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Abstract

Some Examples of the Liouville Integrability

of the Banded Toda Flows

by

Zachary A. Youmans, Master of Science

Utah State University, 2020

Major Professor: Dr. Zhaohu Nie
Department: Mathematics and Statistics

The Toda Lattice is a classical Hamiltonian system that describes the exponential
interaction of particles on a line with its nearest neighbors. Previous results have shown
that the Toda lattice with one band and the full Toda flow are completely integrable.
In this paper, we will discuss a more modern approach to studying the Toda lattice
by looking at the Lie algebra structure. This approach will then be used to study
the Banded Toda flow. The main result will show that the banded Toda lattice up to
dimension 10 is completely integrable. We will conclude by stating a few conjectures

that, we hope, will be used to prove the Liouville integrability of the banded Toda Flow.

(60 pages)
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Public Abstract

Some Examples of the Liouville Integrability

of the Banded Toda Flows

Zachary A. Youmans

The Toda lattice is a famous integrable system studied by Toda in the 1960s. One
can study the Toda lattice using a matrix representation of the system. Previous results
have shown that this matrix of dimension n with 1 band and n — 1 bands is Liouville
integrable. In this paper, we lay the foundation for proving the general case of the Toda
lattice, where we consider the matrix representation with dimension n and a partially
filled lower triangular part. We call this the banded Toda flow. The main theorem is
that the banded Toda flow up to dimension 10 is Liouville integrable. To conclude the
paper, we will present some conjectures which, we hope, will help us in proving the

Liouville integrability of the banded Toda flow of dimension n with & number of bands.
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Chapter 1

Introduction

In the 1960s, Morikazu Toda studied the exponential interaction of particles be-
tween its nearest neighbors. The differential equation that arose out of his study has
been named the Toda lattice. Since that time, many have worked on and have stated

that different cases the Toda flow is Liouville integrable.

The study of the Toda lattice is a small piece in the study of integrable systems.
This study dates back to the times of Kepler, whom studied problems such as the two-
body problem. The goal of such problems is to study the integrals of motion which.

Integrals of motion are the conserved quantities of the system in study.

To study these integrals of motion, we will discuss in Chapter 2 the idea of the
Poisson manifold. Throughout Chapter 2, we will expand on the idea of the Poisson
manifold and then look at a specific submanifold, called the symplectic manifold. Study-
ing the symplectic manifold is important since we will be able to study the Casimirs on
the manifold, which the level sets of the Casimirs are referred to as symplectic leaves.
On the symplectic leaves are Hamiltonians, which after we pick the Hamiltonian, we
can study the integrals of motion by seeing which functions are in involution with the

Hamiltonian.

Also in chapter 2, we will give some of the history of the Toda Lattice. We will
also look at some of the work that has been done in the study of the Toda lattice. For
example, we can extend the ordinary Toda lattice into the full Toda flow, which were

studied in [3] and [7].

Finally, we will conclude Chapter 2 by considering the Toda lattice in Konstant

form, which is created by using a change of variables called Flaschka’s variables and a



Poisson map. The Poisson map will guarantee that the work done under the change of

variables is still viable.

Chapter 3 will introduce the banded Toda flow. While a lot of work has been done
to show the Liouville integrability for the full and ordinary cases of the Toda lattice,
there is little literature on the Liouville integrability if we consider the Konstant form
of the Toda lattice to be partially filled. One such paper was done in [9]. In chapter
3, we will give a complete construction of how to find possible candidates for the first

integrals and Casimirs.

Once we are able to find the first integrals and Casimirs, we will then prove the

main theorem, which is as follows

Theorem 1.1. The banded Toda flow is Liouville integrable up to dimension n = 10,

forall2 <k<n-—2

To prove the main theorem, we will give a complete list of the Casimirs and first

integrals that will fulfill the definition of what it means to be Liouville integrable.

In Chapter 4, we will provide some work that has already been done to try to prove

the general case of the banded Toda flow. The conjecture is as follows

Conjecture 1.0.1. The banded Toda flow of dimension n with k bands is Liouville inte-

grable.

Current attempts to prove this theorem will be introduced. Some of these obser-
vations are made through MAPLE. These observations turn into interesting conjectures

which we hope will be able to help us prove conjecture 1.0.1.



Chapter 2

Preliminary Work

This chapter will be to introduce the topics needed in order to understand the
banded Toda flow. We will begin with the Poisson manifold and the Poisson bracket.
Then, we will view a more specific Poisson manifold, called the symplectic manifold.
This will introduce the idea of a symplectic leaf, which are the level sets of the Casimirs.
On the symplectic leaf is our first integrals, which are important to us since by definition,
if we have enough first integrals in involution and functionally independent, then our
system is Liouville integrable. We will conclude the chapter with the history of the Toda

lattice and the Konstant form of the Toda lattice.

2.1 The Poisson Manifold

2.1.1 Motivation
In the theory of classical Hamiltonian mechanics, the idea of the Poisson manifold
and the Poisson bracket are important concepts. One such example of this, as described

in [10], is the motion of particles in a potential field.

Let m denote the mass of a particle, and let ¢ denote the position of the particle
determined by the vector ¢ = (q',---,¢"). Note that this is an n-dimensional space.

Then, Newton’s equation of the form

ov

describes the motion of the particle. Here, V is the potential. Let p denote the mo-

mentum, where p = (p1,--+ ,pn),p; = m¢’ is the momentum vector. The energy of the



particles are defined by the Hamiltonian function

1

n
H=_—p"+V(g), p"=) pp (2.2)
m e

Newton’s equation in (2.1) can be written as

. OH OH
J j, — — 2.

Then, to determine if this Hamiltonian system is Liouville integrable, we need to
find sufficient conserved quantities which are defined by the Poisson structure. This

Poisson structure will form the Poisson bracket in classical Hamiltonian mechanics as

" 9F G OF 0G
F(p,0), G0} =3 (555~ 507
{F(p.q),G(p,q)} jz::l(apj g3 O¢’ Op;

) (2.4)

where F(p, q) and G(p, ¢) are smooth functions on R?". It is important to note that this

Poisson bracket will satisfy both skew-symmetry and the Jacobi identity.

While this example is Liouville integrable since the conserved quantities are defined
by (2.3), most Hamiltonian system do not have enough conserved quantities. This makes
a general Hamiltonian system not Liouville integrable. Therefore, integrable systems are

interesting to study.

2.1.2 The Poisson Bracket
The motivating example from above gives us a foundation for what needs to be
done, which is to describe precisely the Poisson structure and the integrals of motion.

We begin with a definition.

Definition 2.1. Let M be a manifold and F(M) be the space of smooth functions on
M. Then, M is endowed with a Poisson structure if, given two functions F, G € F(M),

we can define a new function {F, G} € F(M) that satisfy the following three properties:

1. skew-symmetry, i.e.

{F,G} =—{G,F}



2. the Jacobi identity, i.e.

(F{G,HY} + {C,{H,F\) + {H,{F,G}} =0

3. the Leibniz rule, i.e.

(F,GH} = {F,G}H + {F,H}G

This new function, {F, G}, is called the Poisson bracket of F' and G. It is important
to note here that the three properties follow the same definition as a Lie algebra, which

we will take advantage of in section 1.2.

re CONnCr w"(x) = {z*, 27}, where z' and 27 ar rdin n
More concretely, let w® t a7}, where x* and x7 are local coordinates on a

manifold M. Then, the Poisson bracket is of the form

0

et (2.5)

[P(2),G(2)} = (2)0,FOG, ;=

The Poisson bracket defined in (2.4) is an example of when w/*(z) is a constant since

the bracket does not depend on z.

2.1.3 Symplectic Structure and Casimirs

Another important idea needed in Hamiltonian mechanics is the symplectic mani-

fold.
Definition 2.2. A symplectic manifold (M,w) is a smooth manifold M endowed with

a closed nondegenerate 2-form w.

One can view a symplectic manifold as a non-degenerate Poisson manifold, meaning
that the matrix (w/*)(x) is nondegenerate for all + € M. To see that a symplectic

manifold is a non-degenerate Poisson manifold, the following proposition is used.

Proposition 2.3. (w¥) satisfies the Jacobi identity iff w = wz-jdxi Adzx? is closed, where

(wij) = (W)~
Proof. Suppose (w%) satisfies the Jacobi identity. Let w® = {z? 2*}. Then,

{{a, 27}, "} + {{a?, a*}, o} + {{a", 2"}, 27} = 0



which implies that
{w?, 2"} + {*, 2"} + {27} = 0
Recall that {F, G} = w™"0,,F0,G. Therefore, we have

oy O™ ka L OwI* 9z L oWk % B
dx™ Ox™ Ox™ Ox™ dr™ dz™

which results in

Ow' Ak - Quki
mk mi mj _
ox™ tw ox™ tw ox™ =0

To continue, the following lemma is used.

AwIk .0
Lemma 2.4. i —w]aﬂw)‘k
ox™ ox™

To prove the lemma, we start with weyw®® = 62, we have

oxY
O(wan) A8 3(wkﬁ) _
— ox7 oxy ¢ 0
d(wM) ~O0(war) s
oxy e oxY
( A ) I(wa) A8
Qo L po
— w 9p7 Lar = w By w
d(w) 9(wan)
o — b [e B
= 0} 907 w 9 w
8(("]#6) _ uaa(w&A) B
oxv — ox" w

Therefore, the last line implies the lemma.

Therefore, by Lemma 1, we have

e, . , ) , o '
“’Mk(_w"x%w” )+ wml(—wja%w”f) + W™ (—wko‘%cf“) —0

Through relabeling and using skew-symmetry, we can rewrite this as

km, i, JA awa}\ km, i, JA 8W)\m km, do, JA 8(“‘)7”04
—w — - Wt ——= — —
oz oz ox

w =0



Therefore, we have

8wa)\ aw}\m aWmoc
Oz Oz Oz

_wkmwiawj)\( ) =0

Though, w*¥ is non-degenerate, therefore,

Oway  Owxm  Owma

orm or® o™ 0

which implies that w is closed, that is, dw = 0 by the following.

Given

dw) =0
and if w = wijdmi A dx7, then,
d(wijdz’ A\ da?) = 0
Then, we have

d(widz' A dxl) =0

= dwij Ada' A dz? + dwjy, A de? A da® + dwy A da® Adat =0

Though, this can be rewritten as

Qi 1 p dai mdad + Q98 i n dad A d® 4 Q% dnd A ek A dat — 0
oxk ozt oxJ

Using skew-symmetry,

8&1@' &uj k Bwki

i j k _
(dz* A da? N dx™)( 5k T Bgi 5 )

Though, given that (da’ A daz’ A da*) # 0, then

=0

8(4)1'3' f)wjk T awk,-
oxk  Oxt  Oxd



The above procedures can be reversed to get the only if direction, therefore the theorem

has been proved. ]

In order to find the symplectic submanifolds, we use the Casimir functions.

Definition 2.5. A non-constant function C on a manifold M is a Casimir function if

{C,f}=0forall f e C®(M)

One such example is that for the Lie algebra so(3), which is isomorphic to R?
with the cross product, the Casimir function will be 22 + y? + 22. The level sets of
the Casimirs are symplectic manifolds, and we will call them the symplectic leaves of
the Poisson manifold. In the example of so(3), the symplectic leaves are the spheres

22 +y?+ 22 =02

2.1.4 First Integrals and Liouville Integrability

On the symplectic leaves of the Poisson manifold are first integrals, the conserved
quantities of the system. A Hamiltonian function H on a symplectic manifold defines
a mechanical system. Once we pick a Hamiltonian, we can study the first integrals, or

sometimes called integrals of motion.

Definition 2.6. Let H be a smooth function on M. Then, the integrals of motion are
functions F' that satisfy
{H,F}=0

The existence of enough first integrals guarantees that the system is Liouville inte-

grable.

Definition 2.7. If there are n functionally independent smooth functions in involu-
tion on an 2n-dimensional symplectic manifold M, then the system is called Liouville

integrable.

More generally, on a Poisson manifold M, Liouville integrability requires the fol-

lowing formula to hold:

Number of independent Casimirs+2x Number of independent first integrals = dim(M).
(2.6)



Practically speaking, the appendix will have MAPLE code that will show how
one can calculate the amount of first integrals the system in study should have. The
dimension of the Poisson manifold will be discussed in section 3.2. Once these two pieces

of information is known, (2.6) is used to find the number of Casimirs.

2.2 Lie-Poisson and Symplectic Structure

2.2.1 Lie-Poisson Bracket
Recall the Poisson bracket in (2.5). When w’*(z) are linear functions of z, w/*(z)

can be viewed as the structure constants from a Lie algebra, g, with
Wk (z) = CfFat. (2.7)

This turns the Poisson bracket from (2.5) into the Lie-Poisson bracket on g*, which

is of the form

(F(z),G(z)} = CI*2l9;FO,G. (2.8)

More concretely, if g has a non-degenerate invariant form Tr, then the Lie-Poisson

bracket on g becomes

{F,G}(X) = Tr(X.[gradx (F'), grad x (G)]) (2.9)

where the gradient is defined by

fX+1Y) = f(X)

Tr(Y - grady f) = }gr(l) ; , forall Y € g. (2.10)
The formula for the gradient is
of
grady f = Z 87” XEji

where Ej; is a matrix whose only non-trivial entry is 1 at the (j,7) position. Throughout
the rest of this paper, we will be using (2.9). For Toda flows, the most relevant Lie
algebras are the Borel subalgebras by and b} = b_, which are the space of upper
triangular matrices and lower triangular matrices, respectively. These Borel subalgebras

are discussed more in depth in [4].
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As a side note, the symplectic leaves of the Lie-Poisson structure on g* are called
coadjoint orbits. The main example used in the theory of the Toda lattice is the coadjoint
action of GG, where G is the group of real upper triangular matrices with determinant 1.

This coadjoint action of G on g* is given by

* -1
Ady iz (gzg™ )= (2.11)

The minus in the coadjoint action represents a matrix in which the upper triangular
elements have been deleted and replaced by zeros. If we consider G = SO(3), the
coadjoint orbits are the spheres x2 + 3% + 22 = r2.

2.3 The Toda Lattice
We will now discuss a more specific problem in the theory of integrable systems,

that being the Toda Lattice.

2.3.1 History

In the 1960s, Morikazu Toda studied the solutions to a differential equation which
explains the exponential interaction of particles between their nearest neighbors. His
papers (which one can be seen in [12]) produced soliton solutions to this system, which

today is aptly named the Toda lattice. The Hamiltonian for this system has the form

1 n n—1
H=3 leaz' + Zl exp((qj — gj+1)] (2.12)
Jj= j=

where p; stands for the momentum of the particle, and g; is the position. In the 1970s,
Henon, Flaschka, and Manakov all made advances in the theory of the Toda lattice. In
1974, both Henon and Flaschka published that the real, finite, and periodic Toda lattice
is Liouville integrable. Their results can be seen in [5], [6]. Also in 1974, Flaschka and
Manakov announced that they can write the Toda lattice in a Lax pair form through a

change of variables. This change of variables is called Flaschka’s variables.

