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ABSTRACT

Relativistic, Continuum Drift-Kinetic Capability in the NIMROD Plasma Fluid Code

by

Tyler Markham, Doctor of Philosophy

Utah State University, 2022

Major Professor: Eric D. Held, Ph.D.
Department: Physics

A 7runaway” electron is an electron that, through a self-reinforcing process, accelerates
to relativistic speeds. At multiple points during tokamak discharges, relativistic runaway
electron (RE) beams can form. RE beams pose a serious risk in the form of severe dam-
age to plasma facing components in ITER and future burning plasma reactors. Early RE
studies used simplified geometric and transport models, but enabled feedback on the overall
plasma evolution. This feedback is important for understanding the evolution of the RE
current column. The work in this thesis is an important step toward self-consistently evolv-
ing an RE distribution in the plasma fluid code NIMROD. While the long-term goal is to
predict RE particle and heat loads on plasma facing components in NIMROD simulations
of ITER, this work seeks to verify several 2D phase-space benchmarks involving the lin-
ear and nonlinear relativistic Coulomb collision operators. Completing these benchmarks
required implementation of the hefty, nonlinear Beliaev-Budker collision operator in NIM-
ROD. In order to motivate this, we first demonstrate the need for the nonlinear operator
by presenting the 2D phase space evolution of a low-density RE population according to
the approximate, linearized collision operator. We show that the linear operator does not
conserve momentum or energy for cases involving a diffuse, relativistic population relaxing

back to a non-relativistic background plasma. Other important RE physics in the kinetic



iv
equation, like the electric field acceleration and synchrotron radiation reaction force, is also
presented. After a discussion of our implementation of the Braams-Karney differential for-
mulation of the Beliaev-Budker operator, we show NIMROD simulations that exhibit the

correct 2D phase-space evolution. In particular, we show successful benchmarking of the

NIMROD and NORSE codes for the case of thermodynamic equilibrium.

(106 pages)



PUBLIC ABSTRACT

Relativistic, Continuum Drift-Kinetic Capability in the NIMROD Plasma Fluid Code

Tyler Markham

A 7runaway” electron is an electron that, through a self-reinforcing process, accelerates
to relativistic speeds. At multiple points during tokamak discharges, relativistic runaway
electron (RE) beams can form. RE beams pose a serious risk in the form of severe damage to
plasma facing components in ITER and future burning plasma reactors. Early RE studies
used simplified geometric and transport models, but enabled feedback on the overall plasma
evolution. This feedback is important for understanding the evolution of the RE current
column. The work in this thesis is an important step toward self-consistently evolving an RE
distribution in the plasma fluid code NIMROD. While the long-term goal is to predict RE
particle and heat loads on plasma facing components in NIMROD simulations of ITER, this
work seeks to verify several 2D phase-space benchmarks involving the linear and nonlinear
relativistic Coulomb collision operators. In particular, we show successful benchmarking of

the NIMROD and NORSE codes for the case of thermodynamic equilibrium.
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CHAPTER 1
INTRODUCTION

A “runaway” electron (RE) is an electron that, through a self-reinforcing process,
accelerates to high speeds. At multiple points throughout tokamak operation, relativistic
RE beams can form. Thermal quenching in tokamak plasmas lead to rapidly decreasing
temperature and increased resistivity. Under normal tokamak operating conditions, the
electric-field used to drive toroidal current does not lead to substantial RE generation.
However, due to the rapid change in the plasma’s resistivity from the thermal quench, large
inductive electric fields are generated. Introduction of such large inductive fields can cause a
substantial fraction of the electrons in the plasma to “runaway”. Additionally, the increased
resistivity drives tearing modes and large magnetic islands, as can be seen in Figure 1.1 (Izzo
et al., 2011). This then leads to field-line stochasticity. As a result, REs can then run along
the magnetic field to the inner wall of the tokamak.

Due to the potentially catastrophic consequences that high-energy REs can have on
plasma facing components during tokamak operation, a great deal of research has gone into

studying the mechanism(s) by which they are produced. In 1959, Dreicer proposed that

Open fieldlines

Stochastic
fieldlines

Zim)

| Closed fieldlines
on axisymmetric
. flux surfaces

Magnetic
islands

Figure 1.1: Poincare plots of magnetic field lines in ITER simulation at 1.30 ms.



there existed a critical electric field (often referred to as the Dreicer field) given by

3

nee’ In A

Ep=_—5—s, (1.1)
Admegmevi,

where n, is the electron number density, e is the elementary charge, In A is the Coulomb
logarithm, ¢g is the permittivity of free space, m. is the mass of an electron, and vy, is the
electron thermal velocity (Dreicer, 1959). The Dreicer field is described as the electric-field
past which the electric-force acting on an electron is greater than the collisional friction
force. However, this critical electric-field is derived using non-relativistic mechanics, hence
it is not ideal for REs that can take on relativistic speeds. Relativistic corrections to the

critical field were made by Connor & Hasties (CH) who derived

2
Ecp = (”g) Ep, (1.2)

where ¢ is the speed of light (Connor & Hastie, 1975). Upon inspection of (1.2), the CH
critical electric-field is very closely related to the Dreicer field. One thing it provides, that
the Dreicer field does not, is a lower limit on the critical field. This explains why REs
were not always generated according to the Dreicer mechanism. Moreover, it provides a
mechanism by which REs can rejoin the bulk population.

Additionally, any process that excites even a small population of electrons can cause
the RE population to grow exponentially through an avalanche process. Electron avalanche
can occur in tokamak plasmas when electrons collide with neutral atoms. This collision
causes impact ionization, which in turn can generate more REs. As seen in Figure 1.2,
Rosenbluth showed that prior predictions of avalanche growth rates are underestimates for
low electric-fields (Rosenbluth & Putvinski, 1997).

Currently the world’s largest tokamak, the International Thermonuclear Experimental
Reactor (ITER), is under construction in southern France. Expected power output for
ITER is 500 MW, core with a core temperature of 150 million degrees Celsius and a plasma

radius of 6.2 m (ITER, n.d.). Given the fact that RE generation is predicted to be more
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Figure 1.2: Ratio of runaway growth rate calculated by Rosenbluth’s Monte Carlo code.
Here Z is the effective atomic ion number for the background plasma.

likely in larger tokamaks like ITER, further study into the evolution REs, and the conditions
under which they form, is an important topic of study for disruption mitigation.

Early attempts to model REs used simple geometric and transport models, but enabled
feedback of the RE current on the overall plasma evolution. This feedback is important
for understanding the evolution of the RE current column so that better techniques can be
developed to prevent RE current columns from hitting the wall. Much of the research to
date has progressed by either simplifying momentum-space or physical-space dynamics. In
this thesis, we shall simplify the physical-space dynamics.

While the long-term goal of this research is to predict RE particle and heat loads on
plasma facing components in NIMROD simulations of ITER, this thesis seeks to verify
several 2D phase-space benchmarks involving the linear and nonlinear relativistic Coulomb
collision operators. NIMROD is a multi-fluid extended magnetohydrodynamics (MHD) code
used in simulations of the macroscopic stability of magnetic fusion energy experiments like
tokamaks (Sovinec et al., 2004). In order to motivate our RE work, in Chapters 2, 3, and 4,
we first build the theory required to describe the relativistic Boltzmann equation, which is
then simplified to the Beliaev-Budker operator for the small momentum transfer limit. The
need for the nonlinear operator is then motivated in Chapter 5 by presenting the 2D phase
space evolution of a low-density RE population according to the approximate, linearized

collision operator. We show that the linear operator does not conserve momentum or
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energy for cases involving a diffuse, relativistic population relaxing back to a non-relativistic
background plasma. Verification of other important RE physics in the kinetic equation, like
the electric field acceleration and synchrotron radiation reaction force, is also presented.
After a discussion of our implementation of the Braams-Karney differential formulation of
the Beliaev-Budker operator in Chapter 6, we show NIMROD simulations that exhibit the
correct 2D phase-space evolution. In particular, we show successful bench-marking of the
NIMROD and NORSE codes for the case of thermodynamic equilibrium. We conclude in
Chapter 7 with a discussion of future work on building a successful coupling of RE physics

in the NIMROD code.



CHAPTER 2
SPECIAL RELATIVITY FRAMEWORK

2.1 Relativistic Mechanics and Electromagnetism

Since the ultimate goal is to provide a kinetic description of the plasma using a single-
particle distribution function defined in a 6D phase-space, we first look to define the four-
vector analogues to x and p. In 4D position space the square of the length of a line element

in Cartesian coordinates in the lab-frame is given by

datdx, = —c2dt? + da? + dy? + d2?

= N datds”, (2.1)

where 2 = (ct, 2%) is the four-position. The rank two tensor 7, is known as the Minkowski
metric, which is the metric for 4D Cartesian coordinates. In general, we denote any arbitrary
metric by g,,. In this thesis, we shall assume the Einstein summation convention for
repeated indices. Additionally, unless stated otherwise, Greek indices will range from 0-3
and roman indices will range from 1-3.

Next, we define the proper-time 7 as the time experienced by an observer traveling at
the same speed, and located at the same position, as the origin of the particle’s reference
frame, or dz*dx, = —c*dr?. Using this expression, (2.1), and the invariance of (2.1), the

relationship between proper-time and time can be shown to be given by

1 dz\? dy 2 dz\?
dr 1 62 <<dt> +(dt> +<dt> dt

Il
R
. —
|
Qw‘ ew
QL
~

(2.2)
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Additionally, it should be noted that the proper-time is a scalar, i.e. it does not
transform under any coordinate transformation. This concept is more easily understood by

considering the general form of proper-time differential:

1

dr = =/ —gudrtdx”. (2.3)
c

As can be seen in (2.3), the right-hand-side (RHS) is comprised of three tensors with all
indices contracted, which implies d7 is a scalar and therefore does not transform. However,
if we further assume that we are unconcerned about transforming our time coordinate, and
restrict all transformations to be time-independent transformations such that the trans-
formation on the spatial coordinates are curvilinear, then ggo = —1 and 2° = ct in all
coordinate transformations under this constraint. Applying this constraint, (2.3) reduces

to

1 —
T C\/ gooaxr-ax Gij AT AX:

1 o
=1/1- ngijvzzﬂdt

(2.4)

Note that this is simply a consequence of the invariance of three-vector magnitudes in
3D position space under spatial curvilinear transformations. Ergo, the relationship between
time and proper-time still holds under these types of transformations. However, a 4D
curvilinear analogue would require the time component to transform as well. As a result, it is
important to note that throughout this thesis, when we say that something is invariant under
“curvilinear transformations”, we are only referring to the time independent transformations
of the spatial components normally used in 3D position space. The only instance in which
we will transform the time coordinate will be under a Lorentz transformation, which will

be discussed in more detail in a later section.



7

Now that we have established our approach, we define a few more parameters. The
general prescription to convert 3D non-relativistic vectors defined by time-derivatives to
the 4D relativistic ones is to “upgrade” derivatives with respect time to derivatives with
respect to 7 and replace three-vectors with their four-vector equivalents. For example, the
four-velocity u* is given by

ut = . = (ye,yv"). (2.5)

This procedure ensures that the resulting vector is in fact a four-vector and is therefore
covariant. Following this procedure we can also define the four-momentum and four-force

(sometimes referred to as the Minkowski force) p#* and K* by

p" = mu (2.6)
dp*

Kt=— 2.7
v (2.7

where m is the mass. A direct consequence of this “upgrade” is that the magnitudes of the
four-vector analogues are invariant under any transformation. Using the example of the

four-velocity again, it can be seen that in Cartesian coordinates:

ufuy, = —~2c? 4 4202 (2.8)
12
2 2
=—c (1_52> (2.9)
62
= (2.10)
Note that utu, = —c? is a coordinate independent statement since c is a scalar. This is

due entirely to the tensorial nature of z* and the the invariance of 7.
With basic definitions out of the way, we turn our attention to electromagnetism in

special relativity. First, we define the Faraday tensor F),, as

F;w = 2V[MAV}, (2.11)
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where A¥ = (<I>/c, Ai) is the four-vector potential, V, is the covariant derivative with
respect to z#, ® is the electrostatic potential, and A? is the three-vector potential. The
brackets around the indices in (2.11) denote the anti-symmetric part of the tensor over
the enclosed indices. Technically, the Faraday tensor is defined in terms of the covariant
derivative V,, which when operating on an arbitrary four-vector V,, and an arbitrary rank

two tensor V,,, is given by

ViV = 0.V, — T, Va (2.12)

V,quz)\ = auvu)\ - PZV‘/p)\ - PZ)\VVpa (213)

where Ffw is the connection.
We can simplify the expression in (2.11) by assuming a metric compatible connection,

or a connection that satisfied the the condition:
v,ugl/)\ = augy)\ - Fzygp)\ — FZ)\ng = 0. (214)

Since the metric is always symmetric, solving for Fﬁy yields the Christoffel connection

1
F;)\w = §g>\p (augup + 8ugp,u - pg,uzx) ) (2.15)

which is symmetric in its two lower indices by construction. By choosing this connection,

(2.11) reduces to
Foy = 20,4, (2.16)

At this point, we need to now relate (2.11) to the relativistic version of Maxwell’s

equations. In Cartesian coordinates, the spacetime and spatial components of the Faraday



tensor in the Lorenz gauge are given by

E.
Foi=—— (2.17)
c
Fi;j = 5z'jkBka (2.18)

where ¢, is the 3D Levi-Chevita symbol and B' = 6ijk6jAk. While (2.17) is invariant
under curvilinear transformations, (2.18) is not, since the Levi-Chevita symbol is not a
tensor. Hence, by the Principle of General Covariance (PGC) we must find the tensor
analogue to ;. Luckily this is easily done by noting that &;;, transforms as a tensor
density.

Following Carroll’s procedure (Carroll, 1997) for constructing the Levi-Chevita tensor

for the 3D case, the 3D Levi-Chevita tensors (in its raised and lowered forms) is given by

€ijk = \/ ’g’eijk (219)
eijk _ 1 ..

~

gk, (2.20)

where g=det (g,,,). For curvilinear transformations, /|g| = hihohs, with the h;’s defined
as the corresponding curvilinear scale-factors. With Levi-Chevita tensor now defined, the

last thing to do is to upgrade (2.18) and the definition of the magnetic field to

Fij = EijkBk (221)

BF = €17%9; Ay, (2.22)
The covariant forms of Maxwell’s equations are given by

YV, " = g J* (2.23)

Vi Fo =0, (2.24)

such that pg is the magnetic permeability in a vacuum, J* = (pc, Ji) is the four-vector
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current density, p is the lab-frame volumetric charge density, and J is the 3-vector current

density. Utilizing (2.21) and (2.22) to unpack the p = 0 component of (2.23) yields

pope = 9, F% + 19 FA 4 1v, FOA

_ %@Ei + C\}mai (Vigl) 2,

which only occurs for a time-independent metric. Combining both terms on the RHS using

the product rule gives us the final result

1

Vldl

where g as the vacuum permittivity. Note that the left-hand-side (LHS) of (2.25) is just

8¢< IglgijEj) = ﬁ, (2.25)

the curvilinear form of the divergence in a coordinate basis, which only differs from its
orthonormal analogue by its corresponding scale-factor (e.g. in spherical coordinates ey =
rsin(f)¢p). Thus, (2.25) is just the differential form of Gauss’s law. The inverse metric
is introduced simply to reproduce the same format of the divergence as found in most of

physics literature. Following a similar procedure, the p = i component yields
GijkajBk = ,LL()Ji + ,LL()E()atEi, (2.26)

which is exactly the Maxwell-Ampere law.

