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ABSTRACT

Universal Localizations of Certain Noncommutative Rings

by

Tyler B. Bowles, Master of Science

Utah State University, 2020

Major Professor: Dariusz M. Wilczynski, Ph.D.
Department: Mathematics and Statistics

Localization is a technique that was originally created to embed a commutative
integral domain into its field of fractions. Classical methods of localization can be
loosely thought of as a means of adding “denominators” to a ring or module, or
more formally, the process of systematically adjoining inverse elements to a ring
or module. To overcome difficulties that arise in extending these classical methods
to noncommutative rings, P. M. Cohn invented a localization which maps a ring
to one over which certain classes of matrices, rather than just elements, become
invertible. A modern perspective interprets both methods as instances of universal
localization, which is the adjunction to a ring R of universal inverses of a family of
morphisms between R-modules. Finding specific models for universal localizations
is, in general, difficult. For certain classes of rings, however, explicit constructions
are accessible. We introduce such a class of rings, the generalized triangular matrix
rings, and provide complete descriptions of their universal localizations with respect
to morphisms between their projective ideals. The results demonstrate, in particular,

that localizations of matrix rings are themselves matrix rings with an increased degree
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of symmetry. This explains the results of Schofield and Sheiham that demonstrated
that the localization of a triangular matrix ring of order two is a full matrix ring.
Although full symmetry is not usually achieved in localizations of higher order rings,
these localizations do have enough idempotents that their structure can be recognized.
Nonetheless, for a large enough set of morphisms, i.e., a maximal tree of morphisms,

full symmetry is again realized, and the universal localization is a full matrix ring.

(153 pages)



PUBLIC ABSTRACT

Universal Localizations of Certain Noncommutative Rings

Tyler B. Bowles

A common theme throughout algebra is the extension of arithmetic systems
to ones over which new equations can be solved. For instance, someone who knows
only positive numbers might think that there is no solution to x 4+ 3 = 0, yet later
learns * = —3 to be a feasible solution. Likewise, when faced with the equation
2z = 3, someone familiar only with integers may declare that there is no solution,
but may later learn that z = % is a reasonable answer. Many eventually learn that
the extension of real numbers to complex numbers unlocks solutions to previously
unsolvable equations, such as 22 = —1.

In algebra, a ring is, roughly speaking, any arithmetic system in which addition
and multiplication behave “reasonably”, while a homomorphism is a function that is
compatible with the appropriate arithmetic systems. Some rings are noncommutative,
meaning that the order in which one multiplies may change the product (i.e. ab # ba),
in contrast to most grade school arithmetic.

The extension of integers to rational numbers that allows one to solve 2x = 3 is
an example of a more general technique, called localization. For commutative rings,
localization is well understood and allows one to reasonably form fraction-like ob-
jects with numerators and denominators so that one can solve any equation of the

form ax = b. However, this process becomes much more difficult for noncommutative

rings. A modern perspective on this problem asks more broadly for an extension
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of a noncommutative ring which makes any given homomorphism invertible, mak-
ing it possible to solve certain equations involving the homomorphism. In general,
satisfactory descriptions for extensions of this type are elusive. However, there are
circumstances in which it is possible to give a concrete answer.

We investigate a class of rings called the generalized triangular matrix rings
whose elements are matrix-like. Our study focuses on homomorphisms whose inputs
and outputs are each columns from these matrices. The results explicitly describe all
of the extensions that result in available inverse homomorphisms. These extensions,
called universal localizations of the ring, are also rings whose elements are matrix-
like, and these matrices are more symmetric than the ring before localization. To
provide some historical context, we also recount the developments in the theory that
led to this research. This includes detailed descriptions of classical localization and
its counterpart in noncommutative algebra, Ore localization, as well as accounts of

modern viewpoints, namely Cohn localization and universal adjunction.
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CHAPTER 1
INTRODUCTION

A useful fact in commutative algebra is that any commutative integral domain
can be embedded into a field of fractions. More generally, any commutative ring
admits rings of fractions, which are, loosely speaking, rings over which some ele-
ments become invertible [20]. This process is called localization, named so due to a
particularly useful case of the construction for which the ring of fractions is a local
ring.

Attempts to generalize localization to embeddings of arbitrary noncommutative
integral domains into skew fields have encountered numerous difficulties. In the early
20th century, A. Malcev showed that there exist integral domains for which such
embeddings are not possible [12]. A set of additional hypotheses, proposed by @. Ore
in 1931, provided a method for embedding some integral domains into a skew field
of fractions [17], [25]. However, embeddings, or more generally homomorphisms, of
rings into skew fields remained elusive when these conditions failed to hold.

In the 1970s, P. M. Cohn proposed an alternative to these methods. His idea was
to construct rings over which certain classes of matrices, rather than just elements,
become invertible. Today, these rings are referred to as Cohn localizations of a ring,
and they have proved useful in establishing necessary and sufficient conditions for
embeddability of an integral domain in a skew field. In addition to this application,
Cohn localizations of rings are interesting constructions in their own right, revealing
useful noncommutative analogues to objects commonly studied in commutative ring

theory, including prime ideals, localizations, ring spectra, principle ideal domains,



and division algorithms [11], [8].

Matrices over a ring R correspond to homomorphisms between free R-modules.
As such, a mapping which makes invertible a family of matrices over R is equivalent
to a functor between module categories which makes a certain family of mappings
between R-modules invertible. This perspective was adopted by G. M. Bergman, who
studied a more general question of adjoining to a ring R universal inverses of arbitrary
morphisms between R-modules. Such adjunctions are called universal localizations
of R. If the modules being considered are finitely generated projective modules, then
the universal localization is guaranteed to exist, but explicit constructions are not
readily available in this generality [1].

Despite the lack of specific models for universal localizations in general, good
descriptions can be given under additional hypotheses. Schofield [27], for example,
established that the universal localizations of some interesting triangular matrix rings
of the form (4 M), with respect to morphisms (4 ) — (%), are full 2 x 2 matrix rings.
For certain choices of bimodules in the triangular matrix ring, the resulting localiza-
tions are Morita equivalent to important constructions in ring theory, including the
amalgamated free product. In 2006, a result by Sheiham [29] provided a presentation
for the entries of such 2 x 2 matrix rings in order to unify the results of Schofield and
others.

Triangular matrix rings have found interesting applications in topology, where
their localizations serve to clarify the algebraic K- and L-theory of generalized free
products. For example, if (M, N) is a pair of CW-complexes such that N has a
neighborhood of the form N x [—1,1] C M, then the two morphisms 7 (N x {£1}) —
m (M \ N) determine a triangular matrix ring structure whose Cohn localization is
Morita equivalent to the group ring Z[m(M)]. More details on these applications can

be found in Ranicki’s report [26].
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The triangular matrix rings considered by Schofield and others can be considered
special cases of a more general class of rings, called generalized matrix rings. Gener-
alized matrix rings of order ¢, often called matrix (-rings, are built from a family of ¢?
bimodules equipped with appropriate multiplication maps. The identity element of
a generalized matrix ring R can be decomposed as a sum of ¢ idempotents, denoted
e;i- Each idempotent determines a projective left ideal of R, namely Re;, and R
decomposes as the direct sum Z? Re;;. A useful fact is that the converse also holds
— any ring whose identity decomposes into ¢ idempotents can be given the structure
of a matrix /-ring.

The idempotents in a matrix ¢-ring R provide an interesting way to analyze the
ring-theoretic properties of R, especially when R is triangular (in the sense that all
bimodules below or above its diagonal are zero). In the case that R is a triangular
matrix (-ring, its universal localization with respect to a morphism Re,, — Rey,
mapping its p-th column to its ¢g-th column, can be identified using the images of the
idempotents in R. The localization can itself be given the structure of a matrix ¢-ring
whose entry bimodules are describable in terms of certain tensor algebras and tensor
product modules of the various bimodules comprising R.

Somewhat surprisingly, the general question of localizing a triangular ¢-ring with
respect to a morphism between its column modules can be reduced to the case of a
single morphism Regs — Reyy in a triangular matrix ring of order five, where the

localization takes the form

AU G U W
0 A B AV
0O ¢ D C H
0 A B AV
0 0 0 0 A

Using this reduction, we can describe the localization of a triangular matrix ring of

any size.
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The form of this localization also suggests that localizing a triangular matrix ring
may yield a more symmetric matrix ring. This explains, in part, why the localization
of a triangular 2-ring is a full 2 x 2 matrix ring. While the localization of a higher
order triangular ring with respect to a single morphism does not usually yield a full
matrix ring, the increased degree of symmetry begs the question of whether such a
ring can be localized to a full matrix ring for a certain choice of morphisms. Indeed,
the universal localization of a triangular ring R with respect to a maximal tree of
R-module homomorphisms is a full matrix ring.

This thesis is structured as follows. In Chapter 2, we provide a brief overview
of the category theoretic and algebraic terminology used for the remainder of the
discussion. We introduce and motivate the left first and right second convention
for composition which is utilized throughout. Classical notions of localization are
the focus of Chapter 3, where we describe fields of fractions and Ore localization
and discuss some of the problems that arise in noncommutative localization theory.
This is followed by an account of Cohn localization in Chapter 4, including a sketch
of Cohn’s initial construction and a detailed comparison of two modern approaches
to the construction, due to P. Malcolmson and Cohn. The adjunctions studied by
Bergman are treated in Chapter 5, including a recount of Sheiham’s proof of the
localization of (4 M) in the context of localizing a ring which is a direct sum of two
left ideals. In Chapter 6, we introduce the class of rings on which our study is focused,
namely the generalized matrix rings. Finally, Chapter 7 details work by the author
and D. M. Wilczynski on the universal localization of generalized triangular matrix
rings. The results in Chapter 7 build on one another in succession, first providing
the universal localization of a triangular matrix 3-ring as a stepping stone for the
general construction, then describing the localization of a triangular matrix 5-ring.

The localization of general matrix rings is given by reducing to the case of 5-rings.



CHAPTER 2
PRELIMINARIES

In this chapter, we introduce some of the conventions that will play an impor-
tant role in our discourse. We assume that the reader has a working knowledge of
some basic category theory, ring theory, and module theory. For more details on the
category theory and algebra used, we direct the reader to [10], [17], and [20]. The
reader may find utility in the list of notation, which explains all special notation used

in this volume, as well as references to the pages where the notation is introduced.

2.1 The Basics

A rng is an additive abelian group with an associative multiplication which
distributes over addition. A rng with a multiplicative identity element is called a
ring. Rng homomorphisms are additive and multiplicative maps, while ring homo-
morphisms must additionally preserve the multiplicative identity elements. An addi-
tive subgroup of a rng R which is closed under multiplication in R is called a subrng
of R. If S is a subrng of a ring R containing the multiplicative identity of R, then S
is a subring of R. A subrng of R, even if it is a ring in its own right, need not be a
subring of R.

Given a rng R, a left R-module M is an additive abelian group equipped with
a left R-action map R x M — M. We often write rm for the image of (r, m) under
the action map. Such a map is required to be additive in both R and M and satisfies
(rs)m = r(sm) for all r;,s € R and m € M. If R is a ring and 1gm = m for all

m € M, we say that M is a unitary module. Right modules are defined analogously.
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Beyond this chapter, we shall use the term “module” to refer only to unitary modules,
though we sometimes use the adjective “unitary” for emphasis.

If an abelian group M is both a left R-module and a right S-module and the
action maps commute in the sense that (rm)s = r(ms) for all r € R, m € M, and
s € S, then M is called an (R, S)-bimodule, sometimes adorned with subscripts as in
rMs when these decorations provide additional clarity. A function f: RMg X ¢ Ny —
rPr of appropriate bimodules is called (R, T)-bilinear if f is additive in both M and
N and for each r € R, m € M, n € N, and s € S, we have f(rm,n) =rf(m,n) and
f(m,ns) = f(m,n)s. Moreover, the function f is called S-balanced if f(ms,n) =
f(m, sn) holds for all s € S, m € M, and n € N.

For fixed bimodules g Mg and gN7p, there is a universal (R,T)-bilinear and S-
balanced map whose target (R, T')-bimodule is called the tensor product of M and N,
denoted M ®g N. The subscript on the tensor product operator is often suppressed
in the special case where S = Z.

If Ais an (R, R)-bimodule and there is an (R, R)-bilinear and R-balanced multi-
plication map Ax A — A, then A is called an (R, R)-algebra. Morphisms of such alge-
bras are bimodule homomorphisms which preserve multiplication. An (R, R)-algebra
is associative or commutative if the multiplication is associative or commutative, re-
spectively. If the rng R is commutative and the left and right action maps on A are
equal, then A is called an R-algebra.

The inclusion of an (R, R)-bimodule M into its positive tensor algebra, Ry (M) =

j?zl M®™ is universal in the category of (R, R)-bimodule homomorphisms from M
into associative (R, R)-algebras, where M®" denotes the n-th tensor power of M,

namelyM@R---QbR]W/.

-

n times

When R is a ring, an (R, R)-algebra is unitary if it is unitary as an (R, R)-

bimodule. The tensor algebra of a unitary (R, R)-bimodule M is the unitary (R, R)-
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algebra R(M) = j‘?zo M®" with the convention M®® = R. The inclusion of M
into R(M) is universal in the category of (R, R)-bimodule homomorphisms from M
into unitary associative (R, R)-algebras. In the special case where R = Z, the tensor
algebra Z(M) is referred to as the tensor ring.

The tensor product of two R-algebras A and B is denoted by A®rB and is defined
as the bimodule A ® B with multiplication given by (a ® b)(a’ ® V') = aa’ ® b’ for
all a,a’ € A and b, b’ € B.

Let R be a ring and M a left unitary R-module. If X is a subset of M such
that every element of M can be uniquely written as a finite R-linear combination of
elements of X, then X is said to be a basis of M. Contrary to vector spaces, not all
left R-modules have bases; those that do are said to be free left R-modules. A left
module which is free on its basis X has the property that every function X — N
into a unitary left R-module uniquely factors through the inclusion X — M via
an R-module homomorphism M — N. Whenever X is a basis of M, there is a
decomposition of M into a direct sum of cyclic R-modules, each isomorphic to R
itself. More explicitly, M = Zfe « Rx.

More generally, an object F' in a concrete category is free on a set X if there is
a set function 7: X — F such that for every set function j: X — A into an object A
in the category, there is a unique morphism ¢: F' — A satisfying i o ¢ = j. In this
manner, we may ask about free objects in other familiar categories. For instance, if
R and S are rings, then the direct sum Zfe « R® S is free in the category of unitary
(R, S)-bimodules, and is referred to as the free (R, S)-bimodule on X.

Free modules, free bimodules, and the tensor algebra can be used to construct
various other free objects. For instance, if R is a ring and M is a free (R, R)-bimodule
on the set X, then R(M) is a free associative unitary (R, R)-algebra, denoted R{X)R.

In the case where R is a commutative ring and M is a free (one-sided) R-module,
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then R(M) is a free associative unitary R-algebra, denoted R(X). We note that
Z(X) = Z(X)Z even though R(X) is not, in general, a free associative (R, R)-algebra.
Elements of R(X) can be thought of as polynomials in noncommuting indetermi-
nates, and this description suggests a construction even when the coefficient ring is
noncommutative. That is, when R is noncommutative, then the tensor product ring
R(X) = R® Z(X) is a ring of polynomials whose indeterminates do not commute
with one another but do lie in the centralizer of R. By contrast, elements of R(X)R
can be thought of as polynomials in noncommuting indeterminates from X which
commute with coefficients from the characteristic subring of R (the subring gener-
ated by 1g). Finally, for any ring R, the notation R[X] is used for the polynomial
ring in central indeterminates. When R is commutative, R[X] is a free commutative
associative unitary R-algebra. For brevity, we shall omit the word “unitary” when
discussing free algebras of any type, though it is important to be aware that the
free objects in general categories of algebras usually differ from free objects in the
various categories of unitary algebras. In other words, a “free algebra” shall always
refer to a free object in a category of unitary algebras, by convention. Details on
polynomial-type algebras such as R(X)R, R(X), and R[X], among others, as well as
their associated universal properties can be found in [31], though different notation
is used there.

One use of free objects is in the study of objects by generators and relations. For
instance, a unitary R-module M is said to be generated by X subject to relations Y
if M is isomorphic to the quotient of a free module on X by the smallest submodule
containing Y as a subset. Under these hypotheses, we sometimes say that M has
presentation (X | Y). Every module can be realized in this manner. Similarly, a ring
R has presentation (X | Y) if R is isomorphic to the quotient Z(X)/(Y) of the free

associative Z-algebra by the two sided ideal generated by Y. As with modules, every
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ring can be given a presentation. To see this, for any ring R, we may take X = R and
Y ={1-1g,2-ry—2®y, (x+ry)— (r+y) | x,y € R} to see that R has presentation
(X |Y), where the addition and multiplication in R are denoted by +x and ‘g to
distinguish them from the operations in the free algebra. Analogous statements can be
made about commutative associative unitary R-algebras, associative unitary (R, R)-
algebras, and many other categories of algebraic objects.

The notions of dimension or rank of a free module M are not, in general, well-
defined. A module M may be simultaneously free on X and free on Y, yet | X| # |Y].
The presence (or lack) of such pathological modules is a property of the ring of scalars.
A ring R for which any two bases of a free R-module have the same cardinality is
said to have invariant basis number (IBN). When R has IBN, we may unambiguously
speak of the rank of a free R-module as the cardinality of any of its bases. Given our
characterization of free R-modules as direct sums of copies of R, an equivalent way*
to state the IBN property is to say that R™ = R™ implies n = m, where R" denotes
the direct sum of n copies of gk R or Rp.

Among rings which have the IBN property are commutative rings and skew fields
[20], though a proof of this fact is omitted here.

Another important class of modules is the class of projective modules. A unitary
left R-module P is said to be projective if it is a direct summand of a free module.
That is, P is a projective R-module if there exists an R-module () such that P & Q)

is free. Every free module is projective, but the converse need not hold in general.

TAs it turns out, if a free module has a basis of infinite cardinality, any of its bases have the
same cardinality. Thus, an ambiguity in rank may only arise with F(X) = F(Y") for finite bases X
and Y.
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2.2 The Ilf-rs Convention
Given bimodules g Mg and g Nr, the set of all R-module homomorphisms M — T
is denoted Hompg(grMs, gN7) and can be enhanced with the structure of an (S,7)-

bimodule under pointwise addition and action maps defined by

(sf)(x) = flzs), (ft)(x) = fla)t

foralls € S,t € T,x € M, and f € Homg(grMs, RNr). We denote the additive group
of morphisms from a module M into itself by Endg(gM) = Hompg(gM, gM). This
group can be given a ring structure, called the endomorphism ring of M, but different
conventions for the order in which composition is written can give Endg (g M) different
ring structures. Using any of these conventions, Endg(zMg) is an associative unitary
(S, S)-algebra using the bimodule structure of Homg(gr Mg, pMg) and composition as
the multiplication map. The units in Endg(gM) are called automorphisms of g M.

Let f: X — Y and ¢g: Y — Z be functions. Traditionally, the composite map
X — Z with assignment g(f(z)) is written g o f. In the context of noncommutative
algebraic structures, this convention of notation can lead to some inconveniences.
For instance, students of linear algebra may recall that there is a one-to-one corre-
spondence between linear operators on a vector space and matrices over that space
and that composition of operators amounts to multiplication of the corresponding
matrices. More concisely, this statement can be written Endg (xK") = M, (K) for
a field K if the traditional meaning of o is used as the multiplication map in the
endomorphism ring. Here, M, (K) denotes the ring of n x n matrices over K. The
analogous statement for a noncommutative ring R is no longer true. Rather, it turns
out to be the case that Endg(gR") = M,,(R°?), where R°? denotes the opposite ring
of R. The ring R°? has the same additive group as R, but multiplication - defined by
-y =y

Many authors have found ways to remedy this inconvenience. Some authors
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choose to work primarily with right modules and traditional composition, while others
choose to write functions to the right of arguments as in f(x) = zf so that the
traditional composition, (go f)(z), is written x f g; multiplication in the endomorphism
ring is then the map (f, g) — fg. The first of these choices yields Endz(R%) = M, (R)
while the second yields Endg(rR") = M,,(R).

Our choice to bypass this inconvenience is to adopt the left first and right second
convention (lf-rs; for short) for composition. Given f: X — Y and g: Y — Z, we let
fog=gf: X — Z be defined by (f o g)(x) = g(f(z)) for all z € X. The operation
o using the lf-rs convention is then used as multiplication in the endomorphism ring.

We demonstrate the utility of the lf-rs convention by reproving a result of Cohn
[11, Thm. 0.2.1].

Let R be a rng. Suppose A = Zil A;, B = Z;er B;, and C' = ZfeK C}, are
R-modules (left or right, but all of the same flavor) for some finite index sets I, J, K.
With each module A, (n € I) we can associate the canonical projection 7, : A — A,
given by m,((a;)) = a, and the canonical monomorphism pu,: A, — A given by
tn(a) = (a;) with a; = a for i = n and a; = 0 otherwise. These mappings satisfy the

equations

Zum =14 and 7y = dpn

7

with the Kronecker delta d,,, = 1 for m = n and 0 otherwise. Similar pairs (u!,, 7))
and (pr, 7)) can be defined for the summands of B and C.

Let M;; = Hompg(A;, B;). The sets Hompg(A, B) can be made into additive
groups under pointwise addition, and in fact Homg(A, B) and Zf?j M;; are isomor-
phic, with each morphism f corresponding to the sum Z” fij where fi; = 7 f ;.
If the direct sum Z?j M;; is arranged as a matrix of groups (M;;), then >, ; fi;
corresponds to the matrix (f;;). Similarly, morphisms ¢ € Hompg(B,C) and h €

Homp (A, C) correspond to matrices of morphisms (g;x) in (N;,) = (Hompg(B;, Cy))
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and (hg,) in (Py) = (Homp(A;, Cy)), where gj1, = mygu’;, and hg, = m/gpu;.
Using these additive isomorphisms, the result of composition of morphisms
Hompg(A, B) x Homg(B,C) — Homg(A,C), (f,9)—h=fog
corresponds to the matrix (hy) in (Py) given by

hix = mhpt; = Tg f 11 = Z g fs =Y (7 fua) o (migus)) Z fij © G-
J
Thus (hy) is equal to the product matrix (fi;) o (gj)-
As mentioned previously, the additive group Hompg(A, A) is a ring with multi-

plication given by composition of morphisms, denoted by Endg(A). The previous

discussion with A = B = (' allows us to describe this ring in terms of matrices.

Theorem 2.2.1. For any finite direct sum of R-modules A = Z? A;, the correspon-
dence f < (f;;) defines an isomorphism of the endomorphism ring Endg(A) with the

matrix ring (Hompg(A4;, A;)). O

Although the If-rs convention was used in the calculation above, a similar isomor-
phism exists between Endg(A) and the transposed matrix ring (Homp(4;, A;)) " given
by the correspondence f <> (fji), with fj; = 7} fu;, when the opposite composition

rule is used on both sides of the correspondence

Corollary 2.2.2. If A is an R-module and S = Endg(A), then Endg(A™) = M, (S)
(using either composition rule). O
Examples 2.2.3. Let R be a ring.

(i) Let f,g € Endg(gR) where gRR = Rx with x = 1. Suppose f(rz) =rf(z) = rax
and g(rz) = rg(x) = rbx. Then (f o g)(rz) = g(f(rx)) = g(raz) = (ra)bx = r(ab)z.
Thus Endg(gR) = R under the correspondence f <> a. It follows that Endg(pR"™) =
M, (R).

(i) Let f, g € Endg(Rg) where Rg = xR with x = 1. Suppose f(zr) = f(z)r = zar

and g(xr) = g(z)r = xbr. Then (f o g)(zr) = g(f(xr)) = g(xar) = zb(ar) = z(ba)r.
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Thus Endg(Rg) = R°P under the correspondence f <+ a. It follows that Endg(R}%) =

M, (R%).

Again, the lf-rs convention was used in Examples 2.2.3. If the opposite rule is
used instead, then the correct statements are Endg(grR) = R and Endg(Rg) = R,
and consequently, Endg(grR") = M, (R°?) and Endg(R}) = M, (R).

Endomorphism rings can also be used to add a bimodule structure to a one-
sided module. As with the rest of this discussion, the statements in the following
proposition rely on the use of the lf-rs convention and must be modified appropriately

if the opposite rule is used.

Proposition 2.2.4. Let A and B be rings.

(a) If M is a unitary (A, B)-bimodule and N is a unitary (B, A)-bimodule, then
Enda(aMp) is a unitary (B, B)-algebra and End4(gN)°P is a unitary (B, B)-
algebra.

(b) If M is a unitary left A-module and there is a ring homomorphism f: B —
End4(4M), then B has a right action on M defined by mb = f(b)(m), thereby
making M a unitary (A, B)-bimodule.

(c) If N is a unitary right A-module and there is a ring homomorphism f: B —
End4(N4)°P, then B has a left action on N defined by bn = f(b)(n), thereby

making N a unitary (B, A)-bimodule.
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2.3 Matrix Rings

For a ring R, the full matriz ring of n x n matrices over R, denoted M, (R), is
a well-studied object in ring theory. Unitary modules over full matrix rings are com-
pletely described by Morita theory, while the Artin—-Wedderburn Theorem establishes
full matrix rings as the only source of simple Artinian rings [20, Thm. 9.1.14]. As we
have already seen, full matrix rings are often used as an easier way to understand the
endomorphism ring of a free module.

We proceed to describe a few of the results regarding matrix rings that will be
of use to us.

Elements of the Cartesian product R" can be viewed either as rows (1 x n ma-
trices) or columns (n x 1 matrices) over R. Which perspective is more useful as the
default depends largely on whether one works primarily with left or right modules
and which composition rule one uses. For our purposes, we shall take R™ to denote
rows over R and use "R to denote columns over R when they are needed. There is
a natural right action of M, (R) on R™ and left action on "R by matrix multiplica-
tion, giving R™ an (R, M,,(R))-bimodule structure and "R an (M, (R), R)-bimodule
structure.

In a matrix ring M,,(R), there are n* elements denoted e;; which are matrices
with 1 in the (7, j) position and 0 elsewhere. These elements are called matriz units;
a full set of matrix units satisfies the equations

€ijCrs = 6]'7"61'37 Z ey =1,
where ¢ is the Kronecker delta in R. The Syr;bols e;; will be reserved for use as
matrix units and will mainly be understood as such by context going forward.

The ring M,,(R) contains R as a subring via the inclusion a +— al, where [
denotes the n x n identity matrix. Matrices of the form al are called scalar matrices,

and even in the case where R is noncommutative, the matrix units commute with
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all scalar matrices. The next result, from [11, Thm. 0.2.3], shows that the converse

holds.

Theorem 2.3.1. Let R be a ring containing n* elements e;; such that

€ij€rs = 0jr€is, E ey = 1.
i

Then R = M,,(S), where S is the centralizer of {e;;}.

Proof. Let S be the centralizer of {e;;}. For each a € R, we define a;; = > eqae;. It
is not hard to see that a;; € S, and the correspondence a — (a;;) is a ring isomorphism

R= M,(S). O

Because the images of matrix units under a ring homomorphism also satisfy the

equations of a full set of matrix units, we obtain the following useful consequence.

Corollary 2.3.2. If f: M,(S) — R is a ring homomorphism, then R = M., (5’),

where S’ is the centralizer of { f(e;;)}. O

Likewise, sets of matrix units also determine ring homomorphisms between ma-

trix rings.

Theorem 2.3.3. If f: M,(R) — M,(R') satisfies f(e;;) = e}; where e;; are the
matrix units in M,,(R) and ej; are the matrix units in M,,(R'), then f is obtained

by applying a ring homomorphism 6#: R — R’ entrywise. In other words, we say

f =M, (0). O

The results discussed so far show that M, (R) is a functor of R and, in fact, is
an equivalence from the category of rings to the category of n x n matrix rings, where

morphisms are entry-wise application of the same ring homomorphism.
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In general, a ring may have more than one set of matrix units. Extending func-
tions between matrix units to ring endomorphisms yields many nontrivial automor-
phisms of M,,(R). For instance, we observe that
1 o) o) (00 1) s
is a full set of matrix units which differs from what is perhaps the “obvious” choice.