More concretely, consider an example of the Toda lattice with two particles with
positions ¢; and g1, and momentum p; and p2. Before continuing, consider the following

definition.
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Definition 2.8. Let M and N be manifolds equipped with the Poisson bracket {, }.
Let f,g € M. Then, a Poisson map ¢ : (M,{, }) — (N,{, }) is defined such that

o({f,9}) ={o(f), 0(9)}

A Poisson map guarantees that results found after the change of variables are valid

for the original system. Now, consider a 4-dimensional vector field with

(p1,p2, @1, q2) € R* (2.13)
Define a Poisson map such that
P1 1
(p1,p2:q1, q2) =
eN1=e  py
Then, let
a; = p; and b; = e? UL (2.14)

These change of variables are the Flaschka’s variables. This can be visualized as

P1 1 ar 1

R ) by ap
This matrix form will be discussed more in section 2.3.2.

Two other important results worth mentioning are that of Deift, Li, Nanda, and
Tomei in 1986, and Gekhtman and Shapiro’s in 1999. Deift, et. al. discovered that the
full Toda flow is Liouville integrable for A type in [3]. Gekhtman and Shapiro showed
that the full Toda flow for all simple Lie algebras are Liouville integrable in [7].

The work of Deift, et. al. was important to this paper since their way of con-
structing first integrals was used in a modified version to prove the main theorem of this

paper. This method will be explained in Chapter 2.

As a side note, much of the history of the Toda lattice can be seen in the work of
Kodama and Shipman in [13]. Their work, Fifty years of the finite nonperiodic Toda
lattice: a geometric and topological viewpoint gives a nice overview of the history and

some of the major ideas behind the Toda lattice.
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2.3.2 The Konstant Form

Recall that by using Flaschka’s variables, a matrix representation can be formed
from the Hamiltonian found in (2.12). This matrix, called the Konstant form, can be
used to study the integrability of the Toda lattice. Konstant discussed this method in

[8]. The Konstant form for the 2-dimensional Toda lattice is

b1 ag

In general, for the n x n Toda lattice, the Konstant form is

ap 1 0 0 0 0
b1 a9 1 0 0 0

L = . . . . . . . (2.15)

In (2.15), L is the matrix in Lax pair representation L = [L, M| with M = —II,_L.
Here, II,,_ L is the projection of L into a strictly lower triangular matrix. We will now
verify that the given L does indeed form a Lax pair representation. To do this, recall

that the Hamiltonian for the Toda lattice is
1 n—1 1
2 T 0
H=5) pit+) e
=1 =1
Then,

pi ={H,pi} = —e? 9+ 4 %179 (for 1 < i < n)

4 =1{H,q} =pi

Using Flashka’s variables found in (2.14),

C'LZ' = pZ = bi—l — bi and bz = e¥im %+l (qz - qi+1) = bi(ai - ai+1) (2.16)
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Checking that L = [L, M] with L given in (2.15) and

by O 0 0 0 0

M = . . . . . . . (2‘17)

then [L, M| = LM — ML is

—by
—agb1 + biag —by + by
—b1by + b1by  —agbs +azbs  —b3z + by

—bobs + baby  —agbs + azbs —b3 + b3

Calculating L results in

ax
. 61 .

L= (2.18)

bn—l C'Ln

Comparing [L, M] with L given the relation (2.16) results in the two being equal. There-

fore, the Lax pair is verified. Note that when i =1, a1 = —b; and when ¢ = n, a,, = b,_1

2.3.3 The Full Toda Flow

In Section 2.3.1, it was mentioned that there are complete results on the full Toda
flow, done in [3] and [7]. For the ordinary Toda lattice, it was enough to find a sufficient
amount of first integrals by considering the characteristic polynomial of the Konstant
form. Though, for Deift, et. al., this method did not provide a sufficient amount of first

integrals. The Konstant form for the full Toda flow is given by the matrix
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ar 1 0 0 0 0
b1 as 1 0 0 0

bo as 1 0 0
(2.19)

z1r e bn—1 Qn, |

This Konstant form is completely filled in the lower triangular part. The Lax Pair
representation is similar to (2.15). To find the first integrals, Deift et. al. performed
chopping on the Konstant form of the Toda flow. The first integrals found by the
characteristic polynomial is equivalent to O-chopping. To do this chopping, consider an
n X n matrix L above and for 0 < k < {%nj, delete the first k£ rows and the last k

columns of the matrix L. For example, consider the 4 x 4 matrix in Konstant form

al 1 0 0
b1 a2 1 O

b (2.20)
C1 b2 as 1

di co b3 a4

The 1-chop would be

a1 0
b1 a9 1
C1 b2 as

di c2 b3 ay

This method is similar to finding the determinant. Then, the first integrals and Casimirs
can be formed by finding rational expressions. These rational expressions can be found
by viewing the polynomials

n—2k

det(L — A = > Ep(M)X"2FT. (2.21)
r=0

The first integrals and Casimirs are found using the ratios E,.(M)/Eo,(M). The

Casimirs are only those of the form Fyi/Ep;. The first integrals are the rest of the
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rational functions. It is proved that the first integrals are in involution with each other

and functionally independent so that they satisfy the definition of Liouville integrability.

In Chapter 3, we will introduce a slightly different but equivalent method to chop-
ping. Though, with the banded Toda flow, we will run into some difficulties. These
issues will present themselves in the sense that there are not enough Casimirs when

considering (2.6) and the chopping method.
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Chapter 3

The Banded Toda Flow

In this chapter, we turn our attention to the banded Toda flow. We will introduce
the main theorem of the paper with a proof based on the definition of Liouville integra-
bility. Before that, we will give the Konstant form of the banded Toda flow. It will also
be stated how the first integrals and Casimirs are found. We will provide the MAPLE

code used in this chapter in the appendix.

3.1 The Banded Toda flow

Recall from Chapter 2 the ordinary Toda lattice, which has the Konstant form

ap 1 0 0 0 0
b1 as 1 0 0 0

Also, recall the consideration [3] and [7] made for the full Toda flow, which has the

Konstant form
a;r 1 0 0 0 0

b1 a9 1 0 0 0
bQ as 1 0 0

z1r e bp—1 an

For the banded Toda flow, we want to consider the Konstant form of dimension
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n with & number of bands. We will denote this the (n,k) Toda flow. By way of
example, consider the Konstant form of the (5,2) banded Toda flow. Instead of using
@i, bi—1,¢i_2,--- for the change of variables, we will use x; ; where i represents the row
and j represents the column. Therefore, the (5,2) banded Toda flow would have the

form
1/‘171 1 0 0

To1 w22 1 0

o o O

x31 T332 w33 1

0 7492 w43 w44 1

0 0 @53 x54 @55

The work of Henon, Flaschka, and Manakov showed the the ordinary Toda lattice
is Liouville integrable. The work of [3] and [7] showed that the full Toda flow is Liouville
integrable. The goal is to do the same for the banded Toda flow. Unfortunately, this
has not been accomplished for an arbitrary dimension and band, but for this paper, we

will show that it is Liouville integrable for each case up to dimension 10.

3.2 The Main Theorem
To establish that the Banded Toda flow is Liouville integrable, the following theo-

rem will be proved.

Theorem 3.1. The banded Toda flow is Liouville integrable up to dimension n = 10,

forall2 <k <n-—2.

For this theorem, we do not consider the cases when n = 1,2 or 3. These cases are
examples of the ordinary Toda lattice, which has been already proven to be Liouville

integrable. To prove this theorem, we will rely on the following definition:

If there are d functionally independent smooth functions in involution on an

2d-dimensional symplectic manifold M, then the system is called completely integrable.

This definition provides the goal of the proof, to find n functionally independent
functions so that when we do the Lie-Poisson bracket among them, they are in involution.

More concretely, if F; and F} are two functionally independent functions, then

{Fi, F;}(X) = Tr(X.[grad x (F}), grad x (F})]) = 0 (3.4)



18
where X is the banded Toda flow in Konstant form.

Also, recall that the 2d-dimensional symplectic manifolds in the definition of com-
plete integrability are called symplectic leaves. They are cut out by the Casimir func-
tions. These Casimir functions will be checked by doing the same Lie-Poisson bracket,

if C' is the Casimir, and F' is any other function in the system, then

{C,F}(X) = Tr(X.[gradx (C), gradx (F)]) =0 (3.5)

To find the number of first integrals and Casimirs, recall that from Liouville inte-

grability,

Number of Casimirs + 2 x Number of First integrals = dim(L).

where L is the dimension of the Banded Toda flow in Konstant Form. The dimension

of the symplectic leaves (SL) is given by the equation

rank(SL) = rank(w™). (3.6)

As seen in Proposition 2.3, w¥ = {27, xk }, where 2% and x¥ are the coordinate functions.
Then, (3.6) becomes
rank(SL) = rank({z’, 27}) (3.7)

To find the dimension of L, we count the number of arbitrary functions in the
Konstant form, minus 0 and 1. For example, reconsidering the (5,2) Banded Toda flow
in (3.3), the dimension would be 5+ 4 + 3 = 12. To count the number of Casimirs, we
do

Number of Casimirs = dim(L) — dim(SL). (3.8)

The number of first integrals has the equation

1
Number of first integrals = 5 dim(SL) (3.9)

As an example of how to find the gradient of a function, consider the (5,2) banded

Toda flow in (3.3). It turns out that one such first integral of this system is
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T1,1%22+%112033+ 21,1044+ T1,1T55+ T22%3,3 + 222044+ T22T55+ T3 3044+ 23355+

T44%55 — T2,1 — 3,2 — T4,3 — T54-

In order to check this this function is actually a first integral, we need to check if
it is in involution with other first integrals found by the characteristic polynomial. To
do this, we need the gradient of the function which is represented through a matrix. To
accomplish this, we first differentiate the function with with respect to each variable in
the Konstant form of the matrix. Then, we put the derivative function in the transpose
position of the resulting gradient matrix. For example, differentiating the above function
with respect to x32 would result in just —1. Then, we would put the —1 in the 2nd row,
3rd column position, which is the transpose position of x32. Doing this with respect to

each variable in the (5,3) Banded Toda flow would result in the gradient matrix

i 22 +*33+ 244+ T55 -1 0 0 0
0 1,1 + 23,3 +244 +255 -1 0 0
0 0 1,1+ 222 +T44+ 255 -1 0
0 0 0 z1,1 +x22+®33+ 255 -1
L 0 0 0 0 z1,1 + 22,2 + 3,3+ 744 |

Knowing how to find the gradient matrix is important since it helps with the proof

of the following theorem:

Theorem 3.2. The function created by taking the trace of the Konstant form of the

Toda lattice is a Casimir.

Proof. The trace of the Konstant form of the Toda lattice is

F:=z1+wz2+ - +Ton (3.10)
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where n is the dimension of the matrix. Taking the derivative of this function with

respect to each function in the Konstant form results in the matrix

(3.11)

which of course is the n x n identity matrix. Therefore, the matrix representation of the
gradient for the trace of the Konstant form of the Toda lattice is the identity matrix.
Now, to verify that the trace is a Casimir, we need to check the Lie-Poisson bracket
with this function alongside any other function G. In the following equation, X is the

Konstant form of the Toda lattice. Therefore,

{F,G}(X) = Tr(X.[gradx (F'), grad x (G)]) (3.12)

Though, grad y (F') = I, therefore for the bracket we have

[1,gradx (G)] = I.gradx (G) — gradx (G).I = 0. (3.13)

Therefore,
{F,G}(X)=Tr(X.0)=0 (3.14)
which by definition means that the trace is a Casimir. O

3.3 Constructing First Integrals and Casimirs

As stated in Section 2.3.3, Deift, et. al. in [3] discovered that finding rational func-
tions using the chopping method is one method to find the first integrals and Casimirs
of the system. Recall in order to do this, they deleted the first £ rows and k columns
where k runs from 0 to [3n] and n is the dimension of the matrix. Then, they found
the polynomial expressions, which are of the form found in (2.21). Then, to form the

rational expressions, they took the leading coefficient and divided each of the following
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coefficients of the polynomial by it. The Casimirs of the system are then

Eiy/Eog (3.15)

and the rest are first integrals. For Deift, et. al., these formed enough first integrals so

that the definition of Liouville integrability was satisfied.

For this paper, we consider an equivalent form of chopping, which is also discussed
in [3]. For this construction, instead of deleting the first k& rows and first k& columns, we
introduce p; for 1 <i < L%n — 1] in the pivot spots along the secondary diagonal. As an
example, we will again view the (5,2) banded Toda flow. The chopping method results

in a matrix that looked like

-z 10070

,.732717 .3()272 —1—
31 T32 X33
0 T4,2 T43 T44 1

0 0 x53 754 55

The pivot spot refers to the point at which the two lines intersect each other. Using

the equivalent form to chopping, we obtain the matrix

11 1 0 0 141
x21 w22 1 p2 O
r31 x32 x33 1 0 (3.16)

0 w42 743 waa 1

0 0 x53 T54 T55

Then, to find the first integrals and Casimirs, we find the characteristic polynomial

of the matrix. In this example, the characteristic polynomial is:

—®1,1%2,203,3%4 425 51T%],1€2,223,3%5 411,122,224 3%5 511,123,224 425 512,123,304 4%5 5~ H122,1%4 2253 1123,124,2%5 41
Ho®1 1w3 275 3 + 12®3,104,305,5 — Ha®3,135,3 + AD — @1 1@ 2@5 3 — ®1,13,295,4 — ©1,194,2T5,5 — ¥2,193,3%5,4 — ¥2,1%4,35,5 —
*3,1%4,475,5 — (T4, 202 —T1,1T2 2 — 1 13,3 —®] 14 4 —T1,1T5,5 —©2,2T3,3 —T2,2T4 4 — T2 2T5 5~ T3,3T4,4 — *3,3T5 5 —T4,4%5,5+
2,1 + 23,2 + 4,3+ l'5,4)AS — (r123,1®5,3 — B2®1,174,2 + H2T3,2T4,3 — H2T3,3T4,2 — K2T4,2®5,5 + 1,122,233 + 1,122,274 .4 +

1,1%2,2%5,5 +©1,1%3,3%4,4 +®1,1¢3,3%5,5 +T1,1%4,4%5,5 + 2,223,304 4+ 22,203 3255 +2,2%4 45,5 +23,3T4,4%5 5 —1,123,2 —
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1,1%4,3 —T5,4%1,1 —©2,123,3 — 2,1%4,4 — T2 125 5 —L2,2T4,3 — L5 4822 — L3 2%4 4 —L3,2T5,5 — L5433~ 4 3255+ 23,1 +24 2+
w5,3)>\27(mzz,wg,zws,g+M1T/2,1w4,2$5,4*u1w2,zws,1w5,3+mw3,1$4,315,4*!blws,1w4,4$5,3*u2w1,113,2w4,3+u2w1,1$3,3m4,2+
H2T] 1T4 2%5 5 — 4223224, 3%5,5 + H2T3,3%4 2855 — £1,1%2,2%3,3%4,4 — £1,1%2,2%3,3%5,5 — £1,122,2%4 4%5,5 — £1,1£3,3%4,4%5,5 —
T2 273,374 405 5+H2®3 1®4,3+p223 225 3+®1 122 2®4 3+ 1%2 2®5 4+2] 123,274 4+%1,123,225 5+®1,123,3%5,4+1,174,3%5,5+
2,1°3,3%4,4+22,1%3,3%5,5 +22,1%4 425,522,223 3%5,4 12 224, 3%5,5+3,2T4,4T55—21,1T4,2—21,1%53~T2,1T4 3~ T2, 1T5,4—
T2 2%5,3—T3,1T4,4 —T3,1T5,5 —3,2T5,4 — 4,275 5)A— (5,5 +T4,4+=3,3+72 2 +z1,1>)\4+z2,115,3 +®3, 175 4+ H1H2T3 1T4 275 3+
H1T2 123,284 453 T H1%2 123,3%4 2854 T H1%2 223,1%4 3854 — H12,223,1%4 4253 — H22],1%3,204, 3255+ H22],1%3,384,2255 —

H1T2 1%3,2T4 3T5 4

As one can see, even in the 5 dimensional case, the characteristic polynomial can
be pretty horrendous. This turns out to not be too harmful since we have computer
code that can parse out the information we need quickly. The code itself can be seen in
the appendix, though we will now describe how the code works in order to find the first

integrals and Casimirs.

