 0.060 0065 0070 0075 0080 0085 0.0%0 0095 0.100
1.0 0016 0018 0021 0025 0029 0033 0038 0043 0047 0052 0057 0062 0067 0072 0076 0081 0086 0091 009 0.101
15 0022 0025 0027 0030 0034 0038 0042 0046 0050 0055 0060 0064 0069 0074 0078 0083 0088 0093 0098 0.103
2.0 0031 0032 0034 0037 0040 0043 0046 0050 0054 005 0063 0067 0072 0076 0081 0086 009 0095 0100 0.105
25 0.039 0040 0041 0043 0046 0049 0052 0055 0059 0063 0067 0071 0076 0080 0084 0089 0093 0098 0102 0.107
3.0 0.047 0047 0049 0050 0053 0055 0058 0061 0065 0068 0072 0076 0080 0084 0088 0092 0097 0101 0106 0.110
3.5 0054 0055 0056 0058 0060 0062 0064 0067 0070 0074 0077 0081 0085 0089 0093 0097 0101 0105 0109 0.114
2.0 0.062 0063 0064 0065 0067 0069 0070 0074 0077 0080 0083 0086 009 0094 0097 0101 0105 0109 0113 0.118
45 0070 0071 0071 0073 0074 0076 0078 0081 0083 0086 0089 0092 0095 0099 0103 0106 0110 0114 0118 0122
50 | 0078 0078 0079 0080 0082 0083 0085 0087 0030 0092 0095 0098 0101 0105 0108 0112 0115 0119 0123 0.127
5.5 0086 0086 0087 0088 0089 0091 0092 009 0097 0099 0102 0105 0107 0111 0114 0117 0121 0124 0128 0132
60 | 009 0094 0095 009 0097 0098 0100 0102 0104 0106 0108 0111 0114 0117 0120 0123 0126 0130 0133 0.137
6.5 0101 0102 0102 0103 0104 0106 007 0109 0111 0113 0115 0118 0120 0123 0126 0129 0132 0135 0139 0.142
70 | 0109 0110 0110 0111 0112 0113 0115 0116 0118 0120 0122 0125 0127 0130 0132 0135 0138 0141 0145 0.148
7.5 0117 0117 0118 0119 0120 0121 0122 0124 0125 0127 0129 0131 0134 0136 0139 0142 0145 0148 0151 0.154
80 | 0125 0125 0126 0126 0127 0128 0130 0131 0133 0134 0136 0139 0141 0143 0146 0148 0151 0154 0157 0.160
8.5 0133 0133 0134 0124 0135 0136 0137 0139 0140 0142 0144 0146 048 0150 052 0155 0.158 0160 0.163 0.166
9.0 | 0141 0141 0141 0142 0143 0144 0145 046 0148 0149 0151 0153 0155 0157 0159 0162 0164 0.167 !
9.5 0148 0149 0149 0150 0151 0151 0152 0154 0155 0157 0158 0160 0.162 0164 0166 0169 0.171 |
100 | 0156 0157 0157 0158 0158 0159 0160 0161 0163 0.164 0166 0.167 0169 0171 0173




Equation 69 Agap = 2Gy/ [N TeyixD]? + H2
Using Table 9, Table 10, Table 11, and Table 12, the total leakage mass flowrate is:
Table 13: Study 1 Total Leakage Mass Flowrate e, (%)

H{in.)

15 - - - 0.740 0.734 0.728 0724 0721 0718 0715 0712
2.0 - - - - - - - - 0.637 0.623 0.612 0.604 0.59 0.589 0.584 0579 0575 0572 0.569
2.5 - - 0.600 0.570 0.547 0528 0513 0500 0490 0482 0475 0469 0464 0459 0456 0453
3.0 - - - 0.612 0.559 0.520 0488 0463 0444 0428 0415 0404 039 0.388 0.382 0376 0.372 0368 0.364
3.5 - 0.622  0.552 0.498 0.457 0.425 0400 0380 0.364 0351 0.340 0.331 0.323 0317 0311 0306 0.302 0298
4.0 - 0.674 0575 0.503 0.449 0.408 0376 0.352 0332 0315 0302 0291 0.282 0.274 0.268 0.262 0.257 0253 0.249

4.5 0.783 0.637 0.534 0.462 0.409 0.369 0.338  0.313 0.294 0278 0.265 0.254 0.245 0.237 0.230 0.225 0.220 0216 0.212
5.0 0.758 0.603 0.500 0.428 0.376 0.336 0.306 0.282 0.263 0.248 0235 0.225 0.216 0.208 0.202 0.196
5.5 0.735 0573 0469  0.399 0.347 0.308 0.280 0257 0.23% 0224 0211 0201 0192 - - -
6.0 0.712 0546 0443 0373 0.323 0.287 0.258 0.236 0.218 0.204 0192 - -

6.3 0.691 0.522 0419 0.351 0.303 0.267 0.240 0.218 0.201

7.0 0.672 0500 0.398 0.331 0.284 0.250 0.224  0.203

7.3 0.653 0480 0379 0314 0.268 0.235 0.210

8.0 0.635 0461 0.362 0.298 0.254 0.222 -

8.5 0.615 0444 0.346 0.284 0.241 -

9.0 0.603 0428 0.332 0.271 -

9.5 0.588 0413 0.318 0.259

10.0 0.574 0400 0.306

Equation 2 Myeq = pt.vtot.leak = ptvt(Agap + ACynLeakage)

gfin) [ 05 [ 10 [ 15 | 20 [ 25 30 | 35 | 40 [ 45 [ 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 90 | 95 | 100
0.5 - - - - - - - - - - - - - - B
1.0 - - - - - - - - - - - - -

0.710
0.566
0.450
0.361
0.295
0.296
0.209

Summing Table 5 and Table 13 yields the total mass flowrate through the PRE for each

machine radius E and rotor height H combination. This verifies the solvers results (color

discrepancy found in Table 14 due to solver accuracy criteria of .01%)

Table 14: Study 1 Total PRE Mass Flowrate 1, (%)

H{(in.)

0.5
10
15
2.0
2.5

1.00
- 100 [PZ007 100 100 100 100
- - - - - .00 100 100 100 | 400 100 1.00 1.00
- - - 100 100 100 100 100 100 100 100
100 100 100 100 100 100 100 100 100 100  1.00

3.0 100 | 100 100 100 100 100  1.00 1.00 1.00

3.5 - 100 100 100 | 1 100 100
40 - ] ] ; ] ! J ’ 1.00
45
5.0
55
6.0
6.5
7.0
7.5
8.0
8.5
9.0
95
10.0

1.00

E(ing [ 05 [ 10 [ 15 [ 20 [ 25 | 30 | 35 | 40 | 45 | 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 9.0 | 95 | 100

1.00
1.00
1.00



Since state 2 pressure P, has been successfully converged to produce total mass flowrates
m,, equal to 1 kg/s, the applications performance can be evaluated. This includes mass

efficiency, isentropic efficiency, power generated, and state 3 temperature.

Mass efficiency as stated by equation 2 is shown in Table 15 using cavity mass flowrate

from Table 5 and total mass flowrate from Table 14.

Table 15: Study 1 Mass Efficiency

Emass
H(in.)

E(ing [ 05 | 10 [ 15 [ 20 [ 25 [ 30 [ 35 [ 40 [ 45 [ 50 [ 55 [ 60 [ 65 | 70 [ 75 | 80 | 85 | 50 | 9.5 | 100 |
0.5 - - - - - - - - - - - - - - 3% 3% 3% 3% 3%
Lo - - - - - - - - - - - - - 13%  13% 13%  13%  14% 1%  14%
L5 - - - 26%  27%  27%  28%  28%  28%  29%  29%  29%
2.0 - - - - - - - - 36%  38%  39%  40%  40%  41%  42%  42%  42%  43%  43%  43%
25 - - 40%  43%  45%  47%  49%  50%  51% 5%  52%  53%  54%  54%  54%  55%  55%
3.0 - - - 39%  44%  48%  51%  54%  S56%  57%  58%  60%  60%  61%  62%  62% 63%  63%  64%  64%
3.5 - - 38%  45%  S0%  54%  57%  60%  62%  64%  65%  60%  67%  68%  68%  69%  69% 70% 70% 71%
4.0 33%  43%  S0%  55%  59%  62%  65%  67%  68%  70%  71%  72% 73% 73%  74% /4% 75% 75%  75%

4.5 22% 36% 47% 54% 59% 03% 66% 9% T1% T2% 74% 75% 76% 76% TT% 78% 78% 78% T9% T9%
5.0 24% 40% 50% 57% 62% 66% 63% 72% 74% 75% TT% 78% 78% 79% 80% 80% - - - -
5.5 27% 43% 53% 60% 65% 69% T2% Fa% T6% 78% T9% 80% 81% - - -

6.0 29% 45% 56% 03% 08% 71% 74% T6% 78% 80% B81% - -

6.5 31% 43% 58% 65% 70% 73% 76% 78% 80% - -

7.0 33% 50% 60% 67% T2% 75% T8% 80% -

7.5 35% 52% 62% 09% 73% 7% 79% -

8.0 36% 54% 64% 70% 75% 78% -

8.5 38% 56% B65% T2% T6% -

9.0 40% 57% 67% 73%

9.5 41% 59% 63% 74%
10.0 43% B60% 9% -

. My net
Equation 2 E s = ——m
Mot

Table 15 shows as machine size increases, so does the mass efficiency. Values in red
show the top 10% configurations with the highest mass efficiencies. Isentropic efficiency
calculation shows the importance of performing a system analysis as high mass efficiency does

not equal high isentropic efficiency.



Table 16 is the calculated result of equation 88, which can be used to optimize a PRE
with varying machine radius E and rotor height H. It shows a 3.5 inch machine radius E and 4
inch rotor height H configuration yields the most efficient PRE design with the given
application. It is important to reiterate that the presented PRE design does not incorporate a
metering valve and runs “hydraulically”. Implementation of a metering valve if tuned to the

optimized pressure ratios could yield isentropic efficiencies upwards of 50 to 60%.

Table 16: Study 1 Isentropic Efficiency Egystem

H (in.)

E(in) [ 05 [ 10 [ 15 [ 20 [ 25 [ 30 [ 35 [ a0 | 45 | 50 | 55 | 60 | 65 | 7.0 | 7.5 | 80 | 85 | 90 | 95 | 100 |
0.5 - - - - - - - - - - - - - - 15%  15% 15% 15% 15%
10 - - - - - - - - - - - - - 74% 1.5%  7.6% 7.6% 7.6%  7.6%  7.6%
15 - - - 15.0% 151% 15.2% 15.2% 15.2% 151% 15.1% 15.0% 14.8%
2.0 - - - - - - - - 2.0% 214% 216% 217% 201.7% 216% 21.5% 21.3% 21.1% 20.8% 20.5% 20.2%
25 - - 23.3% 24.5% 25.3% 25.7% 25.0% 26.0% 25.8% 25.6% 025.3% 24.9% 24.4% 23.9% 234% 22.8% 22.0%
3.0 - - - 225% 24.9% 26.5% 27.5% 28.0% 28.1% 28.0% 27.7% 27.3% 267% 26.1% 25.4% 24.6% 23.7% 22.8% 21.9% 21.0%
3.5 - - 2.6% 24.8% 26:9% 28.1% 28.6% 28.7% 28.5% 28.0% 27.3% 265% 25.5% 244% 23.2% 22.0% 20.8% 195% 18.1% 16.7%
4.0 18.5% 23.3% 261% 27.7% 28.3% 28.4% 28.0% 27.3% 26.2% 25.0% 23.7% 22.2% 20.6% 19.0% 17.3% 155% 13.7% 118% 9.9%

4.5 124% 19.9% 24.2% 26.5%  27.5% 27.6% 27.0% 20.0% 24.6% 23.0% 21.3% 19.3% 17.2% 15.1% 12.8% 10.5% 8.2% 5.8% 3.3% 0.8%
5.0 13.5% 20.9% 24.6% 26.3% 26.5% 25.9% 24.6% 22.9% 20.8% 18.6% 16.1% 13.5% 10.8% B8.0% 5.0% 2.1% - - -
2.3 14.4% 21.5% 24.5% 254% 24.8% 23.4% 21.4% 18.9% 16.1% 13.0% 9.8% 6.5% 3.0% -

6.0 15.1% 21.7% 24.0% 24.0% 22.5% 20.2% 17.3% 14.0% 10.3% 6.5% 2.4% -

6.5 15.7% 2L.7% 23.0% 220% 19.7% 16.4% 12.6% 8.3% 3.7% - -

7.0 16.1% 21.3% 21L.7% 19.7% 16.3% 12.0% 7.1% 1.9%

7.5 16.4% 20.7% 20.0% 16.9% 12.3% 7.0% 1.0% -

8.0 16.5% 19.8% 18.0% 13.7% 8.0% 1.4%

8.5 16.5% 18.7% 15.6% 10.1% 3.1% -

9.0 16.4% 17.4% 13.0% 6.1% -

9.5 16.1% 15.9% 10.0% = 1.7%

10.0 | 15.7% 14.1% 6.8%

Vcav.net ' (PZ - P3) V'Vshaft

Equation 6 E = =
ystem . 5
mtot(hl - h3,Isentropic) mtot(hl - h3,Isentropic)

NIST REFPROP  h,(P,,T,)

NIST REFPROP  hgisentropic (Ps, S1)



The first byproduct of using a PRE is generated shaft power. Using equation 5, Table 1,

and Table 2, shaft power generated is calculated in Table 17.

Table 17: Study 1 Shaft Power wWgpas (KW)

H{in.)

E(in.) 05 [ 10 [ 15 | 20 [ 25 | 30 [ 35 [ 40 | 45 | 50 | 55 [ 60 | 65 | 70 | 75 | 80 | 85 | 9.0 | 95 | 100 |
0.5 - - - - - - 3 3 3 3 3
1.0 - - - - - - - - - - - - - 15 15 16 16 16 16 16
15 - - - - - - - - - - - 31 31 31 31 31 31 31 31 30
2.0 - - - - - - - - a3 a a4 a4 a a a3 a3 a2 a
25 - - a3 50 52 53 53 53 53 52 52 51 50 a3 a8 a7 45
3.0 - - - a6 51 54 56 57 58 57 57 56 55 53 52 50 a9 a7 a5 43
3.5 - a1 51 55 57 59 59 58 57 56 54 52 50 a8 45 a3 a0 37 Y
2.0 - 38 ag 53 57 58 58 57 56 54 51 a9 45 22 39 35 32 28 24 20
a5 25 a1 50 54 56 56 55 53 50 a7 a4 a0 35 31 26 2 17 12 7 2
5.0 28 a3 51 54 54 53 50 47 a3 38 33 28 2 16 10 4
5.5 30 aa 50 52 51 ag a4 39 EES 27 20 13 6
6.0 31 a4 a9 a9 45 0 35 29 21 13 5
6.5 32 a1 a7 a5 a0 34 26 17 8
7.0 33 a4 a1 a0 33 25 15 a
7.5 34 a2 a1 35 25 14 2 -

5.0 34 1 37 28 16 3 -

8.5 34 38 32 21 6

9.0 34 36 27 12

9.5 33 33 21 a

10.0 32 2 14

Equatlon S Wshatt = Vcavnet * (PZ - P3)

The second byproduct of the PRE extracting fluid energy from the flow beside shaft

power is a lower downstream fluid temperature due to the change in enthalpy.

