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ABSTRACT

Teaching Students to Communicate with the Precise Language of Mathematics: A Focus

on the Concept of Function in Calculus Courses

by

Derrick S. Harkness, Doctor of Philosophy

Utah State University, 2020

Major Professor: James S. Cangelosi, Ph.D.
Department: Mathematics and Statistics

Mathematics depends on using precise language that requires equally precise commu-
nication. However, this precision of language and communication is often absent in many
mathematics classrooms, resulting in formal concept definitions that conflict with students’
perceived images of that concept and which could lead to misunderstandings and poor con-
cept constructions. Omne particular concept that often suffers from a lack of precision is
the concept of function. Because this concept is so pervasive throughout mathematics, its
importance cannot be understated. In order to explore the development of the concept of
function, as it pertains to a calculus course, three articles are presented that (a) introduce
the theoretical implications of teaching students to communicate with the precise language
of mathematics, (b) relate the action research of a practitioner leading students to discover
the concept of function and comprehend its definition with an emphasis on using the precise
language of mathematics, and (c) develops and analyzes a suite of assessment tools designed
to be relevant to students’ higher-cognitive achievement of learning objectives involving the

concept of function.

(149 pages)
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PUBLIC ABSTRACT

Teaching Students to Communicate with the Precise Language of Mathematics: A Focus
on the Concept of Function in Calculus Courses

Derrick S. Harkness

The use of precise language is one of the defining characteristics of mathematics that is
often missing in mathematics classrooms. This lack of precision results in poorly constructed
concepts that limit comprehension of essential mathematical definitions and notation. One
important concept that frequently lacks the precision required by mathematics is the concept
of function. Functions are foundational in the study undergraduate mathematics and are
essential to other areas of modern mathematics. Because of its pivotal role, the concept of
function is given particular attention in the three articles that comprise this study.

A unit on functions that focuses on using precise language was developed and presented
to a class of 50 first-semester calculus students during the first two weeks of the semester.
This unit includes a learning goal, a set of specific objectives, a collection of learning activ-
ities, and an end-of-unit assessment. The results of the implementation of this unit and the
administration of the assessment indicated that when students were able to construct the
concept of function themselves and formulate a formal definition, they had a deeper and
more meaningful understanding of the concept.

In order to demonstrate its validity, the assessment was analyzed as to its relevance, re-
liability, and its test items’ effectiveness in discriminating between different levels of achieve-
ment. The results of this analysis indicated that the assessment was relevant to both the
mathematical content and learning levels indicated by the unit’s objectives and had a high
level of reliability. Additionally, the test items contained in the assessment had a reasonable

level of effectiveness in discriminating between different levels of student achievement.
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CHAPTER 1

Introduction

Is the learning of mathematics different from other disciplines, if so, how? What
instructional practices help students learn mathematics? What does effective mathematics
teaching look like and how can educators provide it? What is mathematical proficiency and
how can it be assessed? How can educators know if an assessment is valid? How is a valid
and practical assessment developed?

Such questions have been studied since the beginning of the 20th century with the intent
of improving instructional practices so students build stronger foundations of meaningful
mathematics. Over the years, the performance of U.S. students on a variety of national and
international mathematics assessments range from “extremely poor” to “simply mediocre”
(Schmidt, 2012, p. 133). Finding answers to these foundational questions will help guide
instructional practices to aid students build deeper mathematical foundations and raise
their level of mathematical proficiency.

With these questions in mind, we will examine the nature of mathematics and contrast
it with the mathematics being taught in schools. Then, using the concept of function as
an example, we will (a) lay the theoretical framework to understand the process of student
learning (see Chapter 2 on page 13); (b) examine the process of developing and implementing
a set of learning activities that lead students to construct the concept of function, develop
a definition, and comprehend that definition (see Chapter 3 on page 26); and (c) examine
the development and analysis of an assessment designed to measure student achievement of
objectives outlining a unit goal (see Chapter 4 on page 59).

Mathematics and Mathematics in Schools

James Milgram (2007) explains that after teaching students to read, the next job of

our education system is to teach students mathematics. However, it is here that it fails

(Milgram, 2007; National Commission on Excellence in Education, 1983; National Council
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of Teachers of Mathematics, 1980; Schmidt, 2012). This failure, William Schmidt (2012)
says, has several consequences. First, mathematics and science content knowledge and skills
are related to our economic growth and a lack of these skills undermines our technological
competitiveness. Second, typical high school students are graduating with little quantitative
ability; leaving them unable to to find jobs that require certain technical skills or to enter
college and take mathematics courses that offer any credit. One of the reasons for this
failure is that mathematics is one of the most misunderstood subjects in school (Fowler,
1994; Milgram, 2007; Stewart, 1992).

The Nature of Mathematics

In order to understand why mathematics is so misunderstood in school, we must have
some of idea of what mathematics is. However, when trying to define what mathematics
is, the definitions are as varied as the people giving them. These definitions can range
from “the study of patterns” to “what mathematicians do” (Milgram, 2007). However,
Keith Devlin (2000) points out that the most common definition is that mathematics is
the study (or science) of numbers. But, he adds, since this definition ceased to be accurate
thousands of years ago, this only increases the misconception about mathematics. With
such a misconception it is not surprising that most non-mathematicians don’t realize that
mathematics is a “thriving worldwide activity” (p. 1).

Ian Stewart (1992) expounds on the complication of defining mathematics by explaining
that “one of the biggest problems of mathematics is to explain to everyone else what it is
all about” (p. 9). The reason, he says, is because when people think about mathematics
they only focus on its (a) technicalities, (b) symbolism and formality, (¢) terminology, and
(d) “apparent delight in lengthy calculations” (p. 9). Mathematics, he explains, isn’t about
these things; they are only the tools used to explore mathematics. He claims mathematics
is about ideas; about how ideas relate to other ideas.

Many people have offered definitions for mathematics, but, as Milgram (2007) instructs,
some things, like mathematics, cannot be defined using ordinary language. The best we can

do is describe the subject in general terms, focusing on its most important characteristics.
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He suggests that the two most important characteristics of mathematics are its (a) precision
and (b) stating and solving well-posed problems.
Mathematical Precision

From definitions to theorems and from operations to algorithms, mathematics relies
on precision. For in mathematics, what you see is what you get. There are no hidden
assumptions or secret operations; everything is laid bare (Milgram, 2007). It is because of
the precision inherent in mathematics that allows theorems to be proven and conclusions
to be drawn (Cook, 2002). This is part of the inner beauty of mathematics (Devlin, 2000).

While using semantics to study natural language, Roy Cook (2002) illustrates the
benefits of the precision found in mathematics. He gives the example of the adjective
‘bald’. Certainly a person without any hair on their head is bald, but what if a person
had one hair on their head, would they still be considered bald? At what point would
a difference of one hair change the categorization of someone being bald? This lack of
precision, or vagueness, can cause difficulties and lead to invalid arguments. However, such
vagueness doesn’t exist in mathematics. The definitions, theorems, and operations used in
mathematics are “precisely defined and understood” (Milgram, 2007, p. 33). Even terms
without a formal definition (e.g. set or point) are recognized as such and are limited to as
few as possible.
Well-Posed Problems

A second characteristic that sets mathematics apart from other disciplines is stating
and solving well-posed problems. Milgram (2007) defines a well-posed problem as a problem
“where all the terms are precisely defined and refer to a single universe where mathematics
can be done” (p. 33). He goes on to claim that almost all of mathematics is solving problems
in well-defined environments. Stewart (1992) adds that problems are the driving force of
mathematics. He explains that the solution to a good problem opens up new views and
opportunities and are not simply an end in themselves. Thus, the aim of mathematics is to

strip away the inessential and penetrate to the core of a problem (Stewart, 1992, p. 10).