An equivalent representation of (2.24) is given by
", F,\ = 0.

Note that the covariant derivative reduces to partial derivatives for the same reason shown
to prove (2.11). The 4D Levi-Chevita tensor €47 is analogous to (2.20) with the convention
Yk = ¢k (some authors put a minus sign in from of the 3D version). The p = 0 component

becomes

—— (Vlalg"B;) = 0. (2.27)

Vldl
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which is just V- B = 0. For y = i we have

0= einkf%ij + EijOkajFok + EijkOFk;o
1 .. 9
= ——cky, (ejlel) — Z€ikg; B,
C &

= —0,B" — 9%, F..
Therefore, the 1 = i component of the Bianchi identity is
k9, By, = —0,B", (2.28)

or Faraday’s law.

For curvilinear transformations, Maxwell’s equations retain their non-relativistic form.
It is important to note that restricting our transformations in this manner is only appro-
priate when sources of strong gravitational fields are absent. By this we mean that while
we are always free to restrict our transformations in this way, strong gravitational fields
introduce significant spacetime curvature, which would make it disadvantageous to restrict
our transformations in such a way. However, since our intent here is to study relativistic
electrons, which have incredibly small mass, in a local lab-frame environment on Earth, we

can safely restrict our transformations in this manner.

2.2 Lorentz Boosts and Einstein’s Velocity Addition

The last topic to be discussed in this section concerns the transformation laws in special
relativity due to a change of reference frame. Specifically, we will derive the general Lorentz
boost in order to determine the expression for the relative velocity. For the sake of simplicity
we shall consider first a boost only in the z-direction and then generalize to a boost in an

arbitrary direction. From the invariance of the da*dx, in (2.1), in Cartesian coordiantes:

—A2di? + da? + dy? + d2? = = (dt')? + (do')* + (dy')” + (d2)*.
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At this point, we must ask ourselves what types of transformations we are willing to
consider. A translation (i.e. 2’* = x# 4 a* where a* is a four-vector of constant magnitude)
clearly leaves the space-time interval invariant, but is not useful to consider for our purposes
since the translation simply vanishes after taking the differential. If we take as an axium
Finstein’s hypothesis of the homogeneity of space-time and the isotropy of space, then
the transformation is linear and is independent of space-time. In this section, we shall
only consider the impact of “boosts” in space-time (differences in measurements due to
relative speed). One may also consider the impact of rotations, but since the ultimate
goal of this section is to determine the form of the relative velocity, boosts are sufficient.

Mathematically, such a transformation can be expressed as
dz* = A* da”, (2.29)

such that A% satisfies

Nuv = nApA)\Hpr (230)

or in vector notation n = ATnpA. Conceptually, what we have just done is reinforce the
PGC.

If we denote the lab frame as K and the boosted frame as K’, and assume that dx =
vpdt, where vp, is the instantaneous relative speed between the two frames (where the F

denotes that the velocity is that of the new frame), then (2.29) can be represented as

cdt! A% A% 0 O] |edt
da’ Ay Ay, 0 0f |de
_ (2.31)
dy’ 0 0 1 0| |dy
dz’ 0 0 0 1| |dz
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Writing out 9o, 711, and 701 in (2.30), we get the following system of equations:

_ (A00)2 + (A10)2 — 1 (2.32)
— (%) + (AY) =1 (2.33)
—(A%) (A%) + (A1) (AYy) =0. (2.34)

Though (2.32)-(2.34) is an under-determined system of equations, a clever choice of parametriza-
tion, and (2.31), will help us find a solution. Letting A°; = sinh ¢ and Al = sinh 1), where
¢ and 9 are arbitrary functions, and plugging these new expressions into (2.32)-(2.34), we

find that

AOO = /1 + sinh? ¢ = cosh ¢
Ay = /1 +sinh?¢) = cosh ¥

¢ =1p.

I

Defining this particular transformation matrix as (A;)",, we now have

cosh ¢ sinh ¢ 0 0
sinh cosh 0 0
(Aﬂf)uu - ¢ Qs
0 0 1 0
0 0 0 1

Now, after taking the z-equation from (2.31) at the origin, and some algebra, we get the

condition
VR
tanh ¢ = ——=,
c
or
. FUF
sinh¢ = — R
c

cosh¢ = yr,



14

where g is just the Lorentz factor for v.— vp. Therefore, the Lorentz boost matrix for a

boost in the x direction from K to K’ is given by

YF —YFUFz/C 0 0
—YpURz/C YR 0 0
(A", = ’ (2.35)
0 0 1 0
0 0 0 1

Note that plugging (2.35) into (2.31) yields the well known 1D Lorentz transformations:

dt' = ~p (dt - ”Cf;‘” dx) (2.36)
dz’ = yp (do — vpedt) (2.37)
dy' = dy (2.38)
dz' = dz. (2.39)

For (2.36)-(2.39), we can generalize to an arbitrary frame velocity pointing in an arbitrary
direction. In general, we say that dx = v,dt, where v, is the z-component of the particle
velocity. Furthermore, the expressions for time-dilation and relative velocity in this case

can be derived by dividing (2.36) by dt and dividing (2.37) by d¢’. Doing so yields

dr'

Vg UFy
= (1- ) 2.40
dt VF( c2 ( )
v = T (2.41)

As we have just shown, finding the Lorentz boost in one direction, when the two frames
are collinear, is relatively straight forward. However, what we desire is the general boost
for an arbitrary v. The rigorous way to do this involves the application of Lie theory, and
requires a great deal of calculation. Alternatively, we could take the exact same approach
as before, but now we would have a system of 16 equations to solve. Instead, we will make

a rotational argument to get the general form of the Lorentz boost.
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To generalize (2.35), we will effectively take the K’ frame and rotate it to an arbitrary
orientation relative to the K frame, thereby allowing for the frame velocity to point in
any arbitrary direction. Under such a transformation, the time component should not
transform, while space-time and spatial components will transform like 3-vectors and 3D
dyadic tensors, respectively. Enforcing these transformation properties and ensuring that
the general form reduces to (2.35) guarantees the correct general form. Hence, we will
simply rewrite the components (2.35) in terms 3-vectors and 3D dyadic tensors.

In the 1D case, vpy = vp and vpy = vp, = 0. Consider (AZ)OO for vp, # 0 and
vp, # 0. The Lorentz factor is a scalar under SL transformation. Ergo, we have A, = vp.

For (A,)" o and (Ax)oi, we can rewrite these components in 3-vector notation as

i VFU%
N — 2.42
0= (2.42)
FUF;
A0, =7 o (2.43)

The tricky part of (2.35) to generalize is (Am)Z ;- The trick is to decompose this part of the

matrix into 3-covariant pieces, or

(A) ;=10 1 o|+]| o0 0 0
0 0 1 0 0 0
1 0 0 VFzVUFz VFzVUFy VFzVUFz
vr—1
=10 1 0| + v2 VFyUFg VFyUFy VEyVUFz
F
0 0 1 VF2VFy VFzVUFy VFzVFz

By inspection, the spatial components are given by

A=t _ 1)U 2.44
i ]+(7F ) 2 - ( )
Vg
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Therefore, the general Lorentz boost is

VF —ypLy
A UFz _ ”2@ _ UvaFy _ 'UFI'UFz
o | L+ (-1 (r-1) Y (vr = 1)"52 045
v VFry VFyVFzx FU VFyVFz . ( ' )
—yp—t ('YF_l)JUi% L+ (v = 1) ) (vF—l)T
—pE (- DU (yp— 1)U 14 (rp— 1) %
L F F ’UF .

Thanks to (2.45), we can now find the general form for the instantaneous relative
velocity (henceforth we shall simply call this the relative velocity) Therefore, the logical

choice would be to boost the four-velocity or

ut = A" . (2.46)

Note that an equivalent representation of the transformed four-velocity is v'* := (v'¢,7'v™).

Ultimately, we wish to know what v is. Unfortunately, we do not know how the Lorentz
factor transforms in this frame yet. However, this information is stored in the time compo-

nent of (2.45). Unpacking the p = 0 component and using u"® = /¢ yields

0 = A%u0 + A%

/ V",
Y EC=YVYFC = VVF

C

"
Y =y (1 - can> : (2.47)

Now that we have 4/, taking the y = ¢ component and dividing by this factor shows that

the relative velocity is

. 14
Vi — %
1 ; 1
= — |=7FvE + " v (vF — 1) (VvEn) vR
v U
1 L, 1 1 ,
S [ g (o) W] e
o F
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Though the above expression for the relative velocity is correct, the correction to the non-
relativisitic Galilean transformation v/ = v — v is not obvious from this form. The usual
prescription to remedy this is to utilize the BAC-CAD vector identity, which in index

notation, and Cartesian coordinates, takes the form

e epimupjvpv™ = (V" vp,) v — VRV (2.49)
(2.49) lets us rewrite (2.48) in vector notation as
1 vr — 1
vV =— v—vF—< )VJ_:|, 2.50
v | - (2:50)

where v = vp x (v X vp) such that v = v +v_.
The form given in (2.50) makes it much easier to see the relativistic corrections to the
Galilean relative velocity. In particular, the denominator is simply a consequence of general

expression for time-dilation

dt’ VU,
— = 1-— . 2.51
= (1- 55 (251)
The previous equation is derived by applying the general boost to z* and taking the p =0
component. The only other correction is the v, term, which shall be referred to as the

non-collinear term. Note this disappears when the two frames are collinear. Moreover, for

v<Lcand vp L ¢, vV &V — vp.
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CHAPTER 3
RELATIVISTIC SINGLE-PARTICLE DESCRIPTION OF A PLASMA

3.1 Relativistic Lagrangian of a Charged Particle
In classical mechanics, Hamilton’s principle of least action defines the Lagrangian L

for a single particle as the time derivative of the action .S, or

to
S= [ Lat, (3.1)

t1

such that 6S = 0, where 65 is the so called “variation” of S. Hence, Hamilton’s principle
requires that the action be a scalar. Non-relativistically, time is considered to be absolute
and is therefore invariant, forcing 6 L = 0. To construct a relativistic analogue to Hamilton’s
principle, we will need to apply the same upgrade method that we did in the previous section.
There are two different ways that we can accomplish this.

The first way would be to construct a fully covariant variational principle, with a

covariant Lagrangian £ related to the action S by

T2
3;/ L dr, (3.2)
T1

where £ = L (z#,u") and S is not necessarily S. Note that this Lagrangian does not
preserve the classical Euler-Lagrange equation. The covariant Euler-Lagrange equation can
be derived in the same manner as the classical one, but with z* and u* as the parameters

to be varied and dz* vanishing at the endpoints. Varying (3.2), and utilizing integration by
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parts on the term containing du*, we find that

0S8 = /nTQ ($6m“ + %5 <(iix:>> dr
S [ (L (2 o) o
[ (-G
Enforcing 0.5 = 0 yields the relativistic Euler-Lagrange equation

OR

oxt out

Alternatively, we could simply make use of the relationship dt = vdr to upgrade (3.1)

to

P
S E/ ~vLp dT, (3.4)
1

where Lrp = Lp (:):i,vi,t) is the relativistic analogue to the classical Lagrangian. The
subscript on the Lagrangian is simply a means of distinguishing the Lagrangian in the
v ~ c regime. Note that the Lagrangian in (3.4) preserves the original Euler-Lagrange
equation. We shall derive both relativistic forms of the Lagrangian.

While (3.4) looks fairly intuitive, the limitations of this form comes from the limited
number of four-vectors we have to construct invariants with. If we wish for Lr ~ L when
v & ¢, then we should choose our invariants such that the equations of motion reduce to
the equations of motion generated by the non-relativistic Lagrangian for an ionized plasma:

1
L(x,v,t) = va2 —q®P +qv-A. (3.5)

In other words, we will require that 6L ~ 0L in this limit. To imitate terms of (3.5) for
a relativistic Lagrangian, we will further break up the action in (3.4) into S = Sg + Sgu,
where S is the free-particle contribution and Sgjs is the electromagnetic contribution.

The Lagrangian is split up in the same manner.
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First, we will consider the free-particle Lagrangian Lrp. The kinetic term in (3.5)
suggests that the contraction u*u, = —c? provides the correct analogue to v2. To account
for possible coefficients in front, we will pick YLrr = —ac?, where a is an arbitrary constant.

For v < ¢, Lrp =~ § (cw2 / 2). Hence, a = m and the free-particle Lagrangian is given by
Lpr = —mc*\/1 - =. (3.6)

Analyzing the remaining terms in (3.5), the intuitive choice for Lrgys’s invariant is u# A, =
—y®+~v°A;. Note that this invariant is identical to the last two terms in the non-relativistic

Lagrangian for v < ¢ save for the g out front. Therefore, Lrgs is just
Lren = —q® + qu'A;, (3.7)

which is exactly the same as the classical version. Finally, combining (3.6) and (3.7), the

total relativistic Lagrangian for a single charged particle is then

Z .
LR:_mc%/l—%—quqlei, (3.8)

which produces the same equations of motion as (3.5) when v < c.

Having determined the invariants that describe the correct kinetic and electromagnetic
behavior, they can again be used to determine the form of the covariant Lagrangian, albeit
with a different coefficient on Lp. Following the same procedure as the non-covariant

formulation, it can be shown that the covariant version of (3.8) is
L= - A 3.9
= 5mu uy, +quitA,. (3.9)

The key difference between the covariant and non-covariant forms of the Lagrangian is the
covariant version is a scalar, while the non-covariant one is only invariant under curvilinear
transformations. As we will see, this choice has a significant effect on the construction of

the relativistic Hamiltonian.
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3.2 Conjugate Momenta and the Relativistic Hamiltonian
The construction of both relativistic Hamiltonians follows the same procedure as in

classical mechanics, or

Hr=Po' — Lp (3.10)

H =P’ — L, (3.11)

where P; are the conjugate momenta corresponding to the non-covariant Hamiltonian Hpg
and P, are the conjugate momenta corresponding to the covariant Hamiltonian H. The
conjugate momenta for each are defined by the term inside the time/proper-time derivative

in their respective Euler-Lagrange equations. These momenta are given by:

 — %ﬁf (3.12)
oL
W= o (3.13)

For the time being, we shall assume that scalar and vector potentials are independent of
the particle velocity. Therefore, under this assumption, the conjugate four-momentum is

given by

Py =pu+qAu (3.14)

and the non-covariant conjugate momenta are given by

Py =pi+qA;. (3.15)

Upon inspection of (3.14) and (3.15), we can see that P, = P;. Conceptually, this tells us
that the choice to use the non-covariant Lagrangian formulation has effectively confined us
to move along a surface in 8D phase-space, reducing the effective number of dimensions down
to six. Additionally, we shall use P, — P, to represent the components of the conjugate

momenta for the covariant formulation since the spatial components of the covariant case
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overlap with the conjugate momenta in the non-covariant case.
With all conjugate momenta found, applying the transformations described by (3.10)

and (3.11) yields the following covariant and non-covariant Hamiltonians

Nz
H = g% (PP, — 2qP,A, + ¢*A,A,) (3.16)
9"

where both Hamiltonians are written in terms of their respective independent variables (i.e.
(x#, P*) for the covariant case and (x!, P*) for the non-covariant case). Note that we can

express (3.17) in the simpler form

Hp =€ + q, (3.18)

with relativistic energy denoted by £ = ymc?. Note that p’c = £ and qA%c = ¢®, which
implies that P® = Hp/c. Therefore the covariant conjugate momentum can be expressed as
PH .= (Hp/c, P"). Ergo, the covariant formulation implicitly stores the information gained
from the non-covariant approach as components of the covariant approach’s conjugate four-
momentum. This suggests that the non-covariant approach contains the same relativistic
mechanics as the covariant approach, but in a somewhat less organized manner. However,
it should also be noted that (3.18) holds a much closer relationship to the non-relativistic
limit than (3.16). Since a well-defined non-relativistic limit is ideal for numerical studies,
we shall opt to use this form of the Hamiltonian.