Table 18: Study 1 State 3 Temperature T; (F)

H{in.)
E(ing [ 05 [ 10 [ 15 [ 20 [ 25 | 30 [ 35 | 40 [ 45 [ 50 | 55 | 60 | 65 | 7.0 | 7.5 | 80 | 85 | 90 | 95 | 100
0.5 - - - - - - - - - - - - - -
Lo - - 382 380 380 379 379 379 379
L5 26.0 257 256 256 256 257 258 260 262

2.0 - - - - - - - - 16.3 15.6 15.3 15.1 15.1 15.2 15.5 15.8 16.1 16.6 17.0 17.5

25 - 125 105 93 &5 82 82 84 88 83 85 107 115 123 132 142
3.0 - - - 13.7 20 92 105 118 133 148 163
35 - 153 | 100 107 126 145 166 187 209 232
20 - 202 126 | 20 168 185 223 252 281 311 343
25 | 301 173 | 110 | 73 258 294 332 370 408 448 | 488
50 | 283 164 103 77 73 83 104 131 164 201 241 283 328 373 | 420 468 - - -

55 | 269 155 105 91 100 123 156 197 242 291 343 397 | 453
60 | 257 151 114 114 137 175 22 27.6 335 397 | 463 |

65 | 248 152 129 145 134 237 299 368 41| - -

70 | 241 157 151 184 239 308 387

75 | 237 167 178 229 302 389

80 | 235 181 211 231 | 373

85 | 235 195 243 338 | 451

90 | 237 220 292 404

95 | 241 246 340

100 | 248 274 | 392

NIST REFPROP  T;(P; hs)

. Wshaft V.Vshaft
Equation 6 h; =h; ——— From Esystem ==
Mot mtot(hl - h3,Isentropic)




3.2 STUDY 2 - ENERGY RECOVERY SPEED OPTIMIZATION

Study 2 takes an arbitrary machine radius E (4 inches) and rotor height H (4 inches) and
holds them constant while varying PRE angular velocity. An optimized solution is calculated
showing the effects of expander speed on isentropic efficiency, also demonstrating how a single
size machine can be optimized for different applications by varying machine speed. Note that
the same calculation process is used in study 2 as from study 1, except in study 2 rotational

frequency is variable and rotor geometry is held constant (see Figure 30)

Process Fluid Methane System Mass Flowrate 1 kg/s
Molecular Weight 16.04 kg/kmol State 1 Pressure 1200 psi
Specific Gas Constant ~ 518.27 k/kg°K  State 1 Temperature 100 °F
Machine Radius E 4.0in. State 1 Enthalpy (reference) 863.1 kJ/kg
Rotor Height H 4.0in. State 1 Entropy(reference) 4.3 kJ/kg°K
Tip Radius Ry 125 n. State 3 Pressure 200 psi
Rotor Gap Width G 005 in. State 3 Isentropic Enthalpy, 658.2 kJ/kg

h3,Isentropic

State 1 State 2

1
1
1
1
i
i PRE
1
1
1
1
1




Table 19: Study 2 Isentropic Efficiency Egystem

N N Cavity Cavity Throat Properties State 1-2 Leakage Mass | Cavity Mass Total |lsentropic Output
Speed | Cavity Flowrate |Cavity Pressure . - - o
Temperature | Density Pressure Temperature Heat | Velocity | Density | Enthalpy Loss Flowrate Flowrate Mass | Efficiancy Fower
RPM | ACFM  m"3/s psi Mpa F K kg/m’ psi Mpa F K Ratio m/s keg/m* kifkg kels kg/s kgls % KW
300 4.47  0.0021 |1172.7 8.1 5989 3103 56.3 577 3.38 ; -35.2 235.8 163 446.6 38.83 21 0.881 0.12 1.000 B6.9% 121
600 8.94 0.0042 |10703 7.4 946 30738 515 534 3.68 | -30.8 238.2 1.58 44824 34.81 10.8 0.783 0.22 1.000 12.4% 25.3
300 13.41 0Q.0083 | 978.7 6.7 50.6 305.7 47.2 433 3.40 ; -28.2 2337 155 438.9 31.48 18.8 0.701 0.30 1.000 16.6% 34.0
1200 |L17.28 0.0084 | 8335 6.2 86.9 303.7 43.4 457 3.15 -26.6 240.6 152 436.0 28.60 27.0 0.634 0.37 1.000 19.8% 40.6
1500 |022.35 0.0105 | 8287 5.7 83.7 3013 401 424 2.32 -25.5 241.2 150 433.5 26.20 34.3 0.577 042 1.000 22.3% 45.7
1800 |L25.82 0.0127 | 7620 5.3 80.8 300.2 37.2 335 2.72 -24.9 2415 1.43 431.3 24.15 42.5 0.523 0.47 1.000 24.2% 49.6
2100 |£31.23 0.0148 | 7143 4.9 78.2 298.8 346 363 2.55 -24.5 2417 1.47 429.4 22.39 43.7 0.489 0.51 1.000 25.6% 52.4
2400 |I3576 0.016% | 668.3 46 75.8 297.5 32.4 346 2.33 -24.3 2413 1486 427.8 20.86 56.7 0.454 0.55 1.000 26.6% 54.5
2700 |040.23 0.0130 | 6827.1 4.3 73.8 236.3 30.4 326 2.25 -24.2 2413 145 426.4 13.52 63.4 0.423 0.58 1.000 27.3% 55.9
3000 |04470 0.0211 | 5305 41 719 295.3 286 308 212 -24.2 2419 144 425.1 18.33 69.9 0.3%6 0.60 1.000 27.7% 56.8
3300 |143.17 0.0232 | 557.8 38 70.2 294.4 27.0 232 2.01 -24.3 2419 143 4240 17.28 76.1 0.372 0.63 1.000 27.9% 57.2
3600 |I53.64 0.0253 | 528.4 36 68.6 293.5 25.6 277 1351 -24.3 2419 143 422.9 16.35 820 0.351 0.65 1.000 28.0% 57.3
3900 |U52.11 0.0274 | 502.0 3.5 67.2 292.7 243 263 182 24.4 2418 142 422.0 15.51 878 0.233 0.67 1.000 27.9% 57.1
4200 |062.52 0.0285 | 472.0 3.3 65.9 292.0 23.2 251 173 246 2417 142 421.2 1474 83.3 0.216 0.68 1.000 27.6% 5E.E
4500 |U67.05 0.0218 | 4561 31 64.7 291.3 221 240 166 | 247 2417 141 420.4 14.05 98.7 0.200 070 1.000 27.3% 55.9
4300 |IF1.52 0.0238 | 4361 20 63.6 1907 211 220 158 -14.8 2416 141 418.7 12.42 1039 0.286 071 1.000 26.8% 55.0
5100 |EF559 0.0359 | 417.2 29 626 2902 20.2 221 152 -25.0 2415 1.40 418.1 12.85 109.0 0.274 073 1.000 26.3% 53.9
5400 (52047 0.0280 | 401.0 2.8 617 2897 15.4 212 148 ¢ 251 2414 1.40 4185 12.32 1139 0.262 074 1.000 25.7% 5lE
5700 |"8484] 00401 | 3854 27 187 204 141 -25.2 2414 140 4179 1183 1186 0251 0375 1.000 25.0% 512
6000 |"89.41 | 00422 | 3710 26 180 136 135 -25.4 2413 138 417.4 1138 1232 0.242 0376 1.000 24.3% 49.7

Isentropic Efficiency

\ Maximum Isentrapic Efficiency

0.0

SPEED {RPM]}

The same solver used in study 1 is used in study 2. PRE rotational speed is the
independent variable, mass flowrate the objective variable, and state 2 cavity pressure is the
changing variable in the iterative solver. Study 2 is simply a 1-dimensional analysis (rotation
speed), while study 1 is a 2-dimensional analysis (machine radius E and rotor height H). For the

application presented in study 2, a PRE with a rotational speed of 3600 RPM is optimal.

This 1-dimensional analysis shows the optimization the solver is working to accomplish.
Note as speed increases so does State 1-2 enthalpy loss (a negative effect on isentropic
efficiency), but leakage is reduced (a positive effect on isentropic efficiency). The dominance of

these variables phase as speed varies generating an optimized isentropic efficiency.



3.3 STUDY 3-TARGET POWER VARIABLE ROTOR SIZE

This study calculates equation 88 step by step to yield the isentropic efficiencies of 400

possible rotor height H and machine radius E combinations for a target power application.

The rotational frequency f is held at a constant value typically found in industry, and other given

parameters for this study are below. Study 3 demonstrates how rotor geometry influences

isentropic efficiency and shows how to optimize a PRE when a constant rotational speed is

required by the application. Figure 31 shows the calculation process for evaluating a target

pOWeEr process.

Process Fluid Methane
Molecular Weight 16.04 kg/kmol
Specific Gas Constant 518.27 kJ/kg°K
Expander Frequency 60 Hz

Tip Radius Ry 1257

Rotor Gap Width G .005”’

Target Power 30 kW

State 1 Pressure

State 1 Temperature

State 1 Enthalpy (reference)
State 1 Entropy(reference)

State 3 Pressure

State 3 Isentropic Enthalpy,
h3,Isentropic

1200 psi
100 °F
863.1 kJ/kg
4.3 kJ/kg°K
200 psi

658.2 ki/kg

_____________________________________________________________________________________

State 1

State 2

—+ Wppg




Figure 31 shows the calculation process for a target power application. Each step of this

process is shown in study 1 below.

Calculate volumetric flowrate V.., ner USiNG section
2.3, constant rotational frequency w and variables
machine radius E and rotor height H

y

Calculate state 2 pressure P,
using equation 5

v

Determine state 2 temperature T, and
density p, using isenthalpic
assumption from state 1 to state 2

A

Iterate throat properties using
state 2 temperature T,, pressure

A P,, and section 2.2.1
Calculate cavity mass
flowrate m,yiry, from y
equation 89 Calculate total leakage mass

flowrate myeaage from sections
2.2.2,2.2.3,2.2.4, and equation 89

A 4

Calculate total mass flowrate ¢, isentropic efficiency Egyscem

using equation 89, and state 3 temperature T using the calculated
enthalpy change and downstream pressure conditions

Figure 31: Study 3 Target Power Calculation Process



The primary focus when calculating equation 88 is determining state 2 pressure for each
rotor size configuration (pressure inside the cavity). Since a target power application gives the
required shaft power w45, State 2 pressure P, can be directly calculated from equation 5. This
removes the need to iteratively solve state 2 pressure as in studies 1 and 2. The calculation

process then follows Figure 31.

First, the cavity volumetric flowrate is calculated using the net cavity flowrate equation
84, and due to using a circular core, equation 22 is used to calculate core area. Note that

machine radius E and rotor height H are given in inches.

Table 20: Study 3 Net Cavity Flowrate

. ft.3
Vcav.net ( )

min.
H{(in.}

(in) [ 05 ] 10 [ 15 [ 20 [ 25 [ 30 [ 35 [ 40 | 45 [ 50 | 55 [ 60 | 65 | 70 | 75 | 80 | 85 | 80 | 95 | 100 |
05 | o1 @1 02 02 0z 04 04 05 05 06 07 07 08 08 09 08 10 11 11 12
0 | 02 07 10 14 17 20 24 27 30 34 &7 41 44 47 51 54 58 61 64 68
15 | o8 17 25 34 42 50 59 67 76 &4 93 101 109 11§ 126 135 143 151 160 168
20 | 16 31 47 63 78 94 1.0 125 141 157 172 188 204 219 235 251 266 282 298 313
25 | 25 50 75 101 126 151 176 201 226 252 277 302 327 352 377 403 423 453 478 503

3.0 3.7 74 111 14.8 18.4 21 258 29.5 33.2 36.9 40.6 44.3 48.0 517 35.3 53.0 62.7 66.4 70.1 73.8
3.5 2.1 10.2 153 20.3 254 30,5 35.6 40.7 43.8 50.9 229 61.0 66.1 712 76.3 814 86.5 91.5 96.6 101.7
4.0 6.7 13.4 20.1 26.8 33.5 40.2 46.9 53.6 60.3 67.1 73.8 80.5 87.2 93.9 100.6 1073 1140 1207 1274 1341
4.5 8.5 17.1 25.6 34.2 427 513 59.8 68.4 76.9 85.5 954.0 1026 1111 119.7 1282 1368 1453 1539 1624 1710
2.0 10.6 21.2 318 42.5 53.1 63.7 74.3 84.9 95.5 106.1 1168 1274 1380 148.6 159.2 169.8 180.5 1911 2017 2123
5.5 129 25.8 38.7 5L.6 64.5 774 90.3 103.2 1161 1230 1420 1549 1678 180.7 1936 2065 2194 2323 2452 2581
6.0 15.4 30.8 46.3 61.7 77.1 92.5 1079 123.3 1388 1542 169.6 185.0 2004 2159 2313 2467 2621 2775 2929 3084
6.5 18.2 36.3 54.5 72.6 90.8 1089 1271 1452 1634 1815 199.7 2179 23600 2542 2723 290.5 308.6 3268 3449 3631
7.0 21.1 42.2 63.3 84.5 105.6 126.7 1478 1689 1%0.0 211.1 2323 2534 2745 2956 316.7 337.8 359.0 380.1 401.2 4223
7.5 24.3 48.6 72.9 97.2 121.5 1458 170.1 1844 2187 243.0 2673 291.6 3159 3402 3645 388.8 4131 4374 461.7 4860
8.0 27.7 55.4 83.1 110.8 138.5 166.2 1939 221.6 2493 2771 3048 3325 360.2 3879 4156 4433 471.0 4987 5264 5541
8.5 313 62.7 84.0 125.3 156.7 188.0 2193 250.7 282.0 3134 3447 3760 4074 4387 4700 5014 5327 5640 5954 626.7
9.0 35.2 70.4 105.6 140.8 1759 2111 2463 2815 3167 3519 387.1 4223 4575 4926 5278 563.0 598.2 6334 668.6 TF03.8
9.5 9.3 78.5 117.8 157.1 196.3 2356 2749 3141 3534 3927 4319 471.2 5105 549.7 589.0 6283 6675 706.8 746.1 7853
10.0 43.6 87.1 130.7 1743 217.8 261.4 3050 3485 392.1 4357 4792 5228 5664 6099 6535 6971 740.6 7842 8278 8713

E2 — 2ER, + 3R?
— fCore

Equation 84 Veavnet = 2fH [(4 — ) ( 2

. 2
Equation 22 Agyicore = TR3(1 — V2)



Since a target power application gives the required shaft power, cavity pressure can be
calculated using Table 20, equation 5, and solving for state 2 pressure. Dashes in the table
indicate an impossible scenario where the rotor size combination would require a state 2 pressure

greater than the state 1 pressure.

Table 21: Study 3 State 2 Pressure (cavity pressure)

P (le)
2 \in.2
H{in.)

E(ing [ 05 | 10 | 15 [ 20 [ 25 [ 30 [ 35 | 40 | 45 [ s0 [ 55 [ 60 [ 65 | 70 [ 75 [ 80 | 85 | 90 | 95 [ 0.0 |
0.5 - - - - - - - - - - - - - - - - - - - -

1.0 - - - - - - - - - - - - - - - - - - - -

15 - - - - - - - - - - [PiEseY 1113 143 983 31 885 845 809 777 748
2.0 - - - - - |PiESa0 a0 935 84 788 735 690 653 620 592 568 546 527 510 494
25 - - - 833 811 723 658 607 566 533 505 482 462 M4 429 415 404 393 383
3.0 - - 85 700 616 557 512 4738 450 47 403 392 378 367 356 347 338 332 325
3.5 - 804 653 563 500 459 427 401 381 365 351 339 329 321 33 307 301 295 291
2.0 - 887 658 544 475 49 3% 372 353 337 325 315 306 298 292 286 281 276 272 269
45 - 73 55 470 416 380 354 335 320 308 298 290 283 277 272 267 263 260 257 254
5.0 64 490 417 374 345 324 309 287 287 279 272 267 262 258 254 251 248 246 243

5.5 914 557 438 379 343 319 302 289 279 271 265 260 255 251 248 245 242 240 238 236
6.0 798 499 399 349 320 300 285 275 266 260 254 250 246 243 240 237 235 233 231 230
6.5 708 454 369 327 302 285 273 263 256 251 246 242 239 236 234 232 230 228 227 225
7.0 637 418 346 309 287 273 262 255 249 244 240 236 234 231 229 227 226 224 223 222
7.5 379 390 326 295 276 263 254 247 242 238 234 232 229 227 225 224 222 221 220 219
8.0 333 366 311 283 267 235 248 242 237 233 230 228 226 224 222 221 220 218 218 217
8.5 454 347 298 274 259 249 242 237 233 229 227 225 223 221 220 218 217 216 215 215
9.0 462 331 287 265 252 244 237 233 229 226 224 222 220 219 217 216 215 215 214 213
9.5 435 317 278 259 247 239 234 229 226 223 221 220 218 217 216 215 214 213 212 212
10.0 412 306 271 253 242 235 230 226 224 221 219 218 216 215 214 213 212 212 211 211

Equation 5 Wgpart = Veavnet - (P2 — P3)  Solved for P,

Note the dark purple values in the above table require the lowest pressure drop across the
control valve (state 1 to state 2). This would lead to the expectation that those machine sizes
would yield the highest isentropic efficiency (lowest increase in entropy across the valve). These

machine sizes will be compared with the final calculations.

State 2 temperature and density can be determined by assuming an isenthalpic process
across the control valve. This determines that state 2 enthalpy is equal to state 1 enthalpy. Having
two state variables, state 2 pressure from Table 21 and state 1 enthalpy, state 2 temperature and
density are calculated using NIST REFPROP. State 2 temperature and density are required when

determining leakage and cavity mass flowrates.