Taking the characteristic polynomial above, sort the polynomial with respect to ug
then e and in general with respect to pype . .. fhz]- When we find the first integrals
and Casimirs we do not need consider the factored form of the individual uo, ..., )z
In the example above, looking at just the terms with a pq in it, we have
—c1c30? — (—ageies — ageres + byibocs + bibaca + bybacy )\ — bycacs — bycico — bibabsby —

agaycics + agbsbacy + azbibaca + asbibacs

Then, we form the rational expressions by taking the leading coefficient and dividing

it by the remaining coeflicients. In the above example, the two polynomials would be

—agcacg — agzcicg + bibacg + bibzca + bzbacy

—c€ic3
—bicgeg — bgcycg — bybabgby — agagcicg + agbgbgcey + agbibgeg + agbyboeg (3 18)
—c1¢€3

In the end, only the rational expressions formed by taking the leading coefficient
and dividing the next coefficient by it is the only chance one has in order to find a
Casimir. The other rational expressions are first integrals. For the full Toda flow,
the Casimirs constructed in this manner were enough to determine that the system is
Liouville integrable. Though, in the banded Toda flow, this was not the case and will

be explained further in chapter 4.
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In the example being worked on, one can check that (3.17) is a Casimir and (3.18)
is a first integral. For notational purposes, we will denote the rational expressions as Fj,;
where k represents which py - - -y term we are considering, and j denotes the quotient

jth coefficient of A in descending order over the leading coefficient. In more details,

ak
F(\) = ——— det(Al, — L,), 3.19
k?( ) 8/.111 L aﬂ/k; =0 ( N) ( )
B ey % Fj\%—d (3.20)
leading coeff = & ’ ’

3.4 The Proof of Theorem 3.1
Now that we are able to construct the first integrals and Casimirs using the Kon-

stant form of the banded Toda flow, we are now able to prove Theorem 3.1.

For reviewing purposes, in order to prove the theorem, the goal is to give the first
integrals and Casimirs so that the system is Liouville integrable. This was guaranteed
to us through definition 2.7. Also again, recall that Liouville integrability required the

condition that

Number of Casimirs + 2 x Number of First integrals = dim(L).

Therefore, when going through the proof, we will give the Konstant form of the matrix,
the dimension of L, the number of Casimirs and first integrals, then explicitly state some
of the Casimirs and first integrals. We begin with the (4,2) case. The Konstant form of
the matrix is

x11 1 0 0

T21 w22 1 0

r31 w32 x33 1

0 42 43 T44 |

The dimension of this manifold is 9. There should be 1 Casimir and 4 first integrals.

The Casimir is the trace, x11 + 222 + 33 + T44. The first integrals are

1. 29911 + T33%1,1 + T44T1,1 + T33T22 + T4 422 + T44T33 — T21 — T32 — T4 3
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2. —T1,1722%33—%1,1022T44—T1,1T33T44—T22T3 304 4+T32T1,1+T43%1,1+T21033+

T21T44 + 4322 + T32T44 — 31 — T4,2

3. 11022733044~ T1,102224,3—T1,1T3,2044—T21T3 3044+ T1,1042+221043+T31T44

—X21T3,2%74,3 + X2,123,3T4,2 + T22%3,1T4,3 — T3,14,2
T2 1242 + 31743

This concludes the dimension 4 banded Toda flow, since the (4,1) and (4, 3) cases
have already been shown to be Liouville integrable. As a note, recall that all Toda flows
of the form (n,n — 1) and (n, 1) have been shown the be Liouville integrable, so we will

not mention those in the rest of the proof.

We move onto the dimension 5 case, beginning with the (5,2) banded Toda flow.

This matrix has a Konstant form of the form

21 T22 1 0 0
x31 32 w33 1 0

0 x42 x43 w44 1

0 0 @53 x54 T55

The dimension is 12. The (5,2) Banded Toda Flow has 5 first integrals and 2

Casimirs. The two Casimirs are

1. w11+ 222+ 233 +T44+ T55

—X21T3,2%T53 — T2,104,2T54 + T22%31L53 — T3,1T4,3T54 + £3,1T44T53
3,125,3

2.

The first integrals are

1. wo0x11 + 033711 + 44711 + T5501,1 + T3 3022 + T4aT22 + T55%22 + 44233 +

T55%33 + T55T44 — T2 1 — T32 — T43 — T54

2. —T1,1722%33 — T1,1722T44 — T1,1022T5 5 — L1,1033T44 — L1,1033T55— L1104 4T55—
T22%33%4,4 —222T33T55—L22T44%55 — L3 3T44T55+23221,1+T43%1,1 +T5421,1+
21233 T 21244 + 221255 + T43%22 + T54%22 + £32T44 + T32T55 + 5433 +

T4,3T55 — T31 — T4,2 — T53
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3. T1,1722733%T44+T1,172,2%3 305 5+T1 102204 475 5+T1,173,3T4,4T55+T2 273 304 405 5—
T1,172,274,3 — L1,1222T5,4 — L1,1X3,204,4 — L1,1L32L55 — L1,1L3,3T5,4 — L1,1L4,3L5,5 —
T2,1733%4,4 — 2,123 3%55 — £21T4,4T55 — L2223 3T54 — T2,2%43%55 — 32044255 +

T11042+21,1053+221043+T21%54+T22%53+T3 1044 +T31%55+L32054+L42%55

4. —T11T2 27330445 5+T1,1022T3 305 4+T1,1022T4,3%5 51,103,204 45,5+ T2 173,304 475 5—

T1,1722%5,3 — L1,1732%54 — £1,1T4,2T55 — £2,1X3,3T54 — 2,104,355 — T31T44%55 +

T21%53 + X31%54

5. C®2,173,274,3754 + T2,1%3,2%4,475,3 + ©2,1¥3,3T4,2T5,4 + 2, 2T3,14,3%5,4 — ©2,2T3,1T4,4T5,3 — ¥2,1T4,2T5,3 — T3,1%4,275,4

The (5,3) Banded Toda flow has the Konstant form

r11 1 0 0 0
21 T22 1 0 0
x31 32 x33 1 0

T4l Ta2 Ta3 Taa 1

0 w52 x53 Ts4 55

The dimension of the matrix is 14. There are 2 Casimirs and 6 First Integrals. The

two Casimirs are

1. w11+ 222+ 233 +T44+ T55

9 _ —X3,1%4,2%5,3+%3,104,3C5,2+23,204,1T5,3—T3,3T4,1T5,2
: T4,1T5,2 '

The first integrals are

1. xo9T11 + 33711 + T4aT1,1 + T55T1,1 + T3 3T22 + T44T22 + T55T22 + T44733 +

T55T33 + T55T44 — T21 — T32 — T43 — T54

2. w9211 + 33711 + T44T11 + T5571,1 + T3 3%2,2 + T44T2,2 + T55T22 + L4473 3 +

T55%33 + T55T44 — T21 — T32 — T43 — T54

3. 11,172,273 3%4,4+T1,102,203 305 5+FL1,102 204 475 511,173 3T4,4%5,5+ L2223 304,405 5—

T1,1722%4,3 — T1,172,2%54 — £1,1232T44 — £1,1T32T55 — £1,123,3T54 — 1,104,355 —
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2,103 3T4,4 — T21%33T55 — T21T44T55 — T22T33T54 — T22T43%55 — £32T44%55 +
T11T42 + 21,1053 + 221043 + 21T54 + X22T53 + X31T44 + X31T55 + £32T54 +

T42%55 — 4,1 — 5,2

4. —T11722%33T4,4%55+T1,102,2%3 385 4+T1,1022T4 375 5+T1,1T32T4,4%5 5+T2123 304 4T55—
T1,1022%53 — X1,1T32%54 — £1,1T4,2T55 — £2,1X3,3T54 — T2,1L4 355 — T3, 1L44%55 +

T11T52 + X21%53 + 31T54 + T4,1%55

1 _ _
5. _$2’1$5‘2_$3’1$573_30471:55’4( 21232253 + T2,1T33T52 — 2,142T54 + £21244%52 +
22731253 + 2224154 — T3124,3T54 + £3,104,4T53 + 33041054 — T31T52 —

L4,1753)

1
6. (—@2,123,204 305 4+T2 173 204 4T5 3+T2,123 384,285 4—T2,1L3 354 4T5 2+

—Z2,1%5,2—%3,125,3—%4,1T5,4

T22%3,1%43%54 — T22T31T44%53 — T22T33T41T54 — T2,1T42T53 + 22,1243T52 +

T22X41T53 — L3 1L4,25 4 + T3,124,4752 + L32X41T54 — 1‘4’11}5’2)

This concludes the dimension 5 Banded Toda Flow. Now, we move to the dimension 6

Banded Toda flow. Beginning with the (6,2) case, the Konstant form is

1,1 1 0 0 0 0

2,1 T22 1 0 0 0

x371 a;372 IL’373 1 0 0
0 w42 743 g4 1 0
0 0 1’573 5[3574 I575 1

0 0 0 a:674 1'6,5 x6,6 ]

The dimension is 15. There are 1 Casimir (that being the trace) and 7 first integrals.

The first integrals are

1. ©2,2¢1,1 +®3,321,1 + T4 .4%1,1 +T55%1,1 +26,6%1,1 + ©3,3¢2,2 + 4,422 2 + 55222 + 26,672,2 + ©4,423,3 + 5 523,3 +

©6,673,3 T ©5,574,4 + ©6,674,4 + ©6,675,5 — 2,1 — T3,2 — T4,3 ~ T5,4 — T6,5

2. —®1,1¥2,2®3,3 — 1,122,204 4 —T1 1T2,2T5,5 — T1,1¥2,2¥6,6 — ©1,1%3,3T4,4 — T1,1¥3,3T5,5 — T1,1%3,3¥6,6 — T1,174,4%5,5 —
T1,1%4,4T6,6 — 1,1%5,5T6,6 — £2,2T3,3%4,4 — ©2,2T3,3T5 5 — T2 2¥3,3T6,6 — T2,2T4,4T5,5 — ©2,2T4,4T6,6 — T2,2T5,5T6,6 —

3,3%4 4%5 5 ~ 3,304 ,4%6,6 ~ *3,3%5,5%6,6 ~ £4,4%5,5%6,6 T£3,221,1 T24,3%1,1 +%5,4%1,1 +%6,5%1,1+*2,123,3+22124 4+
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z2,125,5 + 2 1%6,6 + ©4,322,2 + @5 422 2 + ®6,522,2 + 3 274 4 + ®3 2®5,5 + £3,226,6 T ©5,4%3,3 + ©6,523,3 + ¥4 3755 +

4,376,6 T ©6,5%4,4 + T5,4T6,6 — 3,1 — T4,2 — 5,3 — T6,4

1,1T2,2%3,3T4 411,122,203 325, 5+21,1%2 2%3,376,61T%1,1T2,2%4,4%5 511, 1%2 2%4,4%6,6+%1,172,2%5,576,61T1,123,304,4%5,5+
*1,1%3,374,4%6,6TT1,1%3,3%5,56,6T%1,1%4,45,5%6,61TT2,203,3%4,4%5,5+%2,223,3T4,476,6122,273,3%5,5%6,61+72,274,475,576,6+
*3,3%4,4%5,5%6,6 ~T1,1¥2,2%4,3 —T1,1¥2,2%5,4 — <] 1¥2,2T6,5 —C1,1¥3,2T4,4 —C1,1¥3,2T5,5 —C1,1%3,2%6,6 ~*1,1%3,3T5,4 —
*1,123,3T6,5 — ©1,1%4,3%5,5 — £1,1¥4,3%6,6 — £1,1%4,4T6,5 — €1,1¥5,4%6,6 — ©2,1¢3,304,4 — ©2,1%3,3%5,5 — £2,1¥3,3%6,6 —
T2 1%4,4T5 5 — ©2,1T4,4%6,6 — £2,125,5%6,6 — £2,2%3,3%5,4 — £2,2T3,3T6,5 — £2,224,3%5 5 — £2,2%4,3%6,6 — £2,204,4T6,5 —
T2,2T5 46,6~ T3,2T4,4T5,5 ~T3,2T4,476,6 ~T3,2¢5,5%6,6 ~3,374,4T6,5 ~3,3%5,4%6,6 ~¥4,375,526,6 +T1,174,2+*1,125,3+
z1,1%6,4 + ©2,174,3 + x2,125,4 + 2 1265 + ®2 2253 + 22 226,4 + ®3,124,4 + 23,1255 + 3,1%6,6 + ©3,2%5,4 + 3 2%6,5 +