Lastly, we now wish to know the equation of motion our particle obeys. In order to
construct a 6D phase space with independent variables (x,p,t), we will not be able to use
Hamilton’s equations the get said equation of motion, since p is not the canonical momen-
tum. However, we can address this complication by utilizing non-canonical Hamiltonian

theory.
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3.3 Non-Canonical Hamiltonian Theory for Single-Particle Motion
The ultimate goal of this section is to derive the equation of motion for a relativistic
charged particle in an electromagnetic field, assuming a velocity independent four-vector
potential. For this section, our derivation of non-canonical equations of motion follows
almost the exact same procedure laid out by Cary (Cary & Brizard, 2009). Additionally,
we will generalize the 3-position z? such that z* — ¢*, where ¢’ is the generalized position.
We first start with (3.10), which we rewrite in a slightly different form below for con-

venience:

L= P4 —H, (3.19)

where the dot indicates the total time derivative with respect to the lab-frame time. Sub-
scripts used in previous sections to distinguish between covariant and non-covariant formu-
lations have been suppressed. Let the ¢' = g(2%,t)", where z* = (¢',p') is a 2N dimen-
sional vector containing the new non-canonical position in the first N degrees of freedom,
while the other N degrees of freedom contain the new non-canonical momentum, such that
a=0,1,--- ,2N. The indices 8 and ~ will also use the same range of values as a.. All other
Greek indices will retain their original range from 0-3 from special relativity. We will leave

these coordinates arbitrary for the sake of generality for now. Expanding ¢ yields:

i = 68‘1: + 20 gga (3.20)
Substitution of (3.20) into (3.10) gives the new transformation equation
L=A 3% — (3.21)
with A, and 47 given by:
Ao = ig (3.22)
w=m-p (3.23)

E-
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Here, A, 2% represents the symplectic part of the Lagrangian and .7 the Hamiltonian part.

As mentioned in the previous section, the non-covariant formulation preserves the orig-
inal form of Lagrange’s equations, regardless of coordinate choice. Hence, Lagrange’s equa-
tions in non-canonical coordinates are

d (0L oL

Utilizing (3.21), (3.24) can be re-written as

ONo  OM .5 ONg OK
+2f =8

ot 0z 0z% 0z«

%_8/\& %_OAQ+8%

022 928 ) dt Ot 0z

By defining the so called “Lagrange matrix” (or the symplectic form) as

C0As 0A,
Waf = g0 T 98

(3.25)

and the so called “Poisson matrix” (or the inverse symplectic form) II*7 such that II*7w, g =
5 (and doing a little algebra), (3.24) simplifies to the general form for Hamilton’s non-

canonical equations of motion:

dz® 118 OH OP; 04" OP; 0¢

dz2 oH _ . 2
&t 928 T ot 9.8 928 ot (3.26)

A useful way to check (3.26) is to let z* := (z¢, P?), i.e. canonical coordinates. If
the coordinate choice is canonical, then the RHS of (3.26) should simply reduce to usual

Poisson bracket form
dZa o aﬁ aH o

— = ={z%H 2
o= oS = (" HY, (3.27)
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where 0P is the fundamental symplectic form given by:

Oap = . (328)

To check this, we need to introduce some new notation. To make the calculation of wqg,
and other 2N dimensional tensors, more intuitive, we define un-primed roman indices to
run from 1 to N and primed indices to run from N + 1 to 2N. For example, consider the
case of N = 3 (which is what we will be assuming most of the time). If ¢ is the index in
question, and i = 1,2, 3, then this implies that ¢/ = 4,5,6, or i/ = 7 + 3. For arbitrary N
we can simply relate primed indices to their un-primed counterpart by adding N to the
un-primed index.

A more convenient form of (3.25) for calculating wqg is

OPk a¢t  oPF d¢
Wb = Tkl (aza 928 928 8z0‘> (3:29)
Note that choosing z* := (2%, P?) yields the following components for wqg:
Wij = Wjrjr = 0 (3.30)
Wirj = —Wijr = Nijy (3.31)
or
0 =1
Wap i= L (3.32)
Timn 0

The inverse symplectic form II1%? is simply the inverse of the above expression, which implies
that T1%% = ¢ for canonical coordinates. Moreover, the second and third terms in (3.26)
vanish identically since 2' and P? are independent of time given this choice of coordinates.
Hence, (3.26) reduces to (3.27) when 2% := (2%, P?).

Now we turn our attention to finding the equation of motion for a charged particle

moving in a velocity independent four-vector potential. Without loss of generality, we shall
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let ¢ replace ¢* as the canonical position to avoid confusion with the particle’s charge g.

Letting 2% := (2, p’), where p’ is the particle’s momentum, from (3.15) and (3.29) we get

dA; DA,
Wij =g (axZ — 83;J) = quj (3.33)
Wyt jr = 0, (335)

or in the matrix representation:

Therefore, the inverse symplectic form can be represented by

0 nmn
s .= . (3.36)

T

Note that the only difference between (3.36) and ¢®? is the i’j’ block. This change is
a direct consequence of the four-vector potential’s influence over the particle’s trajectory
in a non-conservative manner. Mathematically, this influence appears explicitly in (3.15).
However, the velocity independence of the four-vector potential is another reason why IT*?
deviates only slightly from o®?. A velocity dependent four-vector potential would alter the
i’j and ij’ blocks as well.

Taking the ¢’ component of (3.26) and substituting in (3.10) and (3.36), the equation

of motion becomes:

dt

9.8 Mgy 9.8
— g [aq) N 3‘41]

' _ s [8H oy axl]

ozl ot

=q [Ez + sijkvak} . (3.37)
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Defining F* = p', (3.37) simply tells us that our particle follows the trajectory dictated by
the Lorentz force, the same as in non-relativistic mechanics. While this may seem odd at
first, it should be noted special relativity time and time again has been shown to be easily
derived from Maxwell’s equations. The Lorentz force law does have a somewhat hidden
caveat though; Newton’s second law only holds for the rate of change of the momentum.
This is easily seen from the spatial components of the four-momentum, or p* = ymwv®. Only
when the particle’s speed is constant will the F* = ma’ form of Newton’s Second Law hold.
While (3.37) contains almost all of the information we need, one might still wonder
what would happen if instead of studying the non-canonical dynamics of H, what would
happen if we had used H instead? In short, there is very little difference between the two
symplectic forms constructed using H and H, respectively. However, as it will be shown,
the covariant derivation will give us some additional information about our system.
Firstly, we would need to upgrade our number of degrees of freedom in position space

to N =4, and let P, — P, and ¢* — u* in (3.19) so that

L=Pu'—H. (3.38)

Following the exact same procedure as before, we would get the following definitions for the

symplectic form and the equation of motion:

OP» dg? QP 9¢P
wWap = e <620‘ 028 928 87;0‘) (3.39)
dz“ OH  OP,0¢* OP, Ogt
gy (27 H Sl it 4
dr [825 o 9.5 9P 87‘} ’ (340)

where T1%? is the inverse of the w,g defined by (3.39). Letting 2® := (z#,p*) and taking
the y/ component of (3.40), 1%’ becomes
0 n’\p

°f .= (3.41)
_n)\p qFAp
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and, after some algebra, the equation of motion reduces to

dp* ¢
= = LMy 3.42
dr m Py ( )

Note that the i component of (3.42) can be written as the following:

dpi

ar [Fiop[) + Fijpj]

[(-5) (mar + (9430 ()|

Cc

Sl 3=

=qv [Ez + z-:ijkvak] .

Dividing the above expression by -, and utilizing (2.4), the above expression is equivalent
to (3.37). Therefore, the spatial components do not carry any new information. The p =0

equation can be expressed, after some manipulation, as

d .
d—f = qE"v;. (3.43)

Hence, the time compoenent gives us the condition for rate of change for the particle’s
kinetic energy, since the rest energy is a constant. Conceptually, this translates into the old
adage: the magnetic field does no work. The only field capable of changing the particle’s
kinetic energy is the electric field. In other words, if the particle’s velocity is perpendicular
to the electric field, or if there is no electric field, then particle’s velocity will remain constant
and simply undergo circular motion about the magnetic field. This concept is consistent
with non-relativistic dynamics of charged particles in electromagnetic fields.

While the condition for constant velocity, in the case of purely circular motion, may

seem like new information, this information can also be obtained by simply contracting
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both sides of (3.37) with p;, which becomes:

dp* ~
i— = qE'p;i

p dt qLrp

1 d, 5 ;
_— = qE"v;.

2ym dt (p ) e

Note that
¢ 1 d

de L 49
dt  2ymdt (p )
gives us back (3.43). Therefore, both the non-covariant and covariant Hamiltonians pro-

duced the exact same information. The covariant formulation simply produces this infor-

mation in a neat and compact format.



CHAPTER 4
RELATIVISTIC KINETIC THEORY AND THERMODYNAMICS

In this chapter, we will initially be following along closely with Cercignani and Kremer’s
derivation of the relativistic Boltzmann equation, equilibrium distribution, and relativistic
first law of thermodynamics (Cercignani & Kremer, 2002). However, we deviate slightly in

regards to notation and definitions for various fluid tensors.

4.1 Relativistic Boltzmann Equation
For the purpose of deriving the relativistic Boltzmann equation, we will first need to

make the following assumptions:

1. Only binary collisions are considered. Since tokamak plasmas are dilute, this is a

reasonable assumption.

2. Both particles are completely uncorrelated prior to the collision. This is the molecular

chaos assumption.

3. We assume that the single-particle distribution function does not change much over a
time-interval larger than the interaction time for a single collision. Additionally, this
time-interval must be shorter than the time between collisions. This assumption also

applies to the change in f, over distances on the order of the interaction range.

4. We will work in 12D phase-space with independent variables (a;ll, pﬁ, a:é, pé, t), where
t is the lab-frame time shared by both particles. However, the final equation will be
in terms of f, as the 2% and p’ dependence will be integrated out due to collisions.
Hence, we will ultimately only need to consider species a’s 6D phase space over the

independent variables (x4, p, ).

The previous numbering system will be used to reference these assumptions through the

derivation.
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We begin by defining the phase space we will be working in by the same phase space
volume element as is done non-relativistically, d3z;d®p;. Note that for the purpose of this

thesis, volume elements will implicitly store their corresponding scale factors as shown below

&3z = /|g|dzida?da? (4.1)

d’p1 = +/lgpldpidpidpt, (4.2)

where g, is the determinant of the the momentum space metric. Note that while, individ-
ually, d®>z; and d3p; are not Lorentz invariant, the product of the two is.

To show this, we first consider the transformation to an arbitrary frame F' moving at
speed vp, along the x-axis. Note that (2.36)-(2.39) also hold in their non-differential forms.
Consider a thin rod placed parallel to the x-axis with endpoints defined by z1, and z1;

(Cercignani & Kremer, 2002). These endpoints as measured in F' are then given by

2, = VF (10 — VELL) (4.3)

'y, =V (T1p — VFst) - (4.4)

Subtracting (4.4) from (4.3) we find that Az} = ypAz;, which is just the 1D concept of
length contraction. Doing the same for the y and z direction, we find that the volume

transforms as:

Az Ay Az = ypAx Ay Az, (4.5)
Taking the infinitesimal limit thus gives us
A3z = ypdizy. (4.6)

Now we turn our attention to d®p;. Fortunately, we can find d3p)| using a somewhat
more straightforward method. In Cercignani & Kremer, 2002 it is proven that for any four-

vector V# such that V¥V, is a constant, the corresponding 3D volume element d3A’ in a
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Lorentz boosted frame F' is related to the lab frame volume element by

34’ 434
AV T A0

(4.7)

Moreover, (4.7) shows that the volume elements corresponding to four-vectors of this type
can be made into ”proper volumes” by simple dividing them by the time component of said
four-vector. Therefore, we can find the boost momentum space volume element by simply
finding the ration of p%/p". Boosting the four-momentum in the same manner as we did

for d3z1, and taking a ratio of the new and old time components, we find that

0/
P 1
—_ = 4.8
P’ (4.8)
Using (4.8), (4.7), and (4.6), we find that
3z d3p) = ddx1d3py. (4.9)

Note that (4.9) is invariant under reorientation of the frame velocity and curvilinear trans-
formations. Therefore, our phase-space volume area is Lorentz invariant in any curvilinear
coordinates and orientation of the frame velocity.

Now that we have properly defined the nature of our phase-space, we can define the

single-particle distribution function f, for species a by

dN,

fa d3.%'1 d3p1 .

(4.10)

Species b’s distribution function and four-position are defined in the same manner with
subscripts of 1 — 2. Note that (4.10) implies by construction that the distribution function
is Lorentz invariant since both the number of particles and the phase-space volume element
are Lorentz invariant.

At a time t+ At, measured in the lab-frame, f, (2%, p%,t) — fao(28 +vi At pi+ FiAL t+
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At). The change in the number of particles in the volume element d3z;d3p; in the time-

interval At is then
AdN, = fu(z% +viAL p! + FiAt, t + At)dDy (t + At) — fo(xb, p,t)dTy (1) (4.11)

with dI'y = d3z,d3p;.