Nonetheless, a set of matrix units {e;;} is uniquely determined by the elements e;;

with i < j.

Proposition 2.3.4. Let R be a ring and {e;;}, {e{;} be two full sets of matrix units

in R such that e;; = egj whenever i < j. Then e;; = egj for all i,j.

Proof. Let @ > j. Then

— o — o = oo —— o — o = o =

This also allows us to prove that a ring homomorphism M, (R) — T from a
matrix ring into another ring is uniquely determined by its assignment on the subring,

U, (R), of upper triangular matrices.

Proposition 2.3.5. If R is a subring of S = M,,(K) containing all upper triangular
matrices, then the inclusion t: R — S is an epimorphism in the category of rings;

that is,
to fi = o fy implies fi = fo
for any pair of ring homomorphisms f1, fo: S — 1. In particular, t® 1: R®@pr S —

S ®pg S is an (R, S)-bimodule isomorphism.

Proof. Suppose fi, fo: S — T are ring homomorphisms such that to f; = 1o f;. Then
the images of the standard matrix units e;; in S, namely {fi(e;;)} and {fa2(e;;)}, are

themselves a set of matrix units in 7. However, we have ¢;; € «(R) for all 1 < j,
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whence fi(e;j) = fa(e;;) for all indices ¢ < j and by Proposition 2.3.4, for all indices
1 <i,7 < n. Furthermore, ((R) contains all scalar matrices, so

A, aigeiy) = 225 Filaig) filei) = 32, falaig) faleiy) = fa (32, aises),

which shows f; = fs as required. The last statement follows from [11, Prop. 7.2.1]. O

Two rings R and S are said to be Morita equivalent if their categories of unitary
left modules, denoted pMod and sMod, are equivalent categories. There is a signif-
icant amount of literature detailing this concept alone, so we shall discuss only the
example which will be of most interest to us, namely that R is Morita equivalent to

its n X n matrix ring.

Lemma 2.3.6. Let R be any ring. Then there is an (M, (R), M, (R))-bimodule
isomorphism "R®@p R" = M,,(R). Likewise, there is an (R, R)-bimodule isomorphism
R" @pm,r) "R = R.

Proof. The maps f: "R ®r R" = M, (R) and g: R" @, (r) "R — R given by

Flla)" @ (y5) = (@) " () = (2ayy),
g((z) ® (y))") = (x) ()" = X, v

are isomorphisms of (M,,(R), M, (R))-bimodules and (R, R)-bimodules, respectively.

]

Theorem 2.3.7. Let R be any ring. Then R is Morita equivalent to M, (R) for

n > 1.

Proof. Let F': RpMod — u,(ryMod and G: o, (g Mod — rMod be given on objects
by F(X) ="R®pX and G(Y) = R"®m,(r)Y . On morphisms, we define F(f) = 1®f
and G(g) = 1 ® g. By Lemma 2.3.6, we note that

(GOF)(Y) = nR®R Rn ®Mn(R) Y =~ Y,
(FoG)(X)=R"®@m.m "Ror X = X.

and thus F' and G are equivalences. O
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In particular, every unitary left module over M,,(R) is a direct sum of n copies

of some unitary left R-module X. An analogous statement holds for right modules.
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CHAPTER 3
CLASSICAL LOCALIZATIONS

Localization is a process originally invented to embed a commutative integral
domain into a field. Over a commutative ring R, one can always construct a ring of
fractions whose elements are of the form a/b (a,b € R) with a specified denominator
set [20, Sec. II1.4]. When the denominator set contains no zero divisors, R embeds
into this ring of fractions. In the case where R is a commutative integral domain, one
can take the denominator set to be the multiplicative monoid of nonzero elements to
obtain an embedding into a field.

For noncommutative rings, the situation grows much more complicated. A non-
commutative integral domain need not embed in a skew field, nor even admit a
homomorphism into one. In the noncommutative setting, a formal expression of the
form a/b is ambiguous; it is unclear whether to interpret the fraction as ab™! or b™'a.
Imposing equality of these expressions when the base ring is noncommutative seems
unnatural and indeed, does not have the universal property we would like from a
ring of fractions. We may insist that the ring of fractions consist of only one type of
fraction, say b~!a, but this immediately presents a difficulty in rewriting sums and
products of such elements in the requisite form. A ring whose elements are all of
the form b~'a for a specified denominator set is called a (left) ring of fractions, and
need not exist in general. A paper by Qystein Ore [25] in 1931 described a necessary
and sufficient condition for such a ring of fractions to exist, settling the question of
embedding a noncommutative domain into a skew field of fractions.

However, not all skew fields are fields of fractions, and mappings (particularly
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embeddings) of noncommutative rings into these more general skew fields or even into
rings over which certain elements become invertible are often mysterious. As we shall
see in Chapter 4, some of these conundrums were unraveled by Cohn in the 1970s.
In the present chapter, we focus on the classical constructions for a ring or field of
fractions, including the Ore localization. We also describe some of the difficulties that

arise in the localization of rings when Ore’s condition does not hold.

3.1 Rings of Fractions and Ore Localization

Let R be a commutative ring and .S C R any subset. The idea behind a commuta-
tive ring of fractions is to consider formal expressions of the type r/s forr € R, s € S.
Working by analogy to the familiar extension from Z to Q, the sums and products of
fractions are defined by

r/s+1r')s = (rs' +sr')/(ss'), (r/s)(r'/s") = (rr")/(ss).

Yy = rs~! then the sum and product formulas

Indeed, one can see that if r/s = s~
are a direct consequence of the ring axioms and the commutative property. One
particular feature of these formulas is that the product of two denominators is again
a denominator; that is if s, s’ € S, then ss’ must also be an element of S for these
operations to be defined. A subset S C R such that 1 € S and s, € S implies
ss’ € S is called a multiplicative subset of R.

A classic result in algebra shows that under a certain equivalence relation on
S x R, the quotient set S x R/~ can be given the structure of a ring. The equivalence
class of a pair (s,7) is intended to represent the fraction r/s. The resulting ring is
denoted S~!R and admits a ring homomorphism R — S~'R which is S-inverting in
the sense that elements of S map to units in S™'R; in fact, this homomorphism is

universal among all S-inverting maps into commutative rings. A particularly useful

instance of this construction occurs when R is a commutative integral domain and
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S = R*, the set of all nonzero elements. In this case, S™'R is a field.

Theorem 3.1.1. Let S be a multiplicative subset of a commutative ring R. Then

(a) the relation defined on S x R by

(s,7) ~ (s',7") < t(rs' —1's) =0 for somet € S
is an equivalence relation;

(b) the set ST'R = (S x R)/~ is a commutative ring with addition and multipli-
cation defined by r/s+1r'/s' = (rs' + sr')/ss" and (r/s)(r'/s') = rr'/ss’, where
r/s denotes the equivalence class of (s,r);

(c) the map A\: R — S™'R given by \(r) = r/1 is the universal S-inverting commu-
tative ring homomorphism; that is, A itself is S-inverting and if f: R — T is an
S-inverting homomorphism into a commutative ring T', then there is a unique
ring homomorphism ¢: SR — T satisfying Ao ¢ = f;

(d) ker \ = {r € R | sr =0 for some s € S};

(e) if R is an integral domain and S = R*, then S™'R is a field and ) is injective.

The ring S™'R is called the ring of fractions of R with denominators from S.

In the last case, where R is an integral domain and S is the complement of the zero

ideal, S7'R is called the total field of fractions of R.
Ezxample 3.1.2. The total field of fractions for Z is the field of rational numbers, Q.

Ezxamples 3.1.3. Let k be a field.
(i) For any S C k*, there is an isomorphism S™'k & k.
(ii) The total field of fractions for k[x] is the field of rational functions, k(x).

(iii) Likewise, the total field of fractions for the power series ring, k[z], is the ring of

formal Laurent series, k((x)).



22

Ezample 3.1.4. Let R be a commutative ring and p be a prime ideal of R. If S = R\p,
then S™'R is a local ring. This means that S™'R has a unique maximal ideal. De-
noting this maximal ideal by I, the quotient S™'R/I is then a field. Although the
quotient map may not be an embedding (e.g. R may not be an integral domain), its
existence does raise the question of which rings admit (possibly non-injective) homo-
morphisms into skew fields. It is this example that gave the process of localization

its name.

Proving the theorem is straightforward, albeit tedious. We opt rather to spend
time on its generalization by Ore. Ore’s motivation was to find an analogue of The-
orem 3.1.1 for a noncommutative ring. One way to generalize this theorem is to
consider S-inverting homomorphisms. Given a set S C R, we call a ring homomor-
phism R — T an S-inverting homomorphism if A(S) is a set of units in 7. Such
homomorphisms form a category, where a morphism from a: R — T to 5: R — T’
is a ring homomorphism f: T"— T" satisfying a o f = (3.

Let R be a noncommutative ring with presentation (X | Y). For a given set of
elements S C R, we define a new set of generators S with the same cardinality as S.
Let us denote an element of S corresponding to s € S by 5. We may then consider a
ring S~ R with presentation (X IS | YUY”), where Y = {1—-s5®5,1—5®s | s € S}.
There is then an obvious S-inverting ring homomorphism X: R — S~'R. In fact, A is
universal in the category of S-inverting homomorphisms. We summarize these results

in the following theorem.

Theorem 3.1.5. Let R be a ring and S any subset of R. There exists a universal
S-inverting ring homomorphism \: R — S™'R; that is, \(S) consists of units and
any ring homomorphism R — T sending S to a set of units has a unique factorization
R S™'R—T. The map A is injective if and only if there exists an embedding of

R into some ring which maps S to a set of units. O
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Unfortunately, this formulation does not provide much information about the
behavior of A or S~!R. For instance, it is unclear under what circumstances the
resulting ring S™'R is a skew field, nor whether ) is injective. In general, neither
can be expected; as an example, if S contains 0, the localization is a map to the zero
ring. However, examples of nontrivial pathologies exist. We will examine one such
example in Section 3.2, which will demonstrate that even when S contains neither
zero nor any zero divisors, A may fail to be injective.

In full generality, there is no way to deduce much useful information about S—!R.
The main difference between this general construction and the one in Theorem 3.1.1
is that Theorem 3.1.5 does not assert a normal form for the elements of S~!R.

The idea proposed by Ore was to identify conditions that allow one to write
the elements of S™'R in a normal form, say s !r. Such a ring, should it exist, is
called a ring of left fractions of R with denominators from S. For similar reasons

to those in the commutative case, we shall require that S be multiplicative. The

global existence of the proposed normal form in S™' R requires at least the ability to

1 /_IT/'

rewrite the product (17'r)(s7'1) = rs! in the form s'~!r'; that is, there must exist
s € S and " € R such that rs™! = s'~17/. Multiplying on the left by s’ and on the
right by s, we obtain the equation s'r = r’s. Given that s'r € Sr and r’s € Rs, we
obtain a necessary condition for the existence of a ring of left fractions, namely that
Sr N Rs # () for each r € R and s € S. In fact, this condition turns out to be nearly

sufficient to extend the results of Theorem 3.1.1.

Definition 3.1.6. Let R be any ring and S C R a multiplicative set. Suppose that
(i) (left Ore condition) for all r € R and s € S, Sr N Rs # (), and
(ii) (left reversibility) for all r,r" € R and s € S, rs = r’s implies that tr = tr’ for
some t € S.

When these axioms are satisfied, .S is called a left Ore set.
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The left reversibility condition is perhaps best understood in terms of zero divi-

sors. By collecting like terms, the left reversibility condition states that if » € R and

s € S satisfies rs = 0, then there exists t € S such that ¢{r = 0. Morally, we might

think of the condition as saying that any left zero divisors of R annihilated by .S must

also be right zero divisors annihilated by S.

The present form of Ore’s theorem and an exposition on its applications to

monoids and noncommutative geometry can be found in [30].

Theorem 3.1.7 (Ore, 1931 [25, Thm. 1]). Let R be a ring and S a left Ore set.!

Then

(a)

(b)

(c)

(d)
()

the relation defined on S X R by

(s,7) ~ (s',1") <= 5’ =Ts and 51" =7r for somes € S,7 € R
is an equivalence relation;
the set ST'R = (S x R)/~ is a ring with addition and multiplication defined
by s1\r1 + s2\re = §'s1\(s'r1 + r'r2) and (s1\r1)(s2\r2) = §"s1\r""ro, where s\r
denotes the equivalence class of (s,r) andr', 7" € R, s',s" € S satisfy r'sy = §'s;
and r"sy = s"rq;
the map \: R — S™'R given by A(r) = 1\r is the universal S-inverting
ring homomorphism; that is, A itself is S-inverting and if f: R — T is an
S-inverting homomorphism into a ring T', then there is a unique ring homomor-
phism ¢: ST'R — T satisfying Ao ¢ = f;
ker A = {r € R| sr =0 for some s € S};
if R is a (noncommutative) integral domain and S = R* is a left Ore set, then

SR is a skew field and X is injective.

LA right Ore set can be defined analogously. The construction of the Ore localization given here
can also be stated and proved for a ring of right fractions, a ring whose elements are each of the
form rs~!. The notation for such a ring is RS™?!.
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Proof. Clearly the relation ~ is reflexive, since 1 € S. To see symmetry, suppose that
(s,r) ~ (s',7"). Then there exist s € S and 7 € R satisfying ss’ = rs and sr’ = rr.
By the Ore condition, there exist r1,7y € R, and s;, s5 € S such that r;s" = s1s and
r95s’ = s9r18’. Now we compute
ToTS = 7985 = S9T18 = 59515,
and so by left reversibility, there exists t € S such that tror = tsys;. Defining
S =tsys;, €S and 7 = tres € R, we find that
55 = 189518 = troTs = tryss’ = 78,
Sr = tsosiT = trotr = trosr’ =71,
showing that (s',7’) ~ (s,7) as required.
For transitivity, let us suppose that (s,r) ~ (s',7') and (s',r") ~ (s”,7"”). Then
by definition, there exist 3,5 € S and 7,7 € R satisfying
~ o~~~

s§ =rs, Sr =rr,

= n = =unun =
8§ =rs, Sr=r1r.

By the Ore condition, there exist s; € S and 7, € R such that s;7 = 5. By setting

5= 31§ €Sand 7 = ri7, we find that

= n = n = ~ ~ =
S8 = 8188 = 81T'S = 1188 = 11Is =TS8,

S = sysr’ = sy = rsr = e = rr,
thereby proving that (s,r) ~ (s”,7").

We now show that the operations proposed in (b) are well-defined. The existence
of the mediating elements ', r” € R and §',s” € S for each operation is guaranteed
by the Ore condition. We proceed to show that the sum and product of elements is
independent of the choice of mediating elements.

Let us consider first addition and show that the proposed formula does not

depend on the choice of 7’ or s’. That is, suppose that v, 7" € R and s, s” € S satisfy



26

r'sy = §'s1 and r"sy = §”s1. By the Ore condition, there exist 5 € S and 7 € R such
that ss” = rs’. Now we may consider
5159 = 355"s1 = Ts's; =771’ s9,
hence by left reversibility, there exists ¢ € S satisfying tsr” = trr’. From this we may
define 5 = {5 and 7 = 7. It is now easy to see that
55"s) = t3s"s, = t78's; = r8'sq,

S(8"ry +1"ry) = 35"r + 51"y = 13511 + t3"ry = (7S + 77y = T(s'ry +17'73),
proving that s'si\(s'r1 + 7'ra) = §"s1\(8"r1 + 1""12). The proof that the formula for
addition depends only on equivalence classes rather than representatives is similar.

Likewise, suppose that 7/,7” € R and s',s” € S satisfy 1'sy = s'ry and 1”75y =
s"ry. We shall verify that either choice yields the same product (s1\r1)(s2\r2). By
the Ore condition, there exist s € S and 7 € R such that 5s” = rs’. Now we may
observe that

s1"sy = 58"ry = Ts'r =715,
hence by left reversibility, there exists t € S satisfying ¢35 = 77, Setting s = t3 and
T = {7, it is then clear that
55"s; = t55"s, = t7s's; = r8'sq,
S = 657" ry =t = ',
proving that s's;\r'ry = §”s1\r"r;. As with addition, we omit the proof that multipli-
cation depends only on equivalence classes, which is similar to the above verification.

It is worth noting that for any » € R and s € S, we have s\r = ts\tr whenever
tr € S, which can be seen from the equivalence relation simply by taking s = 1 and
7 = r. In particular, this means that any two left fractions (and by induction, any
finite set of fractions) can be brought to a common denominator, for if we consider s\r

and s'\7’, then the Ore condition provides t; € R, ty € S such that t = ;5 = ty8’ € S.
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We can then rewrite the fractions with common denominator ¢, namely
s\r = t1s\tyr = t\tyr,
S\ = tos'\tor" = t\tor’.
This observation greatly reduces the complexity of verifying the ring axioms.

For instance, to verify associativity, we may assume without loss of generality
the three summands have been brought to a common denominator. This gives us the
liberty of taking ' = s’ = 1 in the definition of addition, yielding

(s\r1 + s\r2) + s\rg = s\(r1 +r2 +173) = s\r1 + (s\r2 + s\r3).
Commutativity of addition is verified similarly. We can easily check that 1\0 is an
additive identity, while s\(—r) is the additive inverse of s\r.

To see associativity of multiplication, we note that

[(51\71)(82\72)](83\13) = s55451\7573,

(s1\71)[(52\12)(83\13)] = s7s1\r77673,
where

4S9 = 8471,
I'5S83 = S5T'4T2,

T6S3 = SeT'2,

B W b
~— — ~— ~—

T7S¢S2 — S7T'1.

TN TN TN TN
w W w w

We invoke the Ore condition to obtain s € S and r € R such that ss; = rsssy € S.

Equations (3.1) and (3.4) show that
ST786S9 = SS7T'| = T'S5S4T1 = T'S5T4S3.
Thus, by left reversibility, there exists t; € S such that t;sr;sq = tirssry. Likewise,
118171683 = 118178619 = 117S5T4T9 = t177553
holds by Equations (3.2) and (3.3), and so we may invoke left reversibility to obtain

ty € S satisfying totysr7rg = totirrs. Putting this all together, we set s = tot1s and
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T = toty7 to see

§S781 = t2t188781 = t2t17’858481 = ,7::858481,

§T77’67”3 = t2t157”77“67’3 = t2t17’T57’3 = ?7”57“3.
Therefore, s5s451\5r3 = $751\r77673, as claimed. The left and right distributive laws

can be verified easily by assuming that the summands have been brought to a common

denominator. Explicitly,

(51\711)(82\r2 + 82\13) = 5"s1\1" (12 + 73)
= §'s1\r'ro + §'s1\r'r3

= (s1\r1)(s2\r2) + (s1\r1)(52\73)

where r's, = s'r1, and so the left distributive property holds. For the right distributive

property, let us consider

(s1\r1)(82\73) + (51\1r2)(82\13) = 8's1\r'r3 + 8”51 \r'"r3

— t/SIS]_\t/r/rg + t”sHS]_\t,/r///]ﬂ?’
=t's's]\(t'r'r3 + t"r"r3)
— t/8/81\<tlrl _|_ t”T’//>7”3,

where 1'sy = s'rq, 1"sy = 5”1y, and t's’ = t"s” for some v, 1"t € R, §',s".t" € S,

which can be obtained via the Ore condition. Now we note that

(' +t"r")sg = t'r'sg + "1 59 = t's'ry + 1" "1y = (t's")ry + ('8 )ry = 'S (ry +19)
and so when computing (s1\(r1 + r2))(s2\73), we may use 7’ + t"r"” and t's’ as the

mediating factors. Thus,
[(51\71) + (s1\72)](82\73) = (51\(r1 + 72))(82\13) = t's's1 \(t'7" + "7 )r3,

completing the proof of right distributivity. Finally, it is apparent that 1\1 is a
multiplicative identity. Thus, S™'R is a ring.

Clearly, X as proposed is an S-inverting ring homomorphism, with A\(s)™! = 1\s
for each s € S. To see the universal property, suppose that f: R — T is an S-
inverting ring homomorphism. We define ¢: ST'R — T by &(s\r) = f(s)7' f(r).

It is straightforward to verify that ¢ is a well-defined ring homomorphism satisfying
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Ao ¢ = f, and because every element of ST'R is of the form s~!r for some s € S and
r € R, ¢ is the only map with this property.

To determine the kernel, we note that r € ker A if and only if 1\r = 1\0. This
statement holds precisely when there exist s € S and 7 € R such that s-1 =7r-1 and
s -0 = 7rr, or equivalently, when there exists ¥ = s € S such that rr = 0.

The last conclusion of the theorem statement follows immediately from the pre-

vious parts. ]

The ring of left fractions, S™'R, is sometimes called an Ore localization of a
ring. If R is commutative, then any multiplicative subset S of R is a left Ore set,
since rs = sr € RsN Sr for all r € R and s € S. Moreover, the Ore localization
is commutative in this case, and admits, in particular, a unique morphism to any
commutative S-inverting ring, hence is isomorphic to the ring of fractions constructed
in Theorem 3.1.1. Thus, the coincidence of notation and terminology does not lead
to any ambiguity.

The circumstance described by part (e) of Theorem 3.1.7 is an important case of
Ore localization. An integral domain R whose nonzero elements form a left Ore set
is called a (left) Ore domain, and as pointed out in the theorem, its Ore localization
is an embedding of R into a skew field. This skew field is called the total skew field of

left fractions of R, although the adjective “total” is sometimes omitted for brevity.

Corollary 3.1.8. Let R be any ring. Then R embeds into a skew field whose elements
are each of the form s™'r for s € S, r € R if and only if R is a (noncommutative)
integral domain and S = R* is a left Ore set. Under these hypotheses, this skew field

of left fractions is unique up to isomorphism. m
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Ezample 3.1.9. Let R be a commutative ring and let S C M,,(R) be the subset of all
regular elements (those elements which are neither left nor right zero divisors). Then

STIML(R) 2 M, (T7'R), where T is the set of regular elements in R.

3.2 Difficulties with Embeddings

As we have seen in Corollary 3.1.8, the Ore criteria are necessary and sufficient
for embedding an integral domain into a skew field of fractions. Nevertheless, the
study of noncommutative localizations does not end with Ore localization, as there
may be more general skew fields into which integral domains may be embedded.
Whether every integral domain admits such an embedding remained open until 1937,
when A. 1. Malcev provided the following counterexample, which we state without a

complete proof.

Proposition 3.2.1 (Malcev, 1937 [21]). Let X = {a,b,c,d,z,y,u,v} and R =
Z({X)/I, where I = (ax — by, cx — dy, cu — dv). The ring R is an integral domain, but

there is no embedding of R into a skew field.

The idea of the proof is to establish that every element of Malcev’s ring R can be
uniquely written as a finite sum of monomials which do not contain any instance of the
products by, dy, or dv. One can use this form for elements to prove that the product
of nonzero elements is nonzero, thereby making R an integral domain. This form for
elements also makes it apparent that au # bv and that a, ¢, y, and v are nonzero.
However, the defining relations for R imply that if f is any {a, ¢, y, v}-inverting ring

homomorphism, then
F@™f®) = f) fw)™ f@)fy)™ = fO7 @), fle)7 f(d) = flu)flv)™

whence f(au) = f(bv) and so f cannot be injective. In particular, Malcev’s ring

cannot be embedded in a skew field.
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Returning to the more general discussion, suppose that R is an integral domain.
Even if R can be embedded in a skew field, there is no guarantee that the universal
R*-inverting ring is a skew field. In essence, the obstruction arises from the fact that
upon adjoining inverses to each element of S = R*, new non-units are introduced
in the process. For example, when the ring S™!R is noncommutative, an element
2y~ 'z + ab~lc need not be a unit, even if x,y, 2, a, b, ¢ are units lying in the image of
the localization R — S™'R.

The Ore condition tames the localization of many rings, though there are a
myriad of examples where this condition does not hold. In some sense, failure of the
Ore condition means that the ring is quite large, as the following result, first observed

by Goldie, demonstrates.

Theorem 3.2.2 (Goldie, 1957 [16, Thm. 1]). If R is an integral domain, then R is

either an Ore domain or contains a free algebra of infinite rank.

Proof. Suppose that S = R* is not a left Ore set so that Ra N Sb = () for some
a,b € R*. Let K denote the (commutative) subring generated by 1. We claim that
the K-subalgebra generated by a and b is free. If not, then there exists a nonzero
noncommutative polynomial f € K(x,y) such that f(a,b) = 0. Assume, without
loss of generality, that f is a polynomial of minimum degree with this property.
By grouping monomials based on their rightmost indeterminate, we may then write
[ =c+ fix + foy, where ¢ is constant and f; and f, are either zero (although f has
a root, (a,b), so they cannot both be zero) or they are of degree strictly less than f.
Assuming, again without loss of generality, that f; # 0, we must have f;(a,b) # 0 by
minimality of f, yet f(a,b) = 0. Recalling that ¢ € K lies in the center of R, we then

have

c+ fi(a,b)a + fa(a,b)b =0,
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whence

(bfi(a,b))a = (—c —bfs(a,b))d.
Since R is an integral domain, the left side of this equation must be nonzero, hence
the right also. In particular, —c — bfs(a,b) € S and the element represented by
both sides of this equation lies in Ra N Sb, which was presumed empty. Thus the
K-algebra generated by a and b is free and the subalgebra of R generated by the

family a™b (n € N) is free of infinite rank. O

A nice corollary to this result is the following, which shows that the class of Ore

domains encompasses a broad and important subclass of rings.
Corollary 3.2.3. Every left Noetherian® integral domain is a left Ore domain. [

In addition to Ore localization, other viewpoints from algebra and topology con-
tributed to the overall understanding of noncommutative localizations and embedding
problems. For details on the historical development of the subject and a survey of
the other algebraic and topological methods, we refer the reader to [5] and [12]. As
it turns out, the key to making significant progress towards understanding noncom-
mutative localization beyond the class of Ore domains and topological embedding
methods lies in studying maps which invert a set of matrices over a ring R rather
than just elements of R. Such was the idea of Cohn. We shall return to this notion

in the upcoming chapter.

2A ring is called left Noetherian if all of its left ideals are finitely generated.
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CHAPTER 4
COHN LOCALIZATION

Some of the difficulties that arise in localizing noncommutative rings cannot be
easily overcome. There exist many examples of (noncommutative) integral domains
which do not embed in a skew field of fractions. It is natural, then, to relax the
search for an embedding and ask whether a ring admits any homomorphism into a
skew field. More generally, we might consider mappings between rings which take a
specified set of elements to units. In Chapter 3, we saw that such mappings always
exist, though little can be deduced about them in general.

To address these difficulties, a monograph by P. M. Cohn in 1971 [4] and some
associated papers ([3], [5], [6], [7]) exhibited a notion now referred to as Cohn local-
ization. The idea behind Cohn localization is to map a ring R to one over which
certain matrices, rather than just elements, become invertible. While this problem
appears more broad than the original question, Cohn was successful in showing that
such maps can sometimes yield embeddings into skew fields. Contemporaries of Cohn,
particularly Malcolmson, demonstrated explicit constructions for these localizations
analogous to those for Ore localizations. In the sections that follow, we provide a
definition of Cohn localization and detail some of the approaches to the subject.

Throughout this and future chapters, whenever f: R — S is a ring homomor-
phism and A = (a;;) is a matrix with entries from R, we adopt the convention that
f(A) = (f(a;)) is a matrix with entries from S obtained by entry-wise application
of f. Likewise, the image of a set ¥ of matrices under entry-wise application of f to

each element of ¥ is denoted f(X). We also adopt the notation e; € "R to describe
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a column with 1 in the ¢-th position and 0 elsewhere. The ring R over which e; is

defined will be understood from context.