*3,376,4 + ¥4,2%5,5 + ©4,2%6,6 + ¥4,376,5 T ©5,376,6

—T1,1%2,223,3%4,4%5 5 — ©1,1%2,203,3T4,4%6,6 — £1,1%2,2%3,3%5,5%6,6 — £1,1£2,224,4%5,5%6,6 — £1,1%3,3T4,4%5,5%6,6 —
T2,2T3,3T4 475 576,6 + 1,172,273 ,3%5,4 + 1,172 2%3,3%6,5 + ©1,1%2,2%4,3%T5,5 + ©1,1T2,2T4,3T6,6 T T1,1T2,2T4,4%6,5 +
1,1%2,2%5 46,6 T%1,1%3,2%4,4%5,5T%1,1%3,2%4 46,6 T%1,1%3,2%5,5%6,6T21,1%3,3%4,426,5T%1,1%3,3%5,426,6T21,1%4,3%5,526,6T
*2,123,3T4,4%5,5+%2,103,3%4,426,6+%2,123,3%5,5%6,6T22,104,475,526,6T%2,223,3T4,476,5+22,223,3%5,4%6,6 172,274,325 576,6+
T3,2T4 475 56,6~ T1,1¥2,2T5,3 ~T1,1¥2,2T6,4 ~T1,1¥3,2T5,4 —T1,1¥3,2T6,5 ~T1,1¥3,3T6,4 —T1,1T4,2T5,5 ~T1,1T4,2T6,6 —
*1,124,3%6,5 — ©1,1%5,3%6,6 — ©2,1¢3,3%5,4 — ©2,1%3,3%T6,5 — €2,1%4,3%5,5 — £2,1¥4, 36,6 — £2,1%4,4T6,5 — 2,1¥5,4%6,6 —
*2,223,3T6,4 — ©2,274,3%6,5 — £2,25,3%6,6 — £3,1%4,4T5,5 — £3,1%4,4%6,6 — ©3,1¢5,5%6,6 — £3,2%4,4%6,5 — £3,205,476,6 —

T4,275 5T6,6 + 21753 + ©2,1%6,4 + ©3,1T5,4 + ©3,176,5 + ©3,2%6,4 + T4,2T6,5

T1,1T2,2T3 3%4,4T5,5T6,6 — ©1,1T2,2T3,3T4,4T6,5 — T1,1¥2,2¥3,3%5,4%6,6 — T1,1%2,2T4,3T5 56,6 ~ T1,1¥3,2T4,4T5,5T6,6 —
2,123,374 475 5%6,6 + 1,122,273 3%6,4 + 1,172,2%4,3%6,5 + ©1,1%2,2%5,3%6,6 T ©1,1%3,274,4%6,5 T 1,123,275 46,6 +
*1,1%4,2%5 56,6 T%2,1%3,3%4,4%6,5T22,123,3%5 4%6,6 12,174,325 5%6,61T%3,124,4%5,5%6,6%1,1%3,2%6,4 —%1,1%4,276,5

z2,1%3,3%6,4 — £2,1%4,3%6,5 — £2,1¥5,326,6 — £3,1%4,4%6,5 — £3,1%5,4%6,6 T £3,1%6,4

1 _ _ _
—m2,1$4,2w6,4—$3,1w4,3w6,4—w3,1w5,3z6,5( 2,1%3,274,376,4 ~ 2,173,2%5,3%6,5+T2,1%3,3%4,276,4~ 2,1%4,275,476,5+
2,174,275 576,412 273, 174,3%6,4+%2,2%3,1%5,3T6,5—*3,1%4,3%5,4%6,5 123,174,375 576,423,174 ,4T5,3%6,5—T3,1T4,276,4—

3,105 ,3%6,4)

1
—T2,1%4,2%6,4—%3,1%4,3T6,4—<3,175,376,5

(—w2, 123,224,375 4%6,5+2,123,274,3%5 506,4FT2,13,2T4,475,3T6,5TT2,123,374,205 46,5

T2 1%3,3%4 205 526,422, 283,104, 35,426,522 2%3,1%4,3%5,5T6,4 —2,223,1%4,4%5,3%6,5~C2,1£3,225,3%6,4—T2,1%4,2%5,3%6,5+

©2,2T3,1%5,36,4 — ©3,174,2%5,4T6,5 T £3,1T4,2T5,576,4)+
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The (6,3) banded Toda flow is next. The Konstant form of the matrix is

2. 10 0 0 0
To1 22 1 0 0 0
r31 *32 *33 1 0 0
T4l Ta2 T43 Taa 1 0

0 @52 253 @54 55 1

0 0 x63 Tea Tes Tee

The dimension is 18. There are 2 Casimirs, one being the trace. There are 8 first

integrals. The other Casimir is

7m3111512z6y317.17411w5y2m674 (—@3,1%4,2%5,306,4T23,1%4,205 46,31 %3,104,3%5,2%6,4~23,1%4,4%5,2%6,3 123,204,125 3%6,4—

1
T3,2T4,1T5,4%6,3 — 3,3T4,1%5,276,4 + 4,1%5,276,3) — W(*ILIIS,QIG,S. — ®2,1T4,2%6,4 — T6,5¢5,272,1 +
2 2%3,1%6,3 + £2,224,1%6,4 — £3,124,3%6,4 T £3,1%4,4%6,3 — ©3,1%5,3%6,5 T £3,15,526,3 T £3,3%4,1%6,4 — £4,1%5,4%6,5 +

T4 1%5,5T6,4 — T4,1%6,3)

The first integrals are

]-- zg,221,1 +*3 3%1,1 +24,4%1,1 + 55211 + ®6,6%1,1 + 23,3222 + ®44®2 2 + 255222 + ©6,672,2 + £4,423,3 + 55233 +

6,6¢3,3 + ©5,5%4,4 + 6,674,4 + ©6,6T5,5 — 2,1 — 3,2 — 4,3 — T54 — T6,5

2. —1,1%2,223,3 — 1,122,244 —*],1¥2,2T5,5 — 1,12, 2%6,6 — £1,1%3,3%4,4 —©1,1¥3,3C5,5 — £1,123,3%6,6 — £1,1%4,4%5,5 —
*1,1%4,46,6 — €1,1%5,5%6,6 — £2,2T3,3%4,4 — ©2,2®3,3T5,5 — £2,2%3,3T6,6 — ¥2,2T4,4T5,5 — £2,2T4,4T6,6 — £2,2T5,56,6
3,374,475 5 —*3,3T4,4%6,6 — ©3,3%5,5%6,6 — 4,4T5,5%6,6 T £3,221,1 +4,321,1 +25 41,1 +®6,5%1,1 +*2,123,3+22,174,4+

2,1¢5,5 + ©2,126,6 + ©4,3%2,2 + T5,4®2 2 + 6,572,2 + ©3,2%4,4 + 32255 + ©3,2%6,6 + £5,473,3 + ©6,5¢3,3 + ©4,3%5,5 +

T4,3T6,6 T T6,54,4 + ©5,476,6 — T3,1 — T4,2 — 5,3 — T6,4

*1,1%2,23,3%4,4+T1,102,2%3,325,5+%1,122,223,3%6,61T%1,172,274,4%5,5+%1,1%2,24,476,6121,172,2%5,5%6,6+%1,1%3,374,405,5+
T1,1%3,374,476,611,173,3%5,5%6,6T%1,1%4,4%5,5T6,61+22,273 374,475 5+T2 2%3 3%4,4%6,61+%2,273,375 576,612,274 ,4T5,5%6,6+
*3,3%4,4%5,5%6,6 ~<1,1¢2,2%4,3 —%]1,1¥2,2%5,4 — <1 1¥2,2%6,5 —C1,1%3,2%4,4 —1,1¥3,225,5 —C1,1%3,226,6 —*1,1%3,325,4 —
*1,123,3T6,5 — ©1,1%4,3%5,5 — £1,1¥4,3%6,6 — £1,1%4,4T6,5 — €1,1%5,4%6,6 — ©2,1¢3,3%4,4 — ©2,1%3,3%5,5 — £2,1¥3,3%6,6 —
T2,1T4,4T5,5 — ©2,1T4,4T6,6 — T2,1T5,5¥6,6 — ©2,2T3,3T5,4 — 2,2¥3,3T6,5 — T2,2T4 3T5,5 — ©2,2T4,3T6,6 — T2,204,4T6,5 —

2,205 4%6,6 ~23,204,4%5,5 ~L3,2%4 4%6,6 ~L3,2%5,576,6 ~*3,3%4,4%6,5 ~*3,3T5,4%6,6 ~*4,3%5,5%6,6 T*1,1T4,2+%1,1¢5 3+
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z1,1%6,4 + 2 174,3 + 22,1254 + 22 126,5 + ©2,2%5,3 + 2 276,4 + ©3,1®4,4 + 23,1255 + ©3,1%6,6 + £3,225,4 + ©3,2%6,5 +

*3,3T6,4 T ©4,2%5,5 + T4,2%6,6 + ©4,376,5 + 5,3%6,6 — T4,1 — T5,2 — 6,3

—®1,1¢2,2%3,3%4 4%5,5 — ©1,1¥2,2%3,324,4%6,6 — €1,1¥2,2%3,3%5,5%6,6 — €1,1%2,2%4,4%5,5%6,6 — €1,1%3,324,4%5,5%6,6 —
T2 2%3,3%4,45,5%26,6 + £1,1%2,2%3,3%5,4 + ©1,122,223,3%6,5 + ©1,1%2,2%4,325,5 + 1,122 2%4,3%6,6 + ©1,122,224,4%6,5 +
1,122,275 476,6+21,1%3,2%4,4®5,5+%1,123,2T4,4%6,61+21,123,225 5%6,6+%1,1%3,3%4,4%6,5+21,123,375,476,6+21,174,3%5,5%6,6+
2,123,374 405 5+T2 123 3%4 4%6,6+%2,1%3,3%5,5T6,6122,174,4%5 5%6,6+%2,2%3,3%4,4%6,5+22,223,375 476,612,274 ,3%5,5%6,6+
3,2%4,4%5 56,6 —%1,1%2,2T5,3 —T1,1%2,206,4 —%1,1%3,2%5,4 —T1,1%3,2%6,5 ~1,1%3,3%6,4 —£1,1%4,2%5,5 —%1,1%4,2%6,6 —
*1,124,3T6,5 — €1,1%5,3%6,6 — ©2,1¥3,3¥5,4 — ©2,1%3,3%T6,5 — €2,1¥4,3T5,5 — T2,1T4,376,6 — ¥2,1%4,4%6,5 — 2,1¥5,4%6,6 —
*2,223,3T6,4 — ©2,2%4,3%6,5 — £2,25,3%6,6 — £3,1%4,4T5,5 — €3,1%4,4%6,6 — ©3,1¢5,5¥6,6 — ©3,2%4,4%6,5 — £3,205,476,6 —
*4,205 56,6 T *1,1%5,2 +1,176,3 +22,1%5,3 +©2,176,4 +22,2%6,3 +©3,175,4 +23,1%6,5 + ©3,276,4 +24,1%5,5 + ©4,176,6 +

T4,276,5 + 5 276,6

T1,1%2,23,3%4,4T5,5T6,6 — T1,1%2,2T3,3T4,4T6,5 — £1,1¥2,2¥3,3%5,4%6,6 — €1,1%2,2T4,3T5 56,6 ~ £1,1¥3,2T4,4T5,5T6,6 —
2,1%3,3%4,4%5,5%6,6 T £1,1%2,2%3,3%6,4 T £1,122,224,3%6,5 + £1,1%2,2%5,3%6,6 T £1,1%3,2%4,4%6,5 T ©1,123,225,4%6,6 +
T1,1%4,2%5,5%6,6TC2,1%3,3%4,4%6,5+22,103,3%5,4%6,61+%2,124,3T5,5%6,6T3,1%4,4%5,5T6,6 ~C1,1%2,226,3 ~1,1¥3,276,4
1,124,265 — 1,1%5,2T6,6 — £2,1¥3,3T6,4 — T2,1T4,3T6,5 — ©2,1%5,3T6,6 — £3,174,4T6,5 — £3,1T5,476,6 — ¥4,1%5,5T6,6 +

z2,126,3 + ©3,1%6,4 + ©4,1%6,5

1

m(*12,113,2905,3*12,1m4,2z6,4*m2,1z5,226,5+w2,213,116,3+z2,2$4,1m5,4*$3,1m4,3m6,4+13,1w4,4z6,3*

*3,125,306,5 + ©3,125,576,3 + ©3,374,16,4 — T4,1%5,406,5 + ©4,1%5,5T6,4 — T4,176,3)

1
W(*mz,ws,zm,a%A + w2 123 274 4%6,3 — 2,103,225 ,3%6,5 + 2,123 ,2%5 57,3 + ©2,1%3,3T4 26,4 +
T2 1%3,3%5,226,5 ~2,124,2%5,4%6,5 122,124,225 5%6,4 122,124,425 2%6,5+22,223,1%4,3%6,4 —©2,273,1%4,4%6,3T22,223,125,326,5
*2,2%3,1%5,5%6,3 ~%2,2%3,3T4,176,4+T2,204,1%5,4%6,5 —T2,2T4,1T5,5%6,4 —T3,14,3T5,4%6,5T23,1%4,3%5,56,4+%3,124,45,3%6,5—

3,174,4%5 56,3 T £3,3T4,1%5,4%6,5 — £3,3T4,1%5,5%6,4 — ©2,1T4,2T6,3 — ©2,1%5,2T6,4 T 2,204 1%6,3 — ©3,1T4,2%6,4 —

T3,1%5,2T6,5 — ©3,15,306,4 T ©3,1T5,476,3 T ©3,2T4,1T6,4 — T4,1%5,3T6,5 T ©4,1%5,5%6,3)

1

—o3176.3-@4.176.4 ( U2:173,2%4,375,476,5+22,193,204,325,56,4F2,173,294,45,376,5 ~2,173,224,475,576,3F72,193,304,275,496,5

T2,1%3,3T4,2%5,5%6,4 —T2,1¥3,304,4T5,2T6,5+T2,2%3,1T4,375,4T6,5 ~T2,2T3,1T4,3T5,5T6,4 —T2,2T3,1%4,4T5,3%6,5+T2,223,174,4%5,5%6,3 —
2 2%3,3%4,1%5,46,5 T£2,223,3%4,1%5,5%6,4 —<2,1%3,2%5,3%6,4+%2,1%3,2%5,4%6,3 T2,1¢3,325,2%6,4 —£2,1¥4,2%5,3%6,5 1
T2,1%4,2%5,5%6,3TT2,174,3%5,226,5+%2,223,15,3%6,4~2,2%3,1%5,406,3122,204,1%5,3%6,5 ~%2,24,1T5,5%6,3 ~*3,124,2%5,4%6,5+

3,1T4,2T5 56,4 + 3,174 4T5,2T6,5 + ©3,2T4,1%5,4T6,5 — T3,2T4,1T5,5T6,4 — 2,1%5,2T6,3 — T3,1T5,2T6,4 — 4,1%5,276,5)
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The (6,4) Banded Toda flow has Konstant form

21, 10 0 0 0
T21 22 1 0 0 0
r31 T32 T33 1 0 0
T4l Ta2 T43 Tasa 1 0

T51 T2 T53 Tsa Tss 1

0 T62 T63 Tea Tes T66

The dimension is 20. There are 2 Casimirs, one being the trace and the other being

_ T®3,1%5,2%6,3+%3,1%5,376,2+%3,2%5,176,3°3,3%5,1%6,2%4,1%5,2%6,41%4,175,4%6,2F74,2%5,1%6,4%4,4%5,176,2
z5,1%6,2