Note that the relationship between dI'y (¢t + At) and dI';(¢) is given by
dFl(t—l—At) = |J1|dF1(t), (4.12)

where J is the Jacobian of transformation at time ¢ + At given by

_ oz

T =
! 8215

(4.13)

such that Z¢ := (2% (t+ At), pi (t+ At)) and 2¢ := (2% (t),p}(t)). Assumption 3 is used here

by keeping terms in (4.13) only up to order one in At, or

OF!
Jix 1+ —L+0(A8). (4.14)

op§
While not explicitly shown here, At? is a factor in every term in the O (At2) part of (4.14).
This fact will become important later. Taylor expanding f,(z} + viAt, pi + FiAt, t + At)

about At = 0 and keeping only terms of order At, (4.11) simplifies to

afa '6fa ‘8ftz 8F1i ] 3 3 2
AdN, ~ [t [ = fo | Px1d®pr At + O (At
[ or T ozt " ltopt * ap} Jo] Fard’pidt 40 (AF)
afa ‘8fa 0 i 3 3 2
= 2l (foFY A At?) . 4.1
[6t+vlax§+ap§(f 1)]daz1dp1 t+ O (At?) (4.15)

The remainder of this derivation will focus on determining the form of the LHS of (4.15)
by calculating the number of particles entering and leaving the volume element d®z)d3p} in
the time interval At’ or

AdN, = dN; —dN,, (4.16)
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where dN;" is the number of particles entering the volume element and dN, is the number
of particles leaving the volume element. These two terms are often referred to as the gain
and loss terms, respectively.

Consider a collision between two beams of particles that travel as speeds v] and v5,
where the primes denote that the velocities are evaluated after the collision. In their own

respective reference frames, the number of particles entering dga?/ld3p’1 can be expressed as
AN =) [ / f;f)d?’ﬂfhcd?’p}m] d*z1d’p), (4.17)
b

where f;gf) is the two-particle distribution function for species a and b before the collision.
Note that the integration done in the bracketed term in (4.17) results in the fraction of
the single particle distribution for species a that interacts with species b inside the collision
cylinder d®z,, = vi,Athdo), where v], is the relative velocity between particle one and
two and do? is the differential cross-section prior to the collision in particle two’s reference
frame. This term is then summed over all potential species that can interact with species a.
It is important to remember that the collisional cylinder volume in (4.17) is, by necessity,
calculated in the second particle’s reference frame, indicated by the subscript R. It is crucial
that the term in brackets is calculated in particle two’s rest frame so that (4.17) is Lorentz
invariant. Unpacking (4.17), and utilizing the molecular chaos assumption f;(b2) = fif], we

find that

an = X[ [ siiptodthactanl] avatan (4.18)
b

Now that we have determined the number of particles entering the volume element
d32,d3p), determining the number leaving it can be done in exactly the same manner,
except that parameters shall be evaluated after the collision (e.g. f, — f,). Therefore, the

number of particles leaving this volume element is given by

dN; = Z |:/ fafbvlgAt2d02d3pR2 d3x1d3p1- (4'19)
b
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Liouville’s theorem tells us that the volume element in phase-space is the same before and

after the collision, which implies that
UlgAtgdUQd pRQd a:ld p1 = ’1)12At2d02d3 2d3 d?’p/l. (4.20)

Therefore enforcing Liouville’s theorem and plugging (4.18) and (4.19) into (4.16), (4.15)

can now be written as

afa zafa
at ol

(faFZ)+O (At) Z/ fofs = fafs) m—dazd pr2,  (4.21)

where the order in the error term was reduced by one due a division of At on both sides
and d3z1d3p; has also been divided out on every term. Since At represents an arbitrary
time-interval, we can reduce the error term to zero by taking the limit of both sides of
the equation as At — 0, and utilizing (2.51). Doing so to (4.21) gives us the “relativistic

Boltzmann equation” or:

0 a Za a ,L U VoL
é}; +v 16f"1 faF Z/ fafy = fals) <1— 2k >1112d02d D2. (4.22)

4.2 The Maxwell-Jiittner Distribution and First Law of Thermodynamics
Since we are interested in solving for the RE distribution numerically, we will ultimately
need a useful analytic initial condition for the distribution function. Moreover, we would like
our initial condition to be the distribution when the plasma. is in equilibrium, i.e. before the
electrons have undergone significant acceleration. In non-relativistic plasma kinetic theory,
the Maxwell-Boltzmann (MB) distribution is this distribution. Ergo, the purpose of this
section is to derive the relativistic analogue to the MB distribution, as well as define new
relativistic analogues to fluid variables and the first law of thermodynamics (FLOT).
First, we must establish the condition by which we define the equilibrium distribution.
The condition for equilibrium is conceptually the same as the non-relativistic case: entropy

production must vanish. To do this, it is convenient to first write (4.22) in the covariant
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form:

9 a 9 ! gl d3
0 macy (JoICE) = S [ (idi = s paion 22 (1.2

a 3p’f

"
1

where p1o = y12mqv12 is the relative momentum between the first and second particle and
K/ is the Minkowski four-force for species a defined in (2.7). Additionally, we shall assume
that K% /0pY) = 0, which is true for the case of the Lorentz force and, trivially, equilibrium.

To determine a form for the entropy production term, we define the entropy four-flow

as

_ i 3 d3p1
St =—k | ufIn(f.h )faT’ (4.24)
1

where h and k are the Planck and Boltzmann constants, respectively. Consider an arbitrary
function ¥y (=4, p'). Multiplying both sides of (4.23) by 1 and integrating over d®p; /1, and
following the procedure in (Cercignani & Kremer, 2002), we can write a general equation

of transfer given by

0 we dpr 101 o], d®p
" — - aK“i oa— = P, 4.2
ozl /wlplf M / Proar T Matte oplf J " 4 (4.25)
such that
1 d3p; 3
P = 4/ (V1 + o — ) — %) (fofy — falb) p12d02%?p2, (4.26)

where P is the production term for the quantity . Thus, to find the entropy production
term, we let ¢¥; = —kIn (fah3) and ¥y = —kln (fbh3). Substituting this definition of 9 into

(4.25), yields the final expression we need:

oSk
— =G, (4.27)
oxlf
with the entropy production ( given by
1 f’f’) <f’f’ d’py dpy
Ek/a 1n<“b @%b _ 1) pradog———"=. 4.28
SRS G) s ) PR (429

Finally, we can begin determining the relativistic analogue to the MB distribution.
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Upon inspection of (4.28), the condition by which entropy production is minimized is given
by fif; = fafs. Note that under the molecular chaos assumption, where the two-particle
distribution function for species a and b is given by fég) = fufp, this is equivalent to requiring
that the two-particle distribution remain unchanged. This condition can also be written in

the following form:
In (foh?) +1n (fh?) = In (f41%) +In (fih°). (4.29)

The form in (4.29) is what is known as a summational invariant form. In Cercignani &
Kremer, 2002, it is proven that for any generalized function or distribution 1 (p#*), v is a

summational invariant if and only if it takes the form
b (p') = A+ Blpy, (4.30)

such that A is an arbitrary scalar and B* is an arbitrary four-vector that is independent of
p". Therefore, In (f,h®) must have the form given in (4.30). Exponentiation of both sides
of this expression yields

fa - NM@B”p“u (431)

where N/ is a constant Lorentz scalar that has absorbed all other constant coeflicients.
Our task is now to determine the normalization constant Nj; and the four-vector B¥.

We do so by first defining the following moments of the distribution function

Ng = / fad®py (4.32)
o o d3p1
nRaUa = UlfaT (433)
d3
T = m, / ub fanl, (4.34)

where n,, is the lab-frame number density, ng, is the fluid-frame density, U/’ is the four-flow,

and T4" is the stress-energy tensor for species a. Note that the relationship between the
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lab-frame density and the fluid-frame density can be found by utilizing the invariance of

Ul'Uqy,. Doing so yields the relationship:

n = yyng. (4.35)

The factor ~y is simply the Lorentz factor such that v — V, where V is the flow velocity.
As previous mentioned, to complete our relativistic equilibrium description, we will also
need to develop a relativistic analogue to the FLOT. It is important to note that the FLOT
is defined in terms of the scalar pressure, which is a contraction of the pressure tensor,
not the stress-energy tensor. Hence, we will need to rigorously define what we mean by
relativistic pressure.

The pressure tensor, as in non-relativistic theory, is defined as the part of the stress-
energy tensor (stress tensor non-relativistically) that is orthogonal to the flow. Consider

the following projection operator

1
Al =68 + C—2U§Uc’l’, (4.36)
with the properties:
ALYA) = AL (4.37)
Al =3 (4.38)
APUY = 0. (4.39)

In the fluid-frame, (4.36) is completely diagonal with components AJ = 0 and A; = (5;
The operator Al projects a given four-vector in a direction orthogonal to the four-flow.
Therefore, applying (4.36) to both indices of (4.34), or P} = AgAETg‘ﬁ (de Groot et al.,

1980), the pressure tensor can be written as

d3
P = ma [ (= aU2) (0 = 7eU) £, SEE (4.40)
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In (4.40), only spatial components along the diagonal exist in the rest frame, hence we
define the scalar pressure in the same way as is done non-relativistically, or ps, = P4),/3.

Therefore, after a fair amount of simplification, the scalar pressure is

1 d3p1
Psa = B/P%zfa%a (4.41)
where pg is the relative momentum in the fluid-frame. Note that in the non-relativistic

limit, the spatial components of (4.40) and the scalar pressure become

P~ ma/v%vﬁfad?’pl (4.42)

1
Psa & 3ma/v%fad3p1 (4.43)

where v}, ~ v} — V/!. Equations (4.42) and (4.43) are exactly the non-relativistic versions of
the pressure tensor and scalar pressure. We have shown this non-relativistic limit to make
a conceptual point. A common misconception regarding the pressure is that it is defined
in terms of the relative velocity in the fluid-frame, and therefore in terms of the relative
kinetic energy. As can be seen from (4.40), this is not the case. Hence the form in (4.42)
and (4.43) are simply the result of a low-velocity projection operator and the scalar pressure
is actually defined in terms of the relative momentum in the fluid frame.

Now that we have properly defined our fluid moments, we can begin to solve for our
under-determined parameter/four-vector. Letting Bl = (z/mqc,0), where z is an arbitrary

scalar, and utilizing (4.32) and (4.33), it can be shown that

NRa?
Ny = 4.44
M 47t (mac)3Ka(2) (444)
z
Bt = Uk 4.45
r= (o) o (1.45)

where K»(z) is a Bessel function of the second kind. Our final task will be to determine the

expression for the scalar z. By defining the relativistic FLOT, we can pin down this last
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constraint. Defining the entropy per particle and energy density in the fluid-frame by

1
o = StU, 4.46
§ NRaC a H ( )
1 9 . d3
NRa€ERa = m/ (p(}){) fa ’Y]191 (447)

and using (4.31) and (4.41), we can write the following relationship between the entropy,
pressure, and energy per particle in the fluid-frame in equilibrium as

kz 1
dsEa = m <d5ERa + ]VapEsadVR> , (4.48)

Note that the subscript of E¥ denotes that the parameter in question is measured in equilib-
rium. Moreover, (4.48) reduces exactly to the non-relativistic FLOT, save for the coefficient
outside the parentheses. Therefore, to enforce the contraint that our new FLOT reduces to

the non-relativistic regime, our parameter z must be

MaC?

B kTE’a ’

Za

(4.49)

where T, is the species temperature in equilibrium. Substituting (5.1), (4.45), and (4.44)
back into the (4.31), and unpacking the contraction in the exponent, gives us the final

expression

fMJ _ NERa e_’YRmaCQ/kTEa.
. drm2ckTr,Ko(mac?/kTEq) ’

(4.50)

which is exactly the Maxwell-Jiittner (MJ) distribution (Jittner, 1911). Note that the MJ
distribution is in fact a Lorentz scalar as implied by the Lorentz invariance of (4.10).
When working with the MJ distribution, it is often more useful to define it using a
normalized momentum s; = p1/mgc (not to be confused with the entropy per particle) and
normalized ”flow-momentum” defined by sy, = vV, /¢, where V, is the magnitude of the
three-flow for species a. Additionally, the temperature dependence will be written in terms

of z, instead. Using this notation and defining the MJ distribution instead over normalized
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momentum space, (4.50) becomes

MJ _ NERa?a —ZaVR 451
fa (Sl) - 47TK2(Z[1)€ ’ ( ° )

where Yy = 17y — 81 - sy. The MJ distribution over normalized momentum space is both
useful numerically and allows one to see the non-relativistic limit more clearly. Note that
by substitution of (4.51) into (4.41), and switching to normalized fluid-frame momentum

space coordinates, it can be show that

PEsa = nERakTEcu (452)

which is analogous to the non-relativistic ideal-gas law. We can use the form of (4.52) to

extend our definition of temperature outside of equilibrium to

npakT, = © / s, I (4.53)
3 il

where we keep the integration and distribution over un-normalized momentum for consis-

tency with other fluid moment definitions.

Unlike most of the non-relativistic limits we have taken thus far, simply taking a low
velocity limit will not suffice to reproduce the MB distribution. In order for (4.51) to reduce
to the MB distribution, we must also take a high z, limit, or limit in which the thermal
energy is much smaller than the rest energy for the species. Note that Ka(z,) can be

approximated as
T

Ko(zq) = | — <1 +—+0 (za—?)> (4.54)

224 824
in the high z, limit (Hazeltine & Waelbroeck, 2018). Additionally, since the MB distribution
is generally defined over velocity space, which is only a factor of mass different from the
momentum non-relativistically, we must divide (4.51) by a factor of ¢ in order to put the

distribution over the appropriate space. Doing so and taking the high z, limit to first order
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and the low velocity limit to second order, (4.51) reduces to

Mg

2 2
e_“R/“Ta, 4.55
e (4.55)

£V (v1) =

where the thermal velocity v, is defined as the most probable velocity or

Vg = 2k T . (4.56)

Mg,

Equation (4.55) is exactly the MB distribution.

4.3 The Beliaev-Budker Operator

While the relativistic Boltzmann collision operator is completely general for two particle
collisions, it should be noted that the form of the integrand is intractable numerically. This
is an issue for the non-relativistic Boltzmann operator as well, as it relates to the quantity
fofi in (4.22). The non-relativistic work around is to instead use an approximate form of
the Boltzmann collision operator: the Landau collision operator (Ter Haar, 2013).

The Landau collision operator is given by

2¢2In Ay, O i 0f. 0
C(far fo) % 5 ) U (fbaj; = fa8£§f> d3ps, (4.57)
1 2

where the kernel U¥ is given by

2 i )
Ui = vipn” —37&2”12 (4.58)
V12

and In(Ag) = In(Ap/po) such that Ap is the Debye length and the distance of closest
approach pg is given by

b
7T€0mab'l)12

Here mygy is the reduced mass between species a and b. We will not show the derivation of

this operator here as we are concerned only with the relativistic variant. However, drawing
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parallels between the assumptions of the Landau operator and the relativistic analogue will

be invaluable. Equation (4.57) is derived from the following assumptions:

e The change in momentum due to a single, binary collision is small. The quantity f;, f;

is Taylor expanded to second order in Ap; and Aps.

e The differential cross-section is determined by Rutherford scattering (i.e. Coulomb
interaction), where we take the maximum distance for the interaction of both particles
to be Ap. Beyond this distance interactions are screened perfectly. This is often called

cut-off Coulomb interaction.

e The Coulomb logarithm is large, or In Ay, > 1, and is independent of either particle’s
momentum. This is the case when there are a large number of charged particles

participating in the screening process.