4.1 Universal Matrix Inversion

In the middle of the 20th century, Schiitzenberger [28] and Nivat [24] gave con-
ditions for elements of a ring R to be entries of an invertible matrix over R. Cohn
recognized that these conditions could be tied to the problem of embedding an integral
domain in a skew field [11]. This prompted a consideration of ring homomorphisms
R — S taking classes of matrices over R to invertible matrices over S. The approach
was rather fruitful, providing both a new notion of localization of a noncommutative
ring, as well as supplying new information about the types of homomorphisms a ring

can admit.

Definition 4.1.1. Let R be a ring and X a set of matrices over R. A ring homo-
morphism f: R — T is said to be X-inverting if f(X) C M(T) is a set of invertible
matrices. A Y-inverting ring homomorphism A: R — Y 7!'R is called the universal
Y-inverting localization of R if every Y-inverting ring homomorphism R — 7T has a

unique factorization B 2 S~'R — T.

One can form a category of ¥-inverting ring homomorphisms R — T', where a
morphism from a: R — T to f: R — T" is a ring homomorphism f: 7" — T" such
that ao f = . The universal Y-inverting localization of R is then the universal object
in this category. It follows that the ring X7 R, often called the universal 3-inverting
ring, is determined up to isomorphism.

At first glance, it may not be obvious whether a universal ¥-inverting localization
always exists. A construction by generators and relations guarantees its existence,
though it has similar drawbacks to the description of the ring S~ R given in Theorem

3.1.5.
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Theorem 4.1.2. For any ring R and any set of matrices ¥ over R, there exists a

universal X-inverting localization \: R — Y7 'R.

Proof. Let us take a presentation (X | Y) of R. For each m x n matrix A € ¥, we
define Xy ={a;; | 1 <i<n,1 <j<m}and

Y, = {(Sik—Zaij@djk]A: (aij) EZ,ajk EXA,l Sl,kém},

Jj=1

A= {5zk — Zaij & aj | A= (Cljk) € Z,@jk € XA,l < Z,k‘ < n},
j=1
where d;, denotes the Kronecker delta. We may then form the ring ¥ 'R as the ring

with presentation (X | | .5 Xa | Y [ ex(Ya U Za)).

There is a natural ring homomorphism \: R — 7! R taking each generator of R
to its corresponding generator in ¥ ~'R. Clearly, for each matrix A € ¥, the matrix
f(A) is invertible with f(A)~! = (a@;;). Finally, for any Y-inverting ring homomor-
phism f: R — T, we may define a homomorphism f: X~'R — T by assigning f(x) to
any x € X and, for each A € ¥, assigning the (i, j) entry of the matrix f(A)~! to any
aij € Xa. The relations in ¥ 7' R are relations in R along with necessary relations for
invertibility of each A, hence these relations are satisfied in 7" and the rule of assign-
ment for f given on X and each X, extends to a well-defined ring homomorphism.

In fact, the factorization f = Ao f is unique. ]

An m x n matrix A over R corresponds to an R-module homomorphism R" —
R™. If A € &, then A(A) is an invertible matrix over ' = X' R, hence corresponds to
an isomorphism 7™ == 7. Thus we see that one consequence of including non-square
matrices in ¥ is that X! R fails to have the IBN property. To avoid this pathology,
we often consider only sets of square matrices. For any ring R, we shall denote by

M(R) the set of all matrices over R and use Mp(R) = [J,,.o Mn(R) to denote the

set of all square matrices over R.
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In the case where X consists of 1 x 1 matrices, the definition of universal localiza-
tion reduces to the inversion of elements. In this sense, Cohn localization generalizes
classical localization. Moreover, Cohn localization does not provide new insights into
commutative rings. Indeed, when R is a commutative ring and ¥ C Mp(R), the ring

Y71 R can be realized as a classical ring of fractions, as the next proposition shows.

Proposition 4.1.3. Let R be a commutative ring and ¥ C Mg(R). Then ¥ 'R =

SR, where S is the multiplicative closure of the set {det A | A € X}.

Proof. The statement follows immediately from the fact that a square matrix over a

commutative ring 7" is invertible if and only if its determinant is a unit in 7. O]

4.2 The Construction of Cohn

Although Theorem 4.1.2 guarantees the existence of a Cohn localization for any
set 3 of matrices, the nature of the resulting ring homomorphism is unclear. To find
an alternative description of this localization, we consider the set of square matrices
over R whose images under a homomorphism f: R — T are not invertible, called
the singular kernel of f. The singular kernel has some structure analogous to an
ideal. By considering a set of matrices P which forms a so-called prime matrix ideal,
one can construct a homomorphism R — K to a skew field which is generated (as a
field) by the image of R and whose singular kernel is P. Conversely, every skew field
generated by R with singular kernel P arises in this way. Before giving the definition
of a matrix ideal, we first discuss the preliminary notions of a non-full matrix, the
diagonal sum, and the determinantal sum.

Suppose that f: R — T is a homomorphism into a skew field. Let A be ann xn
matrix over R which has a factorization A = P(Q such that P isn xr and Q) is r X n.
The least r for which such a factorization is possible is called the inner rank of A. The

factorization f(A) = f(P)f(Q) shows that the inner rank of f(A) is not more than
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r. We claim that if » < n, then f(A) cannot be invertible. To see this, let us note
that the matrix f(Q) corresponds to a module homomorphism g: 7" — T". Since
T is a skew field, T has the IBN property and any submodule of 7" is free of rank
no greater than r. Consequently, g cannot be injective, else the restriction of g to its
image would be an isomorphism between free modules of differing rank. However, if
f(A) is invertible, then f(A)~!f(P) is a left inverse for f(Q), contradicting the fact
that ¢ is not injective.

We summarize by saying that an n x n matrix whose inner rank is less than n
has no invertible image under a homomorphism into a skew field. This suggests the

following definition.

Definition 4.2.1. A square matrix A over a ring R is said to be non-full if A = PQ

where Pisn xr, Qisr x n, and r < n.

Let A and B be square matrices of possibly different sizes. We denote by A& B
the matrix formed as the block diagonal matrix (4 %) with appropriately sized blocks
of zeros in the off-diagonal positions. The matrix A @ B is called the diagonal sum
of A and B.

Suppose A and B are n x n matrices which differ only in row 7. We define the
determinantal sum of A and B, denoted AV B, as the n X n matrix whose row i is
the sum of row i of A and row ¢ of B and whose remaining rows are the same as
the corresponding rows in A and B. We similarly define AVB when A and B differ
only in a single column. The determinantal sum is not defined for arbitrary pairs of

matrices, so caution should be exercised in its repeated application.
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Definition 4.2.2. Let R be a ring and P C Mp(R). The collection P is called a
matrix ideal if

M.1) P includes all non-full matrices;

M.2) whenever A, B € P and AV B exists, then AVB € P;

M.3) whenever A € P, then A@® B € P for all square matrices B € Mp(R);

M.4) A® 1 e P implies A € P.

A matrix ideal is said to be proper if it does not contain an identity matrix of any
size. If P is a proper matrix ideal and A @ B € P implies A € P or B € P, then P

is called a prime matrixz ideal.

One reason that prime ideals are useful in the theory of commutative localization
is that their complements are multiplicatively closed. Similarly, the complement of
a prime matrix ideal is multiplicatively closed in a modified sense that we define as

follows.

Definition 4.2.3. A set X C Mp(R) is said to be upper-multiplicative if 1 € 3 and

for all A, B € ¥ and C' € M(R) of the appropriate size,
A C
(4 S)es
Lower-multiplicative sets are defined similarly, with C' in the lower left corner.

Proposition 4.2.4. If P is a prime matrix ideal in R, then ¥ = Mp(R) \ P is both

upper-multiplicative and lower-multiplicative.

Proof. Since P does not contain an identity matrix of any size, 1 € X. Let A, B € X
with A an m x m matrix and B an n x n matrix. We note that for any C' € M(R)

of the appropriate size, we have

ACY_(AC 0\g(AC G,
o B)~\o B B, 0 B 0)
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where C” and B’ each denote the submatrix consisting of all but the last column of
C and B, respectively, and C,, and B,, each denote the last column of C' and B. The
second matrix here is non-full, as demonstrated by the equation
<A C’ Cn> _ (0 Im) (0 Li—1 0 >

0 B 0 B" 0 A C C,)°
where [, denotes a k X k identity matrix. This equation is a factorization of the
(m 4+ n) x (m + n) matrix into the product of an (m + n) x (m +n — 1) matrix by
an (m+n—1) x (m+n) matrix. As a matrix ideal, P contains all non-full matrices,

and so (g I’g,l CO > € P. By closure of P under determinantal sums,

A C : : A C 0
(0 B)EP if and only if (0 5% Bn)GP.

We may repeat this process as many times as necessary, each time replacing a column

of C' with a column of zeros. Ultimately, this leads us to conclude that

A C . . A 0 0 A0
(0 B) € P if and only if (O B Bn) = (O B) eP.
However, since A, B € ¥ = Mp(R) \ P and P is prime, A® B € ¥. An analogous

argument shows lower-multiplicativity. O

There are many other features of matrix ideals that are interesting to study in
their own right. For more on matrix ideals, we refer the reader to [11].

When working with a commutative ring R, we may localize R at a prime ideal
P to obtain the local ring Rp; more precisely, this is the ring of fractions (R\ P) 'R.
The quotient of Rp by its maximal ideal is then a field and the natural map from R
to this field has kernel P.

By considering prime matrix ideals, a parallel analysis exists in the noncommu-
tative case. The existence of a mapping to a skew field with prescribed singular kernel
was first proved by Cohn in 1971 [4, Thm. 7.5.3], though the argument given was an

indirect one. Cohn’s original method involved an axiomatic description of skew fields
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as the union of a group of units with a zero element and an involution z — 1 — x
satisfying certain properties.

We give an overview of Cohn’s initial approach for historical context, but omit
many of the details in favor of discussing more efficient approaches which were later
proposed by Cohn and Malcolmson. Readers inclined to see more details of these

early arguments may refer to [4, Sec. 7.5] and [8, Sec. 7.5].

Lemma 4.2.5. Let G' be a group (with identity denoted 1) and let G4 = {x € G |
x # 1}. Suppose there is a function §: G — Gy satisfying
(i) O(yzy™") =yb(z)y™' (v € Gu,y€q),
(i) 022) =2 (v€Gp),
(i) O(xy™") = 0(6(x)0(y))0(y™") (2.9 € G, #y),
(iv) e = 0(x1)x0(x)~" is constant for x € G;.
Then there exists a unique skew field K whose multiplicative group of nonzero ele-

ments is G such that e = —1 and §(x) = 1 — x for all x € G.

Proof Sketch. The statement holds easily for a trivial group G. If G is nontrivial, we
define K = G U {0} and extend the multiplication in G to K by setting 0z = 20 = =
for all x € K. The mapping 6 extends to a map on K by §(1) = 0 and 6(0) = 1. The

additive structure on K is obtained by defining subtraction with the formula

R ifx=20
v= O(yzrHz ifx#0

and setting * +y = x — (0 — y). These operations then give K the structure of a
ring (and, in fact, a skew field, since its nonzero elements are a multiplicative group)
provided subtraction satisfies the following properties for all z,y, z,w € K,
Lz-y)-(z-w)=(@-2—-(F-w),
2. x—0=u=x,

3. x—z =0,
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4. x—(y—2)=z—(y —x).

5. (x —y)z = xz —yz,

6. z(x —y) = zx — zy.
Properties (2) and (3) follow readily from the definition of subtraction. If z = 0 or
z = 0, then both sides of property (5) are eyz or 0, respectively; otherwise, z,z # 0
and zz # 0, yielding

vz —yz = 0(yzz e ) (z2) = Oy ) (22) = (x —y)z.

This proves property (5) in the remaining cases. After verifying that e is central,

property (6) is easily seen when x = 0 or z = 0. In the remaining cases where xz # 0,

1 1

either yz=! =0, yz=! =1, or yz~! € G;. The property is easily verified in the first

two circumstances, while in the last, we find
2(x —y) = 20y Nz = 20(yr 1)z 22
= 0(zyx 'z ) 2e = 0(zy(z2) ) 2w = 22 — 2y

Properties (1) and (4) are then straightforward, albeit tedious, verifications. Care
must be taken to consider all possible cases at each phase. To see uniqueness of this
skew field, we note that any skew field K’ whose multiplicative group is G must be of
the form GU {0} with 0Or =20 =0forallz € K’. fe=—1in K’ and f(z) =1 —=x
for all z € G C K, then for x = 0, we have x —y = 0 —y = —1y = ey and for
r#0, we have v —y = (1 —yz~Y)a = O(yx~")z, where 0(0) = 1 and 6(1) = 0, hence

the operations in K’ coincide with those in K. O]

Given a ring R and a prime matrix ideal P, one can construct a homomorphism
R — K into a skew field whose singular kernel is P. The construction proceeds in
several phases, first by showing that the set of solutions to equations Au = a (a € "R
and A € ¥ = Mp(R) \ P) can be given the structure of a semigroup which can be
embedded in a group. Lemma 4.2.5 can then be applied to obtain the required skew

field.
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Theorem 4.2.6. Let R be any ring and ¥ an upper-multiplicative set of square
matrices over R. If \: R — Y'R is the universal Y-inverting localization, then
every element in X7'R is an entry of the inverse of some matrix in A\(X) and the
following are equivalent:
(a) v € ¥7'R,
(b) x is a component of a solution u to some matrix equation of the form
Au=e; (A€ X)),
(c) x is a component of a solution u to some matrix equation of the form
Au=a (A€ X)),
(d) v = bA~'c where A € \(X) and b and c are an appropriately sized row and

column over Y ' R.

Proof. We note that ¥ 'R is generated, as a ring, by the image of R along with the
entries of inverses of matrices in A(X). Given an element z € R, we may observe
that A = (§ 7*) € ¥ by upper-multiplicativity, and A(z) is the (1,2) entry of A(A)~'.
Furthermore, suppose that a is the (i, k) entry of A=! = \(A4’)~! and b is the (m, ()

entry of B~t = X\(B’)~! for some A’, B’ € ¥. Tt is easily verified that

1 e 0 0\ " 1 —ef A7l e/ A7ICB™? a—1>b

0 A C e o At —ATICB™' —A7le, + ATICB e

0 0 B e |0 0 B! —B7le, ’
0 0 0 1 0 0 0 1

where C' is the matrix of appropriate size whose m-th column is the i-th column of
A and all other entries zero. Thus, the difference a — b appears as an entry of the
inverse of some matrix in A(X). Likewise,
(A O) o (A-l —A-ch—l)
0 B -\ 0 B! ’
where C' is the matrix of appropriate size with —1 in the (k,m) position and zero

elsewhere. The submatrix —A~*C'B~! is then the product of the k-th column of A™1
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with the m-th row of B~!. In particular, entry (i,¢) of —A~*C'B~1 is ab, thereby ab
appears as an entry of the inverse of some matrix in A(X). We have now shown that
the entries of inverses of matrices in A(X) form a subring of ¥ 'R which contains the
generators of X7 R, hence every element in X! R is of this form.

To see (a) = (b), we use the fact that z appears as the (i, ) entry of A~! for
some A € A\(X); setting u as the j-th column of A~ we see that Au = e; and the i-th
component of u is x. The implications (b) = (c) and (d) = (a) are clear. Whenever

x is the i-th component of a solution to an equation of the form Au = a, we have

T

T =e]u=-¢e] A 'a, proving that (c) = (d). O

We now state a major result of Cohn which gives a criterion for the existence
of an epimorphism into a skew field. As mentioned previously, an outline of Cohn’s
original proof is provided here, but the constructions in the sections that follow give

a framework for a simpler proof that we shall discuss in greater detail in Section 4.5.

Theorem 4.2.7 (Cohn, 1971 [4, Thm. 7.5.3]). Let R be a ring and P be a prime
matrix ideal in R. There exists a homomorphism f: R — K into a skew field such

that K is generated (as a field) by the image of R and P is the singular kernel of f.

Proof Sketch. Let ¥ = Mp(R) \ P. For each A € ¥ and a € "R, we consider the
augmented matrix (A|a). The matrix obtained by replacing the first column of A

with a column o’ is denoted A,,. When the matrix A is understood, we use a; to

denote the first column of A. Let M = {(Ala) | A € ¥ and A,, € ¥}. Multiplication
can be defined on M by the formula
A (a 0)

e = (5 010

for a block of zeros of appropriate size. One can verify that the right side of this

system is indeed an element of M and that this operation is associative, giving M a
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semigroup structure. The subset M’ C M consisting of all (A|a) for which A,, 1, € P
is a subsemigroup of M. Furthermore, M’ satisfies the following two properties:

(i) (Ala)(BI|b) € M’ implies (B|b)(Ala) € M’,

(ii) there exists an involution ¢: M — M such that (Ala)u(Ala) € M.
The first of these properties is easily verified by permuting rows and columns of the
products; each of these is an operation that preserves the property of inclusion in
M’. The involution t(Ala) = (As|a;) satisfies the second property. Conditions (i)
and (ii) are sufficient to give M/~ the structure of a group, where (Ala) ~ (B|b)
whenever there exists (C|c) € M’ such that (A|a)(C|c)(B|b) € M’'. For details on
this, we direct the reader to [4, Lem. 7.5.2]. The resulting group G = M/~ will be
the multiplicative group of the requisite skew field. On M; = M \ M’, we define a
function ¢’ by

0'(Ala) = (A_y, |ar + a).

This function is well-defined and respects the relation ~, hence descends to an induced
map 0: G — Gx;. After verifying that 6 satisfies the conditions of Lemma 4.2.5,
we obtain a skew field K whose multiplicative group of units is G. Checking these
conditions requires careful manipulation of the augmented matrices involved using

row and column operations modulo M’. Finally, a mapping A\: R — K is given by

)\(T>:{O ifre P,

(1| = r)ar otherwise,

where (Ala)yr denotes an equivalence class modulo M’. Upon verifying the details,

one finds that the map A is a ring homomorphism with singular kernel P. O
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4.3 The Zigzag Method

The work of Cohn provided a brilliant answer to the important question of classi-
fying homomorphisms into skew fields, but initially had two disadvantages. The first
was that the construction was indirect in describing the skew field and the second
was that it could not be easily extended to more general Y-inverting homomorphisms.
Two papers by Peter Malcolmson in 1978 [22] and 1982 [23] addressed these concerns
by providing a direct construction of the Cohn localization of a ring. Malcolmson
referred to his methodology as the zigzag method.

For the remainder of this section, we will assume that ¥ is upper-multiplicative;
occasionally this will be mentioned explicitly for emphasis.

As we have seen in Theorem 4.2.6, if \: R — X' R is the universal localization
of R, then every element of X7'R is of the form A(z)A(A)'A(u) for some A € %,
x € R", and u € "R. The idea behind Malcolmson’s construction is to represent each
element A(x)A(A)"'A(u) by a triple (z, A,u). Given an n x n matrix A € 3, a row
x € R", and a column u € "R, the triple (x, A, u) is called an allowable triple over X.
We shall introduce a relation ~ on the set of all allowable triples over X by declaring
(x, A u) ~ (y, B,v) if there exist L, M, P,Q € 3, rows ¢ and p, and columns m and

q over R of the appropriate sizes such that

A0 0 0| u

0 B 0 0|—-v (P

p)(@q). (4.1)

0O 0L 0]0 =
0 0 0 M|m
x y ¢ 01]0

To assist with computations in the proofs that follow, we introduce some nota-

tion. Suppose that (n;) is a list of m positive integers. For each 1 < j < m, we define
Ej(ni) to be the (ZZ nl) X n; matrix consisting of m vertically arranged blocks, with
block j the n; x n; identity matrix and block ¢ (for i # j) a zero matrix of size n; x n;.

.
For instance, E"*? = (91909) If X = (X;) is a list of matrices in ¥ where each
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X, is an n; X n; matrix, then we also write E]-X to denote Ej(ni). Throughout this

section, [ is reserved for an identity matrix whose size can be deduced from context.

Lemma 4.3.1. If ¥ C Mp(R) is upper-multiplicative and the equation

1 _(P)(Qq).

p

holds for some P, Q) € ¥, a row p, and a column q, then (z, A,u) ~ (y, B,v).

Proof. 1f the equation in the statement holds, then so does

A 0 0 0] u

0O B 0O O|—v ]g ? 8 Q 0 0]gq

0 01 0|0 = 0 01 0 1 00 O
0 0 0 1|1 10 0 0 11

x y 1 0] 0 p

Proposition 4.3.2. If ¥ is upper-multiplicative, then the relation ~ on the set of

allowable triples over Y. is an equivalence relation.

Proof. Let (x, A, u), (y, B,v), (z,C,w) be allowable triples over ¥. We note that

A 0] u A -1
AN EATERIEA
x x| 0 z 0
hence (x, A,u) ~ (x, A, u) and so ~ is reflexive. If (z, A, u) ~ (y, B,v) with
A0 0 0] u
0 B0 0]—v P
0 0L 01]0 :()(Qq),
00 0 M|m P
x y ¢ 0] 0
then (y, B,v) ~ (z, A, u), as seen with F, = EQ(A’B’L’M) in the block factorization
B0 0 0 0]0] v
0]A 0 0 0]0] —u .
0(0 B O 0|0 O ?EQPP _OE I -E] —-I1]0
010 0 L 0j0o] 0 |=]|. | 12 0 Q QF,| —q
0(0 0 0 M|O|—m 0 0 0 B v
0[0 0 0 0|B| v vor
ylx 0 ¢ 0]0] O
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This proves that ~ is symmetric. If we additionally assume that (y, B,v) ~ (z, C,w)

via the factorization

B 0 0 0] v
0 C 0 0 |—-w
0 0 L 010 :( )(Q’q’),
00 0 M|m p
y z ¢ 010
then the following block factorization shows that (z, C,w) ~ (z, A, u), proving tran-
sitivity.
c/o 00 0[0|0 O O 010
0/A 0 0 O0O]O0O|O0O O O O0]0/| —u
0/0 B O 0O|0[0 O O 0710
00 0o L 0[O0 O O O01]0O0
0j0 0 0o M{OJO O O O01]0O0
0j/0 0 0 O[L|O O 0 010
0|0 00O O|]O[B 0O 0O 00| —v
0(0 00O OjJ]OIO0O C 0 010
0/0 0 0O Oj[O|O O L 010
0,0 0 0 OO0 O O M|O|-—m
0j0 0o 0o OO0 O O O |M| m
zlx y £ 0[O0 0 0 00
YT pr
(5 l(f)’ 8 EEQEY]jP’ EOX 100 - .o
00 L BP0 0-Q 0 —QETET —QEF
— 3 yT
o 0 o0 P’ 0 001 _E?; 0
00 0 0 I 000 @ 0
T 7 - 00 0 0 M

where X = (A, B, L, M

Jand Y = (B,C, L', M'").

The equivalence class of an allowable triple (z, A, u) is denoted [z, A, u| and the

set of all such equivalence classes is denoted T'(X).

We shall define binary operations on 7'(X) in the following proposition.



Proposition 4.3.3. If ¥ is upper-multiplicative, then the following formulas
0 u
B)’\v)|’

[z, A,u] + [y, B,v] = | ( y),(

[z, A,ully, B,v] = |(z 0), <

provide well-defined binary operations on T'(X).

A
0

A
0

B

0

v

))
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Proof. Closure under these operations is apparent from upper-multiplicativity of >.

Suppose that (z, A,u) ~ (y, B,v) with a factorization

A0 0 0w
0O B 0O 0|—v
0O 0L 0|0 :(
0 0 0 M|m
x y ¢ 0] 0

P

p

)(@lo).

Now, with E; = EJ(»A’B’L’M), we consider the following two block factorizations. First,

we note that

A0 0 0 0[]0 0O 0 O] u
o ¢ 0 0 0[]0 0 0 0| w
0O 0 B 0O O0j[0 0 0 0|—v
0O 00 C 0j0 0 0 0|—-w
0O 0 00 L{O O 0 0] 0
0O 0 00 0]/]A 0 0 0| u
0O 0 0 0 0[]0 B 0O 0]—-v
0o 0 00 0[O0 0 L 0]0
00 0 0 0[O0 0 0 M|m
xr z y z £/0 0 0 010
A0 0 O 0 E'P 70
o ¢ 0 —-I 0 0 0T
0 0 B 0 0 E,P 00
=1 0 0 0 I 0 O 00
0 0 0 0 L EJP 00
o 00 0 0 P 00
x z y 0 ¢ p

O O O ~NO O

co Qo ~O

O ~NO O O O

_EIT
—EQT

—E;

o O O

< O
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A—-uz 0 0 0[O0 00 0| O 0
o ¢ 0 0 0/00O0O0] O w
0 0 B —vz 0]0 00 0| O 0
0o 0 0 C 0/00O0O0] 0 |—w
O 0 0 0 L|0OOO O 0 |O
0O 0 0 0 0[A00 O0|-uz|0
0 0 0 0 0/0B 0O 0wz |0
0O 0 0 0 0j0 0L O O 0
0O 0 0 0 0]0 00 M|-mz| O
0 0 0 0 0[O0 0O0O0] C |w
x 0 y 0 ¢/0 0 0 O O 0
_ T
A—-uz 0 0 0 E/P 0 10000 -E" 0 |0
o ¢ 0 0 0 O 1
T 07000 0 —I|0
0 0 B —vz 0 EyP 0 T
00700 —E 010
o 0 o ¢ o 0 -I
= ; 00070 0 I |0 (4.4)
0 0 0 0 LEP 0 .
000071 —Ef 00
o 0 0 0 0 P O
O 0 0 0 0 0 I 00000 @ —qz|0
T 0y 0 ¢ p 0 00000 0 C |w
The factorization in (4.3) demonstrates that [z, A, u] + [z,C,w] = [y, B,v] +
[z, C,w]. Likewise, we see [z, A, u|[z,C,w] = |y, B,v][z,C,w] by the factorization in

(4.4), and so addition and multiplication on the right by a fixed element are well-

defined functions of equivalence classes.

Similar factorizations show that addition

and multiplication on the left are well-defined. O

The operations defined in Equations (4.2) are motivated by our interpretation of

the triple [z, A, u] as a formal representation of the element A(z)A(A)*A(u) in 7' R.

Concretely, in any model of the universal localization A\: R — 7' R, we have

and

A@)A(A) A W) + My)AB) A ()
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A@)AA) AW AYAB) A (v)

e o) (N A e ()

— Az 0)A (61 _gy)lA(g) |

Lemma 4.3.4. The following equations hold in T'(X) for all A € ¥, r € R, rows

x,x’ € R", and columns u,u’ € "R.

[z, A,u] + [2/, A u] = [z + 2, A, ul,
[z, A u] + [z, A, u]] = [z, A, u + o],
[1,1,7][x, A, u] = [rz, A, ul,
[z, A, u][1, 1, 7] = [z, A, ur].

Proof. The statements follow from the following factorizations and Lemma 4.3.1

A 0 0 u A 0 -1
0A 0 |u | |0 A —I é?§8
00 A |—u] [0 o0 T 00 Alu)’
xa:’a:%—x’\() x ' 0
A0 0 u A —1 I
0 A0 u o 1 o0 éié 3,
0 0 A|—(u+d) | [ 0 0 [ N
xxx‘ 0 z 0 0 00 Aj=(utu)
1 —rz 0| O 1 —rz O 0 0
0 A 0|wu | [0 A -I 0[7"[930
0 0 A|l-u |0 0 I 00 Al u)
1 0 rz| 0 1 0 0
A —u 0| 0 A —u —I
o 1 o r» | [O0 1 o0 é(l)é X
0 0 Al—w [~ |0 0 I 00 Al
z 0 x| 0 z 0 0
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Theorem 4.3.5. With the operations defined in (4.2), T'(X) is a ring.