The first integrals are

1. 1,1¢2,2 +®1,123,3 + 1,144 +21,1®55 +21,1%6,6 + ©2,2¢3,3 + ©2 224 4 + T2 2255 +22,2%6,6 + ©3,374,4 + ©3,325,5 +

3,376,6 * ©4,4%5,5 + T4,4%6,6 + ©5,576,6 — 2,1 — ©3,2 — T4,3 — T5 4 — T6,5

2. —1,122,223,3 —21,1%2,2%4,4 — *],1%2,2T5,5 —T1,122,226,6 — £1,1%3,3%4,4 — ©1,1¥3,3T5,5 — £1,123,3%6,6 — £1,1%4,4%5,5 —
T1,1%4,46,6 — 1,1%5,5T6,6 — £2,2€3,3%4,4 — ©2,2T3,3T5 5 — €2,2¥3,3%6,6 — £2,2T4,4T5,5 — ©2,2T4,4T6,6 — T2,2T5,5T6,6 —
3,3%4 4%5 5 — 3,304 4%6,6 — L3,3%5,5%6,6 ~£4,4%5,5%6,6 T1,123,2T21,124,3+21,1¢5,4+>1,1%6,5 22,1233 +22,124 4+
z2,125,5 + ©2,1%6,6 + ©2,274,3 + ®2,225 4 + ®2,2%6,5 + ©3,204,4 + 32255 + 3,276,6 + ©3,375,4 + #3,326,5 + ©4,375,5 +

T4,376,6 + 74,4765 + ©5,4T6,6 — T3,1 — T4,2 — 5,3 — T6,4

3- T1,172,273,374 4F®1 172 2%3 3%5 5+%1,12,23,3T6,6+71,172,274 475 5+%1,1%2,2%4,4%6,6+%1,172,275,576,6+T1,173,3%4,4%5,5+
1,1%3,3%4,4%6,6T%1,1%3,3%5,5%6,6T%1,1%4,4%5,5%6,6T%2,2%3,3%4,4%L5 522 283,304 4%6,6T%2,2%3,3%5,5%6,61T22,2%4,4%5,5%6,6T
T3,3%4,4%5 56,6 ~T1,1%2,2T4 3~ 1, 1%2 2854~ T],1%2,2%6,5 ~T1,1%3,2%4,4 — %1, ,1%3,2%5,5 —21,1%3,2%6,6 —£1,1%3,3%5,4 —
T1,1%3,3T6,5 — €1,1%4,3%5,5 — £1,1¥4,3%6,6 — ©1,1%4,4T6,5 — T1,1¥5,4%6,6 — £2,1¥3,3T4,4 — ©2,1T3,3T5 5 — T2,1¥3,3T6,6 —
T2,1%4,4T5,5 — ©2,1%4,4%6,6 — ©2,1¢5,5%6,6 — £2,2%3,3T5,4 — €2,2¥3,3%6,5 — £2,2T4 3T5,5 — ©2,2%4,3%6,6 — £2,204,476,5 —

2,225 46,6~ ©3,2T4,4T5,5 ~%3,204,4%6,6 ~<3,2C5,5%6,6 ~3,374,4%6,5 ~L3,3%5,4%6,6 ~¥4,375,526,6 +1,104,2+*1,125,3+
T1,1T6,4 + 2 174,3 + 2,154 + 2 176,5 + ©2,2%5,3 + 2, 276,4 + ©3,1%4,4 + 3,1T5,5 + ©3,1%6,6 + ©3,2T5,4 + ©3,2T6,5 +

z3,326,4 + 4 2755 + ©42%6,6 + ©4,3T6,5 + 5376,6 — 4,1 — ©5,2 — T6,3

4. —®1,1¥2,2%3,3%4 4%5,5 — ©1,1¥2,2%3,3%4,4%6,6 — €1,1¥2,2%3,3%5 56,6 — €1,1¥2,2%4,4%5 56,6 — €1,1%3,3%4,4%5,5%6,6 —

2,203,3%4,4%5 5%6,6 T ©1,122,2%3,3%5,4 + ©1,1¢2,2%3,3%6,5 + £1,1%2,2%4,3T5,5 + T1,1%2 2%4,3%6,6 T 1,122,274 4%6,5 +
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1,122,275 476,6+21,1%3,2%4,4®5,5+%1,123,224,4%6,61+21,123,225 5%6,6+%1,1%3,3%4,4%6,5+21,123,375,476,6+1,174,3%5,5%6,6+
*2,123,3T4,4%5,5+%2,103,3%4,426,6+%2,123,3%5,506,6T22,104,4%5,526,6+%2,223,3T4,476,5+22,223,3%5,426,6+2,274,325,576,6+
T3,2T4 475 56,6~ T1,1¥2,2T5,3 ~T1,1¥2,2T6,4 ~T1,1¥3,2T5,4 —T1,1¥3,2T6,5 ~T1,1¥3,36,4 ~T1,1T4,2T5,5 ~T1,1T4,2T6,6 ~
*1,124,3%T6,5 — €1,1%5,3%6,6 — ©2,1¢3,3%5,4 — ©2,1%3,3T6,5 — €2,1%4,3%5,5 — £2,1¥4,376,6 — ©2,1%4,4T6,5 — 2,1T5,4%6,6 —
*2,223,3T6,4 — ©2,2%4,3%6,5 — ©2,25,3%6,6 — £3,1%4,4T5,5 — €3,1%4,4%6,6 — ©3,1¢5,5¥6,6 — £3,2%4,4%6,5 — £3,205,476,6 —
4,25 5%6,6 T T1,1%5,2 +1,1%6,3 +*2,1¢5,3 +*2,176,4 +*2 27,3 +©3,1%5,4 +23,1%6,5 + ©3,276,4 + T4,175,5 + *4,176,6 +

T4,276,5 + 52766 — 5,1 — 6,2

—1,1%2,223,3%4,4%5,5 — £1,1%2,203,374,4%6,6 — £1,1%2,2%3,3%5,5%6,6 — £1,1£2,2%4,4%5,5%6,6 — *£1,1%3,3%4,4%5,5%6,6 —
T2 223 3T4 45 5T6,6 + 1,102,223, 3%5,4 + *1,122 2®3 3%6,5 + ©1,1%2,2%4,3%5,5 + ©1,1%2,2%4,3%6,6 T 1,122,274 4%6,5 +
*1,102,2T5 476,61 %1,1%3,274,4%5,51T%1,1%3,274,4T6,61TT1,1%3,2%5,576,6 T1,1%3,3%4,476,5T1,1¥3,3%5,4%6,6+71,174,3%5,576,6+
T2,1%3,3T4,4T5 5+®2 1¥3 3%4,4%6,6+%2,1%3,3%5,5T6,61+22,174,4%5 576,612,223, 3%4,4%6,5+%2,273,375 476,612,274 ,3%5,5%6,6+
3,2%4 4%5 56,6 ~L1,1%2,2%5,3 ~%1,1%2,2%6,4 —~%1,1%3,2%5,4 —%1,1%3,2%6,5 ~%1,1%3,3%6,4 —L1,1%4,2%5 5~ L1,1%4,2%6,6 —
*1,1%4,3T6,5 — ©1,1%5,3%6,6 — £2,1¢3,3%5,4 — ©2,1%3,3T6,5 — £2,1%4,3%5,5 — ¥2,1¥4,3%6,6 — ©2,1%4,46,5 — €2,1T5,476,6
T2 2%3,3%6,4 — ©2,2T4,3%6,5 — £2,2%5,3%6,6 — £3,1%4,4%5,5 — £3,1%4,4%6,6 — £3,1%5,5%6,6 — £3,2%4,4%6,5 — £3,2%5,4%6,6 —
T4,2%5 56,6 T 21,1%5,2 +21,126,3 +22,125,3 +22,1%6,4 +22,2%6,3 +23,1¢5,4 +*3,1%6,5 T ©3,2%6,4 T 24,1%5,5 +24,126,6 +

z4,2%6,5 + ©52%6,6 — 5,1 — 6,2

1
T’6,212,1+9”3,1T’6,3+$4,1m6,4+16,5“‘5,1( 3,226,3%2,1122,123,3%6,274,2%6,4%2,1 122,174 4%6,2~5,226,522,1 +%2,1%5,576,2+
T2,273,176,3 + 2,274,176,4 + 2,275 ,1T6,5 — ©3,1%4,3%T6,4 + ©3,1T4,4T6,3 — ©3,175,3T6,5 + ©3,1T5,5T6,3 + £3,3%4,1%6,4 +

©3,3T5,1T6,5 — T4,175,476,5 + T4,175,5T6,4 T T6,5T5,1T4,4 — T3,1T6,2 — ¥4,176,3 — T5,176,4)

712,11612713,116131714,11614715,11615 (—22,173,274,3%6,4 + ©2,1®3,2%4,4T6,3 — ©2,1¥3,2T5,3%6,5 + ©2,173,2%5,576,3 +
*2,123,374,2%6,4—2,1%3,3%4,406,2+22,1¢3,3%5,2%6,5 ~%2,1¢3,305,5%6,2 ~%2,124,2C5,4%6,5T%2,1%4,2%5,526,4+%2,124,4%5,2%6,5—
T2,1%4,4%5 56,222 2%3,1%4,376,4—22,223,1%4,4%6,3+22,223,1%5,3%6,5 ~%2,223,1%5,526,3 ~%2,2%3,3%4,1%6,4 —2,223,325,1%6,5+
T2,2T4 1T5,4%6,5C2,2%4,1%5,5¥6,4 ~T2,2T4,4T5 16,5 3,174,325 476,5+23,1T4,3%5,5%6,4F3,1%4,4T5 36,5 3,174,425 56,3+
T3,3T4,105,4T6,5 — ©3,3%T4,1%5,5T6,4 — ©3,3T4 4T5 106,5 — ©2,1T4,2%6,3 + T2,14,306,2 — T2,1%5,226,4 + ©2,125,4%6,2 +
©2,224,1%6,3 + T2,2%5,1%6,4 — T3,174,2%6,4 + ©3,1%4,4T6,2 — ©3,1%5,2T6,5 — ©3,1%5,3%6,4 + ©3,1¢5,4%6,3 + ©3,1%5,526,2 +

3,2T4,1%6,4 + T3 2T5,1T6,5 + T3 3T5,1T6,4 — ©4,1T5,3T6,5 + T4 1T5,5T6,3 + T4 3T5,1T6,5 — T4,1T6,2 — T5,1T6,3)

1 _ —
712’116’2—13,1336’3—14’116,4—15’116,5( T2,1%3,204,3%5,4T6,5TT2,1¥3,274,3%5,56,4T22,103,2%4,4T5,36,5 ~*2,1%3,204,475,5%6,3 1

2,103,3%4,25,4%6,5~2,1%3,3%4,2%5 56,4~ %2,1¥3,3%4,4%5,2%6,5T22,173,3%4,4T5 5%6,2+22,2%3,1%4,3%5,4%6,5 ~L2,223,1%4,3%5,576,4

T2 2®31%4 4T5 36,5 %2,203,1T4,4T5,526,3 " 22,2%3,3%4,175,4T6,5+%2,283,3%4,1T5,526,4F%2,203,3T4,4%5,1%6,5—%2,1%3,2%5,376,41

T2,123,25,4%6,3 T2 1¥3,3%5,226,4 —T2,1¥3,3%5,4%6,2 ~T2,1T4,2T5,3T6,5T2,1%4,2%5 506,312,174, 3T5,2%6,572,124,3C5,5%6,2+

2,203,1%5,376,4—%2,2¢3,1%5,4%6,3 ~22,273,3%5,1¥6,4 T2 2%4,1%5,3%6,5 ~*2,2T4,1%5,526,3 ~%2,2%4,3%5,1%6,5 *3,1T4,2%5,4%6,5+

T3,1%4,2%5 506,4F%3,1%4,4%5,206,5 ~3,124,4%5,5%6,2+23,224,1%5,4%6,5 —*3,204,175,5T6,4 —23,2%4,4%5,1%6,5 —£2,15,226,3+
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z2,125,326,2 + £2,225,126,3 — ©3,1%5,2%6,4 T ©3,1%5,4%6,2 + ©3,2%5,1%6,4 — £4,125,276,5 + 4,125 5T6,2 + 4,275 176,5 —

*5,176,2)

1
W(*£3,1l4‘215,316,4+13,1T4,2£5,4m6‘3+w3,1m4,315,29”6,4*13,19”4,35”5,4-”56,2*593,19”4‘415,2T6,3+13,1T4,4w5,3-”56,2+

©3,274,1%5,376,4—73,274,15,476,3~73,24,375,176,4 73,274 4T5,176,373,374,175,276,4773,3%4,175,476,2+73,374,2%5,176,4—

3,374 4T5,1%6,2 + T4,1%5,2T6,3 — ©4,1T5,3T6,2 — T4,2T5,176,3 T T4,375,176,2)

We now move onto the 7 dimensional case. At this point in the proof, some of the
first integrals are becoming quite large. Previously, it was stated that some of the first
integrals come from the coefficients of the characteristic polynomial of the Konstant form
of the Banded Toda flow. The first integrals will come from all the coefficients except
the n and n — 1 degree coefficient. Therefore, if one wishes to see the first integrals for
the system, typing the matrix into MAPLE then taking the characteristic polynomial
would be sufficient. Instead of explicitly showing these first integrals, we will give the
number of first integrals the characteristic polynomial will give. Beginning with the

(7,2), we have the Konstant form

z1; 1 0 0 0 0 0

To1 T22 1 0 0 0 0

r31 I32 I33 1 0 0 0
0 Ta2 T4,3 1‘474 1 0 0
0 0 r53 I54 I55 1 0

0 0 0 w64 w65 w66 1

0 0 0 0 75 I7,6 $7,7_

The dimension is 18. There are 2 Casimirs and 8 first integrals. The Casimir, beside

the trace, is

1

T3.1%5.3%7.5 (22,123 225,307 5+22,1%4,205,427 522,104 226,427,6 ~22,2%3,125,327 523,104 325 427 513,124 3%6,4%7,6~

*3,104,4T5,3%7,5 + ©3,1%5,3%6,5%7,6 — €3,15,3%6,6%7,5)+

Six of the first integrals will come from the characteristic polynomial. The other two

are
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1. (—®2,123,225,3%7,5 — ©2,14,2T5 4%7,5 — T2,1T4,2%6,4T7,6 T ©2,2T3,1%5,3%7 5 — ©3,1T4,3%5 4T7,5 — T3,1%4,3T6,4%7,6 +
©3,104,475,377,5—T3,195,36,507,6173,175,376,677,5) L (—¥2,173 274,375 477,5—72,173,274,376,477,6+T2,193,24 45 3T7,5—
2,173,275 3T6,507,61T2,1%3,2%5,3%6,6T7,51TT2,1T3,3T4,275,4T7 5+T2 13, 3%4,2T6,4T7,6—T2,1T4,2%5,4T6,5T7,61TT2,1T4,2T5,476,6%7,5+
2,124 ,2%5,5%6,4T7,6T%2,273,124,305,4%7,5+T2,2¥3,1%4,3%T6,407,6—C2,2%3,1%4,4C5,327,5+T2 2¥3,1%5,3%6,5C7,62,2%3,125,376,677,5—
*3,124,3%5,4%6,5%7,6T3,1%4,325,476,6%7,5T%3,1%4,3%5,526,407,6123,174,4%5,3%6,527,6 ~<3,104,4%5,3%6,6C7,5 ~C2,1%4,2%5,3%7,5—