The Epistemology of Mathematics

Another characteristic of mathematics that differs from other disciplines is its episte-
mology. Goldin (1990) defines epistemology as the branch of philosophy that deals with how
we know what know. In particular, it is the logical bases for ascribing validity or “truth”
to what we know (p.32). In other words, epistemology is “concerned with the nature of
knowledge and justification of belief” (Muis, 2004, p. 317). Throughout the development
of mathematics education, many different perspectives of how mathematical knowledge is
gained have battled for dominance (Ernest, 1985; Goldin, 1990; Muis, 2004; Steffe, 2017).
However, as Noddings (1990) points out, mathematicians do not need to define knowledge
generally, but rather they need only to describe what mathematical knowledge is and estab-
lish the tests that a proposition must pass in order to be added to that body of knowledge.

The test that a proposition must pass in order to enter the body of mathematical
knowledge is the mathematical proof. Buldt et al. (2008) explain that while people in
all disciplines justify their results, mathematicians are some of a few that claim to prove
them. For example, those in scientific disciplines justify their results by the use of inductive
reasoning. That is, they establish knowledge by repeated experimentation. If they can
obtain the same results by performing the same experiment over and over again, then what
they have observed must be true. However, in mathematics, inductive reasoning is used
to develop propositions and in order to ascertain knowledge, these proportions must be
proven. This method of establishing knowledge uses deductive reasoning to chain together
a string of arguments that establish the validity of a proposition’s claim. In other words,
the epistemology of mathematics relies on both inductive and deductive reasoning.
Mathematics in Schools

With an understanding of the characteristics that set mathematics apart from other
disciplines, we can turn our attention to the mathematics being taught in school. This
mathematics, according to David Fowler (1994), is not really mathematics, but rather
another subject altogether; one he terms “schoolmath.” The difference, he explains, is that

shoolmath has its own terminology, protocol, and set of beliefs. Schoolmath, for example,
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calls the rational numbers between 0 and 1 The Fractions and calls their multiplicative
inverses The Improper Fractions. Schoolmath also has its own set of procedures to follow
for the Story Problem and the Two-Column Proof. Furthermore, schoolmath believes that
there is some sort of unstable equilibrium that exists that requires improper fractions to be
reduced to Mixed Numbers or that all professions in the working world solve problems using
schoolmath. Milgram (2007) also posits that practitioners of schoolmath view mathematics
as lists; lists of memorized formulas, rules, and responses to certain triggers.

Perhaps a more substantial difference is that shoolmath doesn’t hold the same defining
characteristics that belong to mathematics. Schoolmath is riddled with a lack of precision.
Vague or missing definitions leave students with the inability to prove or even understand
essential theorems (Edwards & Ward, 2008; Vinner, 2002). Schoolmath also lacks well-posed
problems. Poorly posed problems can reinforce misconceptions about mathematics such as
mathematics being a list of rules that need to be memorized and followed (Milgram, 2007).
Lastly, schoolmath often relies on epistemologies that differ from that of mathematics. All
too often when a student asks why a theorem or algorithm works, the reply is “because that’s

the rule.”

Such an appeal to authority, rather than using logic and reasoning, reinforces
the idea that mathematics is nothing but rules that some mythic mathematician made up
for the rest of us to follow.
Lack of Precision

One of many examples of the lack of precision in schoolmath is with the use definitions.
Mathematical definitions are fundamental to the axiomatic structure that characterizes
mathematics, but either are vaguely given, or are missing entirely (Edwards & Ward, 2008;
Milgram, 2007; Vinner, 2002). Edwards and Ward (2008) explain that this can be problem-
atic because the “enculturation of college students into the field of mathematics includes
their acceptance and understanding of the role of mathematical definitions” (p.223). Many
students, they point out, often do not know or do not know how to use the mathematical

definitions they need to in order to perform mathematical tasks. “When faced with a task

involving a given concept, rigorous mathematics demands that students base their solutions
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on the concept definition” (Edwards & Ward, 2008, p. 225). Cangelosi (2003) adds that it
is ideal if the definitions of these concepts are formulated by students after using inductive
reasoning to construct the concept.

As an example of how a missing or vague definition can affect a student’s concept
construction, Milgram (2007) shares the prompt in Figure 1.1 on the next page, which aims
to measure a student’s construction of the concept of rotation. However, he points out that
there are several items that lack precision that could cause some misconceptions. First,
the phrase “best shows” is imprecise and relies on the notion of “best,” which is undefined.
Second, the frequent use of the terms “image” and “pre-image” requires students to have
constructed those concepts well enough to interpret their usage in this prompt. Thirdly,
and perhaps the most problematic, is the definition used for rotation. Milgram (2007)
explains that a rotation in space is achieved when an object is rotated around a fixed axis
of rotation. From this point of view, Response A is an example of a rotation where the axis
of rotation is the line perpendicular to xy-plane and passes through the origin. Response C
also is a rotation where the axis of rotation is the y-axis and Response D also demonstrates
a rotation where the axis of rotation is the z-axis. So, which diagram best shows a rotation?
Lack of Well-Posed Problems

The prompt in Figure 1.1 is not only an example of the imprecision that exists in
schoolmath, it also demonstrates the common issue of poorly posed problems. As long as a
problem includes precisely defined terms that belong to a universe where mathematics can be
done, the problem is well-posed (Milgram, 2007). However, a lot of problems in schoolmath
tend to make hidden assumptions that require students to guess at what is meant or desired.
For example, a common prompt found in most algebra textbooks (including those found in
college) is found in Figure 1.2 on the following page.

The designers of the prompt want students to recognize that there are no restrictions on
the domain since any real number can be squared, then doubled, and then subtracted from
5. Thus, the desired response is (—o00,00). However, there are some hidden assumptions

that are being made regarding the definition of a function. For example, it is assumed that



Figure 1.1

A prompt from an eight-grade state assessment measuring a student’s construction of the
concept of rotation (Milgram, 2007, p. 45)

4. Which diagram below best shows a rotation of the pre-image to the image?

A. Y B. Y
image pre-image image
- T x
pre-image
C. Y D. Y
image pre-image pre-image
image
Figure 1.2

A prompt from a college algebra textbook measuring a student’s comprehension of the concept
of domain of a function (Abramson, 2015).

7. Find the domain of the function

f(z) =5 — 222
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the domain of f needs to be the largest subset of the real numbers as possible and that the
codomain of f is the set real numbers. These hidden assumptions limit a student’s under-
standing of the concept of function. For, if a student truly comprehends the mathematical
definition that a function is a relation between two sets A and B where for every x € A
there exists uniquely a y € B such that (z,y) € f, they will understand that any subset
of the real numbers is a valid domain for the given function. However, if they provided a
subset other than (—oo, 00), the response would be marked incorrect, even though it meets
the definitions of function and domain of a function.

The Epistemology of Religion

This example also illustrates another difference in the defining characteristics between
mathematics and schoolmath. Assume, for example, that in response to the prompt in
Figure 1.2 a student offers the set [0,00) as the domain of f. According the definition of
a function, this would be a perfectly valid domain, but according to the key, it would be
marked incorrect. In the student’s eyes, every element in the set they provided would be
a valid input for the given function so, they would certainly wonder why their response
was marked incorrect. What are some typical ways an educator might respond to such a
concern if voiced by a student? Often, they would refer to the key or explain how we are to
“find the domain of a function.” In either case, the student usually accepts the educator’s
response and revises any idea they may have had about what a function is and what its
domain might be.

This appeal to authority in order to establish the validity of knowledge or truth works
perfectly well in organized religion. After all, isn’t faith of any kind a trust or belief in
a higher power or authority? However, mathematics isn’t based on faith. As discussed
previously, mathematics uses an appeal to logic and reasoning in order to establish the
validity of a proposition’s claim. No mathematician would accept as valid any proof whose
only argument was that “so and so said so,” so why is it so prevalent in schoolmath? Ask
almost any college student why the product of any pair of negative real numbers is positive

and the reply is almost certainly, “because that’s the rule” or “that’s what I was taught.”



No logic, no reasoning, only an appeal to some other authority.

In order to transition schoolmath into a subject that better resembles mathematics, a
focus on the defining characteristics of mathematics should be attended to. More attention
should be given to (a) using precise language, especially in mathematical definitions, (b)
using well-posed problems to strengthen student comprehension and communication, and
(c) appealing to logic and reasoning as opposed to an appeal to authority. One concept
taught in schoolmath that often lacks the characteristic of precision is the concept of function
(Carlson, 1995; Oehrtman et al., 2008).