Proof. Associativity of both addition and multiplication follows readily from the def-

inition of the operations. To show that addition is commutative, we consider the

factorization
A0 0 0w A0 0 —I
0 B 0 0| v 0 B -1 0 é??ég
00 BO|l-—wv|=|o0o0 1 o0 00 B o0l
00 0 Al—u 00 0 I v
00 0 A|-u
x vy y x| 0 x y 0 0

which shows that [z, A, u]+[y, B,v] = [y, B, v]+[z, A, u]. We easily verify that [1, 1, 0]
is an additive identity by noting that [z, A, u] 4 [1,1,0] = [z, A, u], as justified by the

following factorization

A0 0] u A0 —I
01 0[0 | _ |01 0 6(1)68
00 Al—u | |00 I 00 Al
z 1 x| 0 z 1 0

The additive inverse of [z, A, u] is [z, A, —u]; the equality [z, A, u|+[z, A, —u] = [1, 1, 0]

follows from

A0 0] u A -1 0
0 Ao|—u]| [0 I 0 éig_o
0010 |=]1o o1 0010“
r x 1[0 r 0 1

For brevity, we omit the proof of distributivity, though full details can be found in

Malcolmson’s paper [23]. By Lemma 4.3.4, [1,1, 1] is a multiplicative identity. O

Theorem 4.3.6 (Malcolmson, 1982 [23]). Let R be any ring and ¥ C Mp(R) be
upper-multiplicative. The map A: R — T'(X) given by \(r) = [1,1,r] is the universal

Y-inverting localization. In particular, L~'R = T(X).

Proof. Using Lemma 4.3.4, it is clear that A is a ring homomorphism. To see that
A is Y-inverting, let A = (a;;) € ¥ and consider the matrix B € M(T(X)) whose

(j, k) entry is [e], A, ex], where e, € "R denotes a column whose /-th entry is 1 and
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all other entries are 0. We claim that B is the inverse of A. It suffices to check that
each entry of A(A)B and BA(A) is given by the Kronecker delta in T'(X). To this end,
let us compute the (7, k) entry of A(A)B. We simplify the computation by repeated

application of Lemma 4.3.4 to obtain

D Mai)le]  Ace] = [1,1,a5le], A, e
; j
- Z[aije;’ra A7 ek]
j

= {Z aijejT, A, ek]

J

=[e] A, A, el
The factorization below then reveals that [e; A, A, ex] = [1, 1, 6], as required.
A 0 (3 I 0
0 1= |=| 0 1 (??? )
efA 1] 0 e] 1 "

Universality of A is also not hard to see. A nearly identical verification reveals that
the (i, k) entry of BA(A) is [1,1, 0], as claimed. If f: R — T is a Y-inverting ring
homomorphism, then the map f: T(X) — T given by f([z, A, u]) = f(z)f(A)~ f(u)
is easily verified to be a well-defined ring homomorphism satisfying Ao f = f. Fur-
ther, we note that [z, 4,u] = [}, ze], A, > ujei] =32 501, Lzlle), A ei][1,1,u;] =
Mz)A(A) " A(u), where x; and u; denote the i-th and j-th component of 2 and u, re-
spectively. In particular, any ring homomorphism ¢: T'(¥) — T satisfying Ao g = f

must satisfy

9([z, A,u]) = g(M(2))g(A(A)) " g(A(w) = f(2)f(A) " f(u) = f(lz, A u]);

uniqueness of the map f follows. n



53

4.4 The Display Method

In later writings by Cohn [11], the approach of Malcolmson was adopted and
further refined to give an explicit construction of the Cohn localization by defining
an equivalence on a set of formal objects called displays. The goal of this section is
to give an overview of the display method of constructing X' R.

Let us recall that a set ¥ C Mp(R) of square matrices over R is said to be
upper-multiplicative if 1 € ¥ and for all A, B € ¥ and C' € M(R),

(4 S)ex

We also introduce another mild closure condition on ¥ in this section. If, for
all square matrices P and (), the conditions PQ) € ¥ and P, € X are equivalent,
then the set ¥ is called factor-stable. When one considers that we seek to make
the matrices in ¥ invertible, both upper-multiplicativity and factor-stability become
quite natural conditions. Neither tends to be very restrictive in practice.

We will assume that 3 is upper-multiplicative and factor-stable for the remainder
of this section.

In any Y-inverting ring, each element is of the form A(a) — A(z)A(A) "' A(u)
(see Theorem 4.2.6). Comparable to the zigzag method proposed by Malcolmson,

the motivation behind Cohn’s construction is to represent each element of the form

Aa) — Mz)M(A)"A(u) in 7R using a formal object.

Definition 4.4.1. Let R be a ring and ¥ C Mp(R) an upper-multiplicative and

factor-stable set. A display over X is a block matrix

(ﬁ Z) (4.5)

where A € ¥, a € R, u € "R, and x € R" for suitable n. A display of the form

(0
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for an identity matrix I of any size is called a scalar display. If a display takes the

form
Al 0 0 Uy
0 A2 B U9
o 0 |
0O --- 0 A, u,
T Ty Xy a

then it is called a block-diagonal display. The matrices Aq, As, ..., A, are called the

blocks of the display.

We define the following elementary operations on a display, continuing in the
notation of (4.5).
C.1(f) Replace u by u+ Af and a by a + xf for any f € "R.
C.2(Q) Replace A by AQ and x by z@ for any ) € ¥ of suitable size.
C.3(G,p) Replace the display with

A 0 u
0 G O (4.6)
r p a
where G € ¥ and p € R™.
R.1(g) Replace = by x + gA and a by a + gu for any g € "R.
R.2(P) Replace A by PA and u by Pu for any P € ¥ of suitable size.
R.3(F,q) Replace the display with
A 0 u
0 F ¢ (4.7)
r 0 a

where ' € ¥ and ¢ € "R.

When the argument to an elementary operation is unspecified, we refer to the op-
erations simply as C.1-C.3 and R.1-R.3. The inverse operation of each of C.1-C.3
and R.1-R.3 is also considered an elementary operation; these are denoted by C.171-

C.371 and R.171-R.37!. The operations C.3 and R.3 are each referred to as inserting



95

a trivial block, while the inverse operation of each is referred to as removing a trivial
block.

The elementary operations define an equivalence relation on the set of all displays
over Y, where two displays are said to be equivalent if one can be obtained from the
other by a finite (possibly empty) sequence of elementary operations. The set of
equivalence classes of displays over ¥ is denoted D(X) and its elements are denoted

with square, rather than round, brackets.

Lemma 4.4.2. If ¥ is upper-multiplicative and factor-stable, then Y. contains all

permutation matrices.

Proof. By upper-multiplicativity, 1 € X, hence the n x n identity matrix I, is an
element of ¥ for all n > 0. Furthermore, if P is a permutation matrix, then PTP =

I, € X, whence P € X by factor-stability. O]

As in the discussion of the zigzag method, I shall denote an identity matrix, with

a subscript to resolve size ambiguity where necessary.

Proposition 4.4.3. The following equalities hold in D(X),

G 0 0 F 0 ¢
OAu:{Au]:0Au
T a
p T a 0 = a
and
A0 0 u A0 0 u
OGOO_égu_OFOq
0 0 B v| ' 7lo 0 B w
T Yy a
T p oy a z 0 y a

That is, insertion or removal of a trivial block before or between the blocks of a
block diagonal display (in addition to after the blocks, as in C.3 and R.3) yields an

equivalent display.
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Proof. We verify the statement only for the first equality; proof of each remaining

equality is similar. Let P denote the permutation matrix such that (GG A)P = A®G.

By Lemma 4.4.2, P € ¥, therefore

G 0 0
0 A u
p T a

&:;o'

IE% CD:];I

SIS

B Qo o Q

SIS

(by C.2(P))

(by R.2(P))

(by C.371(G, p)).
O

Proposition 4.4.3 is, in some sense, an extension of the elementary operations C.3

and R.3, and so its applications are also referred to as inserting or removing trivial

blocks and will be labeled as C.3 or R.3 where appropriate.

Proposition 4.4.4. The formulas

-

[Au

T a

provide well-defined binary operations on D(

|

0 u

B v ,

y a+b (48)
uy ub

B v,

ay ab

Proof. It suffices to verify that, for each formula in (4.8), the application of an elemen-

tary operation to a representative display in either operand yields an equal output.

We provide verification of this for the left operand for each of C.1-C.3; the remain-

ing verifications are similar. Applying C.1(f) to the first summand in the addition
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formula, we see that

[A u—l—Af} lB v} A0 utAf
+ =10 B v
v oatxf y b vy at+btaxf
(A 0 u
=0 B v (byC.l_l(g))
Ty a+b

-l

doing the same in the case of multiplication yields

[A u—i—Af] [B v} _ 161 (u+é4f)y (u+vAf)b
v oataxf]|y b z (a+af)y (a+af)b
(A uy+ Afy ub
I I (by €1 (1))
|z ay+axfy ab
(A wy ub
o B & (by C.2(L~1v))
|z ay ab

8o

u| |B v
al |y b’
We note that in the last application of C.2, the matrix (é _{y) lies in > by upper-

multiplicativity. Next, we consider the application of C.2(Q) to the first operand in

each operation and compute

=10 B v
| 2Q y a+b
(A 0 u
0B o | (byc2?(39)
Ty a+b

S e

[AQ u} N {B v

[AQ 0 U
xQ a Y b}




o8

in the case of multiplication, we find

AQ u] [B v AQ wuy ub
Al B

| 2@ ay ab
(A uy ub
=0 B v (by €277 (§ 7))
x ay ab

[l )

Again, the direct sum matrix () @ I lies in ¥ by upper-multiplicativity. Finally, when

a summand or factor is altered by C.3(G, p), then we may verify

A 0 u B é g 8 g (A 0 u
0 G 0f+ [y b} =lo 0B o |T 0 B v (by C.374G,p))
xT p a v p oy atb Yy a+b
A u} {B v]
— —|— ,
r a y b
A 0 u B 61 g uoy %b (A uy ub
_ _ 1
p r p ay ab - y
[A u][B v
oz oally 0|
as claimed. O

Theorem 4.4.5. With the operations defined in Equations (4.8), D(X) is a ring.

Proof. Closure under addition is clear, while closure under multiplication follows from
upper-multiplicativity of 3. Associativity of addition is obvious. To see that addition
is commutative, we note that there is an appropriate permutation matrix P € ¥ by

Lemma 4.4.2 such that applying C.2(P) and R.2(P) yields

A 0 u 0 A u B 0 v
0 B v =|B 0 w =10 A wu
r Yy a+b y x a-+b y x b+a
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The scalar display [{ 9] is an additive identity in D(X), as the sum of any display

with this scalar display can be reduced by removal of a trivial block. We also observe

that
(A 0 u]
2
T a r —a
|z 0 ]
(A A 0]
z @ ]
(A 0 ]
—lo A —u (byc2((l)_ll))
z 0 0
[1 0 0 0
o400 (by C.3(1,0) or R3(1,0))
0z 0 0
10 -1 -
=y o} (by C.377(A, z) and R.37 (A, —u)),

oL

and so every display has an additive inverse. Multiplication is easily seen to be

associative, as

A u B v |C w (A B vz e
T a bl |z ¢ “lz a 0 C w
y - y bz bc
(A wy ubz ubc
|0 B wz wc
10 0 C w
|z ay abz abe
(A uwy ub
=0 B w {C “’]
z ¢
|z ay ab
B A u||B v C w
\lz a|l|ly b z c|’
It is also easy to see that the scalar display [3 9] is the multiplicative identity in D(X),

as its product with any display can be reduced to that display by the removal of a

trivial block. Finally, to see that multiplication distributes over addition, we consider



{A u} {B v] {A u} {C’ w]
+
x ally b r allz c
(A wy ub A uz wuc
=0 B ov|+|0 C w
|z ay ab T az ac
(A wy 0 0 ub
0O B 0 0 v
=10 0 A uz uc
0 0 0 C w
r ay x az ab+ac
(A uy A uz u(b+c)]
0O B 0 O v 070
=10 0 A uz uc (byR.Q(gé?g))
0 0 0 C w 00071
|z ay x az ab+ac]
(A uy 0 wuz u(b+c)]
0O B 0 0 v 10 -10
=10 0 A wuz uc (byC.Q(Bé 0 8))
0 0 0 C w 0001
2 ay 0 az a(b+c)]
(A w] ([B v] n (A u]| [C w
Sl oal\ |y b] |0 1] ]z ¢
A w] ([B v] [1 0][C w .
=z <_y b| + 0 1} L c]) (by R.3(1,0) and R.37" (A4, u))
(A ] < (B v] [C w})
lz a| \ |y 0 1z c
as required. Proof of the right-distributive property is similar. m
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As we mentioned previously, the display in (4.5) is meant to represent the ex-
pression A(a) — A(z)A(A)"'A\(u). Through this interpretation, the sum and product
of displays appropriately represents the sum and product of the formal expressions

Aa) — Mz)A(A) A (u) and A(D) — A(y)A(B)"*A(v). More explicitly, one can verify



that each of the following equations holds in any model of X1 R:

Ma) = MrIALA) A w) + A) — AW)AB) " A)
st - 0@ 2w (M9 m0) ()

=Ma+b) =Xz y)A

o
o o
~__

L
p
VRS
SE~
~__

(A(@) = AM@)AA) " A (1) (A(D) — A()A(B) A(v))

AA)T = AA) T A wy)AMB)

= Aab) — (A(z) A(ay))( 0 A(B)

— Aab) — A (z ay) A (61 lg) ) (i}b) .
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Similarly, the elementary operations on a display can each be seen as a realization

of some identity that must hold in ¥~'R. For instance, C.1(f) corresponds to the
following identity: A(a + zf) — M2)A(A) "N (u+ Af) = Ma) — Mx)A(A) " A (u).

The following lemma sometimes simplifies the computation of the sum in D(X).

Lemma 4.4.6. The following equalities hold in D(X),
A u + Awul | A u
T a y bl |rx+y a+b|’
A u " A vl A u+tvw
T a r b |z a+b|’

Proof. Given the displays in the statement, we have

(A 0 w
EETR
voa y r Yy a-+b
(A A u ]
—lo 4w | myeaid)
z r+y a+b
(A0 0
=10 A u (by R2(5 7))
lz z+y a+bd

(4.9)

(4.10)
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Likewise,
(A 0 U
{A u} n {A v} 1o 4 ;
T a z b
K a+b
(A A u+v]
—loa v | oyr204D)
K a—l—b_
(A 0 u—+v]
=0 A v | (byC2(57))
K 0 a—i—b_
A u+tvw
= L a—i—b] (by R.3(A,v))

[
We are now in a position to prove that D(X) is the universal Y-inverting ring.

Theorem 4.4.7. Let R be any ring and ¥ C Mp(R) an upper-multiplicative and

factor-stable set of matrices. The map A\: R — D(X) given by

-]

is the universal Y-inverting localization. In particular, Y™'R = D(X).

Proof. Clearly A is identity-preserving. Additivity follows from Lemma 4.4.6, while

multiplicativity can be seen by removing trivial blocks as follows

AP)AG) = B 2} B f] — é g 3 — B T(” = A(rr).

To see that \ is Y¥-inverting, let A = (a;;) € £. Entrywise application of A to A yields
the matrix A’ = (a},) = ([64y,]) € M(D(X)). We define B = (bj,) € M(D(X))

ij
A —€k

where b, = |:eT 0 } Let us consider A'B = (¢;) where ¢, = Zj a;;bjk. We may
J

then evaluate

1
1 0 A -
Cik, = Z {0 %’1 [GT Oek} B Zj: 8

J
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by removing trivial blocks in the last step. Repeated application of Lemma 4.4.6 then

yields

Z|: A —€k:| A —ek}

- age; 0 St jagej 0
- [ A —€L
T lefA 0
_ 1 —e -1
-5 5 } (by C.271(A))

I 0

- ejek] (by C.1(ex)
_L0 (by C.3(1,0) and C.37%(I,¢;))
“ 1o e y C.3(1, nd C. L€
= 6ik>

where 0;, denotes the Kronecker delta in D(X). It follows that A’'B = I. A similar
verification shows that BA’ = I. Thus, B is the inverse of A’ = A\(A) and so A(A) is
invertible in D(X).

All that remains to be seen is the universal property of D(X). Suppose that

f: R — T is a Y-inverting ring homomorphism. We define f: D(X) — T by

([ Y]) = @ - s, (4.11)
By assumption, f is Y-inverting, so the formula in (4.11) is at least sensible. It is
easy to verify that the application of elementary operations to a representative display
does not change the f value, thus f is a well-defined function on equivalence classes.

We may further observe that

A 0 U

- A o\ ', (u
iljos o |)=rarn-re (s 5) (1)
xr y a+b

|
=

@+10) - (0 1) (" ma) ()
(@) = ) SCAY )+ 78) — S S(B) ™ 0)

(BRI

[l
|
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= (f(a) = f(x) f(A) " f(w) ZFEb) — fW)f(B) f(v))
=i a5 3)
thereby showing that f is additive and multiplicative.

Finally, for all » € R, we have

= (11 0 _
Foen=7(Jg U]) =10 - o0 = 100
To show uniqueness of f, suppose now that g: D(X) — T is an alternative ring
homomorphism satisfying A o g = f. One can quickly verify by Lemma 4.4.6 that
A w|l |10 1 0| |A —e| |1 O
{x a] N [0 a} _Z {O x,} {e; 0 ] [0 uj]
irj
where x; and u; are the i-th component of x and j-th component of u, respectively.

Let us recall that the (7, 7) entry of A\(A)~! is [ ér 0 } Using the fact that g is a ring

homomorphism, we then see that

T e | e | A

o ) o(Zh ]l Ol )

= 9(Ma)) - g(A(fﬂ)/\(A "A(u)
= 9(A\(a)) — g(A(@))g(A(A)) " g(A(w))
= fla) = f(z)f(A) " f(u)

Thus, A is universally 3-inverting and it follows that X7'R = D(X). [
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4.5 Generalities
The main goal of the constructions in Sections 4.3 and 4.4 is to provide a method

for detecting the kernel of the map A: R — X7'R.

Theorem 4.5.1. Let R be a ring and ¥ C Mp(R) an upper-multiplicative and
factor-stable set of matrices. The following are equivalent:
(a) the display [4 *] is the zero element of D(X), and

T a

(b) there exist F,G,P,Q € %, rows f and p, and columns g and q such that

A 0 0 u

0O F 0 O P

00 G g :(p> @ a). (4.12)
x f 0 a

o

Furthermore, if we take a = 0 in both (a) and (b), then each of these conditions is

equivalent to

(c) the triple [z, A,u] is the zero element of T'(X).

Proof. We first prove (a) < (b). If the display in (a) represents the zero element
of D(X), then there is some finite sequence of elementary operations that take the
display (4 %) to the scalar display (§9). The latter display is clearly non-full. It
is straightforward to verify that each of the elementary operations except R.37! and
C.37! preserves the property of being non-full. Thus, by reversing the sequence of

elementary operations and omitting any steps that remove trivial blocks, we obtain a

Awu

4 u) only by insertion of trivial blocks.

non-full display which can be obtained from (
Since this display is non-full, it either provides a factorization of the form (4.12),
possibly after permuting the rows and columns, or if too few trivial blocks were
added to be a factorization of this form, then we may invoke Lemma 4.3.1 to complete

the factorization. Conversely, given a factorization (4.12), the display on the left is

equivalent to (4 %) by removal of two trivial blocks, so it suffices to show that the
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larger display is equivalent to zero. The given factorization means that this larger

display is simply [PQ Pq]. We note that in D(X),

pQ pq
PQ P P P _
{pg pﬂ “p pﬂ (by €.27(Q))
v _
- |! ]jq} (by R.2-1(P))
:I 0_
=1, o (by C.1(—q))
:[ 0:
=15 o (by R.1(—p))
1 0] . .
= y removal O I1via OCKS 1 necessary .
0 0 (b ] of trivial blocks if )

To complete the proof,_ we show that (b) and (c) are equivalent when a = 0. If
[z, A,u] = [1,1,0] in T'(X) and a = 0, then there exist F,G € ¥, rows f and p, and

columns g and ¢ such that

A0 0 0 u
01 0 00 p
00 F 00 :( >(Q q)
000 G g p
x 1 f 0 0
Viewing this left matrix as a block matrix
A0 0|0 |u
0|1 0]01|0
0/0 F|0|O0
00 0G|y
x |1 f10]0

shows that this factorization is of the form (4.12). Conversely, if (4.12) holds with

a = 0, then so does

1 0 0 0 O
0 A0 0 u 1 0
0O 0 F 0 O0]=1(0 P ((1) g 0),
000Gy 1 p ¢
1 =z f 0 0
proving that [1,1,0] = [z, A, u] O
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Corollary 4.5.2. Let ¥ be an upper-multiplicative and factor-stable set of matrices
over R and \: R — Y7'R the universal localization. An element r € R belongs to

ker A if and only if there exist F',G € 3, rows [ and p, and columns g and q such that

(e o

Proof. We may pass the problem to either of the models we have constructed for

F 0
0 G
f0

S @ O

Y7'R. Let N: R — D(X) be the universal ¥-inverting map given by

N(r) = [(1) ﬂ |

Thus r € ker X' = ker A if and only if an equation of the form

1 0[0]0
0 F|0]0 P
0 0|G|g | ( p) (@ )
0O f10|r
holds. Viewing the left side as a block matrix, we obtain the result. O

Displays heuristically represent elements of the form A(a) — A(z)A(A)"IA\(u),
while triples represent elements of the form A(z)A(A)~'A(u). Theorem 4.2.6 implies
that any element of ¥ "'R can be represented in either form, although it is worth
seeing a correspondence between the objects in D(X) and those in T'(X).

A display whose scalar term is 0 is called a homogeneous display, and can be
thought of as representing an element of the form A(z)A(A)™'A(u), just as in Mal-
colmson’s triples. There is then an obvious bijection between the set of homogeneous
displays and the set of triples given by (4 %) > (z, A, u). This bijection descends to

one on equivalence classes, as the next proposition shows.



68
Proposition 4.5.3. In D(X), the equation
A wu B v
-
holds if and only if [z, A, u] = |y, B,v| is satisfied in T'(3).
Proof. Equation (4.13) holds precisely when the difference between these displays is

zero. By Theorem 4.5.1, the difference is zero if and only if there exist F, G, P,Q € X,

rows f,p, and columns g, ¢ such that

A0 0 0 w

0 B0 0 —v P

0 0 F 0 0—<>@q%
000G g p

x y f 0 0
which is precisely the definition of equivalence of the triples (z, A, u) and (y, B,v). O

To fully understand the correspondence, we address how non-homogeneous dis-
plays are related to homogeneous displays. In doing so, we will have described an
isomorphism D(X) = T'(X). That these rings are abstractly isomorphic is no surprise,

since each has the universal property of the universal >-inverting ring. Nonetheless,

seeing a direct correspondence provides additional clarity to each approach.
Proposition 4.5.4. Any display is equivalent to a homogeneous display.

Proof. We note that

1 0 0 —a 1 0 0
00A0 ul|_|0oA I é???
0 0 A —u 0 0 I 00 A —u ’
1 » » —a 1 = O
whence by Theorem 4.5.1,
1 0 —a
0 A w {Aﬂ—a
1 = 0 roa

proving that the representative display in the second summand is equivalent to the

homogeneous representative display in the first summand. O
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The results of this section, in particular Corollary 4.5.2, provide a useful frame-
work for proving Theorem 4.2.7 more constructively, and allow one to give more
explicit conditions under which A is an embedding. In addition, the models T'(X) and
D(X) lead to criteria for a ring to admit a homomorphism into a skew field. The full
details of these expositions would take us too far astray, though we close this chapter
by stating (without proof) some of these major results to illustrate the success of the
schemes introduced here and to reemphasize the importance of Cohn localization in
the study of noncommutative rings. These results can be found in [11]. The inquis-
itive reader may find interest in some of the other powerful results regarding ¥ 'R,
especially in the case where R is a semifir, fir, or Sylvester domain. Many results of

that nature can be found in [7], [9], [13], [14], and [15].

Theorem 4.5.5. If R is a ring such that all identity matrices over R are full' and ¥

is an upper-multiplicative factor-stable set of matrices over R, then ¥~ 'R is nonzero.

Theorem 4.5.6. If R is a ring such that all identity matrices over R are full and

is the set of all full matrices over R, then ¥~'R is a skew field.

Theorem 4.5.7. If P is a prime matrix ideal of R and ¥ = Mp(R) \ P, then X7 'R
is a local ring. If I is the unique maximal ideal of X' R, then the composite mapping

R YR — (X7'R)/I is a homomorphism into a skew field with singular kernel P.

Theorem 4.5.8. Let R be any ring. Then there exists a homomorphism of R into
a skew field if and only if none of the identity matrices over R can be written as a

determinantal sum of non-full matrices.

Theorem 4.5.9. A ring R can be embedded in a skew field if and only if it is an
integral domain and no non-zero scalar matrix can be written as a determinantal sum

of non-full matrices.

LA ring with this property is said to have unbounded generating number (UGN)
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CHAPTER 5
PUSHOUTS AND AMALGAMATED FREE PRODUCTS

We recall that for any ring R, there is a correspondence between matrices over R
and morphisms of free R-modules. From this viewpoint, we may interpret Cohn local-
ization as the process of adjoining inverses of a collection of morphisms between free
modules to a category of R-modules. Such was the thought process of G. M. Bergman,
who studied the universal adjunction of additional morphisms to this category sub-
ject to relations [1]. When the morphisms of interest are mappings between finitely
generated projective modules, these universal adjunctions always exist.

Using Morita equivalence, Bergman reduced many of the questions about these
adjunctions to the case where the modules involved are left ideals of R. Under
this reduction, extensions of the category of R-modules can be examined via certain
amalgamated free products of rings.

On this front, Bergman made significant progress describing the module theory
of these constructions. In general, however, it remains difficult to provide explicit
models for many adjunctions. In particular, little has been established regarding the
general adjunction of a two-sided inverse of a morphism between projective modules
for an arbitrary ring, also called a universal localization of the ring.

When we restrict our view to more specific classes of rings and morphisms, con-
crete constructions of the universal localizations are sometimes available. For exam-
ple, work of A. H. Schofield indicated that for a ring of the form R = (4 ¥ ), where
M is an (A, B)-bimodule, the universal localization of R with respect to a morphism

of the type o: (4) — (M) is My(T), a full matrix ring [27]. In 2006, D. Sheiham
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described a presentation for the entry ring 7', unifying some of the results of Schofield
and others [29]. Sheiham’s approach, in the manner of Bergman, was to recognize
the universal localization of R as part of a certain pushout diagram, from which the
universal property of the entry ring, 7', could be extracted.

In this chapter, our main goal is to give an overview of Sheiham’s theorem and
provide a detailed version of his proof. To do so, we introduce Bergman’s viewpoint
on universal adjunctions. We then clarify the relationship between these adjunctions
and pushouts in the category of rings. Finally, we conclude the chapter by putting

these mechanisms to work in proving Sheiham’s theorem.

5.1 Adjunctions to Module Categories and Universal Localizations
Given a ring R, the idea of a universal adjunction is to append new morphisms
to the category of R-modules subject to some prescribed relations. Loosely speaking,
we would also like for the resulting category to itself be a category of modules over
a ring R’ and for R to admit a ring homomorphism to R’ so that the categories
are related by the extension-of-scalars functor R’ ® p —. Furthermore, the resulting
category should be “universal” in a sense that we make precise in the theorems that
follow. The desired category may not exist in general, but is guaranteed whenever
the codomain of the appended morphism is a finitely generated projective module.
The results of this section are due to Bergman. For their proofs, we direct the reader

to [1, Thms. 3.1, 3.2].

Theorem 5.1.1. Let R be any ring, { M;} any family of unitary R-modules, and {P;}
any family of unitary finitely generated projective R-modules. There exists a ring
homomorphism R — R’ and a family of R'-module homomorphisms {f;: R' @ M; —

R ®p P;} which is universal; that is, for any ring homomorphism R — T and any
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family of T-module homomorphisms {g;: T ®r M; — T ®r P;}, there exists a unique

ring homomorphism R’ — T which makes the following diagrams commute for all i.

R—— R TorM; —2—— T®eRP,

Nl !

T®R’ R/®RMZ' _— T®R/ R,®Rpi
17®fi

Theorem 5.1.1 describes the process of adjoining a family of morphisms to a
module category. In addition to adjoining morphisms universally, we may wish to

impose relations on morphisms in a such a category.