In relativistic kinetic theory, Beliaev and Budker’s work is the main source for the
so called "relativistic Landau operator” (Beliaev & Budker, 1956). The so called Beliaev-
Budker collision operator is used as the basis for the vast majority of relativistic kinetic
plasma physics related to runaway electrons in ITER-like tokamaks (Guo et al., 2017;
Sandquist et al., 2006; Boozer, 2015; Papp et al., 2011; Stahl et al., 2017). The Beliaev-
Budker Operator takes the exact same form as (4.57) with the exception of the kernel U%,

which is now given by

2

2 2 i, i,
.. 12 .. . . VIV _|- Vo
Ui = it (v — 1) 77 — Mpigd — L2407 4 N2 | U102 T 590
2 _ 1)3/2 c? c? c2 vFuay,
e (8 — 1) ==

(4.60)

Note that (4.60) does reduce to (4.58) for v; < ¢ and vy < c¢. However, there is a fair
amount of ambiguity surrounding this operator.

The Beliaev-Budker (BB) operator is not derived from (4.22). Rather, it is derived in

8D phase-space following the same procedure given in Landau’s original derivation, but with

all three dimensional parameters upgraded to their 4D versions (Beliaev & Budker, 1956;

Ter Haar, 2013). In their derivation, Ap} and Apl are considered to be small, which is
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analogous to the assumptions of the Landau operator. It is also assumed that the Coulomb
logarithm can be pulled out of the collision integral. Often this is done in non-relativistic
mechanics by roughly approximating the kinetic energy due to random motion in a single
collision as equal to the thermal energy. It should also be noted that this is a very rough
approximation. Additionally, Beliaev and Budker never give an analogous approximation.
We are then left to arbitrarily assume that this approximation has been made. Moreover,
we are also left to assume that relativistic corrections to the Debye length and distance of
closest approach have been made and that the largeness of the Coulomb logarithm holds.
Lastly, there is no obvious connection between the BB operator and (4.22). With all of
these factors taken into consideration, it is the view of this thesis to treat the utilization of
the BB operator as simply a replication study with the goal of reproducing the work of the
linearized version of the BB operator and the full version of the operator in the NIMROD

code. Specifically, our goal ultimately is to reproduce the work of Stahl (Stahl et al., 2017).



CHAPTER 5
TEST PARTICLE OPERATOR IN NIMROD

5.1 The Sandquist and Papp Operators

As mentioned at the end of the previous chapter, we first wish to implement in the
NIMROD code a linear version of the BB operator. We do so as a means of simplifying
the initial relativistic kinetic equation in NIMROD, as well as to test initial benchmarks
for verifying simplified relativistic mechanics. This can be done my making the following

assumptions. We begin by Taylor expanding the kernel in (4.60) about vo = 0 to second

1., 0 (8U"ﬂ'>
+ =50y | — | —— , (5.1)
vb=0] 277 [‘%5 0l V=0

and assuming that the background is the non-relativistic Maxwell-Boltzmann distribution,

order, or

ou

U ~ U + ’l)2 a1
Ovs,

vp=0

with V; = 0, in velocity-space

Y3
-
M Uy, (5.2)

==
w3/ 2”%1)

Here vry, = 2kT,/my is the bulk/thermal velocity for species b (Sandquist et al., 2006). Note
that what we have just forced the background to be static and isotropic. This will have
physical consequences later, namely, the background has in effect, infinite inertia and heat
capacity compared to the relativistic, test-particle species.

Calculating each term in (5.1) is incredibly tedious. However, by exploiting the isotropy

of f,, we can greatly simplify the steps we need to get our approximate U%. First we define
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the two integrals in (4.57) by the following:

_ ij M% 3
Il_/U fb apjld (%) (5.3)
M
I E/Uijfa%f;gd?’vg. (5.4)

Note that due to the isotropy of fj, the first order term in (5.1) does not contribute to (5.3),

while only the first order term contributes to (5.4). Simplifying I; we find that

o (ouY k| ¢M g3
—_— d
a0k <8vl2 ) VFJ /vgvsz v

1 o (oUW
_ iJ 2
=npy U } o T WLy [av% < ok ) vQ:J (5.5)

[

and Iy simplifies to

ou
ol

2 =

] T]jn/v21)2 fMd3
vo=0

ou

J
Oy,

Tp

(5.6)

myp

vo=0

Our goal now is to find the derivatives of U% denoted in brackets in (5.5) and (5.6).
Firstly, the zeroth order term intuitively is just
vin — viv]

Vb:() = 3 ’

U .
1

(5.7)
which takes the exact same form as the non-relativistic kernel. The fact that (5.7) retains
the non-relativistic form is due to the form of the relative velocity when the boosted frame

is stationary. In this case, vio — v as vo — 0. The other two terms, after a significant
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amount of simplification, become

ou 2v}
- -2 (5.8)
0y vy=0 Uy
o [oUY 4 5 2 v} vin — v’iv{
2k V2 /=0 U1 U1 ¢ vy

Using (5.7), (5.8), and (5.9), the following integrals may be found in advance to help simplify
(4.57):

. 2 v 1}2,’7ij — pt Uj v
U Md3 ~ _"“Th ey 1 171 Tb,%,,J 5.10
/ fb V2 Ny [( 20% o vi} + U? v ( )

0 2n 1 v2 (mac)? 32 ;
ij Md3 ~ _ b . _ Ty @ 1— 1b J 11
o (o) =[5 (- 2) + 5 (- 5R) o

9fM rn2m2 /i
/U”fb.d?)vg ~ _ M0 Ma <p;)) (5.12)
8p]2 my b7
d L OfM 4
; / U”L‘.d?’vz A — ”2” . (5.13)
Ip} op) mycpy

Equation (4.57) can be written in the form

Ole o (0t
U’LJ Md3 > ( UZ] Md3 ) ' '
lapl </ i / i i (813]1)
? afb 3 0fa 0 1@fb 3
J e
</ U >8p§ o (/ v ap;d”Q) fa]a (5.14)

npq2qy In Agp
47r68 '

(fay fb)

where I'yp is defined by

T, = (5.15)

By substituting (5.10)-(5.13) into (5.14), switching to spherical coordinates (p1, 6, (), and

assuming there is no ¢ (gyroangle) dependence, the Sandquist operator can then be shown

Cltu i~ T | 5 (1 (A0S + P01 ) ) + E2es| . (510

to be
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where the Lorentz operator L(f,) is given by

9 8fa

L(fa) = %€ <(1 - 52)65> (5.17)

where & = cos(f). The subscript for the momentum is dropped to simplify notation. The

coefficients A(p), F(p), and B(p) in (5.16) are given by

2

Alp) = % (5.18)
F(p) = kLTbA(p) (5.19)

B(p) = % <1 - ;}%g <1 - (2)4» . (5.20)

Unfortunately, the expansion in (5.1) only converges for ultra-relativistic test-particles.
Since we wish to simulate the evolution of the RE distribution, limiting the domain of the
momentum is not ideal. To the best of this author’s knowledge, the only known relativistic
test particle operator that encompasses both the ultra-relativistic and non-relativistic limit
is the Papp operator which takes the form of (5.16), but with different coefficients (Papp

et al., 2011). The coefficients in Papp’s operator take the form:

Ap(p) = e <v) (5.21)

Fy(p) = 7 A(p) (5.22)
B,(p) = % (Erf (;b) e (;}) + % (”Z;’U)Q) , (5.23)

where the function G(x) is given by:

Glz) = % <Erf(m) - dEéi(X)) . (5.24)

Papp arrives at this form of the test-particle collision operator via what he refers to
as ”asymptotic matching” (Papp et al., 2011). Equations (5.21)-(5.23) do reduce to (5.18)-

(5.20) in the ultra-relativistic limit and the appropriate coefficients in non-relativistic kinetic
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theory (Helander & Sigmar, 2002). Thus, it appears that the only other condition that is
enforced to construct these coefficients is to ensure continuity between these two limits.
Since the exact meaning of ”asymptotic matching” does not clearly define the constraints
by which continuity is enforced, we shall treat the numerical implementation of the Papp
operator as a replication study as well. For the purposes of our linear electron-electron
test-particle operator, we shall employ the use of (5.16) with coefficients (5.21)-(5.23).

Note that the operator in (5.16) using (5.21)-(5.23) only refers to interactions between
species a and species b. To get the total RHS to (4.22), we need to sum over all possible
species b that particle a can interact with. If we assume that particle a is an electron and we
assume that the plasma we are studying is a pure quasi-neutral plasma with only electrons
and a single ion species, then the electron-electron collision operator, Cec(fe), is simply just
(5.16) for vpp — vre, where vre is the electron thermal velocity.

To determine the form of the electron-ion collision operator, C¢;(f.), we will make one
final assumption. If we assume that the ion mass m; — oo, then the electron-ion collision
operator is simply given by

FeeZeff
e)s 2
L) (5.25)

Cei(fe) ~

where Z.g is defined by
¢ilnAei ¢

Lot = — ~
© gelnAge Qe

(5.26)

and the quasi-neutrality assumption n.q. + n;q; = 0 is utilized. Our final collision operator,

C(fe) = Cee(fe) + Cei( fe) is therefore

C(fe) = Fee

p? Op P

LY (p2 <Ap(p)é(;1§ + Fp(p)fe>) + Bpgp)ﬁ(fe)] ! (5.27)

where the new coefficient B,(p) is just

B,(p) = % (Zeﬂ + Exf <UZ> e, <U1T’> + % (”2”)) . (5.28)
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Note that, given the assumption that the ion mass is effectively infinite, the only contribu-
tion the electron-ion operator makes is an additional constant term for pitch-angle scattering

perpendicular to the magnetic field.

5.2 NIMROD Implementation

With (5.28) and the LHS of (4.22), we can now put together our final drift-kinetic
equation. We first begin by establishing a 3D phase space similar to the one in the previous
section, but in terms of the unit-less variables (s, ¢, (), where s = p/mec and £ = p)|/p. The
subscript || indicates that the parameter is the component of the corresponding vector that
is parallel to the magnetic field. Likewise, a subscript | indicates that the parameter in
question is the component of the corresponding vector that is perpendicular to the magnetic
field. Additionally, for the sake of simplicity, we shall assume that both the electric and
magnetic field terms are uniform and that the gyro-motion with gyro-frequency given by
wg = eB/m, dominates.

In addition to (3.37), we incorporate into the force-per-particle F* on the LHS of (4.22)

the Abraham-Lorentz-Dirac force

2.2 2 2 2
i e i, 3 k i k- 3 k)2
F&LD = 6776063 |:a7‘ + CT <'U (Ik) al + ? <’U ag —+ CT (U ak) /UZ , (529)

such that F' = F ﬁ; + F}é + FALD, where F}E and Fp are the electric and magnetic forces,
respectively (Decker et al., 2016). Equation (5.29) describes the radiation back-reaction
force due to the acceleration of charged particles in electromagnetic fields. Using the as-
sumptions that the frequency wy, dominates and the uniformity of the magnetic field (which
will require that v¥aj = 0), we can rewrite the third term on the LHS of (4.22) using the
variables (s, &) as the sum of an electric-field acceleration term and a synchrotron-radiation
reaction force term (Stahl et al., 2017). Assuming that the electric field is purely along the

direction of the magnetic field, or neglecting the small drift that arises when F, # 0, our
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drift-kinetic equation then becomes

af. ¢E| af.

ot mec Ost

ai( Sfe) - S(fe)7 (5-30)

where the electric-field acceleration term can be written as

ek o By (.0 1-¢62)0
] fe o _u fe ( § ) Je
Mmec dst <€ Ds + s ¢ (5:31)
and the synchrotron-radiation reaction force term can be written as
0 .y (1=8)T, afe 3fe
@ (Fgfe) — T~ Ty |: _5 g 4 + 52 fe . (5'32)

Here the parameter 7, is often referred to as the radiation time-scale and is given by

_ 6meg (mec)®
Tr = 76432 . (533)

The test-particle operator, C(f.) in (5.27), as a function of normalized momentum is

Clfe) = = [81255 (# (4% + o)) B;f%(.ﬂ)] SNCED

Tee

where the final forms for the operator coefficients are given by

ao=2() (L) )

Fy(s) = 'YG (UT) (5.36)
By(s) = % <zeff + Exf <;T’) e, (i) + % (”;”)) . (5.37)

Here the parameter 7ee = Iee/ mgc3 is often referred to as the electron-electron collision time-

scale. Our final step is to multiply both sides by 7., so that we advance the distribution in

time using a unit-less version of time, t = t/7... Doing so to (5.30) yields our final equation
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for numerical implementation

of. ~i0f, 0
P I FAR

(Fise) = G, (5.38)

where EHi = Eﬁ/EC, E. is the CH critical electric field, and C’S(fe) = TeeCs(fe). Here the
third term in (5.38) is simply (5.32) with 7, pulled outside of the s derivative. This is
done to define o« = 7¢¢ /7, which is the parameter that will actually be implemented into
NIMROD.

Note that the v'd;f. term is missing from (5.30). Since we intend to always set our
initial condition to (4.51), there will be no spatial dependence during the first time-step
when solving for the f.. Consequentially, the choice to keep the magnetic fields uniform
through the evolution of the distribution function inherently restricts the distribution to be
only dependent on the normalized momentum. Ergo, so long as we do not introduce spatial
dependence into the force, it is safe to neglect this term.

Our goal is now to make (5.38) discrete. Since fo = fe(s,&,t) we need to first decouple
the distribution’s s and £ dependence. We do so by expanding f. in the following manner:

Ne

Fe(5,6,8) =D feals, Q&) (5.39)

=0

Here N¢ is the maximum polynomial degree for the expansion in {. In NIMROD, Q;(&)
represents either 1D finite-element (FE) basis functions in £ or Legendre polynomials (Held
et al., 2015). Throughout this thesis, when we are utilizing the Legendre representation,
we will switch notation from @Q;(§) — P;(€). In the case of a 1D FE expansion, Q;(§) can
be represented as either Lagrange or Gauss-Lobatto-Legendre (GLL) polynomials. For the
purpose of this thesis, we will only use GLL and Legendre expansions in &.

To handle s dependence, we opt to solve (5.38) at a set of Ny collocation points such that
feli = fei(si,t), where s; is the ith collocation point. Ultimately, what this boils down to
is solving (5.38) Ny times. In order to complete this description, we must determine a form

for s derivatives of the distribution function. We achieve this by providing an alternative
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expansion for f.; in terms of the non-classical, orthogonal polynomials

Ns—1

fea(s,t) = > fear()Li(s) fo(s), (5.40)

k=0

which are defined by their orthogonality relationship

/000 Lj(s)Li(s)fo(s)ds = d; . (5.41)

Here fy(s) is the weight function by which we can define a non-classical quadrature scheme.
In this thesis we will choose fy(s) = e=*VITs® {0 ensure that the expansion in (5.40) has
the correct behavior at s = 0 and s — oco. Note this weighting also coincides very closely
with the V. = 0 case in (4.51). Additionally, we will choose the roots of Ly, (s) to be our
collocation points s; and the quadrature nodes for integration over s.