The Concept of Function

The concept of function is not only central to algebra and other undergraduate math-
ematics courses, but it is foundational to modern mathematics and is also essential to
scientific disciplines (Oehrtman et al., 2008). In particular, they explain that if students are
wanting to understand calculus, then a strong understanding of the concept of function is
needed. However, as Marilyn Carlson (1995) points out, even the more successful students
have a narrow view of the concept of function; believing that all functions can be defined by
a single algebraic formula. She explains that such a narrow view limits their understanding
of the language surrounding functions and prohibits them from representing relationships
using functional notation. But why is understanding the concept of function so important
to students?

The Concept of Function and Calculus

One reason the concept of function is so vital is because it plays an important role in
the study of calculus (Carlson, 1995; Oehrtman et al., 2008; Tall, 1996). David Tall (1996)
explains that one of the purposes of the concept of function is to represent how things change
(p. 1). This is of particular interest when constructing the concepts of differentiation (rates
of change) and integration (cumulative growth). However, he continues to point out that
traditionally, calculus courses focus on a mastery of symbolic methods for developing the
concepts of differentiation and integration and then apply those methods to solve a range

of problems. This focus on symbolic manipulations and procedural techniques, however,
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limit students’ comprehension of a function as a more general mapping from a set of input
values to a set of output values or as a model of a relationships which the function values
change continuously as the input values change continuously (Oehrtman et al., 2008).

However, not all approaches to the concept of function are the same in every calculus
course (Oehrtman et al., 2008; Tall, 1996). For example, Tall (1996) indicates that calculus
courses in some countries focus on an intuitive approach while others focus on a more formal
approach. Oehrtman et al. (2008) make the distinction that some calculus texts include a
stronger conceptual orientation to learning functions, while others still focus on the more
traditional procedural method. No matter the case, if the algebraic and procedural methods
were coupled with more of a conceptual method, “students would be better equipped to
apply their algebraic techniques appropriately in solving novel problems and tasks” (Oehrt-
man et al.,, 2008, p. 28). So, what is it about a procedural approach to the concept of
function that makes it difficult for students to construct and comprehend its definition?
Difficulties in Constructing the Concept of Function

Perhaps the difficulties students experience in constructing the concept of function
and comprehending its definition stem from the pervasive characteristics carried over from
schoolmath. For example, Thompson (1994) explains that the commonly accepted definition
of function is the ordered-pair notion that has been around since the 1930’s (Figure 1.3 on
the next page is an example of such a definition). He remarks that such a definition of
function is criticized because some believe that such a definition cannot be meaningful to
students who are new to the idea of function. However, without a precise definition that
stresses the conceptual aspects of a function, a strong emphasis is placed on procedural
fluency. Such an emphasis, according to Oehrtman et al. (2008), is not effective in building
strong foundations that allow for meaningful uses and interpretations of functions in novel
settings.

Another difficulty that arises due to a lack of using a precise definition is that stu-
dents struggle with distinguishing between a function that is algebraically defined and an

equation (Oehrtman et al., 2008). They state further that this struggle is rooted in the
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ambiguity that exists in using terms such as function, equation, and formula. For example,
students struggle with distinguishing between the use of the equal sign when it is defining
a relationship between two varying quantities and when it is used to establish equality be-
tween two expressions. To take this a step further, Thompson (1994), explains that many
students think of functions as a set of two written expressions separated by an equal sign.
For example, he explains, when a group of undergraduate students were asked to derive

and provide a formula for the sum S,, = 12 4 2% + ... 4+ n?, they came up with the poorly
n(n+1)(2n+1)

5 .
was anything wrong with this formulation (p. 6). If students formulate and comprehend

formed function f(x) = However, none of the students thought there
precise concept definitions such misunderstandings may not be as prevalent.

The lack of precision is too prevalent in schoolmath and such vagueness leads to am-
biguous usage of mathematical terms and operations. As seen with the example of functions,
such ambiguity can lead to poor concept constructions that can lead students to struggle
with building strong foundations that encourage meaningful engagement with mathematics.
To help overcome this obstacle to learning and in order to help remove some of the ambiguity
surrounding the concept of function, we will explore the development and implementation
of a unit on functions to be given to a class of 50 Calculus I students during the first two
weeks of the semester. The aim of this unit is to lead students to construct the concept
of function, formulate a precise, set-theoretic definition for the concept where functions are
defined as sets of ordered-pairs, and help students develop a deep comprehension of this

definition. Additionally, the results and validation study for the assessment designed to

Figure 1.3

A set-theoretic definition of the concept of function.

(Deﬁnition: Function ]

Given sets Aand B, f: A — B < fis arelation from Ato BandVx € A,y €
B such that (z,y) € f.
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measure student achievement of the set of objectives outlining the unit’s learning goal are

explored in detail.
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CHAPTER 2
Theoretical Implications of Using the Precise Language of Mathematics to Teach the

Concept of Function in Calculus

A Constructivist Framework

Kilpatrick (1987) describes constructivism as having two main principles: (a) “knowl-
edge is actively constructed by the cognizing subject, not passively received from the envi-
ronment” and (b) “coming to know is an adaptive process that organizes one’s experiential
world; it does not discover an independent, pre-existing work outside the mind of the
knower” (p. 7). Lerman (1989) explains that the first principle is generally accepted by
mathematics educators and is useful when thinking about how students learn mathematics.
However, the second principle is more controversial and is usually where opponents of the
theory base their arguments.

Constructivism, however, should be considered a paradigm of how the mind works and
not necessarily as a theory of learning (Tsay & Hauk, 2013). Noddings (1990) explains that
from a cognitive position constructivism posits that all knowledge is constructed from either
innate cognitive structures or structures which are products of developmental construction.
He adds, however, that such a position should be offered as a post-epistemological perspec-
tive. From this point of view, a constructivist approach should focus on the development of
knowledge in the learner and not on the epistemological debates that frequently surround
the theory.

Concept Images and Concept Definitions

This particular point of view is apparent in the development of the theoretical frame-
work outlined by Tall and Vinner (2004). They explain that due to the complex nature of
the human brain, it is not always logic that leads to insight and knowledge, nor is it always
chance that leads us to make mistakes. In order to understand these processes, it is impor-

tant that a distinction be made between the formally defined mathematical concepts being
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studied and the cognitive processes by which they are developed (Tall & Vinner, 2004).
This distinction is made by identifying the differences between what they call a concept
image and a concept definition.
Concept I'mage

Many mathematical concepts that students are exposed to are never formally defined,
but rather are recognized by experience in using them in appropriate contexts (Tall & Vin-
ner, 2004). For example, Carlson (1995) points out that many students complete precalculus
with a weak understanding of the concept of function. They are able to carry out basic
computations involving a function, but have difficulty computing slightly more advanced
expressions such as f(z+a) and struggle with components such as inverses and composition
of functions. However, even with this limited understanding of functions, these students
still have constructed an image of what they perceive a function to be. In this way, a con-
cept image is built up over time and is “the total cognitive structure that is associated with
the concept [and] includes all the mental pictures and associated properties and processes”
(Tall & Vinner, 2004, p. 99).
Concept Definition

On the other hand, a concept definition is one that defines a concept and is expressed
in the form of words or mathematical symbols (Tall & Vinner, 2004). Tall and Vinner
further explain that these definitions can be learned through rote memorization or in a
more meaning full way and then related to the concept as a whole. Whether the concept
definition is given to the student to memorize or whether they formulate it themselves,
these perceived definitions can change from time to time and from one individual to another
(Nordlander & Nordlander, 2012). Because of this, personal concept definitions can vary
from the formal mathematical definitions established by the mathematical community and
the concept definition generates its own concept image in the individual that can sometimes
conflict with its previously constructed concept image (Tall & Vinner, 2004). For example,
a student may have a concept image of functions that only involve subsets of real numbers.