Theorem 5.1.2. Let R be any ring, {M;} any family of unitary R-modules, {P;} any
family of unitary finitely generated projective R-modules, and { f;: M; — P;} a family
of R-module homomorphisms. There exists a ring homomorphism R — R’ universal
with respect to the property that each R'-module homomorphism 1 ® f;: R'®@pM; —
R ®pg P; satisfies 1 ® f; = 0; that is, for any ring homomorphism R — T such that
Ir® f; =0: T®r M; - T ®g R, there exists a unique ring homomorphism R’ — T
which makes the following diagram commute.

R—— R
T
We shall not need the full generality of these theorems, though they ensure the

existence of the construction we proceed to discuss, namely the universal localization

of a ring with respect to morphisms of projective modules.

Definition 5.1.3. Let R be a ring and ¥ = {0;} a set of R-module homomorphisms,
o;: P, — @;. A ring homomorphism p: R — T is said to be X-inverting if, for each
o; € X, the induced T-module homomorphism 1 ® ;,: T ®r P, — T ®pr Q; is an
isomorphism. A Y-inverting ring homomorphism \: R — X~ R is called the universal

Y-inverting localization of R if every Y-inverting ring homomorphism p: R — T has
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a unique factorization R A 1R — T. In the case where ¥ consists of a single
morphism, o, the ring X7!'R is also denoted by o 'R. The ring ¥ 'R is said to be

the universal X-inverting ring.

It is worth remarking that if ¥’ is a set of matrices over R, each m X n matrix
in ¥’ corresponds to a module homomorphism o: R* — R™. Denoting by ¥ the set
of these homomorphisms, the universal ¥'-inverting localization (that is, the Cohn
localization) is isomorphic to the universal Y-inverting localization. The existence of
a Cohn localization, which we proved in Theorem 4.1.2, is subsumed by the following
proposition, since R™ is a unitary finitely generated projective R-module for each

n > 0.

Proposition 5.1.4. If R is any ring and ¥ = {0;: P, — @;} is a set of morphisms
between finitely generated projective modules, then the universal Y -inverting local-

ization of R exists.

Proof. We apply first Theorem 5.1.1 to obtain a ring homomorphism R — R’ with a
family of maps {f;: R' ®r Qi — R’ ®g P;}, then use Theorem 5.1.2 to obtain a ring
homomorphism R’ — X' R such that

Iy 12@(fio(lp®a) —lp®ly)=0: Y 'ROp R ®@rQ; = Y 'ROp R ®r Q;
and

ly-1p®(lp®o)ofi—1lpg®@1lp)=0: S 'RRp R Qg P, » X 'Rer R ®r P,
hold for each i. Imposing these relations means that each 1y-15 ® f; is the inverse
of 1y-15 ® 1g ® 0y, thereby the composite mapping R — R’ — Y 7'R is Y-inverting.

Universality follows from Theorems 5.1.1 and 5.1.2. O
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5.2 Induced Morphisms and Pushouts

As we have done in the discussion of element-inverting localizations and Cohn
localizations, we may consider a category of ¥-inverting homomorphisms from a ring
R for a fixed collection ¥ of R-module homomorphisms. If «: R — T and g: R — T’
are a pair of Y-inverting ring homomorphisms, then a morphism from « to § is a
ring homomorphism f: T — T” such that ao f = (. As usual, this implies that the
universal Y-inverting ring is uniquely determined up to isomorphism. The category
of ¥-inverting homomorphisms is denoted Inv(R, ) or, in the case where o is the

sole morphism in ¥, Inv(R, o).

Definition 5.2.1. Suppose S is a ring admitting a morphism to a ring R and let
7: Py = (o be an S-module homomorphism. Given a morphism o: P — ) of R-
modules, if there exist R-module isomorphisms f;: R®gFPy — P and fy: R®sQoy — Q
such that fioo = (Ig® 7)o fy, as in the diagram below, then o is said to be induced
by 7.

1R®T

R®s Py —— R®gs Qo

f 1l% %lf 2

P———Q

We introduce another category, this time consisting of commutative squares.
Let a: S — R be a ring homomorphism and suppose o: P — () is an R-module
homomorphism which is induced by an S-module homomorphism 7: Py — Qo. If
there is a universal T-inverting localization of S, say x: S — 715, then there is a
category Sq(a, k) whose objects are triples (i, R, @’) making the following square of

ring homomorphisms commute.

S L5 719

o | (5.1)

RT>RI
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A morphism (u, R', /) — (@', T, ') in this category is a ring homomorphism ¢: R’ —
T making the following diagram commute.

S L5 7718

al l""

RT>R/

Theorem 5.2.2. The categories Inv(R, o) and Sq(«, k) are equivalent.

Proof. First, we establish that the forgetful functor ®: Sq(«, k) — Inv(R, o), which
sends each object (i, R',a/) to u and each morphism ¢ to the underlying ring homo-
morphism ¢, is well-defined.

It suffices to show that for any object (i, R',«’) in Sq(«, ), the ring homomor-
phism p is o-inverting. By assumption, x is 7-inverting, and so the induced mapping
L, g®@7: 7S ®g Py — 7718 ®g Qp is an isomorphism. Utilizing commutativity of
the square (5.1) associated with (u, R', o), the following maps are isomorphisms, with

each of the last three following from the previous one by a canonical isomorphism:

Lasg®7: 78 ®s Py 27718 ®g Qo,
lp L g®7T: R @157 'S®s Py 2R ®,-157 1S ®g Qo,
lp ®@7: R ®s Py = R ®gQy,
Il R1pR7: R @r RRs Py = R @pr R ®s Qo.

By assumption, o is induced by 7; that is, fy oo o f; ' = 1z ® 7 for some pair of

(5.3)

isomorphisms fi: R®g Py = P and fo: R®gs Qo = Q. The last isomorphism of (5.3)
can then be written 1z ® (fiooo f, ). Composing with the isomorphisms 1z ® f; !
and 1r ® fo on the appropriate sides shows that 1 ® 0: R ®@r P = R' ® @ is an
isomorphism, making p a o-inverting map as claimed.

Since any morphism ¢: (u, R, o) — (¢, T, ') in Sq(«, k) makes the diagram
(5.2) commute, such a map satisfies, in particular, u o ¢ = y/, thereby making it a

morphism in Inv(R, o).
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The inverse functor ¥: Inv(R, o) — Sq(a, k) shall be constructed via the uni-
versal property of 771S. To this end, suppose that u: R — R’ is a o-inverting ring
homomorphism. In order to invoke the aforementioned universal property, we will
prove that «a o u is 7-inverting. By assumption, there are isomorphisms f; and f,
such that Tp ® 0 =1 @ (f; ' o (1g®@ 7)o fo): R ® P — R’ ®(Q is an isomorphism.
Composition with the isomorphisms 1z ® f; and 1z ® f, ! on the appropriate sides
shows that 1, ® 1lp®7: R @r R®s Py = R ®p R®g Qo is an isomorphism, and this
map is naturally isomorphic to the map lp @ 7: R ®g By =& R' ®g5 Qo. Thus, ao
is 7-inverting. By the universal property of k, there is then a unique ring homomor-
phism o/: 7715 — R’ satisfying o o/ = a0 u, making the triple (i, R', ') an object
of Sq(a, k). Consequently, to the object a in Inv(R, o), ¥ shall assign (u, R, o).

Finally, we show that a morphism ¢: u — g’ in Inv(R, o), which is a ring
homomorphism ¢: R — T”, is also a morphism (u, R',o’) — (¢/,T,") in Sq(«, k),
where o/ and (' are ring homomorphisms uniquely satisfying x o @/ = « o u and
ko 3 = aop, respectively. Let us observe that

kodop=aopuop=ao.
However, ' is the unique ring homomorphism with this property, hence g = o/ o ¢,
and so ¢ is indeed a morphism in Sq(«, k), completing the definition of W.

The functors ® and ¥ are clearly inverses, proving the claimed equivalence. [J

The initial object (t1, R Ug 7715, 15) in Sq(«, %) is called the pushout of o and
x in the category of rings. The ring R Lig 7715 is said to be the amalgamated free
product of the rings R and 771S. Now is an opportune time to point out that the
category Sq(a, k) is an instance of the following more general notion, though the

generalization will not be needed in this chapter.
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Definition 5.2.3. Given a family of rings A = {A;} and a family of ring homomor-
phisms {¢;: C' — A;}, there is a category whose objects are rings B equipped with
a family of ring homomorphisms {3;: A; — B} that are amalgamated over C. This
condition means that ¢; o 3; = ¢; o 8; for all ¢, j. The initial object in this category

is denoted [[, A; and is called the amalgamated free product of the family A over C.

The equivalence proved in Theorem 5.2.2 gives us an alternative description for

o~ 1R, as the following corollary reveals.

Corollary 5.2.4. If 0: P — (@ is an R-module homomorphism induced by an S-

module homomorphism 7: Py — Qq, then c 'R R g 7718S.

Proof. The initial object in Inv(R,o) is the universal localization A\: R — o 'R,
while the initial object in Sq(a, k) is (11, R Ug 7715, 13). Since initial objects in

equivalent categories correspond, the statement follows. O

5.3 Morphisms Between Complementary Summands

Projective modules are direct summands of free modules. In the special case
where the ring R is a direct sum of two left ideals, say R = P & (), the universal
localization of R with respect to a single morphism o: P — () can be recognized
as a full matrix ring. The strategy of proof is to identify a homomorphism between
modules over a familiar ring that induces o and utilize the mechanism of Corollary
5.2.4. The familiar ring we will use is Us(K), presuming R is a (K, K)-algebra and
o is a morphism of (R, K)-bimodules. This does not restrict the class of rings and

morphisms to which the results apply, as we may always choose K = Z.
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Lemma 5.3.1. Let R be a unitary associative (K, K)-algebra and suppose addition-

ally that rRyx = rPx @ rRQk. Given an (R, K)-bimodule homomorphism o: P — @,

)

the map

Hompg(P, P) mg(P,Q
Homp(Q, P) Hompg(Q,Q

a b alp bl,
0 c o 0 C]lQ

is a ring homomorphism and o is induced by the Uy(K)-module homomorphism

a,: Us(K) — Endgr(rR) = (

given by

7: Us(K)ep1 — Us(K ey whose assignment is T(uei;) = ueqs.

Proof. Throughout this proof, we denote M = My(K) and U = Us(K). Theorem
2.2.1 provides the decomposition of Endg(gR) which allows us to define a,. It is
not hard to see that a, is a ring homomorphism; it is clearly additive and identity-

preserving, and we have
a (@ b\ (d b\\ _ N aa’ ab +bc\  (ad'lp (ab +bc')o
\\0 ¢J\O <)) "7\0 o n 0 cdlg
_ (alp bo o adlp Vo
L0 clg 0 (dlg)°
The last equality requires alpob'o+boocdlg = (ab’ +bc')o, a straightforward verifica-
tion if one keeps in mind the assumption that ¢ is a right K-module homomorphism.
To see that o is induced by 7, we first note that the mapping f: Ry U = R
given by f(r®u) = rvg' (ay(u)) can be restricted to a pair of R-module isomorphisms,

R®yUe; = Pand R®y Uesy = @, where v: R = Endg(rR) denotes the canonical

isomorphism. On an arbitrary tensor, (p + q) ® ae;; € R ®y Ueyq, we compute

(Lr® 7)o )(p+q) ®@aen) = f((p+q) ®aer)
= (p+ 97 H(ao(aer2))
= (ao(ae12))(p +q)
= o(pa)
= o(p)a.
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On the other hand, we also have

(foo)((p+q) ®aen) =o((p+q)7 " (os(aenr)))

Thus we see that o and 1z ® 7 have the same rule of assignment when composed in
the appropriate order with the isomorphism f. The diagram below then commutes,
thereby proving that o is induced by 7.

R&u Ueyi —25% Ry Uey

f|R®UUe11l% glﬂR@UUezg
P > > Q

O

In particular, under the hypotheses of the lemma, 0™ R = RlLyy, )7 'Us(K). We

thereby shift the problem of describing o~ R to the problem of describing 771U (K).

Proposition 5.3.2. Let 7: Us(K)ey; — Us(K)eg be given by T(ueq;) = uejn. The

inclusion map Us(K') — My (K) is universally T-inverting.

Proof. Throughout this proof, we denote M = My(K) and U = Uy(K'). We define
g: M@U U€22 — M®U U611 by
9(x ® uex)) = zruesn @ eq;.

It is straightforward to verify that this map is a well-defined M-module homomor-
phism. We claim that g and 1,; ® 7 are inverse morphisms. On tensors, we may

verify that

g(Iy @ 7)(x @ ueyr)) = g(x @ uejs) = rueizes ® €13 = xuey; @ ey = T ® ueyy,

(Ly @ 7)(g(x @ uen)) = zues @ €12 = TUEs 12 @ 20 = TUEsy @ €99 = T & Ueas.

Thus, 1), ® 7 is an isomorphism and so the inclusion i: U — M is 7-inverting.
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To see that ¢ is universal among 7-inverting maps, suppose that f: U — T is
a 7T-inverting ring homomorphism and let n be the inverse of 17 ® 7. Rather than
define a map M — T directly, we will instead define a ring homomorphism

¢: M — Endr(rT) = (Homp (T @y Uey, T @u Ueyj))1<ij<2-

Denoting by v: T = Endr(7T) the canonical isomorphism, ¢ oy~t: M — T will be
the desired morphism. The question of uniqueness will also be addressed this way;
that is, if ¢ uniquely satisfies io¢ = fo~, then ¢po~y~! uniquely satisfies iogpoy~t = f.

In order to define such a map, we note that T'®y Ue;; is a (T, e;;Ue;;)-bimodule
for i € {1,2}, and since e;Ue; = K, we can view T ®p Ue;; as a (T, K)-bimodule

and Homy (T ®y Ue;i, T ®y Uej;) as a (K, K)-bimodule. This allows us to define the

s a b\  (algpe, b(lr®T)
c d) \ o dlte,, |-

One can then verify that

following map!

ecnob(ly@7)= () (no(1®7)) and b(lr@7)ocn=(bd) (1 @7T)0on)
hold for all b,c,b',¢ € K; from here, checking that ¢ is a ring homomorphism is
routine.
For a given t € T, the endomorphism 7(t) decomposes as a matrix of morphisms
v(t) = (7(t)), where v;;(t) € Homp(T ® Ue;;, T @ Uej;) has the action
7 () (x ® ue;) = xuetej; ® ej; = v f (uey)tf(e);) @ ejj
on tensors. In particular, we find that v;(f (2 4))(z ®ue;) = o f (uey; (85) €j5) ®ejj.

To see that f o~y =1io0 ¢, it suffices to check that these morphisms agree on tensors.

!'Though we choose in this proof to use the left K-module structure of the Hom groups to define
¢, we could just as well choose to use the right module structure. Both choices yield the same rule
of assignment for ¢, as is easy to verify. The left-right symmetry is essentially due to the fact that
K centralizes matrix units in Us(K).
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To this end, let us observe that

’Y(f(g Z))(90®611+5U®€22)= > ’Yij(f(% Z))(ﬂf@eu)

ije{1,2}

= > af <€n' (3 Z) ejj) ® €
ije{1,2}

=z f(aei1) ® ern + xf(berz) @ egn
+2f(0) ® ey + xf(dex) ® e

=r®aey; +x®bey +x® deaxg

_®ab
=z 0 d)
a b

¢<z’ (0 d)) (z®en+x®ewn)=(alye,)(x®en)+ (b(lr @ 7))(x ® eqq)

+ (0n) (2 ® e2) + (dLye,,) (2 @ €20)
=ar ey +br® e+ dr® ex

_®ab
=z 0 d)

In order to conclude uniqueness, it is enough to recall that by Proposition 2.3.5,

On the other hand,

i: U — M is a ring epimorphism, hence any ring homomorphism ¢g: M — Endz(rT)

satisfying i 0 g = f oy =i o ¢ satisfies g = ¢. ]

Finally, we are in a position to identify the localization o' R in the case where

rRrx = rPx ® rQk.

Theorem 5.3.3. Let R be a unitary associative (K, K)-algebra and suppose ad-
ditionally that R is a direct sum of (R, K)-bimodules P and Q; that is, rRRx =
rPx ® rQKk. Given an (R, K)-bimodule homomorphism o: P — @, the univer-

sal o-inverting ring is the pushout of the inclusion Us(K) < Mo(K) and the map
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ay: Us(K) — Endgr(rR), as indicated in the following diagram,

Uy(K) —— My(K)

agl l (5.4)

EndR(RR) T O'_lR

a b\ [(alp bl,
Yo )7\ 0 )

The universal localization \: R — o 'R is given by 7 o \, where v: R = Endg(grR)

where

is the canonical isomorphism.

Proof. Lemma 5.3.1 and Proposition 5.3.2 and provide the setup for invoking Corol-

lary 5.2.4. The result follows immediately. O]

One may notice that the mapping a,: Us(K) — Endg(gR) depends not only
on o, but also on K. If a ring satisfies the hypotheses of Theorem 5.3.3 for different
choices of the ring K, then the diagram (5.4) varies with K. Universal o-inverting
rings are necessarily isomorphic, so one consequence of Theorem 5.3.3 is that the
same ring o' R serves as the amalgamated free product of My (K) and Endg(gR) for
various choices of K. As we noticed previously, when we take K = 7Z, the hypotheses

of Theorem 5.3.3 are easily satisfied, which provides the following useful corollary.

Corollary 5.3.4. If R is the direct sum of two left ideals, R = P®Q, ando: P — Q)

is an R-module homomorphism, then 0 'R = Ms(A) for some ring A.

Proof. By Theorem 5.3.3, 07 'R = My(Z) Ly, z) R, hence o' R admits a ring homo-
morphism from My (Z). By Corollary 2.3.2, 07! R & My(A) where A is the centralizer

of the image of the matrix units {e;;} C M3(Z) in 0~ 'R. O
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5.4 Universal Localization of Triangular Matrix 2-Rings

A triangular 2-ring is a ring of the form R = (‘%1 1\1?22) for any rings A; and A,
and an (Aj, Ay)-bimodule M;5. We may recognize that R = ("(‘)1 ) &) (Aff; ), and thus
by Theorem 5.3.3, the universal localization with respect to a map o: Rej; — Rego
can be identified as a full matrix ring, My (A), by Corollary 5.3.4. By exploiting the
structure of the triangular 2-ring, Sheiham [29] exhibited the defining property of the
entry ring, A. His work describes the concept of an (A, Mz, As)-ring, namely a ring
T together with a pair of ring homomorphisms A; — T and A, — T along with a
bimodule homomorphism M;y — T. Such objects form a category; a morphism in
this category is a ring homomorphism compatible with the aforementioned maps into
T. For a fixed element £ € M, there is a full subcategory of (A, M1z, As)-rings whose
map My — T sends & to 1.

The initial object in this subcategory can be given a ring presentation or equiva-
lently, described as the quotient of a tensor algebra. Specifically, the universal object
is given by A = Z(A; & My & As)/J, together with the obvious maps from each
summand to A, where J is the two-sided ideal generated by 1 —14,, 1 —14,, 1 —¢,
and all elements of the forms zy —rx ® y (r,y € A;,1 € {1,2}), am — a ® m, or

mb—m®b(a€A1,b€A2,m€M12).

Theorem 5.4.1 (Sheiham, 2006 [29, Thm 2.4]). Let R = (% *{*) be a triangular
2-ring and let o: Rey; — Regy be an R-module homomorphism. The universal o-

inverting localization of R is then

O STRPSTAN
A= ( 0 )\22) : R— My(A),

where A is the initial object in the full subcategory of (A, My, Ay)-rings whose map

from M sends o(eq1) =& to 1.
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Proof. Let us consider the two diagrams of (5.5), where A = (’\51 i;i), A=~"lo),
o' is the obvious map, and @ = a, o y~!. The rule of assignment for « is then
a(gt)=(2%). The diagram on the left differs from the diagram on the right only
by the canonical isomorphism 7: R = Endg(gR). From this, we deduce that if either

diagram is a pushout diagram, then so is the other. In light of Theorem 5.3.3, it is

then enough to show that the right diagram in (5.5) is a pushout diagram.

Us(Z) —— My (Z) Us(Z) —— My (Z)
-] L 63
EHdR<RR) —5\> Mg(A) R T> MQ(A)

To verify commutativity of the square, let us note that
a b\\ | [fa b\ [ A(a) A2(bE)\  faly bly\ (. [a b
A<O‘<0 d>> _A<0 d) _( 0 Aw(d)) 0 di,) " *\"\o dq))
Given any pair of ring homomorphisms p: R — T and 8': My(Z) — T, we aim
to show that there is a unique ring homomorphism ¢ completing the diagram below.

Us(Z) —— My (Z)

e} la !

m
The map /’ induces a decomposition of T as a matrix ring. Thus, T' = My (T"), where

T" is the centralizer of the elements /'(e;;). Furthermore, by commutativity of the
diagram, p can be written as a matrix, p = (“3' /i12), for some entry functions p1,
H12, and puoo. Utilizing the fact that p is a ring homomorphism, one easily sees that 111

and ji9o are ring homomorphisms and 5 is an (A;, As)-bimodule homomorphism.?

Furthermore,

(0 ")) = utatenn = titcan = (5 7).

2We later elaborate on this idea and prove it in greater generality. See Theorem 6.1.10.
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In particular, uy(§) = 1gv, and so T" is an (Ay, My, As)-ring with pp(€) = 1.

By the universal property of A, there exists a unique (A, Mjz, Ay)-ring morphism
¢': A — T'. This means that ¢ = My(¢') is a ring homomorphism which makes the
diagram commute, and any other ring homomorphism making the diagram commute
must decompose as a matrix of morphisms A — 7" which are compatible with the

(A1, Myy, As)-ring structure of 7”. Uniqueness of ¢’ then implies that this morphism
must be My (¢') = ¢. O
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CHAPTER 6
GENERALIZED MATRIX RINGS AND THEIR PROPERTIES

The triangular rings considered by Schofield, Sheiham, and others, that is, rings
of the form (4 %) for rings A, B and a unitary (A, B)-bimodule M, have enough
structure that their universal localizations can be identified. Ranicki identified some
applications of these rings and their 3 x 3 counterparts to geometry and topology in
[26]. These interesting rings suggest a more general type of ring, one consisting of a
matrix of rings and bimodules with a multiplication map mimicking the structure of
multiplication in full matrix rings.

In this chapter, we provide such a generalization, namely the generalized matrix
(-rings, which are introduced by the author and D. M. Wilezyniski in [2]. Our focus will
be on the notable subclass of triangular matrix ¢-rings. These rings serve as interesting
and accessible examples of noncommutative rings, and their idempotents provide a
means of determining their localizations. We shall give examples of these rings as well
as demonstrate their ubiquity by relating them to the Peirce decomposition of a ring.

Some of the basic ring-theoretic properties of generalized matrix rings are discussed.

6.1 Generalized Matrix Rings
To motivate the definition of a generalized matrix ring, we first consider a full
matrix ring over a ring K. There is a natural decomposition of M,,(K) into a direct

sum of (K, K)-bimodules using some of the matrix units, namely the idempotents’

LAn element = of a ring R is said to be idempotent if 2% = .
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The product of two matrices is given by (ai;)(bjx) = (cir) Where cip = >~ a;;bji.
In particular, we see that the product of matrices involves an interaction between
the direct summands. Restricting multiplication in M,,(K) to each of the summands
shows that there is a natural (K, K)-bilinear and K-balanced multiplication map

eiMu(K)e;; % ej;Mp(K)er, — €M (K)egs.
This observation suggests that we could form a ring of formal matrices by replacing the
summands e;M,,(K)e;; with more general bimodules. Formal matrix multiplication
can be defined if there is a family of appropriate bilinear and balanced multiplication
maps between the entry bimodules.

Let Ay, Ay, ..., A; be rings. For 1 < 4,5 < £, let M;; be a unitary (A4;, A;)-
module, where M;; = A; with its natural bimodule structure defined by multiplication
in A;. Suppose that for each index triple (i, 7, k), there is an (A;, Ag)-bilinear and
Aj-balanced map fiji: M;; x M, — M. If ¢ = j or j = k, we assume that f;;; is the
action map of A; on the left A;-module My, or the right A;-module M;;. Furthermore,

we require that the following diagram be commutative

fisti]1
Mis X Mst X Mtk — Mit X Mtk

1x fstkl lfitk

M;s x Mg, T My,

for all 1 <i,s,t,k < /. That is,

(I X far) o fisk = (fist X L) o fur: Mis X Mg X My, — My (6.1)
holds for all indices, where 1 stands for the appropriate identity map. Let M denote
the ¢ x ¢ matrix of bimodules (M;;), F = {fijx | 1 <1,j,k <}, and R(M, F') denote
the abelian group ij M;; whose elements are arranged as ¢ x ¢ matrices (x;;) with

xi; € M;;. Addition and multiplication of such matrices are defined by
(zij) + (Yi5) = (i +yi5) and  (245)(ye) = (zax),

where z;, = Zj fijk(xz’j7yjk)'
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Theorem 6.1.1. With the operations defined as above, R(M, F') is a ring.

Proof. The distributive law follows readily from the bilinear properties of the mul-
tiplication maps f;;; while the associative condition for multiplication follows from

their balanced properties together with conditions (6.1). O

Definition 6.1.2. The ring R(M, F') is called the matriz {-ring associated with the
pair (M, F'). Furthermore, R(M, F') is an upper (resp. lower) triangular matrix (-ring

whenever M;; =0 for all i > j (resp. i < j).

Remark 6.1.3. When there is no danger of confusion, a matrix ¢-ring may be referred
to as simply a matrix ring. Additionally, we will frequently shorten upper triangular
matriz (-ring to triangular matriz ¢-ring. All results which hold for upper triangular

matrix rings also hold, mutatis mutandis, for lower triangular matrix rings.

Ezample 6.1.4. If M;; = 0 for all i # j, then the matrix ¢-ring R(M, F') is isomorphic

to the product ring A; x Ay x - -+ X Ay.

Example 6.1.5. Suppose K is a ring and M;; = K, viewed as a (K, K')-bimodule, for
all 1 < 4,5 < (. If each fij), is the (ring) multiplication map K x K — K, then
R(M,F) = M,(K), the ring of all £ x ¢ matrices over K. If K is replaced by the
zero module for all indices i > j, then R(M, F') = Uy(K), the ring of upper triangular

{ x ¢ matrices over K.

Ezxample 6.1.6. Given a unitary (A;, A;41)-bimodule M, for each 1 < ¢ < ( —
1, an upper triangular matrix ¢-ring whose superdiagonal entries are M;; ; can be
constructed by setting M;; = A;, M;; =0 for all ¢ > j, and

Mij = M; i1 ®ay Mig1i10®a,, - Qa;_y Mj 1
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for j—¢ > 1. There is a canonical (A;, A;)-bimodule isomorphism M;; ®a; Mjr = M;
for all ¢ < j < k. For such indices, the multiplication map f;;, is defined by the

composite map

Mij x My, — My @4, My, = My,
while f;;x = 0 for all other indices. The family F' = {f;;} and matrix of bimodules
M = (M;;) provide the requisite upper triangular matrix ¢-ring, R(M, F).

One important viewpoint when working with matrix ¢-rings is that of collapsing
or expanding a matrix ring to a matrix ring of a different size. In the following two
examples, we elaborate on this principle for triangular 2- and 3-rings.

Ezample 6.1.7. Suppose Ry = R(M', F’) and Ry = R(M", F") are matrix ;- and
l5-rings, respectively, and let (Ng) be an ¢1 x f5 matrix of bimodules, where N is
a unitary (A%, AY)-bimodule for any 1 < s < ¢; and 1 < ¢t < ¢;. Suppose further
that there is an (R, Ry)-bimodule structure on N = Z?t N that extends the given
bimodule structures of the summands so that M Ny C Ny and N My, C N for all
1,7,8,t. Then, by expanding the blocks of the matrix 2-ring R = (%1 f{\g ), the latter
can be viewed as a matrix (-ring with ¢ = ¢; 4+ {5. In particular, all equations (6.1)
hold in this case under no additional assumptions. If R; and R, are upper triangular
matrix rings, then so is the expanded ring R. Conversely, every upper triangular
matrix /-ring with ¢ > 3 can be viewed as the expansion of a matrix 2-ring (%1 1]%’2 )

for some upper triangular matrix rings R; and Rs.