Though the collocation points coincide with the indices in (5.40), we still need to relate
the coefficients fe“ to fe.i as they are not equivalent. By multiplying both sides of (5.40)
by L;(s) and integrating both sides, the coefficients of the non-classical expansion can be

written in terms of the coefficients at the collocation points as

Ns—1

fere =) wiLi(s)) feuss (5.42)

J=0

where w; are the weights generated from the non-classical quadrature scheme. Therefore,

using (5.40) and (5.42), we can write the nth derivative of f.; at the collocation points as

anfe,l
os™

Ne—1 [No—1 an
= [Z wiLn(si) 5 (Li(8)fo($))ls=s, | feu- (5.43)
7=0 L k=0

s=S8;

Note the term in the brackets of (5.43) is completely independent of time. Ergo, this term

can be pre-computed before even running the NIMROD relativistic, continuum Kkinetic
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solver. We define an s-coupling matrix Si(z) such that

No—1
(n s o
i = 3 wile(os) g (B () oo, (5.44)
which transforms (5.43) into
Ny—1
anfe,l % n
S| = 2 S e (5.45)
s=si =0

Though (5.45) is general for any order derivative, only S,L»(;-) and Sl-(z.) have been implemented
into NIMROD as there is no need for higher order derivatives at present.
Next, our time dependence is handled by using the limit definition of the derivative to

approximate the time-derivative in (5.38) at the (k + 1)th time-step

fe(k—i-l) . fe(k) Af(k:—i-l

~ - = . 5.46
F—j(k+1) At At ( )

dfe
ot

Note this implies that fe(o) refers to the initial condition (4.51). Using (5.46) we can re-write

(5.38) in the ©-centered form

A kD) N
A 1 AT |0 PRI oga t (FLaf) - 0.0, (afD)
st 0s"
laf 9 i (k) A (k)
= AT| B —as (Far®) + ¢, (£ (5.47)

The © parameters in (5.47) are centering parameters that determine the scheme used for
the time-advance. Here O = Og = O, = 1 refers to an implicit advance whereas O =
BOg = O, = 0 is an explicit advance. Due to the high velocities REs can reach, it is possible
for the distribution to change dramatically on even short time-scales. Since implicit solves
remove this concern, for the purpose of this thesis, we shall always use O = ©g = 0, = 1.

We can pick off the { dependence in (5.47) by multiplying both sides by the test-

function @,,(£) and integrating over the domain. This is often referred to as the Galerkin
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approach for the finite-element method. This gives rise to the following &-coupling matrices:

= [ Q0 (©)ae (5.48)

M) = / §Qu(& )dg (5.49)

M) =3 /_ (=) anf)Qm(@df (5.50)
M) = _11£(Qz(§))Qm(§)d§ (5.51)
M, = / 11 (1-€%) Qu€)Qm(&)de (5.52)
M 2/_115(1—52) Qu(&)Qm(&)dE. (5.53)

Like (5.44), (5.48)-(5.53) must be computed only once before the time-advance in (5.47).
This allows us to write (5.47) as

JLHS k+1) JRHS (k (5.54)

zm,l,j el] zml,] e,l,j’

ILHS

LHS
i,m,l,7 I;

and il

where are the total coupling matrices for the LHS and RHS, respectively.
The complete description of these matrices is given by (A.1)-(A.3). Note that the indices
(1,7) in (5.54) can be consolidated into one index ¢ = [+14(j —1)d¢, where dg = NeMe+1
is the number of degrees of freedom in £ and M is the number of subdivisions of the domain

—1 < ¢ < 1. Re-writing (5.54) in terms of ¢ we now have the equation

AL = S (559

q

Since the RHS of (5.55) is known for every kth time-step, letting ¢ and m range over all
possibilities leads to the algebraic system Ax = b, which NIMROD solves using its native
GMRES algorithm (Saad & Schultz, 1986). The distribution function at the (k + 1)th
time-step is then calculated via fe(,]f;rl) = e(]fl +A fekH).

To set the time-advance in motion we must define some input parameters needed for
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p,/mc

Figure 5.1: 2D phase-space representation of fé\“ = fMI/Ny, for z. = 1 (left) and z. = 100
(right). The parallel flow parameter sy = 0 for both cases. The normalization coefficient
Ny is defined in (4.44). The 1D FE grid in £ and the collocation grid in s is overlayed on
the MJ distribution to give an indication of normalized momentum-space resolution.

fe(o) given by (4.51). Arguably the most important input parameter is the z. parameter.
This parameter effectively determines how relativistic the initial distribution is. Moreover,
as can be seen in Figure 5.1, it also can drastically affect its peak value and the rate at which
the MJ distribution decays. The equilibrium number density for the electron population
in the fluid rest-frame ngg. is assumed to be some fraction S of the bulk density npg, or
nree = Bnp. The bulk density is the same density as in (2.2). We write this density as np
to distinguish it from the lab-frame density for the REs, n.. In order for our assumption
that the bulk electrons are unaffected by the RE population to hold true, it is important
that g is quite small. Lastly, as indicated in Figure 5.1, we also incorporate into the initial
condition a parallel flow parameter sy | =V /c. In other words, we pick our initial flow

to lie purely along the direction of the magnetic field.

5.3 Results

For the purposes of this section we will discuss the following cases: collisional relaxation
of the MJ distribution with flow, collisional relaxation of a double MJ distribution, and a full
simulation of (5.30) with all parameters turned on. Unless stated otherwise, all parameters
are calculated and shown in MKS units.

To properly benchmark our implementation in NIMROD, we start by considering the

case of collisional relaxation of the MJ distribution given by (4.51). By collisional relaxation,
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Figure 5.2: Collisional relaxation of m? f. with 30 time-steps at At = 1072 and 7 time-steps
at At = 1072, The 2D normalized momentum space contour plots (read from left to right
and top to bottom) show the distribution at four different times. Here Ny = 40, N¢ = 7,
Me =3, 2. =10, zp = 100, sy = 0.65, £ =0, a =0, 8 = 107%, and np = 101m~>.

we mean the process by which the test-particle distribution slowly evolves to the background
distribution in the absence of external force. Note that since the assumptions of (5.38)
require the potentially relativistic electron distribution to interact with the non-relativistic
MB distribution, the collision operator does not trivially go to zero.

As can be seen in Figure 5.2, by turning off the parallel electric field and synchrotron
radiation in NIMROD, the MJ distribution does indeed evolve to a MB distribution such
that V. = 0. However, as Figure 5.2 suggests, the manner by which the MJ distribution
relaxes into the MB distribution is somewhat un-physical. Instead of a smooth transfor-
mation from the initial condition into the background, the initial MJ distribution simply
fades away while a MB distribution takes its place. While both the introduction of the
background MB and the removal of the MJ distribution happen in a continuous manner,
the two distributions are seemingly uncoupled. This is most likely due to the ”asymptotic
matching” assumption needed to transform the Sandquist’s form of the test-particle oper-

ator, with coefficents (5.18)-(5.20) into the form given by Papp with coefficients instead
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given by (5.21)-(5.23).
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Figure 5.3: Convergence test for the case in Figure 5.2. This case is run for more time-
steps in order to show fluid parameters evolving to the bulk population in equilibrium. Here
(left-arrow) plots the average kinetic energy for different values of Ny, while (right-arrow)
plots the RE number density normalized by the number density of the bulk population for
the same N, values.

We also wish to verify the behavior of several fluid parameters during the relaxation
process. Additionally, we wish to ensure that our solution is independent of the resolution of
our 2D normalized momentum space. Figure 5.3 shows the convergence of both the average
kinetic energy and the number density as a function of time and N;. The average kinetic

energy is given by taking

1
KE, = — /(71 — 1)m602f6d3p1. (5.56)

e
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Figure 5.4: Collisional relaxation of a double MJ distribution with 20 time-steps at Af =
107* and 5 time-steps at Af = 1073, Here Ny = 40, N¢ = 7, M¢ = 3, z. = 51, zp = 510,
sy = 0.65, B =0, =0, =10"%, and ng = 10"m~3.

The parallel flow-velocity is found by taking the spatial component of (4.33), dividing by

ne, and taking the parallel component of the result. This can be written as

1
Ve | = n—/vaed?’pl. (5.57)
e

In Figure 5.2, N; = 40 is sufficient to resolve our normalized momentum space. Upon
inspection of the fully resolved versions of our fluid parameters in Figure 5.3, it can be seen
that number density is conserved throughout this process. Although not shown explicitly, as
expected, the flow velocity of the shifted relativistic test-particle distribution correctly, and
continuously, goes to zero as the solution becomes an un-shifted MB distribution. However,
the average kinetic energy is not conserved. This is due to the background distribution
not being allowed to evolve in time. Constraining the simulation in this manner, that is,
using a linearized test-particle collision operator that does not include “field” terms, makes
it impossible for energy and momentum to be transferred from the RE population to the

bulk population.
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Figure 5.5: Evolution of unshifted (sy/ = 0) MJ distribution over 30 time-steps at At =
1071, Here Ny = 40, N¢ = 7, M¢ = 3, z. = 51, 2z = 510, sy =0, EII =225, a =0.2,
B =10"3 and ng = 10"m=3.

Our second benchmark is the collisional relaxation of a double MJ distribution, defined
by
M = Ny, <e_7Rm602 + 6_7R‘m602> , (5.58)

where yg— is simply yg such that sy — —sy. Since (5.38) is symmetric in £, the same
behavior that occured in Figure 5.2 should occur in the same fashion, but on both sides
symmetrically about & = 0. As shown in Figure 5.4, using the initial condition given by
(5.58) does indeed yield exactly this behavior.

Given the results of these two benchmark cases, we consider the linearized test-particle
operator given by the RHS of (5.38) to have been successfully implemented in the NIM-
ROD code. We now turn our attention to testing the implementation of the electric-field
acceleration and synchrotron radiation terms in (5.30). Here we set the electric-field to
be higher than the CH critical electric-field, in order to observe the behavior of the RE
distribution above this threshold. Additionally, we set « in (5.38) to be fairly small so

that the influence of the electron-electron interaction is somewhat more significant than the
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Figure 5.6: Three 1D (s = 0) slices of the case from Figure 5.5 with two slightly modified
and one un-modified. These cases are (E|| = 2.25,a = 0) in red, (E}| = 0, = 0.2) in blue,

and (EH = 2.25,a = 0.2) in purple.

influence of synchrotron radiation. In addition, we make our initial condition unshifted.
We do this to ensure that our distribution stays closer to the center of the 2D normalized
momentum-space grid. As the distribution accelerates to the right, it requires increasingly
more grid points to properly resolve.

In Figure 5.5, it is clear that as time advances, increasingly more electrons are being
accelerated in the direction along the magnetic field due to the parallel electric-field applied
in the opposite direction. However, Figure 5.5 does not clearly show the influence of the
synchrotron radiation reaction force. Additionally, despite the number density being con-
served in this case, as it was in collisional relaxation cases, it seems as though the center of
the distribution is locked in place. As a consequence, the number density does not appear
to be conserved at first glance.

To clarify the role that each term on the LHS of (5.30) plays, we can look at 1D slices
of our 2D normalized momentum-space distribution. Moreover, we run two additional
simulations: one with just the electric-field acceleration term on and one with just the
synchrotron radiation reaction force on. We then superimpose these two cases with the

case in Figure 5.5. The time-advance of the purely synchrotron radiation and collisions run
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Figure 5.7: Convergence test for the purely synchrotron term in Figure 5.6. This case is
run for more time-steps in order to show fluid parameters evolving to the bulk population
in equilibrium. Here (left-arrow) plots the average kinetic energy for different values of Ng
(shown as np), while (right-arrow) plots the RE number density normalized by the number
density of the bulk population for the same Ny values.

in Figure 5.6 shows that without the push of the electric-field, the RE population appears
to grow in an unbounded fashion. Obviously, such behavior would not be physical.
Nevertheless, plots of the density and kinetic energy (see Figure 5.7) reveal that conser-
vation of density is obtained over several synchrotron radiation time-scales using Ng > 20.
Furthermore, the expected decay of KE, due to radiation shows a rapid decay early on
followed by a slower decay later on. Taking into consideration the concerns raised regarding
the linearlized, test-particle operator, namely, ”asymptotic matching” and a non-evolving
background distribution, we turn now to implemention of the fully non-linear BB opera-
tor in the interest of obtaining the correct time-advance of the RE distribution and the

conservation of energy and momentum.



CHAPTER 6
BRAAHMS-KARNY FORMULATION IN NIMROD

6.1 Braams-Karney Differential Forumaltion

We now turn our attention to our final goal of reproducing some of the benchmarks
in Stahl’s work using the fully non-linear BB operator. As cited in the previous section,
the (5.16) has a number of setbacks. To correct these issues, we again turn our attention
to (4.57), which allows for the background distribution to evolve. Keep in mind that the
electron-electron interaction term in (4.57)’s form is numerically challenging since it makes
the kinetic equation a non-linear, integro-differential equation. One way to make progress
is to express the collision operator in terms of potential functions that serve as relativistic

analogues to Rosenbluth potentials (Braams & Karney, 1987). These potentials are given

by
Tyo = 417r/ (vi2 — 1)7% fo (22, 82,1) dijQ (6.1)
Ty = _817T/ (7%2 - 1)% fo (@2, s2,1) dijz (6.2)
Tho = _3217r/ [712 cosh™ (7y12) — (7%2 — 1)] fo (x2, 82,1) di? (6.3)
o = —417r/712 (v — 1)_% Jo (22, 82,1) di? (6.4)
I, = —ﬁ / cosh™ (712) fp (2, 82, 1) dj;? (6.5)

To begin, we first put the electron-electron interaction term in (4.57) into the Fokker-

Planck form

Cee(fe) = O‘ci <D’L] afe

887‘ e BS] - fo€> 9 (66)
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where Dzj and ]:g are defined by

Dlij = ;/Uijfb (z2,82,t) d*s9 (6.7)
v
. ¢ [0OUY 3
Fy = ~ % 0] fo (2, 82,t) d”s2, (6.8)

ae = 47 /n7., and the subscript has been dropped from s; for simplicity. Here Dzj and ]:g
are often referred to as the diffusion and drag terms, respectively. Additionally, we shall
henceforth drop the b subscript on the potentials since the potential formulation will only
be used for Cee(fe). For Ce;i(fe), we will use the same scattering operator used in Sec.(IV),
which we write below for convenience:

Ceilfe) = —=L(f.). (6.9)

T.83

It is important to note that the variable n does not naturally come out of this formulation
of the collision operator. It is artificially incorporated so that we may normalize our time
coordinate in the same fashion as Sec.(IV). Therefore, n is a free parameter that has no
connection to the RE number density and only influences the collisional time-scale that we
are working with.