However, when they are introduced to a formal set-theoretic definition of a function, like



15

the one included in Figure 2.1 on the following page, they may have difficulty recognizing
functions which involve arbitrary sets that are not subsets of real numbers. This newly
constructed concept image, based on the formal definition of functions involving arbitrary
sets, is then at odds with their previous concept image of functions.

Tall and Vinner (2004) call the part of the concept image (or concept definition) which
conflicts with another part of the concept image (or concept definition) a potential conflict
factor and, under certain conditions, can become a cognitive conflict factor. When a po-
tential conflict factor in a concept image is at variance with the formal concept definition
itself, like in the example given above, it can impede a students learning of a formal the-
ory (Tall & Vinner, 2004). This is because, they explain, these potential conflict factors
cannot become meaningful cognitive conflict factors unless the student develops the formal
concept definition into a concept image which can yield an actual cognitive conflict. The
danger that exists with students developing such potential conflict factors without having
them become actual cognitive conflict factors is that they may become “secure in their own
interpretations of the notions concerned and simply regard the formal theory as inoperative
and superfluous” (Tall & Vinner, 2004, p. 101). Thus, Nordlander and Nordlander (2012)
explain, during the construction of the concept, the relationship between the concept image
and the formal concept definition should be reciprocal and mutual. This can be done, ac-
cording to Cangelosi (2003), by using inductive reasoning to lead students to construct the
concept and then lead them to develop and formulate a formal mathematical definition.
APOS Theory

Based on the work by Sfard (1992), with the hypothesis that mathematical knowledge
consists of an individual’s tendency to deal with mathematical situations by constructing
mental actions, processes, and objects and then organizing them into schemas, Dubinsky
and McDonald (2001) introduce what they term APOS Theory. The theory is so named in
reference to the mental constructs previously mentioned and arises from their attempts to
extend the work of Jean Piaget on reflective abstraction in children’s learning to the level

of learning mathematics on a collegiate level. Research has shown that this theory has been
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Figure 2.1

Set-theoretic definitions of the Cartesian product of two sets, a relation on two sets, and the
concept of function.

(Deﬁnition: Cartesian Product ]

LGivensetsAandB,AxB:{(:L‘,y):xGA/\yEB}.

(Deﬁnition: Relation

LGiven sets A and B, r is a relation from A to B if and only if r C A x B.

( Definition: Function

Givensets Aand B, f: A— B < fis arelation from Ato BandVx € A,y €
B such that (z,y) € f.

— —
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useful in understanding undergraduate students’ learning of a variety of mathematical con-
cepts, including the concept of function (Breidenbach et al., 1992; Dubinsky & McDonald,
2001; Tall, 1996; Thompson, 1994). Table 2.1 on the next page summarizes each of these
constructs, but a more detailed explanation follows.

An Action Conception

Dubinsky and McDonald (2001) define an action as a transformation of external con-
tent perceived by an individual as needing step-by-step instructions on how to perform an
indicated operation. Dubinsky and Harel (1992) clarify that an action is a “repeatable
mental or physical manipulation of objects” (p. 85). Thus, an individual operating with an
action conception thinks only of the calculations that need to be performed (Breidenbach
et al., 1992; Dubinsky & Harel, 1992; Thompson, 1994).

As an example, Thompson (1994) explains that when students view a function as
an expression that produces a result from a calculation, they have an action conception
of function. He adds that such a conception limits an individuals view of a function to
something little more than a recipe that requires a number before it will produce anything.
This view of the concept of function is static, explains Dubinsky and Harel (1992), because
the individual will tend to think about a function as a calculation that is performed one
step at a time. They add that such a view may cause students to struggle when needing to
compose two functions if the functions are given by different expressions on different parts
of their domains or if they were defined by algorithms rather than expressions.

A Process Conception

When an individual can perform an action in their mind or imagine an action taking
place without needing to run through all of the steps, the action has been interiorized to
become a process (Breidenbach et al., 1992). When an individual can think about per-
forming a process without actually doing it, they can begin to think about reversing it
and composing it with other processes (Dubinsky & McDonald, 2001, p. 3). For example,
when students build a process conception of function, they don’t feel compelled to evalu-

ate an expression in order to think about the results of its evaluation (Thompson, 1994).
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Table 2.1

Dubinsky and McDonald’s (2001) APOS Theory references action, process, object, and
schema mental constructs in order to extend Jean Piaget’s work on reflective abstraction to
collegiate mathematics.

Mental Construct Summary

An action is a transformation of external mathematical
Action content requiring step-by-step instructions on how to
perform the given operation.

A process is an internal mental construct where an in-
Process dividual can perform an action, but without the need
of external stimuli.

An object is a mental construct resulting from an in-
dividual becoming aware of a process as a totality and

Object .. . .
Jee realizing that operations (such as transformations) can
act on it.
A schema is an individual’s collection of actions, pro-
cesses, objects, and other schema that are linked by
Schema

some characteristics and that forms a framework in the
individuals mind about a concept.
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Breidenbach et al. (1992) further explain that further classification of functions into injec-
tive and/or surjective becomes more accessible when an individual’s process conception is
strengthened. Table 2.2 on the following page are other examples of action and process
conceptions of function proffered by Oehrtman et al. (2008).

Helping students develop a process conception of function has been the focus of several
research studies (e.g., Breidenbach et al., 1992; Dubinsky and Harel, 1992; Oehrtman et
al., 2008; Tall, 1996; Thompson, 1994). The ability for students to construct processes in
their minds is an important requirement for students to understand the concept of function
(Breidenbach et al., 1992). However, as Dubinsky and Harel (1992) point out, the process
of moving from an action conception to a process conception is not a linear progression and
doesn’t always move in a single direction. Thus, it is difficult to determine if the concept of
function for a given individual is limited to an action conception or if they have constructed
a process conception.

An Object Conception

Dubinsky and McDonald (2001) explain that when an individual treats a process as a
totality and realizes that they can apply transformations to it, the process has become an
object. When a process is transformed into an object, it is said that the process has been
encapsulated (Breidenbach et al., 1992). Breidenbach et al. (1992) explain that even though
there are several ways an individual can construct a process, the only way an individual can
construct an object is by encapsulating a process. This is important, they add, because in
many mathematical situations it is essential to be able to transition back and forth from
an object to a process.

By way of an example, Thompson (1994) explains that once an individual has solidified
a process conception of function in such a way that they are able to use the process to
support their reasoning about, they have began to encapsulate the process and are able to
begin to reason about functions as if they were objects. Dubinsky and Harel (1992) adds
that an individual has an object conception of function if they are able to perform actions

on a function, particularly those kind of actions that transform it. One hallmark obtained
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Action conceptions of function differ from process conceptions of function in a variety of

ways (Oehrtman et al., 2008, p. 34).

Action Conception

Process Conception

A function is tied to a specific rule, formula,
or computation and requires the completion
of specific computations and/or steps

A function is a generalized input-output
process that defines a mapping of a set of
input values to a set of output values.

A student must perform each action.

A student can imagine the entire process
without having to perform each action.

The response depends on the formula.

The process is independent f the formula.

A student can only imagine a single value at
a time as input or output.

A student can imagine all inputs at once or
imagine evaluating a continuum of inputs.
A function is a transformation of entire sets.

Composition is substituting a formula or ex-
pression for the variable x.

Composition is a coordination of two input-
output processes; input is processed by one
function and then its output is processed by
a second function.

Inverse is about algebra (switching the vari-
ables  and y and then solving for z) or
geometry (reflecting across the line y = z).

Inverse is the reversal of a process that de-
fines a mapping from a set of output values
to a set of input values.

Functions are conceived as static.

Functions are conceived as dynamic.

A function’s graph is a geometric figure.

A function’s graph defines a specific map-
ping of a set of input values to a set of out-
put values.
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when an individual has constructed an object conception of function is their ability to reason
about operations begin performed on a set of functions (Thompson, 1994).
A Schema Conception

An individual’s collection of actions, processes, objects, and other schema linked by
certain characteristics that frame a concept is a schema for that concept (Dubinsky &
McDonald, 2001). They explain that a schema is similar to the collection of concept images
outlined by Tall and Vinner (2004), but that a schema has a requirement of coherence.
That is, the schema must provide means of determining which constructs are in the scope
of the schema and which are not.