Example 6.1.8. By the remarks in the last example, if R; is a matrix ¢;-ring for ¢ €

Ry M P
{1, 2, 3}, then any triangular matrix of bimodules < 0 Ry N ), with suitable bimodule

0 0 Rs
matrices M, N, P of appropriate size and a bilinear, balanced matrix multiplication
map M x N — P, has the structure of a matrix (-ring with ¢ = 01 + {5y + /5.

Higher order generalizations (i.e., those with £ = >"" | ¢; for n > 4) or nontriangular

examples of any order require additional hypotheses in the form of equations (6.1) for
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an n x n matrix of bimodules to be a matrix n-ring, even when matrix multiplication
is formally defined. When these conditions hold, however, the n-ring is defined and

has the structure of a matrix ¢-ring.

We may also consider morphisms of matrix f-rings, a notion slightly stronger

than that of ring homomorphisms, as follows.

Theorem 6.1.9. Suppose v;;: M; — Mj; are functions such that
(a) ;2 Ay — Al is a ring homomorphism for all i,
(b) ij: My — Mj; is an (A;, Aj)-bimodule homomorphism® for all i # j.
(c) (Vij X Yjx) o fizp = fijr o Yur, for all'i, j, k.
Then the function 1 = R(1;;): R(M, F) — R(M', F'), mapping (z;;) to (¢s;(xi;)),

is a ring homomorphism. O

The conditions of Theorem 6.1.9 are sometimes implied by one another and the
utility of each depends upon the circumstance. For instance, if the functions 1);; are
additive homomorphisms that preserve the multiplicative identity whenever i = j,
then conditions (a) and (b) are redundant as they are implied by the relations of
type (c), namely those with ¢ = j = k for condition (a) and those with i = j or
J = k for condition (b). Furthermore, when ¢ = 2, condition (c) is equivalent to the
conjunction of (a) and (b) whenever the matrix M is triangular. For ¢ = 3, condition
(c) is implied by relations (a) and (b) for all but a single triple of indices whenever
M is triangular, namely (i, 7, k) = (1,2, 3).

It is evident that the assignment of R(M, F') to the pair (M, F') is functorial.

If we denote by e; the idempotent matrix in R(M, F') whose only nonzero entry
is 14, at position (7,7), then the ¢-ring morphisms from R(M, F) are easily charac-

terizable.

*Note that M;; is an (4;, A;)-bimodule via the ring homomorphism pair (;;,1;;), with actions
defined by amb = ;;(a)ma;;(b).
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Theorem 6.1.10. If R(M,F) and R(M', F') are matrix (-rings, then every ring
homomorphism between them that maps e;; to e}, for all 1 < i < { is a morphism of

the form R(1);;) for some matrix of bimodule homomorphisms (1;;).

Proof. It ¢: R(M,F) — R(M', F') is a ring homomorphism such that ¢(e;) = €,

(23

for all 1 <7 </, then
U(r) = P(euves;) = Y(en) ()Y (ej;) = e (x)e); € My

for all z € M;;. Therefore the functions v;;: M;; — Mi’j,

obtained by restricting v,
are additive homomorphisms, preserve the multiplicative identity elements whenever

i = j, and satisfy condition (c¢) of Theorem 6.1.9. It follows that ¢ = R(v;). O

6.2 The Role of Idempotents

As mentioned in the previous section, for a matrix ¢-ring R = R(M, F') and
1 <1</, we let e; € R be the matrix whose only nonzero entry is 14, at position
(,7). While a matrix ¢-ring does not, in general, possess a full set of matrix units, the
matrices e; are mutually orthogonal and have the property that ). e; = 1, which
gives them similar power in determining the structure of R and its modules.

Each idempotent e;; determines a projective left ideal, Re;;, which can be under-
stood as a single column of R(M, F'); that these modules are projective is clear from
the fact that R = E? Re;;. This is sometimes called the Peirce decomposition of R.
Homomorphisms between the modules Re;; are each determined by a single choice of

element, as follows.

Theorem 6.2.1. Let R = R(M, F). Foralll <i,j </, thereis an (A;, A;)-bimodule

isomorphism
HomR(Reii, Rejj) = eiiRejj = Mij (62)

which is also a ring isomorphism whenever i = j.



92

Proof. We first note that Re; is a unitary (R, A;)-bimodule. The map given by
f(@) = ¢(e;;) is clearly additive, while

flaip) = (aip)(ei) = p(ena:) = plenaien) = agp(en) = aif (o),

fleay) = (va;)(eq) = plea)a; = f(e)ay,
for all a; € A; and a; € A;. Since Re;; is a cyclic R-module generated by e;;, any map
¢ € Hompg(Re;;Re;;) is uniquely determined by its assignment on e;;, whence f is a

bimodule isomorphism. In the case i = j, we have additionally that

(1 0 pa)(€ii) = wa(wi(ei)) = pa(pi(ei)en) = pi(en)pa(ei),

proving that f is a ring isomorphism in this case. O]

The presence of n? matrix units can be used to recognize a full matrix ring.
Comparably, the presence of ¢ mutually orthogonal idempotents whose sum is the
identity can be used to recognize a matrix /-ring structure in a ring.

That is, if R is a ring with orthogonal idempotents ey, ..., eg such that ) . e; = 1p,
then Corollary 2.2.2 and Theorem 2.2.1 can be applied to the Peirce decomposition
R = 3.7 Re;. This provides an isomorphism R = Endg(rR) = R(M, F), where
M;; = Hompg(Re;, Re;) and the multiplication maps f;;, are defined by composition
of morphisms.

From this, any ring homomorphism R(M, F') — S gives rise to a useful matrix
(-ring decomposition of S. We first recall that for any ring S, there exists a ring
isomorphism v: S — Endg(sS) such that v(s) is right multiplication by s for each

seS.
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Theorem 6.2.2. If S is a ring and p: R(M,F) — S is a ring homomorphism,
then there exist a ring isomorphism ¢: R(M', F') — Endg(sS) and a morphism
Y =R(ij): R(M,F) — R(M', F') such that j10~y = 1) o ¢.

R(M,F) —X— §

il |

R(M', F") % Endg(s9)

Proof. The elements e, = u(e;;) are mutually orthogonal idempotents in S such that
S.eh = 1lg. Thus, S = Y7 Sel, and there is a ring isomorphism ¢: R(M', F') —
Endg(sS), where M;; = Homg(Se;, Se) is a unitary (e;Se;, ¢;S¢})-bimodule and the

multiplication maps f;;; are defined by composition of morphisms. Theorem 6.1.10

applies then to the ring homomorphism 1) = pro~yo ¢~ 1. O]

In the case where p: R(M, F') — R is the identity homomorphism, the morphism
1 = R(1;j) guaranteed by Theorem 6.2.2 is an isomorphism, where each v;;: M;; —

Mj; = Hompg(Re;;, Rej;) is the inverse of the isomorphism (6.2).

6.3 Modules Over Generalized Matrix Rings

For a full matrix ring, M,(K), a classic result of Morita theory states that any
unitary left M,(K)-module is isomorphic to a direct sum of copies of some unitary left
K-module X (see Theorem 2.3.7). While a statement this strong cannot be expected
for a more general matrix (-ring R(M, F’), the elements e; € R(M, F) do provide
a way to describe any unitary R(M, F')-module as a sum of modules over the entry
rings A; with some additional conditions. E. Green gave a structure result of this

nature for matrix 2- and 3-rings [18] and we provide a natural generalization.
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Suppose that R(M, F') is a matrix ¢-ring. We introduce the category <7 (M, F)

whose objects are pairs (X, G) where X = (X;)i1<i<s, each X; is a left unitary A;-

module, and G = {g;; | 1 <i,j < ¢} consists of biadditive maps g;;: M;; x X; = X;
which make the following diagram commute

fijrx1

Mij XMjk ><)(]€ E— Mzk XXk

]lxgjkl lgik

M;; x X; — X;
for all 1 <14,j, k < (. That is,

(fije X 1) 0 gir. = (L X gjk) © gij (6.3)
holds for all indices, where 1 stands for the appropriate identity map. A morphism
v: (X,G) = (X',G) in (M, F) is an {-tuple (p;) where each ¢;: X; — X/ is an
A;-module homomorphism making the following diagram commute

9ij
Mz‘j X Xj Em— Xj

Ix soyi l@j

for all 1 <4,7 < /. That is,
gii o pi = (1 X ;) 0 g (6.4)
holds for all indices, where 1 stands for the appropriate identity map.

It is worth noting that in the case i = j or j = k, conditions (6.3) are equivalent

to the statement that that the maps g;; are left A;-linear and Aj;-balanced.

Theorem 6.3.1. Let R(M, F) be a matrix (-ring. The category RMod is equivalent
to the category < (M, I).

Proof. Letting e;; denote the usual idempotents in R = R(M, F'), we proceed to
define a functor ®: pkMod — &/ (M, F'). On objects, let us consider the assignment

¢(X) = (X,G), where X = (e;X), G = {g;;}, and g;;(my;, ej;2) = m;;x by viewing
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M;; as a subrng of R. Conditions (6.3) hold since X is an R-module. For any
R-module homomorphism ¢: X — X', we note that
peiX) = euplenX) Cex X',

hence the restrictions p;: e; X — €;; X’ are well-defined A;-module homomorphisms.
It is easily checked that conditions (6.4) hold for the /-tuple (¢;), making ®(¢) = (¢;)
a valid assignment on morphisms. Functoriality of this assignment is clear.

To define the inverse functor ¥: o/ (M, F') — rMod, consider a pair (X,G) €
o/ (M, F). For any (z;) € X and (m;;) € R, we define (m;;)(x;) = (y;), where
Yi = >_; 9ij(mij, z;). To see that this makes X an R-module, we can easily verify

that

((mij)(m Z fije(mij,m )(ﬁk)

ol
(Zgzk fige(miz, mi), a:k)>
2

ng ml]agjk< gk?xk)))
(mu) () (zx)) ,

since G satisfies conditions (6.3). Consequently, we let U((X,G)) = X with the

module structure defined above. On a morphism (¢;): (X,G) — (X', G’), we define
U((i))(x:) = (¢i)(xi) = (pi(x;)). Using conditions (6.4), it is easy to verify that this

is a well-defined R-module homomorphism, as

(i) ((miz)(x5)) =

One can easily verify that ® and ¥ are inverse functors. n
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6.4 Ring-Theoretic Properties of Triangular Rings

Theorem 6.3.1 sheds some light on the structure of modules over matrix rings.
We may additionally ask about the structure of the matrix ring itself. Some of
ring-theoretic properties of R(M, F') are within reach when R(M, F') is triangular.
Specifically, we will identify the Jacobson radical and socles of the ring R(M, F'). The
following are generalizations of results by Haghany and Varadarajan on triangular
matrix 2-rings [19].

Lemma 6.4.1. Let R="R(M, F) be an upper triangular matrix 2-ring. FEach left

(resp. right) ideal of R is of the form M’ = (’%/1 %2{2> where A! is a left (resp. right)
ideal of Ay, Al is a left (resp. right) ideal of Ay, Mj, is a left A;-submodule (resp. right

Ay-submodule) of Mys, and My A, C M, (resp. AjMya C Mi,).

Proof. Let I be a left ideal of R. We define MZ-’J- = eylej; C e Rej; = M;j for
i,7 € {1,2}. We also denote M{, = A} and M), = A),. Utilizing the fact that [ is a
left ideal in R, we may observe

AIA/l = 611R6%1]€11 C 611]611 = All,
AQAIQ = €22R6%2[€22 C 622[622 = AIQ,
AlM{Q = 611R6%11622 C 611]622 = M{2,
M12A/2 = 611R€§21622 Cepleyp = M{2

Thus, A} is a left ideal in A; for i € {1,2}, M, is a left A;-submodule of M,

M;, = 0, and My,A, C Mj,, as claimed. Similar observations can be made about

right ideals of R. [

Proposition 6.4.2. Let R = R(M, F) be an upper triangular matrix (-ring. The
maximal left (resp. right) ideals of R are precisely the left (resp. right) ideals of the
form M’ = (Mj;), where A}, = Mj, is a maximal left (resp. right) ideal of Ay for some

1<Ek</?and Mi’j = M;; for all other indices.
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Proof. 1t is straightforward to see that any subrng of R of the form proposed by the
theorem statement is a maximal left ideal. To prove the converse, we proceed by
induction on ¢. Clearly, in the case £ = 1, any maximal left ideal is of the requisite
form. In the case £ = 2, suppose that [ is a maximal left ideal of R. By Lemma 6.4.1,

I=M = (’%/1 ]\ﬁ;) where A) is a left ideal of A;, A} is a left ideal of Ay, M, is a
left A;-submodule of My, and My, Al C M1,

If A, # Ay, then A is contained in some maximal left ideal A” of Ay. We may
now consider the proper left ideal J = (%1 Aﬁ}?) of R. Clearly I C J, and so by
maximality of I, we have I = J, proving that the statement holds in this case.

On the other hand, if A, = Ay, then we have
My = MipAy = My Ay C My,
and therefore M{, = M;s. By maximality of I, A} must then be a maximal left ideal
of Ay, and therefore I = M’ is of the requisite form.
Finally, let ¢ > 2 and assume inductively that for any triangular matrix (¢ — 1)-
ring, the maximal left ideals are of the required form. We may view R as the expansion

of a matrix 2-ring, say

oo (RIN.G) S, M,
0 Ay

where N is the upper left (¢ —1) x (¢—1) block of M and G C F is the obvious family
of multiplication maps. By the induction hypothesis and the statement for triangular

2-rings, any maximal left ideal / of R is then of one of the following forms,

N S M R(N,G) Yoo M;
0 A, ) 0 A, )

where in the first form, N’ = (N};) with Ny, a maximal left ideal of Ay for some
1 <k < ¢ and Nj; = Ny for all other indices, and in the second form, A; is a
maximal left ideal of A,. In either case, I is then of the claimed form.

The proof of the analogous statement for maximal right ideals of R is similar. [
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Proposition 6.4.3. Let R = R(M, F) be an upper triangular matrix (-ring. The
minimal left (resp. right) ideals of R are precisely the left (resp. right) ideals of the
form M" = (Mj;) where, for some 1 < s <t < {, M, is minimal among nonzero
left As-submodules (resp. right A;-submodules) of Mg satistying MysM!, = 0 for all

1 <k <s (resp. M{;My, =0 for all t < k < () and M;; = 0 for all other indices.

Proof. 1t is straightforward to see that any subrng of R of the proposed form is a
minimal left ideal of R. To prove the converse, we proceed by induction on ¢. The
statement apparently holds in the case £ = 1. For £ = 2, let I be a minimal left ideal

of R. By Lemma 6.4.1, I = M’ = (’%/1 Aﬁ;) where A) is a left ideal of A;, A} is a left
ideal of As, Mj, is a left Aj-submodule of My, and M, Ay C M,

Suppose first that M/, # 0. Under this assumption, we may consider the nonzero
left ideal J = (8 MO{'Z) of R. Clearly, J C I, and so by minimality of I, we have I = J,

proving that A} = 0 and A}, = 0. Any nonzero left A;-submodule MY, of M/, similarly

0 My,

o o ), which is contained in /. Thus,

gives rise to a nonzero left ideal of R, namely (
minimality of I implies that M, is a minimal submodule of My, and I of the claimed
form.

In the complementary case where M], = 0, we may consider the left ideals
J = (‘?)/1 8) ,Jo = (8 XIQ ) , each of which is contained in /. By minimality of I, either
A, =0 and A} is a minimal left ideal of A; or A} = 0 and A} is a minimal left ideal
of Ay such that My AL = 0. In either circumstance, I is of the requisite form.

Assuming inductively that minimal ideals of any triangular (¢ — 1)-ring are of
the proposed form, we may view the triangular /-ring R as the expansion of a matrix

2-ring, say

R— R(N,G) Z;Bgid Mg
0 Ay
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where N is the upper left (¢ —1) x (¢ —1) block of M and G C F is the obvious family
of multiplication maps. By the induction hypothesis and the statement for triangular
2-rings, any minimal left ideal I of R is then of one of the following forms,
<N’ 0) <0 W) (0 0 )
0 0)’ 0 0)’ 0 A4,)°
where the entry bimodules are as follows. In the first form, N’ = (NV};) with some
N!, minimal among nonzero left A;-submodules of N satisfying NysN., = 0 for each
1 <k < s, and Nj; = Nj; for all other indices, proving that I is of the required
form. In the second form, W is a minimal left R(N, G)-submodule of Z?g <o Mig;
we claim that W = Z?SKK M!, where each M/, is left A;-submodule of M;, and
M!, # 0 for precisely one index 1 < s < ¢. To obtain the decomposition, we note
that W = Z?gd e;W and set M, = e;;W. Certainly M/, # 0 for some s, since [ is
nonzero by assumption. Let s be the smallest index such that M/, # 0. In particular,
since W is a submodule of Z?SKZ M, we have
Mg My, C MysMyy C My =0
for all k < s; the left ideal J formed by replacing the summands M, with 0 whenever
i # s then satisfies J C I, and so minimality of I implies I = J. In particular, M,
is the only nonzero summand of W, and must be minimal among left Ag-submodule
of My, satisfying My M., for all 1 < k < s, proving that I is of the requisite form
in this case. Finally, the third form has A} a minimal left ideal of A, which satisfies
(M teice Mig) Ay = 37 iy MiyAj = 0 by Lemma 6.4.1. This shows that in the third
case, R is of the proposed form, completing the proof of the induction step.

The proof of the analogous statement for minimal right ideals of R is similar. []

With these tools, we can illuminate some of the properties of triangular matrix

rings. Let us recall the Jacobson radical and socles of a ring.
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Definition 6.4.4. Let R be a ring. The Jacobson radical of R is the intersection of
all maximal left (or right®) ideals and is denoted J(R).

The socle of a left or right R-module M is the submodule generated by all
minimal submodules of M and is denoted Soc(M). Since R can be interpreted as
either a left or right module over itself, it has a left socle and a right socle, denoted

Soc(gR) and Soc(Rg), respectively.

Before providing descriptions of the Jacobson radical and the left and right so-
cles of a triangular matrix ring, we first provide the notion of the left and right
f-annihilators of the entry bimodules. These annihilators capture some of the key
conditions which determine the minimal ideals of a triangular ring, for instance, those
of the form MM, = 0. These conditions strongly resemble the definition of an an-
nihilator in the classic sense, that is, the set of scalars from a ring R which act on
an R-module M by zero. Since the f-annihilators are closely related to the minimal
ideals of a triangular ring, they can be used to describe the left and right socles of

such a ring.

Definition 6.4.5. Let A, B,C be rings and f: sMp x gpN¢ — 4Pc be an (A, C)-
bilinear and B-balanced map. For S C M and T' C N, the right f-annihilator of S

and the left f-annihilator of T are defined as

rAnng(S) = {n € N | f(S,n) = 0},
IAnng(T) = {m e M | f(m,T) = 0},

respectively.

Continuing the notation used in the definition, one can verify that rAnng(S) is

a submodule of N¢ for any subset S C M. If, in addition, S is a submodule of Mp,

3The intersection must be taken across maximal ideals of the same flavor, but the notion turns
out to be left-right symmetric, so it does not matter whether one intersects the maximal left ideals
or the maximal right ideals. Proof of the left-right symmetry is available in [20].
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then rAnng(S) is a subbimodule of pN¢. Similarly, lAnn;(7) is a submodule of 4 M
for any subset T' C N and is additionally a subbimodule of 4Mpg if T" is a submodule
of BN-

Corollary 6.4.6. Let R = R(M,F) be an upper triangular matrix (-ring. The

following hold:
(a) J(R) = (Mj;), where Mj; = J(M;;) and M]; = M;; for 1 <i < j </,
(b) Soc(rR) = (M];) where M;; = Soc(ﬂ rAnnfki].(Mki))

k<i

(c) Soc(Rgr) = (M;;) where M;; = Soc(ﬂ lAnnfijk(Mjk)), and
k>j

(d) R/J(R) = ][, Ai/ J(Ai).

Proof. These properties follow immediately from Propositions 6.4.2 and 6.4.3. O
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CHAPTER 7
UNIVERSAL LOCALIZATION OF TRIANGULAR RINGS

The results of Sheiham that were discussed in Section 5.4 provided a presentation
for the entry ring of the localization of a triangular matrix 2-ring, adding to the results
of Schofield, who established that such rings localize to full matrix rings.

In Chapter 6, we provided a class of rings enveloping those investigated by
Schofield and Sheiham. The aim of this chapter is to generalize their results by
giving a construction for the universal localization of a generalized triangular matrix
ring with respect to a morphism between its column modules. That is, for a gener-
alized triangular matrix ring R, we consider morphisms of the type o: Re,, — Reyq
and show that the universal o-inverting localization of R is a generalized matrix ring
of the same size whose entry bimodules can be described in terms of certain tensor
algebras and tensor product modules of the various bimodules extracted from R.

The general question of a morphism o: Re,, — Rey, can be reduced by collapsing
the structure of the matrix /-ring to a matrix 5-ring structure. This is conducive to

discussing the morphism as a map o: Re,, — Re),, where the localization takes the

form
A U G U W
0 A B AV
c'R=|10 C D C H
0 A B AV
0 0 0 0 As

This reduction allows us to describe the localization for a triangular matrix ring of
any size.

In contrast to the case of triangular 2-rings, the localization does not usually yield
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a full matrix ring. We shall address the question of whether the localization of higher-
order triangular rings is ever a full matrix ring and describe a class of morphisms for
which there is a positive answer.

The results in this chapter are the outcome of collaborative work between the

author and D. M. Wilezynski [2].

7.1 Universal Localization of Triangular Matrix 3-Rings

In an initial attempt to generalize Theorem 5.4.1, a seemingly simple case to
consider first is that of a triangular matrix 3-ring, R = R(M, F'), and a morphism
0: Re;; — Ress. One approach to determining the localization of a triangular 3-
ring might be to generalize the mechanism used in proving Sheiham’s result; that is,
we may try to realize o as an induced morphism by a mapping of modules over a
more familiar ring. However, this effort immediately runs into a difficulty — it is not
clear what morphism might induce o. An attempt to use Us(K) does not work for
two reasons, namely that there is no clear morphism Us(K) — R(M, F), and it is
not apparent what the universal localization of U3(K) with respect to a morphism
T: Us(K)epr — Us(K)ess is.

Given that R # Req; & Ress, the results of Section 5.3 do not immediately apply.
Rather, since R = Rej; @ Regs @ Ress, it turns out to be possible to induce ¢ from
a mapping, 7, between Us(K) x K modules, and it is not too hard to show that the
universal T-inverting localization of this product is My(K) x K. This reveals that
0 'R = R Uyyxyxix (Ma(K) x K), but this formulation does not shed much light
on the structure of o='R. The pushout diagram that would arise from this setup
does not have as much utility in identifying 0 ~' R as the setup in Section 5.3 because
M (K) x K does not contain a full set of matrix units. Unfortunately, this means

that a ring homomorphism Msy(K) x K — 0~ 'R does not necessarily endow o 'R



104

with a full matrix ring structure. In the end, we will see that this difficulty cannot
be avoided, as the localization o~!'R is not, in general, a full matrix ring. Its true
structure turns out to be more complicated than we might initially expect.

Our approach will instead be to use the idempotents e;; € R to recognize a
generalized matrix ring structure in any codomain of a homomorphism originating
from R. By identifying the properties that the entry bimodules must have to be o
inverting, we can construct the universal localization.

We begin with the definition of a certain category. For any matrix (-ring R =
R(M, F), there is a category of morphisms from R to full matrix ¢-rings, denoted
¢ (R(M, F)). Specifically, the objects of €(R(M, F')) are morphisms of matrix /-
rings of the form 8 = R(B;;): R — My(B). If v: R — M,(C) is another object,
then a morphism 3 — « is a ring homomorphism 6: B — C such that 5o M,(0) = ~.

The category €' (R(M, F)) has an initial object av: R — M(A,), where A, is
a quotient of the tensor ring, Z( f?j M;;) of the additive group of R modulo the
relations 1 — 14, and 2y — 2z @y for all z € M;;, y € My, (1 <i,j,k < {). Given an
element £ € M;;, the quotient map

T A = Ag = A/ (1 = ai5(§))
induces the composite morphism a® = a o M(7): R — My(A¢) which can, in turn,
be interpreted as the initial object in the full subcategory, € (R (M, F),§), of those

morphisms 3: R — My(B) in € (R(M, F)) satistying 5;;(§) = 15.

Theorem 7.1.1. Let R = R(M, F) be a triangular matrix 3-ring and suppose
0: Rey; — Ress is an R-module homomorphism. The following morphism of ma-
trix 3-rings

Ay My M A B A
A= R()\lj) R = 0 AQ M23 — O'ilR = cC D C (71)
0 0 Az A B A
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is the universal o-inverting localization of R, where o(ej1) = £ € M3 and

3 3 A M
a* =R (a(;l Zég) 0 S = ( 01 AS) — MQ(AE)
33

is the initial object in € (S13,&). The entry bimodules of the ™' R matrix and the

corresponding \-values are listed below.

A=A Nij(@) = () (i <], 0,5 €{1,3});
B=A®a, M2 A2(z) = 1@ x;

C = M3 ®a, A Aoz(z) =2 ® 1; (7.2)
D =Ay(C®aB)/E Ao2() =z + E;

E=(c(bd)@V —(c@b) @ (d b)) (b,b' € B, ¢,c € O).

The convention be = acsy(zy)a’ € A for (b,¢) = (a@z,y ®d') € B x C is assumed
throughout. The quotient ring D, of the tensor algebra of the (As, As)-bimodule
C ®4 B, has a right action on B and a left action on C defined by the equations

bc@V + E) = (be)b and (c® b+ E)d = c(bc), (7.3)
thereby making B a unitary (A, D)-bimodule and C' a unitary (D, A)-bimodule. The
multiplication maps fir: Rij X Rjx — Ry, of the ring 0~ 'R = (R;;), other than the

module action maps, are defined as follows

f121(b7 C) = f123(b7 C) = f321(b, C) = f323(b7 C) = bc, .
far2(e,0) = faza(c,b) =c@b+ E. (7.5)

We remark that the result of Sheiham (Theorem 5.4.1) follows from Theorem
7.1.1 in the special case where Aj is the zero ring (in which case D is the zero ring

as well).

Before proving the result, we will provide a few examples.

Ezxamples 7.1.2. Let E denote the abelian group of even integers. By taking as R

each of the following subrings of Us(Z) and o(ey1) = e13 in M3 = Z, we obtain the
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following universal o-inverting rings o' R.
707 207 ZEZ ZL7
R:{ozo)ClozE)C C 0ZZ - 0Z2Z
007Z 007 007 007

707 707

070 EZE

Z
0
0
-1p. Z Z E L Z z
o '(zoz) C (Zoz>c<% ) C (zzpﬂ/(u-u)g)c(z Z[t}/(t—t)Z)
p

VA E Z z Z
The module structures are given by

NN NNN
ONN

0
Z
0
0
7
0
q=p(l)g € Z for all p € Z[t]/(t—t*) and q € Z.
In the last two examples, we have fa12(c,b) = faga(c,b) = ¢bt. All other multiplication

maps are obvious.

Ezamples 7.1.3. Suppose o(ej1) = e13 in M3 = Q. Let Qg[t] denote the ring of those
polynomials in Q[¢] with integer constant terms.
Z0Q zZ0Q ZZQ QQQ QQQ
R:(ozo)C(o @)C (02@) C <OZQ> C (()@@)
00Q 00Q 00Q 00Q 000Q
. [(Q0Q Q0Q e Q@ Q e Q Q e Q@ Q
'R :( 07 0) (¢ @)C Q@uf/t-) Q | C | Qem/t-#) 0 | ¢ am/i-) g
Qo0Q QoQ Q Q Q Q Q Q Q Q
The module structures are given by pq = p(1)qg € Q for all p € Q[t]/(t — t*) and

q € Q. In the last three examples, we have fa15(c, b) = faza(c, b) = cbt.