To connect (6.6) to (6.1)-(6.5), we introduce three new operators, LY, K’ and L,.
Additionally, for convenience, we have defined three new potentials T_ =47y — T, T =
49 4+ Y1, and II = 2II; — IIp. By doing so, we can now rewrite (6.7) and (6.8) for the

electron-electron interaction as

D =L - g+ s9) 1 (610

Fl=ZK'I, (6.11)
Y
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where L, K, and L, are defined by

g , A . N 92T D oY
iJ — ik ik lj l.J ij i.J k
L T,_(n +ss)(7] +Ss)asksl+(n +ss)<s ask) (6.12)
i ij i jy ol
KHE(T]J-FSSJ)@ (6.13)
y PN OV
LoV = (07 +5's7) - —— 4 (1 —a?)0. 14
(n +SS)6SZ(98]+38882+( a”) (6.14)

Through (6.14), it can also be shown that all five potentials are coupled to the kinetic

equation via their own PDEs, which are given by:

LoYo = fe (6.15)
LoT1 = o (6.16)
LoTo = T4 (6.17)
LIy = fe (6.18)
LTI, = T, (6.19)

With foundation of the five potential PDEs coupled to the collision operator, it is
now possible to express the RHS of the kinetic equation as coefficients comprised of linear
combinations of derivatives of potential functions onto linear derivatives of the distribu-
tion function. Once again we utilize our 3D momentum space coordinates (s, &, (), while

assuming that there is no ¢ dependence, to write Cee(fe) (normalized by «.) as

Ceelfe) _ 0(32)32fe

of. . 0%f of. 9.
0Fe | e © (5¢) ) )
. 95z T 9y T g T e + O gage 1O e (620)

with the following coefficients:

3 1— 2 2
C(SQ)EV(SB_TO)_QM_ el 5)ar_+2758r_

s Os 52 0e2 T 2 f¢ (6.21)
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1 or or or
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C = (2+3s%) (8T3 — Yg) — 167 55 T 6y s %
293 (9*Y_  19Y_ 1 1 or_ 5 02T
—s< 557 "5 0s >Hs<2+32> (2585‘“‘5) e
oIl
0(52) _ 1-— 52 'yQ oY _ n i (1 _ 52) o2Y_ B éﬁT, v (6.23)
~ ys2 | s Os 52 0€2 o€ + ’

o©—_ ¢ (1-€)0°T. 29(1-€)* T 219607

vst €2 53 9s0E  $3 Os
+< 2 3(1—52)> or_  (1-¢2) (48”& 0N 9 an)

—+

vt T T ) ae T e e Cae T oe e
28
+ T (6.24)
) 2y(1—€%) [ o*Y_  oY_

Ct8 = = (s T > (6.25)

o 1 o (1-¢%*)o°m  2¢ on

H=_0 1 2y O ot 28 ol
cr== ds? s (2+357) Js vs2  0&r s 9¢ (6:26)

With the above differential formulation of the RHS of the BB operator, the last step
is to find a way to solve for the five potentials. Specifically, we will be solving for their
Legendre coefficients. First, for any function x that can be expanded in terms of Legendre

polynomials, or x(s,&,t) = >, xi(s,t)Pi(§), we can define a new operator L; , on x; by

0? 2 0 l(l+1
Ll,aXl = VQOT? + <S +38> % + <1 —a? - ( 2 )> Xi- (627)

Note that L;, is simply L, when the function it is operating on is expanded in terms of
Legendre polynomials and has no ¢ dependence. Additionally, if we do a Legendre expan-

sion for f. as well, then (6.15)-(6.18) effectively become ODEs in terms of the normalized
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momentum variable s.
To proceed any further, we will need to invent some new notation (Braams & Karney,

1989). We write (6.15)-(6.18) in the more concise notation

Ll,aﬂ/]l,a = fe,l (628)
Ll,a’wl,aa’ = wl,a (629)
Ll,a”wl,aa’a” = wl,aa" (630)

One can quickly verify that all five potential equations are stored in these three equations
by simply plugging in values for a, a’ and a” where appropriate. For example, for a = 0,
a' = 2, and a” = 2, the above equations simply become L; 10 = fei, Li2%i02 = Y10,
and Lj 21 022 = ¥1,02. Comparing these equations with (6.15)-(6.17) allows us to identify
Yo = You, Y102 = Y14, and ¢ 922 = To;. Keep in mind that the first subscript on the T
and II potentials is just a label. A similar comparison can be done for the II potentials. In
our case, although (6.30) only applies for v 022, we leave the labels arbitrary for the sake
of generality.

What we have done is change the way we label each potential. Instead of having three
T potentials and two II potentials, we label them all as 1) potentials. The labels a, a’, and
a” below 1 refer to the corresponding labels of the list of operators, in order from left to
right, required to make the RHS of the potential equation equal to f.;. For (6.28) this is
self-explanatory as the RHS is already f.;, However, applying L;, to both sides of (6.29)

and L L, to both sides of (6.30), and utilizing (6.28) we have the following equations:

Ll,aLl,a’wl,aa’ = fe,l (631)

Ll,aLl,a/Ll,a”'QZ)l,aa’a“ = fe,l- (632)

Closer inspection of (6.31) and (6.32) shows that the second label on each of the operators
in their respective equations spells out, in order, the label for the corresponding 1) potential.

Assuming that f,; is known, (6.28), (6.31), and (6.32) are effectively (ignoring time which is
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un-coupled to s in each equation) linear inhomogeneous ODEs that can be solved by using
the Green’s function approach.

To start, let us consider the two homogeneous solutions to (6.28) defined by

. m™
jra(s) =4/ 5P 1" () (6.33)

T
Yia(s) = (—D”H/;SPEZ(W), (6.34)

where P}/(x) is the extension of the associated Legendre polynomials of the first kind for
real-valued indices p and v. Using (6.33) and (6.34), we can construct a Green’s function

Nio(s>,s<) for (6.28), with N; ,(s, s’) given by

Nl,a(sv 8,) = yl,a<3>jl,a<3/)- (635)

Here s» = max(s, s’) and s« = min(s, s’). Note that N; (s>, s<) satisfies the equation

2
L oNio(s>,5<) = 2—25(8 -5, (6.36)

where we make use of the jump condition

1
, - 7’8/2.

<3Nl,a(s,s’) B 8Nl,a(5/73)> (6.37)

0s 0s

S§=§

For a more detailed proof of (6.36), see the Appendix. Using (6.36), it can be shown that

a particular solution to (6.28) is

!

00 2
Ui (s) :/0 Nl,a(8>7s<)i7fe,l(5/)dsl- (6.38)

In order to construct Green’s functions for 1y s and vy gq7q7, we will use the formulation
for vy ,’s Green’s function as a basis.
It is important to note that we do not have as much freedom to pick the particular

solution for v 4 and 1)y 44¢» as we did when picking it for ¢y ,. This is due to the fact that
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Vias Viaa’, and Yy 4077 must satisfy the system of equations (6.28)-(6.30). In other words

we need to construct Ny qq/ (s>, 5<) and N ga/q7 (5>, S<) such that
Ll,aNl,*a(S>7 S<) = Nl,*(8>7 S<)7 (639)

where

Ni(ss,5<) = 5125(5 —5). (6.40)

The * in (6.39) refers to any arbitrary list of indices. From this equation we see that the
last index on the LHS must match the index for the operator of the corresponding equation,
while the RHS must have all the same indices as the LHS (notated by *) except for the last

*

one. We will make use of this * notation often as it will help generalize statements that

would be cumbersome otherwise.
Adhering to the constraints set forth by (6.39), we can construct the Green’s functions

Nl,aa’(3>y 5<) and Nl,aa’a”(5>7 3<) such that

Nl,aa/($7 Sl) = yl,a(s)jl,aa’(sl) + yl,aa’(s)jl,a/(sl) (641)
Nl,aa’a”(sa 5/) = yl,a(s)jl,aa’a”(sl) + yl,aa/(s)jl,a’a”(sl) + yl,aa’a”(s)jl,a”(sl)a (642)
where jj , is defined for multi-indexed polynomials by

. Jika = Jixa’
Jl,*aa’ = H’ (643)

which also satisfy their own system of equations
Liajixa = Ji- (6.44)

The relationships for multi-indexed y; . are analogous to that in (6.43) and (6.44). Note

that for a = @, a limit must be taken. Following the same process as before, it can be
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shown that the particular solution for ¢ , is given by

00 8/2
ﬁﬂ@zé Ni(55080) 55 a4 (6.45)

To find the full solution for ;. we must also account for the corresponding homoge-
neous solutions to (6.28), (6.31), and (6.32), such that ¢, = zle*S +1F5. The expressions

for Q/JZH*S are

%Ii? = Al,ayl,a + Bl,ajha (6.46)
,(bl},IaSa’ = Al,aa/yl,a/ + Bl,aa’jl,a/ + Al,a?/l,aa/ + Bl,ajl,aa’ (6-47)

HS . . .
Q;Z)Laa’a” = Al,aa’a”yl,a” + Bl,aa’a”]l,a” + Al,aa’yl,a’a” + Bl,aa’]l,a’a” + Al,ayl,aa’a” + Bl,a]l,aa’a”'
(6.48)

Note that several coefficients repeat throughout (6.46)-(6.48). Due to the system of equa-
tions (6.28)-(6.30), many solutions are constrained to have the same coefficients as the ones
from the previous equations in the system. Hence, our goal is now to determine 4, and
B, . by imposing further constraints on our solution.

The coefficients A;, can be determined by noting the behavior of y;, and j; . near

s = 0. For low s,

' Sl+2k—2
Ju=%) = G =@+ 2k = 1)1

—1)* (20 — 2k + 1) e
(o) = S B IR o),

+ O(s!2k) (6.49)

(6.50)

where the new k index just indicates the the number of indices in *. This new notation is
helpful for determining low s behavior in an index independent way, but will be suppressed
from here on out as it is ultimately redundant. Upon inspecting (6.50), it can be seen that
Yijk]« diverges as s — 0. Requiring the potentials to be regular at s = 0, this implies that
A =0.

To find the coefficients B; ., we will have to put in a little more legwork. Namely, we
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will need to match our general solution and the Legendre coefficients for (6.1)-(6.5) in the
non-relativistic limit. We first start by taking our general solution and truncate it to lowest

order in s, or

| Sl [e%S) /8/2 ,
50 _ % B, () ad | 51
GO~ g Bt [ ) (6:51)

where the superscript is to distinguish the Green’s function solution from the definition

form. We can then condense (6.1)-(6.5) into the single equation:

vl = 5 [ (%) )L, (6.52)

where w = ¢y/72, — 1 and el = 77 —s-s’. Note that 4y and 712 represent the same

quantity, but in different notation.

Since (6.52) is written with ¢ and ¢’ dependence, we will need to expand .(s) in
terms of spherical harmonics and then convert these coefficients to those for our solution’s
Legendre expansion. Doing said expansion, for both the potentials and the distribution

function, and solving for the the coefficients gives us

512
Vi (5 4WZ Z / / , / o (2) fom(s ) SV 0.C) Va0 )05

n=0k=
(6.53)
where we have utilized (6.52) for . (s) above.
From here we need to write yo «(s") in a more tractable form that allows us to integrate
over the solid angles and compare these coefficients to (6.51). Namely, as shown in the

Braams & Karney, 1989,

wy o el
vo- (=) = D () (6.54)
7=0
such that
1)~
€= scosa — u (6.55)
s
and

ey
o =cos ! <S ? ) . (6.56)
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Note that, to lowest order in s, € &~ scos «. Finally, we can use the following identity from

Gradshteyn and Ryzhik

UL 9 —dit1

J o = = =
AT Lgni(gy — 2+ 1)

P;j_gi(cosa) (6.57)

and an expansion for Pj_g;(cos «) given by (3.62) in Jackson, or

j—2i
47T : * / /
Pj_si(cosa) = 24+l E(‘ 2‘)Yj_2¢,7~(9 ,C)Yj—2i,(0,Q), (6.58)
r=—(j—2i

to obtain the form for the solid angle integration we need in (6.53) (Gradshteyn et al., 2007;
Jackson, 1975). Using (6.57) and (6.58), (6.53) can be integrated over the solid angles,

which to lowest order in s is given by

l 12

: )” /[) yl,*(sl)flm(sl)%dsl. (659)

wlm,* (3) ~ (%T

Letting m = 0 and noting that ¥yo/ fio = 11/ f1, we have our final expression for the Legendre

coefficients for the gyro-angle independent potential case, or

l 12

- )”/0 yl,*(sl)fl(sl)i—,ds’. (6.60)

P«(s) = (%T

Upon inspection of (6.51), we can see that this means that B;, = 0, thereby making
1/JlH*S = 0. Therefore, the overall solution, given in a slightly more numerically tractable

form, is given purely by the particular solution or

12

s /2 oo
ra(s) = /O Nl,*(s,s’)fl(s’)i—,ds’—i— / Nl,*(s',s)fl(s')%,ds'. (6.61)

6.2 NIMROD Implementation
The only change that needs to be made to (5.55) to implement the BB operator into
NIMROD is the adjustment of the collisional coupling term Iﬁg% in (A.1). There are

ten new pitch-angle coupling matrices that can be pre-computed before the first time step.
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These are given by the following definitions:

= [ QUOQn (PO (6.62)
v, = [ ca@eno (6.69)

i = [ 1-9)e <5>Qm<s>82§£§5)d5 (6.64)
M = / San Qum (&) Pa(§) (6.65)

) = / 1 8%5(5)%(5)5];;‘;%5 (6.66)
M = /_ 11 (1-¢) 8%§(€>Qm(£) 812?5({)(15 (6.67)
i, = [ et-e) 2q, " e (6.68)
My = /_ 11 (1-¢) 828@555)Qm<5>Pn<5>d5 (6.69)
M) = /_ 115(1 - &) 822252(5) Qm(£) ag’f)dg (6.70)
v, = [ - T, 0 e (6.71)

The notation for the superscript of each coupling matrix denotes the order of derivative
taken on the the distribution’s £ basis, ;(£), and the potential’s Legendre basis in &, P, (£).
The letter a represents no derivative, b the first derivative, and ¢ the second derivative. Note

that in the case of Ml(l;z)n there are two such integrals, which have been denoted with (bb1)

ICOLL

and (bb2), respectively. The complete breakdown of the construction of I g

is given in
(A.4)-(A.9) and (A.10).

The most noticeable difference between the construction of the Papp operator and the
BB operator is the need to solve for T and II potentials at the kth time-step, regardless
of whether it is a part of the LHS or RHS total coupling matrices. Doing so allows us to
preserve the form given by (5.55).