T2, 1T4,2T6,4T7,5 — T3, 1T4,2T5,4T7 5 — T3,1T4,2T6,4T7,6 — ©3,1T4,3%6,4T7,5 — T3,1¥5,376,4%7,6)

2. (—@2, 123 224 375 4%6,507,6T22,1%3,274,305,4%6,677,5+72,1%3,274 3%5,5%6,477,6+72,1T3,2T4,4T5,3%6,5T7,6 ~02,173,2T4,4T5,3%6,6T7,5F
*2,123,3T4,2%5,4%6,5T7,6 ~2,103,3%4,2%5,4T6,6%7,5C2,1%3,3T4,205,5%6,427,6T22,223,1¥4,375,4%6,527,6 ~2,2T3,1%4,3%5,4T6,6%7,5~
T2,2%3,1T4,3%5,5%6,4T7,6 " T2,203,1T4,4T5,3T6,507,6TT2,273,1%4,4T5,3T6,677,5T2,1%3,2T4,3%6,4T7,5T2,1T3,2T5 376,427,671
©2,123,374,2%6,4%7,5 —%2,1T4,2¥5,3%6,527,6+%2,1%4,2%5,376,6%7,51T2,2%3,124,3C6,477,5+C2 2¥3,1%5,3%6,4C7,63,1%4,225,46,527,6+F
T3,1T4,2T5,4%6,6%7,5T03,1T4,2T5 5T6,4T7,6~T3,1%4,206,407,5)(—T2 1®3,2T4,3T5 407 5—T2 1T3,2T4 306,407, 62,103,274 4T5 3T7 5~
2,173,275 376 ,507,61T2,1%3,2%5,3%6,6T7,51+T2,1T3,3T4,275,4T7 5+T2 13, 3%4,2T6,4T7,6T2,1T4,2T5,4T6,5T7,61T22,1T4,275,476,6T7,5+
T2,124,2%5,5%6,4T7,6T02,273,124,305,4%7,5+T2,2%3,1%4,3%T6,407,6—C2,2%3,1%4,4C5,327,5+T2 2¥3,1%5,3%6,5C7,62,2%3,125,376,677,5—
*3,124,3%5,4%6,5%7,6T3,1%4,3%5,476,6%7,5T%3,1%4,3%5,526,407,6123,174,4%5,3%6,527,6 ~<3,104,475,3%6,6C7,5 ~2,1%4,2%5,3%7,5—

-1
T2,1T4,2T6,4T7,5 — T3, 1T4,2T5,4T7 5 — T3,1T4,2T6,4T7,6 — ©3,1T4,3%T6,4T7,5 — T3,15,376,4%7,6)

The (7,3) Banded Toda flow has Konstant form

(20, 1 0 0 0 0 0 |
To1 x22 1 0 0 0 0
r31 I32 I33 1 0 0 0
T4l Ta2 T43 Tasa 1 0 0
0 w52 253 w54 X55 1 0
0 0 x63 T64 T6s Tee 1

| 0 0 0 ®ra x75 w76 X77

The dimension is 22. There are 2 Casimirs, one being the trace, and 10 first

integrals, 6 of which come from the characteristic polynomial. The other Casimir is

s (—wa1w 097,4 — @7 535,282,1 + ©2,2T4127,4 — ©3,194,3%7,4 — ©3,1%5,3T7,5 — ©3,1%6,3T7,6 + ©3,34,127,4 —
T4,1707,4

T4 175,407 5 + T4 125 5T7 4 — T4, 126,4%7,6 T £4,1%6,6%7,4)

The other 4 first integrals are
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W(*wzmw3,224,317,4*22,123,2905,3:67,5*w2,1w3,2m6,3w7,6+22,123,3w4,2w7,4+W2,1w3,325,217,5*22,124,2w5,4w7,5+

T2,1T4,2T5 5T7 422 1%4,2%6,4T7,6+22,174,276,677,4+%2,1%4,4%5 227 52 1T5 2%6,5%7,61T%2,1%5,2%6,627,51+72 273,174 327 4+
T2,2%3,1T5 3%7,5+T2 203 1%6,3T7,6 ~T2,2T3,3%4,1%7,4FT2,2T4,1T5,4T7 5 -T2 2T4, 125 5T7 4+T2,2T4 1T6,4T7,6—T2,2T4,1T6,6%7,4—
3,1%4,3T5 407 5+23 1%4 3T5 57,4 —T3,174, 306,407, 6+%3,1%4,3%6,6%7,41T%3,174,4%5 327 5+T3 104 4%6,3%7,63,125,3%6,57,6+
*3,1%5,3%6,6%7,5T%3,1%5,5%6,3L7,6T%3,3%4,1%5,4L7, 53,324,125 527,423,324 1%6,4%7,63,3%4,176,6%7,4—%4,1%5,4%6,527,6+

T4,1%5,4%6,6T7,5 + £4,1%5,5%6,4T7,6 — T4,125,5%6,6%7,4 — ©2,1%5,287,4 — ©3,1T4,2T7 4 — T3 1%5,2%7,5 — ©3,1%5,3L7 4 —

®3,106,3T7,5 + 3,204 17,4 — T4,1T5,3T7,5 — T4,1%6,3T7,6 — T4,1T6,47,5 T 4,1%6,5%7,4)

W(*12,113,214,315,417,5+12,113,214,315,517,4*17,612,113,214,316,4+I2,113,214,315,617,4+12,1I3,2w4,4$5,317,5+
2,173,2%4,4%6,3%7,6L7,6%2,1¢3,2%5,3¥6,5T2,1%3,2¢5,3%6,6L7,5T2,123,2%5,5%6,307,6 172,123,304 2%5,4%7 5—22,1%3,3T4,2%5 527 4+
T2,123,374,2%6,4%7,6 ~%2,1¥3,304,276,6%7,4T2,1¥3,3%4,4%5,2¢7,5+%2,1T3,3C5,2%6,527,6 ~22,1¥3,3%5,2%6,67,5L7,602,1%4,2%5,46,5+
2,124 2T5,4%6,6%7,5T%2,1%4,2%5 576,4T7,6 ~T2,1%4,2T5 5¥6,6%7,4TT2,1%4,4T5,2T6,5T7,6%2,1%4,4T5 276,677,512 273,124, 3T5,4%7 5=
*2,223,14,3%5,527,4F2,2%3,124,376,4%7,672,223,174,376,6%7,4 ~©2,2%3,174,4%5,327 522,23 1%4,4%6,327,6+%2,223,1¢5,3%6,527,6
*2,223,15,3%6,6%7,5 ~%2,23,105,5%6,3%7,6 ~T2,203,3%4,1%5,4C7,5+%2,23 304,1%5,527,4—22,2T3,3%4,1%6,427,6+%2,223,374,176,6%7,4F
T2,2T4 1T5,4%6,5%7,6 ~T2,2T4,1¥5,4T6,6T7,5 " T2,2T4,1%5,5%6,4C7,6+T2,2T4,1T5,5%6,6%7,4 —T7,6T3,1%4,3%5,476,5+T3,1T4,375,476,6%7,5+
*3,124,3%5,5%6,47,6 —%3,1¥4,305,5%6,6%7,41%3,14,45,3%6,57,6 ~*3,124,4¥5,3%6,627,5 ~23,174,4%5,5%6,3C7,6+%3,304,175,4%6,527,6 —
*3,3%4,1%5,4%6,6%7,5%3,3T4,1%5,5%6,427,6173,3%4,15,5%6,677,4 —©2,1T3,2C5,3%7,4—%2,123,2%6,307,5+T2,103,3%5,227,4—

T2,1T4,2T5 3T7,5-T7 6T2,1T4,206,3 " C2,1T4,2T6,4T7,5+T2,1T4,2T6,5T7,4FT2,1%4,3%5 227 57, 6¥2,175,2%6,4+T2,125,276,6%7,4+

2 2%3,1%5 387 422 223,126,327 522 2%4,1%5 327, 522 204 1%6,3L7,6T22,2%4,1%6,4L7,5 2,224 1%6,5%7,4—%3,1%4,2C5,427 5+
*3,124,2%5,5%7,4—T7,6%3,124,206,4+23,104,276,6%7,4 —%3,1¥4,376,4%7,5+3,1%4,326,5¢7,4+%3,124,405,2%7,5+23,174,4%6,327,5—
T7,6T3,175,276,51T3,1T5 2T6,6T7,5T7,6T3,175,376,4+%3,1%5,3%6,6%7,41T%3,1T5,476,377,6+T3,2T4,1T5,4T7, 53,274,175 5%7 4+
*3,2%4,16,4%7,6 "%3,2%4,1%6,607,4+23,304,1%6,4%7,5-23,3¥4,1¥6,57,4—T7,6%4,1¢5,3%6,5+%4,1%5,3%6,627,5+%4,125,5¢6,3%7,6—

T3,1T5,207 4 — T3, 106,3T7,4 — T4, 1T5,2T7,5 — ©4,1%6,3T7,5)

W(*w7,6w2,1$3,2£4,3w5,4z6,5 +®2,1%3,224,3%5,4%6,627,5 +22,103,274,325,576,4%7,6 — £2,1¥3,2%4,325,5C6,6%7,4 +
T2,1%3,2T4,4%5,3%6,5T7,6 " T2,103,2T4,4%5,3T6,677,5C2,1%3,2T4,4T5,5%6,327,6T*2,1%3,3T4,275,4%6,5T7,6 ~2,1T3,3%4,2%5,4T6,6%7,5~
*2,123,3T4,2%5,5%6,4T7,61%2,123,374,2%5,5%6,6T7,4 —T2,1¥3,3T4,4T5 206,527,6TT2,1¥3,3%4,4T5,276,677,5TC2,2¥3,1%4,3T5,476,5%7,6—
*2,223,14,3%5,4%6,67,5~2,203,1%4,3%5,506,427,6+F2,203,1%4,3%5,506,677,4—22,223,1¢4,4%5,3%6,527,6+%2,223,1¢4,475,3%6,627,5+
T2,2%3,1T4,4%5,5%6,3T7,6~2,203,3%4,1%5,46,5%7,61T2,203,3%4,1%5,406,677,51T2,203,3%4,1%5,506,477,6*2,2%3,3T4,1%5,5%6,6T7,4
T7 5T2,1T3,274 376,4FT2 1%3,2%4,3%6,5T7,4+T2,1T3,2T4 476,307,527,6T2,1T3,275,376,4+T2 13,225, 3%6,6%7,41T22,173,275,476,377,6+
*2,123,374,2%6,4%7,5 —%2,13,304,2%6,527,4+%2,123,3%5,2%6,4%7,6 ~©2,123,375,2%6,627,4 —27,6¥2,1%4,2%5,3%6,5+%2,124,25,3%6,627,5+
T2,1%4,2%5,5%6,3%7,61T2,1%4,3%5,2T6,5%7,6 ~72,1%4,3%5,276,6%7,5T02,223,1%4,376,4T7,5%2,2%3,1T4,376,5%7,4—T2,223,174,4%6,3%7,5+
T2, 2%3,1T5,3%6,4%7,6 ~T2,23,1¥5,3%6,6%7,4 ~T2,2T3,1T5,4%6,3T7,6 ~T2,2¥3,3%4,1%6,407,5+22 203 3%4,1%6,5T7,4+T2,224,175,3%6,57,6
*2,224,1%5,3%6,6%7,5 ~%2,2T4,1¥5,5%6,327,6 —27,6€3,174,225,4C6,5+%3,124,205,4%6,627,5T 3,124,225 ,5%6,4%7,6 ~*3,124,205,5%6,627,41

T3,1%4,4%5 2T6,5T7,6 ~23,1%4,4%5,2%6,6%7,5T%3,2%4,1%5,476,5T7,6 ~3,2%4,1%5,4%6,6%7,5 3,274,125 ,5%6,4%7,6 +23,224,1%5,5%6,6%7,4 —
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T7,4T213,2%6,3F7,5%2,1T4,206,3-C7,672,125,2¢6,3+22,223,176,3%7,4F2,2%4,1%6,3C7,5 -7 ,523,1%4,226,4+T3,124,2T6,507,4—

T7 6T3,175,2%6,4 T ©3,15,206,677,4 + ©3,204,1%6,47,5 — ©3,2T4,1T6,5T7,4 — T7,6T4,1%5,226,5 + 4,105,2%6,677,5)

4 1
. €T g x x g xT - xT x x 3T _
~E3,194,2%6,357,4¥3,195,276,357,5 T¥3,2%4,176,357,4 ~¥4,1%5,256,497,5 T#2,1%5,256,507,4 \"3,174,275,376,477,5 = 27,473,124,275,376,5
T7 53,104,275 4T6,3+T3,1T4,2T5,5T6,377,4—T7,5T3,1T4 3T5,276,4TT3,1%4,3T5,2%6,5T7,4+T3,174,4T5,2T6,3%7,5—T7,5T3,2%4,1T5,3%6,4+

*3,224,1%5,3%6,5%7,4F3,274,1%5,476,3%7,5—C3,2%4,1%T5,5¥6,3%7,4T3,3%4,1%5,2T6,407,5—C3,3%4,1%5,2T6,5%7,4—T7,423,1T5,2%6,3—

T7 5T4,105,276,3)

Some of the other rational expressions for the first integrals are getting quite large as
well. There is a pattern for a few of them here as well. Using the chopping method
as described in section 3.3 and sorting the characteristic polynomial with respect to
11, the rational expressions formed will always be first integrals (sometimes Casimirs).
Therefore, one can check whether these rational expressions using only the p; term are
first integrals. For the remainder of the proof, we will not explicitly show these first

integrals.