Proof of Theorem 7.1.1. We note first that the map m: B x C' — A, m(b,c) = bc,
defined initially on tensor pairs (b, ¢), is an (A, A)-bilinear and Ap-balanced function.

Let us consider the formulas
b(c®b) = (be)b' and (c @ b)d' = ¢(bc). (7.6)
The first is a well-defined, (A, Ay)-bilinear, and Ay-balanced function of (b,c ® b').

Similarly, the second formula of (7.6) is a well-defined, (As, A)-bilinear, and A,-

balanced function of (¢ ® b, ¢’). Consequently, these functions induce morphisms
B®a, (C®4B)— B and (C ®4 B)®4,C — C
of (A, Ay)-bimodules and (As, A)-bimodules, respectively, whose adjoint morphisms

C®4B— EndA(AB) and C ®4 B — EndA(CA)
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are (A, As)-bimodule homomorphisms. By the universal property of the tensor al-
gebra Ay(C ®4 B), these bimodule homomorphisms can be extended uniquely to

(Ag, As)-algebra homomorphisms
A2<C XA B> — EndA(AB) and A2<C &a B> — EndA(CA)Op (77)

which define a right action of A3(C®4B) on B and a left action on C, as in Proposition
2.2.4. These actions satisfy an additional condition. For example, the action on B

satisfies

bi((c®b)® (b)) =(bi(cab)) (V)
bic)b) (¢ @ V')

(
((
= (bic) (b(¢ ® b))
=
b

bic) ((bd)V)
(e ® (b))
= bi(c(bd) ® V)
for all b; € B. Similarly, for the action on C' the following holds
(c®@b) @ (d@b))er = (c@b) (¢ @ )er)
= (c®b) ((V'er))
((c®b)c) (Ver)
= (c(bc)) (V'er)
= (c(bd) @ V')ey

for all ¢; € C. Therefore the elements
c(bd) @b — (c®b) @ (d @b) € Ay(C @4 B)

are in the kernel of either morphism (7.7) for all b, € B and ¢, ¢ € C. This shows
that the actions of Ay(C ®4 B) on each of B and C factor through the quotient
ring D. Consequently, formulas (7.3) are well-defined D-actions, making B a unitary
(A, D)-bimodule and C' a unitary (D, A)-bimodule, as claimed.

We now turn to the multiplication maps (7.4) and (7.5). Since fio1 = m, we see
that fio1 is (A, A)-bilinear. We also have

f121 (b(C ® b/ + E), C,) = flgl((bC)b/, C,) = (bC)f121 (b,7 C/) = (bC) (b,C/>
= f121 (b, C)(bICI> = f121 (b, C(blcl)> = f121 (b, (C 0% b/ + E)Cl),
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proving that fi9; is D-balanced. Furthermore, fy15 is A-balanced and

(1 @by + E) for2(c,0)(ca @by + E) = (1 @1 + E)(c®@b+ E)(ca @by + E)
= ®b)R(cb)R(ca@by) + F
=(c1®b1) ® (c(ber) @ by) + E
= (1 ®b1) ® (c® (bea)by) + E
= c1(b1c) ® (beg)by + E
= fara(cr(bic), (bez)be)
= for2((c1 @ by + E)e, b(ca @ by + E)),

proving that foo is (D, D)-bilinear. It follows that all multiplication maps f;;. of
(7.4) and (7.5) are bilinear and balanced, as required in their positions.

We need to verify, however, that the proposed multiplication in ¢~ 'R is asso-
ciative; that is, that equations (6.1) hold for all choices of indices 1 < i,s,t,k < 3.
Whenever two neighboring indices in the quadruple (i, s, ¢, k) differ by 0 or 2, equation
(6.1) involves a module action map and is thereby satisfied. In the remaining cases,
equation (6.1) takes one of the following two forms

b(cb') = (be)b or (cb)d = c(bd)
with b,0' € B and ¢, ¢ € C. These equations hold, however, by (7.6).

Each \; is clearly a ring homomorphism and the remaining \;; are bimodule
homomorphisms. Thus, to prove the multiplicative homomorphism property of A we
need only observe that the identity

AM2)AY) = fas(1® 2,y © 1) = afy(ay) = Aay)
holds for all x € My, and y € Mss. Therefore A is a morphism of matrix 3-rings, as
required.

For the o-inverting property of A, we note that in addition to the idempotents €,
(1 <4< 3), the ring R’ = 0! R also contains the matrix units €}; and €}; which are
featured in the calculation below. It is worth noting as well that A(o(eq1)) = €5 since

oz%(f) = 14. Consider the R-module homomorphism p: R’ @ Ress — R ®pr Rei;
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given by p(r’ ® ress) = r’A(r)e; ® eq;. Then we have

[po(l®@o)](r ®ress) = (1 ®a)(r'A(r)es; @ en)
=7'A(r)ey ® o(en)
=1'A(r)es A(o(enn)) @ ess
= r'A(r)es €13 ® ess (7.8)
=1’ \(r)es; ® es3
Aes3) ® ess

=7 @ ress.

(&

)
)
)
)
Similarly, we have

r)ejses @ e (7.9)

=7 ®re.

Thus, p = (1 ® 0)7!, and we see that A is o-inverting.

Suppose now that pu: R — T is a o-inverting ring homomorphism. Using
the canonical ring isomorphism ~v: 7" — Endy(7rT) together with Theorem 6.2.2,
we obtain a natural ring isomorphism ¢: R(M’, F') — Endy(rT) and a morphism
v =R(v;): R(M,F) — R(M', F') making the following diagram commute, where
M;; = Homp(T ®@p Rey, T @p Rej;) and the multiplication maps in F” are given by

composition.
R(M,F) — X —— T

| .|
R(M', F") % Endy(;7)
By assumption, since p is o-inverting, 7 = 1 ® o is an isomorphism of T-modules.
Denoting N;; = K = M{; (i,5 € {1,3}), Nog = L = M},, N1o = N3 = U = Mj, and
Nyy = Nog =V = M), we obtain an isomorphism of matrix 3-rings

. K UK
n=Rmy): RIM,F)SRIN,G)= |V L Vv (7.10)
K U K
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where mi3(f) = for™h ma(f) = for, mai(f) = 7of, ns2(f) = 7o f, mas(f) = Tofor™
and the remaining 7;; are the respective identity morphisms. The multiplication maps
in G = {g;;1} are given by the obvious modifications of the maps in F’ to compensate
for the change of labels. In particular, for those maps g;;, that are not module action
maps we have the following relations

g121 = G123 = G321 = g323: U X V. = K and go19 = gazo: V x U — L. (7.11)
It follows that w = yo¢~ton: T'— R(N, G) is a ring isomorphism and 1) = von: R —
R(N,G) is a morphism of matrix 3-rings such that u = ¢ ow™. Thus ¢ = R(¢;;)

with 1;; = v;; o ;5. In particular,

I T ) R

is an object in € (S13). We can identify the element v13(§) by noting that v(u(€)) is
an endomorphism of 7T whose action is right multiplication by p(§). Since
(noyod™)(€) = v(§) = vi3(§) € Miy = Homyp(T ®g Ren, T ®g Reay),
we have
ni3(§)(t @ renn) = vis(§) (tu(r) ® enn) = tu(r)u(§) @ ess =t @ réess = t @ o(ren),

so that v13(€) = 17 ® 0 = 7 and ¥13(€) = ms(7) = 7o 7! = 1, proving that ¥ is

an object in €'(S13,&). By the universal property of a®: Sij3 — My(A), there exists

a unique ring homomorphism #: A — K such that a® o My(0) = TZ That is,
Aijol=af 00 =1y (7.12)

for 7,5 € {1,3} with i < j.

We proceed to define a morphism

A B A K U K
V=R@W,):R=|C D C| —=RNG=|V L V
A B A K U K
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as follows. Let

I
o

¥i;(a) = 6(a) (1,7 € {1,3}),
Pia(a ® ) = yy(a @ x) = 0(a)hia(z),
51 (2 ® a) = Yhs(z ® a) = Pa3(2)0(a),
Vya(c @b+ E) = gaa(¥yy(c), ¥15(b)).

Clearly, 17, and 155 are ring homomorphisms which, along with 19, give U a unitary
Ys Y11 33

(7.13)

(A, Ay)-bimodule structure and V' a unitary (As, A)-bimodule structure. One can
verify that ¢}, = ¥4, and ¢}, = 1, are well-defined (A, As)-bimodule and (As, A)-
bimodule homomorphisms, respectively. Since ) is a ring homomorphism, we then

have

1/’12@ ® x)wés(y ® a') = 9123(1//12( ® x),

= 0(a)0(als(2y))0(d')

= H(aalg(xy)a )

= Vi3(fizsla @2,y ®a))
for all generator pairs (a ® z,y ® a’) € B x C. Therefore

P12 (D)¥33(c) = Yis(be) = 0(be) (7.14)
holds for all pairs (b,c) € B x C.

The last formula of (7.13) initially defines only an (As, As)-bimodule homomor-
phism C'® 4 B — L which, by the universal property of the tensor algebra, extends
uniquely to an (Ay, Ay)-algebra homomorphism ¢4,: As(C®4 B) — L. To prove that
E C ker4,, we use relation (7.14) to see that

22 (c(bc) @V = (c@b) @ (! @ V) = Y3, (c(b’) @ V) — i (c @ b)iy (! @ V)
= 1y (c(bc)) P, (V) — ¢21( )V12 (b)Y (¢)1(0)
= Py (€)0(bc ) (V) — ¥y ()15 (D)o (c ) o (D)
= () (0(b') — Y1(b)as(c)) Yo (V)
=0.
Thus, the algebra morphism 4, factors uniquely through the quotient ring to give a

ring homomorphism 4,: D — L.
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Now that we have shown each v, to be a ring homomorphism, we proceed to
show that the remaining 1j; are bimodule homomorphisms. In light of the previous
discussion, all that remains to be seen is that v/, is right D-linear and w4, is left

D-linear. The computations are similar and one is provided below.
Ua(ble®@ V' + E)) = 4, ((be)b')
= 0(bc)ibya(b)
= Yo (b)Y (c)ia(0)
= 19(b)P (€)1, (D)
= V), (0)Y5(c® b+ E).

We also have to verify that the matrix, (¢};), of bimodule homomorphisms is a ring
homomorphism. That is, that the equations

(W X ¥ii) © gije = fijn © Vi (7.15)
hold for all 7, j, k. Taking into account relations (7.4), (7.5) and (7.11), it suffices to

verify these equations in the case of only two index triples (i, j, k), say (2,1,2) and

(1,2,3). In the first case,

9212(151 (), Y19(b)) = We(c ® b+ E) = thoy(far2(c, D))

holds by the definition of ¥},. In the second case,

9123(112(), ¥i5(c)) = 1i3(be) = Yi5( fi2s(b, ¢))
holds by (7.14). Therefore all equations (7.15) are satisfied and 1/ is a ring homomor-
phism, as claimed. It follows from equations (7.2), (7.12), and (7.13) that Aot = 1.

R—2 S R

l\ v

~

— R N, G)
Suppose now that x = R(Xij)i R’ — R(N, Q) is an alternative morphism such
that A o x = ¢. We note the following submatrices of the R(N, G) matrix (7.10)

K 0 K U

B=[00 0], @a=[0], =V 0 V).
K 0 K U
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The first matrix is a subrng of R(N, G) which is isomorphic to My(K) as a ring. The
other two are additive subgroups and left (resp. right) unitary @;-modules. Similar

statements hold for the corresponding submatrices of the R’ matrix (7.1)

A0 A B
Q=00 0|,Q=[0],Q,=(C 0 C).
A0 A B

Furthermore, any morphism R’ — R(N, G), such as x, maps each @ to Q); as a ring
or module homomorphism. In particular, we have x;;(14) = 1x for i € {1,3} and
x13(1a) = x13(M13(§)) = ¥13(§) = 1k. Thus if Ej; (4,7 € {1,3}) denote the matrix
units of Q1, then x(e};) = Ej; for i < j. By Proposition 2.3.4 x(ej;) = Ej; for all i, j.
It then follows by Morita equivalence that x;; = x11 for 7,7 € {1,3}, x12 = X32, and

X21 = Xo3. In particular, the equations

afoxn=aj o, (i<, 4,5€{1,3})

imply, by the universal property of af, that x1; = v¥},. The bimodule homomorphism
properties of x;; and ng together with

A2 0 X12 = A2 0 Py and g3 0 Xa3 = g3 0 %3
imply that x12 = ¥, and xa3 = ¥);. Finally, since the algebra D is generated by the
image of fo12, the equation Ags © y2o = Agg 0 95, implies oo = 15, It follows that
X ="

If : R — T is a ring homomorphism satisfying A o 6 = p, then § maps the
idempotents e/, = A(e;;) of R’ to the idempotents u(e;) € T. Tt follows by Theorem
6.1.10 that x = dow: R — R(IN,G) is an instance of the alternative morphism x
such that X\ oy = 1. Therefore § = 9’ o w™!. In particular, there is exactly one such

homomorphism 4. O]

We conclude this section with several examples demonstrating some of the phe-

nomena that can occur in the various entry bimodules of the localization. We may
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observe that the middle ring, D, grows quite large even when the bimodules in R are
relatively small. In the following examples, we recall that Z(X) and Z[X] denote re-
spectively the free associative and free commutative associative Z-algebras generated
by X and, for any ring K, we denote the tensor product ring K(X) = K ® Z(X) and
the polynomial ring K[X] = K ® Z[X].

Example 7.1.4. Let K be a ring with a fixed central element b € K and

K Klz] K
R=|0 K K
0 0 K

where fi23(p, k) = p(b)k. If o(e11) = €13, then

K K[z] K
c'R=|K K(X)/W K
K Klz] K
where X = {z' | i > 0} and W is the two-sided ideal in K(X) = K(K @ K|x])

generated by the elements ¥u — vu for u = 2%, v = 27 € X. The quotient ring
K(X)/W acts on K[z] and K by the equations p(¢ ® p' + W) = (p(b)q)p’ and

(g@p+W)¢ =q(p(b)d) for all p,p’ € K[z],q,¢ € K.

Example 7.1.5. Let K be a ring with fixed central elements b, ¢ € K and

K K[z] K
R=[0 K KJ
0 0 K
where fi23(p, q) = p(b)q(c). If o(e11) = €13, then
K K|z] K
o R= Kl K(XxY)/W K|
K K[z] K

where X = {2’ | ¢ > 0}, Y = {¢/ | j > 0}, and W is the ideal in K(X xY) =
K(K|y] @k K[z]) generated by the elements b*c/w — vu for u = (z¢,y7), v = (2%, y),
w = (2',y') € X x Y. The quotient ring K(X x Y)/W acts on K[z] and K|y] by
the equations p(q ®@ p' + W) = (p(b)g(c))p’ and (¢ @ p + W)q" = q(p(b)¢'(c)) for all

p,p' € K[z] and ¢,q € K[y].



Example 7.1.6. Let K be a ring with fixed central elements b, c € K and

K Kl K’
R=[0 K Ky
0 0 K
where f123(p,q) = (p(b)q(c),0) € K2 If o(e13) = (1,0), then
K|[z] Kz, z] K|[z]
c'R=|K[y,z] K(XxXY xZ)/W Kly,2z|
K[7] Kz, ] K|[7]

where X = {2 | i > 0},Y ={y/ | j > 0},Z = {2 | s > 0}, and W is the ideal in

K(X xY x Z) = K(Ky, 2] ®x5 K[z, 2])
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generated by the elements b"c/w — vu for u = (24,97, 2%), v = (2",9° 2"), w =

(z',y*, 28 € X x Y x Z. The quotient ring K(X x Y x Z)/W acts on K|z, 2]

and Kly, z] by the equations p(q ® p' + W) = (pla=s)(qly=c)p" and (¢ ® p+ W)¢' =

q(plo=b)(¢'y=c) for all p,p’ € Klz,z|,q,4 € Kly,z]. The only nonobvious multi-

plication maps are given by fls(p,q) = (pla=s)(qly=c) € K][z] for all p € K|z, z],

q € Kly,z], and ¢ € {1,3}. The morphism A = R()\;): R — o 'R is given by

A13(g, h) = g + hz while the remaining );; are the appropriate inclusions.

Ezample 7.1.7. Let K be a ring with fixed central elements b, ¢, d € K|[z] and

K Klz] K|z
R=[0 K K[
0 0 K

where f123(P, C]) = P(b)Q(C>d- If 0(611) = e13, then

K(Z) K[z|(Z) K(Z)
o 'R= | Kly\Z) Klz,y|(Z)/W K[y|(Z)
K(Z) Klal(Z) K(Z)
where Z = {z° | s > 0} and W is the ideal in

Kz, y|(Z) = K(K[y|(2) @xz) K[z](Z))

generated by the elements b*c’dw — vu for u = 2%y 2y, v = %ytzy, w = ylzy 2y €

Kz, y|(Z), with 2y = (251)"1 -+ - (25m)Um 2y, = (211)%0 -« (20n)Vn,
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7.2 Universal Localization of Triangular Matrix 5-Rings

Determining the universal localization of a triangular matrix 3-ring is a stepping
stone in our main construction. In this section, we examine the localization of a
triangular matrix 5-ring. Although this may at first seem like an arbitrary choice, the
structure of matrix 5-rings captures all of the detail necessary to handle the general
case and so, for our purposes, is the most useful case to consider.

Our strategy for localizing a matrix 5-ring,

Ay My Mz My M
0 Ay My My Moy
R=10 0 Ay M Mss|,
0 0 0 Ay Mys
0 0 0 0 As

with respect to a morphism o: Resy — Reyy, is quite similar to the mechanism used
to identify the localization in the case of a 3-ring. The key to this strategy is the

realization that the middle 3 x 3 submatrix,

A2 M23 M24
= 0 A3 M34
0 0 Ay

admits a related morphism ¢ between its first and third columns. We then deduce that
any o-inverting homomorphism will necessarily be ( inverting, whence the middle 3x 3
block of the localization is determined by Theorem 7.1.1. Identifying the remaining
bimodules is then done by examining a matrix 5-ring structure that can be found in
any o-inverting ring. Thus, the proof of the main result of this section builds upon

Theorem 7.1.1 in a substantial way.



117

Theorem 7.2.1. Let R = R(M,F) be a triangular matrix 5-ring and suppose
0: Reys — Reyy is an R-module homomorphism. The following morphism of ma-

trix 5-rings

Ay Mo Myz My Mis AU GUW

0 A2 M23 M24 M25 0 ABAYV
A=RMNj):R=|0 0 A3 M3y M35| — 0o 'R=|0 C D C H (7.16)

0 0 0 Ay Mys 0 ABAYV

00 0 0 A; 0 00 0 A

is the universal o-inverting localization of R, where o(eg) = & € My, and

3 3 As M.
af =R (OgQ Zgi) oy = ( 02 AT) — My(A)

is the initial object in € (Sa4,&). The entry bimodules of the 0! R matrix and the

corresponding A-values are listed below.

A= A Nij(z) = of;(x) (i <j, i) € {2.4});
B=A®a, Mas Aog(z) =1 ® x;

C=M3®4, A Az4(7) =2 ® 1;

D = A3(C @4 B)/E Ag3(z) =z + E
E=(c(bd)@b—(cab) @ (d @)) (b,b' € B,c,d € O);
A; Aii(r) = (i € {1,5});

U= (Mz2a®a, ABMia®@a, A)JT  Mij(z) =2z@1+1 (j € {2,4})
I=Ai(z@al,(y) —wy©1)A (x € Mz, y € Ma);
V= (A®a, Mas ® A®a, Mus)/ ] Xis(z) =1®z+J (i € {2,4}) (7.17)
J=A(l®zy — a5y(x) ® y)As (v € May, y € Mys);
G=(M3zdUw®sB)/K AMz(z) =2+ K
K=A(zy—2®101®y)A;3 (x € Mi2, y € Mas);
H=(Mp®C®4V)/L Ags(z) =z + L
L=A3zy—2z®@1®1Ry)As (x € M3y, y € Mys);
W=(MsdU®sV)/N As(z) =x+ N
N=A(zy—221®12y)As (v € Mys,y € Mgs,

s €{2,4}).
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The quotient ring D, of the tensor algebra of the (As, As)-bimodule C ® 4 B, has right

actions on B and G and left actions on C' and H defined by the equations
bc@V + E) = (be)l,
(r+u@b+K)(cab +E)=(zc+ 1)@V +u® (be)V + K,
(c®b+ E)d = c(bd),
(c@b+E)z+d@uv+L)=c® (bx+J)+c(bd)®@v+ L,
where be = aa$,(zy)a’ € A for (b,¢) = (a ® x,y ® a'), thereby making B an (A, D)-

(7.18)

bimodule, G an (A, D)-bimodule, C" a (D, A)-bimodule and H a (D, As)-bimodule
(all modules unitary). The multiplication maps f;jz: Rij X Rj; — Ry, of the ring

o0~ 'R = (R;;), other than the module action maps, are defined as follows

Jaz2(b,¢) = faza(b,¢) = faza(b, ) = faza(b, ) = be,
fs23(c,0) = faz(c,b) =c®@b+ E,
fr2s(u,b) = fras(u,b) =u®@b+ K,
fi25(w,v) = fuas(w,v) =u®@ v+ N,
fin(z+u®b+ K,¢) = figs(r +u®b+ K, c)
= (zc+ 1) + u(be), (7.19)
fias(z+u@b+ K y+ev+ L) =ay+ (wet+ 1) @v+u® (by + J)
+ u(bc) @ v+ N,
fass(b,y +c®@uv+ L) = fass(by+c®@v+ L)
= (by + J) + (bc)v,
faos(c,v) = faus(c,v) =c®@v+ L.

Proof. We note first that both matrices of (7.1) match the middle 3 x 3 submatrices
of (7.16) under the position correspondence (i, j) <> (i+1,j+1). This match extends
to the corresponding morphisms \;;, o, D-actions (7.3) as well as the multiplication
maps (7.4) and (7.5). We also find, by a routine verification, that the D-actions (7.18)
are well-defined and that the multiplication maps (7.19) are well-defined, bilinear and
balanced, as appropriate in their positions. It follows, in particular, that the middle

3 x 3 submatrix of (7.16)

A B A
Z'=|C D C
A B A



119

is an associative ring. Using this fact, we can view the o' R matrix (7.16) as a 3 x 3

matrix
A Uy, W
0o z V2’3 (7.20)
0 0 As

where Uj, = (U GU) and Vj; = (V H V)". From this perspective, one can verify that
Ui, is a unitary (A;, Z’)-bimodule, V3, is a unitary (Z’, A5)-bimodule and the multi-
plication Ui, x Vi3 — W induced by the maps fio5, fiss, and fis5 is (Ay, As)-bilinear
and Z'-balanced. Since the 3 x 3 matrix (7.20) is upper triangular, all equations of
type (6.1) must then hold for it, proving that the multiplication in R' = o7 'R is

associative. The ring R can similarly be viewed as a matrix 3-ring

Ay Uy Mis
0 Z Vi
0 0 As

where Z is the middle 3 x 3 submatrix of the R matrix (7.16), Ujs = (Mo Mz M)
and Vaz = (Mas Mss Mys)".

Each function \; is clearly a ring homomorphism and the remaining \;; are
bimodule homomorphisms. Using the 3-ring descriptions of R and R’, however, we
can further observe that A respects these block decompositions and maps Z into
Z" as a ring homomorphism, Ujy into Uj, as an (A;, Z)-bimodule homomorphism,
and Vas into Vi; as a (Z, As)-bimodule homomorphism. Consequently, verification
of the multiplicative homomorphism property of A can be reduced to calculating the
products Ay;(z)Aj5(y) for © € My; and y € Mjs (2 < j < 4) which, by (7.19) , are
equal to Aj5(zy). Therefore, \: R — R’ is a morphism of matrix 5-rings, as claimed.
Furthermore, A is o-inverting by calculations similar to (7.8) and (7.9) but utilizing
instead the matrix units e}, and e/, in R’

Suppose now that pu: R — T is a o-inverting ring homomorphism. Using

the canonical ring isomorphism ~v: 7" — Endr(7r7T) together with Theorem 6.2.2,
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we obtain a natural ring isomorphism ¢: R(M’, F') — Endy(rT) and a morphism
v =R(v;): R(M,F) — R(M', F') making the following diagram commute, where
M;; = Homp(T ®@p Rey, T @p Rej;) and the multiplication maps in F” are given by

composition.
R(M,F) —*—— T

| |

R(M', F") % Endy(;7)
By assumption, since p is o-inverting, 7 = 1 ® o is an isomorphism of T-modules.
Denoting Ty = My, T = Mjs, Te = M, Tp = Mis, Ta = M, Ty = M,
Ty = Miy, Ty = Mgs, Tw = Mj5 and Tj; = M;; for the remaining positions, we

obtain an isomorphism of matrix 5-rings

T51 T52 T53 T54 T55
where ni4(f) = foTil (Z € {172})7 774j<f) =Tof (] S {27375})v 7732(f) = for,

nua(f) = 7o for ! and the remaining 7;; are the respective identity morphisms. The
multiplication maps in G = {giji} are given by the obvious modifications of the maps
in F” to compensate for the change of labels. In particular, they satisfy the relations
Gijk = Grst (1 <i,j,k,rys,t <5541 <b;k,t>1)
whenever any two indices occupying the same position are equal or both belong to
{2,4}. Tt follows that w = yo ¢ on: T — R(T,G) is a ring isomorphism and
Y =von: R — R(f, @) is a morphism of matrix 5-rings such that g = 1 o w™!.
Thus ¢ = R(y;) with ¢y = v omy; (1 <i < j <5).
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Let (: Zegy — Zeyy be the Z-module homomorphism determined by ((egs) = €.

We note that the following morphism obtained by restricting ¢

B Ay Mz My, o Ta Tp Ta
@ZJ = R(’l?bl]) /= 0 Ag M34 — R(T, G) = TC TD TC
0 0 Ay Ty T Ta

is (-inverting as there exist matrix units in R(f, C~¥) in positions (2,4) and (4,2) and
94(§) = 1 € T. Furthermore, the restriction of A to Z, denoted XN': Z — Z’| is the
universal (-inverting localization of Z by Theorem 7.1.1. Thus there is a morphism

of matrix 3-rings

B A B A o Ty Tg Ty
1/1/ = ,R,(Q/J;J) 7 =|C D C| — R(T, G) =\|\1Tc Tp T¢
A B A Ty Tp Ta
such that Aj; o ¢, = v;; for all 2 <¢ < j < 4. We proceed to define a morphism

A U G U W T 1Ty Tq Ty Tw
0 A B AV To1 Ty Tp Ta Ty
W =RWy):R=|0 ¢ D C H|—=RIG=|Ta Tc Tp Tc Ty
0 A B AV Ty Ta Ty Ta Ty
0 0 0 0 45 Ts51 T2 Ts3 Tsa Tss

by extending 1;’ as follows. Let
Vii(ai) =vi(a;) (i € {1,5}),

Vip(x @ a+1)=vi4(z @ at+I)=1h;(2)Ph(a) (v € My, j € {2,4}),

Uas(a @ x+J)=vis(a @ x+J) =Y (a)Yis(r) (v € Mis,i € {2,4}), (7.21)
Vig(r4+u @ b+ K) =113(x) + gras(15(u), 3(D)),
Vss(x+e @ v+ L) =1s5(x) + gaas (V34(c), ¥is(v)),

Vis(T+u @ v+N)=th15(x) + gras (V1 (w), ¥o5(v)).-
These are well-defined bimodule homomorphisms and, since 1 is a ring homomor-

phism, they satisfy all equations of type (7.15), so ¢’ is indeed a morphism of matrix

5-rings. It follows from equations (7.17) and (7.21) that A o ¢}’ = 4.