Table 22: Study 3 State 2 Temperature T, (°F)

g(in) [ 05 [ 20 [ 15 [ 20 | 25 [ 30 [ 35 | 40 | 45 | 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 90 | 95 | 100 |
0.5 - - - - - - - - - - - - - - - - - - - -
10 - - - - - - - - - - - - - - - - - -

so- - - - - oo - - - [[s50 %4 s34 08 84 863 w4 827 82 78

2.0 - 81.7 79.2 76.9 75.0 73.4 72.0 70.7 69.5 68.5 67.6 66.8
2.5 - 70.6 68.9 67.4 66.1 65.0 64.1 63.2 62.5 61.8 61.2 60.7
3.0 - 64.4 63.2 62.1 61.2 60.5 29.8 29.2 28.7 28.2 27.8 274
3.2 - 60.6 29.7 28.9 58.3 7.7 272 26.8 26.4 26.0 23.7 250
4.0 - 86.4 753 69.4 B85.8 63.3 61.5 60.1 59.0 58.1 374 26.8 26.3 239 23.3 23.2 4.9 24.6 4.4 4.2
4.5 - 734 70.3 B85.5 62.5 60.5 59.1 58.0 371 56.5 23.9 234 23.0 4.7 4.4 4.1 23.9 237 53.5 23.3
5.0 74.1 66.5 62.6 60.2 58.6 57.4 56.5 55.8 55.2 54.8 54.4 54.1 53.8 53.6 534 53.2 53.0 52.9 52.7
5.5 70.1 63.8 60.5 584

6.0 82.2 67.0 61.6 58.8 57.1
6.5 77.8 64.6 59.9 57.5 56.1
7.0 74.2 62.7 58.6 56.5 55.3
7.5 ziks 61.1 57.5 55.7 54.6
8.0 68.8 59.8 56.6 55.0 54.1
8.5 66.8 58.7 55.9 54.5 53.6
5.0 65.1 57.8 55.3 54.0 53.2
9.5 63.6 57.0 54.7 53.6 52.9
10.0 62.3 56.3 54.3 53.3 52.7

Table 23: Study 3 State 2 Density p, (%)

H{in.)
gfin) [ 05 [ 10 [ 15 | 20 [ 25 [ 30 | 35 | 40 | 45 | 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 90 | 95 | 100 |

w0 | - - - - - - - - - - - - - - - - - - - -

15 - - - - - - - - - - ['s723 535 502 474 449 428 408 391 376 362
2.0 - - - - - ['se6  so1 451 a3 381 356 334 316 301 287 275 265 255 247 240
25 | - 450 392 350 319 294 275 258 245 234 224 215 208 201 196 190 186
30 | - 333 299 270 248 232 218 207 198 190 183 178 173 168 164 161 157
35 | - 273 243 22 207 195 185 177 1720 164 160 155 152 143 146 143 141
40 | - | 428 315 264 230 208 192 180 171 163 157 152 148 144 141 133 136 134 132 130
45 | - | 358 271 228 201 184 172 162 155 149 144 140 137 134 132 129 127 126 124 123
5.0 307 237 202 181 167 157 149 144 139 135 132 129 127 125 123 121 120 119 118

5.5 44.2 27.0 21.2 18.3 16.6 15.5 14.6 14.0 13.5 13.1 12.8 126 12.3 12.1 12.0 11.8 11.7 116 11.5 114
6.0 38.6 24.2 194 16.9 155 145 13.8 13.3 129 126 12.3 12.1 119 11.7 11.6 115 114 113 11.2 111
6.3 343 22.0 179 15.8 14.6 13.8 13.2 12.8 12.4 12.1 11.9 11.7 11.6 114 11.3 11.2 1.1 11.0 11.0 10.9
7.0 30.9 20.3 16.7 15.0 13.9 13.2 12.7 12.3 12.0 11.8 11.6 114 11.3 11.2 11.1 11.0 10.9 10.8 10.8 10.7
7.5 28.1 18.9 15.8 143 13.4 12.7 12.3 12.0 11.7 115 11.3 11.2 111 11.0 10.5 10.8 10.8 10.7 10.6 10.6
8.0 25.8 17.8 15.1 13.7 12.9 12.4 12.0 11.7 11.5 11.3 111 11.0 10.9 10.8 10.7 10.7 10.6 10.6 10.5 10.5
8.5 24.0 16.8 14.4 13.2 12.5 12.1 1.7 11.5 11.3 1.1 11.0 10.9 10.8 10.7 10.6 10.6 10.5 10.5 10.4 10.4
9.0 224 16.0 129 12.8 12.2 11.8 11.5 11.3 11.1 10.9 10.8 10.7 10.6 10.6 10.5 10.5 10.4 10.4 10.3 10.3
9.5 211 154 13.5 12.5 119 11.6 11.3 1.1 10.9 10.8 10.7 10.6 10.5 10.5 10.4 10.4 10.3 10.3 10.3 10.2
10.0 19.9 148 131 12.2 1nz7z 114 1.1 11.0 10.8 10.7 10.6 10.5 10.5 104 104 10.3 10.3 10.2 10.2 10.2

NIST REFPROP T, (P,,h;), isenthalpic
NIST REFPROP  p,(P,, T,)

Using Table 20 and Table 23, cavity mass flowrate can be calculated as mass flowrate is

the product of density and volumetric flowrate (see equation 2).



Table 24: Study 3 Cavity Mass Flowrate 1,y net (g)

S
H (in.}
gfin [ 05 [ 20 [ 15 [ 20 [ 25 [ 30 | 35 | a0 [ a5 [ 50 [ 55 [ 60 | 65 | 70 | 75 | 80 [ 85 | 90 | 95 | 100 |
0.5 - - - - - - - - - - - - - - - - - - - -
10 - - - - - - - - - -
15 - - - - - 025 025 026 026 027 027 028 028 028 029
2.0 - - 025 026 027 027 028 029 030 030 031 032 033 033 034 035 035
2.5 - 025 027 028 0285 030 031 033 034 035 036 037 038 040 041 042 043 044
3.0 - - 0.26 028 0320 031 032 035 036 033 040 041 043 045 046 048 050 051 053 055
3.5 - 026 028 030 033 035 037 040 042 044 047 0439 051 054 056 058 061 063 065 068
4.0 - 027 030 033 036 033 043 046 049 052 055 058 0.6l 064 067 070 072 076 079 082
4.5 029 033 037 041 045 043 052 056 060 064 068 072 075 080 084 087 051 035 059

3.0 0.26 0.31 0.36 0.41 0.45 0.50 0.55 0.60 0.65 0.70 0.74 0.79 0.84 0.89 0.94 0.99 1.03 1.08 113 118
5.5 0.27 0.33 0.39 0.45 0.51 0.56 0.62 0.68 0.74 0.80 0.86 0.92 0.98 1.04 1.09 115 121 1.27 1.33 139
6.0 0.28 0.35 0.42 0.49 0.56 0.63 0.70 0.77 0.84 0.91 0.99 1.06 1.13 1.20 127 1.34 141 148 1.55 162
6.5 0.29 0.38 0.46 0.54 0.63 0.71 0.79 0.87 0.96 1.04 112 121 1.29 1.37 1.45 1.54 1.62 1.70 179 1.87
7.0 0.31 0.40 0.50 0.60 0.69 0.79 0.89 0.93 108 117 127 137 1.46 1.56 1.66 175 1.85 1.95 2.04 2.14
7.5 0.32 0.43 0.54 0.65 0.77 0.88 0.99 110 121 1.32 143 1.54 1.65 1.76 1.87 1.99 2.10 221 2.32 2.43
8.0 0.34 0.46 0.59 0.72 0.84 0.97 1.10 122 135 148 1.60 173 1.85 1.98 211 2.23 2.36 2.43 2.61 2.74
8.5 0.35 0.50 0.64 0.78 0.93 1.07 1.21 1.36 1.50 1.64 1.78 1.53 2.07 221 2.36 2.50 2.64 2.79 2.93 3.07
9.0 0.37 0.53 0.6 0.85 1.01 1.17 1.34 1.50 1.66 1.82 1.98 2.14 2.30 2.46 2.62 2.78 294 3.10 3.26 3.42
9.5 0.39 0.57 0.75 0.93 111 1.28 1.47 1.64 1.82 2.00 2.18 2.36 2.54 2.72 2.30 3.08 3.26 3.44 3.62 3.80
10.0 0.41 0.61 0.81 1.01 1.21 1.40 1.60 1.80 2.00 2.20 2.40 2.60 2.80 299 3.19 3.39 2.59 3.79 3.99 4.19

Equation 2 gy et = P2 * Veavnet

With cavity mass flowrate calculated, leakage flowrate is all that is required to determine
the isentropic efficiencies. This is done by evaluating the fluid state at the leakage throat using
equations 18 and 19 with and an iterative process with throat specific heat ratio. Note the red
values in Table 26 indicate a throat pressure lower than the state 3 pressure and are not choked.

This is for reference. See appendix B for details. Throat parameters are calculated as:

T

To=———7
Yt

Equation 18

P

Y

Equation 19 _ L
(1 _I_ytz 1)Yt 1

NIST REFPROP v, (T, P,)



Table 25: Study 3 Throat Temperature T; (°F)

H{in.)
E(ing [ 05 | 10 [ 15 [ 20 [ 25 [ 30 | 35 | 40 | 45 [ 50 [ 55 [ 60 [ 65 | 70 | 7.5 | 80 | &5 | 90 | 95 [ 100 |
05 - - - - - - - - - - - - - - - - - - - -
10 - - - - - - - - - - - - - - - - - - - -

Table 26: Study 3 Throat Pressure P, (=
) y t \in.2
H(in.)
g(in [ 05 [ 20 [ 15 [ 20 | 25 [ 30 [ 35 [ 40 [ a5 | s0 [ 55 [ 60 | &5 | 70 | 7.5 | 80 | 85 | 90 | 95 | 100 |

05 - - - - - - - - - - - - - - - - - - - -
10 - - - - - - - - - - - - - - - - - - - -
15 - - - - - - - - - -

2.0 - - - - - 23 309 296 2% 276 267 259
25 - - - 316 296 279 265 253 243 234 226 213 213 208 203
3.0 - - 321 291 269 251 237 225 216 207 200  1s4 189 184 180 176 173
35 - 284 263 242 225 212 202 193 18 180 175 170 166 163 160 157 155
4.0 - 284 250 226 210 197 187 178 173 167 163 153 155 152 150 147 145 143
a5 - 202 247 219 201 188 178 170 164 153 154 151 148 145 143 140 133 137 135
5.0 330 257 220 198 183 172 164 158 153 149 145 142 140 138 136 134 132 131 130
55 291 231 200 182 169 161 154 149 145 141 138 136 134 132 131 128 128 137 126
6.0 262 211 185 170 159 152 146 142 133 136 133 131 130 128 127 126 125 124 123
6.5 229 19 174 160 152 145 140 137 134 131 123 128 126 125 124 123 122 121 120
70 |23 221 183 164 153 145 140 136 133 130 128 126 125 123 122 121 121 120 119 119
75 | 202 206 173 157 147 140 136 132 129 127 125 124 122 121 120 120 119 118 118 117
80 | 279 134 165 151 142 136 132 129 127 135 123 122 121 120 118 118 117 117 116 116
85 | 259 184 159 146 138 133 129 126 124 123 121 120 118 118 117 117 116 116 115 115
50 | 243 176 153 142 135 130 127 124 122 121 120 119 118 117 116 116 115 115 114 114
55 | 229 189 148 13 13 128 125 123 121 119 118 17 117 116 115 115 114 114 114 113
100 | 217 163 144 135 129 126 123 121 118 118 17 116 116 115 114 114 14 13 113 113

Table 27: Study 3 Throat Specific Heat Ratio vy,
H (in.}

E(in [ 05 | 10 [ 15 [ 20 | 25 | 30 | 35 [ a0 | a5 | 50 | 55 [ 60 | 65 | 70 | 75 | 80 [ &5 | s0 [ 85 [ 100 |
05 - - - - - - - - - - - - - - - - - - - -
1o - - - - - - - - - - - - - - - - - - - -
L5 - - - - - - - - - - [isa 180 157 155 153 152 151 150 143 148
2.0 - - - - - PEBAN 157 154 151 149 148 147 146 145 144 144 143 143 142 142
25 - - - I8N 152 150 147 146 145 144 143 142 142 141 141 141 140 140 140 140
3.0 - - 157 150 147 145 143 142 142 141 140 140 140 139 139 139 139 139 139 138
3.5 - I8N 150 146 143 142 141 140 140 140 133 133 139 138 138 138 138 138 138 138
2.0 - 152 146 143 142 141 140 139 139 139 138 138 138 138 138 138 138 137 137 137
as - 148 143 141 140 140 139 139 138 138 138 138 138 137 137 137 137 137 137 137
5o U188 145 142 140 139 133 138 138 138 138 137 137 137 137 137 137 137 137 137 137
55 | 158 143 141 13 139 138 138 138 137 137 137 137 137 137 137 137 137 137 137 137
60 | 149 142 140 139 138 138 138 137 137 137 137 137 137 137 137 137 137 137 137 137
65 | 147 1a1 139 138 138 138 137 137 137 137 137 137 137 137 137 137 137 137 136 136
70 | 145 140 133 138 138 137 137 137 137 137 137 137 137 137 137 136 136 136 136 136
75 | 144 140 138 138 137 137 137 137 137 137 137 137 137 136 136 136 136 136 136 136
80 | 143 139 138 138 137 137 137 137 137 137 137 136 136 136 136 136 136 136 136 136
85 | 142 139 138 137 137 137 137 137 137 137 136 136 136 136 136 136 136 136 136 136
9.0 | 1a1 139 138 137 137 137 137 137 137 135 136 136 136 136 136 136 135 136 136 136
95 | 1a1 138 137 137 137 137 137 137 136 136 136 136 136 136 136 136 136 136 136 136
100 | 140 138 137 137 137 137 137 136 136 136 136 136 136 136 136 136 136 135 136 136




The throat density and local speed of sound can be calculated using

Table 25, Table 26, and Table 27. These are used to calculate leakage mass flowrates.

. . kg
Table 28: Study 3 Throat Density p; (mg)
H{in.)
g(in [ 05 | 10 [ 15 [ 20 [ 25 [ 30 [ 35 [ a0 [ a5 [ 50 [ 55 [ 60 | &5 | 70 | 75 | 80 | 85 | 90 [ 95 | 100 |

0.5 - - - - - - - - - - - - - - - - - - - -

10 - - - - - - - - - - - - - - - - - - - -

15 - - - - - - - - - - 3881 3646 3379 3159 2973 2813 2675 2553 2445 2349
2.0 - - - - - ['38157 3365 2983 2705 2483 2305 2158 2034 1929 1839 1760 1691 1630 1575 1526
25 - - - ['3656" 2980 2558 2267 2052 1887 17.56 1649 1561 1487 1423 1368 1320 1278 1240 1207 1L76
3.0 - - ['3330 2606 2189 1917 1726 1584 1473 1386 1304 1255 1205 1162 1125 1092 1064 1038 1016  9.95
3.5 - PSS 2537 2036 1744 1551 1414 1313 1234 1171 1119 1076 1040 1009 9.82 959 938 9.0  9.04  8.39
4.0 - | 2822 2053 1684 1465 1321 1218 1141 1082 1034 995 963 936 912 892 874 859 845 832 821
45 - 2319 17.34 1448 1278 1166 10.85 1026 979 942 912 835 865 847 831 817 805 794 788 775
50 ['34780 1975 1511 1283 1147 1057 9.2 944 907 877 853 832 815 800 788 776 7.67 758 750  7.43
55 | 2906 17.27 1349 1162 1051 977 924 885 854 829 809 793 779 766 756 747 7.3 732 725 719
6.0 | 2516 1541 1227 1071 979 907 873 840 814 793 777 763 751 74l 732 724 718 12 706 701
65 | 2215 1298 1133 1001 923 870 833 805 7.8 7.66 751 740 730 721 714 707 701 696 6392 6.8
7.0 | 19.83 1287 1059 946 879 834 801 777 758 744 732 721 703 7.05 639 693 6838 684 680 677
7.5 | 1788 1157 10.00 9.02 843 804 776 755 738 7.26 716 707 699 65 637 682 678 674 671  6.68
8.0 | 1649 1124 952 866 814 7.80 756 737 723 712 702 635 688 688 678 673 670 666 665 661
85 | 1526 1064 912 836 791 760 739 723 710 700 632 68 679 674 670 666 663 660 657 655
9.0 | 1424 1014 879 811 771 744 735 710 639 690 68 677 67L 667 665 660 657 654 652 650
9.5 | 1338 972 851 780 754 730 713 700 630 682 675 670 665 66l 658 655 652 650 647 646
100 | 1266 1936 827 772 740 718 702 691 682 674 669 664 659 656 653 650 648 646 644 642

NIST REFPROP

pe (Te, P)

Table 29

Study 3 Throat Average Velocity V;

H (in.}

Efin) [ 05 [ 10 | 15 20 | 25 [ 30 | 35 [ a0 | 45 | 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 90 | 95 | 100 |
0.5 - - - - - - - - - - - - - - - - - - - -
L0 - - - - - - - - - - - - - - - - - - - -
15 - - - - - - - - - - 476 4141 am3 4390 4371 4355 4340 4328 4316 4306
2.0 - - - - - 4869 4812 4373 4243 4320 4301 4286 427.3 4261 4252 4243 4235 429 423 4217
25 - - - a3 4372 4328 4297 4275 4257 4243 4231 4221 4213 4206 4200 4194 419.0 4186 4182 4178
3.0 - - [ 4305 4333 4289 4260 4239 4224 4212 4202 4194 4187 4182 4177 417.2 4169 4166 4163 4160 4158
3.5 - [a3E 4326 4273 4241 4220 4205 4194 4185 417.8  417.2 4167 4163 4159 4156 4154 4151 4149 4147 4146
20 - 4356 4275 4235 4211 4195 4183 4174 4168 4162 4158 4154 4151 4143 4146 4144 4142 4140 4139  413.8
45 - 4303 4240 4209 4190 4177 4168 4161 4156 4152 4148 4145 4143 4141 4139 4137 4136 4135 4133 4132
50 |'4823° 2266 4216 4190 4175 4165 4157 4152 4148 4144 4141 4139 4137 4135 4134 4133 4131 4130 4129 4129
55 | 4365 4239 4198 4177 4164 4156 4150 4145 4141 4139 4136 4134 4133 4131 4130 4129 4128 4127 4127 4126
6.0 | 4324 4219 4184 4166 4156 4149 4144 4140 4137 4134 4133 4131 4130 4128 4127 4126 4126 4125 4124 4124
65 | 4292 4203 4173 4158 4149 4143 4139 4136 4133 4131 4130 4128 4127 4126 4125 4124 4124 4123 4123 4122
7.0 | 4267 4191 4165 4152 4144 4139 4135 4133 4130 4129 4127 4126 4125 4124 4123 4123 4122 4122 4121 4121
7.5 | 4247 4181 4153 4147 4140 4136 4132 4130 4128 4127 4125 4124 4124 4123 4122 4122 4121 4121 4120 4120
8.0 | 4231 4172 4153 4143 4137 4133 413.0 4128 4126 4125 4124 4123 4122 4122 4121 4121 4120 4120 4119 4119
85 | 4217 4166 4143 4139 4134 4131 4128 4126 4125 4124 4123 4122 4121 4121 4120 4120 4119 4119 4119 4118
9.0 | 4206 4160 4144 4137 4132 4129 4126 4125 4123 4122 4122 4121 4120 4120 4119 4119 4119 4118 4118 4118
9.5 | 4197 4155 4141 4134 413.0 4127 4125 4124 4122 4121 4121 4120 4120 4119 4119 4118 4118 4118 4117 4117
100 | 4188 4151 4138 4132 4128 4126 4124 4123 4121 4121 4120 4119 4119 4118 4118 4118 4117 4117 4117 4117




Equation 16 Vi = /iRy T;

Next, the leak points cross sectional areas are calculated. Core leakage area using a

cylindrical core is static as it is only dependent on R;.