Dubinsky and McDonald (2001) posit that it may be helpful to think about these
constructs in an ordered, hierarchical list. That is, an individual must construct an action
conception of a concept prior to constructing a process conception and this must be done
before an object conception be constructed. In reality, however, when constructing these
mental constructs the constructions are not made in such a linear manner. As an example,
they explain that with an action conception of function, an individual may relate functions
to formulas or expressions that involve at least one variable that can be replaced by a
number and then calculated. Since many student’s have this concept image of function
prior to constructing a process conception, we think of this notion as preceding a process
conception, in which a function is treated as machine that takes inputs and returns outputs.
However, what is actually happening is that the individual is being restricted to specific
formulas, reflecting on calculations, and then starts to think about a process. This is then
repeated with more sophisticated formulas (Dubinsky & McDonald, 2001).

Ideally, students would construct a schema conception of function that would include
a variety of actions, processes, objects, and other schema. However, such a deep and varied
conception of function may not be necessary for students to gain a meaningful understanding
of the main conceptual strands of calculus (Breidenbach et al., 1992; Oehrtman et al., 2008).
But, Oehrtman et al. (2008) explain that an action conception of function will not be enough

to lay a foundation strong enough to understand the essential concepts of calculus; a process
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conception is crucial to this endeavor.

Using Precise Language to Teach the Concept of Function in Calculus

Methods from asking specific types of questions (Oehrtman et al., 2008) to the use
of technology (Breidenbach et al., 1992; Tall, 1996) have been recommended to foster the
development of a process conception among calculus students. But, as was mentioned, the
presence and strength of an individual’s process conception is difficult to measure. However,
Dubinsky and Harel (1992) point out that among a variety of situations, the point of view
of a function as a set of ordered pairs is a good indicator for determining the level of an
individual’s process conception of function. Such a point of view can only be meaningful
to students if their constructed concept images of function are in harmony with a formal,
precisely stated concept definition that defines a function as a set of ordered pairs. Indeed,
if this formal concept definition is at odds with a student’s concept image of function, then,
as Dubinsky and Harel (1992) mention, the idea of a function as set of ordered pairs may
present a number of difficulties for students.
Lead Students to Construct the Concept of Function

In order to reconcile their existing concept image of function to a formal, set-theoretic
concept definition (like the one included in Figure 2.1 on page 16) student’s need to construct
a concept image that resembles the formal definition. For example, if students are to
comprehend a definition of function where it is defined as a set of points, students need
to first think about a function as a set of points. Cangelosi (2003) explains that without
repairing these conceptual gaps, many students are at risk of failing to develop healthy
attitudes, algorithmic skills, comprehension and communication skills, and application-level
abilities. That is why students should be lead to construct the concept of function with the
precise, set-theoretic definition as the guiding aim.

Many calculus students have already constructed a concept image of function, but the
image generally contains only action conceptions of the concept (Breidenbach et al., 1992;
Dubinsky & Harel, 1992; Oehrtman et al., 2008; Tall, 1996; Thompson, 1994). However,

even with this limited view of the concept of function, students can be lead to use inductive
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reasoning to distinguish between sets that are examples of functions and sets that are not,
allowing them to modify that construction to contain images of a function as a set of points.
Choosing appropriate examples and non-examples is vital as they need to be precise and
emphasize the defining characteristics of a function. For example, if students are to think
about a function as a set of ordered pairs, then some of the examples should be a function
represented as a set of ordered pairs. Allowing students to reason inductively in order to
identify the characteristics that define a function creates a concept image that provides a
basis for subsequent meaningful learning (Cangelosi, 2003).
Lead Students to Develop a Formal Concept Definition of Function

Once students have categorized the examples and non-examples of function and identi-
fied the defining characteristics of the concept, students are ready to formulate the definition
of function for themselves. Cangelosi (2003) explains that this is done as students formulate
a definition of the concept in terms of its defining characteristics, verify their definition by
testing it with additional examples and non-examples, refine their definitions as dictated
by the outcomes of the tests, and revisit any of the prior stages as necessary. Leading
students to develop their own precise definition of function, which with guidance should
resemble the formal concept definition, helps them construct a concept image that already
includes the formal definition, thereby limiting the dissonance that students sometimes feel
when such formal definitions are introduced. The development of a unit for leading calculus
students to construct the concept of function and formulate a formal definition is detailed
in Chapter 3 on page 26.

Fostering a Process Conception of Function

With a more meaningful concept image of function that includes the formal, precise,
mathematical concept definition, students should be better prepared to construct a process
conception of function. Consider, for example, two recommendations offered by Oehrtman
et al. (2008) that aim to promote students’ development of the process conception. They
indicate that students should be asked (a) to explain basic function facts in terms of input

and output and (b) to make and compare judgements about functions across multiple
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representations (pp. 34-35).
Explain Basic Function Facts

The first recommendation proffered by Oehrtman et al. (2008) is to ask students to
explain basic function facts in terms of input and output. For example, they assert that
students should be asked to determine the domain and range of a function based on the
context given in the problem and relate this to responses derived algebraically. When
students comprehend the formal definition of function that defines a function as a set of
ordered pairs, their understanding of the notation and comprehension of the associated
terminology is also enhanced (see Chapter 3). For example, students that recognize the
notation f : A — B and comprehend the associated definition, are not only able to recognize
the set A as the domain and the set B as the codomain of the function f, but are also able
choose an appropriate set A and an appropriate set B given a specific condition. This
approach of generalizing the set of input and output values is an indication of a process
conception (Oehrtman et al., 2008).
Make and Compare Judgements About Functions Across Representations

Another recommendation given by Ochrtman et al. (2008) is to ask students to make
and compare judgements about functions across multiple representations. These questions,
they explain, should vary in their algebraic representations so that the independence from
representations by formula, graph, and table is reinforced. After students make such de-
terminations, they should compare results, justify their conclusions, and explain why the
representations are the same. If a student views a function as a set of ordered pairs, the
movement from one representation to another is a matter of recognizing an ordered pair as a
point on a Cartesian coordinate system or as a paired entry in a table. The ability to move
between representations and understand why the representations are the same is another
indication that an individual has moved to a process conception of function (Oehrtman
et al., 2008).

Conclusion

Leading students to construct the concept of function, formulate their own precise
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definition, and then comprehend that definition can help students build concept images
that include the formal concept definition that is accepted by the mathematical community
at large. Furthermore, when students comprehend a set-theoretic definition of function
that define functions as sets of ordered pairs, they are able to enhance the construction of
a process conception of function, establishing a meaningful foundation for the introduction
of the essential concepts contained in calculus. This is because comprehending such a
definition helps students make sense of the additional terminology and definitions associated
with the concept of function and helps them recognize and make judgments across various

representations of a function.
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CHAPTER 3
Leading College Students to Construct the Concept of Function: A Unit Development

with a Focus on Precise Language

A central concept to undergraduate mathematics and one essential in the study of
calculus is the concept of function. However, as research suggests, students often struggle
with building meaningful foundations of the concept of function (Carlson, 1995; Oehrtman
et al., 2008; Tall, 1996). One of the reasons students struggle with understanding a concept
is because the concept images that they have constructed is at odds with the formal con-
cept definition established by the mathematics community at large (Tall & Vinner, 2004).
Chapter 2 suggests this discordance can be overcome by leading students to construct the
concept of function and lead them to formulate a precise, mathematical definition that is
in agreement with the formal mathematical definition.

With this aim in mind, a unit was developed to lead students to (a) construct the
concept of function; (b) formulate a precise mathematical definition using the language of
sets; (c) comprehend this formal definition; (d) comprehend the definition of and distinguish
between a function’s domain, codomain, and range; and (e) comprehend the definition of
and distinguish among injective, surjective, and bijective functions. This unit was taught,
along with a unit on set theory, as an introduction/review section to a class of 50 calculus
students during the first two weeks of the semester. Following is an exposition of the
development, implementation and results of the unit along with some reflections about the
implementation process.