—2 5 R

T I

= RTG

\Z
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Suppose now that x = R(y;;): R — R(f, @) is an alternative morphism such
that Ao x = t. We already know that x;; = ¢;; for all 2 <, j < 4 by Theorem 7.1.1.
Since A is the identity on A; and As, we must also have x; = ¢, for i € {1,5}. It
follows further, by Morita equivalence, that y12 = x14 and 25 = X45. Let us examine
next the effect of xi2 on the image of either summand M;; ®4; A in U. Using the
bimodule homomorphism property of xi2, we have

X120t ®@a+1) = x12(x @ 1 4 I)xa2(a)
= X12(A1(2)) x22(a)
= 11 ()5, (a)
=Yz ®a+I).
Thus x12 = ¥}, which also implies x14 = ¥},. By similar calculations, a5 = 145 and

X45 = V5. Furthermore, by the ring homomorphism property of y,

xi3(z+u®b+ K) = xi3(z+ K) + xi3(u @b+ K)
= X13(M3(2)) + g123(x12(u), x23(b))
= Y13(2) + gr23(V1a(w), Yi5(b))
=Yz +u®b+ K).
This proves that x13 = 9|5 and a similar calculation shows ys5 = ¢4;. Finally,
Xi5(z+u®@v+ N)=xi5(x+ N)+ x15(u @ v+ N)
= X15(Mi5(2)) + g125(x12(u), x25(v))
= V15(2) + g125(V12 (), P35 (v))
= Yis(z +u®v+N)
which shows that 15 = ¥]5. We can conclude therefore that y = 1)’. As in the proof

of Theorem 7.1.1, this also shows that any ring homomorphism ¢: R — T, satisfying

Ao d = u, must be equal to ¢’ ow™L. O

We provide a concrete example of this theorem that builds off of the examples

in Section 7.1.
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Example 7.2.2. Let K be a ring with a fixed central element b € K and
K 0 K K K

0 K Klz] K* K

0 0 K K K
0 0 0 K 0
0 0 O 0 K
with multiplication maps ga234(p,q) = (p(b)q,0) € K2, ga35(p,q) = p(b)qg € K. 1If

(622) (1 O) € K2 then

K Ky KeKzy Ky KoKy
0 Kyl Klz,y] Kyl Kyl

o'R=10 Ky KXxY)/W K[y K&K[y]
0 Kly| Klz,y] K [y] Kly|
0 0 0 K

where X = {z' |1 >0}, Y = {y/ | j > 0}, and W is the ideal in

K(X xY) = K(K[z,y]) = K(K[y] ®xpy) K[z,y])
generated by the elements b'w — vu for u = (z°,97),v = (z%,¢'),w = (2%,y'*") €
X x Y. The quotient ring K(X x Y)/W acts on K[z,y| and K[y] by the equations

p(g@p + W) = (plo=p)gp’ and (¢ @ p+ W)q = q(pls=p)¢ for all p,p’ € Kz, y] and

q,q € Kly]. The nonobvious multiplication maps are given as follows

f232(p, @) = fa3a(p, q f132(p, @) = fa34(p, @) = (Pla=b)q,
f323(q,p) = faas(q,p) = qp + W,

fi23(q,p) = fras(q,p (0, qp),

fi2s(q, /) J1a5(q, ") = fazs (4, )_ f345(q,q’) = (0,qq/),

f134((9,p), @) = 9q + (pla=b)4,
f135((9,p), (R, q)) = (gh, 9q + (Pla=s) (R + q)),
fa35(p, (0, @) = fazs (P, (R, @) = (pla=s) (M + q)-

The morphism A = R(\;): R — o 'R is given by Aa(g,h) = g + hy while the

q
fi132((9,p), q

)=
)
) =
)
)
)
)=

remaining \;; are inclusions into the appropriate first summands.



124

7.3 Universal Localization of Triangular Matrix /-Rings

We now turn our attention to the general case of localizing a triangular matrix
(-ring R = R(M, F') with respect to a morphism o: Re,, — Re,. By viewing M
as a particular block matrix, the resulting matrix 5-ring structure on R satisfies the
hypotheses of Theorem 7.2.1, hence the localization can be identified.

More precisely, let R = R(M, F) be a triangular matrix f-ring and suppose
o: Rey, — Reyy is an R-module homomorphism (1 < p < ¢ < ¢). Then R can be

viewed as a triangular matrix 5-ring

A/l M{p M{?) M{q M{B
0 A, My My, My

0 0 Ay M, Mg
0 O 0 A, My
0 0 0 0  Af
with the entry bimodules given by the submatrices' of M = (M;;) listed below.

A= (Mih<ijep My =Miph<icp  Mig= (M), =52 M, = (Mig)i<icp

Aé = (Mij)p<i,j<q MI/;3 = (ij)p<j<q M;/;5 = (ij)q<j§€ M{S = (MZJ)EEIE

<<
Ay = (Mij)g<ijee Mz = (Mig)p<icg  Mzs = (My)y2i2) Mgy = (Myj)g<j<e
We note the following two points:

(i) Each A] is a matrix ring and a subrng of R.

(ii) If AL = 0, then the unitary Aj-modules Mj; and My; are trivial.

Suppose that o(e,,) =& € M, and let

3 3 A M
Oz£ =R (app Oépq) S, = ( P pq) — MQ(Ag)
0 af, ra 0 A,

be the initial object in €(Sy,,€). Using Theorem 7.2.1, we can now describe the

universal o-inverting localization of R as the following morphism of matrix 5-rings

We adopt the convention that A} =0, A} =0, or AL =0 whenever p=1,¢g=p+1, or ¢ = /.
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(alternatively, as a morphism of matrix ¢-rings by expanding the rings A}, D, and Aj

and the corresponding bimodules using the images of the idempotents e; € R).

Ay My, Mz M, M AL U G U W
0 A, My M, M, 0 A B AV
A=R(\;):R=]0 0 A M, Mi|—0o'R=|0 C D C H
0 0 0 A, M, 0 A B AV
0 0 0 0 A 0 0 0 0 A
The entry bimodules of the 07! R matrix and the corresponding A-values are listed
below.
A=A Nj(z) =af,(x) (i<, 4,5 €{p,q});
B = Zp<]<qA ®A MPJ Apj(x> =1®w;
¢ = Zp<z<q iq ®A A >\M1(:C> =r® 17
D = A}(C ®4 B)/FE Nij(z) =2+ FE (p<i,j<q)
E=(c(bd)®@b—(c@b)®(d o)) (b, € B,c,d € O);
Al AL Nij(z) =z (i, <pori,j>q);
U= (St U/ Nj(@) =2@1+1 (j € {p.a})
U= M, @4, AD Mg ®4, A
I=Al(z®a,(y) —ry®1)A (x € My, y € Myy);
V= ( a<i<t )/J Xij(x) =1@z+J (i € {p,q})
Vi=A®a, My ®AR24, My;
J=A(l®azy — o, (z) ®y) AL (x € My, y € My));
G—(M{3EBU®AB)/K )\ij(x):l’—i-K
K=Alrzy—221011y)A; (x € My, y € My;);
H=(M;;@®C®aV)/L Nij(x) =z + L
L=Arzy—2®101®y)A; (x € My, y € My;):
N=Azy—2®11®y)A; (z € Mys,y € My,
s € {p.q}).

The quotient ring, D, of the tensor algebra of the (A%, A;)-bimodule C' ®4 B, has a

right action on B and a left action on C' defined by the equations

blc@b + E) = (be)f (b€ By, c€ Ciy, b' € By),
(c@b+ E)d = c(bd) (c € Ciyy b € Byj, ¢ € Ciy),
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where be = ads,(zy)a’ € A for (b,c) = (a® z,y ® d). Similarly, D has a right action

on G and a left action on H given by

(r+ub+ K)(c®V +E)=(xc+1) @b +u® (bc)b + K,
(d@b+E)z+cv+L)=c® (bx+J)+(bc)@v+ L.
These actions make B an (A, D)-bimodule, C' a (D, A)-bimodule, G an (A}, D)-

bimodule and H a (D, AL)-bimodule (all modules unitary).

7.4 Universal Localization of U,,(K)

One important example of a triangular matrix ring is the ring of m x m up-
per triangular matrices over a ring K, denoted U,,(K). Applying Theorem 5.4.1
(or equivalently, Theorem 7.1.1 with Ay = 0), we may see that for a morphism
o: Us(K)ey — Uy(K)egs with o(eq;) = eqa, the universal o-inverting localization of
Us(K) is its inclusion into My(K). For larger values of m, the universal localization
of U, (K) with respect to o: Up(K)err — Up(K)emn is not usually a full matrix
ring. Nevertheless, Theorem 7.1.1 provides a full description of this localization.

Let K be a ring and R = U,,(K) with m > 3. Suppose additionally that

o: Rey; — Rey,y, satisfies o(e11) = e1,,. Let us apply Theorem 7.1.1 to the triangular

matrix 3-ring structure on R given by U,,(K) = <[§M£§() ’%) with n =m —2. In
the notation of Theorem 7.1.1, we find that
A=A =K,
B=A®4 M=K Qg (K K .- K) = K",
C=Myo, A= (K K - K) ogK="K,

D = Ay(C®4B)/E =U,(K){("K @ K™)/E = Q,
E=(cbd)@b — (c®b) @ (¢ @),

where Q = R(N,G) is a matrix n-ring, for which N = (N;j)a<ij<nt1, Nij = L =
K[t]/(t = t*) (i < j), and N;; = K (i > j).
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To justify the isomorphism D = @), we first observe that the correspondence
"K @ K" — M, (K), initially defined on tensors by the rule
(62 €3 - Cn+1)T ® (bz by - bn+1) = (eiby),
is a well-defined isomorphism of (U, (K),U,(K))-bimodules (see Lemma 2.3.6) which
can then be extended to a (U, (K),U,(K))-algebra isomorphism U, (K){("K @ K™) =
U (K)(M,(K)) by the universal property of the tensor algebra. By Proposition
2.3.5, we also have an isomorphism of U, (K), M, (K)-bimodules and, by restriction,
of U, (K),U,(K)-bimodules
M (K) = Un(K) B, (1) Mn(K) = Mo (K) Q1) M (K).
Inductively, we then obtain a ring isomorphism
U (K) (M (K)) 22 Un(K) © 3075, M (K) = Mo (K, () [1]
with the ring of polynomials in a central indeterminate ¢ with upper triangular con-

stant terms. Under this isomorphism, E corresponds to the ideal (¢ — t2). It follows

that
D = M, (E)u,xolt]/(t — 1) = Q.
The multiplication and action maps can also be traced via these isomorphisms.

We summarize the result as follows.

Theorem 7.4.1. Let R = U,,(K) for any ring K and m > 3. Suppose o: Rej; —

Rem, satisfies o(e11) = ey, Then the universal o-inverting localization of R is the

inclusion
K K K .- K K K
K L L L L K
K ... K K K L L L K
MR-S30'R= Q =1 = SR I
K - K K K . . I I K
K K K K L K
K K K K K K
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where () = R(N, G) is a matrix n-ring with n = m — 2, for which N = (N;j)a<i j<n+1,
Ny =L=KIt]/(t—*) (i <j), and N;j = K (i > j). The right and left actions of L
on K are given by kp = kp(1) and pk = p(1)k. The multiplication maps, other than

the module actions and the obvious choice of multiplication, are defined as follows
KxK— L, (¢, b) — cbt;
K x L — L, (¢, p) — ept;
LxK—L, (p,b) — pbt.
]
We may similarly consider, for R = U,,(K), a morphism o: Re,, — Re,, satis-
fying o(epp) = €py where 1 < p < g <mandn =¢g—p—12> 1. Following in the

manner of Theorem 7.4.1, we find that

K K
0
K .. K
oR=|: L Q
K - K
0 0 K

where Q = R(N, G) = Mn(K)L{n(K)[th - t2), with N = (Nij>p<i,j<q7 Nl =L =
Kt]/(t —t?) (i < j), and Ny = K (i > j).

7.5 Localization to a Full Matrix Ring

The results of Theorem 7.1.1 and Theorem 7.2.1 demonstrate that the localiza-
tion of a matrix ring R with respect to a morphism o: Re,, — Rey, yields a matrix
ring with an increased degree of symmetry. Our proofs of these results utilize the fact
that in any o-inverting ring, 1 ® ¢ and its inverse can be used to build isomorphisms
between some of the entry bimodules in the matrix decomposition of the endomor-
phism ring, ultimately revealing the aforementioned symmetry. From another point

of view, however, we might recognize that the idempotents e,, and ey, along with
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¢ = o(ep), nearly form a set of matrix units for a 2 x 2 matrix subrng of R; the
o-inverting localization essentially appends an element £ to the R subject to the
relations £&' = e,, and €€ = e,,. The elements ejq, g2, £, and & of the localization
are then a full set of matrix units for a subrng of the localization ¢! R, showing that
o~ 'R contains a full 2 x 2 matrix ring, My(A). Many of the entry bimodules in
the localization are then part of some unitary module over My(A) and so additional
symmetry can be seen as a consequence of Morita equivalence.

The results of Schofield [27] and Sheiham [29] showed that the localization of
a triangular 2-ring is a full matrix ring; the observation that localizations of matrix
rings increase the amount of symmetry explains this, as the only possible increase in
symmetry for a 2 x 2 upper triangular matrix ring is full symmetry.

The inversion of a single morphism is not sufficient to achieve full symmetry
in matrix rings of larger order, as we have seen. By inverting more morphisms, we
might expect to see more symmetry. Indeed, for a sufficiently large set of morphisms
(precisely, a maximal tree of morphisms), a triangular matrix ring does localize to a
full matrix ring.

Before stating the result, we recall the category ¢ (R(M, F)) for a ring R =
R(M, F) consisting of morphisms from R into full matrix rings, as discussed in Section
7.1. This category has an initial object, a: R — M,(A,), where A, = 7Z( f?j M) /1
and [ is the ideal generated by the relations 1 — 1,4, and 2y — z ® y for all x € M;;,

y € My, (1<i,j.k<10).

Theorem 7.5.1. Let R = R(M, F) be a triangular matrix (-ring. Suppose ¥ is

a tree* of R-module homomorphisms 0i;: Re;i — Rej; that includes all vertices

2Let ¥ = {0ij: Rei; — Rej;} be a family of morphisms. We may consider the graph obtained
by taking the domains and codomains of the o;; as vertices and, for each o;; € X, including an
edge between Re; and Rej;. The family ¥ is called a tree of morphisms if this graph is a tree,
i.e. connected and acyclic.
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Rey (1 <t < (). If 0,5 € ¥ are given by o;;(e;;) = &; € M;; and m: A, — A
denotes the quotient ring homomorphism modulo the two-sided ideal generated by
the elements 1 — «;;(&;;), then the morphism
A=aoMy(r): R— X 'R = M,A)

is the universal X-inverting localization of R.

Proof. The morphism A\ is clearly »-inverting. Suppose p: R — T is a X-inverting
ring homomorphism. Because X is a maximal tree, The maps 1®o;; and their inverses
provide a unique path of bimodule and ring isomorphisms

Hom¢ (T ®r Rei;, T ®p Rej;) = Homyp(T ®g Re1r, T ®gr Reyp) =S
for each 1 < 1,7 < {. These isomorphisms, along with Theorem 6.2.2, can be used to
construct a morphism ¢ = R(1);;) satistying 1;;(&;;) = 1s for all 0;; € ¥ which makes
the following diagram commute.

R(M,F) —X—— T
o |
M(S) —— Endr(sT)
The morphism 1) can then be uniquely factored through A by the universal property

of a. Therefore, 1 also has a unique factorization R A SR S T, O]

One nice example illustrating Theorem 7.5.1 is that of R = U,(K). If 0;: Re;; —
Re; iy (i < j < f) are R-module homomorphisms given by o;(e;) = €;,41 and
Y. = {o1,...,00 1}, then the universal 3-inverting localization of R is the inclusion
U (K) = My(K).

We can similarly consider other trees of morphisms between left ideals of R. For
any such family, 3, the universal Y-inverting localization will always contain M (A)

as a subrng, where k = |X|+1, although the other entry bimodules could be somewhat
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complicated depending on the tree in question. One case that is easy to analyze with

our methodology is the case where the vertices of X are Re,,, ..., Reg,.

Theorem 7.5.2. Let R = R(M, F') be a triangular matrix ¢-ring and 1 < p < q < /.
Suppose ¥ is a tree of R-module homomorphisms o0;;: Re;; — Re;; with vertices Rey
forp <t < gq. Ifo;; € ¥ are given by o0;;(e;;) = &; € M;;, then the following

morphism of matrix 3-rings

Ay My, Mg Ay U W
A=R\;):R=[0 Ay, My| —=S"R=[0 M4 V
0 0 A 0 0 Al
is the universal ¥-inverting localization of R, where?
A/ ( 2])1<7,]<p ) A/ ( zj)p<zj<q P A/ ( 1])q<zg<ﬁ )
My, = (M), 252 Miy = (M), =537, My = (M;)P=354

and k = ¢ — p + 1. The entry bimodules of the ¥~' R matrix and the corresponding
A-values are listed below, denoting by o = R(w;): Ay, — My (A,) the initial object
in the category € (A}) and by m: A, — A the quotient ring homomorphism modulo

the two-sided ideal generated by the elements 1 — «;;(&;;) for o;; € X.

Al AL Nij(z) =z (1<i,j<porqg<i,j<{);
M, (A) Aij(z) = m(ays(z)) (P <4,J<q);
U= (Uj)p<j<q Aij(z) = @141
Ui = (XVeicp, Mis @4, A)/1
p<s<q
I=A(z@m(aps(y)) —zy®1)A (x € Myp,y € Mps,p < s <q);
V= (Vi)p<izq Xij(z) = 1®@x+J
Vi= (Zp<t<qA XA, Mt])/‘]
q<j<t
J= A(1®xy—7r(apt(:c))®y)z4§ (x € My, y € Myj,p <t <q);
= (M3 80U, ®a Vp)/N Aij(z) =z + N
:A’l(xy—x®1(§§>1<§§>y)A§3 (x € Mis,y € Mgj,p <s<q).

All but one of the multiplication maps of the ring ¥ 'R are module action maps, the

exception being the map U x V. — W given by wv =u® v+ N.

3We adopt the convention that A} = 0 or A5 = 0 whenever p =1 or g = /.
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Proof Sketch. The proof of this result can be built on Theorem 7.5.1 in a similar way

to which the proof of Theorem 7.2.1 was built upon Theorem 7.1.1. O]

We conclude with generalizations of a few results of Schofield. These examples,
which follow from the main theorems of this section, show that some interesting
choices of matrix rings have localizations which are Morita equivalent to important
constructions in ring theory, such as the amalgamated free product (see Definition

5.2.3) and bimodule amalgamated free product (whose definition will follow).

Ezample 7.5.3. This example generalizes a result of Schofield [27, Thm. 4.10]. Let
C' be a ring and suppose 7;: C' — A are ring homomorphisms. Let R = R(M, F)
be a triangular matrix (-ring, where M;; = A; ®¢c A1 ®c -+ @c A; (i < j) and
fijk: Mi; x Mj, — M;, are given by

fip(ai ® a1 ® -+ ®aj,a; Qa5 @ ®a),) =0, Qa1 @ @ a;a;Qal @ Qay.
If 0;: Reji = Re;jpq (1 < i < () are defined by o5(e;) = 14, ® 1a,,, € M;;11 and
Y ={o1,...,001}, then 57'R = My([ [ Ai), where [ A; is the amalgamated free

product of the rings A; over C'. This example is subsumed by the next example.

Definition 7.5.4. Let {A,}scs be a family of rings and suppose { My }rer is a family
of bimodules, where each M}, = A,z A, is a cyclic unitary (A, A;)-bimodule gener-
ated by zj for some pair of indices s,t € S. There is a category whose objects are
rings B equipped with a family of ring homomorphisms {fs: As — B}scs that are
amalgamated over the family of pointed bimodules* 9 = {(My, z)brex. This last
condition means that, for each k& € K, the equations ), as,(1g)at, = 0 hold in B
whenever ) a,,xra,, = 0 € My, where a,, € Ay and a;,, € A;, thus allowing the

assignment x, +— 1p to extend uniquely to a well-defined bimodule homomorphism

4A pointed bimodule is a bimodule with a distinguished element. A morphism of pointed bimod-
ules (M, z) — (N,y) is a bimodule homomorphism f: M — N such that f(z) = y.
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M, — B for each k € K. The initial object in this category will be denoted by [ [, As

and called the bimodule amalgamated free product of the rings A, over the family 9.

We remark that if 5;: A; — B and v;: C' — A; are ring homomorphisms, then
the maps f3; are amalgamated over C' (that is, 7; 0 §; = 7; o §; for all 4, j) if and only
if they are amalgamated over the family 9 = {(M;, ;) } where M; = A; ®¢ A;11 and
x; = 14, ®14,,,. Therefore [[,, A; coincides, in this case, with the amalgamated free

product of the A; over C, that is, [ [, 4;.

Example 7.5.5. This example generalizes another result of Schofield [27, Thm. 13.1].
Let Ay, A, ..., Ay be rings and R = R(M, F) be the triangular matrix ¢-ring con-
structed using cyclic unitary bimodules M; ;1 = A;§;Ai1 (1 <i < () with M; = A,
and
Mij = M1 ®a,y Mit1i02 @Ay - ®a,_ Mjq

for all i < j and M;; =0 for all i > j. If 0;: Re;; = Re; 1 (1 < i < ) is defined by
oi(ei) =&, X ={o1,...,001}, and M = {(M,;;41,&)}, then TR = My(] oy 4i).

To justify this claim, we define A = A,/J as in Theorem 7.5.1 where J is the
ideal generated by the elements 1 — a;;4+1(§;). We note that for j > i 4+ 1, we have
M;; = M;ix1Miq140---M;_1; in R, so the relations zy — z ® y imply that A, is
generated by the modules M;; (1 < i < /) and M;;+1 (1 < ¢ < (). The relation
1 — a;;11(&) € J shows that, after passing to A, the image of M, ;. is the cyclic
(A;, Air1)-bimodule generated by 14; in particular, it is contained in the subring
generated by the images of A; and A;.1. As a consequence, the ring A is generated
by the images of the rings A;. Furthermore, the image of ) a;,&ai+1,0 € M; 41 in A

is Y, @;p(14)ait1,0, S0 Ais bimodule amalgamated over the family 9 = {(M; ;41,&)}-
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Suppose now that B is a ring and (;: A; — B are ring morphisms which are

bimodule amalgamated over 91. the function

Qz(z Gi,vfiaiﬂ,v) = Z ai,v(lB)aiJrl,v = Z 5(ai,v)ﬁi+1,v(az’+1,v)

is then a well-defined (A;, A;;1)-bimodule homomorphism due to the amalgamated
property of the ;. The assignment on tensors
hij(2 @ Tis1 ® + -+ @ j1) = gi(®:)gir1(Tit1) - - gj—1(2j-1)

defines then an (A;, A;)-bimodule homomorphism h;;: M;; — B for each i < j.
Together with h;; = §;: M;; — B, the maps h;; extend to an additive homomorphism

f?j M;; — B and then to a ring homomorphism h: Z( ??j M,;) — B. Since h
respects the relations defining I and J, it factors through a ring homomorphism of
the quotient ring A to B. Uniqueness of the latter morphism follows from the fact
that A is generated by the images of the A;. It follows that A = [],; A; and by

Theorem 7.5.1,
A=aqo Mg(ﬂ'): R — MK(A) = Mg(]_[m Az)
is the universal »-inverting localization of R.

Returning to Example 7.5.3, we note that if v,: C' — A; are ring homomorphisms
and M; ;11 = A; ®c Aip with & = 14, ® 14,,, then in the construction of Example
755, M;; =2 A;®@cAir1®c- - @cAj (i < j) and the ring R becomes the ring R(M, F')

of Example 7.5.3, proving the statement there.

Example 7.5.6. This example generalizes yet another part of Schofield’s results in
(27, Thm. 13.1]. Let Ay, As,..., Ay be rings. Suppose R(M, F) is a matrix (-ring
with M;; = A;, My; = A1§A; & Ny (2 < j < 0) for some (Ag, A;)-bimodules Ny,
and M;; = 0 otherwise. All multiplication maps f;;, are either zero or module action
maps in this case. If ¥ = {09,...,00} with o;(e11) = (§,0) € My, then X7'R =

M (A(Q)), where A = [[py Aiy M = {(A1§;A;,6,)}, and Q = 37 A @4, Nij ®a; A,
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7.6 Module Localization

In any notion of localization of a ring R — R/, it is often useful to apply the
extension-of-scalars functor R’ ® g — in order to make modules over R into modules
over R'. This process is called module localization. Though its definition is straightfor-
ward, we might hope to clarify the localized module by providing a simpler model for
it, perhaps using fewer generators and relations or using more easily understandable

relations than those used in the general construction of the tensor product.

Definition 7.6.1. Let R be a ring and N an R-module. If ¥ is a collection of R-
module homomorphisms and A: R — X7 R is the universal Y-inverting localization
of R, then the X! R-module X7 !N = X" 'R®p N is called the localization left X1 R-

module.

In Chapter 6, we saw that the modules over a generalized matrix ring R =
R(M, F) are tuples of A; = M;; modules satisfying some additional conditions. Given
that ™' R is a triangular matrix ring for any o: Re,, — Re,,, we may decompose
a localization left module o' N into a tuple and describe its entries as quotients of

certain tensor products over the entries of o' R.

Theorem 7.6.2. Let R = R(M, F) be a triangular matrix 5-ring. Suppose an R-
module homomorphism o: Resy — Reyy Is given by o(ex) = £ € My For any
unitary left R-module N, the localization left o~ 'R-module c~*N is isomorphic to

(X1 P X5 P X5)", where

R =0¢"'"R=

cccox
o Qg
=NviBwle O
o O
B <im =
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is the ring defined in Theorem 7.2.1, the left R;-module X;, for R; = e, R'e}; (i €
{1,3,5}), is the quotient of e,;R' ® N modulo the relations

r®yz—zANy)®@z (v e€e,R, ye M;j z€ejN),
and the left A-module P is the quotient of e, R’ © N modulo the relations
rRyz—a2A\y)®z (ve€e;R, ye My, z€eiyN, i€ {2,4}).
The ring 0~ R acts on the left of (X, P X3 P X5)" by matrix multiplication.

Proof. The relations defining the X; and P imply that X; = e/.R' ®g N and P =

e @r N = €, R @ N. Denoting

A0 0 0 0
0 A0 A 0
S=(o o D o o],
0 A0 A 0
0 0 0 0 A

we see that Y = (X; P X3 P X;5)" is a left S-module under matrix multiplication and
there is a natural isomorphism of left S-modules n: Y =2 R'®zr N. We can then extend
the S-module structure on Y to an R’-module structure by defining r'y = n~1(r'n(y)),

so that Y and R’ ® g N are isomorphic modules over R'. m
Both the triangular 3-ring and triangular 2-ring cases are then easy corollaries.

Corollary 7.6.3. Let R = R(M, F) be a triangular matrix 3-ring. Suppose an R-
module homomorphism o: Re;; — Ress is given by o(e;;) = £ € Mys. For any
unitary left R-module N, the localization left c~' R-module o~'N is isomorphic to
(P Q P)", where

A B A
c'R=|(C D C
A B A
is the ring defined in Theorem 7.1.1, the left A-module P is the quotient of (A® B @

A) ® N modulo the relations

r@yz—zANy)®z (€ A@B®A, ye M,;, z€ej;N, ie€{l,3}),
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and the left D-module @) is the quotient of (C'® D & C') ® N modulo the relations
rRyz—aNy)®z (re€eCeDSC, ye My, z€ejjN).

The ring 0~ 'R acts on the left of (P Q P)" by matrix multiplication. ]

Corollary 7.6.4 (Sheiham, 2006 [29, Thm. 2.12]). Let R = R(M, F') be a triangular
matrix 2-ring. Suppose an R-module homomorphism o: Re;; — Reoy is given by
o(e11) = & € Myy. For any unitary left R-module N, the localization left o' R-
module o~ N is isomorphic to (£), where c™'R = My(A), A is the initial object
in the category € (R(M, F),§), and the left A-module P is the quotient of A*> ® N
modulo the relations

r@yz—zANy) @2 (v €A ye My, z€eyN, i€{1,2}).

The ring Ms(A) acts on the left of (£) by matrix multiplication. O
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