Table 30: Study 3 Core Leakage Area (cylindrical core)

ACynLeakage (in'z )

Hiin.)
Eind [ 05 [ 10 [ %5 [ 20 | 25 [ 50 | 55 | @0 | 45 | 50 [ 55 [ &0 | &5 [ 70 [ 75 | 80 [ &5 [ a0 [ 355 [ o0

& .00499 in.2

. 2
Equation 25 AcynLeakage = R3 [4 —m—n(1-v2) ] =~ 319R?

Table 31: Study 3 Gap Leakage Area

Agap (in?)

H(in.)

E(in) [ 05 [ 20 [ 15 [ 20 [ 25 [ 30 [ 35 | 40 | 45 [ 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 9.0 | 95 | 100 |
05 | 0.009 0012 0017 0021 002 0031 0036 0041 0046 0050 0055 0.060 0.065 0070 0075 0080 0085 009 0095 0.100
1.0 | 0016 0018 0021 0025 0029 0033 0038 0043 0047 005 0057 0062 0067 0072 0076 0081 0086 0091 009 0.101
15 | 0023 0025 0027 0030 0034 0038 0042 0046 0050 005 0060 0064 0069 0074 0078 0083 0088 0093 0098 0.103
2.0 | 0031 0032 0034 0037 0040 0043 0046 0050 005 005 0063 0067 0072 0076 0081 0086 0090 0095 0100 0.105
25 | 0039 0040 0.041 0043 0.046 0.049 0052 005 005 0063 0067 0070 0076 0080 0084 0089 0.093 0098 0102 0.107
3.0 | 0.047 0047 0049 0050 0053 005 0058 0061 0065 0068 0072 0076 0080 0084 0088 0092 0097 0101 0106 0.110
3.5 | 0054 0055 0056 0058 0060 0062 0064 0067 0070 0074 0077 0081 0085 0089 0093 0097 0101 0105 0109 0114
40 | 0062 0063 0064 0065 0067 0069 0071 0074 0077 0080 0083 0086 009 0094 0097 0101 0105 0109 0113 0.118
45 | 0070 0071 0071 0073 0074 0076 0078 0081 0083 0086 0089 0092 0095 0099 0103 0106 0110 0114 0118 012
50 | 0.078 0078 0079 0080 0082 0083 0085 0087 0090 0092 0095 0098 0101 0105 0108 0112 0115 0119 0123 0127
55 | 0.086 0.086 0087 0088 0089 0091 0092 0094 0097 0099 0102 0105 0.107 0111 0114 0117 0121 0124 0128 0132
6.0 | 0094 0094 0095 0096 0097 0098 0100 0102 0104 0106 0108 0111 0114 0117 0120 0123 0126 0130 0133 0.137
65 | 0101 0102 0102 0103 0104 0106 0107 0109 0111 0113 0115 0118 0120 0123 0126 0129 0132 0135 0139 0142
7.0 | 0109 0110 0110 0111 0112 0113 0115 0116 0118 0120 0122 0125 0427 0130 0132 0135 0138 0141 0145 0148
75 | 0117 0117 0118 0119 0120 0121 012 0124 0125 0127 0129 0131 0134 0136 0139 0142 0145 0148 0151 0.154
80 | 0125 0425 0126 0126 0127 0128 0130 0131 0133 0134 0136 0139 0141 0143 0146 0148 0151 0154 0157 0160

8.5 0.133 0.133 0.134 0.134 0.135 0.136 0.137 0.139 0.140 0.142 0.144 0.146 0.148 0.150 0.152 E 0.158
9.0 0.141 0.141 0.141 0.142 0.143 0144 0.145 0.146 0.148 0.1439 0.151 0.153 0.155 0.157 0.159 ;. 0.164

9.5 | 0148 0149 0.149 0.150 0.51 0151 0152 0154 0155 0.157 0.158 0.160 0.162 0.164 0.166 0.1 0171
10.0 | 0156 0.157 0.57 0.158 0.158 0.159 0.160 0161 0163 0164 0.166 0.167 0.169 0.171 0173 0.

Equation 69 Agap = 2Gy/ [MTheyixD]? + H2



Table 28, Table 29, Table 30, and Table 31 calculate total leakage mass flowrate.

Table 32: Study 3 Total Leakage Mass Flowrate

)

H (in.)

gin) [ 05 [ 20 [ 25 [ 20 [ 25 [ 30 | 35 | 40 | 45 | 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 9.0 | 9.5 | 100 |
0.5 - - - - - - - - - - - - - - - - -
10 - - - - - - - - -
15 - - 0742 0722 0711 0703 0699 0.697 0696 0.597 0.699 0.702
2.0 - - | 0540 0434 0467 0450 0440 0434 0432 0431 0432 0434 0437 0.440 0445 0450 0.455
2.5 - | 0506 0427 0384 0358 0342 0333 0327 0325 0324 0325 0328 0331 0335 0339 0344 0350 0.356
3.0 - | 0510 0404 0349 0317 0298 0286 0279 0275 0273 0274 0276 0.278 0282 0286 0.291 029 0302 0.307
3.5 0622 0433 0352 0308 0283 0267 0.257 0251 0248 0.248 0248 0250 025 0257 0261 0266 0271 0276 0.282
4.0 0538 0390 0323 0286 0264 0250 0.242 0237 0235 0235 0236 0238 0241 0244 0248 025 0258 0263 0.269
45 0487 0363 0305 0274 0255 0.243 0.235 0231 0229 0229 0230 0232 0235 0238 0243 0247 0252 0257 0.263
5.0 [10:8220 0453 0.346 029 0268 0251 0240 0234 0230 0228 0228 0229 0231 0234 0237 0241 0246 0250 0255 0.261
55 | 0.745 0430 0336 0291 0266 0251 0241 0235 0232 0231 0231 0232 0233 0236 0239 0243 0247 0252 0256 0.262
5.0 | 0592 0415 0330 0290 0.267 0253 0.244 0239 0236 0235 0235 0236 0238 0240 0243 0247 0251 0255 0260 0.265
65 | 0.653 0405 0328 0291 0270 0257 0.249 0.245 0242 0241 0241 0242 0243 0246 0249 0252 025 0260 0.265 0.269
7.0 | 0624 0399 0328 0294 0275 0263 0256 0.251 0.249 00248 0.248 0249 0250 0253 0256 0259 0262 0266 0271 0.275
75 | 0601 0395 0330 0.298 0.281 0270 0263 0.259 0257 025 0256 0257 0258 0260 0263 0.266 0270 0274 0278 0.282
8.0 | 0585 0334 0333 0304 0.288 0277 0271 0.267 0265 0264 0264 0265 0267 0269 0271 0274 0278 0281 028 0290
85 | 0572 0395 0338 0311 0295 0286 0280 0.276 0274 0273 0273 0274 0276 0278 0280 0283 0286 0290 0294 0.298
3.0 | 0563 0397 0344 0318 0304 0295 0289 0.286 0.284 0283 0283 0284 0285 0287 0290 0292 0295 0299 0302 0.306
95 | 0.556 0400 0350 0.326 0312 0304 0.299 0.295 0294 0293 0.293 0294 029 0297 0299 0302 0305 0308 0312 0315
10.0 | 0.552 0405 0357 0335 0322 0314 0309 0306 0304 0303 0303 0304 0305 0307 0309 0312 0315 0318 0321 0325

Equation 2

Summing Table 24 and Table 32 yields the total

Myeax = pt.vtot.leak = ptVt(Agap + ACynLeakage)

machine radius E and rotor height H combination.

Table 33: Study 3 Total PRE Mass

mass flowrate through the PRE for each

. [k
Flowrate ri1,, (?g)

H (in.}

EGn) [ 05 [ 1o | 15 [ 20 [ 25 | 30 | 35 [ 40 [ 45 [ 50 [ 55 [ 60 [ 65 [ 70 [ 75 [ 80 [ 85 | 90 | a5 | 100 |
0.5 - - - - - - - - - - -
L0 - - - - - - - - - -
L5 - - - - 0.99 098 097 097 057 037 057 088 098 099
2.0 - - 079 075 073 073 07 072 073 073 074 075 076 077 078 080 081
2.5 - 076 069 066 0.65 065 065 0.65 066 067 069 070 071 073 075 076 078 080
3.0 - 077 068 06 0.63 063 063 0.64 0.65 067 06 071 072 075 077 079 021 083 086
3.5 0.82 071 066 0.64 063 064 065 0.67 069 071 074 076 079 08 084 087 030 092 056
4.0 0.81 069 066 0.65 066 068 070 072 075 078 0.8 085 088 091 085 038 102 106 109
45 - 078 069 067 0.68 070 073 076 079 083 087 051 055 099 103 108 112 117 121 125
50 | 1.08 07 070 070 072 075 079 0.83 088 092 097 102 107 112 118 123 128 133 139 144
55 | 101 076 072 074 077 082 08 092 057 103 109 115 121 127 133 140 146 152 159 165
60 | 097 077 075 078 08 089 085 101 108 115 122 129 136 144 151 158 166 173 181 188
65 | 095 078 079 08 03 09 104 112 120 128 136 145 153 162 170 179 188 196 205 214
70 | 093 080 083 08 097 105 114 123 133 142 152 162 171 18 181 201 211 221 231 241
75 | 052 083 087 055 105 115 135 136 147 158 169 180 191 202 214 225 237 248 260 271
80 | 052 0386 092 102 113 125 137 149 161 174 18 159 212 225 238 251 264 277 230 303
85 | 093 0329 052 109 122 136 149 163 177 191 206 220 235 249 264 278 293 308 320 337
9.0 | 093 093 104 117 132 147 162 178 134 210 226 242 258 275 291 307 324 340 356 3.73
9.5 | 095 097 110 125 142 159 176 154 212 230 248 266 284 3.02 320 3.38 356 374 393 A1

100 | 09 101 117 134 153 172 181 211 230 250 270 250 310 330 350 370 391 411 431 451




Equation 88 My = r'ncavity + rhleakage

Mass efficiency as stated by equation 2 is shown in Table 34 using cavity mass flowrate

from Table 24 and total mass flowrate from Table 33.

Table 34: Study 3 Mass Efficiency

Emass

H (in.}
E(in) [ o5 [ 10 [ 15 [ 20 [ 25 [ 30 [ 35 | 40 [ 45 [ 50 [ 55 [ 60 [ 65 [ 70 | 75 [ 80 [ 85 [ 90 | 95 [ 100 |
0.5 - - - - - - - - - - - - - - - - - -
1.0 - - - - - - - - - - - - - - - - - - - -
15 - - - - - - - - - - 25% 6%  27%  27%  28%  28%  28%  29%  29%  29%
2.0 - - - - - 32% 4%  36%  38%  39%  40% 41%  41%  42%  42% 3%  43%  43%  Ad% 4%
25 - - - 33%  38% 4%  45%  A7%  49%  50%  51%  52%  53%  53%  54%  54%  55%  55%  55%  55%
3.0 - - a1% 60% 62% 63%  63%  63%
35 - 6% 66%
40 - 51%
45 -
5.0 | 2%
55 | 27%
6.0 | 29%
65 | 31%
70 | 33%
7.5 | 35%
8.0 | 37%
85 | 38%
9.0 | 40%
95 | 41%
100 | 43%

. _mcav.net
Equation 2 Enass=——
Mot

Table 34 shows that as machine size increases, so does mass efficiency. Since mass
efficiency is a measure of total mass being processed by the rotors, intuition might state that a
larger machine size would produce a higher isentropic efficiency due to a larger percentage of
the total mass flowrate being used. The definition of isentropic efficiency in equation 6 show

how mass efficiency does not include all the variables required to assess isentropic efficiency.



Finally, the isentropic efficiency for the different PRE rotor combination can be

calculated using equation 6 and the total mass flowrate in Table 33.

Table 35: Study 3 Isentropic Efficiency Egystem

H (in.}

E(ind [ 05 [ 10 [ 15 [ 20 | 25 | 30 | 35 | a0 | a5 | 50 | 55 [ 60 [ 65 [ 70 | 75 | 80 | 85 [ 50 [ 95 [ 100 |
0.5 - - - - - - - - - - - - - - - - - - - -
Lo - - - - - - - - - -
L5 - - - - - - - - - - 148% 150% 151% 15.2% 15.2% 151% 15.1% 15.0% 14.5% 14.3%
2.0 - - - - - 13.5% 194% 20.0% 202% 20.3% 20.2% 201% 19.9% 19.7% 19.5% 19.2% 18.9% 18.7% 13.4% 18.1%
25 - - - 192% 210% 220% 22.6% 22.7% 22.6% 22.4% 221% 21.7% 21.3% 209% 20.5% 201% 19.6% 19.2% 18.8% 18.4%
3.0 - - 19.0% 21.5% 22.7% 23.3% 23.4% 23.2% 22.8% 224% 21.9% 21.3% 20.7% 20.2% 19.6% 19.1% 18.6% 181% 17.6% 17.1%
3.5 - 167% 20.5% 22.3% 23.0% 23.% 22.8% 22.4% 20.8% 21.2% 205% 19.8% 19.2% 185% 17.9% 17.4% 16.8% 16.3% 15.8% 153%
4.0 - 181% 21.2% 223% 225% 22.2% 217% 21.0% 202% 19.5% 187% 18.0% 17.3% 166% 16.0% 154% 14.9% 14.4% 13.9% 13.4%
45 - 1B9% 21.2% 218% 215% 20.9% 201% 19.3% 184% 17.6% 16.8% 16.1% 154% 14.8% 14.2% 13.6% 131% 126% 121% 117%

5.0 13.6% 19.2% 20.8% 20.9% 20.3% 19.5% 18.5% 17.6% 16.7% 15.8% 15.1% 14.3% 13.7% 13.0% 12.5% 11.9% 11.4% 11.0% 10.6% 10.2%
5.5 14.4% 19.3% 20.2% 19.8% 19.0% 18.0% 16.9% 16.0% 15.0% 14.2% 13.4% 12.7% 12.1% 11.5% 11.0% 10.5% 10.0% 9.6% 9.2% 8.9%
6.0 15.1% 19.1% 19.5% 18.7% 17.6% 16.5% 15.4% 14.5% 13.6% 12.7% 12.0% 11.3% 10.7% 10.2% 9.7% 9.2% 8.8% 8.5% 8.1% 7.8%
6.5 15.5% 18.7% 18.6% 17.6% 16.4% 15.2% 14.1% 13.1% 12.2% 11.4% 10.7% 10.1% 9.6% 9.1% 8.6% 8.2% 7.8% 7.5% 7.1% 6.9%
7.0 15.7% 18.2% 17.7% 16.4% 15.1% 13.9% 12.8% 11.9% 11.0% 10.3% 9.6% 9.1% 8.5% B8.1% 1.7% 7.3% 6.9% 6.6% 6.3% 6.1%
7.5 15.9% 17.7% 16.8% 15.4% 14.0% 12.8% 11.7% 10.8% 10.0% 9.3% B.7% 8.1% 7.7% 7.2% 6.9% 6.5% 6.2% 5.9% 5.6% 5.4%
8.0 15.9% 17.1% 15.9% 14.3% 129% 11.7% 10.7% 9.8% 9.1% 8.4% 7.8% 7.3% 6.9% 6.5% 6.2% 5.8% 5.6% 5.3% 5.1% 4.8%
8.5 15.8% 16.4% 15.0% 13.4% 12.0% 10.8% 9.8% 9.0% 8.3% 7.6% 7.1% 6.7% 6.2% 5.9% 5.6% 5.3% 5.0% 4.8% 4.5% 4.3%
9.0 15.7% 15.8% 14.1% 12.5% 11.1% 10.0% 9.0% 8.2% 7.5% 7.0% 6.5% 6.0% 5.7% 5.3% 5.0% 4.8% 4.5% 43% 4.1% 3.9%
9.5 15.5% 15.1% 13.3% 11.7% 10.3% 9.2% 8.3% 7.5% 6.9% 6.4% 5.9% 5.5% 5.2% 4.9% 4.6% 4.3% 4.1% 3.9% 3.7% 3.6%
10.0 | 15.2% 14.4% 12.6% 10.9% 9.6% 8.5% 1.7% 6.9% 6.4% 5.9% 5.4% 5.0% 4.7% 4.4% 4.2%  4.0% 3.7% 3.6% 3.4% 3.2%

Vcav.net ' (PZ - P3) _ V'Vshaft

mtot(hl - h3,Isentropic) mtot(hl - h3,Isentropic)

Equation 6 Esystem =

NIST REFPROP  h,(P,, T,)

NIST REFPROP  hgisentropic (Ps, S1)

Table 35 is the calculated result of equation 88, which can be used to optimize a PRE
with varying machine radius E and rotor height H in a target power application. It shows for
study 3, a 3.5 inch by 3 inch rotor configuration yields the most efficient PRE design with the
given application (~24%). It is important to reiterate that the presented PRE design does not
incorporate a metering valve and runs “hydraulically”. Approximately 50% of the fluid energy in

this application is accessible due to the absence of a meter.



The first byproduct of using a PRE is generated shaft power. Using equation 5, Table 20,
and Table 21, shaft power generated is calculated in Table 36 showing iteration convergence.