Developing Goals and Establishing Objectives for a Unit on Functions

Cangelosi (2003) instructs that a teaching unit should consist of four elements: (a) a
learning goal, (b) a set of objectives that define the learning goal, (c) a string of planned
learning activities that are designed to help students achieve the the objectives, and (d)

a means to make a summative evaluation of student achievement of the learning goal (p.
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164). While Table 3.1 on the next page summarizes each component of a teaching unit, (a)
- (c) are discussed in detail below while (d) is considered extensively in Chapter 4.
Developing a Learning Goal

A unit’s learning goal details the overarching purpose of the teaching unit and should
indicate what students are expected to gain if the unit is successful (Cangelosi, 2003, p. 164).
Thus, in developing a learning goal for a unit on functions, it is necessary to delineate the
content students are expected to learn and how they are to interact with it. In preparation
for a course on calculus, it was decided that students should construct the concept of func-
tion; formulate a set-theoretic definition which defines a function as a set of ordered pairs;
comprehend the definitions for a function’s domain, codomain, and range; and distinguish
between injective, surjective, and bijective functions. The resulting learning goal for this
unit on functions is displayed in Figure 3.1.
Establishing Objectives

A learning goal identifies the overall student outcomes, but is not detailed enough to
lead students from where they are to where they should be upon the completion of the unit.
The achievement of a learning goal requires students to acquire a number of specific skills,
abilities, and attitudes that are outlined in a set of specific objectives (Cangelosi, 2003). To
be effective, objectives should specify the mathematical content to be covered and the level

at which students should mentally interact with that content (referred to as the learning

Figure 3.1

The learning goal established for a unit on functions.

rLearning Goal for a Unit on Functions

The goal for this unit on functions is that students will (a) understand and inter-
pret relations between sets, (b) understand functions as relations between sets, (c)
distinguish between relations that are functions and those that are not, (d) un-
derstand the meaning of and identify a function’s domain, codomain, and range,
and (e) distinguish among functions that are injective, surjective, and bijective.

\ J
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Table 3.1

A teaching unit is comprised of a learning goal, a set of objectives that define the learning
goal, a string of planned activities designed to help students achieve the objectives, and a
means to make a summative evaluation of student achievement of the learning goal (Can-
gelosi, 2003).

Component Description

The learning goal is the overall purpose of the teaching unit

L ine Goal > & .
carning >oa and should indicate what students are expected to gain.

The learning goal is defined by a set of specific objectives
that indicate the particular skills, abilities, or attitudes that
make up the learning goal. Each objective should specify

Objecti .

Jectives the mathematical content to be learned and the level at
which students are expected to mentally interact with that
content.

Learning activities are the string of lessons designed and
Learning Activities conducted for the purpose of helping students achieve the

objectives.

Summative evaluations are judgements that are made re-

tive Evaluati . . .
Summative Evaluation garding students’ achievement of the learning goal.
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level of the objective). Cangelosi (2003) explains that this is because both an objective’s
mathematical content and learning level will influence how the content will be taught.
Mathematical Content

Objectives should clearly specify the mathematical content so that it is clear what
mathematical topics students are expected to learn throughout the unit’s planned lesson
activities. These lessons are designed differently depending on the content. For example, a
lesson designed to teach a concept will be different than one designed to teach an algorithm.
Thus, as Cangelosi (2003) points out, before designing a lesson for a particular objective,
the content needs to be identified as (a) a concept, (b) a discoverable relationship, (c) a
relationship of convention, or (d) an algorithm.

Concepts. According to Cangelosi (2003) a concept is a mentally constructed category
that organizes unique entities together based on a set of common characteristics. For
example, consider the concept of relation. By definition, a relation between two sets A and
B is a set of ordered pairs that is a subset of the Cartesian product of A and B. That is r is
a relation between A and B if and only if »r C A x B. Thus, if a set is a set of ordered pairs
where the first element of each ordered pair belong to the same set and the second element
of each ordered pair also belong to the same set, then the set is considered a relation. The
concepts covered in the unit on functions are: relation, function, domain, codomain, range,
injective function, surjective function, and bijective function.

Discoverable Relationships. A relationship is an association between (a) concepts,
(b) a concept and a specific, (c) a specific and a concept, or (d) specifics (Cangelosi, 2003).
For example, the relationship Q C R is an association between concepts, 2z > 0 Vo € Nis an
association between a concept and a specific, the relationship 25 € {composite numbers} is
an association between a specific and a concept, and 27 > 6 is an example of an association
between specifics. If inductive reasoning can be used to discover the association, then the
relationship is discoverable. For example, students can use examples and reasoning to find
that for any triangle, the degree measures of its interior angles sum to 180. The unit on

functions doesn’t cover any discoverable relationships, but it does include relationships of
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convention.

Relationships of Convention. Not all mathematical relationships are discoverable.
There are some relationships that have been established through years of tradition or simply
by agreement. Cangelosi (2003) defines these relationships as relationships of convention.
Most notation used in mathematics are relationships of convention. For example, the no-
tation “f : A — B” is read “f is a function from the set A to the set B.” There is no
amount of examples or reasoning that can derive this interpretation. It has been estab-
lished by convention. Other relationships of convention discussed in the unit on functions
aref:AgB,f:A%B,andf:A%B.

Algorithms. Tan Stewart (1992), in his book The Problems of Mathematics, explains
that most people, when thinking about mathematics, think about its “delight in lengthy
calculations.” These calculations are usually the result of using a mathematical algorithm.
An algorithm is defined as a multistep procedure, based on a relationship, for obtaining
a result (Cangelosi, 2003, p. 216). Most algorithms used in mathematics can be classi-
fied as (a) an arithmetic computation, (b) a reformulation of a symbolic expression, (c) a
translation of a statement of relationship, or (d) a measurement. For example, using the

2_x—6

distributive property of multiplication to rewrite the polynomial (x +2)(x —3) as z
is a reformulation of a symbolic expression. Although there are many algorithms associated
with the concept of function, there are no algorithms covered in this unit on functions.
Learning Levels

Once the content has been classified, the next step is to identify the learning level
of the objective. Cangelosi (2003) defines an objective’s learning level as “the manner
in which students will mentally interact with the objective’s mathematical content once
the objective is achieved” (p. 166). There are several published schemes for classifying
objectives according to their intended learning levels, but Cangelosi (2003) developed the
scheme outlined in Table 3.2 on page 32 for teaching mathematics in accordance with

the Principles and Standards for School Mathematics (National Council of Teachers of

Mathematics, 2000). Kohler and Alibegovié¢ (2015) explain that the seven cognitive learning
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levels in this scheme describe the thinking that is often required in learning mathematics.
Of these seven cognitive levels, only three pertain to the objectives that outline the learning
goal for the unit on functions being developed: construct a concept, comprehension and
communication, and simple knowledge.

Constructing Concepts. Students achieve an objective at the construct-a-concept
learning level when they can use inductive reasoning to distinguish and categorize examples
and non-examples of that concept (Cangelosi, 2003; Kohler & Alibegovi¢, 2015). Ideally,
students should be lead to construct all concepts, but due to time constraints this isn’t
always a possibility. As such, there are two concepts in the unit on functions that students
should be lead to construct: the concept of relation and the concept of function. The
culminating experience of constructing a concept should be the formulation of a definition
for the concept. Thus, the construct-a-concept objectives outlined in Figure 3.2 mention
the development of such a definition.

Comprehending and Communicating. Once students have formulated or been
introduced to a mathematical definition, the next step in their learning process is to com-
prehend that definition and use it to communicate with and about mathematics. When
students can (a) extract and interpret meaning from an expression, (b) use the language
of mathematics, and (c) communicate with and about mathematics, they have achieved an

objective at the comprehension-and-communication learning level (Cangelosi, 2003). While

Figure 3.2

The two construct-a-concept objectives that make up part of the learning goal for a unit on
functions.