The (7,4) Banded Toda Flow has Konstant form

1‘171 1 0 0 0 0 0

To1 x22 1 0 0 0 0

1'371 1‘372 {L‘373 1 0 0 0
T41 T4 T3 Taa 1 0 0
T51 Ts2 T53 Ts54 Tss 1 0

0 w62 763 Te4 Tes Tee 1

0 0 ®73 74 w75 T76 T77 |

The dimension of is 25. There are 3 Casimirs, one being the trace, and 11 first integrals,
again 6 coming from the characteristic polynomial. The other two Casimirs are

1
1. T5 176 277 3\ %4,1%5,276,377,4F74,175,206,4¥7,3F74,175,3¥6,2¥7,424,1%5,476,277,3124,275,176,377,4~%4,2%5,1%6,477,3

T4,3T5,106,207,4 + T4,4%5,106,277,3)

1
2- — I3 x rg. 3T €T q x g x 3 €T3 x 3Tg x — 3 x g x 3—
T3.176.297 374,176,377 .4 1,5’1%‘2,”15( 3,1€4,2%6,3%7,4T%3,1%4,2%6,407,3 +03,104,3%6,2%7,4 ~<3,14,4%6,2%7,3

©3,175,276,307,5+T3,175,276,507,3+T3,1T5,376,2T7,5~3,175,5T6,207,3+T3,274,176,3T7,4—T3,274,176,4T7,3+T3,275,176,3%7,5—
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*3,225,16,5%7,3 ~%3,3%4,1%6,207,4—3,3%5,1T6,2T7,5-C4,1%5,226,4C7,5+24,1T5,2%6,57,4F04,1%5,426,207,5—C4,1%5,526,2¢7,4+

1
¥4,275,106,477,5%4,2%5,176,5T7,4 ¥4,475,1%6,277,5104,126,297,3+25,106,277,4) " 53 a7 sTas 107 aTeg 1or 5\ ©2,1%3,297,3~
TQ,1T4,2T7 4 — T2 1T52T7. 5 — T7 6T6,27T2,1 + ©2,2%3,1T7,3 + T2,2T4,1T7 4 + T2 2T5,1T7 5 — 3,174 3T7.4 T T3,174,477,3 —

z3,1%5,3%7,5 + £3,1¢5,527,3 — £3,126,3%7,6 T £3,1%6,6%7,3 T £3,3C4,127,4 + £3,3%5,127,5 — £4,1%54%7,5 + £4,1L5 527 4 —

T4,126,477,6 + ©4,1%6,677,4 + ©4,475127,5 — ¥5,126,527,6 + ©5,1%6,6T7,5 — T4,1T7,3 — T5,127,4)

There will be 4 first integrals coming from the rational expressions made by coef-

ficients from p1. The other first integral is

1
(r3,176,227,3+%4,126,227 425,126,227 ,5)

5 (—3,174,276,3C7, 4+03,174,276,4T7 3+03,174,376,2T7,4—23,174,4%6,207 3 —
*3,125,26,3%7,5+T3,1¢5,2%6,527,3+%3,125,3T6,207,5-3,1%5,56,207,3123,204,176,3%7,4—®3,2T4,176,4%7,31+23,2%5,1%6,37,5—
3,2%5,1%6,5%7,3 ~£3,324,1%6,2%7,4—*3,3%5,1£6,227,5~%4,1%5,2%6,4%7,5F24,1%5,2%6,527,4F%4,1254%6,2%7,5L4,125,5%6,2%7,4+

T4 2T5,1T6,4T7,5 — T4, 205, 1T6,5T7,4 — T4, 4T5,106,207,5 + T4,1%6,207,3 + 5,126,207,4)

For the (7,5) case, the Konstant form is

zi; 10 0 0 0 0

T21 x22 1 0 0 0 0

.%3,1 333’2 .%'3,3 1 0 0 0
T4l Ta2 T43 Tasa 1 0 0o |-
T51 52 T53 Ts54 Tss 1 0

Te1 Te2 T63 Ted Tes Tee L

0 @72 x73 T74 T7s Tre Trg

The dimension is 27. The number of Casimirs is 3, and the number of first integrals is

12. The two other Casimirs are

1
T6 1772 (—z3 126,227 3 + ©3,176,327,2 + ©3,2%6,127,3 — £3,3T6,127,2 — ©4,1%6,2T7,4 + T4,1%6,4%7,2 + T4 2%6,1%7,4 —

T4,4T6,107,2 — T5,106,2T7,5 T T5,106,5T7,2 T ©5,2%6,1T7,5 — T5,5T6,177,2)

2 1 - + + - -
1,5,11572”,37157116,3,:7’2,%,2%111,7734&.5’31,5,11772( 4,1%5,2%6,3¢7,4+%4,125,206,407,3+24,1%5,3%6,2T7,4—T4,1¥5,3%6,427,2

T4,1%5,4%6,207,3+FT4 105 4%6,307,2+T4 2%5,106,307,4 4,225, 1%6,4%7,3~T4,205 326,127,404 205 4%6,127,324,3%5,1%6,227,4+

T4,3T5,1T6,4%7,2FT4 3%5,2T6,1T7,4 T4 3T5,4T6,1T7,2FT4,4T5,1T6,2T7,3T4,4T5,1T6,3T7,2~C4,4T5,226,177,3+%4,475,376,177,2)+
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In this case, 6 first integrals come from the characteristic polynomial and 4 come from

the uy coefficients, therefore the other 2 are

T7 o0 (U3,176,2T7,37¥3,176,3%7,27¥3,296,1%7,3123,36,177,2F4,176,257,4 7 ¥4,176,47,2 7 ¥4,276,147,4FT4,476,127,2F

T5,1%6,2T7,5 — T5,1T6,5%7,2 — T5,2%6,1%7,5 + T5 5T6,177,2)

m7,21m67,1 (—®3,1w4 226 3207,4+T3,1%4 206,4T7,3+T3,1T4, 306, 2T7,4—T3,1T4 3T6,4T7,2—T3,1T4 476,207 31T3,1T4 476,307 2—
®3,1®5,226,3T7,5+¥3,175,226,5T7,3+3,1%5,3T6,2T7,5—T3,1T5,3T6,507,2—T3,1T5,506,227,3+T3 125, 506,377,2+T3 224, 176,307, 4—
3,204,1%6,4T7,3 23,204 3%6,1T7,4TT3,224,4T6,1%7,3+23,2%5,1%6,307,5—23,2%5,1%6,5C7,3~23,2%5,3%6,127,51+%3,225,5%6,127,3—
3,3T4,1%6,2T7,41T03,3%4,176,4%7,2+23,304,2%6,1T7,4—23,3%4,4%6,107,2—23,305,1%6,207,5+23,3%5,1%6,527,21T3,3%5,2%6,1%7,5—
*3,3T5,5T6,1T7,2—T4,1T5,206,4%7,5+T4,125,2T6,587,4+T4, 175, 4T6,207,5—T4,1T5,4T6,5T7,2—T4,1T5,5T6,2T7,4+T4, 105,576,477 2+
T4 2T5 1T6,4T7,5—T4 285, 1T6,587,4— T4, 205 4T6,1T7 5TT4 205,506,107 4~ T4, 4AT5,1T6,227,5+T4, 405,106,572+, 405 276, 127,5—

4,475 5%6,1C7,2TT4,1%6,2T7,3 —T4,16,377,2 ~4,206,127,3+24,306,127,2+25,1%6,227,4 —T5,1%6,4T7,2 — 5,2C6,1%7,4+

5. 476,177,2)

This concludes the dimension 7 case for the banded Toda flow. For the remaining
cases, the first integrals start to as well get large. As with the other cases, there is a
pattern. As mentioned in section 3.3, when we find the characteristic polynomial of the
Konstant matrix with p’s down the off-diagonal, we sort it with respect to 1, pips, - - .
Therefore, finding all the first integrals amounts to forming the rational functions of the
polynomial coefficients to w1, p1pe, - --. In section 3.5, we will describe how to do this
in MAPLE so the reader can test for him or herself whether these rational expressions
are indeed first integrals. Though, for the remaining cases, the first integrals will not
be explicitly given. The Casimirs are less obvious to find, therefore they will be given
explicitly if there are more than 1 and are reasonable in length. The following table will
recap the findings for dimension 8 and higher. Also, we will not be giving the Konstant

matrix for each case.
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Case | Dimension | Number of Casimirs | Number of First Integrals
10
12

) 21
) 26
) 30
) 33
) 35
) 24
)
)
)
)
)

[u—y

14

o >

15
16
11
14
16
18
19
20
13
16
19
21

o

30
35
39
42
44

~ o~ ~ o~ o~ o~ o~ o~ o~ o~
\.@ \.© u@ u@ \_@ \.@

~ (@) (@) =~ w ) D ot =~ w

=~ [[=N w w [N} [\) w w [\) [\

(10,2) 27
(10,3) 34
(10,4) 40
(10,5) 45
(10,6)
(10,7)
(10,8)

[a—

49
52
54

23
24
25

= ks W W NN

Fi1GURE 3.1: Casimirs and First Integrals for Dimension 8 and higher

The Casimirs for some of the cases are as follows:

(8,3) :

(8,4) :

T1 1T o7 4t s (T ¥3,1%4,2%5,3%7 48,5 3,174,2%6,377,478,6 T T3,104,375,207,478,5 ~T3,1%5,276,357,578,6 T¥3,175,26,377,6 8,5+

3,2T4,1%5,3T7 4%8 5T%3,2T4,1%6,3T7,4%8,63,3%4,1T5,2T7,4T8 524,175 2%6,4T7,5%8,61%4,105,2%6,4%7,678,5T%4,1%5,2%6,5T7,4%8,6

T4,1%5,206,6T7,4T8,5)

(w2 173 2®5 378 5+T2,1%3,2T6,3T8,6—T2,1T3,3T5,2T8 51+T2 1T4,2T5 4T8 5172 1T4 2T6,4T8 61+T2, 174 2T7 4T 7—T2 174 4T5 2T8 5+
*2,1%5,26,5%8,6 ~*2,1%5,2%6,6¥8,5 2,105,227, 58,7 —T2,1¢5,2%7,728,5 — 22,23 1¥5,3T8,5 ~T2,2%3,1¥6,378,6 ~T2,2%4,1T5,478,5—
2,224,1T6,478,6 ~%2,2%4,127,408,7+23,104,3%5,428,5+3,1%4,3%6,408,6123,174,307,4T8,7 3,14 4T5,3%8,5—*3,124,4%6,378,6+F
*3,1%5,3T6,5%8,6 ~*3,1%5,376,678,5TT3,105,3T7,5T8,7—T3,1T5,3T7 78,5 23,15 5%6,378,61T3,1%6,3T7,6T8,7 ~T3,176,3%T7,7T8,6
*3,3%4,15,4%8,5—3,3%4,16,478,63,3%4,127,478,7+%4,175,476,528,6 ~T4,175,4%6,6%8,51T¥4,1%5,4T7 5T8,7 T4, 1T54T7 7T 5~

T4,1T5,5%6,4T8,6 4,105 5T7,4T8,7+T4,106,4%7,6T8,7—L4,176,4T7, 78,6 ~L4,1%6,6C7,4%8,7 3,175 28 5+*3,126,378,5+
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w4, 1705,328,5 + ®4,176,378,6 + 4,176,478,5 + 4,177,478,6)(—T2,1®5, 278 5 — 3,125,385 — ©3,1T6,3%8,6 — T4,175,4T8,5 —

1

-1
T4 1T6,4T8,6 T4, 107,478,7) ~ — 751762973 75.176.397.2-95.296.177.3F75 396,197 2 (24,125 206,37,4+24,1%5,226,407,3+

T4,1T5,3T6,2T7,4 T4, 1T5,3T6,4T7,2"T4,1%5,4T6,207,3+T4 105 4®6,327,2+T4,2T5,16,307,4—T4,2T5,16,4T7,3-C4,2%5,3%6,1¢7,4+
T4,2T5 4T6,1%7,3%4,3%5,16,207,4+T4 305,106,4T7,2+04,3%5,2T6,107,4—C4,3%5,4%6,1¢7,2+T4,4T5,176,2T7,3 ~T4,425,16,3%7,2—

T4 4%5 2%6,177,3 + 4,405 3T6,1T7,2)

(9,2) : m(*ws,w?,zms,s + w3,1®7 3282 + ©3,2%7,128,3 — ©3,327,1¥8,2 — T4,1¥7,2%8,4 + T4,107,4%8,2 + T4 207,178,4 —
®4,4T7,1T8,2 — T5,1T7,228,5 + ©5,127,5T8,2 + ©5,207,1T8,5 — T5,507,1T8,2 — €6,1¥7,2T8,6 + ©6,1¢7,678,2 + ¥6,277,18,6 —

6,6T7,178,2)

1

(10, 3) m(12,114,217,4110,7+I2,115,217,5110,7+12,115,218,5110,8*12,214,117,4110,7+I3,1I4,3I7,4110,7+13,115,317,5110,7+
*3,1%5,3%8,5%10,8 T £3,126,3%7,6%10,7 + £3,1%6,3%8,6€10,8 T £3,1%6,3%9,6%10,9 — £3,3%4,1%7,4%10,7 T £4,1¢5,4%7,5210,7 +
T4,125,4T8,5%10,8 ~ ©4,1%5,5C7,4%10,7 +4,1%6,427,6C10,7 + £4,176,478,6%10,8 + ©4,1%6,479,6710,9 ~ ¥4,1%6,6%7,4710,7 +

T4,1T7,4T8,7T10,8 — T4,1¥7,4T8,8%10,7 + T4,1T7,4T9,7210,9 — 4,1T7,4T9,910,7)

(10, 4) m(*zs,l%,zze,szgﬁzmﬁ — ®3,1®5,2%7,3T9,510,7 T ©3,1%5,3%6,279,5T10,6 — 3,1%6,277,379,6710,7 *+
*3,126,2¢7,3%9,7210,6 T ©3,225,1¢6,3%9,5%10,6 T £3,225,1¢7,3%9,5%10,7 — £3,3¥5,1%6,229,5C10,6 — ¥4,1%5,26,4%9,510,6 —
T4,125,2T7,4%9,5%10,7 — £4,105,278,429,5¢10,8 + £4,105,476,229,5C10,6 — ¥4,1%6,2T7,479,6710,7 T 4,1%6,2T7,479,7710,6
T4,1%6,278,4%9,6710,8 T ©4,176,278,479,8%10,6 + T4,275,176,49,5T10,6 + £4,2%5,1%7,4T9 5¢10,7 + ©4,2T5,1T8,479,510,8 —
T4,4%5,1%6,2%9,510,6 — £5,1¥6,2%7,59,6¢10,7 + £5,1¥6,2%7,529,7¢10,6 + £5,1¥6,2%7,69,5¢10,7 — ¥5,1%6,27,7%9,510,6 —

T5,1%6,278,579,6710,8 + ©5,176,278,5%9,8710,6 + ©5,176,278,679,5T10,8 — £5,176,278,879,5%10,6)

We will now consider the Casimirs that are only made through the next degree
coefficient is divided by the leading coefficient, that is, they are the Fji’s using the
notation in section 3.3. The Fy,’s are left out since that is the trace function. Some of
these cases will highlight that some Casimirs are formed by taking the difference of two

first integrals. This observation will be discussed more in chapter 4.
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Dimension Casimirs
(5,2) o
(5,3) For
(6,3) Fy — F1p
(6,4) Fx
(7,2) i
(7,3) P
(7,4) Fy1, Foy — F11
(7,5) F5, F31
(8,3) Fy
(8,4) Py — Fny
(8,5) Fs1, Fo1 — F1n
(8,6) Fsy, F51
(9,3) Fy1 — 11
(9,4) Fi1, F31 — Fo
(9,5) Fy, Fy1 — Fiy
(9,6) Fo1 — Fi1, Fa, Fi
(9,7) Fo1, F31, Fiy
(10,5) Fu — Fi1, F31 — F
(10,6) Fyq, F31 — Fyq
(10,7) Fo1 — Fi1, F31, Fay
(10,8) Fo1, F31, Fin

FIGURE 3.2: Casimirs for Each Case

This concludes the proof of the main theorem.