Table 36: Study 3 Shaft Power Wwgp.¢ (KW)

H (in.}
gfin) [ 05 [ 10 [ 15 [ 20 | 25 | 30 | 35 | 40 | 45 | 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 90 | 95 | 100 |
0.5 - - - - - - - - - - - - - - - - - - - -
10 - - - - - - - - - - - - - - - - - - - -
15 - - - - - - - - - - 30 30 30 30 30 30 20 30 30 30
2.0 - - - - - 20 20 20 30 30 30 30 30 30 30 30 30 30 20 30
2.5 - - - 20 20 20 20 20 30 30 30 30 30 30 30 30 20 30 30 30
3.0 - - 20 20 20 20 20 20 30 30 30 30 30 30 30 30 30 30 30 30
3.5 - 30 30 30 30 20 30 30 30 30 30 30 30 30 30 30 30 30 30 30
4.0 - 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30
4.5 - 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30
50 | 30 30 30 30 30 30 30 30 a0 a0 a0 a0 a0 a0 a0 a0 30 30 30 30
55 | 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30
60 | 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30
65 | 30 30 30 30 30 30 30 30 30 EN) 30 30 30 30 30 30 30 30 30 30
70 | 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30 30
75 | 30 30 30 30 30 30 30 30 30 30 30 30 30 30 0 30 30 ;0 30 30
20 | 30 20 20 20 20 20 20 20 30 30 30 30 0 | 20 30 30 30 20 30 30
25 | 30 20 20 20 20 20 20 20 30 30 30 30 30 30 30 0 30 30 30 30
30 | 30 20 20 20 20 20 20 20 30 30 30 30 30 30 20 | 30 30 30 30 30
35 | 30 20 20 20 20 20 20 20 30 30 30 30 30 30 - 30 20 30 30 20
100 | 30 30 30 30 30 30 30 30 30 30 | 30 30 0 | 30 20 30 30 EV

Equation S Wshaft = Vcav.net ’ (PZ - P3)

The second byproduct of the PRE extracting fluid energy from the flow beside shaft
power is a lower downstream fluid temperature (due to the change in enthalpy).

Table 37: Study 3 State 3 Temperature T; (F)

H (in.}

En) [ 05 [ 20 [ 15 [ 20 [ 25 [ 30 | 35 | 40 | 45 | 50 | 55 | 60 | 65 | 70 | 75 | 80 | 85 | 9.0 | 95 | 100 |
0.5 - - - - - - - - - - - - - - - - - - -
10 - - - - - - - - - - - - - - - - - - -
15 - - - - - - - - - 263 260 258 257 257 257 258 259 261 263
2.0 - 187 191 196 200 205 209
25 - 170 177 184 191 198 205
3.0 - 184 193 202 210 218 225
3.5 - 212 221 230 239 247 255
4.0 - 243 252 261 270 278 285
45 - 273 282 291 299 306 313
50 | 283 ! 300 309 317 324 331 338
55 | 268 | 19.0 175 181 195 211 228 244 259 272 285 296 30.6 316 324 332 340 246 353 358
60 | 258 | 193 187 199 217 235 252 268 283 296 30.8 319 328 337 345 352 359 365 371 376
65 | 252 | 199 201 218 237 257 274 290 304 3L7 328 338 347 355 363 370 376 381 386 391
70 | 248 207 216 236 257 277 294 310 324 335 346 355 364 371 378 384 390 395 399 404
75 | 246 216 231 254 276 295 313 327 340 352 362
80 | 245 226 246 27.0 293 312 329 343 355 366 375
85 | 246 236 260 285 30.8 327 2343 357 368 378 387
9.0 | 249 247 274 300 322 341 356 369 380 389 397
95 | 252 258 286 3.3 335 353 368 380 390 399 406
100 | 256 268 299 325 347 364 37.8 390 399 407 414

NIST REFPROP T (P;, hs)
. shaft Wihaft
Equatlon 6 h3 - h1 - . From Esystem =~ h h
Mot mtot( 1 3,Isentropic)



3.4 STUDY 4 - TARGET POWER SPEED OPTIMIZATION

Study 4 takes an arbitrary machine radius E (4 inches) and rotor height H (4 inches) and

holds them constant while varying PRE angular velocity. An optimized solution is calculated

showing the effects of expander speed on isentropic efficiency, also demonstrating how a single

size machine can be optimized for different situations by varying machine speed in a target

power application.

Process Fluid Methane State 1 Pressure 1200 psi
Molecular Weight 16.04 kg/kmol State 1 Temperature 100 °F
Specific Gas Constant 518.27 kJ/kg°K State 1 Enthalpy (reference)  863.1 ki/kg
Machine Radius E 4in State 1 Entropy(reference) 4.3 kJ/kg°K
Rotor Height H 4in State 3 Pressure 200 psi

Tip Radius R4 1257 State 3 Isentropic Enthalpy, 658.2 kJ/kg
Rotor Gap Width G .005”’ Target Power 30 kw

"""""""""""""""" Contid ]
Valve

> Wprg




Table 38: Study 4 Isentropic Efficiency Egystem

Angular Cavity Cavity Cavity Cavity Total Throat Properties State 1-2 Leakage Mass | Cavity Mass | | Total Mass | Isentropic | [ Output
Speed Flowrate Pressure Temperature | Density | Pressure Temperature Heat :Velocity! Density | Enthalpy Loss Flowrate Flowrate Flowrate | Efficiency Power
RPM Hz |ACFM m“*3/s| psi  Mpa F K kg/m® psi Mpa F K Ratio m/s kg/m? kifkg kg/s kg/s kg/s % kw
300 5 4.47 0.00 - - - - - = -
600 10 ||38.94 0.00 - - - - - - - - - - - - - = = - - -
000 15 [[13.41 o001 |EERCHNCIMEEAINEGIAN 420 (4515 311 264 | 2407 152 | 4356 | 2822 282 0.625 0.27 0.896 16.3% 30.0
1200 20 ((17.88 0.01 | 715.6 4.9 78.2 2988 34.7 369.5 2.35: -245 241.7 147 429.5 2241 49.6 0.489 0.23 0.782 18.7% 30.0
1500 25 (22.35 0.01 | 6125 4.2 73.0 2959 29.7 318.8 2.20; -24.2 241.9 1.45 425.9 19.04 65.9 0.412 0.31 0.725 20.2% 30.0
1800 30 [ 26.32 0.01 | 543.7 3.7 69.4 2939 26.4 2845 1.36; -24.3 241.9 1.43 423.5 16.84 78.9 0.362 0.33 0.696 21.0% 30.0 |
2100 35 |[31.29 0.01 | 4946 3.4 66.8 2925 24.0 259.7 179 -245 : 2418 142 421.8 15.27 89.4 0.327 0.35 0.682 21.5% 30.0
2400 40 (135.76 0.02 | 457.8 3.2 64.8 2914 22.2 241.0 186 -24.7 241.7 141 420.5 14.11 98.3 0.302 0.37 0.676 21.7% 30.0
2700 45 ((40.23 0.02 | 429.2 3.0 63.3 290.5 20.8 226.3 136 ; -24.9 241.6 141 419.5 13.21 105.8 0.282 0.33 0.677 21.6% 30.0
3000 50 (44,70 0.02 | 406.2 2.8 62.0 289.8 19.7 2146 1.48; -251 241.5 1.40 418.6 12.49 112.3 0.266 0.42 0.681 21.5% 30.0 |
3300 55 |[49.17 0.02 | 3875 27 610 289.2 188 2045 1.41: -252 : 2414 1.40 418.0 1190 118.0 0.253 0.44 0.689 21.3% 30.0
3600 60 ((53.54 0.03 | 3719 2.6 60.1 2888 18.0 196.9 1.36: -254 241.3 1.39 417.4 1141 123.0 0.242 0.46 0.698 21.0% 30.0
3900 65 [ 58.11 0.03 | 358.6 2.5 59.3 288.3 17.4 190.0 1.31; -255 241.2 1.39 417.0 11.00 127.4 0.233 0.48 0.710 20.6% 30.0
4200 70 |[62.58 0.03 | 347.3 24 58.7 288.0 16.8 1842 1.27; -25.6 241.1 1.39 416.6 10.65 131.3 0.225 0.50 0.722 20.3% 30.0 |
4500 75 (67.05 0.03 (3375 23 581 2877 16.3 179.1 1.23: -25.7 : 2411 139 416.2 10.34 134.9 0.219 0.52 0.736 19.9% 30.0
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6000 100 '89.41 0.04 |303.1 2.1 14.7 161.2 1.11: -26.1 240.9 1.38 415.0 9.27 148.5 0.196 0.62 0.815 18.0% 30.0
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SPEED (RPM)

Again, the same solver is used in study 4 as was used in study 3. PRE rotational speed is
the independent variable and shaft power wg;, . and state 2 cavity pressure P, dependent
variables. Study 4 is simply a 1-dimensional analysis (rotation speed), while study 3 is a 2-
dimensional analysis (machine radius E and rotor height H). For the application presented in

study 4, a PRE with a rotational speed of 2400 RPM is optimal.

This 1-dimensional analysis shows the optimization being accomplished by analyzing the
entire system. Note as speed increases so does State 1-2 enthalpy loss (a negative effect on
isentropic efficiency), but leakage is reduced (a positive effect on isentropic efficiency). The
dominance of these variables phase as speed varies generating an optimized isentropic

efficiency.



3.5 STUDY 5—-TOTAL OPTIMIZATION

The final optimization occurs when both machine size and rotational speed are
considered. Table 39 shows energy recovery and target power applications compared side by
side. Equation 88 shows that PRE frequency w is both in the denominator and numerator, and as
PRE frequency increases, the leakage term becomes less dominant which increases overall
efficiency. The solver confirms this as each case maximizes PRE rotational speed, then

optimizes rotor size to maximize PRE isentropic efficiency.

This solver provides guidance when sizing a PRE for an application as it is immediately
shown that PRE rotational frequency should be maximized. This is convenient as mating
components often have speed limiting criteria that should be adhered to. After a maximum
operating speed has been identified, the optimization processes found in studies 1 and 3 will

configure the rotors size to yield the highest isentropic efficiency for that application.

Table 39 shows the optimized results when the solver was allowed a 1 to 10 inch rotor
height H and a 1 to 10 inch machine radius E (uses the same parameters as studies 1 through 4).
Two rotational speed ranges were allowed and presented below: 400 to 1800 RPM, and 400 to
3600 RPM (1800 and 3600 RPM being very common generator speeds). Note that rotational

speed dominates isentropic efficiency and is maximized by the solver.

Table 39: Study 5 Isentropic Efficiency — Total Optimization

Energy Recovery Target Power

RPM | | 3600 || 1800 | | 3600 | 1800 |
i !l i §

EGn) | | 3.491 | 4404 | ' | 3.017 | 3895 |
H(n) | | 3766 | 4877 | [ 3260 | 4242 |
Total Mass Flowrate (kg/s) | | 1.0 || 10 | ' [ o061 | o068 |
Isentropic Efficiency | | 28.8% | 25.3% | @ | 23.8% || 21.4% |
Output Shaft Power (kW) | | 59.0 || 519 | [ 300 | 300 |
State 2 Pressure (psi) | | 676.5 || 5835 | [ 5721 | 5378 |




CHAPTER 4: CONCLUSION
The planetary rotor expander has an optimized solution that is dependent on the
application and system limitations. Case studies 1 through 5 look at the difference between an
energy recovery and target power application. The requirements of achieving a specific power
output and matching a system’s mass flowrate call for different optimized machine sizes

(yielding different isentropic efficiencies).

Studies 1 through 5 also show that each PRE’s frequency has an optimized machine size
(studies 1 and 3), and each machine size has an optimized rotational frequency (studies 2 and 4).
Study 5 shows that when both machine size and rotational frequency are combined, the PRE with
the highest isentropic efficiency for the application will have the highest allowed rotational
frequency. This shows that to optimize a machine size for a specific application, the maximum
rotational frequency needs to be assessed considering all auxiliary components (bearings, gear
boxes, pulleys etc.). Once selected, the isentropic efficiency solver will drive the frequency to the

maximum allowable, and then optimize the rotor size for highest efficiency.

An important note is that study 5 shows the difference of an optimized PRE operating at
3600 RPM versus 1800 RPM. Both speeds are common in power generation and rotating
equipment. 3600 RPM poses possible challenges due to tip speeds and bearing limitations. Note,
in Table 39, less than a 4% reduction in isentropic efficiency (~8 kW) occurs operating at 1800
RPM versus 3600 RPM and is a result of rotor size being allowed to adjust to the rotational
frequency. This decrease in efficiency from 3600 to 1800 RPM makes it plausible that net
isentropic efficiencies are negligibly altered due to the removal of power consuming auxiliary
systems possibly required by a 3600 RPM expander (gear boxes, pulleys, oil pumps, etc.). These

auxiliary requirements should be considered as higher rotational frequencies may require



additional equipment inducing more parasitic loss. This may produce net positive efficient PRE

operating at slower speeds (depending on parasitic losses rotating at higher speeds).

This efficiency model contains some induced error requiring comment. Section 2.3
showed that equation 83 which is used to calculate cavity volume contains a average error is
approximately 0.05%. This error is possibly caused by CAD tetrahedral approximation. Note that
cavity volume is derived from a characteristic comparison to the sin-squared law. Cavity volume
is proportionally related to isentropic efficiency, and thus so is this error. Error is also induced by
using state 2 temperature and pressure as stagnation temperature pressure when calculating throat

properties using equations 18 and 19 (see appendix A).

Future work for this model includes deriving a direct mathematical model of the cavity
volume instead of deriving the model from the sin-squared law. This would reduce the induced
error caused by the characteristic model currently used. Empirical validation also needs to be
performed to prove out equation 88 and 89. When the one-to-one “hydraulic” configuration has
been proven, a metering valve should be implemented to access the expansive energy within
gaseous applications. This approximately doubles the isentropic efficiency if the pressure ratio is
tuned correctly. The PRE efficiency model will need to be altered to include a variable cavity

pressure as a cycle progresses to properly analyze a metered expander.



REFERENCES

[1] S.R. Turns, Thermal-Fluid Sciences An Integrated Approach, New York: Cambridge

University Press, 2006, pp. 250, 525, 545-549, 885.

[2] A. Cleveland, "Turbo Expanders for Power Generation state of the Art Design
Optimization (Pressure Pipeline Regulating Stations),” The American Society of

Mechanical Engineers, Vols. 93-GT-244, p. 11, 1993.

[3] K. Nugent, "There’s an art to picking the right turbo-expander technology for your

project,” HERA, 12 July 2017. [Online]. Available: https://www.hera.org.nz/picking-turbo-

expander-technology/. [Accessed 22 December 2018].

[4] "Experimental investigation and optimal performance assessment of four volumetric
expanders (scroll, screw, piston and roots) tested in a small-scale organic Rankine cycle

system," Elsevier , vol. Energy 165, pp. 1119-1127, 2018.

[5] T.K.E.I Grzegorz Zywicax, "Expanders for dispersed power generation: maintenance
and diagnostics problems,” TRANSACTIONS OF THE INSTITUTE OF FLUID-FLOW

MACHINERY, vol. 131, p. 173-188, 2016.

[6] V. K. Avadhanulaand C.-S. Lin, "ASME Journal of Engineering for Gas Turbines and
Power," Empirical Models for a Screw Expander Based on Experimental Data From

Organic Rankine Cycle System Testing, vol. 136, no. June, 2014.



[7] E. Casati, S. Vitale, M. P. Pini, G. Persico and C. Piero, "Centrifugal Turbines for Mini-
Organic Rankine Cycle Power Systems,” ASME Journal of Engineering for Gas Turbines

and Power, vol. 136, no. December, 2014.

[8] L. A.Hawkinsand L. Zhu, "Development of a 125 kW AMB Expander/Generator for
Waste Heat Recovery," ASME Journal of Engineering for Gas Turbines and Power, vol.

133, no. July, 2011.

[9] M. S. Orosz, A. V. Mueller, B. J. Dechesne and H. F. Hemond, "Geometric Design of
Scroll Expanders Optimized for Small Organic Rankine Cycles," ASME Journal of

Engineering for Gas Turbines and Power, vol. 135, no. April, 2013.

[10] Z. Gnutek and P. Kolasin“ski, "The Application of Rotary VVane Expanders in Organic
Rankine Cycle Systems—Thermodynamic Description and Experimental Results,” ASME

Journal of Engineering for Gas Turbines and Power, vol. 135, no. June, 2013.

[11] J. D. Anderson, Modern Compressable Flow With Historical Perspective, 3rd ed., New

York: McGraw Hill Education (India) Private Limited, 2003, pp. 77-81.

[12] ANSI/ASME, ASME MFC-14M-2003 Measurement Of Fluid Flow Using Small Bore

Precision Orifice Meters, The American Society of Mechanical Engineers, 2003.

[13] S. Whitmore, Section 3.3.1 Injector Notes MAE 6530 Inctruction, Logan: Dr. Stephen

Whitmore, 2018.

[14] D. Jobson, "On the Flow of a Compressible Fluid through Orifices," in Proceedings of the

Institute of Mechanical Engineers, Greenwhich, 1955.



[15] MIT, Chapter 4: Flow in Pipes and Channels, Massachusetts: Massachusetts Institue of

Technology, 2018.