In order to construct these potentials, we must first build the polynomials jj .(s) and

y1,«(s) in (6.35), (6.41), and (6.42). We do this by first establishing the recursion relation
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for the single-index polynomials by

({—a)(l+a)
20 —1)(20 + 1)

jl—Q,a(S) = 73l—1,a(8) - ( SQ}Z,&(S)a (672)

where we use

Jials) = ZEDLS (6.73)

5l
instead of j;,. Note that what we have done is divide out the leading order dependence
(k = 0) for jiq in (6.49). Solving for this normalized version of j;, helps us to avoid
potential issues related to numerical underflow and overflow (Braams & Karney, 1989). To
determine an initial condition to the backward recursion relation, we first must take the

limit of (6.72) for high I. Doing so gives the relationship for a particular index L:

jra(s) 2
jL*l,a(S) 7+1

(6.74)

Therefore, if we simply pick a new version of 5271@ =1 and 5’La =2/(y+ 1), we can use
(6.72) to generate j; . from 0 <[ < L. Note that j , is only a multiplicative factor away
from our desired polynomials 517(1. Utilizing the fact that ja,l,a = 1, and enforcing that like

ratios of both types of polynomials are equal, we have the following relationship:

Jla = = . (6.75)

Though this scheme works very well for small s, the presence of the s? in (6.72) will
lead to compounding error for each iteration in the recursion for large values of s. Hence,
it is useful to also implement a forward-recursion version of (6.72). This is given by

y 1—1)(2 N y
ralo) = (e (1a(5) ~ F2a(6) (6.76)

To avoid the singularity at | = a, one must first define all 517,1 for 0 <1 <2and 0 <

a < 2. The jl,a corresponding to these values of | and a can be quickly computed in
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Mathematica, or other computational software, and then hard-coded. A splitting parameter
ssp is implemented in NIMROD that can then be used enforce the use of the scheme set
forth by (6.72) for s < sg,. All other values of s will utilize (6.76). From here, j;, can
be calculated using (6.73). For the purposes of this thesis, we will always have sz, = 2.
The multiple-index jj . present in (6.41) and (6.42) can be calculated in terms of the the

single-index j; , using

Jroz2(s) = gjl-l—l,l('s) (6.77)
Jia1(s) = glerl,O(S) (6.78)
S 82
Ji22(8) = 5j1+1,1(5) + Ejl+2,o(8) (6.79)
&2
Ji,022(8) = §j1+2,0(8)- (6.80)

Once all j; , have been calculated, y; , can then be calculated by using

Yo = (D" g4y e (6.81)

Note that the values of f.; that are fed into (6.61) are by necessity expanded in terms
of Legendre polynomials. In general, we could map the coefficients of the distribution on an
arbitrary (&) basis onto a Legendre one. However, this has not yet been implemented into
NIMROD. Hence, we shall assume that the distribution is also expanded in terms of Legen-
dre polynomials for now, or Q;(§) — P;(£). The integrals in (6.61) are then calculated using
an optimized Romberg integration scheme that was implemented into NIMROD explicitly
for the calculation of these potentials. For the explicit representations of these integrals see
(B.1)-(B.5). Consequentially, this requires us to know the value of the distribution at the
limits of integration, which are not a part of our collocation points. However, these can be
easily calculated by direct evaluation of (5.40) and using (5.42).

It is important to note that the manner in which we handled derivatives of f.; at the

collocation points cannot be used to evaluate derivatives of the potentials. This problem
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arises due to the fact that our potentials cannot be expanded using the same weight function
as is used for the distribution in (5.40). However, since we have an analytic form for the
potentials, we can get around this by directly taking first and second derivatives. As a
result, we must also find a way to calculate the first and second derivatives of j; . and y ..

This can be achieved using the following relationships:

3jl({,;8(8) _ ile*(s) _ U+ 1)jl,*(3) (6.82)
W) L)+ S0 (6:54)
82%152(@ _ 712 Yrraa(s) + (;‘3 _ (2z; 1)) Ve + 5(58—21)%*(8) (6.85)

The first and second derivatives of all five potentials in terms of (6.82)-(6.85) are shown in

(B.24)-(B.33).

6.3 Results

The process by which the LHS and RHS of (5.55) is constructed in the case of the BB
collision operator is very involved. At multiple steps throughout its construction there is a
very high chance for coding and round-off errors long before GMRES iterations even begin.
Due to the high chance of error in calculating the T and II potentials, we benchmark our
solutions for these potentials, as well as their first and second derivatives, with Mathematica.
Specifically, we use Mathematics’s built in NIntegrate feature to calculate the integrals in
(B.6)-(B.23) for comparison with the Romberg integration scheme that we implemented in
NIMROD. Values for P}'(y) can also be explicitly evaluated in Mathematica. This allows
analytic construction of j; ., and y; . instead of generating them recursively.

As seen in the previous chapter, the parameter z, can wildly change the behavior of
the distribution. Ergo, for this section we have decided to normalize our initial condition
by its peak value in (4.51), or

MJ

o) _ _Je
fe Ny (6.86)
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Figure 6.1: T and II potentials calculated using fe(o) for I = 0 such that sy = 0 and
ze = 1. Blue dots are values of the potential calculated using NIMROD and red lines are
the potentials using Mathematica’s capabilities. Here Ny = 40, Ne = 7, and M = 1.

This normalization restricts the range of the distribution to [0,1]. Note that due to
the bilinear nature of the BB operator, this normalization will also introduce an additional
factor of Njyse™? in front of the collision operator. Figure 6.1 shows that the potentials
calculated by NIMROD are in good agreement with those calculated using NIntegrate and

analytic versions of the j;, and y; . polynomials. Moreover, careful inspection of these
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Figure 6.2: First derivatives of potentials from Figure 6.1.

plots verifies that the majority of the potentials presented do not share the same limiting
behavior as the distribution. Ergo, the choice to avoid the non-classical quadrature scheme
as an expansion for the potentials was a wise one.

To benchmark the first and second derivatives, it is not enough for the potentials
from both methods to agree with each other. They must also behave like first and second
derivatives. Comparing each plot in Figure 6.1 to their counterpart in Figure 6.2, it is clear
that taking the tangent line to each point in a particular potential plot does indeed yield the

behavior seen in Figure 6.2. Performing the same analysis on Figure 6.2, it can be seen that
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Figure 6.3: Second derivatives of potentials from Figure 6.1.

both the behavior of the tangent line of the first derivative plots, as well as the concavity
of the potentials themselves, are in agreement with Figure 6.3. Therefore we deem that we
have successfully implemented a solver for the BK potentials into NIMROD.

With the potentials successfully benchmarked, we now turn our attention to bench-

7(COLL)

marking the the new form of I, "~ ;

. To verify that this coupling matrix has been suc-
cessfully updated in NIMROD, we simulate the evolution of an unshifted MJ distribution
in the absence of electric-field acceleration and synchrotron radiation. From the derivation

of (4.50), we know that the MJ distribution represents the equilibrium solution to the rel-
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Figure 6.4: Equilibrium benchmark for case in Figure 6.1 with At = 1 over 60 time-steps.
Here E) = 0, a = 0, and ngre = 10"9m 3. Number density is shown in blue, while the
kinetic energy is shown in red.

ativistic Boltzmann equation. Moreover, this should also be the case when the collision
operator is given by the BB collision operator. Ergo, we expect that the resulting distribu-
tion and fluid parameters will remain unchanged. In Figure 6.4, we can see that is indeed
the case. Note, that unlike the collisional relaxation cases for the Papp operator, we do
not include similar plots for lower Ng;. This is due to the fact that in this specific case
the result is independent of our normalized momentum-space resolution. Note that this is
only true due to the fact that the distribution does not evolve in time. If the distribution
evolves away from the initial condition at all, then its projection onto the 2D normalized
momentum-space grid would change as well. However, it should be noted that the choice
to run this simulation with only the unshifted MJ distribution serves only as a benchmark

for the [ = 0 terms in I(COLL)

imlj - Lo test the [ # 0 terms, we could need to run a simulation

with an initial condition that has £ dependence.



CHAPTER 7
CONCLUSION

In this thesis, we have shown the successful implementation of many RE features in the
NIMROD code, with the goal of self-consistently advancing the RE distribution in mind.
Firstly, we have shown the successful implementation of the relativistic drift kinetic equation
in 2D normalized momentum space with the Papp collision operator acting as our RHS.
This linear implementation was benchmarked with both MJ and double MJ distribution
collisional relaxation simulations. In both cases, the distribution evolved to the stationary
background MB distribution. The simulation of the relativistic drift kinetic equation using
the Papp operator revealed that there were issues with the method of “asymptotic matching”
used to derived the operator. Though the MJ distribution evolved to the background MB
distribution continuously, it evolved in a manner that was inconsistent with normal diffusive
behavior. Additionally, we showed that neither energy, nor momentum were conserved.
Consequentially, these concerns were used to motivate the implementation of the fully non-
linear BB operator, which contains a proper diffusion tensor in it’s definition. Moreover,
it allows for interaction of REs with background electrons and avoids the “asymptotic
matching” assumption.

A scheme for solving the relativistic drift kinetic equation with the BB collision operator
was then implemented into NIMROD utilizing the BK differential formulation. This scheme
removes the “integro” portion of the non-linear relativistic drift kinetic equation by coupling
to five ODEs for the Legendre coefficients of five corresponding potentials. By using the
solution for the distribution function at the previous time-step to construct these potentials,
we are able to turn the nonlinear BB operator into a pseudo-linearized form.

Green’s function solutions for these potentials are presented in integral form and im-
plemented numerically in NIMROD via the combination of a j; ., recursion scheme and an

optimized Romberg integration scheme. This same scheme was then also used to calculate
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the respective first and second derivatives of these potentials, and were bench-marked to
Mathematica’s NIntegrate functionality and it’s analytic forms for j;, and y; .. Finally,
the NIMROD implementation of the BB operator was benchmarked by simulating the evo-
lution, or lack there of, of the RE distribution in equilibrium. It was show that number
density and kinetic energy were conserved for a large number of collision times for the case
of an unshifted MJ distribution.

Further benchmarking of the implementation of the BB operator in NIMROD is re-
quired. The equilibrium simulation for the case of an unshifted MJ distribution only tests
the [ = 0 terms in IZCWS)I;I; Since (4.50), with nonzero flow-velocity, is also an equilibrium
solution, simulation of this case in equilibrium can also be used to benchmark the [ # 0
terms. Additionally, running an analogous double MJ distribution simulation can be used
to confirm the symmetry of the BB operator. Upon completion of these benchmarks, we

would seek to reproduce the “electron slide-away” case in Stahl’s work (Stahl et al., 2017).

The final goal would then be to simulate the non-linear analogue to the case in Figure 5.5.
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APPENDIX A
DISCRETIZATION OF COUPLING MATRICES

A.1 Linear DKE and Papp Operator Coupling

The total coupling matrix for the LHS of (5.47) I'IS = is the sum of a streaming

Z7m7l7j
coupling matrix and a collisional coupling matrix, or
S FICPACENCAES W FICPRCRH R S A CHE (A1)

where ISTR (©p,04) and ICOYL (©,) are given by

i,m,l,j i,m,l,j

l s 1
it (O, ©5) = M0i; — Op [Mz(mlsf,? + M), }

i7m7l1j ,m 2y

o
= =5 sl D)+ (astMfnD - MD w2000 ) 6] (A2)

1

O. A,
cott (,) - % <2As(si) T (g(si) 24 )) % 4 ;44 (5:)5%
an Bs A c
+ 2FS(81) +8; — 5ij + (28 )Ml( )523 (A3)
s s5=s; 7 Si e
The total coupling matrix for the RHS of (5.47) is simply IiF,{?E,%,j = —Igﬁij(l, 1,1), regard-

less of the value for the three centering parameters.
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A.2 Beliaev-Budker Operator Coupling
The coupling for the LHS using (4.57) is exactly the same as in (A.1) with the exception

of I ,Fn?IfI; (). To determine this, we introduce the following subset of coupling matrices:

s2 2%3 or_, .
Ii(,m,)l,n,j - (%’ (8Y2n,i — Yoni) — S; S 0s | _ ) Ml(,n(;,)n
29 @ i ac
+ (-3 o] o »

I(g?) 1 [(%2 oY_,

(ca)
- T+7n’i5i»r> Ml,m,n
8=8;

% (M, — )T_’W,] 5 (A.6)

S lm,n Im,n
i

o 1 [((QMa)bl)_3S?M<bb2>_7,M<bc> )T_m

i,m,l,n,j _’Yi54 l,m,n I,mmn v L myn
i

2 3 r(bb2)
-5 Ml,m,n

b
F25 M T i)

ot (1) 4 a9, ) PP

I,m,n I,m,n Os

(AY 20 —3Y1ni + Yon: + 11 ,)

] i (A.7)
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(s€) 2%y cev2) [ 0T (1)
I! =20 ) —— — Y] St A.
i,m,l,n,j 512 l,m,n (8 Os s, U Sz,] ( 8)
2
) 071, 1 oy 011, (a)
I == 2+ s2) —=2 M
l7mvlzn7] [ <’y 882 s—s; + '}’151 ( + S’L) as s=s; l,m,n
1 a ac
+— (20550, — M5 Hn] 5ij. (A.9)
FYZSZ bl bl 9 9

Equations (A.4)-(A.9) are the discretized versions of the coefficients from (6.21)-(6.26).
Note that the presence of BK potentials in the coupling matrices introduces an additional
index due to its expansion in terms of Legendre polynomials. Therefore, we can simply add
(A.4)-(A.9), take the sum over n, and include the collisional centering parameter O, to get

Né 2 2
COLL (0,) = -0, {I(s ) e @) e 0 )

imylj i,m,ln,j i,m,l,m,j i,m,ln,j ,m,l,m,] i,m,l,n,j i,m,l,n,j

(A.10)

n=0

Derivatives of potentials in (A.4)-(A.9) can be evaluated at the collocation points using
(B.24)-(B.33). Equation (A.10) can then be plugged into (A.1) to get the full LHS coupling.

The RHS coupling is once again I}M15 - = —JLHS (771 1),

/L7m7l7j o Z7m7l7j
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APPENDIX B
BRAAMS-KARNEY POTENTIALS

B.1 BK Potentials and Their First and Second Derivatives
First, let us define the Legendre coefficients of each potential in (6.61) in their fully

explicit forms. Suppressing the kth time-step index, the potential coefficients are given by
Youls) = RV iLo(s)RP (s, t B.1
0.0(8) = yro(s) Ry 7 (s) + Jio(s) Ry ™ (s, 1) (B.1)

T1(s) = 0 ()R (8) + moo(5) R (5) + Guoa(s) R (8) + ua(s) R (s) (B2)

Yoi(s) = y0(5) R (s) + yioa(s) R (5) + pi022(s) R (5) + 2o (s) R (s)

+ j122(5) R (5) + jia(s)RUP (s) (B.3)

Mo(s) = yu1 ()R () + jia ()R (s) (B.4)

Ty 4(s) = v (5) RV (5) + w11 () R (5) + Giaa () R (s) + Gia () RV (s),  (B.5)

)

where the terms RI(T are the results of the Romberg integration for a particular value of s

that correspond to each potential’s integrals in (6.61). These are defined by

s 12

RV (s) = /U jl,o(s')%,fe,,(s’)ds’ (B.6)
[e’) 12

RP(s) = / yl,o(s’)i—,fe,l(s’)ds’ (B.7)
S 12

R{P)(s) :/0 jz,oz(sl)%fe,l(sl)dS' (B.8)

s 12
R (s) = /0 a2 Fea ()0 (B.9)
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0 8’2
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Using (B.6)-(B.23), the first derivatives with respect to s for (B.1)-(B.5) are given by
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and the second derivatives are given by
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