( Construct-a-Concept Objectives for a Unit on Functions

e Students will distinguish from sets that are relations between two sets (or
between a set and itself) and sets that are not and develop a definition.

e Students will distinguish between relations that are functions and those that
are not and develop a definition.
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Cangelosi’s (2003) scheme for categorizing learning levels specified by objectives.

Learning Level

Explanation

Cognitive Domain

Construct a Concept

Students achieve an objective at the construct-a-concept
learning level by using inductive reasoning to distinguish
examples of a particular concept from non-examples of that
concept.

Discover a Relationship

Students achieve an objective at the discover-a-relationship
learning level by using inductive reasoning to discover that a
particular relationship exists or why the relationship exists.

Comprehension and Com-
munication

Students achieve an objective at the comprehension-and-
communication level by (a) extracting and interpreting
meaning from an expression, (b) using the language of
mathematics, and (¢) communicating with and about math-
ematics.

Simple Knowledge

Students achieve an objective at the simple-knowledge
learning level by remembering a specified response (but not
multiple-step process) to a specified stimulus.

Algorithmic Skill

Students achieve an objective at the algorithmic-skill level
by remembering and executing a string of steps in a specific
procedure.

Application

Students achieve an objective at the application level by
using deductive reasoning to decide how to utilize, if at all,
a particular mathematical content to solve problems.

Creative Thinking

Students achieve an objective at the creative-thinking learn-
ing level by using divergent reasoning to view mathematical
content from unusual and novel ways.
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Table 3.2 (Cont’d)

Learning Level

Explanation

Affective Domain

Appreciation

Students achieve an objective at the appreciation learning
level by believing the mathematical content specified in the
objective has value.

Willingness to Try

Students achieve an objective at the willingness-to-try
learning level by choosing to attempt a mathematical task
specified by the objective.
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engaging with the unit on functions, students will construct the definitions for relation and
function, but will also be introduced to the concepts of domain, codomain, range, injective
function, surjective function, and bijective function. They will then be expected to com-
prehend the definitions for these concepts and use them to communicate mathematically.
Thus, comprehension-and-communication objectives should be developed that cover each
of these concepts. Objectives at the comprehension-and-communication learning level for
the unit on functions are delineated in Figure 3.3 on the next page.

Acquiring Knowledge. Not all mathematical content needs to be constructed or dis-
covered; there is a practical need for students to remember conventional names for concepts
and statements of relationships (Cangelosi, 2003). In other words, there is some mathemat-
ical content that students should remember and be able to provide given a certain prompt.
Cangelosi (2003) explains that when students remember a specified response (but not a
multistep process) to a specified stimulus, they have achieved an objective at the simple-
knowledge learning level. One of the things that should be remembered is the conventional
notation that is used throughout a given unit. Thus, Figure 3.4 on page 36 outlines the
simple-knowledge objectives for the unit on functions.

Developing Learning Activities

The foremost component of a teaching unit is the string of activities that are designed
and conducted in order to help students achieve the defining objectives for the learning goal
(Cangelosi, 2003). The order of these activities are not fixed, however, as Cangelosi (2003)
and Kohler and Alibegovié¢ (2015) point out, it is often beneficial that conventional names
for concepts or relationships be introduced after the concept has been constructed or the
relationship has been discovered. With this mind, the objectives that define the learning
goal for the unit on functions have been placed in the order to be taught and subsequently
numbered. Table 3.3 on page 37 shows this ordering.

Leading Students to Construct Concepts
In order to lead students to construct a concept they need to be given the opportunity

to use inductive reasoning to distinguish and categorize examples from non-examples of
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Figure 3.3

The six comprehension-and-communication objectives that make up part of the learning goal
for a unit on functions.

(Comprehension—and—Communication Objectives for a Unit on Func-
tions

e Students will explain that a relation is a subset of the cross product of two
sets (or the cross product of a set with itself).

e Students will explain that a function is a relation from a set A to a set B
where every element in A is mapped to one and only one element in B.

e Given the function f : A — B, students will explain that A is the domain
of the function, B is the codomain of the function, and the range of the
function is the subset of the codomain which contains all elements in B
which are mapped to by the elements of A.

e Students will explain that an injective function is a function where every
element in the range of the function is mapped to by one and only one
element in the domain.

e Students will explain that a surjective function is a function where every
element in the codomain is mapped to by an element in the range, in other
words, the range is equal to the codomain.

e Students will explain that a bijective function is both injective and surjective,
that is, one-to-one and onto.
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Figure 3.4

The four simple-knowledge objectives that make up part of the learning goal for a unit on
functions.

( Simple-Knowledge Objectives for a Unit on Functions

e Students will associate the notation “f : A — B” with the expression “f is
a function from A to B.”

e Students will associate the notation “f : A L B” with the expression “f
is an injective (one-to-one) function from A to B.”

e Students will associate the notation “f : A oM B” with the expression “f

is a surjective (onto) function from A to B.”

e Students will associate the notation “f : A 1—tl> B” with the expression “f
onto

is a bijective (one-to-one and onto) function from A to B.”
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A set of twelve objectives that define a learning goal for a unit on functions, listed in the
order to be covered during instruction.

Objective Learning Level

2.A. Students will distinguish from sets that are relations | Construct a Concept
between two sets (or between a set and itself) and sets
that are not and develop a definition.

2.B.  Students will explain that a relation is a subset of the | Comprehension and Com-
cross product of two sets (or the cross product of a set | munication
with itself).

2.C. Students will distinguish between relations that are | Construct a Concept
functions and those that are not and develop a defi-
nition.

2.D. Students will explain that a function is a relation from | Comprehension and Com-
a set A to a set B where every element in A is mapped | munication
to one and only one element in B.

2.E.  Students will associate the notation “f : A — B” with | Simple Knowledge
the expression “f is a function from A to B.”

2.F.  Given the function f : A — B, students will explain | Comprehension and Com-
that A is the domain of the function, B is the codomain | munication
of the function, and the range of the function is the
subset of the codomain which contains all elements in
B which are mapped to by the elements of A.

2.G. Students will explain that an injective function is a | Comprehension and Com-
function where every element in the range of the func- | munication
tion is mapped to by one and only one element in the
domain.

2.H. Students will associate the notation “f : A L B” with Simple Knowledge

the expression “f is an injective (one-to-one) function
from A to B.”
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Objective Learning Level
2.I.  Students will explain that a surjective function is | Comprehension and Com-
a function where every element in the codomain is | munication
mapped to by an element in the range, in other words,
the range is equal to the codomain.
2.J.  Students will associate the notation “f : A oo, g Simple Knowledge
with the expression “f is a surjective (onto) function
from A to B.”
2.K. Students will explain that a bijective function is both | Comprehension and Com-
injective and surjective, that is, one-to-one and onto. munication
2.L.  Students will associate the notation “f : A X, pr Simple Knowledge

onto
with the expression “f is a bijective (one-to-one and

onto) function from A to B.”
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the concept, determine defining characteristics, generalize their observations, and formulate
their own definition (Cangelosi, 2003). This is done by leading students through the four
stages of a construct-a-concept lesson. Cangelosi (2003) instructs that the four stages of a
construct-a-concept lesson include (a) sorting and categorizing, (b) reflecting and explaining,
(c) generalizing and articulating, and (d) verifying and refining. Movement from one stage
to another may not always be linear as it may be necessary to revisit prior stages throughout
the construction of the concept. This relationship is depicted in Figure 3.5 on the following
page. To see how these stages are used to develop a lesson, consider the concepts of relation
and function.

The Concept of Relation

One of the aims of this unit is to lead students to construct the concept of function
where a function is defined as set of ordered pairs. In particular, students who achieve the
learning goal of this unit will view a function as a relation between sets that meets the
uniqueness criteria inherent in a function. Thus, students will first need to construct the
concept of relation.