APPENDICES



A  STAGNATION PRESSURE AND TEMPERATURE VERIFICATION

The following charts show the Mach speed inside the cavity for the different studies, and
the ratio of the calculated state 2 pressure and the solved stagnation pressure. Generally, fluid
speeds remain at or below Mach .3. This makes using incompressible analysis viable within the
cavity, and up and downstream. Knowing the cavity fluid speeds, we can back calculate
equations 18 and 19 to solve the stagnation pressure and temperatures. This verifies the
assumption that state 2 pressure and temperature can be used as stagnation pressure and
temperature inducing minimal error (~0 to 3% within the optimized region). The optimized
region (or area of interest) can be found circled in red. Note that fluid speeds were calculated
using mass flowrates evaluated at an area half of the maximum cavity cross sectional area. Due
to the contours of the cavity, this is considered an average fluid speed, where fluid speed does

vary greatly with position.
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Study 3 Cavity Fluid Speed Verification
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B LEAKPOINT SUBCRITICAL FLOW

This appendix using case studies 3.1 and 3.3 to validate the theoretical accuracy of using
choked flow the throat parameters for all rotor configurations. A subcritical flow analysis is
inserted into the grid analysis where the throat parameters are not choked according to
equation 17. It shows that a ~2% maximum error occurs using this assumption. However, this
error is not in proximity to, and lower than, the identified optimized rotor configuration. This
makes this error insignificant unless the choked/subcritical boundary is near the optimized

solution.

The following shows the equations used for determining the incompressible parameters
(which are used to calculate sub-critical compressible flow). Note that downstream diameter d is
analogous to the throat and is determined by the throat hydraulic diameter equal to two times gap
G. Also note that upstream diameter D is analogous to half of rotor diameter D from Figure 8 as
“half” symbolizing a quasi-average dimension of the approach from the cavity to throat. Since
rotor gap G is magnitudes smaller than the approach, this upstream diameter D factor (“half”)

could be as little as .01 with inconsequential affect.
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The following shows the calculations of study 3.3 implementing sub-critical flow for

non-chocked rotor configurations. First, the incompressible flow parameters are calculated:

Reynolds # state 2

10 [ 15 [ 20 [ 25 [ 30 | 35 [ 40 [ 45 | 50 | 55 [ 60 | 65 | 70 [ 75 | 80 | &5 | 90 [ 95 [ 100 |
- - - - - - - - - 1384E+06 150E+06 1.96E+06 2.02E+06 2.07E+06 2.12E+06 2.17E+06 2.22E+06 2.27E+06 2.32E+06
- - - - 1826406 1.93E+06 2.04E+06 2.13E+06 2.22E+06 2.30E+06 2.3BE+06 2.46E+06 2.53E+06 2.61E+06 2.6BE+06 2.75E+06 2.82E+06 2.89E+06 2.96E+06
- - 1.85E+06 2.02E+06 2.17E+06 2.30E+06 2.42E+06 2.54E+06 2.66E+06 2.77E+06 2.89E+06 3.00E+06 3.11E+06 3.21E+06 3.328+06 3.43E+06 3.53E+06 3.64E+06 3.74E+06
- 1351E+06 2.13E#06 2.33E#06 2.51E+06 2.67E+06 2.84E+06 3.00E+06 3.16E+06 3.31E+06 3 47E+06 3.62E+06 3.77E+06 3.93E+06 4.0BE+06 4.23E+06 4.3BE+06 4.53E+06 4.6BE+06
184E+06 2.15E+06 2.41E+06 2.65E+06 2.87E+06 3.056+06 3.30E+06 3.51E+06 3.72E+06 3.93E+06 4.14E+06 4.35E+06 4.55E+06 4.76E+06 4.96E+06 5.17E+06 5.37E+06 5.58E+06 5.78E+06
- 2.04E+06 2.39E+06 2.70E#06 2.99E+06 3.27E+06 3.556+06 3.836+06 4.10E+06 4.37E+06 4.64E+06 4.91E+06 5.18E+06 5.45E+06 5.72E+06 5.99E+06 6.25E+06 6.52E+06 6.79E+06 7.06E+06
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200E+06 2 64E+06 3 19E+06 3 72E+06 4 24E+06 4.76E+06 5.28E+06 S579E+06 630E+06 6.81E+06 7.33E#06 7.34E+#06 B835E+#06 B86E+#06 937E+06 9.83E+06 104E+07 109E+07 114E+07 1 19E+07
2.14E+06 2.85E+06 3 50E+06 4. 12E+06 4.74E+06 536E+06 5976+06 6.58E+06 7.19E+06 7.80E+06 B 41E+06 9.02E+#06 963E+#06 102E+07 1088407 1158407 121E+07 127E+07 133E+07 1 39E+07
2286406 3.08E+06 3 B3E+06 4.56E+06 5.28E+06 6.00E+06 6.726+06 744E+06 B8.15E+06 B 87E+06 55906 103E+07 110407 117407 1245407 1328407 1396+07 146E+07 153E+07 1 60E+07
2.426+06 3.33E+06 4 18E+06 5.02E+06 5.86E+06 6.70E+06 7.53E+06 B836E+06 9.20E+06 100E+07 1.09E+07 1.17E#07 125E407 134E407 1426407 1508407 158E+07 167E+07 1756407 1 83E+07
256E+06 3. 58E+06 456E+06 G5.53E+06 6.49E+06 7 456406 8406406 936E+06 103E+07 1138+07 1228#07 1326407 141E407 151607 1606407 1706407 180E+07 189E+07 199E+07 2 08E+07
271E+06 3.86E+06 4 96E+06 6.06E+06 7.15E+06 8256406 9346406 104E+07 1.156+07 126E+07 137E#07 148E+07 159E+#07 170E407 1806407 1916407 2026407 2136407 2 24E+07 2 35E+07
2.86E+06 4 15E+06 5 39E+06 6.63E+06 7.86E+06 9106406 1.036+07 1.16E+07 128E+07 140E+07 153E#07 165E#07 1776407 189E407 2026407 2145407 226E+07 2396407 2 51E+07 2 63E+07
3026406 4 45E+06 G5.85E+06 7.23E+06 8626406 1.00E+07 1146407 1286+07 141E+07 1556407 169E#07 1383E#07 197E#07 210E407 2245407 238407 252E+#07 266E+07 2 79E+07 2 93E+07
319406 4 77E#06 6330406 787406 9.41E406 110E407 1256407 1408407 156E+07 1716407 1876407 2026407 2176407 2336407 2 48EH07 263E#07 279407 294E:07 3 10EHD7 3 25EH07
3.27e+06 5.11E+06 6.83E+06 B8.54E+06 1.03E+07 1.20E+07 1.376+07 1548407 171E+07 1.88E+07 2.05B#07 2.22E+07 2.39E#07 2.56E#07 2.73E+07 290407 3.07E+07 3.24E+07 3 42E+07 3.59E+07

Cv-Incompressable

H {in.)

E(ing [ 05 | 1.0 | 1.5 | 20 | 25 | 3.0 3.5 4.0 45 | 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 55 | 10.0
0.5 - - - - - - - - - - - - - - - - - - - -
L0 - - - - - - - - - - - - - - - - - - - -
L5 - - - - - - - - - - 0599 0599 0599 0599 0599 0599 0599 0599 0599 0.599
2.0 - - - - - 0599 0599 0599 0599 0599 0599 0599 0599 0599 0599 0599 0599 0599 0599  0.599
25 - - - 0599 0599 0599 0599 0599 0599 0599 0599 0599 0.599 0598 0.598 0598 0.598 0598 0.598 0598
3.0 - - 0599 059 0599 0599 0599 0599 0599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598
3.5 - 0599 0599 0599 0599 0599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598
2.0 - 0599 0599 0599 0599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598
4.5 - 0599 0599 0599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598
50 | 0599 0599 0599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598
55 | 0593 0599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598
6.0 | 0.599 0599 0592 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598 0598 0598 0598 0598 0.598 0598
6.5 | 0.599 0598 0592 0598 0598 0598 0592 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598
7.0 | 0.599 0598 0598 0598 0598 0598 0592 0598 0598 0598 0598 0598 0.598 0598 0598 0598 0598 0598 0.598 0598
7.5 | 0.599 0598 0598 0598 0598 0598 0592 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598
8.0 | 0.599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598 0.598 0598 0.598 0598 0.598 0598
85 | 0.599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598 0.598 0598 0.598 0598 0.598 0598
9.0 | 0.599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598 0.598 0598 0.598 0598 0.598 0598
9.5 | 0.598 0598 0598 0598 0598 0598 0.598 0598 0598 0598 0598 0598 0.598 0598 0.598 0598 0.598 0598 0.598 0598
10.0 | 0598 0598 0.598 0598 0598 0598 0.598 0598 0.598 0598 0598  0.598 0.598 0598 0.598 0598 0598 0.598  0.598  0.598

Cd-Incompressable

H(in.)

E(n) [ 05 [ 10 [ 15 [ 20 | 25 | 30 3.5 4.0 45 | 50 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 [ 10.0
0.5 - - - - - - - - - - - - - - - - - - - -
10 - - - - - - - - - - - - - - - - - - - -

15 - - - - - - - - - - 0599 0599 059 0599 0599 0599 0599 0599 0599 0.599
2.0 - - - - - | 0599 0599 0599 0599 0599 0599 0599 0599 0599 0599 0599 0599 0599 0.599 0599
2.5 - - - 0599 0599 0599 0599 0599 0599 0599 0599 0599 0599 0598 0598 0598 0598 0598 0598 0598
3.0 - - | 0599 0599 0599 0599 0599 0599 0599 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598  0.598
3.5 - | 0599 0599 0595 059 0599 059 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598
4.0 - | 0599 0599 0593 0599 0598 059 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598
4.5 - | 0599 0599 0595 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598
50 | 0599 0599 0599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598
55 | 0599 0599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598 0598 0598 0598 0598 0598 0598 0598
6.0 | 0.599 0599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598  0.598
65 | 0.599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598 0.598
7.0 | 0.599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598 0.598
75 | 0.599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598 0.598
80 | 0.599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598
85 | 0.599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598 0.598
9.0 | 0.599 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598  0.598  0.598
9.5 | 0.598 0598 0538 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0598 0.598

0.598 0598 0598 0.598 0598 0598 0598 0598 0598 0598 0598 0598 0.598 0598

10.0 0.598 0.598 0598 0598 0598 0.598



Now using the incompressible flow parameters, the incompressible, subcritical flow mass

flowrate through the throat can be calculated:

=

y—1

)2 2
Subcritical Flow | —|>
P v+1

0

—m=K -C -4-\|F,-p,

Note here that PO analogous to upstream pressure state 2 pressure P2, and P analogous to
downstream state 3 pressure P3. Gama y here is analogous to state 2 specific heat ratio y2. Mdot

equals the mass flowrate through the throat and A equals the total throat area (gap and core

leakage areas).



Now calculates the subcritical flow parameters:

Cd - subcritical compressable

H{in.)
E(in) [ 05 [ 20 [ 15 | 20 [ 25 [ 30 | 35 | 40 [ 45 [ 50 [ 55 | 60 [ 65 [ 70 [ 75 | 80 [ 85 [ 90 [ 95 [ 100 |
0.5 - - - - - - - - - -
1.0 - - - - - - - - - - -
15 - 1105 1.077 1052 1030 1010 0992 0576 0961 0547 0934

2.0 - - - - - 1100 1.051 1.012 0579 0952 0928 0907 0.888 0.872 0.858 0.845 0.833 0.822 0.813 0.804
1078 1.011 0961 0522 0.851 0.865 0.844 0.826 0.810 0796 0784 0.774 0764 0756 0748 0741 0.735

2.5 -

3.0 - 10495 0967 0911 0.870 0.839 0814 079 0777 0763 0751 0741 0.732 0724 0717 0710 0705 0700 0.695
3.5 - 1075 0959 0.885 0.842 0.808 0.783 0763 0.747 0.734 0723 0.713 0.705 0698 0.692 0.687 0.682 0.677 0.673 0.670
4.0 - 0.993 0.891 0.832 0.792 0.764 0744 0727 0714 0704 0.695 0.687 0.681 0.676 0.671 0666 0.663 0.659 0.656 0.653
4.5 - 0.930 0.840 0.78% 0.756 0.733 0715 0.702 0.691 0.683 0.675 0.669 0.664 0.660 0.656 0.652 0.649 0.647 0.644 0.642

5.0 1062 0.879 0.801 0757 0.729 0.709 0.6%4 0.683 0.674 0.667 0.6601 0.656 0.652 0.648 0.645 0.642 0.640 0.637 0.635 0.634
5.5 1004 0.839 0770 0732 0.708 0.691 0678 0.669 0.661 0.655 0.650 0.646 0.643 0.640 0.637 0.635 0.632 0.631 0.629 0.627
6.0 0.956 0.806 0.745 0.712 0.691 0.677 0.666 0.658 0.652 0.646 0642 0.63% 0.636 0.633 0631 0.629 0.627 0.625 0.624 0.623
6.5 0.5915 0780 0726 0.696 0.678 0.665 0.656 0.645 0.644 0.639 0636 0.633 0.630 0.628 0.626 0.624 0.623 0.621 0.620 0.619
7.0 0.881 0.758 0.709 0.684 0.667 0.656 0.648 0.642 0.638 0.634 0.631 0628 0.626 0624 0622 0621 0.619 0618 0.617 0.616
7.5 0.851 0.739 0.696 0.673 0.659 0.649 0.642 0.637 0.633 0.629 0626 0.624 0622 0620 0619 0618 0617 0616 0.615 0.614
3.0 0.826 0.724 0.685 0.664 0.652 0.643 0.637 0632 0.628 0.625 0623 0621 0619 0618 0616 0615 0.614 0613 0.613 0.612
3.5 0.804 0.710 0.675 0.657 0.646 0.638 0.632 0628 0.625 0.622 0.620 0.618 0.617 0616 0.614 0.613 0.612 0.612 0.611 0.610
9.0 0.785 0.699 0.667 0.651 0.641 0.634 0.629 0625 0622 0.620 0618 0.616 0.615 0.614 0.613 0.612 0.611 0.610 0.610 0.609
9.5 0.768 0.690 0.661 0.646 0.636 0.630 0.626 0.622 0.620 0.618 0616 0.614 0.613 0612 0611 0610 0.610 0.609 0.608 0.608
10.0 0.753 0.681 0.655 0.641 0.633 0.627 0.623 0.620 0.618 0.616 0.614 0.613 0.612 0.611 0610 0.609 0.608 0608 0.607 0.607

mdot (kg/m"3) - subcritical compressable

H{in.}

E(in) [ 05 [ 10 [ 1.5 [ 20 | 25 | 30 | 35 | 40 | 45 [ 50 | 55 | 60 | 65 | 70 | 75 | 80 | &5 | 90 | 95 | 10.0
0.5 - - -
L0 - - - - - - - - - - - - -
L5 - - - - - - - 0510 0509 0509 0510 0512 0515 0518 0521 0524 0.528
2.0 - - - 0371 0352 0340 0333 0329 0326 0325 0325 0326 0328 0330 0332 0335 0338 0341
2.5 - - - 0354 0311 0285 0268 0258 0251 0246 0244 0243 0243 0243 0244 0246 0247 0249 0252 0254
3.0 - - | 0354 029 0262 0239 0224 0214 0207 0203 0200 0198 0198 0198 0198 0199 0200 0202 0.203 0.205
3.5 - 0436 0321 0265 0232 0211 0197 0187 0181 0176 0173 0172 0170 0170 0170 0170 0171 0172 0173 0.175
4.0 . 0.394 0292 0242 0212 0193 0180 0171 0164 0159 0156 0154 0152 0152 0151 0151 0152 0152 0.153 0.154
45 - 0.364 0273 0226 0199 0180 0.168 0159 0152 0.148 0144 0142 0140 0139 0138 0138 0138 0138 0.138 0.139

5.0 0.583 0.341 0.258 0.215 0.189 0.172 0.159 0151 0144 0.139 0.136 0133 0131 0129 0128 0.128 0127 0127 0128 0.128
5.5 0.545 0.324 0.246 0.206 0.181 0.165 0.153 0.145 0.138 0133 0.129 0126 0.124 0122 0121 0120 0.120 0119 0.119 0.119
6.0 0515 0.310 0.237 0199 0176 0160 0.148 0140 0133 0128 0124 0121 0119 0117 0116 0114 0114 0113 0113 0113
6.5 0491 029 0230 019 0171 015 0145 0136 0130 0125 0121 0117 0115 0113 0111 0110 0109 0.108 0.108 0.107
7.0 0.470 029 0.225 019 0.168 0153 0142 0133 0127 0122 0117 0114 0111 0109 0108 0106 0105 0104 0103 0.103
7.5 0.454 0.283 0.220 0.186 0165 0.150 0.13% 0.131 0.124 0119 0.115 0112 0109 0106 0105 0.103 0.102 0101 0.100 0.099
8.0 0440 0.277 0.216 0.183 0.163 0.148 0.137 0129 0.122 0.117 0.113 0109 0.107 0104 0102 0.100 0.099 0.098 0.097 0.096
8.5 0428 0.271 0213 0181 0161 0146 0.136 0127 0121 0115 0.111 0108 0105 0102 0100 0.098 0.097 0.09 0095 0.094
9.0 0417 0.267 0210 0179 0159 0145 0.134 0126 0119 0114 0110 0106 0103 0101 0.098 0.097 0.09 0094 0093 0.092
9.5 0.408 0263 0.208 0.177 0157 0143 0133 0125 0118 0.113 0108 0105 0102 0.099 0.097 0.09 0093 0.092 0.091 0.090
10.0 0401 0.260 0.206 0176 0156 0142 0.132 0124 0117 0112 0107 0104 0101 009 009 0094 0.082 0.09 0.089 0.088

The above mass flowrate will be used as the total leakage mass flowrate when the rotor
configuration yields a non-choked scenario. This will be reflected in the isentropic efficiency
chart shown below. First, whether the rotor configurations are choked or not needs to be

determined using equation 17.

Below show which rotor configurations are choked (1 = choked rotor configuration).



Choked Conditions

H(in.)