3.5 Using MAPLE

In order to use MAPLE, one will need the programs that were being run. These
programs can be found in the appendix. For this section, we will walk through an
example of how MAPLE was used to calculate the first integrals and Casimirs so that
the reader will feel comfortable going to MAPLE and check the other cases that were

omitted.



41

The example that we will do is a low-dimension one, the (5,2) case. Recall from
section 3.4 that the (5,3) case had 6 first integrals and 2 Casimirs. To find these, first
create the Konstant form of the matrix using (1) from the appendix. Then, one can
automatically find some of the first integrals by taking the characteristic polynomial
of the matrix. To extract the coefficients of the polynomial, one can use the coeff
command. Also, to calculate the characteristic polynomial, one needs to load in the

linear algebra package from MAPLE.

To check that these functions are in involution with each other, one can use the
code (2), (3), and (4) in the appendix. From the (5, 3) case, in order to find the other first
integrals, one needs to form a new matrix, either (5) or (6) in the appendix depending
on whether the dimension of the matrix is even or odd. This code will also create the
characteristic polynomial. Next, to sort with respect to the variable one wants, one
can use the sort command or differentiate the characteristic polynomial with respect to
what p; term that is being considered. One can find the rational expressions by using
the coeff command. For the example, the only other first integral is coming from the

w1 term, therefore the sort command was used as so:
F1 := sort(coeff(Todal,mul[l]),lambda);

Then, we formed the rational expressions by doing;:
F2 := subs(mu[2]=0, F1);
coeff(F2,lambda) /lcoeff(F2,lambda);
subs(lambda=0,F2) /lcoeff(F2,Jambda);

Then, to check if they are in involution with the other first integrals, use the LiePois-
sonBracket command again. The hope is that if the function is a first integral, the

Lie-Poisson Bracket will output a 0.

To find the Casimirs, one can use the code found in (7). Though, the code in
order to find the rational expressions for the Casimirs can be found in (11). Then, after

running (11), the following command will check to see if the functions are Casimirs.

for i from 0 to nm do ckesm(F|[i||1) od;
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This command will output a 1 if the function is not a Casimir, and a 0 if the
function is a Casimir. If running this on the (5, 3) example, the following would output

if the above expression was run.

This would tell the user that Fy; and Fb; are Casimirs, and since there were 2
Casimirs, one would be done with this case. Special cases of this output is discussed in

Chapter 4.

One can also use MAPLE to determine how many first integrals and Casimirs are
needed. To do this, first define the matrix with dimension n and band k using the TM

command. Then, run the following command:
a:= convert(convert(TM(n, k), set) minus 0, 1, list).

Then, the command nops(a) tells you the dimension. This command creates a
list of all the coordinates in the matrix, minus 0 and 1. This is the dim(L) in (2.6). To

determine the number of first integrals, use the following command:
PBM := Matrix(dm, (i, j)->PBF(al[i], a[j], n, k)).

Then, running the following command
tPBM := subs(seq(a[i]=i% + 7 * i, i=1..dm), PBM)

and running Rank (tPBM) will result in two times the number of first integrals. There-

fore, the number of first integrals is

Rank(tPMB)

5 (3.21)

Knowing this will result in the number of Casimirs since

Number of Casimirs = dim(L) — 2 x Number of First Integrals.
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Combining both finding the number of Casimirs and first integrals and then explic-
itly seeing what the Casimirs and first integrals are can be done using the steps above.
Still, there are cases in figure 3.2 where the difference between two first integrals is a

Casimir, which the reasoning is further discussed in Chapter 4.
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Chapter 4
Future Work

In Chapter 4, we will discuss some of the results in Chapter 3 that need further
explanation. As seen in some of the Casimirs, the difference between two functions
ended up a Casimir. We will discuss what led to this discovery using MAPLE. Another
conjecture is presented to see what the end goal for the project will be. To end the
chapter, we will discuss how the Differential Geometry package on MAPLE can be used

in this work.

4.1 The General Proof
Although our main theorem in this paper only proved up the dimension 10, it is
the feeling that this work can be expanded to prove the general case of the (n, k) banded

Toda flow. The conjecture is as follows:

Conjecture 4.1.1. The (n, k) banded Toda flow is Liouville integrable.

As already presented, some cases have already been proven to be Liouville inte-
grable, that being when £ = 1 and when k = n — 1. Both cases have also been shown to
be Liouville integrable for all simple Lie algebras. For Theorem 3.1 and the work that
has been done in this paper, the underlying Lie algebra has been gl(n,R). So, it is the
hope that Conjecture 4.1.1 will be true for all simple Lie algebras, but the main focus

is to first prove the Liouville integrability of the banded Toda flow for gl(n,R).

As nice as it would be, the general proof cannot just state the first integrals and
Casimirs for each n and for each k. There would definitely be a lot of cases to work
through (in fact, infinity many)! Instead, the general proof should account for all cases
at once. As of this writing, work is being done to try and do this. Though, one of the

beliefs to unlocking the proof of the conjecture is to understanding why in some cases
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in the proof of Theorem 3.1 there were a lack of Casimirs when running the code. This

is discussed in the next section.

4.2 The Lack of Casimirs

Looking back on the proof of Theorem 3.1, when giving the Casimirs formed by
cases such as (9,4) and (10, 5), it can be seen that some of the Casimirs were found by
taking the difference of two functions. Though, the problem of a lack of Casimirs came
about as early as (6,3). As an example of the lack of Casimirs, we will focus on the

(6,3).

When running the code that was discussed in section 3.5, it was found that for
the (6,3) case, there were supposed to be 2 Casimirs and 8 first integrals. As a side
note, finding the first integrals was never an issue due to the chopping method that has
been discussed. The chopping method and the alternative chopping method used in this

paper has been proven to account for all the first integrals, which was shown in [3].

When running the ckesm code, this was the output:

This tells us that the only Casimir when running the code is Fy1, which is the trace
of the matrix. Though, we knew there had to be two Casimirs according to the definition
of Liouville integrability. It was discovered that by taking the difference between the
functions that produced the 1’s is also a Casimir, which was checked through MAPLE.

So for this example the other Casimir is Fo1 — Fi1.

Though, another interesting situation arose, such as (10, 5) case. Reading the table

in Section 3.4, the number of Casimirs was supposed to be 3. Running the code to check
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for Casimirs, the output was

which tells us again that the only Casimir found was Fp, which was the trace. In this
case though, it is not obvious what functions to take the difference between. Taking
the difference between the outer-most string of 1’s results in a Casimir, therefore the
two other Casimirs are Fy; — Fi1 and F31 — Fo;. It is important to note that taking
the difference in other manners will result in a Casimir as well, but they will not be

functionally independent as required.

This idea of taking the difference between the outer-most string 1’s and seeing if it
is a Casimir was done on all such examples in which there were a lack a Casimirs. This

led to the following conjecture.

Conjecture 4.2.1. Functions which are produced by taking the difference between the

outer-most string of 1’s is a Casimir.

While Conjecture 4.2.1 definitely seems hard to believe, work is currently being

done in order to see why such a statement must be true.

4.3 Using the Differential Geometry Package on MAPLE

During this project, Dr. Ian Anderson suggested we try finding the first integrals
of the Toda flow using packages that were already coded for MAPLE. Dr. Anderson,
alongside Dr. Charles Torre, are two prominent figures in MAPLE since they have writ-
ten many packages for users who want to use MAPLE for work in differential geometry.

The package itself can be found in [1].

A fellow Utah State University student named Tyler Hansen developed some codes
for the Differential Geometry package, more specifically for Hamiltonian mechanics.
Different tools that Tyler developed include the LiePoisson, PoissonBracket, and

HamiltonianVectorFields, all of which could be useful for the Toda Flow. As an
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example of how this could be useful, recall that a symplectic manifold is defined using

a 2-form. Define this 2-form such that

w = dx1 Adpr + dxo A dps (4.1)

where x1, 29, p1, and po are local coordinates on a manifold M. Then, recall that to find

first integrals, one must first pick a Hamiltonian, H. In this example, pick H = p3 + p3.

One can study that Hamiltonian Vector Field of H, which in this case would be

2p10%, + 2p204,. (4.2)

Finding the vector field helps us study the flow, which will lead us to understanding the

conserved quantities of the system, namely the first integrals.

Also, recall the first integrals are defined so that they are in involution with the
Hamiltonian H. Therefore, one can use the command PoissonBracket to study the
first integrals. In the example we are working on, if we take H and use the Poisson

bracket command on H with pi, the result is 0 which tells us that p; is a first integral.

Though, say one did not know the first integrals to begin with. Then, doing the
Poisson bracket between H and an arbitrary function will result in a partial differential
equation that one can solve in order to find the first integrals. In the example, if we
do the Poisson bracket between H and an arbitrary function f(z1,x2,p1,p2), then the

result is

) 0
- 2(871“1]0(951’ T2,P1,P2))P1 — 2(87@.)0@1,952’1’1@2))1”2 (4.3)

which then using the pdsolve command on (4.3) results in three first integrals, which

are

P, P2, P1T2 — P2l (4.4)

These first integrals though do not quite line up to the definition in Chapter 2 of
a system being Liouville integrable. While they are in involution with the Hamiltonian,

they are not in involution with each other. For example,

{p1, P12 — paz1} # 0.
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Though, in this example, p; and py are in involution, which would fit the definition.
One might also tell if a function is a first integral by again studying the Hamiltonian
vector Field and finding the Lie derivative of the function. The Lie derivative calculates
the flow of the vector field, which if the result is zero, then the function being studied a
conserved quantity, that being the first integral. In this case, if we take the Hamiltonian

Vector Field of the third equation in (4.4), we get

x28r1 - 1'16372 +p28p1 _plapz (45)

which then calculating the Lie derivative of this with respect to w results in 0.

Of course, the worry with many of the programs is the practicality of the software
and whether it will work for more specific examples. One good example that one might
try is the Toda lattice, since one of the main concerns is to find the first integrals which
make the system Liouville integrable. Therefore, future work is to check whether the
packages on MAPLE will be able to handle such examples as the Toda flow. If they do
not or there are some problems, we want to be able to fix the code so that people who
are wanting to use MAPLE in their projects will feel secure in knowing that the code

will produce the correct outputs.

4.4 Conclusion

The goal of this paper was to introduce the ideas needed in order to study the
Toda lattice, and then provide a basis in order to prove that the banded Toda flow
of dimension n and k number of bands is Liouville integrable. While the general case
has not yet been proven, this paper discussed at least the Liouville integrability up to
dimension 10. This was successful in that the number of first integrals and Casimirs

were obtained and then found using MAPLE.

It is possible to find the Casimirs and first integrals for dimension higher than
10. Though, for this paper, we only proved up to dimension 10 since the computation
time using MAPLE for higher dimensions was extremely long. It is the belief though
that even though only up through dimension 10 was proven that the general case of n

dimensions with £ number of bands is Liouville integrable.
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APPENDIX

In this appendix, we will be giving and explaining the MAPLE code that were used
in order to find the Casimirs and First Integrals for each case of the Banded Toda Flow.

We begin with a simple command that produces the (n, k) Toda flow that one desires.

1. TM := proc(n, k)
Matrix(n, seq((i,i+1)=1, i=1..n-1), seq(seq((i+j, i)=x[i+], i], i=1..n-j), j=0..k))

end:

The inputs into this function are just n which is the dimension and &k which is the number
of bands. Next, in order to see if functions are in involution, one needs to calculate the

Lie-Poisson bracket between the functions. To do this, one can use the following code

2. LiePoissonBracket := proc(f,g,n,k)
simplify(Trace(TM(n,k) . LieBracket(GradientCalculation(f,n),GradientCalculation(g,n))));

end;

The inputs into this are functions f,g and the dimension n and number of bands k.
Though, in order to use this program, one also needs the LieBracket command and

GradientCalculation command, which can be seen below.

3. LieBracket := proc(M,N)
simplify( M.N-N.M);

end;

4. GradientCalculation := proc(f,n)
local i,j;
Matrix(n, seq(seq((i, j)=diff(f, x[j,i]), i=1..n), j=1..n));

end;

The inputs for (3) are two matrices M, N which will be automatically formed using
the GradientCalculation command. The inputs for (4) are just the function f, and the
dimension n. Now, in order to form a new matrix with the p’s down the off-diagonal,

one can use the following two codes depending on if the matrix dimension is even or
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odd. This command will also form the characteristic polynomial as long as the Linear

Algebra package is loaded into the MAPLE file.

5. TMmu := proc(n,k)
local a;
a := TM(n,k) + Matrix(n, seq((i, n+1-i)=muli], i=1..floor(n/2)));
CharacteristicPolynomial(a,lambda);

end;

6. TMmuEven := proc(n,k)
local a;
a := TM(n,k) + Matrix(n, seq((i, n+1-i)=muli], i=1..floor((n-1)/2)));
CharacteristicPolynomial(a,Jambda);

end;

The inputs for both commands are the dimension of the matrix n and the number of

bands k. Next, the following code will check to see if functions are Casimirs or not.

7. ckesm := proc(f)
local cs, j:
cs = 0:
for j to dm do
if PBF(f, a[j], n, k)<>0
then cs := 1: break: fi:
od:

cs:

end:

The input for this function is just a function f. In order to use this code though,
a slightly different version of the Lie Bracket and the gradient matrix is used. To
following three codes are used in the ckcsm code. The first one will be the gradient
matrix calculation, the second will be the Lie bracket, and the third will calculate the

Lie-Poisson bracket between the functions.
8. GM := (f, n) -> Matrix(n, seq(seq((i, j)=diff(f, x[j, i]), i=1..n), j=1..n))

9. 1b := (a, b) -> simplify( a.b - b.a ):



10. PBF := (f, g, n, k) -> simplify(Trace(TM(n, k) . Ib(GM(f, n), GM(g, n))))
In order to form the rational expressions, the following code is used

11. DD := Determinant(Total):
for i from 0 to nm do
F|]i := sort(subs(seq(mu[j]=0, j=1..nm), DD), lambda);
d|fi := degree(F|i, lambda):
al|i := coeff(F||i, lambda, d|i):
for j to d|]i do
F|li||j := coeff(F||i, lambda, d|i-j)/a||i:
od:
DD := diff(DD, muli+1]):
od:
seq(d|li, i=0..nm), add(d||i, i=0..nm);

93
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