During the first stage of a construct-a-concept lesson, students are given the opportu-
nity to sort and categorize specific examples and non-examples of elements that belong to
the concept they are constructing. Selecting appropriate examples and non-examples for
students can be challenging as they should provide students with enough information so
they can identify the defining characteristics of the concept. For example, the three previ-
ously identified characteristics for defining a relation are: (a) it needs to be a set of ordered
pairs, (b) the first element of each ordered pair needs to belong to the same set, and (c)
the second element of each ordered pair needs to belong to the same set. Thus, examples
of a relation should clearly demonstrate these characteristics and the non-examples should
be missing at least one of these characteristics. Furthermore, there should be at least one
non-example demonstrating a lack of each of the identified characteristics.

For example, students are presented with Table 3.4 on page 41 and are asked to describe

how the examples are similar to each other and how they differ from the non-examples.
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Figure 3.5

The four stages of a construct-a-concept lesson as outlined by Cangelosi (2003).

Stage 1: Sorting and
Categorizing

Stage 4: Verifying and Stage 2: Reflecting and
Refining Explaining

Stage 3: Generalizing
and Articulating

Each set in the collection of examples demonstrates the essential attributes of a relation
between sets while the non-examples are missing at least one of the characteristics. As an
illustration, the first set in the non-examples contains the element (green, Jeep), however,
Jeep is not an element of the set B defined in the given conditions and the last set in
the non-examples is not a set of ordered pairs. This activity leads students to explore the
different characteristics of the given sets and identify those characteristics which define a
set as a relation from a set A to a set B.

Once students have identified the defining characteristics of a relation, they are asked to
share their thoughts and conjectures with a partner or small group and compare what they
discovered with others. This process of reflecting and explaining takes students through the
second stage of the lesson. After the pairs or small groups have discussed their conjectures
with one another, a class discussion ensues where students are asked to share what they
have discovered about relations. During this third stage of the lesson, students are asked to
create a list of the attributes and characteristics of a relation, decide which ones are essential,
and start to generalize what they have observed in order to start forming a definition.
Throughout this process, students should test the definitions they are formulating and refine

them as necessary. The goal of this discussion is to lead students to identify the necessary



41
Table 3.4

Examples and non-examples of sets that are relations from the set A to the set B.

A = {green, blue, yellow, red, orange, black}
B = {Honda, Chevrolet, Ford, Porsche, Toyota}

Examples Non-Examples

{(red, Honda), (red, Ford), (red, | {(green, Ford), (green, Jeep), (green,
Porsche)} Honda)}

{(orange, Toyota), (blue, Toyota), (gray,

{(blue, Ford), (red, Ford), (black, Ford)} | 0

{(blue, Porsche), (red, Honda), (black, | {(Chevrolet, black), (Porsche, blue),
Chevrolet) } (Honda, red)}

{(yellow, Porsche)} {yellow, Porsche}

conditions that define a relation and then use them to formulate a precise, mathematically
correct definition. For example, students should be lead to formulate a definition for a
relation that is similar to the one found in Figure 3.6.
The Concept of Function

Since college algebra and trigonometry (or the equivalent) is required for a first-year
calculus course, most students who are enrolled have been exposed to and have experience

with the concept of function and have already constructed their own concept image. With

Figure 3.6

Precise, mathematical definition of a relation on two sets.

( Definition: Relation

—

LGiven sets A and B, r is a relation from A to B if and only if r C A x B.
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the aim of helping students modify their existing concept image, a slightly different method
is used to lead students to construct the concept of function. The four stages are still
incorporated, but instead of providing examples and non-examples for students to catego-
rize, students are asked to provide the examples and non-examples themselves. Students
should be encouraged to include different representations as part of their examples and non-
examples and it may be necessary to include additional examples and non-examples where
functions are represented as a set of ordered pairs. Students are lead through the various
stages of the lesson as they work through the following prompts (included in Appendix A)

as a group and as a class:

1. With a partner or small group, list 3 - 5 examples of relations from A to B that are

functions (i.e., f C A x B such that f: A — B), given A, B are sets.

2. With the same partner or group, list 3 - 5 examples of relations from A to B that are

not functions from A to B, given that A, B are sets.

3. As a class, discuss a few examples and non-examples and develop a way to distinguish

the two.

4. Formulate a definition for function.

Again, the goal of this process is to lead students to formulate a precise, mathematical
definition for the concept of function. This definition should define a function as a set of

ordered pairs and should resemble the definition in Figure 3.7.

Figure 3.7

A precise, set-theoretic definition of a function.

Definition: Function

Given sets Aand B, f: A — B < f is arelation from Ato BandVx € A,y €
B such that (z,y) € f.
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Leading Students to Comprehend Definitions

Whether the definitions are formulated by the students or given by the instructor,
students are expected to comprehend and use these definitions. In order to lead students
to comprehend the definitions and learn to use them, the should be lead through a four-
stage direct instruction lesson. Cangelosi (2003) explains that the four stages are: (a) the
message is sent to the students, (b) the message is rephrased and explained, (c) students
are questioned about specifics in the message, and (d) students are provided with feedback
on their responses to questions raised in Stage 3. Like the stages in a construct-a-concept
lesson, movement between the stages is sometimes necessary and this relationship is depicted
in Figure 3.8 on the following page.

Since students are lead to construct the concepts of relation and function and formulate
their definitions, the first stage of a comprehension-and-communication lesson for these
definitions is already completed. However, for the definitions that students do not formulate
themselves, the definitions need to be given to the students orally and in writing. For
example, the definition of the range of a function is given to the students as part of the
guided notes they receive for the unit on functions (see Figure 3.9 and Appendix A). Then,
during the lesson, the definition is read aloud to the students. Similarly, the definitions for
injective, surjective, and bijective function are given.

After the students have been given the definition (or formulated it themselves) the
next stage is to have the definition rephrased and explained. Initially, this is done by the
instructor, but as students become more familiar with these types of lessons, asking students
to rephrase the definition in their own words can be helpful for the students to make sense
of the mathematical language and notation being used to define the concept. This stage
usually plays a part in constructing a concept and formulating a definition as students
begin explaining in their own words and then translate that to mathematical language and
notation, however, when students are only given the definition for a concept, they will
benefit from rephrasing and explaining the definition. For example, if students are given

the set-theoretic definition of the range of a function, like the one in Figure 3.9, they will
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Figure 3.8

The four stages of a comprehend-and-communicate lesson as outlined by Cangelosi (2003).

Stage 1: The Message
Is Sent to the Students

Stage 4: Students Are Stage 2: The Message
Provided with Is rephrased and
Feedback Explained

Stage 3: Students are
Questioned about
Specifics in the Message

better comprehend its meaning if it is explained as “the set of y’s in the codomain that are
getting mapped to,” or something similar.

The last two stages of a comprehension-and-communication lesson help students strengthen
their comprehension of a mathematical message, affords them the opportunity to use the
language of mathematics to communicate their comprehension, and gives them timely feed-
back on their communication. This is done by asking questions about the specifics in the
message. For example, in order to enhance students’ comprehension of the definitions of
function, domain, codomain, and range they are asked to determine the truth value of the
given proposition and use the definitions to explain their determination. These prompts,
included in the guided notes in Appendix A, emphasize functions as sets of ordered pairs

and highlight the link between a function and its domain, codomain, and range.

Figure 3.9

A precise, set-theoretic definition of the range of a function.

(Deﬁnition: Range of a Function

LGiven f: A — B, the range of the function f is the set {y € B : (z,y) € f}. J




45

1. If X = {1,2,3,4}, Y = {standard lower case letters of the English alphabet}, r C
X xY such that r = {(2,“¢”), (1, “t”), (4, “m”), (3, “c”)}, then r : X — Y such that
X is the domain of r, {“a,” “b,” “c,” ..., “2”} is the codomain, and {“t,” “c,” “m”

is the range of r. T F

2. If f = {(q, q%) qeQ-— {—1}}, then f: Q—{—1} — Q such that Q — {—1} is the
domain of f and Q is the range of f. T F

3. If h ={(z,h(x)) : z € R and h(x) = y/x}, then h : R — R such that R is the domain
of h and {y: y € [0,00)} is the range of h. T F

By working through these prompts individually, students reflect on their own compre-
hension and continue to modify their concept images using the language of mat<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>