E(in.) 0.5 ‘ 10 15 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0
0.5 - - - - - - - - - - - - - - - - - - - -
1.0 - - - - - - - - - - - - - - - - - - - -
15 - - - - -

2.0 - - -

2.5 -

3.0 .
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0 0.0 0.0 0.0 0.0

Below shows isentropic efficiency assuming choked flow for ALL configurations:

E_system CHOKED ONLY

H{in.}
g(in) [ 05 [ 10 [ 15 [ 20 [ 25 [ 30 [ 35 | a0 [ 45 | 50 [ 55 [ 60 [ 65 [ 70 | 75 [ 80 | &5 | 9.0 | 95 [ 100 |

0.5 - - - - - - - - - - - - - - - - - - - -

L0 - - - - - - - - - - - - - - - - - - - -

Ls - - - - - - - - - - 148% 150% 151% 152% 15.2% 151% 151% 15.0% 14.9% 14.8%
2.0 - - - - - 18.6% 19.5% 20.0% 20.3% 203% 20.3% 20.1% 20.0% 19.7% 19.5% 19.2% 19.0% 18.7% 184% 18.1%
25 - - - 194% 212% 222% 22.6% 22.8% 22.7% 22.5% 22.2% 21.8% 214% 210% 20.5% 201% 19.7% 19.2% 18.8% 18.4%
3.0 - - 191% 2L6% 22.8% 23.4% 23.4% 23.3% 229% 22.4% 21.9% 213% 20.8% 202% 19.7% 19.1% 18.6% 18.1% 17.6% 17.1%
3.5 - 16.8% 20.6% 224% 23.1% 23.2% 22.9% 225% 21.9% 21.2% 205% 19.9% 19.2% 18.6% 18.0% 17.4% 1638% 163% 15.8% 15.3%
4.0 - 182% 21.2% 224% 226% 223% 217% 21.0% 203% 195% 18.7% 18.0% 17.3% 167% 160% 15.4% 149% 14.4% 13.9% 13.4%
45 - 19.0% 21.3% 21.8% 216% 21.0% 20.2% 19.3% 185% 17.7% 169% 16.1% 15.4% 14.8% 14.2% 13.6% 131% 126% 121% 11.7%

3.0 13.6% 19.3% 20.9% 21.0% 204% 19.5% 13.6% 17.6% 16.7% 159% 15.1% 14.3% 13.7% 13.0% 12.5% 119% 114% 11.0% 10.6% 10.2%

33 14.5% 19.4% 20.3% 19.9% 19.0% 18.0% 17.0% 16.0% 151% 14.2% 13.5% 12.8% 12.1% 11.5% 11.0% 10.5% 10.0% 9.6% 9.2% B8.9%

6.0 15.1% 19.1% 19.5% 18.8% 17.7% 16.5% 15.5% 14.5% 13.6% 12.7% 12.0% 11.3% 10.7% 10.2% 9.7% 9.3% 8.8% 8.5% 8.1% 7.8%

6.5 15.5% 18.8% 18.6% 17.6% 16.4% 15.2% 14.1% 13.1% 12.2% 114% 10.7% 10.1% 9.6% 9.1% 8.6% 8.2% 7.8% 7.5% 7.1% 6.9%

7.0 15.8% 18.3% 17.7% 16.5% 15.2% 13.9% 12.8% 11.9% 11.0% 103% 9.6% 9.1% 8.5% 8.1% 7.7% 7.3% 6.9% 6.6% 6.3% 6.1%

7.5 15.9% 17.7% 16.8% 154% 14.0% 12.8% 11.7% 10.8% 10.0% 9.3% 8.7% 8.1% 7% 7.2% 6.9% 6.5% 6.2% 59% 5.6% 5.4%

8.0 15.9% 17.1% 15.9% 144% 13.0% 11.8% 10.7% 9.8% 9.1% 8.4% 7.9% 7.3%  06.9%  06.5% 0.2%  5.8%  5.6% 53% 5.1%  4.8%

8.5 15.8% 16.4% 15.0% 13.4% 12.0% 10.8% 9.8% 9.0% 8.3% 77% 71%  67% 6.2% 59% 5.6% 53% 5.0% 4.8% 45% 4.3%

9.0 15.7% 15.8% 14.1% 12.5% 11.1% 10.0% 9.0% 8.2% 76% 7.0% 6.5% 6.0% 57% 5.3% 5.0%  4.8%  4.5% 4.3% 4.1% 3.9%

9.5 15.5% 15.1% 13.3% 11.7% 103% 9.2% 8.3% 7.6% 6.9% 64% 5.9% 55% 52% 4.9% 46% 43% 4.1% 3.9% 3.7%  3.6%

10.0 15.3% 14.5% 12.6% 10.9% 9.6% 8.5% 7.7%  7.0% 6.4% 59% 5.4% 5.0% 47% 4.4% 4.2%  4.0% 3.8% 3.6% 34% 3.2%

Below shows isentropic efficiency implementing choked and subcritical flow:

E_system CHOKED /SUBCRITICAL

H(in.)

E(in [ 05 [ 10 [ 15 [ 20 [ 25 [ 30 | 35 | 40 [ 45 [ 50 [ s5 [ 60 | 65 | 70 [ 75 [ 80 [ 85 [ 90 [ 95 | 100 |
05 - - - - - - - - - - - - - - - - - - - -
L0 - - - - - - - - - - - - - - - - - - - -
15 - - - - - - - - - - 14.8% 15.0% 151% 152% 15.2% 15.1% 15.1% 15.0% 14.9% 14.8%
2.0 - - - - - 186% 19.5% 20.0% 20.3% 20.3% 20.3% 20.1% 20.0% 19.7% 19.5% 19.2% 19.0% 18.7% 18.4% 18.1%
2.5 - - - 19.4% 212% 222% 22.6% 22.8% 22.7% 225% 22.2% 21.8% 21.4% 21.0% 205% 20.1% 19.7% 19.2% 18.8% 13.4%
3.0 - - 19a% 21.6% 22.8% 23.4% 23.4% 23.3% 22.9% 224% 21.9% 21.3% 20.8% 20.2% 221% 21.5% 21.0% 204% 19.9% 19.4%
3.5 - 16.8% 20.6% 22.4% 23.1% 23.2% 22.9% 22.5% 21.9% 212% 229% 221% 214% 207% 20.1% 194% 18.8% 18.3% 17.7% 17.2%
4.0 - 182% 21.2% 224% 22.6% 223% 21.7% 23.4% 225% 21.6% 20.8% 20.0% 19.2% 185% 17.8% 17.2% 16.6% 16.0% 155% 15.0%
45 - 19.0% 21.3% 21.8% 21.6% 21.0% 224% 21.5% 20.5% 19.5% 18.7% 17.8% 17.1% 163% 15.7% 15.0% 14.5% 13.9% 13.4% 13.0%

3.0 13.6% 19.3% 20.9% 21.0% 22.8% 21.7% 20.6% 19.5% 18.5% 17.5% 16.6% 15.8% 15.1% 144% 13.7% 13.1% 12.6% 12.1% 11.6% 11.2%

3.5 14.5% 19.4% 20.3% 19.9% 21.3% 201% 18.9% 17.7% 16.7% 15.7% 14.8% 14.0% 13.3% 12.6% 12.0% 11.5% 11.0% 10.5% 10.1% 9.7%

6.0 15.1% 19.1% 19.5% 21.2% 19.8% 18.5% 17.2% 16.0% 15.0% 14.0% 13.2% 12.4% 11.8% 11.2% 10.6% 10.1% 9.6% 9.2% 8.8% 8.5%

6.5 15.5% 18.8% 21.2% 19.9% 18.4% 16.9% 15.6% 14.5% 13.5% 12.6% 11.8% 11.1% 104% 9.9% 9.4% 8.9% 8.5% 8.1% T.7% 7.4%

7.0 15.8% 18.3% 20.2% 18.6% 17.0% 15.5% 143% 13.1% 12.2% 11.3% 105% 9.9% 9.3% 8.8% 8.3% 7.9% 7.5% 7.1% 6.8% 6.5%

7.5 15.9% 17.7% 19.2% 17.4% 15.7% 14.3% 13.0% 11.9% 11.0% 10.2% 9.5% 8.9% 8.3% 7.3% 7.4% 7.0% 6.7% 6.3% 6.1% 5.8%

8.0 15.9% 19.8% 18.2% 16.3% 14.6% 13.1% 11.9% 10.8% 10.0% 9.2% 8.5% 8.0% 7.5% 7.0% 6.6% 6.3% 6.0% 5.7% 5.4% 5.2%

8.5 15.8% 19.0% 17.2% 15.2% 13.5% 12.0% 109% 9.9% 9.0% 8.3% 1.7% 7.2% 67% 63% 6.0% 5.6% 5.3% 5.1% 4.8%  4.6%

9.0 15.7% 18.3% 16.2% 14.2% 125% 11.1% 10.0% 9.0% 8.2% 7.6% 7.0% 6.5% 6.1% 5.7% 54% 51% 4.8% 4.6% 44%  4.2%

9.5 15.5% 17.6% 15.3% 13.2% 11.6% 10.2% 9.2% 83% 7.5%  6.9% 6.4% 59% 5.5% 5.2% 49% 4.6% 4.4% 4.2% 4.0% 3.8%

10.0 | 15.3% 16.9% 14.4% 124% 10.8% 9.5% 84% 7.6% 69% 6.3% 5.8% 54% 5.1% 47% 45% 42% 4.0% 3.8% 3.6% 34%




Recall that the values in red indicate the highest 10% isentropic efficiency, and that the
optimized rotor configuration stays the same. Below shows the deviation between the two

analysis’s (Esystsem CHOKED - Esystem CHOKED/SUBCRITICAL):

Difference between CHOKED ONLY and CHOKED/SUBCRITICAL analysis

H{(in.)
Efin) [ 05 [ 10 15 | 20 | 25 3.0 3.5 2.0 4.5 5.0 5.5 5.0 6.5 7.0 7.5 8.0 8.5 9.0 9.5 10.0

0.5 - - - - - - - - - - - - - - - - - -

1.0 - - - - - - - - - -
15 - - - - - 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 000% 0.00% 000% 0.00%
2.0 - - 0.00%  0.00% 0.00% 0.00% 0.00% 0.00% 000% 0.00% 0.00% 0.00% 0.00% 0.00% 000% 0.00% 0.00%
25 - 0.00%  0.00% 0.00% 000% 0.00% 0.00% 000% 0.00% 000% 000% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00% 0.00%
3.0 - - 0.00% 0.00% 0.00% 0.00% 0.00% 000% 0.00% 0.00% _0.00% 0.00% 0.00% 0.00% [\=2.A00 =430\ =2.39% =2.36%  ~2.34%  -2.31%
3.5 - 0.00% 0.00% 0.00% 0.00% 0.00% 000% 0.00% 0.00% 0.00% | -234% -2.27% -2.22% -2.16% -2.12% -2.07% -2.03% -2.00% -196% -193%
4.0 - 0.00%  0.00% 0.00% 0.00% 0.00% _0.00% |=2.350%  -2.04%  -2.14% -2.06% -1.98% -1.91% -1.85% -179% -174% -1.70% -165% -161% -1.57%
4.5 - 0.00% 0.00% 0.00% 0.00% 0.00% | -227% -213% -2.00% -1.90% -180% -1.72% -L64% -157% -151% -145% -140% -135% -131% -1.27%

5.0 0.00% 0.00% 0.00% 0.00% | -2.45% -2.25% -2.07% -1.32% -1.79% -1.67% -157% -1.48% -1.40% -1.33% -1.26% -1.21% -1.15% -111% -1.07% -1.03%
5.5 0.00% 0.00% 0.00% 0.00% | -2.29% -2.08% -1.89% -1.73% -1.59% -147% -1.36% -1.27% -1.19% -1.12% -1.06% -1.00% -0.95% -0.91% -0.87% -0.83%
6.0 0.00%  0.00%  0.00% | -2.400% -2.14% -1.92% -1.72% -1.55% -141% -1.29% -1.18% -1.10% -1.02% -0.95% -0.89% -0.84% -0.79% -0.75% -0.71% -0.68%
6.5 0.00%  0.00% | -2.58% -2.27% -2.00% -1.76% -156% -1.39% -1.25% -1.13% -1.03% -0.94% -0.87% -0.81% -0.75% -0.70% -0.66% -0.62% -0.59% -0.56%
7.0 0.00%  0.00% | -2.48% -2.15% -1.86% -1.61% -1.41% -1.25% -111% -0.9%% -0.30% -0.82% -0.75% -0.63% -0.64% -0.59% -0.56% -0.52% -0.4%% -0.46%
7.5 0.00%  0.00% | -2.38% -2.02% -1.72% -148% -128% -1.12% -0.98% -0.88% -0.79% -0.71% -0.65% -0.59% -0.55% -0.51% -0.47% -0.44% -041% -0.39%
8.0 0.00% | -2.67% -2.28% -1.90% -1.60% -1.35% -1.15% -1.00% -0.87% -0.77% -0.69% -0.62% -0.56% -0.51% -0.47% -0.43% -0.40% -0.37% -0.35% -0.33%
8.5 0.00% | -2.60% -2.17% -1.78% -147% -1.23% -1.04% -0.90% -0.78% -0.68% -0.61% -0.54% -0.49% -0.44% -0.41% -0.37% -0.34% -0.32% -0.30% -0.28%
9.0 0.00% | -2.53% -2.07% -1.67% -1.36% -1.13% -0.94% -0.80% -0.69% -0.61% -0.54% -0.48% -0.43% -0.39% -0.35% -0.32% -0.30% -0.28% -0.26% -0.24%
9.5 0.00% | -2.46% -1.97% -1.56% -1.26% -1.03% -0.86% -0.72% -0.62% -0.54% -0.47% -0.42% -0.38% -0.34% -0.31% -0.28% -0.26% -0.24% -0.22% -0.21%
10.0 0.00% | -2.39% -1.87% -1.46% -1.16% -0.94% -0.78% -0.65% -0.56% -0.48% -0.42% -0.37% -0.33% -0.30% -0.27% -0.25% -0.23% -0.21% -0.19% -0.18%

The maximum difference between the two computations are found at the choked/sub-
critical boundary. This is where the pressure drop from state 1 to state 2 is smallest within the
subcritical regime. However, as rotor size increases, state 1 to state 2 pressure drop increases
dominating any increase in error induced by a choked flow assumption. As previously stated, the
optimized solution has not changed validating the choked flow analysis for optimized rotor

configurations.

An analysis of the more complicated energy recovery study 3.1 reveals similar results

(note the two studies have the same pressure conditions):



Situdy 3.1Choked Conditions

Hiin.)
Elin.] 05 [ 105 [ 205 [ 305 [ 40.5 [ 505 [ 60.5 [ 705 [ 0.5 [ 905 [ 100.5 [ H05 [ 120.5 [ 130.5 | W05
0.5 - - - - - - - - - - - - - - -
0.5

20.5

Situdy 3.1E_system CHOKED

Hiin.J
Eiin) [ 05 [ 10 [ 15 [ 20 [ 25 [ 30 [ 35 [ 40 [ 45 [ 50 [ 55 [ 60 [ 65 [ 70 [ 75 [ &0 [ &5 [ 50 [ 55 [ 0.0 ]
0.5 - - - - - - - - - - - - - - - 15 15 15< 159 15%
1.0 - - - - - - - - - - - - - T5M TEM VEM TEM  TEM TEX  TEM
15 - - - - - - - - - - - 150 132 192X 192K 192 15.2- 1914 190 4.9
20 - - - - - - - - 2107 2dx 21T 28w 2T 21T 215 213w 2114 208 205k 202k
25 - - - - - 234w 248 2543 258M 2B 2B.0M 259 25V 25.3M 243 245 2400 234 223 22.3M
3.0 - - - 22T 28 286 ZTEM 2814 282 281 2VEM 274N 268X 261 2543 248k 23T 2234 219 210
35 - - 2T 250 2T0x 252N ZET ZB 83 286 2B 2Vdi ZESk 255 244l 233 22T 208w 19.5x 18 16T
4.0 - 8.7 2343 26.2% 278X 285 285K 281 2734 2634 2014 23T 222W 2007 19 173 195M 13V 118 33

4.5 (125 2000 244 26.6W ET.EM ZTEM 271 264 24T 2314 134 193 ITEM 15T 128 0.5 82M ST 3.3 08
5.0 | 1EEX 210 248K ZE4M ZEEM 253 247 230X 20034 18EM B2 155 108 80 50 21 - - - -
0.0 | 45X 21K Z4BX 255K 243 235 21d4M W\ BT 134 9.8k BSM 30M - - - - - - -
B0 | 152 218 2t 240 226x 2003< 17dx WO 0dx BS5x 24 - - - - - - - - -
6.5 | 158X 217 237 22N /T 64 1ZEM 83 3T - - - - - - - - - - -

Study 3.1E_systerm CHOKED'SUBCRITICAL

Hin.)
Efnd [ 05 [ 10 [ 15 [ 20 [ 25 [ 30 [ 35 [ 40 [ 45 [ 50 [ 556 [ 60 [ 65 [ 70 [ 75 [ &0 [ &5 [ 30 [ 35 [ 100 |
0.5 - - - - - - - - - - - - - - - 18% 15w 15M 15 15%
10 - - - - - - - - - - - - - REM TEM TEM TEM TEMX TEM  TEM
15 - - - - - - - - - - - BOx 1BEx 152¥ B2 /I 152x Bl B0 49w
20 - - - - - - - - P Z14M 21T PIEW FITM 21T 215k 213w 211k 208w 205K 20.2%
25 - - - - - 234w 245x 254% 258 260 26.0: 259 25TM 253% 243 2450 24.00 2341 2294 223n
3.0 - - - P2V PRTn PEEM ZTEN 2814 EBEM ZBTM 2TEM 274X ZEEM 264 2543 Z4EM ZRTM 223m 213 210M
35 - - 21T 250 ZT.0M 262 28T 2883 ZEEM B0 ZV4M ZESM 25.5M 2443 233 24.3W 223 ZIEM 2014 1BTe
4.0 - 18T 234 PEEM 2T.8W EBSM 285K ZE1M ZTEM ZE3M ST 237¥ 243 Z2Ew 203w 1A WE4 153w 133w NEw

4.5 | 125K 200k Zddi FEAM ZTEN ZTEM 2T 26T 2474 25 232 214 130 16T 3K TEK 33K B6M 33k 10k
5.0 | 13EX 210 248 264X ZEEM 209 24T 250k 228 204K 178 150 120 3.0k 58K 24K - - - -
5.5 | W5x 216k 24Ex 255 243 235k 234 2007 1T T 4SM N TEM 35M - - - - - - -
B.0 | 152 218 2404 240 Z226x 2234 104 155 TEx  Tdk 28K - - - - - - - - -




The difference between the two computations yield a maximum ~2% at the boundary,
and the optimized rotor configuration is unchanged. Below shows the difference between the

choked only and choked/subcritical analysis.

Difference betw een CHOKED ONLY and CHOREDISUBCRITICAL analysis
Hiin.]
Efm) [ 05 [ 95 [ 185 | 275 [ 355 [ 955 | 545 [ 635 [ 725 [ 815 [ 905 [ 995 [ W8S [ 175 | 1265 [ 1355 [ 1445 [ 1535 [ 1625 [ 1715 |
0. - - 0.0 000% 000+ 000 0007
S - - - - - - - - - - - - - 0004 000+ 000 000 000 0002 000

o
'
'
'
'
'
'
'
'
'
'
'
'
'

w

155 - - - - - - - - - - - 000 000 000 000x 000 000 000 000 000
275 - - - - - - - - 000 004 000 000 000 000 0002 0004 000 000 0002 0004
36.5 - - - - - 000 000 000 000x 000 000x 000 000 00m< 000X 000 000 000 000 000
45.5 - - - 0004 000 000 000 000 0002 0004 000 000 000 000 0002 0004 000 000 000 0004
Sd.5 - - 000 0o 000 00w 000 00 000 000« 0002 000 000 000 000 =220 -2 -203< -20d4x -135<
B35 - 0.0 000 000 000 0004 000 00m< 000 000 000 0004 2044 196 -18%< 181 -172k -1B2+ -1514 -1.3%
725 000 000 000k 000 000k 00m< 000 00m< 000 =203 -1828C0 -181< -170x -158 -145k -123 110 -0.87 -0.568- -0015
815 000 0004 000 000 000 0004 000 [S208% 19022 178X 161 -lddd 128K -1.03 074 -0.36% - - - -
905 | 000 000 000x 000 000 00m -200Ec -182< -163< -142< -7 -0.87 -0.48 - - - - - - -
99.5 | 0.00x Q00 000 000 0002 [S202k 178k -153K 125 -0.89% -0.40: - - - - - - - - -
065 | 000 000 000 000 =202 =18k -143< -1106< -0.60x - - - - - - - - - - -
1e.s

000 000 000 (=284 -190 -152< -10422 -0.35x - - - - - - - - - - - -
126.5 | 000 00 [=2diic -208 -16d4 -108< -022 - - - - - - - - - - - - -
000 0.0 =234k 18704 -128 -0.37 - - - - - - - - - - - - - -
1945 | 000 0004 =220 -158< -0.64% - - - - - - - - - - - - - - -
0.00% F=EiSgal —2. 025 -1.15% - - - - - - - - - - - - - - - -
0.00 =434 -176x -0.43 - - - - - - - - - - - - - - - -
0.00 =234 140 - - - - - - - - - - - - - - - - _

o
bl
wn

m
ol
wn

&
-
w
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C ROTOR RADIAL AREA

The following demonstrates how to calculate the radial area of a PRE rotor that is
affected by a pressurized cavity. It is then possible to calculate the radial force on the rotor
caused by the cavity pressure. This force is needed to calculate rotor bearing life and rotor
deflection. This section creates a mathematical model so that radial area can be calculated for

any rotor size.

Using CAD software, the radial area (at 180 degree position with the maximum cavity
volume) can be drawn and calculated. Figures below show how using set points on the rotor, and

then following the contours of the adjacent rotors, the radial area appears.

Points U, V, W, X, Y, and Z are key points used to find the geometric relationships with simpler
geometry in order to formulate a mathematical model. The table shows the relationships of the

key points and the known design variables.

The figure below shows the shape of the radial area affected by the cavity
pressure. Line segments VX, WU, and YW follow a non-consistent curvature due to the radial
area being a projection onto a contour. For this reason, a mathematical description of these

segments is complex.

Connecting the key points together with straight lines instead of following rotor contours
produces a hexagon. Because of its symmetry, its area is the same as the hexagon. The positive
area highlighted in blue is the same value as the negative area in which their mirroring position

cancel each other out.



The Junctions of Ry and Rz connected through
Rz

The span from the head and tail of the rotor

to the mid plane of the rotors. This segment

follows the path of crossing from the outside

R; Junction of the adjacent rotor to the inside
R1 junction.

The span from the middle to the head and tail
of the rotor. This segment follows the path of
joining the inside R junction of the adjacent

rotor to head R; junction.




Megative space equal
to the highlighted blue
area.

Megative space equal
to the highlighted blue
area.

Y Figure 8 z



Calculating the area of this hexagon yields a mathematical model of the area. The area for

this hexagon (derived from the area equation of 2 trapezoids) is:
Aradiat=.5(J1+J2)

The figure below inserts these variables onto the hexagon created by figure 8. It is
important to note that due to the inherent design of the PRE rotor, perfect symmetry can be

assumed by mirroring both the horizontal and vertical axis.




Mathematical Model:

Q is the axial distance from the head of the rotor to the mid plane.

_H
=3

Ji is equal to the hypotenuse length of the right angle triangle formed by the R1vectors

]1=W=W= /R12+R12

1= R1\/E
The last variable Jz is the distance between 2 same sided Ri junctions measured on a
cross-sectional plane. J> can be geometrically derived to be:
J, = 2[Rysin(45°) + S]

Finally, the total radial area can be calculated:

H
Aradial = %{Rlﬁ + 2[R, sin(45°) + S]}

All these variables can be described in terms of rotor height (H,,-), machine radius (E),
and the percentage of the machine radius that is the value of R1 (Rx=R1/E). (NOTE: Ry is a value
that could replace Ry in terms of derivability. However, other design parameters like port and
core size are optimized using Ry which is the more useful value). Making the substitutions for

R1 yield:

rtr

H
Aradial = T{ER%\/E + Z[ER%sin(45°) + S]}



L
S=\/§<§—ER%>

L=—[E+R(V2-1)]

ol
V2
L=%[E+ER%(\/§—1)]

% [E + ERy (V2 — 1)]
2

S=+2 — ERy,

Showing:

[E + ERy (V2 — 1)]

1
H —_
Aradial = I ER%\/E + 2 |ERy;sin(45°) + NG V2 -

2

— ERy,

Simplified:

Aradial = HrtrE <%§ + lR%Sin(450) + <[1 il R%(Zﬁ — 1)] - \/ER%>l>

NOTE: it can be seen that the radial area is a linear relationship to rotor height as well as the

machine radius.

Verification:

This section takes the radial area equation and substitutes the variables for real numbers.
This will produce an area that is then compared to values given by SolidWorks CAD

calculations.

Hper = 4"



E=4”

Ry, = 17.76% (optimized port size value)

Aradgiar = (4in.)(4in.) (@

+ [(.1776)sin(45°) + <[1 al ('17762)(\/7 “Dl_ \/E(.1776))D

Arggial = 16in.2 (11256 + [. 1256 + (.5368 — .2512)])

Aradial =8.581n.2

Ares 5.573730in"2

Perimeter: | 11.4090394in

Area: 557526502

Perimeter: |11.217397in

The area found in the radial equation shows to be within .01 in.2 of the area calculated by

CAD Software in the figures above.



As previously mentioned, the rotor height and machine radius both linearly impact the
area. Since the impact to the radial area (and thus radial bearing load) by the machine radius and
height is equal, other design parameters should be used to choose rotor size. Some of these
parameters could be cavity volume, application, or axial area where machine size increase axial

area and rotor height does not.

The right hand side of the radial area equation pertains to the radius R1. This cluster of
terms can be renamed as the R: coefficient. Since one of the most important parameters when
designing the Ry is ports size (to allow for maximum flow), the Ry is optimized to allow for the
largest ports. This creates a static Ry value that is the same for all size of rotors (See Manifold

Design, June 2013). This is why the Ry is used in rotor equations instead of R1.

Arqdgial = HrtrE {R%\/E + IR%Sin(4‘50) + <[1 il R%(Zﬁ — 1)] - \/ER%)l}

2

\ J
|

R1 Coefficient

The Ry that produces the largest ports has been calculated to be 17.76%. If it is decided

to maximize port size and use this optimized R, then the R1 coefficient can be reduced to:
Aragial = Hyer E(.5368)
;‘_l
R1 Coefficient (optimized port design)

Using a static Ry creates a very simple equation in calculating radial area.



If a different Ry is to be used, the graph shows that ranging from an Ry, = 1-50%, the
coefficient will only range from .5 to .6. The changes caused by using a different Re, are small in

nature when compared to

R1 Coefficient Gradient

optimizing the Ry to other

important parameters.

To illustrate the loading area during operation, see the figures below of a stress analysis
performed on a 4 inch by inch rotor with a .7 inch R1 radius. The load applied is 1440 PSI and
the rotor material of 4340 normalized steel. Max stress calculated = 43,000 psi:

Area of Applied force (1440 psi)

Figure 3
FEA Setup

Deformation lllustration

3 y/ ﬁ{/ Figure 4
- bl ¢y ,\}L{/\\?‘W

Critical Area

von Mises (psi)
42,3431
l 30,384€

| 357859
. 322073

. 285287

L 25,0501
214718

| 178930

L 123148

107358

74572
35786
0o



The follow illustration is a study of displacement of the rotors. This will affect leakage by

increasing the rotor gap area during high loads.

Max Deformation =.0013”

URES ()

N\W ' -

Figure 6

. 1.0892-003
. 9.803=.004
_ 8.7142-004
5 76242004
‘ £ 5360004
" 5.446=-004
| 4.3572-004

| 3.2682-004

2.170-004
1.089=.001
3837032
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D MOLLIER CHART

Below is a Mollier chart which shows the relationship between an isenthalpic process (JT

valve), isentropic process (no losses), and an expander operation. The values shown are of a

possible configuration and possible expander efficiency.

e
e A R gy R e e B T 55 1 WL T

N TR |

Methane

LA

e M kS i T [ R e i g T T T \/,‘ny\?, T e g i

Enthalpy

i
*e

24 150 psi

Isentropic
Drop
-170°F

Initial State
1000 psi
30°F
Final State:

Expander
Drop

-50°F

Isenthalpic
(IT) Drop
-30°F




E PACKAGE DESIGN — NGL SKID (ENERGY RECOVERY)

Insulated NGL
Collection Tanks

Skid Connections

Generator
insulated Heat (Or any device
Exchanger reguiring shaft power)

Onboard Battery System



F PACKAGE DESIGN — POWER GENERATION SKID (TARGET POWER)

s , . Operation Indicator Lights

Onboard HMI. Easy “Start” “Stop”
operator controls, full instrument
> read out and data logger.

Atmospheric vent
Connection instrument Gas  (for PSV use only)

Light weight, hinged enclosures allows
for 360 degree, full access for easy
maintenance and inspection, ali while
keeping the same skid footprint.

14" (4.3m)

6.5" (2m)



Employs 17 different sensors to monitor and regulate
expander operation. Several redundoncies are in
place including automatic isolation vaives, fail close
flow control valve, and a pressure safety valve.

360° Maintenonce Fail Close PID Flow
Access Area Isolgtion Valve Controi Vaive

1800 RPM 2:1 Gearbox
Synchronous Expander

High Voltage Low Voltage Junction
Connections and box (includes PLC and
Battery Box Network Connections



G GAP HELIX LENGTH DERIVATION
The base derivation of the length of a helix with a varying radius from the center axis is

shown as with respect to position angle theta:

, 2
Lhe1ix(6) = \/[ hetix(0)]” + [Rhenix(6)]2 + H?
Starting with the vertex form of a parabola as the change in helix radius varies parabolically:
Y(x) =a(x—h)? +k

The variables are obtained by analyzing the rotor cross section geometry:

Vi,helix.mugr

CURRENT HELIX RADIUS ———]

Rotor Center

And the helix variation:

Helix Radius as a Function of Theta
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D
7 - Rhelix.min
a=—"———5—

emax

h = Bpax

Making:

D
7 - Rhelix.min
Rpeiix(8) = —=————

emax

D
k= E — Rhelixmin

D
2 (9 - emax)2 + (E - Rhelix.min) + Rhelix.min

Where the end term Ry,¢1ix min IS the parabolic starting and ending position of Rj,ejix-

Reduced:
D
7 - Rhelix.min
Rpelix(8) = —=————
emax
Expanded:
D
5 Rhelix.min
Rpeiix(0) = —2—2( 2
emax
The derivative of Ry, q)ix:
D
, 7 - Rhelix.min
Rpeiix (6) = =20 5————+2
max

0 — emax)2 +=

— 201ax® + Omax’) + =

emax

0 (2 Rhelix.min - D)

D
2

D
2

D_

2 Rhelix.min

2
emax

D-2 Rhelix.min

Rhelixl(e) = 2

eI'IlZ:lX

eI'I'lc’:lX

Substituting back into the helix length equation and including H in terms of theta:



Lhelix(e)

D 2
G(ZRh lix.min — D) D — 2Rh lix.mi 2 2 Rhelix.min D 0 2
. l elix m;n + elix.min + = 2 i (e . emax)z + E + (H E)

emax emax

emax

Lhelix(e)

(2R D\’1 0 : DR D 2 0\
. L= 2 = Dhelix.mi
= < helbemin > [ s—+ 1] |- (0~ B 5| + (H E)

eII'lE;lX max emax 2

Substituting for primary variables:

Rhelixmin = \/(%)2 + (]EZ)Z _ \/<R12\5>2 N (E —2R1)2

D= E+R(1-v2)

Lhelix(e)

2

<2\/<%§)2+(¥)2—(E+R1(1—\/§))> E+R1(21—\/f)_\/<R12\/5>2+(E_R1)2 2

_ (1) + ;
O max B max

D 0
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In terms of time:
0(t) = 2mft

Lhelix (t)

2
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Lhelix(t)

((2](%5):(5—2&) (E+R,(1-V2) )

emax
A k

[ — 2 B _RAZ
| E+R1(21 ﬁ)_\/(R?ﬁ) +(E le)

2
emax

|

e
P

ZJ(REﬁ)Z+(E‘2R1)2—(E+Rl<1—ﬁ>)

emax

E+ R1(21 —\2) j(Rlzﬁ> s (E _ Rl)z

2
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_ 2mf
C3 B emax
cy = 2mf
Cs = E
C6 = ZH:F

Lhelix(t) = Vcr(cat + 1)2 + [—c5(cat — Bmax)? + 5% + c62t2

(Zﬁft - emax)2 +5

2
Lpelix(t) = \/C1C32t2 + 2cic3t + 1+ (=422 + 2¢5¢4Omaxt — COmax> + cs) + cg2t?

Lperix(t) can be used to derive the gap area equation where the integrand is integrated in

terms of time t.
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Since the above equation for the helix length has certain complexities integrating into the
rotor gap area equation and since it is shown that the radial variance of the helix is parabolic, an
average helix diameter can be used. This is not a direct integration as the above helix length
derivation, but is more accurate then assuming rotor diameter D as the helix diameter. This
diameter requires the calculation of a minimum, maximum, and average radius from the rotor
center to the dynamic location of the gap. The minimum radius Ry,ejix min 1S Measured from the

rotor center to the R;/R, junction and is calculated by:

= |(2) 3 = (552) ¢ (E52)'

The maximum helical radius Ry,ejix max 1S Simply the half the rotor diameter D:

D E+Ry(1-+2)
Rhelixmax = E = 2 .

The average helical radius Rpejix avg 1S the sum of two components. The first component is the

minimum helix radius Ryejixmin- The Second component is the average distance the rotor gap
radially travels as presented previously as gap behavior two. This gap’s radial travel is parabolic
in nature as confirmed by CAD, making the average distance traveled two thirds of the

maximum radially traveled distance. In other words, the average helical radius Ryeiix avg 1S

calculated by:

Rhelix.avg = Rhelix.min + § (Rhelix.max - Rhelix.min)

Rhelixavg = J<R1f>2 n (%)2 +§ E+ R1(21 —V2) j(Rlz\/E)z N (E _ZRl)z




\/Rle+(E_4—R1)2+E+R1(1—\/§)

Rhelixave =
helix.avg 3

The basic equation for the length of a helix Ly,¢jix IS Used to evaluate the rotor gap area. This
helix equation will use two times the average helix radius Rpejixavg as the average helix diameter

Dhelix.avg (nOte that the notation Dy,ejix avg Will be used in the derivation to make the derivations

manageable):

2 _ 2
\/Rzl +(E 4R1) +E+R,(1-v2)
Dhelix.avg = 15

Lhelix = \/[T[Thelix(Dhelix.avg)]2 +H®

Where:
Lyelix = total gap coil length

Thelix = NUMber of twists contained within rotor height H (.5 for the PRE)
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